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IN Tt ~ODlJ C TJON

The 1’- b u r n er  has been emp loyed for sometime to de f ine  l inear
re sponse  c ha r a c t e r i s t i c s  of solid propel lants  to f luc tua t ions  in environ-
menta l  cond i t i ons.  Al though  q u a l i t a t i v e  assessment  of re lat ive s tab i l i ty
is a c c o mp li shed  w i thou t  undue d i f f i c u l t y, quan t i t a t i ve  de te rmina t ions  are
comp licated  b y the need f o r  quan t i t a t i ve  d e f i n i t i o n  of the bosses .  U ntil
1972  wh e n  C ul i c k ( 1)  f i r s t  deduced the p resence  of a c o u s t i c / m e a n  flow
i n t e r a c t i o n s  (A / M F I )  fr o m  the l inear ized , one-d imens ional  equations of
change , losses  were  considered determinable  f rom proper l y exec uted
experiments . However, Culick’s anal ys i s  introduced the flow turning
loss and vent gain . The former is usua l l y neg li g ible in b u r n e r s  con-
f i g u r e d  fo r  p r e s s u r e  coup led measurements . Unfortunatel y, the lat ter
is not.  Because  the flow tu rn ing  gain var ies  wi th  mass flow rate , it
r enders  d i r ec t  T-burner loss measurement  techni ques impotent.
T h e r e f o r e , ind i rec t  t meas u res t t  of this te rm were  effected b y including
it within the stat ist ical  data co rrelation procedure .  Unfor tunate l y, this
i n d i r e c t  p r o c e d u r e  is not a l together  pract ica l .  The lack of p rec is ion  in
the data bits combine with the necessity to define three unknowns to
r equ i re  a ve ry  large (a nd expensive) data base in order to define the
vent  gain  wi th  conf idence .

It is we l l  known that qua l i t a t ive  f ea tu re s  of nonstead y, two-
dim ensi onal f lows can be de te rmined b y emp loy ing the so-called hydrau-
lic analogy.  Consequent ly, the purpose  of this por t ion  of the p rog ram
was to exp lore the vent reg ion flow f ield with the hydrau l i c  analogy.

Since 1 q6q , stead y - s t a t e  composite propellant  combustion model-
ing has been domina ted  b y the Beckstead , Der r , Pr ice  (BDP) model(2 , 3) ,
Subsequent development of the basic model has extended it to bidisperse
AP propellants with aluminum (4) , polydisperse AP propellants wi th
aluminum (5), and nitramine propellants (6 - 8) • The extensions to bidi-
spe r se  AP and n i t ramine  propellants w e r e  made by assuming all par ticles
burn at the same rate ; the extension to a polydispersion was made by
“coalescing ” all particles above a c ritical diameter into a sing le , mean
particle (those below the critical diameter were assumed to react in the
s u r f a c e  me l t ) ;  the ex tension to ni t ramines  was  made by introducing a
surface melt criteria and different particle surface constraints with and
without  a s u r f a c e  melt .  A major  d i f f i c u l t y with these anal yses lies with
the fac t  th at althoug h mean sta tes ar e involved the mean s tates are
postulated r a t h e r  than deduced . In short , “are  the mean states emp loyed
c o r r e c t ? ”  In 1973 Glick (9

’ 
10) presented a “complete ” s ta t is t ical

anal ysis  of addit ive f r ee  composite  propellant combustion that eliminated
the need to se lec t  a mean state because  all possible states were  exp licitly
included in the anal ys i s,  This approach appeared to be a viable alterna-
t ive tc the mean state schemes and included true mixed , pol yd i spe r se
ox id i ze r  capabi l i t ies.  The purpose  of the combustion modeling aspect
of this p rogram was to develop the “complete ” statistical approach.

S
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I
TFCHNICAL DISCUSSION

( O M l ~t ’S LION MODELING

I n t , ’oduct ion

A r e v o l u t i o n , v. r~~ught  b y c o m b a t  p ilot ’s dem a nd s f ) ~ lu” m i s s i l e
e x h a u s t  s i g na t u r e , has  recen t l y o c c u r r e d  in p ropell ani  1 :n . da t i on s  for
many tactical app l i c a t i o n s  of sol id  propel lant  r o c k e t s .  T h i s  demand for
lo~ s i g n a t u r e  has c r e a t e d  demands for  new b inders~ ne~ x i d i .’er s ,
new a d d i t i v e s , and new f o r mu l a t i o n s .  Moreover , as s ig n i f i c a n t  amounts

condensed  phases  a re  ve r b o te n  because  they enhance  vi~- ~h l e  si g n a t u re ,
damping  of a c o u s t i c  d i s t u rbances  in the motor ’s c h a m b e r  i~ decreased
z e l a t i v e  to that  fo r  a s i m i l a r  f o rmu la t i on  wi th  condensed  p h a s e s  in the
p roduc t s . Consequen t l y, combust ion i n s tab i l i t y  has  r e t u r n ’~d as a rea l
and f r eq u e n t  p rob l em.  U n f o r tu n a t e l y ,  there  is ne i t he r  a ‘~ le nt base
of expe r i ence  nor  adequate  understand ing  of combustion 7..e~~~~me na (this
ex tends  to the common A P / h y d r o c ar b o n  p r op e l l a n t s  too)  to a o lv e  low
sig n a t u r e  p rope l l an t  f o r m u l a t i o n  p rob lems  e x p e d i t i o u s ly  if i n s t ab i l i ty  is
~~t a c t o r . As a r e su l t , the p rope l lan t  f o r m u l a t o r  r a ce s  s i t u a t i o n s  in
‘~ h i c h  rate , exponent , t empera tu re  sens i t iv i ty ,  ~hv s ica ls , p r oces s ing ,
and ~n e r g e ti c s  a r e  c o n st r a i n e d * and s t ab i l i t y  is demanded .  In the
b a l l i s t i cs  a r ena  the f o r m u l a t o r s  “weapons ” a re  s t r and  b u r n e r , T - h u r n e r ,
pa r t i c l e  collection bomb , and ba l l i s t i c  test  motor . Ev idence  that these
“weapons ” can p reva i l  ex i s t s  in eve ry  operat ional  moto r .  U n f o r t u n a t e l y,
as time prog resses  • the competition becomes ever fie r -‘r as new ing red -
l en t s  and ti g hter  c o n s t r a i n t s  en te r  the fray. Consequenuy , our  pas t
s uc c e s s e s  may be more p r e l i m i n a r y  than main  events . In summary ,
rea l  f o r mu l a t i o n  p r o b l e m s  e x i s t  wi th  low si gna tu re  propel lants  if s t ab i l i ty
requ i rements  are imposed.

