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5. The Modern Era I (1946-1964) 

George A. Baker (1946) studies the distribution of the ratios of sample range to sample 
standard deviation in samples from normal distributions and from two different combinations 
of two normal distributions, one symmetrical but distinctly bimodal and the other weakly 
bimodal but strongly skewed. He tabulates various moment constants of the distribution for 
various sample sizes. He finds that the correlation between standard deviation and range 
of the same sample is negligible for samples of size « £ 100 from the normal population, 
bin not from the combinations. 
. George W. Brown and John W. Tukey (1946) study the distribution of sample means for 

sfemples from various distributions, including “long tailed” ones, for which they find that the 
distance between any two percentage points of the mean of a sample of size n is ultimately 
larger than a positive power of n. They claim that these results show that (1) “the use of the 
npean of a sample as a measure of location . . . implies a belief that the tails of the underlying 
distribution are not too long; (2) it is probable that the relative efficiencies of mean and median 
aire greatly affected by the length of the tail”. 

A. George Carlton (1946) shows that the range and midrange of a sample from a rectangular 
distribution are a pair of sufficient statistics, and maximum likelihood estimates, for the 
true range and true mean. He derives exact and limiting distributions of midrange, range, 
and their ratio, and calculates the “efficiencies” of the sample mean and median as estimates 
of the true mean. The limiting distributions are non-normal, with standard error of order 
n~i instead of the usual n-i. For the one-parameter rectangular distribution /(x) = 1/A, 
0 á * á he finds that the largest observation v Tis a sufficient statistic and is evidently 
the maximum likelihood estimate of A”. 

Harald Cramér (1946) gives an excellent advanced treatment of the mathematical theory 
of statistics, including measures of central tendency (location) and of dispersion and the 
method of least squares and rival methods. Since all measures of location and dispersion are 
to a large extent arbitrary, each measure having its own advantages and disadvantages in 
various cases, and since the principle of least squares is associated with specific measures 
(mean and standard deviation), Cramér states that there is no logical necessity for adopting 
this principle. On the contrary, he says, it is largely a matter of convention whether we choose 
to do so or not, the main reason in favour of the principle being the relative simplicity of the 
rules of operation to which it leads. 

Joseph F. Daly (1946) proves that, for samples from a normal population, the mean and 
the range (or any other symmetric function of the sample variates which is invariant under 
a translation of the origin) are statistically independent. 

1 For Part I, see International Statistical Review (1974), 42,147-174. 
For Part II, see International Statistical Review (1974), 42, 235-264. 
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E. J. Gumbel (1946) shows that in a sample of size n (large) the /wth observation from one 
extreme and the *th from the other in order of magnitude may be regarded as independent 
provided that m and A are small with respect to n and that the population behaves in its tails 
in a certain exponential manner.

Maurice George Kendall (1946) gives a thorough treatment of the theory of linear and 
curvilinear regression. He points out that the most important use of least squares in statistical 
theory is in estimating the parameters (coefficients) in regression equations. He also mentions 
Its use in estimating the parameters of statistical distributions, which will not be considered 
in detail in this article.

Frederick Mosteller (1946) suggests that certain “inefficient" statistics may be useful when 
data anvnexpensive compared with the cost of computing “efficient” statistics. In particular, 
he proposes the use of linear combinations of order statistics, which he calls systematic 
statistics, to estimate the mean and standard deviation of a normal population. He compares 
the efficiencies of the estimates of standard deviation with those of other estimates which 
do not involve sums of squares or products, including the mean deviations about the mean 
and about the median.

Frank Ephraim Grubbs and Chalmers L. Weaver (1947) study the use of group ranges to 
estimate the population standard deviation from a sample from a normal population. They 
tabulate the moment constants (mean, sUndard deviation, a, and a*) of the range for samples 
of size n = 2 (1) 12 from a normal population.

E. Lord (1947) proves that the mean and the difference between the pth and oth order 
statistics of a sample of size n (which reduces to the range when p - 1, ? « n) from a normal 
population are independent.

K. R. Nair (1947) shows that the standard error of the mean deviation m' from the median 
IS equal to or less than that of the mean deviation m from the mean for samples of 3 or 4 
from a normal population. He suggests that, in view of greater simplicity in calculation, there 
would be strong n-actical grounds for using m' rather than m if expressions for the mean 
and variance of m' and tables of its probability integral were worked out and if the efficiency 
of m' relative to m for sample size n > 4 were found to be not appreciably worse than for « » 4.

R. L. Plackett (1947) determines an upper limit, independent of the form of the distribution, 
lor the ratio d, of tte expected range in samples of size n to the population standard deviation 
^is limit IS « {2[(2fl-2)!-(n-|)!)^]/(2n-l)!)*. which is approximately n* for large n. 
Plackett finds distributions for which the limit is attained; for n « 2, 3 the distributions are 
rectangular.

Warren B. Purcell (1947) proposes saving time in life tests by using the median instead of 
ffic to indicate shifts in central tendency and the minimum value (first order statistic) 
instead of the ran^ to indicate shifts in dispersion, thus making it possible to terminate the 
test M ^n as [»/2j +1 failures have occurred, where n is the number of items placed on test 
and [«/2J is the largest integer less than or equal to »/2.

&^an J. Tanenhaus (1947) proposes the use of the lot median or, better still, the average 
median of sev^ sublou, as the most typical value of abrasion-resistance of yams from

S^^S’uTy affSed^y^ ^ “typical.
ChurcWU Eiscnhart, Lola S. Denting and CeUa S. Martin (1948a) show that the abscissa 

of the (one-tail) e-probability point of the distribution of the median in random samples of 
size « - 2m +1 from any continuous distribution is identical with that of the /»,.,-probabUity
point of theparentdistribution, where ^ -P. .)-* - «and d - «!/*!(»>*)!

combinations of n thinp taJkra A at a time. Eisenhart, Deming and Martin 
(19486) compare the e-probability points, for various values of e and n, of the
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thoM of the mean for lamplet from normal (Gauuian), Cauchy and double-exponential 
(^Uplace'i firat) ditthbutions and with thoM of the midrange for the rectangular (uniform) 
diMribution. Their reeuha give numerical verification of the fact that the it the beet 
average for the normal dutnbution. the median for the double-exponential distribution 
and the midrange for the rectanguUr distribution, while the median is the best of the thre^ 
considered for the Cauchy distribution.

O. W. Housner and J. F. Brennan (1948) consider the problem of bivariate reression in 
which both variables are subiect to error and have a finite number of means falling on a line 
and in which the number of sample obeervations uken about each mean is known. They 
estimate the slope b of the regression Une T - a+bX as the total of the difTjrences of all 
purs of observed values of the y't divided by the like total for the observed jt’s, and show 
that this estimate is consistent For the case of ungrouped dato, the proposed estimate rednoas
to 5 - where the jr’s are ordered according to magnitude. In a

• — • s - I -

Particular numerical example, the authors show that thU estimate compares favourably 
with others that have been proposed.

K. R. Nair (1948) studies the distribution of the extreme deviate from the sample mean, 
•*' “ where x,. x„ ..., x* are ordered values in a sample of size k from the unit normal 
distribution and X is their mean, as well as the distribution of its studeatiiad form, w/s, where 
• is an independent unbiased estimator of the population variance. He uses the latter distribu­
tion as the basis of a new criterion for rejection of outliers, which he compares with the 
criteria of Irwin, Tippett, Student, McKay and Thompson.

K. C. Sreedharan Pillai (1948) determines the information (as defined by Fisher) furnished 
by each order statistic x, (/ - 1, 2, ..., a) in a sample of size a from a normal distribution 
conceming the mean and the variance e*, and tabulates resulu for

a-2,3, ..., 12;/- 1.2......[a/2J-H.
Not surpWngly, these tables show that the central values give the most information 
o^ng ^ ^ the extreme valoee concerning o*. The author determines a function of a which 
when multiplied by the semirange (x,-x,)/2, yields an unbiased estimator of a. and ftiditt

K. R. Nair (1949), in a follow-up of his previous note [Nair (I947)j on the mean deviations 
from the median and from the mean and their use in estimating the standard deviation o 
of a normal population, shows that the coefBdonts of variation of the two mean deviations
are almost the same for samples of size a when 2$ a ^ 10. (See Note at end)

W. R. Purcell (1949) eUborates on the use of the median life and the shortest life instead 
of the mean life and the range, as proposed in hu earlier paper [PuroeU (1947)], and gives an 
eirai^^ their succesaftil use in saving time in life tesu on incandescent lamps.

K. J. Shone (1949) studies the use of the sample range in estimating the standard deviation 
of non-normal populations. Let e. f. a, and /V represent the sample standard deviation, the 

•***^f* d^on of the range, and the sample size, respectively. For
whose variance u finite; for /V - 3. 

f/a * 2-IO-O’tl a^f for eighteen discrete unimodal distributions: for^-4and/V-S 
leepeirtivfr. f/a a 2-29-0-69 a^f and f/a a 2-41-0-46 ojf for five seladad populations of 
•Hmm form.

John Wilder Tukey (1949a, 6, c. d) and Theodore E. Harris and Tukey (1949) report on 
a study of sampling firom oontandnated distributions. Tukey (1949a. e. d) studies the relative 

a^sffie^-intnri (in large samples) c4 various sstimatioo procedures when ths 
dtstrimraradilMrs from normality in the directiot. of long tails (resulting from a mixture 
of two noiMl distributions with the same mean and dUhrent standard deviations). Harris



and Tukey (1949) and Tukey (1949/)) consider the relative efficiencies of estimators obtained 
from the mean and standard deviation by removing the extreme y per cent at each end of the 
sample, for varying degrees of contamination, both in large and in moderately large samp.'es. 

William John Youden (1949) exposes the fallacy in the common practice of making three 
measurements, averaging the two values closest together and discarding the other. Intuition 
suggests that if two of the three measurements are in close agreement while the third is 
considerably removed from either of the others, then there may be grounds for suspecting 
and perhaps rejecting the third value. Analysis shows, however, that for samples of three 
from a normal distribution, one of the measurements will be at least 19 times farther away 
from its neighbour than the distance separating the two closest in one sample out of twelve; 
hence it appears that measurements that should be retained are often discarded. 

Wilfrid J. Dixon (1950) proposes new criteria, based on the ratio of the differences of two 
pairs of order statistics, for rejection of outlying observations. He compares the performance 
of these criteria with those of Irwin, McKay, Thompson, Nair, and Grubbs for detecting 
contamination of samples from a normal population with mean /< and variance er2, N (^, cr), 
by one or more observations from (a) N (n + Àa, a2) or (b) N (fi, À2cr2). 

Grubbs (1950) also proposes a new criterion for rejection of outliers, the criterion being 
the ratio of the sums of squares of deviations from the mean for the truncated sample (with 
the observation or observations in question omitted) and for the complete sample. He obtains 
and tabulates the distribution of this ratio for one extreme observation and for two extreme 
observations both at the same end ; he does not examine the criterion for one extreme at each 
end. 

Theodore E. Harris (1950) gives a simple explanation, with a numerical example, of a 
procedure, essentially that of Edgeworth (1923) and Rhodes (1930), for fitting a regression 
line Y — a + bX by minimizing the sum of the absolute deviations rather than the sum of 
squares of the deviations. He points out the relation between this problem and linear 
programming. 

F. M. Henry (1950) studies the loss of precision from discarding discrepant data. In 
particular, he applies the rule of Goodwin (1913): “When the number of observations is small, 
reject any observation that deviates more than 4 A.D. from the sample mean, the mean and 
A.D. [average deviation] being computed with the omission of the doubtful observation” 
to series of five measurements of a time interval with a stop watch, and the “best two out 
of three” procedure to series of three such measurements. In both cases he finds that use of 
the procedure results in an increased rather than a decreased error; in the case of three measure¬ 
ments, not only the average of all three measurements, but also the average of the two extreme 
measurements (the midrange) gives better results. 

Alexander McFarlane Mood (1950) deals with regression and linear hypotheses in Chapter 
13 (pp. 289-315) of his textbook. He includes a section (13.8) on the method of least squares, 
in which he states (p. 311): “The primary reason that the method of least squares is commonly 
used for curve fitting is merely that it leads to a simple linear system of equations for deter¬ 
mining the coefficients. To determine the coefficients by minimizing, say, the sum of the 
absolute deviations, or the sum of the fourth powers of the deviations, would ordinarily be 
much more troublesome. It just happens that the form of the normal distribution is such 
that the sum of squares of deviations from the regression function is to be minimized to 
determine the coefficients in the regression function. If, for example, the points . . . were 
supposed to be deviations from a regression line with a probability distribution other than 
a normal distribution, then it would be appropriate to determine estimates of a and ß [the 
regression coefficients] by maximizing the likelihood defined by that distribution. Even here, 
though, the method of least squares is commonly used in practice to avoid algebraic and 
arithmetic difficulties, and this is, of course, good and sufficient reason. The theoretical 
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advantages of the principle of maximum likelihood over the principle of least squares may 
become unimportant when it comes to a matter of choosing, say, between a 40-hour and 
a 10-hour computation.” [This conclusion should be re-examined in view of the great 
reduction in computing times that has occurred as a result of the development of modern 
high-speed computers during the past quarter-century.] In Chapter 16 (pp. 385-418), the author 
presents a number of distribution-free methods based on order statistics. Such a method for 
linear regression, developed jointly by G. W. Brown and the author, is outlined in sections 
13.8 and 13.9 and is discussed in greater detail by Brown and Mood (1951) [q.v.]. 

E. S. Pearson (1950) investigates the estimation of the standard deviation of a population 
from the range of a sample of size n or the mean range of N items divided into m groups of 
n items each. Even when (a) the population is not normal or (b) the sample includes one 
or more outliers, he concludes that use of the range, with adjustment appropriate for a normal 
population, is justified provided n ^ 10. 

K. C. S. Pillai (1950) finds, in a form suitable for numerical calculations, the distributions 
of the midrange and the semirange and their joint distribution for samples of size n from 
a standard normal population, N (0, 1). 

