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Introduction. 'nle propagetion of finit•-•plitude vava1 in one diMn■ ion, that 11, plane, 1pherical, and cylindrical vavee end v• v•• in horn1, 11 rela tivaly veil underetood . 1 Huch l••• l e knovn •bout tvo• end three-diMn■ ion■ l redietion. Weetervelt '• Mthod, ba1ed on an integral eolutlon of the inh0901aneoue vave equetion,2,3 11 ueeful for relatively ve■k 1111ltldi•n1ional veve1. Sc.'!indler4 found a 1pecial clue of aolutlona for aultldi• •n•lonal vave1 in the 1hock-frae region. Zabolot1keya and Khokhlov5 have 1tudied axially 1,-tric b■- of intenaa 1ound. Tbe nonlinear veve equation they derived i1 1i■iler to that for plane vave1 but contain11 ter• to account for a■plitude variation acro11 the beam . Tbeir 1olution 1liov1 that for 1inal• condenaatlon pul1e1 the be-1dth increHu vith propagation di1tance. In phyaical ter• the variation in axe••• propagation ,peed acro11 the baa■ cau1ea the b a■ to diveri• • Conver1ely, for 1i111la rarefaction pu lea1 the bea-idth decreuu, for the•- re&1on , Tbil phenomenon •y be called "aelf-refractlon." 
In the vork r eported here direct ivity effect, ar• accounted for in• very 1im?le unner . We are concerned vith the far field of direct.on■ ! 1ource1, particularly for periodic vavu . Suppoee 1uch a eource eait■ a epherical vave vilo■ e 1■all-1igna l directivity function i1 0(1, ♦) (8 and ♦ are anal• coordinate•, and 0 rapreaente the nor.allied •pli • tude rupon■ e ). X..t the peak particle velocity Hach niaber be denoted by c, Our •thod a■ount, to replacing c by 10 (8, ♦) in any knovn 1olution for unif0t'11l 1pherical veve1, for examp le, the veak-ehock eolution ,6 Self-refraction i1 not taken into account. It 11 neglected on the b••l• t hat beam broadening and narroving occur alternately vith the poei­tive and negetive phaaea of the vave, thua averaging out to 1ero . Ba-idth change• are predicted in our theory, but they ariee fro■ a different cauee, na•ly variation aero•• the beam of nonlinear ly induced lo••••· 

Theory . To • cond order the genera l nonlinear veve equation for loa1le11 fluid• 11 7 

2 I I I A-1 21 V II • - II • - Vrl•vf + ~ It 2 tt 2 2 t co co co 
(1) 

vhere I 11 the velocity potential, c0 11 the ••ll-1ignal 1ound 1peed , t 11 ti11e, and a-1 i1 a mea1ure of the nonlinearity of the •dtu■ [for aa•••• for ex•ple, a-1 • (y -1)/2, vilare y 11 the ratio o{ 1pecific heat,]. If 1pherical coordinate• r, ••and ♦ are adopted end • nev ti• variable t' • t • r/c0 ii choaen, t he left-hand II.de of Eq. (1) b■c-• 

I 2,. 2,. ,.L,. 1 f. ,. ) l I rr • c0 "rt' + ;-"r • rc0 " t' + -r--.i 1•in 8 "e 8 + -r--i 2
8 

♦♦ r"lin._ r • n 
We nov vieh to a••••• the rela tive importance of the1e tarw for far-field radiation. To thil end the 1■all •li1nal , far-field 1olution II .. r·lo ( fl, ♦ ) exp (Jtut') ii 1ub1tituted in 
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each tera,8 Provided 0(8, ♦) ii ree1onably well behaved, the 11101t i■portant teru (for 

larije kr) are found to be the 1econd and fourth on•· Th •- techniqu i1 uaed to find 

the 11101t important nonlinear ter■1 onth right-hand aide of Eq. ( 1). When the unimportant 

te~ are diacarded from each aide and thf re1ult i• expre11ed in tera1 of the radia l 

a>article velocity u • •r - c
0

- 1•t• ~ -c0 " !Jt,, the nonlinear wave equation obtain d ii 

u +!!._J'--uu •O 
r r 2 t' 

"o 

Thi• i1 the•- equation a, for~ apherical vavea. 

A aolution of Eq. (2) that include• effect• of direct ivity ii required. Since that 

equation contalna no darivativ a with re1pect to 8 or ♦, directivity ai1t be accounted for 

ln the boundAry condition. For periodic wave 1110tlon we may uae u • u0D(9, ♦ )linW t 

at r-r
0

, where i• the a111Utar frequency and r 0 11 a point in the far field. It will be 

be 1een that UoD(8, ♦) nov play, the pert of the (conatant) uplitude in the aolution for 

uniform 1pherical vava1. To be explicit, let the 1olution be expre11 d •• a Fourier aerie1, 

u • u
0

rr° D (8, ♦ ) 1: B
0
(a)lln n [wt - k(r-r 0 >] 

n 

where k • /c
0 

la the wave niaber and th• di1tort iv, dl1ta nce a ia defined by
6 

(3) 

(4) 

(c • u
0

/c
0
). For ex•ple, in the ''Fubini 1olutlon" of thll probln the harmonic amplltudu 

are given by 
B • j_ J (na) 

n m n 
(5) 

Thl1 expr a1ion 11 valid only in the ahock-frea region, i.e., in the region 

r<r • r
0
exp(l/lJCDkr

0
). In the aawtooth region , which .. Y ba taken to begin at a-3, 

approxi■ately,6 the a,aplitudH are given by 

B • __ 2_ 
n n(l-+c) 

(6) 

The expreuion for Bn in the tranaitlon region, that 11 , l<a<3, ii relative ly compllc,ted 

but knovn.6 Hence the pr obl- of directive 1ource1 may be regarded•• aolved tot •~tent 

that the 1oluti on for unlfora 1pherical vave1 11 known. 