The ove ra l l  o b j e c t i v e  of this work  is to c o n s t r u c t  - ana l y t i ca l
rr odel de~~c r ih~ n c s tead y .s tat e  combus t ion  c,f non -me ta l l :  ~~

. . pol yd i sperse
cornp osiu .  p r o pe l l a n t .  This  model can then he emp loyed ~ i ih i n  a compute r
aided propel lan t  fo rmula t ion  st rategy to assist in the deve lopment  of
p rop e l lan ts  capable of meeting the challeng ing con s tr a i n t s  ..~pus ed  b y
to day ’s ~ eapons ~vs tems . Bas ica l l y, the pa ramete rs  in the  m o d e l  would
he def ined  w i t h a smal l  base l ine  of data for  the oxidizer , u i n d e r , additive
sys tem unde r  cons ide ra t i on . With a v iable  model this “ b a s e l i n e d  model”

nu ld be capable of accura te l y predic t ing  bal l is t ic  p a r a m e t e r s  wi th i n the
baseline propellant(s) fami l y. Consequent l y, e i ther  the p rope l l an t  formu-
la to r  could inte rac t  direct ly with the baselined model to sa t i s f y desi gn
o b j e c t i v e s  or n o n - l i n e a r  optimization techniques could be emp loyed wi th
the base l in ed  model to define an optimal (to some c r i t e r ia)  formulation
for  the des ign cons t r a in t s .

It is ve ry  i m p o r t a n t  to note that a stead y-s ta te  combust ion model
can  also de f ine  nonstead y ( l inear  and nonl inear)  combust ion  c h a r a c t e r i s t i cs

‘~ ‘\s mi g h t  he expected , the lower bound of these constraints often
r e p r e s en t s  the s t a te - o f -t h e -art !

6 
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*in the  low and m i d - f r e q u e n c y  reg imes  throug h the Z - N  p rocedure .
L ’h e re fo r e , the a fo rement ioned  computer  aided propellan t formulat ion

s t r a t e g y  can inc lude  i nst a b i l i t y  c o n s t r a i n t s  as well  as stead y-s ta t e  ones.
Indeed , extension of the model developed h e r e i n  into the nonstead y
r e g i m e  via the Z - N  p r o c e d u r e  is c u r r e n t ly unde rw ay  at Purdue Univer-
s i t y  u n d e r  AFRPL funding .

It co u l d  be e x t r e m e l y s a t i s f y ing to state tha t  the modeling aspect
of this  p r o g r am  has s a t i s f i e d  all of its o b j e c tiv e s . However , it ~~~~~~~~
Indeed , we have r e v e r s e d  our  fie ld in the combust ion modeling a rea
and a re  now proceed ing  in a d i r e c t i o n  cons ide rab l y d i f f e r e n t  f rom the
or i g inal  one .

Fundamen ta l s  of S ta t i s t i ca l  C o m b u s t i o n  Mode~~~&

The “clay ” of the prope l lant f o r m u l a t o r  is he te rogeneous  solid
prope l l an t .  These p rope l l an t s  are  admix tu res  of solid pa r t i c l e s
( o x i d i z e r s  and a d d i t i v e s )  and b inder  (pol ymer  and additives) and the
total  solids content is usually as l a rge  as possible because of energe t ics
c o n s t r a i n t s . The re fo re , the solid propellant is l i t e ra l l y a packed bed
of pol yd i sperse  pa r t i c l e s  “ f i l l ed”  wi th  b inder .  The admixture is most
o f t e n  fo rmed  b y blend ing components in hi g h shea r  mixers .  T h e r e f o r e,
it is expected that the packing is random. This expectat ion is supported
b y the isot ropy shown b y macroscopic p rope r t i e s  ( b a l l i s t i c , ph ys i ca l) .
Howeve r , packi ng f r a c t i o n  m e a s u r e m e n t s  indicate  a hi,~ her  percentage
of theore t ica l  (an ordered packing ) than is apparent l y * achievable
throug h complete randomizat ion .  At f i r s t , these bi ts  of evidence — \ /
appear to confl ict ;  however , harmony is res tored  by assuming that the ~~~~~~solids s t r uc tu r e  consists  of ordered , mul t ipa r t i c l e  aggrega tes  that are  w~ ae’~ ’~~’
themselves  randomly a r ranged .  Therefore , the re is o rder  on the
scale of part icle s ize , but long range d i so rde r .  It is in te res t ing to
note that  na tu re  has chosen p rec i se ly this a r rangement  for  liquid
s t r u c t u r e  (molecules r ep r e s e n t  short  r ange  o rder  but liquid  is disorder-
ed).  T h e r e f o r e, this s t ruc tu re  is common in nature .

