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E. J. Gumbel (1946) shows that in a sample of size n (large) the mth observation from one
extreme and the kth from the other in order of magnitude may be regarded as independent
provided that m and k are small with respect to » and that the population behaves in its tails
in a certain exponential manner.

Maurice George Kendall (1946) gives a thorough treatment of the theory of linear and
curvilinear regression. He points out that the most important use of least squares in statistical
theory is in estimating the parameters (coefficients) in regression equations. He also mentions
its use in estimating the parameters of statistical distributions, which wiil not be considered
in detail in this article.

Frederick Mosteller (1946) suggests that certain “‘inefficient” statistics may be useful when
data ansinexpensive compared with the cost of computing “‘efficient” statictics. In particular,
he proposes the use of linear combinations of order statistics, which he calls systematic
statistics, to estimate the mean and standard deviation of a normal population. He compares
the efficiencies of the estimates of standard deviation with those of other estimates which
do not involve sums of squares or products, including the mean deviations about the mean
and about the median.

Frank Ephraim Grubbs and Chalmers L. Weaver (1947) study the use of group ranges to
estimate the population standard deviation from a sample from a normal population. They
tabulate the moment constants (mean, standard deviation, a4 and a,) of the range for samples
of size n = 2 (1) 12 from a normal population,

E. Lord (1947) proves that the mean and the difference between the pth and gth order
statistics of a sample of size n (which reduces to the range when p = 1, ¢ = n) from a normal
population are independent.

K. R. Nair (1947) shows that the standard error of the mean deviation m' from the median
is equal to or less than that of the mean deviation m from the mean for samples of 3 or 4
from a normal population. He suggests that, in view of greater simplicity in calculation, there
would be strong practical grounds for using m’ rather than m if expressions for the mean
and variance of m’ and tables of its probability integral were worked out and if the efficiency
of m'’ relative to m for sample size n> 4 were found to be not appreciably worse than for n = 4.

R. L. Plackett (1947) determines an upper limit, independent of the form of the distribution,
for the ratio d, of the expected range in samples of size n to the population standard deviation.
This limit is n {2 [(2n=2)!= (- 1))?)/(2n—1)1}*, which is approximately n* for large n.
Plackett finds distributions for which the limit is attained; for n = 2, 3 the distributions are
rectangular,

Warren B. Purcell (1947) proposes saving time in life tests by using the median instead of
the mean to indicate shifts in central tendency and the minimum value (first order statistic)
inmdofthomgewindiutclhiﬁnndhperdon,thuumakingitpouibletotetminmthe
test as soon as [n/2]+1 failures have occurred, where # is the number of items placed on test
and [#/2] is the largest integer less than or equal to /2.

Seaman J. Tanenhaus (1947) proposes the use of the lot median or, better still, the average
median of several sublots, as the most typical value of abrasion-resistance of yarns from
distributions which are decidedly positively skewed, for which the mean tends to be atypical,
being unduly affected by the extremes.

Churchill Eisenhart, Lola S. Deming and Celia S. Martin (19484) show that the abscissa
of the (one-tail) e-probability point of the distribution of the median in random samples of
size n = 2m+1 from any continuous distribution is identical with that of the P, ,-probability

point of the parent distribution, where ) CiP, ,(1=P, ) *=gand O = nl/ki(n~k)!

k= (n 2
is the number of combinations of  things taken k at  time. Eisenhart, Deming and Martin
(1948b) comp.uthu-mbnbilitypoiuu,forvnﬁmvduuofundu.oﬂhcmodhnwith
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those of the mean for samples from normal (Gaussian), Cauchy and double-exponential
(Laplace’s first) distributions and with those of the midrange for the rectangular (\'niform)
distribution. Their results give numerical verification of the fact that the mean is the best
average for the normal distribution, the median for the double-exponential distribution,
and the midrange for the rectangular distribution, while the median is the best of the three
considered for the Cauchy distribution.

