R

'(y/ ON COMBINING PSEUDORANDOM NUMBER GENERATORS

[ by
<:> Mark Brown and Herbert Solomon
o
&
)
N Technical Report No. 233
|~ July 15, 1976

Prepared under Contract N0O0014-76-C-0475
(NR-042-267)
Office of Naval Research

Herbert Solomon, Project Director

Reproduction in Whole or in Part is Permitted for
any Purpose of the United States Government

Approved for public release; distribution unlimited

DEPARTMENT OF STATISTICS
STANFORD UNIVERSITY
STANFORD, CALIFORNIA

e o i tmr o



o,
f

Introduction
Many methods have been proposed, tested and employed for generating
pseudorandon numbers ({2], [3], (4], (5], (71, (9], [10], [12], [13]).
The geal is to produce strings of numbers which behave like independent
uniform [0,1] random variables. The generators yield integers in the
set {0,...,m=-1} which are then transformed to [0,1] by division by m .
Cuppose that Xl,XE,... and Y]’Yz”" are strings of numbers in

{0,...,m-1} generated by two separate generators. Assume that the two

strings are independent. Define a new string of numbers Zl’z2"" by
Zi =X vy (mod m). For any k and corresponding il,...,ik define
X = (X, ,o005X, ) Y= (Y, 5ee,Y, ) 2=(Z, yeussZ, ) . Let r be the
- il lk ? il 1k > il lk

distribution of k independent random variables uniformly distributed
on {90,...,m=1} . We consider several naturel measures of distance between
miltivariate distribution with components in {0,...,m-1} and show under

these distances that Zi seees? has a distribution closer to r than
1

I
either X, 4..0.4K or Y, ,...,Y
1 I 4 1
In applying our results to pseudorandom number gencration, two points

for all k , il,....ik .

need careful scrutiny. First, we assume that the two strings, X and Y ,
are independent., Secondly, X , Y and Z are deterministic, even
though they are being constructed to look random. This creates a problem
in the interpretation of Lemma 1 and in the interpretation of independence.
We certainly do not claim that our results prove that addition mod (m) of
separately genereted sequences improves pseudorandom number generation.

We only assert that this conclusion is guggested and warrants further study.
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The technique of combining strings by addition mod m is also men-
tioned in Knuth ([5], p. 30). An exercise at the end of the section
(p. 33) shows that if the periods of X and Y are Al, Aa with Al
and A2 relatively prime, then the period of 2Z is lllg . This implies
that we should choose the periods of the separate generators to be rela-
tively prime.

Random number generators are generally studied by statistical tests
on the output, and by mathematical enalysis of the period. We hope that

the methods employed here will provide another approach to analyzing

pseudorandom number generators.

Results
Suppose that X = (xl,...,xk) and Y = (Yl,...,Yk) ere independent
random vectors with Pr(Xl=Jl, Xy205s oens Xk=Jk) = p(Jl,...,Jk) .

Pr(Y1=9,l, Yoelns vees Yk=2k) = q(!.l,...,lk) 3 each component assumes

1]

values in {0,...,m-1} . Define 2 (zl,...,zk) with 2, = X, + Y

i i i
(mod m), and Pr(Zl=m1, cees Zk=mk) = s(ml,...,mk) . As measures of

departure of a distribution b on X {0,...,m~l}i » from r the distri-
i=]1

bution of k independent uniforms on {0,...,m-1} , we use:

0]
(1) |lo-rll, = ) 'b(J sesesd ) -+ sy l<a<wo,
@ (Jl"‘.’Jk) 1 k mk -
(0 fo-rll=  maxfol,.ns) -3
( 1""’Jk)
(111) N(b,r) = ) B3 0eenndy) logm (i ,.ensd,)) .
(Jyseeesdy)
2
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Quantity (iii) is the mean information in favor of b against the
distribution r (see Kullback [6], p. 5); IH(b,r) eachieves a minimum of

0 at b =r and is otherwise positive.

Lemma 1: For 1 <a < e, “s-r”af_ min(”p—r“a,”q-r”a) s, and

t(s,r) i_min(ﬂ(p.r),ﬂ(q,r)) .