The burning s u r f a c e  t r ave r ses  the solid . The re fo re, the burning
s u r f a c e  mus t  r eflect  charac te r i s t i cs  of the solid . Althoug h the chemical
d i s c r e t i z a t i on  wroug ht by the heterogeneous s t ruc tu re  can be softened
b y the p resence  of s u r f a c e  melts , there appears lit t le poss ibi l i ty  that ,. ~~

the random d i sc re teness  wroug ht by the solids in t e rna l  s t ruc ture  can
be completely washed out. T h e r e f o r e, a random , d i sc re t e  s t ruc ture
is expected on the burning s u r f a c e.  This means  that  all states of all
p a r t i c l e s  wil l  be pr e s e n t  on the burn i ng s u r f a c e .  By all states it is
m e a n t  that there  is a sequence of states between the state of a part icle
as i t  eme rges  at the burn ing  s u r f a c e  and the state of that particle as ~~~i,,srji i fè
it “ leaves ” the burn ing  s u r f a c e  ( e i the r  consumed or e jec ted)  and that 

~~e v e r y  one of these sequent ia l  states wil l  be represented . ~~~~~~~

~~The Z - N  p ro c e du r e~~ 
1, 12)  

enables one to u t i l i ze  a stead y-s ta te  model A~~ C~~~~u~~~TiO~~

to p red ic t  nonstead y behavior  as long as the reactive zones behave in a
q u a s i - s t e a d y fashion .

one has solved the theoretical problem of the maximum packing fraction
obtain able with a random , polyd isper si on of sp h e r e s .  T h e r e f o r e, we don ’t
know if theory /experiment are harmonious or not. 
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the i i r s t  t1 ii i ~ ~t is  that  the s ta te  of a p a r t i c u l a r  par t ic le
‘in t b .  o u r n i n g  su r f a c e  ~s a lw ~ y~ chang ing . t h e r e f o r e, h i t - r o g e neous
i: ~p . J ant  c o mb u s t ion  is n e v e r  stead y-s t a t e  in the c l a s s i c a l  ‘-ense  that
n t l . i n u  v a r i e s  in t i n t .  1-l uw e v er , rocke t  motor  e x p e ri e n c e  c l e a r l y

:~~ i n s t r at e s  tha t  s t . ~ v - s t a t e  condi t ion  can  he closel y a p p rox i m a t e d . ~~~~

- —~

~~n i e the ~~~~~~ is t h e  s um 1 i t s  p a r t s , t h i s  d e m o n s t r a t e s t h e  f o l l o w i n g : ~~ c— ~~~~~~~
— - • . -

(1 the n o r  i i l ~ i,v. the mean  behav io r  of all p a r tic l e s  i r h a ~~t t i ru~ the
n~n~.t su r : a c e  and ( L . )  the mean phenomena  can he s t a t i o n a r y  in t ime.  a—

In - - t h , r w o r d s , b a l l i s t i c  p e r f o r m a n c e  of a rocket  motor  and ba l l i s t ic
r a r r i t t e r s  of h e t e r og e n e o us  p rope l lan t  depend upon en s e m b le  means  ~~~~~~~~~~~

of tb .  de f i ag ra t i ng  su r I a l  l ’ s r i i i ( r o s t a t e s  T h e r e f o r e , het e~~~~~~~~~~ us 
~~~~~~~~~~~~~~~

2r~~ie l l a n t  c o m b u s t i o n  phenomena  is a s t o c h a s t ic  ph e n om e n a .  Conse-

~ u , n t v4 i- i c c e s s : u l  a t t a c k s  on h e t e r o g e n e o u s  p r o p e l l a n t  p henomena
m u s t  con e f r o m  a c r t i b i n a t i o n  of s tochas t ic  and more  conventional
n 1 a ~s f a n a :s . Althoug h in te res t  is centered  h e r e n i  on combus-

~~~~ O },en or r e na , t h i s  p h i losop hy mus t  also hold for  both p r o c e s s i n g  and

~~ v~ 
i c a l p rope r t i es .

b a l l i s t i c  p a r a x i e t er s  r ep re sen t  ensemble  means ot microsta te s . /
In p r a c t i c a l  propel lants  the particu lat e~ are pol yd i spe r se .  The re fo re ,
t~

-
~ j u r n i n~ s u r f a c e ’s m i c r o s t a t e s  wil l  he spread among a d i s t r i b u t i o n  >~

- ‘

of c l i st i n g u i sh a b l e oa r t i cl e s .  Ensemble  averag ing can be accomp lished -

at roug hl y t h ree  levels.  The c rudes t  (and hence  the l eas t  rea l i s t ic )  is 
~

-
< ~~~~to s i iu p lv a v e r a g e  all mic rosta tes  into a s ingle mean state . This is the

one -d imens iona l  approach.  Since this means that  the multip licity of
d i s t i ngu i s h a b l e  m ic ros t a t e s  are  “ cram m ed” into a unique mean , this F~~M~
model  can pred ic t  onl y g ross  phenomenolog ical cha rac t e r i s t i c s  because
all  i n f o r m a t i o n  pe r t a in ing  to the d ivers i ty  of the mic ros t ruc tu re  has
been lost in the averag ing p rocess .  There fo re , these models are
i n h e r e n t l y incapable  of predic t ing detailed par t icle  s ize  e f f e c t s .  All
one -d imens iona l  combust ion  models are  of this typ e (13 - l 9 ) ~ The next
leve l  of “ averag ing ” i nvo lves  averag ing of the m i c r o s t a t e s  associated ,‘-~

with  d i s t inguishab le  pa r t i c l e s .  In this “petite ensemble” method diver-
s i t v  due to d i s t i n g u i s h a b l e  par t i c les  appears exp licitly whi le  d i v e r s i t y
due  t~~ a d i s t i n g u i s h a b l e  p a r t i c l e ’s m i c r o s t a t e s  appears  imp licit ly.
The r e t u r . , “pe t i t e  ensemble” models can p red ic t  pa r t i c l e  s ize e f f e ct s .  ,

~~
..