G. W. Housner and J. F, Brennan (1948) consider the problem of bivariate regression in
which both variables are subject to error and have a finite number of means falling on a line
and in which the number of sample observations taken about each mean is known, They
estimate the slope b of the regression line ¥ = a+bX as the total of the difizrences of all
pairs of observed values of the y's divided by the like total for the observed x's, and show
that this estimate is consistent. For the case of ungrouped data, the proposed estimate reduces

b= .Z yli=n/ Z X; (i=1), where the x's are ordered according to magnitude. In a
iI=1 i=]

particular numerical example, the authors show that this estimate compares favourably
with others that have been proposed.

K. R. Nair (1948) studies the distribution of the extreme deviate from the sample mean,
w-x.-!.wlnnx,.x,.....x.mordcndvaluuinnumphohiukfromthounitnomal
distributionud!iﬂhdrmun,uwclluthdimibndonoﬂumldcnﬁadform.w/:.wlnu
:‘ismimmwmmofmmmmmmﬂuhwdwbu-
tionuthobuiuof.mwaimionfotnjcetionofoutlhn,whichhccommwiththc
criteria of Irwin, Tippett, Student, McKay and Thompson.

K. C. Sreedharan Pillai (1948) determines the information (as defined by Fisher) furnished
byudlordcrmtinicx,(l-1,2.....n)innunphofdunfromnnomldimibuﬁon
concerning the mean u and the variance ¢, and tabulates results for

ne=23.,12;i=12,..,[n2]+1.

Not surpisingly, these tables show that the central values give the most information ~~n-
mu.ummmmwmua'.mmmm.mmdum
when multiplbdbyth.nmitup(x.-x,)lz.yhldluunhlmdmimofc.udm
the distribution of the . (See Note at end)
K. ll.N&(lﬂm.hufouwnpofmmm[w(lﬂn]mthmm
mmmmmmmmwmmmmmm-
damﬂMMMhMﬁMﬁmoﬂbWomm
mmmmfan-phdd.umzsusw. (See Note at end)
w. u.ml(nmd-mummammmmmmmw
dhmlﬁM&omuWh&nﬂcmM(l’ﬂ)}.M”u
Mduwuhuﬁuﬁnh%muwm

Flo & 2:10-0-81 wr«wmmm:r«numu-s
m.'Icaz-m.ﬁ.dflcazdlﬂo,/rfuhmpomol
extreme form.

kh%hby(l’ﬁqb.c.l)udWlmwhhy(lmMu
.mammwmm(mnc.nmum
MdM&hmd“MMﬁ-h
mmmmhdemw(mm.m
dmwmmummummmxm
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joint distribution of ¥ = (x"~x)and w = (x"=x")/(x3—x,) in general, and the joint density
function of w and w and the marginal density functions of u and of w, all when the underlying
distribution is normal with mean 0 and variance unity, N (6, 1). He also obtains the joint
density function of ¥ = x"~x' and v = (x'+x")/2, as well as the marginal density function
of v, which has mean 6 and variance 1/2+./3/4x.

R. K. Zeigler (1950) shows that, for a random sample of size 2k + 1 from a distribution
which has a finite second moment and which is continuous at x = # with /(6) # 0, 6 being
the population median, the joint distribution of the sample median and the mean deviation
from the sample median is asymptotically bivariate normal, and gives the asymptotic means,
variances and correlation coefficient.

S. I. Zukhovitskii (1950) develops a procedure, based on the Fourier descent method, for

finding the best approximation (in the Chebyshev sense of minimizing the maximum error)
for a system of incompatible linear equations in the de la Vallée Poussin (non-degenerate)
case.
D. H. Bhate (1951) shows that, for symmetrical probability functions which are members
ofthewanfamily,themoftwolymmuiuﬂyphcedcbmenuinuord«odumplo
(aquui-medhnaqw-mﬁum)ismeﬂdntmmmumuﬁmhofme
central value, Hedemmmbyummpbthuthhsnmﬂlnotmfordllym-
metrical probability functions.