James Blaine Scarborough (1950) discusses the normal law of error and the principle of 
least squares in Chapter XIV. He points out that all measurements are subject to three kinds 
of errors: constant or systematic errors, mistakes or blunders, and accidental errors. The 
mathematical theory of errors deals only with accidental errors, which are those whose 
causes are unknown and indeterminate. They are usually small, and follow the laws of chance. 
Often [but not always] they are well approximated by the normal law of error, which the 
author discusses at length, along with the associated principle of least squares, which leads 
to choice of the arithmetic mean as the best average of a number of observations, with weights 
proportional to the square of the precision indices A, = l/criv/2. In Chapter XV, the author 
discusses the precision of measurements, which can be estimated by the [root] mean square 
error [standard deviation <r], the probable error (P.E.), or the average [absolute] error. 
In Art. 141, he gives the following rule [cf. Wright (1884)] for rejection of outlying observa¬ 
tions: “Find the mean of all the measurements (including the “wild” one) and find the 
residual for each. Compute the P.E. of a single measurement. . . . Reject any measurement 
whose residual exceeds 5 times the P.E. of a single measurement.” In Chapter XVI, which 
deals with empirical formulas, the author compares three fitting methods : the graphic method 
(method of selected points), the method of averages, and the method of least squares. He 
does not recommend the method of selected points except for obtaining approximate values 
or in cases where the results obtainable by this method are as accurate as the data used. 
The method of averages involves grouping the residual equations into as many groups as 
there are constants in the assumed formula, with each group containing as nearly as possible 
the same number of residuals, setting the sum of the residuals in each group equal to zero, 
and solving the resulting equations. The residual equations can be grouped in several ways, 
each giving a different result. The best formula is obtained by grouping in consecutive order 
of the values of [one of] the independent variable[s]. The author states that when the number 
of residual equations is large enough to allow three or more to each group, the method of 
averages can be depended upon to give good results, but that otherwise we should always 
use the method of least squares, which gives only one formula, which is always the best 
possible [if the errors follow the normal law]. He discusses least squares regression in detail, 
including computational procedures, weighted residuals, non-linear formulas, both variables 
subject to error, and finding the best type of formula. He does not mention alternatives 
based on non-normal error laws. 

G. R. Seth (1950) finds the joint distribution of the two closest observations x\ x" (jr'cx") 
of the set x,, x2, x3 (x, g x2 g x3), given the distribution of x„ x2, x3; he also finds the 
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joint ditthbution of « - (x'-ar') and - (*'-x')/(x,-x,) in genenl. and the joint density 
ftinction of u and w and the marginal density functions of u and of h-, all when the underlying 
distribution is normal with mean B and variance unity, N(B, 1). He also obtains the joint 
density function ofu-x'-x'andp - (x' + x')/2, as weU as the marginal density function 
of V, which has mean 0 and variance I/2-»-,/J/4x.

R. K. Zeigier (1950) shows that, for a random sampb of size 2A+1 from a distribution 
which has a finite second moment and which is continuous at x - 0 with f{9) ^0,6 being 
the population median, the joint distribution of the sample median and the mean deviation 
from the sample me<lian is uymptotically bivariate normal, and gives the asymptotic means, 
variances and correLition coefficient

S. I. Zukhoviukii (1950) develops a procedure, baaed on the Fourier descent method, for 
finding the best approximation (in the Chebjfshev sense of minimizing the maximum error) 
for a system of incompatible linear equaUons in the de la Vallde Poussin (non-defenerate)

D. H. Bhate (1951) shows that, for symmetrical probabiUty functions which are members 
of the Pearson family, the mean of two symmetrically placed elemenu in an ordered sample 
(a quasi-median or quasi-midiaafe) is more eflkient than the median as an estimate of the 
central value. He demonstrates by an example that this statement is not true for all sym> 
metrical probability functions.

Brown and Mood (1951) propoee a method based on medians for determining the coefllcjeats
in a multiple linear regraasion aquation. Let the dependent variable / be distributed with
median ao-t- |;a^, and suppose we have a sample of a seU of aaaodaled observations
>it •••. hi i “ It 2. ..., a. Then the coefficients a, are —rt—M by the numbers
a, such that mediu - median - 0. r - 1. 2..... k. where f,
is the median of the a obaarvations s,,.

DUon (1951) finds the distribution of the ratio r - (x.-x._y)/(x.-xO for some smaU
values of I andy, where x,, Xj......x. are the order statistios of a sample of size a 30 from
a popuUtion which is (1) rectangular or (2) normaL He tabulalae 3-dedmal-place perantage 
points. corroqModtng to cumulative probability a - 04X15, 04)1, 04)2, 04)5, 0-1 (01) 0^, 
0^5, for r when; - 1,2 and / - 1.2.3, for samples of size a - (/+>+1) (1) 30 from a normal 
population. Theae tabular values are useful in applying the criteria for rejection of outlien 
proposed by the anthor in his earlier paper [Dixon (1950)].

H. O. Hartley and E. S. Pearson (1951) ubulate the moment am«tsnts of the distribution 
of the range in samples of si» a - 2(1)20 drawn from a normal population with unit 
vanance. They note that there are some discrepancies between their table and some earlier 
lesuhs of Grubbs and Weaver (1947).

Ray Bradford Murphy (1951) treats the problem of outlying obaarvations in samples from 
univariate normal populaUons as one in Unear hypotheses In particular, he introduces /-tests 
for outliers from a single universe and UksUhood ratio taste for outliers from several universes. 
He discusses the nroMems of testing for aU possible numtefs of outliers, k. sul^ only to 
the rsstiktion that 2k<n, wfa«e a is the sampls size.

8.1. Zukhovitekii (1951e) describes a method of successive approzianMioM for 
the beat solution (in the sense oi Chebyshev) of a set of incompatible linear

m

^ “ bi (1 - 1,2,.... m)

where m>n, i.e. the set of d's which . Znkhovitskil (I95Ih)
gives an analofous procedute for flndiat the centre rf 4a emaUsst sphere containing
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pomtsPOmtS’ l e' the P0Ínt °f leaSt dCVÍatÍOn (in the sense of Chebyshev) from the given 

rj' HrSldWel1 il952) finds lmProvecl approximate formulas (polynomials in n“1) for the 
ratio of the standard error of the median to the standard ermr nfT. r ‘ 

° A^ders'míd'nw'^r110 "T any qUantÍle °f 3 Sample fr0m 3 continuous population. Anders Hald (1952a, b) gives theory and tables for the distribution of the w» .i, 

discusses the distributions ofthe largest observation and ofits deviations from the n m i f ° 
moan and the sample moan, as wed as ontoria foe ,ho 

Tsuruchiyo Homma (1952) obtains possible limit laws for the ranee and the r 

a sym p^oticah y^ n depen dent ^ that the ^ a"d the midr3^ -enot 

h He also gives an approximation for the critical values satisfying P (w ) = « 
Julius Lieblein (1952) investigates the distributions of sev'eral statistics involving the closest 

and/or .rn^os, 

and ,he e,8C¡C™y °f ,he “"’P" «'ma,e 

;hr^tx?rr,sísnrhod"i!,heFo,^d^ 
Ralph Hoyt Bacon (1953) reviews the familiar method of least squares for fitting a straight 

me to a set of observed points, and discusses variations of it, including the problem of uneaual 
weights and the minimization of residuals other than the vertical. If the ordinates oAhe 

of mathematical statistics underlying these methods P P 

‘ rtf!;" '™';a,r,h' protabi“y ^ ,,, 8 • r xn-r xr+1 of a sample of size n from a normal nomiiatinn 
and tabulates percentage point, and moment, of », for „ _ ,0(1)30 He inveEte, foe’ 
efBciency of q„a„-mn?e, in climating the population standard delation and fUdfiTftta 
range) to be m«t efflctent for 2 S „ S 17 and m, mo,t efficient for 18 S n S 31 

Dixon (1953) studies tb s problem of contamination of a sample supposed to be drawn from 

offotb.eZrLTeiZtfprttror^ £,¾¾ ^ ‘r^0"y 
ofp by ufo of the mean and the median, the estimation of e» (or o) btiTaLpirSœ 
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and the range, and gives recommended rules for processing data under various conditions 
of contamination. 

Enoch B. Farrell (1953) proposes the construction of quality control charts using ranges 
and midranges within subgroups and medians of these statistics between subgroups. He 
contends that this method gives more useful estimates of the true population parameters 
than the conventional method when outlying observations due to the presence of assignable 
causes of variation are present, also that it is more effective in detecting and locating assignable 
causes, besides involving simpler computations. 

Harman Leon Harter (1953) applies the principle of maximum likelihood to the problem 
of determining the regression equation of one variable on p others. He shows that for a 
normal distribution of residuals, the maximum likelihood solution is the least squares solution, 
found by minimizing the sums of the squares of the residuals, while for a Laplace (first) 
distribution of residuals, the maximum likelihood solution is found by minimizing the sum 
of the absolute values of the residuals. For distributions of residuals with finite limits, only 
certain solutions are admissible, and either of the above methods may lead to an inadmissible 
solution. For a rectangular distribution of residuals over the interval (-c, +c), where c 
is known, the likelihood function is a constant, and there is no unique maximum likelihood 
solution, one admissible solution being just as likely as another. [If c is unknown, the maximum 
likelihood solution is found by minimizing the maximum residual.] 

E. P. King (1953) shows that, when the criteria of Grubbs (1950) and Dixon (1951) are 
employed to detect the presence of a single outlier, the effect of using a test statistic based 
on the more deviant of the two extremes, thus testing a two-sided hypothesis, is approximately, 
but not exactly, to double the significance level of the standard test procedure. 

Edwin Glenn Olds (1953) studies the problem of finding the coefficients a and b in the 
equation of the best-fitting straight line Y = a+bX when values of.y are observed correspond¬ 
ing to a fixed set of x-values. He points out that when y has a normal distribution with constant 
variance for each x, the solution can be found either by the method of least squares or by 
the method of maximum likelihood. When y has a rectangular distribution, the method of 
maximum likelihood does not, in general, give a unique solution, and the method of least 
squares sometimes yields a solution which is inconsistent in that the residual (the difference 
between the predicted and observed y-values) for one or more x-values may lie outside the 
admissible interval (-c, +c), where 2c is the range of the rectangular distribution assumed 
for the residuals. The author adopts the least squares solution whenever it is consistent; 
when it is not, he shows how to find a modified least squares solution which minimizes the 
sum of squares of the residuals subject to the restriction that the absolute value of each residual 
must be less than or equal to c. 

Frank Proschan (1953) advocates, for the rejection of outlying observations, Dixon’s 
criterior. cased on the extreme observation when no past data are available and Nair’s criterion 
based on the studentized extreme deviate when past data are available for use in obtaining 
an independent estimate of the standard deviation of an individual measurement. He tabulates 
critical values at the 5 per cent and 1 per cent levels for both tests. 

Youden (1953) summarizes available results on the situation in which three measurements 
are made and the two showing the best agreement are selected. The difference between the 
selected measurements averages about four-tenths (3-3^/3/2) that of the difference for honest 
duplicates [Lieblein (1952)]. The dispersion of the average of the selected pair is 12 per cent 
larger than that of the average of duplicates. Let d be the difference between the selected 
pair and D the difference between the discarded measurement and the nearer of the selected 
ones. The interval D is ten or more times as large as d in 15-7 percent of sets of three measure¬ 
ments. More than one-third of the time, D is at least four times as large as d. Values of the 
ratio Djd exceed 32-57 once in twenty times [Youden (1949)]. 
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Zukhovitskii (1953) presents an algorithm for numerical evaluation of the vector jc for 
which the residual m-vector r = Ax-b has the least possible value for its longest component, 
given a set of m equations in n unknowns Ax - b, where A is an wxn matrix, m>n, b is an 
w-vector and x is an «-vector. He considers both the non-degenerate (de la Vallée Poussin) 
case in which the Haar condition (that all «-rowed determinants in A be non-zero) is satisfied 
and the degenerate case in which this condition is not fullilled. He devises computational 
procedures for each case and works out a numerical example of each. 

Shmuel Agmon (1954) notes that in various numerical problems one is confronted with the 
task of solving a consistent system of linear inequalities. He discusses several methods of 
solving such a system, with emphasis on the relaxation method. He points out that in addition 
one sometimes has to minimize a linear form, e.g. in linear programming. As another example 
where this is necessary he mentions the problem of finding the polynomial of best approxima¬ 
tion (in the Chebyshev sense of minimizing the maximum deviation) of degree less than « 
corresponding to a discrete function defined in N [ > «] points. He points out that one can, 
at the expense of increasing considerably the number of unknowns and inequalities in the 
equivalent system, use the duality principle to reduce this problem to the solution of a system 
of inequalities involving no minimization. T. S. Motzkin and I. J. Schoenberg (1954) give 
further theoretical results on the relaxation method, without any mention of the applications 
discussed by Agmon. 

Cadwell (1954) gives an asymptotic expression for the probability integral of the range for 
samples from a symmetric unimodal distribution, and investigates its accuracy for the case of 
samples of size 20 to 100 from a normal population. For this range of sample sizes the errors 
are small, and they can be made less than 0 0001 by using a correction based on values given 
in the paper. The author tabulates percentage points of the range for samples of size « = 20, 
40, 60, 80 and 100 from a normal population. 

David R. Cox (1954) studies the mean range and the coefficient of variation of the range 
in samples of size 2, 3, 4, and 5 from different types of populations covering a wide range of 
values of //, = x\ and ß2 = «4, the measures of skewness and kurtosis, including symmetric 
and asymmetric mixtures of normal distributions, the normal distribution, the rectangular 
distribution, exponential type distributions, the Pearson system, and Shone’s numerical 
results for five discrete distributions. He tabulates the normalized mean range and the co¬ 
efficient of variation of the range to 3 decimal places for samples of size 2, 3, 4 and 5 for 
ß2 = \ 0 (0-2) 2 0 (0-5) 5-0) (10) 9-0; /?, is not a determining factor. He compares the distribu¬ 
tions of the range for samples from exponential and normal populations, and applies the 
results to estimation of dispersion by use of the range. 

Herbert A. David (1954) finds the cumulative distribution function and the expected value 
of the range of samples from five non-normal populations, and makes numerical comparisons 
of the results with the corresponding ones for samples from a normal population. 

H. A. David, H. O. Hartley and E. S. Pearson (1954) approximate the distribution of 
n 

u = tv/i [where w = xmax-xmln, («-l)s2= £ (x,—x)2, and x,, ..., x„ is a random 
i •= 1 

sample with mean x from a normal population] by selecting a curve from the Pearson system 
with the proper first four moments. For specific values of n they compare the result with that 
of an exact alternative derivation. After examining certain non-normal populations, they 
suggest that u may be useful in detecting departures from normality. 

Gumbel (1954) derives the continuous cumulative distribution function with specified 
mean and variance for which the expected value of the largest of n independent observations 
is a maximum and the continuous c.d.f. with specified variance for which the mean range is 
a maximum. The latter result, obtained by a different method, was previously given by R. L. 
Plackctt (1947). The former result, obtained independently, is given by Hartley and David 
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(1954), who also obtain an upper bound for the expected value of the mth order statistic 
and best upper and lower bounds of the sample range of x under the restrictions that the mean 
and variance of x are 0 and 1 respectively and values of x are restricted to the closed interval 
\a, />1, where a and b are given constants. They derive the distributions tor which the upper 
bounds are attained, and show that the lower bound is attained for a discrete distribution 
where x may assume only two values. These results are of interest in assessing the bias that 
may result from the unwarranted assumption of normality when using the sample range to 
estimate the population standard deviation. 