The s t a t i s t i c a l  c o m b u s t i o n  model developed under  th i s  p r o g r a m  and that
of ~ ‘ l le r , et al . (20 , 2 1)  fa l l  into this ca t egory .  The s ta t i s t ical  combus - ~~~~~~
t i n  models  of Cohen , et al . (4)  and San-imons(5) lie somewhere  between ~~~~~~ ~~O* ~~

t h i s  and the f o r m e r  ca tegory  because they emp loy an equal rate hypothesis .  ~~~~~~ .,.. ,

That i s , these  models “ r e c o g n i z e ” d i s t ingu i shab le  par t ic les  but p r e s u m e
tha t  the d i s t i n g u i s h a b l e  p a r t i c l e s  all have the same r e g r e s s i o n  rate . The
u l t i m a t e  r ea l i t y ,  b e c a u s e  it is what  na tu re  does~ comes f rom recogniz ing
all m i c r ost a t e s  in a g rand ensemble .  Gl ick(9 , t O )  has pa r t i a l ly f o r m u l a -  ~~~~~~~

ted a c o m b u s t i o n  model of this type. ~~~~~ s
~~~~~~ ~~~~~~~

i t  is i m p o r t a n t  to note that computa t iona l  e f f o r t  rap idly escala tes  -
e1•’~~

- E.~~eM ~LE
w i t h  comp lexi t y. At the one -d imens iona l  level  only one flame s t r u c t u r e  — -- —

m u s t  he computed ;  at the “petite ensemble” level one must  compute as
m a n y  f lame s t r u c t u re s as the re  a re  distinguishable pa r t i c les;  at the grand

~D~~~ute  the “s ta te  of a p a r t i c u l a r  p a r t i c l e ” b y its “m i c r o s t a t e”

.8
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e n s e m b l e  level  as m a ny  f l ame  s t r u c t u r e s  as t h e r e  a r e  n . i c r ost a t e a  m u s t.
ue computed . M o r e o v e r , at the ir and  ensemble  i t - c i  e ach  m i c r ’m t a t .  is
a l w a y s  nonstead y and there  is  no r e a s o n  (o the r  t h a n  m a t h e m a t i c a l  nt - i b t y l

t o  a s s u m e  the condensed p h ase is h on o~~ene u i . i b x s , at t h g r a n d
ensemble  l eve l  one is faced  w i t h  a v i r t u a l l y o v e rw h e l m i n g  c o mp u t a t io n a l
b u r d e n .  On the o ther  hand , “pe t i t e  e n s e n o l e  ave rag ing p r o v i d e s  huer-
iSt i c  r easons  fo r  t r e a t i n g  a d i s t i n g u i s h a b l e  p a r e cle ’s f l a m e  s tr u c  t u r e  as
en s e m b l e - s t e a dy and the condensed p hase  as h n o c’en e  JU S .  Consequen t l y,
i t  appea r s  that  the “ pe t i t e  ensemble ” a p p r o a c h  o f f e r s  tb.  most  q u a l i t y

G i n f o r m a t i o n  pe r  u n i t  cos t . For  this  r eason  i t  ‘.‘. i l l  p c i - v a i l  f o r  a cons ide r -
ab le  per iod  of t ime .  This is the t h e o r e t i c a l  app m a c  h b w,-d in th i s
w o r k ;  t h i s  is the r eason  tha t  e f t o r t  on the grand e n s e m b l e  a p p r o a c h  was
(1 is co n t inued.

Because  of the  random , d i s c r e t e  s t r u c t u r e  of he te rogeneous
prope l l an t s , the burn ing  s u r f a c e  possesses  a random , d i s c r e t e  s t r u c t u r e .
At t en t ion  is focused  h e r e i n  on this  s t r u c t u r e  and , in p a r t i c u l a r , at the
b a s i c  “e l emen t ” of this  s t r u c t u r e :  an o x i d i z e r  p a r t i c l e  and i t s  “ b i n d e r” .
These  fue l  s u r f a c e r / o x i d i z e r  p a r t i c l e  p a i r s  a re  the “ f u n d a m e n t a l  part i -
d e s ” of s t a t i s t i c a l  combus t ion  m o d e l i n g . Because  of the random st ruc  - 

~~~~ ~~~~~~~~~tu re  of the solid , the p o p u l a t i o n  of fue l  s u r f a c e / o x i d i z e r  pa r t i c l e  pa i r  ~.~~ - ci€ ~ e,i L,

m i c r o s t a t e s  f o r  any d i s t i n g u i s h a b l e  pa i r  wi l l  be random .

The pu rpose  of s t a t i s t i c a l  anal ys i s  is to re la te  m e a n  behavior  to
ind iv idua l  m i c r o s t a t e  behavior . Since the whole is the sum of its par t s ,
this  is accomplished b y summing all microsta tes on the burning su r f ace .
Cons ider the con t ro l  volume sketched in Fi gu re  1 . For this control
volume mass  and e n e rg y  conse rva t ion  (neg lect  kinet ic  and potent ial
e n e r g y )  g ive ( 2 2 )

d,m. /dt  ~~~ + 0)

0 
9

and

ç 
~ 

- 

~~~v~v/~it r1~ /~h + ~~ 4 ~~ (2,)

w h e r e  the fac t  that 1~~) 0 on St,, has been employed. Assume
that moves such that the volume in the control volume is
s ta t ionary  Ti’V(t l 

~ . Then to an excel lent  approximation

~~ * M,t. (t)  . The s tored ene rgy  E is

E =  d~ (
~)

9
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S i n ’ i- ) t i . )  ‘~~ ~ -~ , and h = h~ ~ on S , Eq.  ( 1 )  ‘ t o  n ,-s , in
th e m n ” v i n c  c o o r d i n a t e  sy st e m , ‘ p

~~~~ = ~~~~~~~~~~~~ ~~~~~~~~~~

,‘. i t h t h i s  r e i a t i o n , 1-k: - (3 ~, and the si t that  \- \ ‘ ( t ) , Fl . (~ ) becomes

~ 1~~~~I d t  +

Equ a t i o n s  ( 4 )  and ( 5 )  i c , -  in t e c r a l ”  equations that c o nst r a i n  the
oh ’  c n en a .