Brown and Mood (l95!)pmpouam¢thodhudonmodhufo:dohrnhiu the coefficients
in.mmﬁpuunqum.ummzmwyuwwmﬁm

.

modhnc.+;¢,z,mdsuppoewhanaumpho(umofulodandoblunﬁom

Vi 216 234 ooy Iy With i = 1, 2, «++» 1. Then the coefficients a, are estimated by the numbers
d, such that median (y,—&,-24,2,) = n:n&n(y.—l.-ux,‘)- 0,r=1,2, .., k, where 2,

i<t
is the median of the » observations z,,.

Dixon (1951) finds the distribution of the ratio r = (Xy= Xy )/(%,~x,) for some small
values of i and j, where x,, x,, «+s X, are the order statistics of a cample of size n § 30 from
.mmu(l)ma(z)mwmmm
points, corresponding to cumulative probability a = 0-005, 0-01, 0-02, 005, 01 (0-1) 09,
095, forrwhenj = 1,2and i = 1,2, 3, for samples of size n = (i+j+1) (1) 30 from a normal
mmmammummhmmmramam
proposed by the author in his earlier paper [Dixon (1950)).

H. O. Hartley and E, S. Pearson (1951) tabulate the moment constants of the distribution
o(thtnnphunpbo(d-u-ul)mhnﬁulmdmm“m
variance. They note that there are some discrepancies between their table and some earlier
results of Grubbs and Weaver (1947).

Ray Bradford umy(ml)mamormmumm
ummmmumhﬂwhm.hm.thbm

the restriction that 2k <n, where n is the sample size.
S x.zuw(mmm.-uormmum
&cbuudﬁuﬂn&onud“v)domdmum

,t‘ ol = by(i=1,2, ... m)
where m>n, ie. the set of {'s which minimizes -nl ta."“'-.‘l' Zukhovitskii (19515)
1
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John Edward Walsh (1959) proposes a large-sample non-parametric criterion for rejection
of outlying observations. Let x; £ x; £ ... £ X, be independent observations from con-
tinuous populations. The null hypothesis, Ho, is that these observations all resulted from
independent random drawings from the same well-behaved population with unspecified
shape. The alternative hypothesis is H,: the i smallest observations are too small (or Hj:
the i largest are too large) to be consistent with H,, where i is a small number which should
be specified without knowledge of the observations. The alterr tive H, is accepted if a statistic
of the form x;— (1 + A) x,4, + Ax, is negative, where 4 >0, k is the largest integer contained
in i+4/2n, and n is sufficiently large. Similarly, the alternative H is accepted if

Xps1-i=(1+A) Xpey+AXp 41—k

is positive. Two-sided tests are obtained by combining these one-sided tests. Tchebycheff’s
inequality yields an approximate upper bound for the significance level of the test for A
suitably chosen.

Joseph L. Walsh (1959) considers the problem of fitting a polynomial

P (2) = @o2"+a,2"" ' +... +a,

of degree n to a given function f () defined on a closed bounded set E so as to minimize the
sum of the pth powers of the differences f (z)—p, (). The case of interest iz the present study
is the one in which the set E consists of a finite number of real points. He notes that this
measure of approximation, most used in the case p = 2 (least squares), goes back to Fourier
and Gauss, while Chebyshev explicitly used the measure of approximation

max [| £ (2)—p, (2), z on E]

although Kirchberger made the first general theoretical study of it. In the case p = 2, the
polynomial is unique. Chebyshev approximation can be considered as the limit of least pth
power approximation as p—»co, and is often denoted by p = co. The author reviews some
results of Walsh and Motzkin (1957) for the cases p = 1, 1<p 5 o, and O<p<I, and
presents some new results on extremal approximations.