Morris Morduchow (1954) shows, under fairly general conditions, that the standard devia¬ 
tion of the residuals of the straight line fitting a set of points with uniformly spaced abscissas 
by the method of averages is at most 2/73 times as great as the standard deviation of the 
residuals of the least squares line. In the course of the analysis, he proves theorems of 
significance in the practical use of the method of averages. 

E. S. Pearson and H. O. Hartley ( 1954) give tables of moment constants, probability integral 
and percentage points of the range; also tables of percentage points of the extreme standardized 
deviate from the population mean and from the sample mean, the extreme studentized deviate 
from the sample mean, and the ratio of range to standard deviation in the same sample, all 
for samples from a normal population. Various applications of these tables, including the 
rejection of outlying observations, are discussed in the introduction. 

George J. Resnikoff (1954) discusses various approximations to the distribution of the 
average range, and tabulates percentage points of the average range for subgroups of size 
five, commonly used in quality control work, for samples of size N = 5m, where m is an integer. 

F. Zitek (1954) discusses various measures of sample dispersion, including standard devia¬ 
tion, mean deviation, and range, which may be used in estimating the standard deviation of a 
normal population. For n = 2(1)15, he tabulates normalizing factors which make these 
estimators unbiased and variances of the resulting unbiased estimators whenever these are 
available in the literature, and makes some observations on the efficiency of the estimators. 

A. Charnes, W. W. Cooper and R. O. Ferguson (1955) propose the use of linear programming 
as an alternative to least squares in estimating executive compensation. The method which 
they propose involves minimizing the sum of the absolute values of the deviations ol salaries 
of individual executives from the salary levels deemed appropriate for executives occupying 
their respective positions in the job hierarchy, when the salaries are expressed as linear 
functions of the rankings of the individuals with regard to certain characteristics believed 
to influence their performance on the job, subject to certain other constraints, e.g. maximum 
and minimum compensation. . , 

John T. Chu ( 1955a) obtains upper and lower bounds for the cumulative distribution t unction 
of the median x of a sample of (2«+1) observations on a random variable X from a population 
with probability density function /(x) and unique median ¢. He shows that the approach to 
norr iality of the distribution of X is rapid when X is normally distributed, but much slower 
when X has a rectangular or a Laplace (first) distribution. Chu (19556) shows that, under 
very general conditions, varx è (4 [/(0]2 (2B+3)}-1, as compared with the asymptotic 
variance {4[/(0]2 (2W + 1)}”1* with the equality holding for the rectangular distribution. 
He shows that the sample mean x is more efficient (has smaller variance) than x for many 
symmetric distributions, notable exceptions being the Laplace and Cauchy distributions. 

Chu and Harold Hotelling (1955) show that, under certain regularity conditions, the 
central moments of the sample median are asymptotically equal to the corresponding moments 
of the asymptotic distribution, which is normal. They give a general approximation procedure 
for the moments of the median which involves expanding the inverse of the cumulative 
distribution function in a Taylor series; the approximation error can be made arbitrarily 
small by using a sufficiently large number of terms in the expansion. They apply the method 

't: 



to the normal, Laplace, and Cauchy distributions; for the first two of these they obtain upper 
and lower bounds for the variance of the median by a much simpler procedure. They obtain 
detailed results concerning the medians of samples drawn from a normal population. 

J. Arthur Greenwood (1955) expresses the differential of the probability of the mth range 
[quasi-range] in terms of Bessel functions of the third kind, and integrates by parts to obtain 
the distribution of the mth range. 

Max Halperin, Samuel W. Greenhouse, Jerome Cornfield and Julia Zalokar (1955) tabulate, 
to three significant figures, the upper and lower 5 per cent and 1 per cent points of the 
studentized maximum absolute deviate d = maxf | xt-x |/.v, where the xt (i = 1.k) are 
independent and each N (n, a1), and where ms2¡a1 is distributed as y2 with m degrees of 
freedom and independent of x¡, for 

A- = 3(1) 10(5)20(10)40, 60 and m = 3(1) 10(5)20(10)40, 60, 120. 

They give examples to illustrate the use of the tables for various purposes, including an 
outlier test which is the two-sided version of Nair’s test. 

Cecil Hastings, Jr. (1955) gives an elementary discussion (with graphical illustrations) of 
best fit in the Chebyshev sense (minimum absolute error). He also gives an iterative procedure 
for finding the straight line which best fits a finite number of points, as well as an iterative 
procedure for finding the curve of a given parametric form which best fits a continuous 
curve over an interval. 

E. Ya. Remez ( 1955a, b) considers the problem of determining that curve/out of a given 
family F which has smallest maximum deviation from a given set S, for the cases in which 
F consists of all straight lines or of all straight lines through the origin. When the set S is 
finite, inspection of its graph gives the points of maximum deviation, and the author gives 
an elementary computational procedure for finding the coefficients in the equation of/. 

George William Thompson (1955) shows that bounds exist for w/s, the ratio of range 
to standard deviation in the same sample of size n, for all populations with non-zero variance. 
He tabulates upper and lower bounds for w/s to three decimal places for 

n = 3 (1) 20 (10) 60 (20) 100 (50) 200, 500, 1000; 

also lower and upper 01 per cent, 0-5 per cent, 10 per cent, 2-5 per cent, 5 0 per cent and 
10 0 per cent points and the median (50 per cent point) of w/s to five decimal places for samples 
of size h = 3 from a normal population. 

J. Topping ( 1955), in a monograph on errors of observation and their treatment, distinguishes 
between accidental and systematic errors, considers estimation of the error in repeated 
observations of the same quantity and in compound quantities (products, quotients, sums 
and differences of quantities subject to error). He introduces frequency distributions (binomial, 
Poisson, normal, and others) and measures of central tendency (mean and median) and of 
dispersion (range, mean deviation, and standard deviation). His treatment of the theory of 
error is based entirely on the normal law of error and the method of least squares; though 
he admits that the former (and hence also the latter) is not universally valid, he does not 
öfter any alternatives. 

Tukey (1955) shows that various characteristics (e.g. percentage points, expectation, 
reciprocal standard deviation) of the range of samples from a normal population behave 
asymptotically like the square root of alog(bn+c) where n is the sample size and a, b, c 
arc appropriate constants. He uses this fact as an aid in interpolating between tabular values 
of these characteristics. 

W. U. Behrens (1956) proposes certain factors for use in determining the standard deviation 
approximately either from the mean deviation (taken from the mean) or from the range. 
He compares these factors with those developed by other authors [including Tippett (1925), 
Pearson (1932) and Pearson, Godwin and Hartley (1945)], and refers to the different bases 
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lf uc tw0 Unds of factors. He cooteods that hi, facto, are osefut for the objecti.e, genera,,y 

>ursued by experiment stations. ion curve of a bivariate distribution f(x, .y) 
Juan Bejar (1956) defines tte media g dislribution/( (y | x), and gives its 

is the locus y = g{x) of the media author introduces the linear regression, 
general properties. Since g (x) is no cas > h n deviation instead of the mean 

^ a new crto,M. 

sets of n measurements divided by t c ° various vaiUes of k and n, they conclude that 
5 per cent critical value, which they tab , identified by inspection and 
the set having the largest range contains an outlier, whicn 

rejected. nercentaae points of the studentizcd extreme 
, H'„ ffomtte'ÏMe mSÍ hkc .ho* o7Ær (1948, ,952) [reprinted b, Pearson and 

Hartley (1954)], but corrected by using a ““^qua^wThe fitting offamilie, of straight 
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and its application to the minimal approximation oi over 
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D' (aCCept //i),1S tbe TT Im" , H{ (/ / o): m(2) = each m, (except m,) = »h-A. 

T, Trí ade,:; procedure for which : Pr (acc. Z>0 I ^o) =* 1 ~P' * ^ 
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xM--max {*i, *2. 
, .... c „ „vpran standard deviation using x for (i) ana (uj 

x, the mean of samples (i) and (u), A, t ^ and select D„ if (*M-■*)/$> V 
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Harold Ruben (1956) shows that the p expressed as linear functions of the 
samples of even sizes from n°rma‘ I”P^r°ical simpiices and uses this fact to obtain simple 

Prided the point, are 
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equally spaced horizontally. A graphic measure of residual variability (mean deviation of the 
points from the fitted line) is also derived. 

Juan Bejar (1957) gives a method, similar to linear programming, to determine the regression 
line .v = a + /)xsuch that£ | yi-a-bxl \ is a minimum or the regression plane z = a + bx+cy 
such that 11 zi-a-bxl~cy( \ is a minimum. He gives two examples in which he arranges 
the data to make the shortest calculations. 

Dixon (1957) discusses several simple estimates of the mean and standard deviation of a 
normal population. Estimates of the mean considered are the median, the midrange, the 
mean of the best two (in the sense of minimum variance), and the mean of all but the largest 
and smallest. Estimates of the standard deviation studied are various linear combinations of 
quasi-ranges. The efficiencies of these estimates are compared with those of the sample mean 
and sample standard deviation and the best linear unbiased estimates for samples of size 
« = 2 (1) 20. 

A. Ghosal (1957) derives formulas for the distribution of the rth quasi-range 

Wr = xn.r-xr+l 

of samples of size n from rectangular and exponential distributions; tabulates their first four 
moment constants for r = 0, 1, 2, and n = 5, 10, 15, 20; and compares the efficiencies of 
Wr (r >0) and W0 as estimators of the population standard deviation. For the exponential 
distribution, he finds that (F, is more efficient than W0 for n and W2 is more efficient 
than IF, for « 2: 17. 

Allen A. Goldstein, Norman Levine and James B. Hereshoff(1957) note that several methods 
of constructing best approximations of continuous functions have been published, but that, 
on the other hand, the important problem of solving an overdetermined system of linear 
equations in the Chebyshev sense has not been given the attention it deserves, though an 
unwieldy and not widely known algorithm has been given by de la Vallée Poussin (1911). 
This algorithm is based on the theorem, proved by de la Vallée Poussin, that the minimal 
maximum residual (If of a system of m linear equations in n unknowns (m > n) is equal to 
the largest of the minimal maximum residuals Af,, A/2,... corresponding to the various systems 
which can be formed by taking the equations n+ 1 at a time. The best approximation for a 
system of «+1 equations in n unknowns can easily be found by solving a system of n + l 
equations in « +1 unknowns, assuming that none of the determinants of any selection of n 
equations vanishes. At worst the method of de la Vallée Poussin requires the solution of 

(/+ ^ systems of n+1 equations in n+1 unknowns. Even though considerable savings can 

be realized by a good first approximation, the computation is impractical for large systems. 
The authors discuss two new methods. They consider functions M and S defined by 

f 

M sup 
i 

Ed, ¿ s?« fa integral) 

where £, = £ a,jXj- b,. They note that for sufficiently large g the minimizing vector for 5 
; “ i 

lies arbitrarily close to the minimizing vector for M. To find these vectors they apply the 
method of descent; more specifically, they minimize S by moving along the largest component 
of the gradient. They give numerical examples of the minimization of S. They write (p. 343): 
“The direction of descent to minimize M is more critical. From a first approximation xJ{, 
the maximum n +1 residuals are selected and the best approximation xl2 for this set is found. 
The points x;, and xj2 are joined by a straight line and M - now a function of one variable - is 

minimized [this involves solution of at most systems of two linear equations in two 

unknowns] along this line yielding Xj3. The maximum «+1 residuals of xJ3 are selected and 
43/1—B 

inmpmiiipwaB « 
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a ‘best approximation’ .v,4 for this set is found. We join xJ} and by a straight line and 
minimize along this line obtaining xJ5, etc/’ 

B. I. Harley and E. S. Pearson (1957) tabulate the probability integral and percentage 
points of the range lor samples of size n = 200 from a normal population. They indicate that 

nt*TaluS W1" be USefUl connection with a suggestion by David, Hartley and Pearson 
(1954) that a comparison of the range and root-mean-square estimators of the population 
standard deviation may serve as a test of homogeneity or as a routine check of accuracy in 
computation and also in connection with methods of interpolation suggested by Tukev 
(1955). J 

J. W. Head and G. M. Oulton (1957) consider a situation in which one has n experimentally 
determined pairs of values of an independent variable jf and a dependent variable v and has 
reason to expect that a known function T of ^ and j, is a polynomial in some other known 
Junction X of x and y. They show geometrically how the goodness of fit of the least-squares 
polynomial is affected when its degree is raised from 1 to 2, the m-rr.ber n of pairs of points 
being 5. The results suggest that the five points are not usually placed so tnai the fit is appreci¬ 
ably better for m = 2 than for m = 1, and that it is seldom useful to fit a non-linear curve 
to experimental results, at least when « = 5. 

Motosaburo Masuyama (1957) derives upper and lower bounds on the ratios of the 
population standard deviation a to the expectation of the sample range and of the population 
variance a to the expectation of the square of the sample range, and suggests that the 
harmonic mean of the appropriate pair of these bounds may be used for all distributions as a 
multiplier of the sample range or its square in estimating <r or it2. 

Bernez (1957) discusses at length the problem of best approximation in the sense of 
Chebyshev (minimizing the maximum error), with emphasis on computational methods. 
He considers both the general case of approximation to a continuous function over an 
interval and the special case of approximation to a finite set of points. He summarizes the 
contributions to the latter case of Laplace, Fourier, Kirchberger, Goedseels, and de la Vallée 

oussin spanning the period from the late eighteenth to the early twentieth century, as well 
as the more recent ones of the Kiev school of mathematicians, especially Zukhovitskii 
Shtemberg, and himself. For the solution of finite systems of linear equations he presents the 
«-algorithm of successive weighted quadratic approximations, the method of successive 
equalizing descents (a) under the Haar-de la Vallée Poussin determinantal condition and 
(b) when this condition does not hold, and the new method of prevailing deviations previewed 
m his earlier paper [Remez (1956a)]. He gives numerical examples of the use of the various 
methods. 

Rider (1957) studies the distribution of the midranges of samples from five symmetric 
populations of limited range and the relative efficiencies of sample midrange and mean in 
estimating the population midrange (which is identical with the population mean and median) 
He finds that the midrange is more efficient than the mean for all of the populations considered 
(which have standardized fourth moment <x4 = 2-19, 2-14, 1-8, 119, 1), and that its efficiency 
increases with decreasing a4. 

Masaaki Sibuya and Hideo Toda (1957), using an expansion formula given by Cadwell 
(1953), tabulate (to four decimal places) the probability density function of the range w in 
normal samples of size n = 3 (1) 20 for w = 0 (0-05) 7-65. 

J. L. Walsh and T. S. Motzkin (1957) point out that polynomials pn (x) of given degree 
« ( ^ 0) of best approximation to a given function/(x) on a real finite point set 

E. (Xj, Xj, ..., xm) 

are important in numerical computation and have various properties in common, especially 
those relating to oscillation of the difference f(x)-p„ (x) on E. They state without proof 

-X 
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some new results on the totality of such polynomials, where approximation is measured 
according to any of the classical deviations, such as that of Chebyshev (minimax) or that of 
least pth powers. 