A s s u m e  t h a t  t h e r e  a r e  Q mid r o s t a t es  ( i  = l , Q)  on S~ . Then
Fqs . (4 )  and ( 5 )  become

F~~ ~~ ~~~~~~

and 
L

On the ind iv idua l  m i c r o s t a t e  level q ,  hc , s, m ” a re  funct ions  of
t ime and f , e a re  f u n c t i o n s  of ~ and t because  of t empera tu re
i~ r a r c e n t s  and the d i s c r e t e  s t r u c t u r e  of the condensed p hase .
C o n s e q u e n t l y, if all d i s t i ng u i s h a b l e  mic ros t a t e s  a re  to he “ counted”
( g r a n d  ensemble  method ) at l eas t  Q s imul taneous  o r d i n a r)  d i f f e r e n -
t i a l  e q u a t i o n s  m u s t  be solved to de f ine  r. Since Q is a 

-~~~~ larg e
: i n ’o”r , this  a p p r o a c h  is c u r r e n t ly computa t ional l y imposs ib le .

T h e r e  a r e  many more micros ta tes  than d i s t i ngu i shab l e  p a r t i c l e s .
The re or e , to reduce the computa t ional  b u r d e n  de f ine  a su i t ab l e  mean
rri  o c t a t e  f o r  each d is t inguishable  p a r ti c l e  arid then “ count” d is t inguish-
able  p a r t i c l e s .  This is the pe t i t e  ensemble  approach . Let Q~ be the

u m b e r  of p a r t i c l e s  and N~ the number  of ~mic ros t at e s  for  the ~th
d i c t i n i t u i s h a b l e  pa r t i c l e .  Then 

~~~ 
P ’J~ and ~~~~~~~ . With this

s u b d i v i s i o n  of rn i c ro st a t e s  Eqs. (6 )  and (7)  become

~ 
(
~ ~~~~~~~~~~~~~~~~~~ /~ (

~~)
- t~s,i~~
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~~ ~~~~~~~~~~~~~~~~ ~~
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=0
~~= ‘ 

0~~~, 

-

In both  e q u a t i o n s  the inne r sum r e p r e s e n t s  the  sum ove r  all m i cr o -
states associated with the th distinguishable part cle. Sinc e these
m i c r o s t at e s  are  s i m i l a r  t o those  of an a p p r o p r i a t e  m u n o d isp e r s e
p r o p e l l a n t , the inner  sums  r ep r e s e n t  ensemble  ave  r ages 4 f o r  a
sequence  of m o n o d i sp e r s e  p s e u d o - p r o p e l l a n t s . ‘~‘ In th is  f a s h i o n  one
is lead q u i t e  n a t u r a l l y to the c o n c e p t  that  the c o m b u s t i o n  phenomena
of p r o p e l l a n t s  w i t h  mixes , pol yd i s p e r s e  o x i d i z e r s  can ae related
m a t h e m a t i c a l ly to b u r n i n g  r a t e s  f rom m o n o d i sp e r s e , psuedo-prope l l an t s
i f  the fue l  s u r f a c e / o x i d i z e r  p a r t i c l e  pa i r s  ac t  independent l y. In other
‘-‘.o r d s , a comp lex pol y - p henomena  can be r e d u c e d  to a s equenc e of
s : c p~er  mono-p henomena ;  the we l l  known d i v i de  and c onque r  s t r a t e g y .

Other advan tages  a c c r u e  wi th  the pe t i t e  en semble  s t r a t eg y .
Because  ensemble  a v e r ag e s  do not f l u c t u a t e  randoml y in time (the
s u m m a t i o n  e l i m i n a t e s  the ~n oj s e  due to the r a n d o m n e s s )  (a )  onl y
t e m p o r a l  f l u c t ua t i o n s  c o h e r e n t  wi th  envi ronmenta l  f l u c t u a t i o n s
need be accounted fo r  and (b )  all monodisperse  p seudo-propel lan t
condensed  phase t h e rm o p hy s i c a l  p r o p e  r u es and thermal  wave th ick-
nesses  a re  ti ose fo r  the hu lk  p r o p e l l a n t ’ - s i z e s  are small  compared
to the t h e r m a l  -“sves  t h i c k n e s s.  The f a c t  that t h e r m a l  wave th icknesses
are e q u i v a l e n t  for  all p s e u d o - m o n o d i s p e r s e  propel lants  imp lies that
l a t e r a l , conduc t ive  e n e rg y  t r a n s p o r t  in the condensed  phase will  be
smal l .

App l ica t ion  of the mean  value theorem for  in tegra l s  to Eqs . (8)
and ( f l  y ields

S

~~ 
L ’~0~ i; (to)

4Term these ensemble  averages  pe t i te  ensemble ave rages  to show that
they  app ly to a p a r t i c u l a r  d i s t i ngu i shab le  p a r t i c l e.

*~~This is really a ma themat ica l  cons t ruc t ion ;  the pseudo p r e f i x  denotes
that these  n-ionodisperse propel lants  can not exist in na tu re .

***Recall that the pseudo-propellant is a mathemat ica l  const ruct .  As the
condensed phases  s t r u c t u r e  is random , a peti te ensemble  psuedo-
pr opel lant mean for  the condensed  phase must  include all possible
a r r a n g e m e n t s  for  those p a r t i c u l a r  d i s t i ng u i s h a b l e  p a r t i c l e s .  The
mean of this sum is the mean of all possible arrangements . In other
words , the bulk  p rope l lan t .

11 
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- ‘ - - I t -  c. the a m  - - - u - c d e n -  t e a  s i t a ~~le mean v a l u e s . l’l. e i n t e c ra l  c-ic e ru
eq u a t n is ob v i o u s l y s a t i s f i e d  w h e n  each summand  is i d e n t i c a l l y ze  c .
Since the summand  ~~~~~~~e d b y l a t e r a l  cr n d e ns~ ph a se  e n e rg y
t r a n s o - r is the  m e a n  e n er u  y equa t ion  b r  a f u e l  s u r f a c e  / ‘ux i d i z e r
p a r t i c l e  p a i r  and l a t e r a l  - r i - m~~ y t r a n s p o r t  is sn ail  in the condensed
:) h a s e , a n~ va l id  s o l ut i o n  t o r  the fl C a n  m i c r o s t a t e  of a n-i o nn d i s p e r s e

-
‘ p a e r d o - p r p e i a n t  can be emp loyed w i t h  Eq.  ( 1 0 )  to c o mp u t e  the n ean

c t , -  1 a pol yd s n e r s e  or op e l l a n t .

S ince  
~~~~~ 