H. Weiler (1959) shows that if >0 is the smallest and b is the largest of »n values whose
arithmetic and harmonic means are X and H, respectively, then 0 £ (X—H)/H = (b—a)?*/4ab,
the first equality holding only if all # values are equal and the second only if half of them
have the value @ and the other half the value b. Moreover, since H S g S X, where g is the
geometric mean, the same inequality holds for (%—g)/g. Thus X differs little from H or g
if the » values have a small range and all are far removed from zero.

Frank J. Anscombe (1960) examines numerous criteria for the rejection of outliers proposed
during a period of more than a century. He suggests that rejection rules should not be
reptdedu;igniﬁeancetem.uhummnyheentheeau,bmasimuuncepoﬁdu. He makes
a detailed study of the effect of routine application of rejection criteria to replicate (especially
triplicate and quadruplicate) determinations of a single value, focusing attention mainly
on rules appropriste when the population standard deviation o is known, but giving some
attention to studentized rules. He examines the following rules: Rule 0, For given C, reject
every observation y, (i = 1,2, ..., n, where n is the number of observations) such that | z, |>Co
where z, = y,—J, § = Iy,/n. Estimate the mean y by the mean of the retained observations.
Rule 1, For given C, reject yy if | zy | > Co, where M is the value such that | zy | >] z;; for
all i # M ; otherwise no rejections. Estimate y by the mean of the retained observations, thus
p=jif|zy|<Co, f = §=2y/(n~1) if | 2y | >Co. Rule 2, Apply Rule 1. If an observation
isrejeeted,wmid«themﬁninsobmvaﬁomuaumpbofﬁun-l and apply Rule 1
apin;andwon.Esﬁmatepbydwmunofthereninedobcanﬁmmamhorﬁnds
RuhOnmﬁd.ﬁmy,dmaMeouﬂier,ifﬁomﬁumMmﬂy.mmmwﬁn
umpleto':emjectod.ﬂcﬁndskubluﬁlfmryfotmallumplu(n- 3 or 4), but since
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Stiefe! (1960) points out that there are two essentially different methods of attacking the
Chebyshev problem of solving an inconsistent system of linear equations

(l) = .Z‘ al.x."'c’ -0.] = l, 2. weg R

in such a way that the “‘solution” x, minimizes (2) { = max | nylJ = 1,2,..., n. The “minimizing
methods™ start with a trial solution x, and use an algorithm for diminishing { during every step
of an appropriate computational routine. Zukhovitskii (1951a) published such an algorithm
requiring only a finite number of steps to solve the problem. Another approach is based on
theorems of de la Vallée Poussin (1911), who used a “reference”, i.c. a set of (m+ 1) equations
n, chosen from among the given equations (1). The solution of the reduced Chebyshev problem
(3) Minimize {* = Max | , | can be computed explicitly, and {* is then a lower bound of the
minimal deviation { corresponding to the solution of the unrestricted problem (1), (2). Therefore
“maximizing methods" are available whose strategy is to replace the reference by another one
so that the reference-deviation {* is raised. In one earlier paper [Stiefel (19595)], the author
published such an algorithm, called the excharge-method, which also reaches the final solution
in a finits number of steps. In another [Steifel (1959a)], he advocated the construction of
“minimax-methods™ furnishing a lower and an upper bound for the desired minimum )
and closing the gap between them during the computation, and Cheney and Goldstein (1960)
constructed such an algorithm. In the present paper, Stiefel shows that many of the algorithms
forsolvingtheChebynhevproblemmdonlynhudtotbemuhodtoflimrpmmmmiu.
themdnmuhbdn;thnlnkhoviukﬁ'ld'oﬁthmmdtheewhupmhodmwmplﬂdy
equivalent to the simplex method of linear programming, and are duals of each other. He
dwshomthntheachnpmhod,pmperlyldtmdtoﬂncompuuﬁoulmﬁmfor
linear programming, is more economical than the simplex method.