Askovitz (1958) presents a mathematical model which corresponds to the problem of 
determining the straight line best fitting a set of points according to the least squares criterion. 
The model consists essentially of a bar in equilibrium under the action of suitably arranged 
springs. By applying certain relationships between centroids of points and vectors in equi¬ 
librium, two points can be located which determine the correct line A graphical method can 
thus be developed for diawing the line without any calculations. The abscissas of the observed 
points need not be equally spaced as for the method given by the author in an earlier paper 
[Askovitz (1957)]. The author illustrates the technique by an example involving three points. 

S. Babcock, A. Beck, A. Davies, B. Goldsmith and ,E. Torkelson (1958) introduce the 
median, quasi-range method for control of lot average and lot standard deviation for measur¬ 
able lot quality characteristics which are normally distributed. They tabulate factors for 
computing upper and lower acceptance limits for the median and an upper acceptance limit 
for the optimal quasi range for samples of size n = 5 (5) 50. 

D. E. Barton and D. J. Casley (1958) propose a quick estimate of the linear regression 
coefficient of.y on x in a bivariate sample (x„ yt), i = 1,2,...,«, which they obtain by dividing 
the difference of the means of the k largest and the k smallest of the .v’s into the difference 
of the means o' the corresponding /s. For large samples from a bivariate normal population, 
the maximum efficiency (81 per cent) is attained when k =¾ 0-27«. For small samples the 
efficiency lies between 70 per cent and 80 per cent when k is between one-third and one- 
quarter of «. 

Philip G. Carlson (1958) obtains a recurrence formula for £(w2b+1), the expected value 
of the range of a sample of size 2«+1, in terms of £(vy,+J+i) for / = 1, 2, ..., n -1. 

Ward Cheney and Allen A. Goldstein (1958) elaborate the paper of Zukhovitskii (1951a), 
supplying certain missing details. They write (p. 233): “Consider a system of equations 
(1) (A1, x) = bi(l £ i £ m) in which A1 = (A\, A2.A|,) e £„ [Euclidean n-space], 

X — (Xj, x2, ..., X,,) E £„, b (b¡, b2.bm)eEm, where m > n, and where { A1, x) = £ A‘,x jAj- 

The restriction is imposed that each set of n rows of the matrix A = (A‘j) be of rank n. This 
is termed the Haar condition, although it is believed that priority belongs to Ce la Vallée 
Poussin [(1911)]. . . . Define residual functions (2) R{ (x) = (A1, x)-b,(l ^ i S m)- The 
number £(x)= max ¡ Rl (x)| is called the deviation of system (1) at the point x. The 

1 5 i S¡ m 
problem of solving (1) approximately in the sense of Tchebycheff [Chebyshev] is that of 
obtaining a point x in £„ which minimizes F. The number £(x) is known as the minimum 
deviation of system (1), and x is termed a minimax solution. As is shown in [a pape/ by Haar 
(1918)], the Haar condition guarantees the uniqueness of x.” The authors give the problem 
a geometic interpretation first pointed out by Fourier (1824), prove a theorem stated by 
Zukhovitskii (1951a), and make several relevant remarks. In a related paper [Goldstein and 
Cheney (1958)], the same authors treat the three problems of the solution of consistent linear 
equations and inequalities and the Chebyshev approximation of inconsistent linear equations 
from a unified geometric standpoint, and present an algorithm for their solution. They 
reinterpret each problem as one of finding the lowest points (if any exist) of a polytope in a 
Euclidean space and then combine the techniques of steepest descent and elimination of 
variables to work downward from vertex to vertex. They note that the same viewpoint has 
been exploited in the algorithms of Fourier (1824) and of de la Vallée Poussin (1911) and that 
other algorithms have been given by Motzkin and Schoenberg (1954) and by Goldstein et al. 
(1957). After first outlining the algorithm and then stating it in detail, they consider the 
special case of n variables and n + 1 equations or inequalities, prove the finiteness of the 

(tjWiW 
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James E. Kelley, Jr. (1958) applies lin P g of recufring interest: Given a set of real- 
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is a minimum. . . . Of most practical interest in the present context are norms of the form 
rr i'/p 

(2) Lp (a) = I I <3(a, x) 111 dx where p is a positive integer. The case p = 2, which is 

simply the ‘least squares’ problem, has been adequately solved by classical means. . . . The 
general case has recently been treated by a method of steepest descent [Goldstein et al. (1957)]. 
Except perhaps for p - 2, the casep = oo is probably most interesting. In this case, minimizing 
(2) is equivalent to minimizing the functional (3) A (a) = maxs | <5 (a, x)|. . . . in the present 
paper, we will consider how linear programming may be used to minimize (3) in the case 
that the functions/(x), g¡ (x) (Q S j Û «) are given at a finite set of points, (1 g i ^ m) in 
S". He applies the simplex method to a dual formulation of the problem, and constructs an 
algorithm for which n need not be specified in advance, but can be chosen so as to meet a 
preassigned tolerance. 

Yu V. Linnik (1958), in his introduction, gives an outline of problems in least squares and 
some typical examples, together with a brief historical outline from the time of Legendre 
(1805) [1806], Gauss (1809), and Laplace (1812). In Chapters I-III he outlines the concepts 
of algebra, probability theory, and mathematical statistics needed to follow his presentation 
of the method of least squares in succeeding chapters. Chapter IV includes a section on the 
rejection of outlying observations, for which the author recommends the criterion of Grubbs 
(1950), and Chapter VII includes a section dealing specifically with the problem of linear 
regression. Chapter XIII deals with the work of Wald (1940) on the problem of regression 
when both variables are subject to error and on the method of averages. In Chapter XIV, 
the author gives miscellaneous additional results. Included are sections on the role of the 
normal law in the theory of least squares and on Cauchy’s method of interpolation as a 
substitute for the method of least squares. The author states that, because the calculation is 
very simple, Cauchy’s method is preferable to the method of least squares in many cases, 
even though it results in some loss of accuracy. 

Bernard Ostle and J. M. Wiesen (1958) express the distribution of the range of a sample of 
size n from a right triangular population in terms of the range of the population, and apply 
the result to an acceptance sampling problem. 

Plackett ( 1958) examines the methods used by the ancient Babylonian and Greek astronomers 
in estimating parameters of observational data, and finds no evidence that they made use 
of the arithmetic mean of a group of comparable observations. He does trace its use as far 
back as the late sixteenth century, when Tycho Brahe applied it to astronomical observations 
in order to eliminate systernatic errors. The concept of the mean as a more precise value than 
a single measurement was already known to de Moivre, Flamsteed and Maupertius early 
in the eighteenth century, but remained controversial until the second half of that century, 
when it was demonstrated conclusively by Simpson (1756, 1757) and Lagrange (1774), both 
of whom made use of results due to de Moivre. The author closes with an account of the 
work of Simpson and Lagrange, which we have already examined. 

Rider (1958) considers the family of density functions 

f{x) = c(N-| x—0 I*)-*, — co<x<oo, 

where the case A = 1, A = 2 is the well-known Cauchy density function, and compares the 
efficiency of the sample mean and the sample median as estimators of 0 for various other 
values of h and k. 

Forman S. Acton (1959) devotes the first chapter of his book on the analysis of straight-line 
da ta to the choice of a model. In Chapter 2, he discusses the classical model : x known without 
error; variance of 7 constant. In addition to the analytical method of least squares, he discusses 
the graphical least-squares fitting procedure of Askovitz (1957), applicable when the x values 
are equally spaced, and the method of Nair and Shrivastava (1942). He devotes much space 

X 
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tn confidence limits on the slope and the intercept. In addition to methods based on the 
mean and the standard deviation, he presents methods based on various funcüons of order 

statistics (median, midtan^ range «cO 
recression with both x <ind y supjeci io ci » ^ ^ c 4,- 

consiaers re^rc rviantpr Q he deals with the use of transformations estimation of the regression coefficients. In Chapter 9 he deats wit nine u 

to stabilize the variability or to make the model ^0,1 051) 
rejection of unwanted data. In particular, he presents the Grubbs (1950) and D.xon > 

Crjean GeVroy "(t959^3^^1^ contributions to the theory of extreme values, including 
the^roof of wsrimis results concerning smbility in probability and almost complete stability 

of the reduced mth range whtch 

is » cenS linear transform of the U range »... in ter ms of the preçiou,,, ^ed «ym=c 
distribution of R, the reduced range, and calculates its moments. For m c ' ’ 

"hetample size he shows that the mth range is asymptotically normally distributed and 

gives its mean and standard deviation. Tir»™»*! no?5t F S 
Hermann Hansel (1959) summarizes the results of investigabons by T^pett (1925) E ^ 

Pearson (1932), Behrens (1956) and others on the use of range for the ««tmn of measures 
of variability. He points out that use of the range makes possrble 
ascertaining standard deviation with only a slight loss of aceuracy which are applicable 

eV'Harierr,l959)B°ves8a revised and condensed version of .he material in his earlier repo,, 
[ Harter 11958)1 on the use of sample quasi-ranges in estimating population standard deviation. 
He no nts out tha, the standard deviation of an exponential populatron whose lower hunt 
(location paramétra) is known can be estimated mote efficiently from a single order statist,c 

,hH.fr«SdqDoS:aemm (1959) give a descrip.,on «^“"pleslr^ 
of rhe probability integral, percentage points and moments of,h' ^ of 
normal distribution. They include the follow,ng tables: (1) an e'ghtoiecimal-ptotable 
the orobabilitv integral of the (standardized) range, W = w/a, at intervals of 0 , * P 
of size „ = 2 (1) 20 (2) 40 (10) 10O; (2) a six-dedmal-place “ble^r“"^*e °f005 
ranoe for the same values of n and cumulative probability P = 0 0001, 0y^^uulu 
0 0MP025 0-05 0-HO-1)0-9, 0 95, 0 975, 0 99. 0-995, 0-099, 0 9995, and 0-9999: and (3) a 
, ; Of ntments of he range [mean to 10 decimal places (11 significant figures) variance 

in P , in SFl a to 8 DP (8 SF) and a* to 7 DP (8 SF)] for samples of size n = 2 (1) 100. 

t0 Morris MOTduchow° and ^.io^el Levin 0959, extend the .of 
fitting a straieht line by the method of averages to the case of fitting a parabola to a set o 
SrSrwHh equJy spaced abscissas. The « points are divided into three groups, m 

consecutive order of the abscissas, containing «„ «2, and ;i3 points w^re "mta" ure of the 
A case of special interest is symmetric averaging, m which ^ = n3. As a measure m me 
greatest oossiblc “inaccuracy” of the method of averages, the authors compute 0 = (oJoXi» 
StT" ar^the standard deviation, of the res,duals for the method O eas square 
and the method of averages, respectively, for various groupings. For equa or almost equal 
size of .he groups, d approaches rhe value 2/,0,7. 0-7_02 mym^y “ 

optimum grouping is that with approximately n, n3 / > 2 : _ ’ 1 .a« f0r croups 
anoroaches (5/4) JM = H42 asymptotically, as compared with (9/2v/10) = 1 422 lor group 
r^i» anTlL corresponding factor 2,/3 * 1-152 for firiing a 

^Bernard Ostle and George P. Steck (1959) prove that the °f 
implies that the sample mean and the sample range are uncorrelated, and construct examp 
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to show that the converse is not true. They present a necessary and sufficient condition that 
the correlation between the mean and the range be positive (negative). They also prove that 
the symmetry of the parent population implies that the sample range and midrange are 
uncorrelated. 

K. C. S. Pillai and Benjamin P. Tienzo (1959) develop, in series form, for n = 3, 4, 5 and 
V <, 10, the distribution of the standardized extreme deviate from the sample mean, 

u = max [(x-„-x)/(T, (.x-.y,)/<t] 

and the corresponding studentized deviate, tn — max [(x„ —x)/.vv, (x-X|)/.vv], where 

X, ^ x2 ^ ... s x„ 

is an ordered sample of size n from a normal population with variance cr2, x is the sample 
mean, and ,vv is the square root of an independent mean square estimate of a2 based on v 
degrees of freedom. Pillai (1959) tabulates the upper 5 per cent and 1 per cent points of /„ 
for n = 2 (1) 10, 12 and v = 1 (1) 10, and discusses the method of preparation of this table. 

Rider (1959) derives the distribution of the rth quasi-range, W, = Xn„r-Xr+l, where 
x, g x2 g ... £ x„ are drawn at random from an exponentially distributed population, 
and gives the moment generating function and the cumulants of Wr. From these he shows 
that the mean of Wr slowly diverges with increasing sample size while the variance approaches 
a finite value: for example, n2/6 = 1-6449 for r = 0. 

Edward L. Stiefel (1959a) describes in detail the theoretical and numerical aspects of a 
linear Chebyshev approximation of a function/(x) by given functions ¢, (x), ..., 4>m (x) at 
specified points x,, ..., v„. The theoretical development leads to computational techniques 
for numerical solution of the problem. The author discusses the relation of this method to 
least squares and least qth power approximations and the special case of polynomial approxi¬ 
mations, and gives the advantages and disadvantages of alternative computational procedures. 
Stiefel (19596) considers the problem of finding a point (x,, ..., xm) such that the maximum 
of the absolute values of the numbers hj — alkxk + Cj (j = 1, .... n; A: = 1, ..., men) is a 
minimum. He shows that there is a unique such point if the Haar condition holds, i.e. if all 
of the m-rowed minors of the matrix (aJk) have rank m. The constructive proof yields an 
effective computational method for finding this point. The author gives extensions of this 
result and connections with the least squares solution, and applies the results to the problem 
of finding polynomial approximations in one or more variables. 

Harry Svensson (1959) shows that the expressions for the unknown coefficients in a curve¬ 
fitting process by the method of least squares are appreciably simplified if the values of the 
independent variable are symmetrically spaced about zero or if they can be transformed so 
as to satisfy this condition. He shows that fitting a third-degree polynomial becomes as 
simple as fitting a straight line in the general case. Moreover, if the values of the independent 
variable are equally spaced, so that they can be written as 0, ±1, ±2, .... the curve-fitting 
process simplifies still more, since the sums of powers of this variable can be tabulated once 
for all; such a table for up to 50 observations is given. These simplifications are especially 
valuable if one does not have access to an electronic computer, and is forced to resort to 
computation by hand or on a desk calculator. 

Harvey M. Wagner (1959) notes that in regression problems alternate criteria of “ best 
fit” to least squares are least absolute deviations and least maximum deviations. He points 
out that linear programming techniques may be used to solve the latter two problems. In 
particular, if the linear regression relation contains p parameters, he formulates the problem 
of minimizing the sum of the absolute values of the “vertical” deviations as a p equation 
linear programming model with bounded variables and the problem of fitting by the Chebyshev 
(minimax) criterion as a standard-form p+1 equation linear programming model. 