A~~ ~~~~ w h e r e  t i e  su u s c r i p t  p
re - r s  to q u a n t i t i e s  sat- b on the pr to t i o n  of L S0 - on S , Eq. (10  I
c an  e r e w r i t t e n  as ‘ p

~~~~

If  the p lana r s t a t i s t i c s  of the burn ing  sur fa c e  a re  s ta t ionary, d if f e r e n t i a -
t ion of Eq. ( 1 2 )  y ields

~~~

‘ 

~~~~~~~~~~~~~~ (~ )

w h e r e  ( ) denotes any env i ronmen ta l  v a r i a b l e  (p, T,,, X f low , et c. ).
Th us , with some manipulation and the appropriate def ini t ions

c~p

~~~~ ~~~~~~~~ ~~ /( ~~~

~~~~~ ~~~l 
~~~~ (t

~~~ )

~~ IE~~~)

~~ IC Fp~ ~~~
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r}- e s e  r , - i a t - r s  slo w t h a t  all i m p o r t a n t  b a l l i s t i c  p a r a m e t e r s
can  i t -  c i n -  c t , ’r ~ f r i c  p se  do - r u  mc i i  t n ’ -  r s e  v a l u e s .  They also show
t h a t  i t i ,  p s e c i d o — m o n ,,li~~nt-  m a , -  p rope i l a n t  u t -an  p r p. - r t i e s  ( ) .  a r e
b i n d , -  t i c , -  p - b y dn - p i  r se  c t - a n  pr n er t v  ( n i - cr w i t h i n  these b~~indc . .

l i -  c c i t t , t si’ c t h -  t ) e t i t e  , - n s i - r i L l e  ap p r o a c h  is to d e t e r m i n e

ap o r o p r i a t e  n . - n o d c s p e r s e  p e c r i d o _ p r o p e l l a n t  means .  SiEice the mean
mic  r n s t a t e  ri u s t  s a t i s f y  t i . -  c o n s t r a i n t s

r

~~ ~~~~~~~ 
~~~~ /~

—
~_~

and

r
~~c~ - 

~~~~~~~~ ~~~~~~~~~~~~ 
+ ~~~ ~~~ ( ‘a ,

Pb -to - , t og e t h e r  wi th  the p henomenolog ical  fu e l  s u r f a c e / o x i d i z e r  p a r t i c l e
p a i r  c o m b u s t i o n  model , r e p r e s e nt  the m a j o r  i n s t r u m e n t s  f o r  def in ing
a p p r o p r i a t e  means . For  this  p u rp o s e  t h e s e  i n te or a n d s can be i n t e r -
p r e t ed  as a c a i n e  f o r  a p a r t i c u l a r  m i c r o s t a t e  and dS as the s u r f a c e  a r ea
occup ied b y p a r t i c l e s  v - c t h  tha t  m i c r ost a t e .  A s s u m e  a r ea sonab l e
f u n c t i o n a l  f o m n  f o r  ri ,) ( t ) .  Then , s i n c e  t empora l  and spat ia l  m i c r o -
s ta tes  a re  re la ted  by t1~Iè e r g o d i c  s u r m i s e  ( s ta t i o n a r y  phenomena) ,  the
ma s s  f lux  f r o m  any m i c r o s t a t e  can he de te rmined . The n u m b e r  of
t o t - c i f i c  m i c r o s t a t e s  is d e f i n e d  b y a s s u m i n g  a b u r n i n g  s u r f a c e  topo-
i ir ap l-v . The o x i d i z e r  p a r t i c l e  s ize  d i s t r i b u t i o n  d e f i n e s  the number
d e n s i ty  of ~th o x i d i zor  p a r t i c l e s  (dN ~ / d V )  as onl y those ~th pa r t i c l e s  

~ ~ 
(T -

l y ing w i t h i n  -- I f l / 2  f r o m  the b u r n i n g  s u r f a c e  can i n t e r s e c t  it and all 0.“depths ” of i n t e r s e c t i o n  ~~~ £ S a re  equal l y p robab l e , the
n u m b e r  of p a r t i c l e s  in any s p e c i f i c  m i c r o s t a t e  can he de t e rmined .  By
c o m b i n i n g  these  two steps mean va lues  can be d e f i n e d  in t e rms  of
p a r a m e t e r s  in the f o r m s  a s s u m e d  f o r  mass  f lux and s u r f a c e  topograp h y.

T h e r e  now appea r s  to he s e v e r a l  w a y s  to p roceed . They depend
upon whether  Eq.  ( 1 6 )  is emp loyed as a r e l a t i o n  fo r  the mean  s ta te  or
as a tool to a s s i s t  in d e f i n i ng  the m e a n  s ta te .  In the f i r s t  approach the ~~~
mean  s ta te  is d e f i n e d  b y r e q u i r i n g  that  the mean  m i c r o s t a t e  he an - ,. ., ~~~~~~~~~~~~~

a c c e s s i b l e  m i c r o s t a t e  and then  Eq.  (16 )  emp loyed with the p h ysio-
c h e m i c a l  combus t ion  model  to d e f i n e  ~~~ , etc.  Anothe r approach
would he to emp loy cer t a i n  a s p e c t s  of the p~~y a c c h i - n o  cal combus t ion
model  (i .  e .  , s u r f a c e  p y r n l y s i s  l aw(s ) ]  to d e f i n e  h~ ~ 

in t e r m s  of

mj ~ ,j ( t )  and then Eq.  (16)  to b e t  m e  q ” . By r e q u i r i n g  the mean
m i c r o s t a t e  to be an a c c e s s i b l e  m i c r o s ta t e  m~ - , etc . could then b .
d e t c r e r l .
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l i c e  at , ,vc- is vague ;  it is d i f f i c u l t  to be g e n e r a l  h e r e  w i t h o u t
e : nc  v a g u e . An i m p o r t a n t  po in t  is that  s u r f a c e  t opog rap hy ,  mj~, j (t ,

a nd t h e  mean  s t a t e  cannot  all m e a r b i t r a r i l y spec i f i ed  if  a c o n s i s t e n t
n c - m i t - I is c l , - s i m , ’ c j .