Proof of Lemma l: We rely heavily on the technique of majorization ([1],

[8], [11]). Firstly, adding Y to an independent random variable X is
equivalent to making a transition in the Markov chain with transition matrix
P = - d 1" s e - .

(Jl”"’Jk)’(ll""’zk) r(ILl Jl(mo m), o Jg(mod m), » 2 Jk(mod m))
Now Z P = z r(m .s ) =1

aes 2’ Rl 2 ’ M
(Jl’...’Jk) (Jl’ ’Jk)’( l’ ] k) (ml’...’mk) l mk

((ml,...,mk) ranges through the mg sample points achieving each
exactly once), Therefore P is doubly stochastic. Next, s = pP with P
doubly stochastic and it thus follows from a theorem of Karamate ([1], pg. 31)

that s is majorized by p . By definition this means that if s and p

are rearranged so that (1) 2_5(2) 2 vee z_s(mk) and
% %
) > p > ese > p s then ] < P for
k k
x 1l d li s ﬂi P
=1,2,...,mM~1 , an = .
! gz ()7 4 (@)

It follows from the definition of majorization that if 8 is majorized
by p then s - - is majorized by P - 4. For 1cace, |x|* 1s
m m
continuous and convex; it then follows from [1], p. 30, that

s el < llp -l -
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From the definition of amajorization, we know thnat s(l) f_p(l) while

s >p . Therefore
- k
(%) 7 "(@®)

1 1 1l 1
Is-rll,, = max(s(l)—;;, m—k-s(mk)) < max(p(,y- x ;\;-P(mk)) =|lp-rl, -

k
o
Finally, the function F(X,,...,x ) = Z x 1og(mkx ) satisfies
1 N ! 1
oF oF X
- oo ). - = >
(x, xJ)(ax o ) (x, xJ) log X, 2 0 for x; 2 x, . It then follows

from a theorem of Ostrowski ([1], p. 32) and the majorization of s by p
that Ii(s,r) < N(p,r) .

By reversing the roles of X and Y it follows that
IIs --r"ol < Ilq-r"a s 1<a<e, aend N(s,r) < N(q,r) . This concludes
the proof.

Undoubtedly our result will hold for many other metrics.

If we take an independent sequence of random vectors 51,...,£n,...
and form partial sums (mod m), Z = 1§1 Ei (mod m), n=1,2,..., we
will, under weak conditions, converge ;t a geometric rate to r . This
follows from standard Markov chain analysis.

More specifically, assume that

€ ) PriXig),1™1s =oes X(q)x™) = 8, 28>0
1 k
for all i . Then, letting LR denote the distribution of gn s, 1t
follows that

n
max 8 (J.,.000d,.) = min 8 (Ji,.0053,) < 2 (l-mkA)
Bpoeesdd © 8 Qs PV Ty 1

<(-n")" o0
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as n *+* ® ., For interpreting this result, nocte that

max 5 (Jy50009d,) = min 8 (Jis.0453,)
Wpsreeady) B 0 T Qaeanyy) BOE K

= max
(3500008 )s (000 ee2y)

sn(Jl,...,Jk) -8 (ll,...,lk)l

n

1
> max 8 (J,se00sd,) = = l .
- n'vl k k
(Jli""Jk) o
The proof is simple. Let M = max s (Jl,...,Jk) and
Qpaeeendy) 7
m = 4 min ) sn(Jl,...,jk) . Then
goeeeady
M <M (1-(@14a)+A(Q-M =M (1-o5A)+a
n — n-1 n n n-1 n-1 n n °’
while

k k
m Z_mn_l(l ~ (m -l)An) + An(l - mn—l) = mn-l(l -m An) + An .

k
Thus M -m f-(Mn-l - mn_l)(l -m An) . Repeated use of this argument

gives

n
(1-n%) ¢ § (-uf)<-a%)".

n
M -m)<M -m) 1
n mn - 1 m1 =2 {21

(- -]
Under the weaker condition Z Ai = o , we gtill get
i=]
lim (Mn - mn) = 0 , although not necessarily convergence at a geometric
n+w o

rate. The condition X A1 = o jg sufficient but not necessary for
i=1




i
(equivalently if any one Z{i) has distribution r ) then the distribu-

convergence of Mn - to 0 . For example, if any one A ='l;
m

tion of 2 is r for all n > 1 .
L fl
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