John Edward Walsh (1959) proposes a large-sample non-parametric criterion for rejection 
of ouilying observations. Let x, g Jf, ^ ... ^ x. be independent observations from con­
tinuous populations. The null hypothesis, //„, is that these observations aU resulted from 
independent random drawings from the same well-behaved population with unspecified 
shape. The alternative hypothesis is //,: the i smallest observations are too smaU (or H',: 
the /• largest are too large) to be consistent with No. where i is a small number wWch should 
be specified without knowledge of the observations. The altemtive //, is accepted if a statistic 
of the form x,-(H-/0 -h/tx* is negative, where ^ >0. A: is the largest integer contained 
in i+y/lit, and n is sufficiently large. Similarly, the alternative H\ is accepted if

x,+1 - j~(l + A) x,_|-I"i4x,+1 _jk

is positive. Two-sided teste are obtained by combining these one-sided teste. Tchebycheff’s 
inequality yields an approximate upper bound for the significance level of the test for A 
suitably chosen.

Joseph L. Walsh (1959) considers the problem of fitting a polynonual
p,(z) « flo2^+fl,r*"‘-l-...+q,

of degree n to a given function /(r) defined on a closed bounded set £ so as to minimize the 
sum of the pth powers of the differences/(z)-p, (r). The case of interest in the present study 
is the one in which the set £ consists of a finite number of real points. He notes that tffis 
measure of approximation, most used in the case p - 2 (least squares), goes back to Founcr 
and Gauss, while Chebyshev explicitly used the measure of approximation

max [|/(z)-p, (z)l. z on £]■ 1 ly \*'/ rm v^/i* ~ —j

although Kirchberger made the first general theoretical study of it. In the case p - 2. the 
polynomial is unique. Chebyshev approximation can be considered as the limit of least pth 
power approximation as p-*oo, and is often denoted by p - oo. The author reviews some 
results of Walsh and Motzkin (1957) for the cases p - 1, l<p ^ oo, and 0<p<l, and 
presents some new results on extremal approximations.

H, Weiler (1959) shows that if a>0 is the smallest and is the largest of n values whose 
arithmetic and harmonic means are x and H, respectively, then 0 ^ ^ (b-a)^l4ab,
the first equality holding only if all n values are equal and the second only if half of them 
have the value a and the other half the value b. Moreover, since H x, where « is the 
geometric mean, the same inequality holds for {x—g)lg. Thus x differs little from H or g 
if the n values have a small range and all are far removed from zero.

Frank J. Anscombe (1960) examines numerous criteria for the rejection of outliers proposed 
during a period of more than a century. He suggests that rejection rules should not be 
regarded as significance tests, as has usually been the case, but as insu^ce policies. He makes 
a detailed study of the effect of routine application of rejection criteria to replicate (espec^y 
triplicate and quadruplicate) determinations of a single value, focusing attention mainly 
on rules iqipropriatr when the population standard deviation o is known, but giving some 
attention to studentized rules. He examines the following rules: Rule 0, For given C, reject
every observation p,(i - 1,2..... .. where «is the number of observations) si^ that | z, |>C<r
where z, - y • IPi/». Estimate the mean p by the mean of the retained observations. 
Rule 1, For given C, reject Pm ^ I where M is the value such that | z„ 1>| z, i for
ailt ft M; otherwise no rejections. Estimate p by the mean of the retained observations, thus 
/I - ^ if I Xm 1 < CiT, /I - 1) if I Xm 1 > Co. Rule 2. Apply Rule 1. If an observation
is rejected, ccasider the remaining observations as a sample of size »—1 and apply Rule 1 
again; and so on. Estimate p by the mean of the retained observations. The author fiiids 
Rule 0 unsatisfactory, since a single outlier, if it outhes sufiSciently, can cause the entire 
Mwipu to i^ected. He finds Rule 1 satisfactory for smaU samples (n » 3 or 4), but sinoe
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Rule 1 can reject only one outlier, Rule 2 must be considered for larger samples which may 
contain more than one outlier. 

Cheney and Goldstein (I960), following a conjecture by Stiefel ( 1959a), give an (untested^ 
iterative algorithm for Chebyshev approximation. They also consider the problems of 
approximation by rational functions which are best in the “least squares” sense or in the 
“uniform” sense. 

Dixon (I960) considers various estimators of population mean and standard deviation 
from censored normal samples. Among the estimators of the mean considered are the 
Winsorized means, in which the magnitude of an extreme observation which is unknown or 
poorly known (or suspected of being spurious) is replaced by the next largest (or smallest) 
observation, as proposed by Charles P. Winsor, instead of rejecting it entirely. Dixon finds 
that the efficiency of Winsorized means, when balance is maintained by Winsorizing the same 
number of observations at each extreme, is remarkably high relative to that of the best linear 
systematic statistic. 

Harter (I960) gives a condensed version of the material on the range of samples from a 
normal population contained in the report by Harter and Clemm (1959). The table of the 
probability integral is omitted, but those of the percentage points (abridged) and moments 
of the range are included, along with a section on interpolation in the tables which is not 
found in the report. 

Robert Vincent Hogg (1960a) defines odd location statistics T and even location-free 
statistics S by 

T(xy 4-h, .t2 + h,..., xn + /í) = /"(Xi, Xj, T^—x^, -Xj, — ~T(xi,X2, ..., x¿), 

S (x1 + h, x2 + h, ..., xn+h) = S(x„x2.xn),S(-x{, ~x2, ..., -x„) = S(xux2, ..., x^ 

for all real values of h. He proves that the symmetry of a probability density function implies 
that the correlation between an odd location statistic and an even location-free statistic is zero. 
This generalizes two special results of Ostle and Steck (1959). The sample mean, the sample 
median, and the sample midrange are odd location statistics, while the sample variance, the 
sample range, the sample quasi-ranges, the sample mean deviation from the sample median, 
and any ratio of two of these statistics are even location-free statistics. Hogg (19606) proves 
that if the distribution is symmetric about 0 and ET exists, then ¿"{r | 5 = .ç} = 0, together 
with a multivariate extension useful in obtaining unbiased estimators of 

0:^.,(^,+^^)/(^ + ^), 

where Aij and M2 are the medians and R¡ and R2 the ranges of random samples from two 
distributions both of which are symmetric about 0. 

William H. Kruskal (1960) gives an exposition of the problem of handling wild observations, 
or outliers. He suggests that such observations should be reported even though they may be 
excluded from the analysis; moreover, they should not be discussed simply in terms of the 
propriety of including them in the analysis, of which the author gives illustrations, but treated 
as opportunities to learn something new. He classifies outliers into three categories according 
as there is (a) a priori knowledge, (6) a posteriori knowledge, or (c) no knowledge of a variant 
causal pattern. Those in the third category are the ones which cause the trouble, and the author 
expresses dissatisfaction with existing approaches to handling them. 

Rider (1960a) compares exact variances with the values obtained by using the formula for 
asymptotic variance for the medians of small samples (n = 1,3,5,7) from exponential, normal, 
cosine, parabolic, rectangular and inverted parabolic populations, which have standard fourth 
moment a4 = 9, 3, 2-19, 2-14, 1-8 and 1-61 respectively. He finds that the adequacy of the 
asymptotic formula increases with a4. Rider (19606) makes a similar comparison for the 
variance of the median of samples of size 2k+\, for /: = 0 (1) 15, from a Cauchy distribution. 



\

Stiefel (I960) poinu out that there are two essentially different methods of attacking the 
Chebyshev problem of solving an inconsistent system of linear equations

■
0)«?y- fly»JC* + Cy-0,y- 1, 2, «

in such a way that the “solution” minimizes (2) C - max 1 ify |,y - 1,2.....n. The "minimizing
ffttihods" start with a trial solution and use an algorithm for diminishing C during every step 
of an appropriate computational routine. Zukhoviukii (l9SIe) published such an algorithm 
requiring only a finite number of steps to solve the problem. Another approach is on 
theorems of de la Vallde Poussin (1911), who used a "reference", i.e. a set of (m+1) equations 
fl, chosen from among the given equations (1), The solution of the reduced Chebyshev problem
(3) Minimiae C* “ Max 1| can be computed explicitly, and C* is then a lower bound of the 
minima] deviation C corresponding to the solution of the unrestricted problem (1), (2). Therefore 
"maximizing methods" are available whose strategy is to replace the reference by another one 
so that the reference-deviation C* is raised. In one earlier paper [Stiefel (19396)], the author 
published such an algorithm, called the exchange-method, which also reac^ the final solution 
in a finite number of stqM. In another [Stetfel (l9S9a)], he advocated the construction of 
"minimax-methods" furnishing a lower and an upper bound for the desired minimum (2) 
and closing the gap between them during the compuution, and Cheney and Goldstein (I960) 
constructed such an algorithm. In the present paper, Stiefel shows that many of the algorithm, 
for solving the Chebyshev problem are closely related to the methods of linear programming, 
the main resuh being that Zukhovitskii's algorithm and the exchange method are completely 
equivalent to the simplex method of linear programming, and are duals of each other. He 
also shows that the exchange method, properly adapted to the compuutional routines for 
Uaear programming, is more economical than the simplex method.

Tukey (1960) surveys sampling from conuminated distributions and reaches a number of 
conclusions, of which the following are relevant to the present study: (I) “In large samples 
the sample mean is not nearly so safe an indicator of location as is the mean of the observations 
which remain after a small percentage of the highest, and an equal percentage of the lowest, 
have been set aside (use of a lightly truncated mean).” (2) “In sU^tly large samples, there is 
ground for doubt that the use of the variance (or the standard deviation) as a basis for estimates 
of scaUng type U ever truly salb.” (3) “In moderately or very large samples, ... the variance 
or standard deviation is safely used only [for certain purposes which the author specifies].”
(4) “Nearly imperceptible non-normaUties may make conventional relative efikiendes of 
estimates of scale and location entirely useless.” (S) “If contai: irr.tion is a real possibility 
(and when is it not?), neither mean nor variance is likely to be a wisely chosen basis for 
making estimates from a large sample.” (6) “As an interim measure, the use of truncated 
variances is likely to be quite satisfactory.” (7) “In smaller samples, the use of the mean 
deviation may be a frequently useftil compromise”.

Ansoombe (1961) considen four statistics designed to reveal certain types of departure 
from the ideal stttistical oomlitions (independent and notmaUy distributed reslduab with 
aero mean and constant variance) under which the least-squares method of the
parameten in a regression equation U unquestionably satisfactory. He gives information 
about the distributions of these statistic under the null hypothesis of ideal but
states that a thorough investigation of the appropriateness of the least-squares method would 
have to go fuithv. and would encounter pave difflculties. He states that for most fields of 
observation, outUsrs may be expected to occur, so that tignifi«^iK»f tests to determine whether 
ernrsme observations do in fact occur with frequency incompatible with the ideal conditions 
may be irrelevant He writes: “The day4o-day problem with outlien... is not: is the 
ordinary least-squares method appropriate? but: how should [it] be modified? not: do gross
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occas onallv occur ^ Th , f ^ P OUrSelVeS fr0m the gr°SS errors that no doubt 
is to rdect cortil yP! °f ,nSUranCC USUal,y ad°Pted is n°t the only kind conceivable) 
s reject completely any observation whose residual exceeds a tolerance calculated accordine 
o some rule, and then apply the least-squares method to the remaining observations -'íe 

out ne ret 0" [AnSCOmbe (1960^ C°ntaining ^gestions for choking a 
J. Delcloui nQfin^rt0 ! BayesianuaPProach of de Finetti (1961). (See Note at end) 

,. ^ ^ generalizes the exchange algorithm developed by Stiefel (1959^ for 
discrete linear Chebyshev approximation in the nondegenerate case (L when the Haar 
condition is satisfied) to include the degenerate case. He first demonstrates some properties 

f the approximations in the degenerate case, then presents a generalized exchange algorithm 
He also gives some numerical examples. g ' 

Eisenhart (1961, 1962) summarizes the work of Boscovich on the combination of observa¬ 
tions. He points out that Boscovich was the first to devise a completely objective procedure 
cr uniquely determining the coefficients of a two-parameter line y = a+ßx froin a set of 

ree or more observational points. He also notes that Boscovich’s procedure, like the median 
IS campan,,,vely .„sensitive ,he m„re extreme of a sa of observations, and “!’ 
well suited o summarizing the linear trend evidenced by a more or less heterogeneous set of 
data compiled from various sources, or obtained by a measurement procedure that has a 
endency to yield occasional discordant values. Besides Boscovich’s geometric algorithm 

“r fUpHeS e a,gebraic formulation of Boscovich’s method by Laplace - d the 
Ü ÍT by v?gTVOrjth’ Wh° advocated “restricted minimization of the sum of absolute 

alues of the residuals, dropping the restriction that their algebraic sum must be zero thus 
n effect requiring that the line pass through the double median point (x, y) instead of the 

centre of gravity (x, y) of the observations. He also mentions the more recent work ofRluxtes 
Singleton, Harns, and Bejar, as well as the classical work on rival methods, inc.uding tS 

a ^Tand tr8USOn.(1,961a) derÍVeS l0Cally beSt teStS’ based on the «ample skewness 
and the sample kurtos.s a4 respectively, of the null hypothesis H0 that a number 

of observations were all drawn at random from the same normal population ^ (a a2) aaTinsí 
the alternatives HA that one or more outliers came from N (^+^, a2) and ^ that one or 
more outliers came from N M). He compares the power of these tests wUh "hose 
proposed by Grubbs (1950) and Dixon (1950). Ferguson (1961/;) surveys the literature on 

ÍerioSteOrni950O HtedevZ ^ ^ °f Pcir“.(1852>t0 date« with spedal emphasis on the 
7 th ‘ i ,- u He devotes one ‘»«Sion, m which he discusses trimming and Winsorization 
to the relation between rejection and estimation. winsorization, 

.iml?0 ï Fi!neK *(l961) Proposes a pesian approach to the treatment of outlying observa- 
on th fi hri ;blCrVatl0nS are neVer rejected> thoußh the influence of outlying^bservations 
which th"" dl bUtli°? may be Weak or a,most negligible. He distinguishes fhree cases in 
whmh the errors are (a) independent, (Ô) exchangeable, or (c) partially exchangeable wheíe 
... ePende"ce means independence with known error distribution”, exchangeabflity translates 

“ínHeüTÍ"“ "f Unk"0wn error distribution”, and partial exchangeability tramlrtts 
observations” W "" " ^"ditional error related to visible features of the individual 