A few lWtin& caaea are of apeclal intereat. Lat ua comp~ • tli direc t ivity Dn of 

the nth haraonlc. If the aplitude and di1tanca ere 1uch that a< l for a 1: par ti of the 

b • , the Fubi ni \Olu tion can be ua d for this purpo1e, Fr«- Eq1. (3) and (5) we obtain 

Dn(O, ♦) • JnCnDa
1
)/JnCna1), where a 1 ii the vdua of a when D• I. For 1mall valuH of th 

arg1.11Dent1 of the Be11el funct iona the reault t1 particularly 1imple, -ly 

(7) 

which reault va1 obta Lned previoualy by We1 t er ve l t and Radue for the 1pecial ca1e of the 

••cood hanionic,3 nie l llfllicat i on ia that the hiaher the han,onic, the narr ower the beam. 
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The 1ltuation change, dra1tice lly with dl1tence, however, lf a portion of the beam - 1ay that de f inod by 80 < 8 < 81, ♦0 < ♦ < ♦\ - 11 lnten.1e enouah to Iona e 1ntooth wave . l n the eavtooth region the d n ctivlty h Shen by Eq1. (3) and (6) a, 

l + f!Cltr0 log (r/r ) 
0(8) o--- e 0 
n , ♦ • l + f!c~log (r/r ) ' 

e 0 1

80 < 8 < •1 . 

•o < ♦ < •1 
(8) 

Not on ly 11 there no dependence on the haraonlc nUllber n, buc al10 the be• 11 now broader . The broadening i1 due to extro attenuation cau1ed by ..onllnear eftectl . The inten1e pert of the heem suf fer, lllUCh 1110re attenuation than th edge. Furthermore, if there are ainor lobee , they grow (with diltence ) relative to the major lobe, aaatn beceuee of the uplitude­dependent attenuation. UltiM taly, at die tancee 1uch that a> . l Eq. (8) reduce, to 

D(t, ♦) • l, (9) 

which 111ean.1 that thi1 portion of the beam behave, like a uniform i pher ical wave. Beam broadening and growth of minor lobee have been obeerved uperi•nta l ly. 9 
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Cylinc!Ti.:al wavu froe aourcea of infinit• 1et11th cen elafl t reated by thia method. 
The wave equation obtained 11 j uat like that for uniform ~ylind~ l ~al vave, 7 (Mmely, Eq.(2) 
with the middle term multiplied by the factor\). The known aolutton6 i1 again aimply 
modified by replacing c with cn(t ), where nov 8 ia the polar angle in the cylindrical 
coordi,,ate ay•tem. For 1ourcea of finite length cylindrical coordinate, are not a, con• 
venient a, epherical one• for f inite•nplitude calculation•. Sph rical coordinate• 1hould 
thus be ueed . 

Example. The circular piaton mounted in an infinite baffle is a widely uaed 1ource . 
It• dlrectlvity function ia 

2J 1 (k • ai n 8) 
!,(I , ♦)• D(I ) • kaain8 (10 ) 

where• i• the platon radiua. Shown in Fig. 1 are aome c0111puted directivity pattern■ for 
relatively w ak waves. Experimental measurement• made in freah water with a 3-inch piaton 
operating at 454 kHz are alao 1hovn . At 0.9144 meter , wh'l : h waa taken t o be the va lue ~f 
r0 , the axial preaaure amp l itude waa 0.3 atm. (c • l . 38 x 10-5 ) , The beam patterns were 
meaaured 107 ter, from the aource; at thia diatance o ~ 0.4 on the II.Xia . The beam pattern, 
are thua computed from the Fubinl aolution (Eq. (7) ia a good approximation) . It wi l l be 
seen that t h agreement betw en th ory and experiment la quite good for the ma j or lob-.a . 
A reement is not aa good for the minor lobe of the fund.sm ntal , probab ly b cause our 
aource did not radiate a pattern precisely like that given by Eq. (10) . The di ff erence la 
thus not as1oc iat d with non l inear ff ct1 . Notice the very high s uppres s i on of t he minor 
lobe• of the aecond• and third-harmonic 11 nal1. For example, if conditions are auch that 
Eq. (7) ho lda , the auppr 1a lon of the second-harmonic minor lobe• wil l be twice (in dB ) tha t 
for t he fundamental . 

Dl1cua1ion. It wi l l b aeen that ln effect we have divided up the apace t hr ough which 
the wave propage t I into ray tube, and aaaoclated a given s tarting mplitude wi t h each ray 
t ub . Since t her e i s no interaction between ray tubes , there 11 no provision for ,e l f • 
r efract i on i n th i• mod 1. Nevertheleas, t he model doe, pr ovide a ua eful and exceedi ngly 
1impl gen r al i zation of f i nite-ampli tude propagation theo~y. Exp r i menta l measurement• 

de 1 0 far t end t o conf i rm the ana lytica l predictio~s . 

Acknow ledgp,ent. Th i a work wa1 1upported by the U. S. Alr Force Offi ce of Scient ifi c 
Re1earch and l he U. S. Office of Na val Research. 
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