The d i s c u s s i o n  ah oy . -  has concen t r a t ed  on the situation where
t u , - l  s u r t a .  e/ x m d t z i  r p a r t i c l e  p a i r s  a re  i n d e p e n d e n t  and the condensed
p hase  p r e h e a t  z o n e  is m u c h  t h i c k e r  than  the l a r g e s t  o x i d i z e r  p a r t i c l e .
o t i  a s s u mp t i o n s  a r e  u n t r u e  to some de g r e e . Does th i s  i n v a l i d a t e  the
a p p r o ach ~ N , i t  d o-cr - n ’t , h u t  i t  d e s make  it m o r e  comp lex b e c a u s e
i r t m - r j ~a r t i r l e  i n t e c - a c t i o n s  m u s t  be c o n s i d e r e d  to r e lax  t h e s e  ~ s su m p —

— 
~c f l s . F o r t u n a t e l y , on a d e f l a g  ra t ing  s u r f a c e  t h e r e  is a f i n i t e
“ c . . - c c c o ry ” b e c a u s e  the  con b u s t i u n  p r o c e s s  l i t e r a l l y “ b u r n s  up ” the

-
‘ ‘ d s  t a n t ” pa s t .  Thus , i n t e r a c t i o n s  a re  l imi t ed  to n e a r l y p a r t i c l e s .

n t i - r a c t i o n s  w i l l  o c c ur  ci n o d  r e a c t i v e  zone i n t e r a c t i o n s  tha t  modi f y
b ,  l a t e r a l  e ne r mz v t r a n s p o r t  in the condensed  p h ase , and f l u c t u a t i o n s

ci f ( v i  f r o r i . t he  n c  c i i . All a s p e c t s  are  re la ted  b e c a u s e  they  depend
u p o n  t i c , -  p c oal ,  i i  i t y  of f ind i ng ano ther  p a r t i c le  w i t h  sp e c i f i c  c c i .  ros t a t e

t h i n  a c e r t a i n  d i s t a r u ,- fr om the p a r t i c l e  be ing c o n s i d e r e d  and the
v a r i a t i o n  of t h e  i n t e r a c t i o n  w i t h  d i s t a n ce . Since  ph e n o m olo g i c a l  l aws
at - ’- i n - c d n m r  i n te r a ’-t i o n s  and the n u m b e r  d e n s i t y of sp e c i f i c  p a r t i c l es
c a n  ~ . c omputed  b e c a u s e  t h e  m e d i a  is random , th ese  i n te ra c t io ns
t i -  mid lo- c a lcu lab le .  ~ ~~ is r e p r e s e n t s  the c u r r e n t  r o n t i e r  of the
th e o r y .

R e vi e w  of ( u r r e r . t  ~‘, 1odel s

fo de f ine  the c u r r e n t  t echn ica l  pos i t ion  the s ta tus  of s tead y-
s t a t e  combus t ion  mode l ing  mu s t  be s u r v e y e d . C u r r e n t  c o m b u s t i o n
n i dels  come in two f o r m s:  one -d imens iona l  and s t a t i s t i c a l . One -
d i m e n s i o n a l  models  are  i n h e r e n t l y i ncapab le  of q u a n t i t a t i v e  desc r i p t i o n
of a l l i s t i c  phenomena  b e c a u s e  h e t e r og e n e i t y  is not i nc luded  in an
o p e r a t i o n a l  f a s h i o n .  S i n e o n e - d i m e n s i o n a l  c o m b u s t i o n  models have

e e c .  r ev i ewed  e l s ewher , -L 1  ~ - I f i , onl y s t a t i s t i c a l  models  wi l l  be
re -,- i e w e d  h e r e i n .

l ie r m a n c e  Model~
23

~ - Stead y - st a t e  s t a t i s t i c a l  combus t ion
mc ’deling v as i n i t i a t ed  b y H e r m a n c e .  His c r e a t i v e  s tep  was to combine  ~~~~~~ ~~~a d e t a i l e d  ph y s io c h e m i c a l  model fo r  sp he r i ca l  ox id ize r  pa r t i c l e  combus-
L i o n  w i th  s t a t i s t i ca l  concepts  def in ing  the mean  m i c r o s t a t e .  Fi g u r e  2
i l lu s t r a t e s  the ph y s i o c h e m i c a l  model fo r  a fue l  s u r f a c e / o x i d i z e r  p a r t i -  ~
d c  p a i r . The uni que f e a t u r e  is a c r e v i c e  at the o x i d i z e r / b i n d e r  i n t e r -  ~ t

f a c e  w h e r e i n  he t e rogeneous  reac t ion  be tween  gaseous  oxidant  and solid
f tm , l o ccu r s .