Walter D. Fisher (1961) reviews the formulation as a problem in linear nrocrammin* nf 
the statistical problem of fitting a multiple linear regression by minimizing the sum of absolute 
deviations from the regression function. He traces the history of the nrnhlem w ? 
the work of Fourier [(1824)] and including also the contributions of^dgewortril887c 
1888], 1923), Rhodes (1930), Singleton (1940), Charmes et al. (1955) and Karst (19581 ^ 

Philip George Guest (1961), in his book on numerical methodTo^urve with 
the treatment of observations of a single variable (Part 1), the fitting of straight lines (Part II), 

um a 



arithmetic1 rn^an!^ |^ynoniials and other curves (Part Hi). Part T • 

standard deviation, andT secdonG 7)^ moments> also the ranle^dV dÍSCUSSÍ0n of the 
he cites the discussions of Rr ? on the rejection of outlvinf k d USe ln «‘'mating 
for testing an outlyine oh«B ( 9,?) and Jeffreys (1939) f 194818 íS.ervations-In the latte^ 
deviation knownX^^1^ in the following ase^ (i) Pomf,''^ the tabi« design d 
¡-own [ibid., Tabü Si": dstf^1954). Table mea" and standard 

account of (c) and (c), with exTntíesdeV,atÍ°n [DÍXon d95», 1951)1 nfaf0"1"505 (,9j°)J; 
a thorough treatment, with numí ’.81Ven by Proschan (1953) Ink* u™ mentions the 
,nes» Polynomials, and òlLr Z ! of calculating schem, r ^ he 8¡v« 

alternative methods. CS by tbe niethod of least squares but í fittl"g Straight 
Harter (1961) gives examnloc r q ’ but does not mention 

and Clemm ( 1959) and Harfjr (1%0)1 of Pereentage points of th 
on use of the test statistic IP JSí lnC,ud,ng an application to Section ^ [Harter 

1^1-G. Kendall tl9fin ro ^be ^atdardized raneel a« ^ n °f outliers based 
on .he method „ S3"8 '«<“« of a hmoricSl by D“°” W 

S,!oa„Ta„”flhe774,> anhd ’UP'” 0¾ KMenÄBOSCO™h 

Kendal, refrdSas Xrn0UUÍ (”78> ^ ^ ^1778^ 

^or, of linear 

approximator ore, (*Ch he ^ n ¿«op oT r™™1“" 
Pth power approximators rfnr Pa ctS ,S the ,imit «fan infinitetn.? ^ 3 ,eastmaximum 
He writes (p 6)-‘‘A ^ Í ' fixed finitc P>1) where thl l • u qUenCe of lighted least 

m a unisolvent family for a reaTv^V^ar00 i0r comPut'ng the least ^¡T-recursiveIy- 
which is based upon ideas intm^^a“"^0" °n a fini'tepoint set is approx,mat°r 
approximation problem can be fom0^ by Remez-■■■ Stiefel (i960) ^ exchange algorithm 
can be interpreted :°™u,ated a hnea,program and th , iu S Shown that this 

Properties of this linear program "X S'mpIeX a,80rithm which tokes^^31186 a,g°rithm 
results in Chapter 5 Whire fh ^oniPutational algorithms can «le i! dvantage of special 
mg the solution ^fter ¡Tfiní!16 exchan8e algorithm is applicablertlia0 ^ Upon ' our 
approximated is L JZ , 3 «°Unt °f c°mputatioî howivltrhaVhe advantage of reach- 
and the exchange algorithm • Ued ^approximation problem k ’ W,hCn the function to be 
in computing a numher r18 n0t ^able.» I„ Chapter 6 ^« ^° l0nger 3 ,inea'' Program 

H nPOr> by GOldS“" ” »“OW)“'- 

point of view. Th^y modify the ^^'xtntistíK^roposMrby s^coikÍ' 
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í' of^population'variance teStS’ reSpective|y’ b>' «placing the independem estimât, v P°Pu|ation variance in the denominator by the pooled estimate 

■V* = i[«-l).f2 + v.rv2J/(« + v-l)}i, 

which makes use also of the internal estimate 52 from the samóle nfeire ti, 
tabulate percentage points of the modified ¿tiste P " They 

«-fÄ ätä? îï: ri 
distributions having a finite end-point and the asymptotic convewnce of S mom,“, 

ÄSrÄ^^ 

aiteruLve-^rher^ n^oSÆX^“ 
Of those of Grubbs (1950) and of Pearson and Chandra Sekar (TSfiT Í hu ge™™l'Zatl™s 
work of Thompson (1935), and tabulates their 5 per cent and l per cent cHtical'v l ^ r " 
regression on m variables (m = 1 2 3) F a i per cent critical values for 

ih;',r iS oÄf s ou’ 

obrpÄX6Ä':tnT:!r;Ä 

o?rfattrn and tb= ^ “b»'“ «*« tüs afiS„”Xi'bZne 

vaSTô^rs ST„ba¿::,f¿t°?e ,h”T,hat ,,ie sh“m °f ,hc “k 
when .ï is the median of the x¡ (i *= 1 ..” 2""’ " f a number •*15 a minimum 

from nSSot/SSTJ“ HT rejeC,i0" ? 
bu, possibly contaminatedby*spuriour observations™!^, ,0 ^ *-V8n'a,e n0rmal' 
of Thompson (,935,. to whi¿ l Z^trT- 

Of/((V-l)]^£ (Ap/AXpr,-™,)^-»,,), 1. 2.jv, 

tt »íé of'ute dcterminant~of the maÍL^eST ^ ^ " “ 
of the products of the deviation, of ,„c and ^ from ^ 

• i Hill ■ : :.. 1,1 , I¡|„|.|.:| «HwdiitiwwiiaiiiH 
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and Au is the cofactor of c(j. In order to test the hypothesis H0 that the vth (s = I, 2,.... A/) 
observation is homogeneous with the others, the value of the criterion is calculated and 
compared with the critical value /•<*>„. The values of r<”, obtained from the incomplete Beta 
distribution, are tabulated to two decimal places for a = 0 05, 001; k = 1, 2, 3, 4; and 
various values of N ranging from 5 to 100. ’ (See Note at end) 

Harter (1962), as part of a study of the ratio of two ranges not otherwise relevant to the 
present topic, tabulates (to 8 DP) the probability density function of the standardized range 
»T - m'/ct for samples of size « = 2 (1) 16 from N (p, l2), at intervals of 0 01 in IV. This table 
represents a considerable improvement over the earlier 4 DP table of Sibuya and Toda (1957) 
at intervals of 0 05 in IP. Harter’s values for W a multiple of 0 05, when rounded to 4 DP, 
agree with those of Sibuya and Toda except for an occasional discrepancy of one unit in 
the last place. 

Bruce Marvin Hill (1962) proposes a test of linearity versus convexity of a median regression 
curve. Specifically, he proposes to test H0: y( = oc+ßXi+Ei against //,: /, = <¿(jr,) + e„ 
i - 0, 1, ..., n, where a, ß and <j) are unspecified and <f> (x) is a non-linear convex function,’ 
the e, are independent identically distributed random variables with median zero and a 
continuous density function/(e) such that/(0)>0, and the X, are fixed and known. The test 
involves estimating a line from a central subset of the observations by the procedure (using 
medians) of Brown and Mood (1951), making a weighted count of the number of remaining 
observations lying above the line, and rejecting H0 if this number, Rn, is too large. The author 
gives the asymptotic distribution of Rn under H0, from which he obtains critical values of 
R„, and the asymptotic distribution of R„ under //,, from which he obtains the power of the 
test. The test can be adapted to two-sided alternatives. 

Giinter Meinardus (1962) states that most of the important results on the theory of 
Chebyshev approximation can be deduced from two simple theorems in analysis, and that 
the theoretical development is advantageous because it makes possible a clear exposition of 
construction procedures. He describes simple construction procedures, and gives some 
numérica1 examples. He considers both the case of approximation to a continuous function 
and that of approximation to a finite set of points. In the latter case, which is the one of interest 
in the present study, he makes extensive use of the results of Stiefel (1959A). 

J. E. L. Peck (1962) extends the usual least-squares procedure for curve fitting by the use 
ot orthogonal polynomials to the situation where the desired curve is constrained to pass 
through certain fixed points, e.g. the origin. He states that his purpose is to show that poly¬ 
nomial curve fitting with such constraints is almost as easy as when there are no constraints; 
the same algorithm is used, but it must be applied twice, the second time with a different set 

0fAdrD , __ . (See Note at end) 
ex Rosengard (1962) seeks to unify the existing theory of limiting distributions of the 

mean and of the extremes of a sample by studying the limiting joint distribution of these 
three statistics. 

Sibuya (1962) examines an asymptotic formula for the expected value of the median of the 
ranges of N independent normal samples each of size n. He compares the approximate values 
obtamed^from this formula with exact values obtained by numerical integration for n = 2, 

M, M. Siddiqui (1962) makes a numerical study of the method proposed by Chu and 
Hotelling (1955) for approximating the moments of the sample median by use of a Taylor 
series expansion of the inverse of the cumulative distribution function. He applies this method 
to various distributions and presents the results in tabular form. They show that the relative 
error decreases monotonically with sample size, and generally support the author’s expecta¬ 
tions that properties of the parent population which contribute to rapidity of convergence 
are finite range, a low value of kurtosis, and symmetry. 
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Tukey (1962), in a study of the future of data analysis, devotes considerable attention to 
“spotty data" resulting from long-tailed fluctuation-and-error distributions, occasional causes 
with large effects, or irregularly non-constant variability. He offers a number of possible 
cures or palliatives, including trimming and Winsorizing samples, which result in a small 
loss in efficiency when the samples come from a normal distribution but a large gain in 
efficiency when they come from a very long-tailed one (e.g. the Cauchy distribution). For 
two-dimensional arrays he proposes graphical methods to be applied to the residuals, including 
(I) a conventional plot on normal probability paper, (2) a modified plot of z( = (}’, W/ffiin 
against i, where the yf (« = I, 2, .... n) are the residuals, y is their median and a,, is the 
standard normal deviate corresponding to the cumulative probability of the ,th ^der statistic 
of a sample size », and (3) an arithmetic analogue of the modified plot called FUNOP (from 
FU11 NOrmal Plot). He proposes a specific procedure called FUNOR-FUNOM (Full 
NOrmal Rejection-FUll NOrmal Modification) because it uses FUNOP and first rejects 
and then modifies deviations. This procedure is a sort of two-dimensional analogue of 
trimming and Winsorization, since it first rejects (trims) the most extreme deviations (those 
greater than AR a) and then reduces to the remaining deviations exceeding the 

latter value, both AR and Bu being prechosen. 
Wagner (1962) proposes a curvilinear regression model that does not require assuming 

that the regression functions have specific mathematical forms, but only that they are mono¬ 
tone or concave. He uses linear programming methods to fit the regression functions according 
to the criteria of minimal sum of absolute deviations and minimal maximum deviation, and 

sketches the alteration needed to provide a least squares fit. . . , f 
Anscombe and Tukey (1963) emphasize the importance of examination and analysis of 

residuals, which may furnish information about the presence of outliers and/or about in- 
appropriateness of the fitted curve or the scale of measurement. They suggest use of both 
graphical and analytic techniques, but suggest beginning with the former, preferably in the 
form of a scatter diagram in which residuals are plotted against fitted values. When the most 
prominent sort of misbehaviour of the data has been diagnosed, it is important, they say, 
to deal with it before seeking out other sorts of misbehaviour. If outliers are detected they 
may be rejected outright or modified by Winsorization or by assigning them smaller weights 
which decrease smoothly as the size of the residual increases. If the signs of the residuals 
show a definite pattern, this may indicate that the type of curve fitted is inappropriate. If the 
spread of the residual is correlated with the fitted values, this may indicate that the scale of 
measurement is inappropriate. These two phenomena are, of course, not independent; e.g. 
a straight line may adequately fit the data resulting from a transformation of scale, even though 

there was evidence of curvilinearity on the original scale of measurement. 
V. G. Ashar and T. D. Wallace ( 1963) report the results of a small sampling study (50 random 

samples each of size 20) of minimum absolute deviations (m.a.d.) estimators b, of the para¬ 
meters P¡ (i = 0, 1, 2) in the linear model y == ßo + ßixi +ß2*2> subject to the Boscovich 
constraint y = h0 + BiXi + B2x2, where the errors are normally distributed but autocorrelated. 
They note that if the Gauss-Markov assumptions are satisfied by a set of data, m.a.d. estimators 
(or any other estimators than least squares) will come off second best, but that, since the 
solution procedure for m.a.d. estimates turns out to be the standard linear program, one 
may in certain cases wish to derive m.a.d. estimates because of the ease of placing additional 
linear constraints upon the parameters. Since their results showed that the efficiency of the 
empirical m.a.d. estimates was only 48 32 per cent with respect to empirical least squares, 
42-56 per cent with respect to theoretical least squares, and 19-50 per cent with respect to 
theoretical maximum likelihood, they conclude tentatively that one should be prepared to 
give up considerable efficiency if he wishes to use m.a.d. estimates. They note, however, that 
Karst found no significant differences between the variances of m.a.d. and least squares 
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least squares may be highly inetticiem ■ t est¡mates than minanum absolute 
squared errors appeare to yieWcons^era^y^^^^ distribuKd wc[e „ot ¡„Coded in their 

study* so U^s notsuirrtsing that p'dj^í ^[^ery overdetermined system 
Philipp J. Davis 0963) proves (Corel ary «Weh minimizes 

of linear equations has at least one te ys v ^ tj) show liiat the solution may 
the maximum of the individual discrepan“ )• 8 ¡„finitely many solutions fomine 
no, be unique; either there is a unique ^ut o" of ‘h« ^ “ dstóny(1958)] th„ if the 
a convex set. We have a r«dy s«n [H-f (19 ¡s unique, Davis shows 

Haar condition is satisfied, the Cheby soiution to the problem of minimizing 
(Corollary 7.5.4. p. 142) that there is always a ^ ^ P (See Note at end) 
the sum of the pth powers of the absolute deviat‘° acCompany their earlier abstracts 

Eisenhart, Deming andJ^^^^^ifconcerniiig the distnbutions of the median and 
[Eisenhart, Deming and Martin (1948a, con^rn'^ are reprinted (slightly edited), 
the mean of samples from various populati . b bl t calculate the effect 

Patrick A. Gainer (1963) notes that it regression coefficients 
of an additional observation on a previous es i ^ d ¡nto the solution, but appears, 

(or to remove the effect of “sorting to the lengthy process of matrix inver- 
upon later examination, to be who j „riainCT and subtracting observations 
sion. He derives simple recursion 
from the well-known least-squares norma q , . f th Well-known least-squares 

^ rth quas'- 
range Wr = wr/ff, at intervals of 0-01 in Wr< ior r «ti 

„ = (2r + 2)(l)20(2)40(10) 100 

\r /.. 12\ nhtained bv numerical integration, 
from a normal population with unit variaa ’ ^’corresponding to cumulative probability 
He also tabulates (to 6 DP) percentage P°‘n^ of ^ P « 9 0-95 0-975, 0-99, 0-995, 
“= 0-0001, 0-0005, 0 001, 0-005, 0 01, 0-025, J f ^Lned by ffiveS interpolado^ in the 
0-999, 0-9995, 0-9999 for the same values of r and n, obtained by inverse ime f 

table of the probability ¡»tegral (1963) propose various estimates of location 
Joseph L. Hodges, Jr. and Erich L. Lehmann (190^ p p ^ ^ ^ the median of the 

based on rank tests. Of particular interest ** “dm • ^ of a sample of size ^ 

N (N+1)/2 averages (2,+^)/2 of the ith an j Hodges-Lehmann estimate, has, 
The authors show that this estimate, whmh we Hodg median 
under specified conditions, certain properties ^^ >nvar ^ ^ it has 
unbiasedness and asymptotic normality. samples from P P e Note ^ ^ 

asymptotic efficiency 3/rt = 0-955 relative o P f [Thompson 
Andre G. Laurent (1963) presents an analogue to the ^tnbution ot (A^ ^ ^ 

(1935)], where Xt is a random observation from a samp'e with m ^strdbut.on of thePunder. 
root-mean-square estimate of the population van ’ . . mjn¡mum variance unbiased 
lying population is exponential. He discusses is u ^ di8stributions of the reduced ith 

^rttiÄ 
¡„^in^r^ÂÆrghrjzrecffoh of oufllcre ^ 

simultaneous confidence principles. 