Tukey (1960) surveys sampling from contaminated distributions and reaches a number of
wncluﬁom,ofwhichthofolbwin.mmwthcmumdy:(l)“lnhmumplu
the sample mean is not nearly so safe an indicator of location as is the mean of the observations
which remain after a small percentage of the highest, and an equal percentage of the lowest,
have been set aside (use of a lightly truncated mean).” (2) “In slightly large samples, there is
ground for doubt that the use of the variance (or the standard deviation) as a basis for estimates
of scaling type is ever truly safe.” (3) “In moderately or very large samples, . . . the variance
or standard deviation is safely used only [for certain purposes which the author specifies].”
(4) “Nearly imperceptible non-normalities may make conventional relative efficiencies of
mummmmm"m“uwammmmm
(and when is it not?), neither mean nor variance is likely to be a wisely chosen basis for
making estimates from a large sample.” (6) “As an interim measure, the use of truncated
variances is likely to be quite satisfactory.” (7) “In smaller samples, the use of the mean
deviation may be a frequently useful compromise™.

Anscombe (1961) considers four statistics designed to reveal certain types of departure
from the ideal statistical conditions (independent and normally distributed residuals with
zero mean and constant variance) under which the least-squares method of estimating the
parameters in & regression equation is unquestionably satisfactory. He gives information
about the distributions of these statistics under the null hypothesis of ideal conditions, but
states that a thorough investigation of the appropriateness of the least-squares method would
have to go further, and would encounter grave difficulties. He states that for most fields of
observation, outliers may be expected to occur, so that significance tests to determine whether
extreme observations do in fact occur with frequency incompatible with the ideal conditions
may be irrelevant. He writes: “The day-to-day problem with outliers . . . is not: is the
ordinary least-squares method appropriate ? but: how should [it] be modified ? not: do gross
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by application of the Gauss-Markov theorem [see Gauss (1823), Markov (1900) and Plackett (1949)], and linear

regression. Letting x be a random variable with expectation defined at each value of ¢ by the linear regression

function E (x|t) = a+Bt, he shows that the conventional least-squares operational technique on observed
data (x4, #1), ..., (xa, 7,) yields the best linear unbiased estimator of a+ Br. He says this is probably the strongest

justification for the extensive use of least squares in regression analysis, since it involves no assumptions of
normality and can readily be extended to multiple linear regression.

Eugene M. Laska (1963) notes that, according to the extended dcfinition of robustness proposed by Tukey
(1960), 2 robust unbiased estimator is one which is unbiased for all members of a class of alternative distributions
which are specified as being possibly true and has variance fairly close to the smallest variance that could be
obtained by any unbiased estimator under each of these alternatives. He studies this definition in detail for the
special cases of linear unbiased estimators and unbiased estimators (not restricted to be linear) of location and
scale parameters, and presents examples in the case where the underlying distribution is known or assumed to be
either normal or double exponential. The robust estimators are functions of the ordered observations.

G. E. P. Box and D. R. Cox (1964) note that in the analysis of data it is often assumed that observations
Y1, Y2, .-+, ¥ are independently normally distributed with constant variance and with expectations specified by
a model linear in a set of parameters 6. They make the less restrictive assumption that such a normal, homo-
scedastic, linear model is appropriate after some suitable transformation has been applied to the y’s. They make
inferences about the transformation and about the parameters of the linear model by computing the likelihood
function and the relevant posterior distribution. They discuss the relation of their methods to earlier procedures
for finding transformations, and illustrate their methods with examples. The authors and discussants cite the
work of other authors on ways to recognize the need for a transformation prior to fitting a linear model and on
the choice of a transformation when one is needed.

John S. Chipman and M. M. Rao (1964) develop a method for least squares estimation of the regression
coefficients in multiple linear regression problems when they are assumed to be subject to a set of linear restric-
tions. The simplest type of linear restriction is the specification that one or more regression coefficients are equal
to zero or to some other constant; by suitable transformation of variables, any linear restriction can be reduced
to this type.
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