I 
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if the parent population'¡s'syn^mltrk" [Ost^anTsteck ^ ** uncorre,ated 
dependent .f it is normal [Lord (1947) - see also d JoLHi H°ëS (1960)] and in' 
calculation 01 their joint distribution when the san'ide s’ ■ ' 3 nleIhod sui,altlc for the 
for samples of sire, three and four fîom rmanen " „h ' '* Sma"',SI,e iives '«-te 

To.r:„r^ 

.„), with has, in general, no solution. ,f wc adopt 

the vector notation v = tv v ï ., j * *' ''vi> ••■> xm) and set (2) r, Or) = V „ v , A ,. , 
solution of (I) is an x that satisñes r¡ (e) = 0 i = 1 Í' . 

we relax our requirements and seek.'as a generaliza',ion', an z whícít mtaiml'»^' - SOlU"'°"- 

(3) II r (x)H = max | r, (x)|. 
a • . 1 = 1» •••■ n 
An jr* which satisfies || r(x*)l!<ll rir)ii r^r .,11 • .. , 

author makes a study ofChebyshev solutions and the'Ca ed 3 P,eb?,shev solution of (I). The 
tions to a continuous function over an interval andm^ Ir °btainmß Chehyshev approxima- 
results which he obtains are not new but Ire found “ dlf rete.set of Points. Most of the 
He reviews the work of de la Vallée’poussin (191 n impllc,t|y> in the literature, 
other authors. Among other resuhs h^ sh^ that’etv t ^ (,959A’ ,960>’ and 
has a Chebyshev solution and that if the Hnr j f y r 0 ecluatlons of the form (1) 
^ - (V be non-singular] is slusL te irt ^ ^ mX"‘ sul,mM™ of 

J:hr^;sa“r¿rio-<»^vaTutxrdrrnd ,he ^ 
iven n order^ob“™^'discuss trimming and Wi„s„,iz«,i„„. 

■ ■ ““u i^onaiu ri. \ 
Given n ordered observations v < v < <r- .u • . --0 “ 

-i —== ••• = yn, their arithmetic mean is 

^ = (^+^2 + ...+^)//1, 

/-0+1++,+2 + ...+^-,)/(/1-2^), and 

, . , ... 
their »-times (symmetrically) trimmed mean is yT = (,, 
their »-times (symmetrically) Winsorized mean is " 

+ir, - (9-ye+i+yg+1+ya+2+...+yn_g+g.yn_ pi ” ' ‘ ' “ ’ t- ■ ■■ • sn-g ry yn_g)/lt. 

divert attentionVroi^he^L^oMhT^ampîe^cr ^ P’ but ^ does not 
distributions whose shapes are very close to Gaussian The 38 d^CS JrB' F°r undcr|ying 
than the trimmed means. When the underlyinc distributing1"?mea"S arC leSS variab,e 
trimmed means is quite high the fractional In« h • b 'S Gauss,an> the efficiency of the 
of about 2/3 for the median), but that of the corriTnoTd ^ (corresPonding to efficiency 
On the other hand, trimmed means are dearly mSt W,"SOnzed means is much higher, 
for samples from very long-tailed distributions The ° C.ent iban Winsorized means 
question is to where the transition takes place Thev dTfi^^ raiSe’ bUt d° n0t answe' • the 
and Winsorized sums of squared devia,¡oís in an analïgousfy,”mMriCally) 

SSDJ g ( +» +1 - +r,)2 + (+,+2 - y r#)2 +... + (_,,n _ \2. 

SSDir, 61(+,+ , W2 + (+,+ ,-+a.,)2 + (+tf+2-y(K#)2+ +( _ y 

teSti"S a -Late serjfTsman 

dimensmna^norina. distribution with unknown Puram^hV^LTs t Sm ffi 

\ 

... 
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ÄÄ.’iiE Z7^of2and ?• rcsp",ivdy'ror ob»™- 
, »d fJ co„s,¡,„LT¡hc of 
extremely complicated, but the author cives values nf r u u !u d P(' 2<r^ are 

the data are not equally spaced. Besides the Euclidean (least squares) norm 

• £ la » (i, a?)'", 

where e, (i _ 1.IV) is the deviation of the ith observed value from the fitted curve he 

mentions the Gershgorin [least absolute values] norm || £ ||, . ¿ | „, | a„d ,he Chebys’hev 

(nun,max) norm || £ | = max | e, |. All three are special cases'rf the general vector norm 

(it'*'') , the best estimate being the one satisfying the requirement 

II £■ I! = minimum. 

“rirrs“de.t Ä"Äearral 'S0“8" he 

weaknesses some of the classiea.l rejection procedures, develop new „roL™ '?H 

SaTn ,Le“r8rPr0“dr%V"Cn aPPOp"att He «ab"te ^ 

recommend, ,“he" ¡rerio" of Najr oAta"' oT^l^and Ldom Lpte 

disrelfTVruTerrrowñ^ 

..S™-,haAfor “ír-“ c™by di„r,h!,“haped1! 
sample of size « is íz-tan-» rV Z-i’C<Z.a?d d otherwise> the variance of the mean of a 
is (tan-1 z)2/« Henrp th ff ” an r' variance of the sample median 
ten-1 z)4 tan -zV h t",enCy,0f Samplc mean relative t0 *he «ample median k 
¡.“ore^nC cl ^ ^ ¡f a"d 0n,p ‘f '<3'41’ «P—«»* - •«■"Cation 
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Eisenhart (1964} in .. ,■ ^ 
method of Jeast squ ircT^? °' the meamng of “least” ; , 

í®'.no1 «"> "> MWr aims f><™ ihre" dïtoT“'“' POÍnK «« «W 
y attach to the numerical results ^ ,nit,al assumptions, but also ofvievv which 

Swn 0j Squared Reridiiai* n U (s cor"111011 lo all three Th SO ,n i lc recanines lh-ti 

H" closes the folMnsZ Ja ^V'^" ^dErrarof ttj!'!- °fe?n E"°' -f 
asa valuable tool of anni;»^K • narks- Ehe robust survival 7 tst‘Nation [Gauss (18?til 

advantage »f Ä ^0°St'“ Pm tore Ï' ^ S 
Wl* estimates ofie«,, ilelT^ in ^ ^ ^ l‘"'hmaical 
arc linear functions of the basic in the imPortant case Pr°ccdurc ^0 
'Minimizing Some function observations. This one-to nL Whcn tlle end results 

aPpears to be a uniquVn ^ and minim^ng ,/,e ' ^rref-pondence between 
I-east Squares does not lead ow, (Pr°Perty of £e™ Squares AnT J“”“10” °f E”ors of 
law of error is other than the Gao ^ ava',ab,e estimates of unknow h°Ugh the Method of 
•s much larger than the numbefof nar"’ ^ nUmbcr °f >'ndependenTorra,neterS When the 

Fpsrrr££f - - - 
unknown parameters ee the ’thc observations that arenot rf.h ^Vhe error of the first 

one-parameter family’of esttmaToTf H\COnsiders one such proœdure T®^^ t0 eStimate 
ßayes solutions with respect to f°r the mean and compares the g,ves ristí to a 

*<>* of the 
PeterJ H K Wltb respect to, 

of a “ont n “ mZ’64' ^ * p™' ^ 0f 16 
“7' « la a knot a.d.f í“ 7(77^»'»«lion paramerer 

0 « Ho sechs an estimst '/nîc mcdl7 ^ "0™“' »■« and^rfW' ° « “< '• r r—--r 
». and let the estimator r =. 7 (, . ^ 1x1 a random sample of 

the? " I5 kaOW° faamon. ,r Je Jie’' IJ’ ^ 2 " •» ■»¡nimlac ¿ p (ï „ 

”>« robas, estimator (L ónc 7h rr“"’ esdltr «1 "'he/W' "h're 

rangeS °,er a" ^‘o«>ZZZZm °f,h' vanÄj 

P(,) = ,2/2 for 
~k2¡2 for ' • i ^ »or i r i ^ 

where it and e are related by ^/¿Tt (1 ~fi) « f* 

r°Sitiati0n °f a scale parameter whK He also considers 

operations, wh£f pioche corran1” ^ Satisíactory. 

H- “ä Sr- ä 
the checks in matrix n,s» ,• f experiniental data by the 1»™* m im °f normal equations 
performed in eo„„eaion 

1. X 
* 
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K. V. Mardia (1964) obtains the exact distributions of extremes rm-.n.i 
»»mp,cS fron, a„, m„l,,Vanatt population. He let, fa,, . " ZZIS 
sontple fron, a t-varlate continuous population wltl/p.c.f / " , Vj 'Z ZZ Z 

—jtT"“ rbrru<r oiz m ^ ^ ** t 
He findjthé distributions^of (y,t t ' V..*• 
reduce to the classical forms for Ar = 1. ’ ‘ ^ ^ and Vk)< which 

Günter Meinardus (1964), in Part f of his book on approximation of functions deals with 

oZiTn-"’far* l" Srai0n 'Z SmCS ,hC 8cncral approx,Son pSL ' t lollows (p. 1) Let Ä be a normed l.near space of elements f, q, ... over the field of real „r 
complex numbers, and let the symbol ||/|| denote the norm of/ In addition let Kbe a fiiit 
dimensiona near space of ^ . . For a given /e R determine an etmentK such "hat 

!»cstfa min mail™ TteH “ l’ With Cheb>s|r=» approximation, which 
mes the mimmax norm. The Haar uniqueness theorem is presented in subsection 3 2 Section 7 
deals with numencal methods, and subsection 7.4 is devoted to the Tere te caí Í?T 

íir* i"™ stin ,he r"" st"dy 'n par,ici,iar-,te au,hOT rev«w, rw“ï„Ts.tM (I95V i, I960), who emphasized that, while the problem i, one of linear prolamm ,1 
exchanse melhod. which solves the dual problem. Is usually more clfective thaTthl imp ex 
method. He notes that if the space H does no, fulfil the Haar condlti™ ,afi d«erZl,s 
formed from r, rows of the «XIV coefficient matrix of an overdetermined system of JV>n 
equation, in n unknowns are diDerent from zero), certain difficulties arise ¡i the exchamte 
algoothm and the methods of linear programming, and the solution maV not be „„tue 
this case hjis been considered by Descloux ÍIQfil) Part ti «• » 

. Mary o. Na„e„a „964, ™Thi IftJ ullrZr.TZriZ 
size m (for odd values of w) with those of the pseudo-medians (the averages of the two central 
observations) for m even. She investigates samples from normal, rectangular and extreme 

to tie Todd oTeln ”° COnCl“sio" “ “ to '"■«»ar ¡< i» bener 

Albert Stanley Paulson (1964) gives a probability basis for the computation of certain 
measures of effectiveness of test statistics and derives analytical expressions for these measures 
He computes these measures for several test statistics for the rejection of outliers and makes 
ompansons to show the degree to which some statistics are better than others In particular 
e finds that the standardized extreme deviate test is more efficient than the chi-square test 

m detectmg location error when the population variance is known. When the population 
variance ,s unknown, he finds that the Quesenberry-David statistic using a pooled esfimat” 

extremeTeSe0" dCViatl°n "l ^ denominator is Scient than the studentized 

E. S Pearson and M. A. Stephens (1964) extend the table of percentage points of the ratin 

“ =H^H the.ran^ - a samPle of « observations from bavin, 
standard deviation <7 to the root-mean-square estimate ,v of <r derived from^ie same sample8 

hich was computed by David, Hartley and Pearson (1954), and test the accuracy of the 
approximation used by those authors. accuracy ot the 

John Rischard Rice (J964), in Chapter 1 of his first of two volumes on the approximation 
o functions, defines the Lp norm of a continuous function/(x) on the unit interval as 

1, 

and that of a function g (x) defined on a finite point set X = {x, \ i = 1, 2, ..., m} as 

(0) [S I 0 (x,)l'J 
/P 
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In sections 1-7 he considers the choice of norm, noting that until the advent of hwh 
computers, the L2 norm (least squares) was usually used because of its computational simnlicitv 
even when it was not the most desirable choice In Chanters 2 1 -mH a u , ^ . 
,n d«,« ,hei! (least squates,. 

,s ume.ue if the Haar condition is satisfied, hu, (fives no J^lZTn t h? “Z 'e™ 
Of the /., approximation. In Chapter 6, he deals with computational methods In mmcuhr 
m section 6-6 he considers the method of descent for polytopes and points out ÍLt ti 
are two approximation problems (Chebyshev approximation -ind / ■ * th * there 
on a finite set) which lead to the problem 0^,1^^0^^ o¿n ^ 

6-8, he considers the method of ascent as an alternative to the method of deseen for r hi n 
approximation. In section 6-9, he points on, the dose re^n bdw “me aSs „) 
pproxmiat'on theory and linear programming. He notes that Stiefel (I960) has shown 

9 9M? T n 0r deS“m tZukh0viKkii <'«'«)] »"d the exchange meLd fSfieTel 
( 59A)], which is an ascent method, are duals of one another in the sense of linear nm 

effident1"8’ ^ ^ bC USed’ bUt that the CXchan«e 11161,1011 is computationally more* 

John R. Rice and John S. White (1964) report theoretical and experiment.! results 
applying several of the Lp norms (1 á p g oo) to the problem of determbin« inTö two 
parameters (mean or regression coefficients) from data subject to one of several symmetric 
error distributions for several sample sizes. They state the following conclusions (p 255)- 
There ’s one mam point to be made in this paper: The L, norm one LuldTe}or 

Z ibeZ T dePendr r C distributioriS °fthe errors- Furthermore there is a large variatioi! 
n the effectiveness of the various norms and no single norm is good (or even mediocre) in all 

náZT'th F/0r the ,mp0rtant Jiroblem of smoothing and estimation in the presence of wild 
f0 015' the norm appears to be markedly superior among the L norms 1 < » < 
In [Tukey (1962)] it is proposed to treat this situation by means of either trimming=(rcmoval 
of equal numbers of the highest and lowest values) or Winsorizing (replacing the k hiebest 
and lowest va „es by the (* + !)., high and (*+,>, low vaines, respUS). One L™ 
t e L2 norm lor the modified data. For normally distributed errors these methods lf>-.H t 
estimates that are nearty as efficient ns the £, estimates for the “ dH,1° 

lions with long tails they are dearly much superior to £, estimates. These two methods were 
not compared with the L, estimates in this study, though this would be of interest It should 

noted that L, estimates from Winsorized and unmodified data are identical. The extension 
of trimming and Winsonzation to smoothing and estimation involving several narame^ 
is not simple while L, estimation is naturally defined in this case. There is yet another criterion 
or defining a best estimate, one which is apparently unrelated to a norm. This is the criterion 

of «i™ Likelihood, see [Crnrndr (,946,]. The maximum »heHhomt »Um“’“ 

+ i’ ' ’ ,2, m’ where the ei are random errors] depends on the distribution 
of the errors. If we have 1 ^ á oo and df(x)/dx = [cje-lri*' [where c is a normalirino 

holdsÍtheTimfi p" 'I"1"1" Wh3 maXÍmum Iikelihood estimate of a*. This relationship 
tt= diMriimion, difal«; kf m ‘ " ,S ''Tmm to «" "Monship betweni 

cannot dctarminc dP«,* Tith any prcc,'sfo"fíl;kZ X 
presence of wild points indicates a long tail on dF(x)/dx. In real problems the best one can 

b££?'ne ^ ‘ ,ail'if h is —-„rtf u tL”r 

Alex Rosengard (1964a c) establishes results on the limiting independence of means 
(quantiles) and extreme values not related to the existence of limiting distributions (reduced 
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limiting distributions) for these statistics Roseneard ílQfidAt «i, .u , 
oisls .he join, distribution of the mean and a quant tl,C Vari”n“ 
bivariate normal distribution ’ 1 “siting form, a specified 

/ 8. Tilanus (,,64) propose , of 

tnean of a «„„a, snbsetTth “ ^ -ithmetic 

this class, but it is not the most etirient The àvel. J P med‘an is a memb" of 
of the ordered sample has the lowest asymptotic variLce. ‘'Ppr‘”‘",'a,'i>',he mKldle 
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Glossary of Code Letters 

AC Arley’s criterion (for rejection of outliers) 
AD average (absolute) deviation 
AM arithmetic mean 
AR Anscombe’s rules (for rejection of outliers) 
AS average slope (of regression line) 
AV average (all type ) 
BC Bertrand’s criterion (for rejection of outliers) 
BF Bartlett’s (method of) fitting (straight lines) 
BM Brown-Mood estimators (of regression para¬ 

meters) 
BT best two (out of three) 
CC Chauvenet's criterion (for rejection of outliers) 
CM Cauchy’s method (of interpolation) 
CT (Bliss)-Cochran Tukey criterion (for rejection 

of outliers) 
CU Cucconi’s criterion (for rejection of outliers) 
DA discard averages (trimmed means) 
DC Dixon’s criterion (for rejection of outliers) 
DD discard deviation 
DH differences at half range 
DI dispersion (measures of) 
EA equal areas (under joint p.d. curve) (Laplace’s 

“most advantageous method”) 
EM Edgeworth’s modification (of Stone’s second 

criterion) 
EX extremes (largest and smallest values in sample) 
FC Ferguson's criterion (for rejection of outliers) 
GA Gastwirth estimators 
GC Glaisher’s criterion (for rejection of outliers) 

GE geometric midrange 
GG geometric range 
GM geometric mean 
GR Goodwin’s rule (for rejection of outliers) 
GS Grubbs’ criterion (for rejection of outliers) 
HA Hodges’ alternative (to Hodges-Lehmann 

estimator) 
HC Heydenreich’s criterion (for rejection of out¬ 

liers) 
HL Hodges-Lehmann estimator 
HM harmonic mean 
HO Hogg's estimator 
HS Hulme-Symms alternative (to the rejection of 

outliers) 
HU Huber’s estimator 
IC Irwin’s criterion (for rejection of outliers) 
IR interquartile range 
JA Jeffreys’ alternative (to the rejection of outliers) 
KC Kudô’s criterion (for rejection of outliers) 
LA Laurent's analogue (of Thompson’s criterion) 
LC linear combinations (of order statistics) 
LD largest (absolute) deviation 
LF least (sum of absolute) first (powers) [Laplace’s 

“method of situation”] 
LN least number of deviations (least sum of zero 

powers) 
LP least (sum of) pth (powers of absolute values) 
LR linear regression 
LS least squares 



LW linearly weighted means 
MA method of averages 
MC Merriman’s criterion (for rejection of outliers) 
MD median 
MG method of group averages 
MK McKay’s criterion (for rejection of outliers) 
ML maximum likelihood 
MM minimax method (minimize maximum residual) 
MO mode 
MQ median-quartile average 
MK midrange 
MS method of successive differences 
Ml median and two other order statistics 
MW multivariate Wilks’ criterion (for rejection of 

outliers) 
MZ Mazzuoli’s criterion (for rejection of outliers) 
M4 maximum (sum of) fourth powers (of p.d.f. of 

errors) 
NC Nair’s criterion (for rejection of outliers) 
NM Newcomb’s method (of treating outliers) 
NR nonlinear regression 
NS Nair-Shrivastava method (of curve fitting) 
OM Ogrodnikoff’s method (of treating outliers) 
OS order statistics 
PA plus approximative méthode (most approxi¬ 

mative method) 
PC Peirce’s criterion (for rejection of outliers) 
PM power means 
QA quadratic average (mean) 
QD quartile deviation (semi-interquartile range) 
QM quasi-midrange (quasi-median) 
QN quartiles 
QR quasi-range 
RA range 

RC Rohne’s criterion (for rejection of outliers) 
RL robust estimators of location 
RM range method 
RS robust estimators of scale 
SC Stone’s (first) criterion (for rejection of outliers) 
SD standard deviation [or variance s (SD)2] 
SM Stewart’s method (criterion) (for rejection of 

outliers) 
SP (method of) selected points 
SR semirange 
ST Student’s rule (for rejection of outliers) 
SW Switzer’s estimator 
S2 Stone’s second criterion (for rejection of out¬ 

liers) 
TC Tippett's criterion (for rejection of outliers) 
TD transformation of data (and choice of modei) 
TE theory of errors 
TF Tukey’s FUNOR-FUNOM procedure 
TJ Topsoe-Jensen criterion (for rejection of out¬ 

liers) 
TM Thompson’s method (criterion) (for rejection 

of outliers) 
TO treatment of outlying observations 
TR trimming 
VC Vallier’s criterion (for rejection of outliers) 
WA weighted average 
WC Wright’s criterion (for rejection of outliers) 
WH Wright-Hayford (criterion) (for rejection of 

outliers) 
WI Winsorization 
WM Winsorized means 
WR Walsh’s rule (criterion) (for rejection of out¬ 

liers) 
YE Yanagawa’s estimator 

Additional References added in Proof (see supplementary pages 43 and 44) 

Bartlett, M. S. (1949). Fitting a straight line when both variables are subject to error. Biometrics 5 207-212 
(TE, LR, BF, MA, NS, LS) 

Placket!, R. L. ( 1949). A historical note on the method of least squares. Biometrika, 36, 458-460. (TE, LR, LS) 
Madansky, Albert (1959). The fitting of straight lines when both variables are subject to error. Journal of the 

American Statistical Association, 54, 173-205. (TE, LR, LS, ML, MG, NS, BF) 
Birnbaum, Allan (1961). Some theory and techniques for robust estimation (preliminary report) (abstract). 

Annals of Mathematical Statistics, 32, 622. (TE, AV, RL, LC, OS) 
Teicher, Henry (1961 ). Maximum likelihood characterization of distributions. Annals of Mathematical Statistics, 

32, 1214-1222. (TE, AV, AM, DI, SD, ML) 
Dixon, W. J. (1962). Rejection of observations. Contributions to Order Statistics (edited by Ahmed E Sarhan 

and Bernard G. Greenberg), pp. 299-342. John Wiley & Sons, Inc., New York-London. (TE, AV, AM. 
MD, Dl, SD, RA. TO, DC, GS, IC, MK, NC, TM) ’ ’ ’ 

Rice, John R. (1962). Tchebycheff approximation in a compact metric space. Bulletin of the American Mathe¬ 
matical Society, 68, 405-410. (TE, LR, NR, MM) 

Descloux, Jean (1963). Approximations in Lr and Chebyshev approximations. SIAM Journal, II, 1017-1026. 
(TE, LR, NR, MM, LP) 

Freeman, Harold (1963). Introduction to Statistical Inference. Addison-Wesley Publishing Company, Inc 
Reading, Mass.-Palo Alto-London. (TE, AV, AM, MD, LR, LS, LF, ML) 

Lasxa, Eugene M. (1963). A General Theory of Robustness. Doctoral dissertation, New York University. 
University Microfilms, Inc., Ann Arbor, Miel.. (TE, AV, DI, AM, RL, RS, OS) 

Box, G. E. P.; Cox, D. R. (1964). An analysis of transformations. Journal of the Royal Statistical Society (B) 
26, 211-243; discussion, 244-252. 

Chipman, John S. ; Rao, M. M. (1964). The treatment of linear restrictions in regiession analysis. Econométrica 
32, (1-2), 198-209. (TE, LR, LS) 



1 

43 

Additions in Proof '° P"! '1 il.u„r.w . mollification °f ¿^imssssssss^. 
middle group with slop Q and g^rivastava (1942>- viarVoffOW) of the 
line itself, as ',r0P0S® ither 0f the other two m.e,h0? ',„Diace(1823), Gauss(1823)and „¡vina those linear 
greater efficiency than ^ the justifications by ^ lo justify least squares as * d quite 

R. L. Placet (=- suggcsts that Gauss was the hrs^ ^ tapiar e and Gauss p^ ^ ^ 

method of least sq ^ of mjnimum vanance. ^ ion js preferable, and that out that Gauss 
estimates which are . t squares, that Gauss j proved nothing new. H P n0rmality. 
different theorems about 1 qdari(kd assumptions there btP from any assumption f ß are 
Gauss' work, niay t>erhaps na ^ of the sample sire «. entire y by a+g, wher^^^^ that 

»■ V> i» 

tinuoi» on (— “i =°) („-tïi..^)1/2. (n-tSf.^.1)1/2. 

a method o asc^ 3) shows that the .8t"qJJ^cst approximation in ^ equivalent to it. In either 

variables df«J^îîSn wîilch is Tghtly different c^f^íòd e^n^ofofScation 
íTSdea is to select among page 255Uhat the^«^ median)^ whicMhe^um 

Harold^tf^filSdm^exponentiaUdistribuUonisth^vai j #pply this prmcigeto ttm p 

thèíd^i^nlÂtweeiGcwst^inear unbiased estimators, obtainab 



44
by application of the Gauss-Markov theorem (see Gauss (1823), Markov (1900) and Plackett (1949)], and linear 
regre^on. Letting x be a random variable with expectation defined at each value of / by the linear r^rcssion 
function f(z|l) “ n+fii, he shows that the conventional least-squares operational technique on observed 
^ta (xi, f|),..., (x„ yields the best linear unbiased estimator ofd+pi. He says this is probably the strongest 
justification for the extensive use of least squares in r^ression analysis, since it involves no assumptions of 
normality and can readily be extended to multiple linear regression.

Eugene M. Laska (1963) notes that, according to the extended definition of robustness proposed by Tukey 
(1960), s robust unbiased estimator is one which is unbiased for all members of a class of alternative distributions 
which are specified as being possibly true and has variance fairly close to the smallest variance that could be 
obuined by any unbiased estimator under each of these alternatives. He studies this definition in detail for the 
special cases of linear unbiased estimatore and unbiased «timators (not restricted to be linear) of location and 
snie parameters, and presents examples in the case where the underlying distribution is k’lown or nMnnv^ to be 
either normal or double exponential. The robust estimators are functions of the ordered observations.

G. E. P. Box and D. R. Cox (1964) note that in the analysis of data it is often assumed that observations 
3’!.are independently normally distributed with constant variance and with expectations specified by 
a model linear in a set of parameters 8. Tliey nuke the less restrictive assumption that such a normal, homo- 
soedastic, linear model is appropriate after some suitable transformation has been applied to the y’s. They make 
inferences about the transformaUon ^ about the parameters of the linear model by computing the likelihood 
function and the relevant posterior distribution. They discuss the relation of their methods to earlier procedures 
for finding transformations, and illustrate their methods with examples. The authors and discussanu cite the 
work of other authors on ways to recognize the need fat a transformation prior to fitting a linear model and on 
the choke of a transformation when one is needed.

John S. Chipman and M. M. Rao (1964) develop a method for least squares estimation of the regression 
coefficients in multiple linear regression problems when they are assumed to be subject to a set of linear restric­
tions. The simplest type of linear restriction is the specification that one or more r^ession coefficiente are equal 
to zero or to some other constant; by suitable tran^ormation of variables, any linear restriction be reduced 
to this type.
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20. three problems depend upon the distribution of the random errors. If one 
assumes that the values of the independent variable(s) are known exactly and 
that the errors in the observations on the dependent variable are noimally 
distributed, then it is well known that the mean is the best measure of central 
tendency, the standard deviation is the best measure of dispersion and the methoc 
of least squares is the best method of fitting a regression equation. Other 
assumptions lead to different choices. Most practitioners have tended to make 
the assumption of normality and not to worry about the consequences when it is 
not justified. Another problem arises when the data are contaminated by 
spurious observations (outliers) which come from distributions with different 
means and/or larger standard deviations. Many methods hskp been proposed for 
rejecting outliers or modifying them (or their weights) .waiter summarizing 
(chronologically) the voluminous literature on measures of central tendency and 
dispersion, the method of least squares and numerous alternatives, the treatment 
of outliers and robust estimation, the. author recommends a single and reasonably 
robust adaptive procedure. Parts >1-1^)cover the time periods 1632-1884, 1885- 
1945, 1946-1964 and 1965-1974, respectively. Part V gives conclusions and 
recommendations and Part VI gives subject and author indexes. rt J 
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