l i er m a n c e  emp loyed  the c o n t i n u i t y  equa t ion  (n.e z~ )

~~~~~
“ (~~ ç /~~ ~ ~~~~ !~~~~

‘
~ ~ ~~~ 

(t’T )

i l l e r , l ) onuh ue , and Pe te  r son~
2 1)  

have  i n t r o d , i c  i’d i n t e r a c t i ons in an
a p p r o x i m a t e  w a y .  This w o r k  is r ev iewed  in the nex t  s e c t i o n .
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where the mass fluxes on the RI-IS w e r e  means  f o r  i n n i n g  f u e l  s u r f a c e !
ox id it , - r p a r t i c l e  p a i r s  and the a r e a s  w e r e  fo r  ~~~y ai  1~5 on the b u r n i n g
su r f a c e .  It was  s u b s e q u e n t ly  assumed that  the o x i d i zer  r e g r e s s i o n  ‘ •

r a t e  was a s tep  t u i o t i n 
r

r- 
~c. ( o s t : *

(~

~ 

;‘ ( A ; -~~~~~~

‘-‘- h e r e  t = o when  the p a r t i c l e  I c r s t  p e n e t r a t e s  the n r r . in g  a - J r i a  e and
t j g f l  is the  i g n i t i o n  d e l a y .  Since the h e t e r o g e n . - - c s  s u c c o r  e ce a c t i o n
r e q u i r e s  o x i d i z e r  d e c o m p o s i t c o n , m~~r = o fo r  o ~ t t

1 0 . ~~~~~~~

T h e r e f o r e , t o r  o a t ~ t h e r e  is onl y f u e l  vapo r  f low ~r~~n t he
su r f a c e  of a f u e l  s u r f ac e iYcI

~x i d i z e r  p a r t i c le p a i r .  ( r m n s e q u ent l y, w i t h
an i g n i t i o n  de lay  t i g n  ci , i t  is c l ea r  tha t  the l im ing s u r f a c e  is c rj  ~—)

- - - - - I —
~~~ ~~~~~~~~~popu la ted  w it h  some f u e l  s u r f a c e / o x i di z e r  p a r t i c l e  p a i r s  possess ing  5~~~~ b -

= 
~~~~~ 

= . App l y ing Eq. ( 10 )  to the b u r n i n g  a u c -  a i- and noting *~ s
t h at ~~~~~ 

= m~~ r = o fo r  som e f u e l  s u r f a c e / o x i d iz e r  p a r t i  Ic p a i r s  ~~~~~“ -~ ‘ ~~~~~~~~~~~~
- fl3~ 

%,e~~A.ty ie ld s

~~~~~~~, ~~ /~ + i ~~ ~~~~~~ G~~( ~~~~~~~ 
/~ ~ ~~ ~~~ / 

~~~~~~~ 

(ti)

( i n t r a s t i r u g  Eqs . ( 1 7 )  and ( 1 0 )  show s that the fo r m e r  emp loys mean
f l u x e s  fo r  igni ted  p a r t i c l e s  w i th  s u r f a c e  a reas  for  all p a r t i c l e s .  This
is not cons is ten t.  Since Sp, ox , ign < S~~, ox and Sp, s r , ign < Sp sr ~the rate p red ic ted  b y H e r m a n c e ’s equat ion  wil l  be too l a r g e  if all othe r
th ings  are  equal .  As the incons i s tan cy  va r i e s  wi th  ti g n  and tign var ies
wi t h p r e s s u r e , p r e s s u r e  exponent wil l  also he e f f e c t e d .  However ,

h e n  t i gn  o ,this i n c o ns i s t e n c y  vanishes.  T h e r e f o r e , Hermance ’s
t h e o r y  is l imi ted  to sn -cal l  ign i t ion  de lays  b y this  o m i s s i o n .

~~~~~~~~~~~~~~ anal ys i s  a s sumes  the f u e l  s u r f a c e  is a p lane.
T h e r e f o r e , the numbe r  of p a r t i c l e s  i n t e r s e c t i n g  the s u r f a c e  S~ per
uni t  of is

d~-u/~i~~~ ~ ~~/-~v

For the sp h e r i c a l  p a r t i - l . - s  a s sumed  in this  anal ysis  the volume f r a c t i o n
of ix i d i , . e r is S~~~~tm’I~.) ~~ , and the p lanfo rni of each  in te r sec t ion  of
a par t ic le  w i t h  S~ is c i r c m l a r .  Since the f r ac t ion  of Sp occup ied b y
o x i d i z e r  is ~ (d’~~,, /d ~p r~~) and the mean  d i ame te r of in tersect ions
hi  tween  S~ and the o x i d i z e r  p a r t i c l e s  is d e f i n e d  b y d~~0, / d~~ ~~irE ’/4 ’1

al g e b r a i c  man i p u l a t i o n  g ives

~ 

. .  _ _ _  _



f i i i s  d i m e n s i o n , the mean fo r  all pa r t i c le  i n t e r sec t ions, was  emp loyed
t m  d e f i n e  the c h a r a c t e r i s t i c  d imens ion  for  the mean defl ag  rating s tate.
Howeve r , s i n c e  all p a r t i c l e s  a re  not burn ing , this  assumpt ion  is
I n (  n a c s t e n t  w i t h  ph y s i c a l  r e a l i t y  unless  ti gn  = o . Note tha t  this d imen-
s i - n d e f i n e s  c h a r a c t e r i s t i c  l a t i t u d e s  on the sp h e r i c a l  p a r t i c l e .

- 
~~~~~~‘- 

1~

A s s u m i n g  t h a t  the f u e l  r e g r e s s i o n  rate is s t ead y,

( 2~~)

LiCsr’,
f he r e t o r , - , if L is the v e r t i c a l  d i s t ance  f rom the nor th  pole of an
x i d i z e r  p a r t i c l e  to a c -h a r a c t e r i a t i c  la t i tude , the t ime r e q u i r e d  fo r  the t ,. ~~~~~

bin d ,- r to r e g r e s s  to a c h a r a c t e r i s t i c  la t i tude is - - ~. -~~~~~~~

L / ~~ (2~~) 
~~~

— - -

~~~ 

- -

W i t h  the  s tep f u n c t i o n  assumed for  r ( t)  it is c l ea r  that , i f  tign < t c ,w
i n t e r s e c t i o n s  w i th  ignited pa r t i c l e s  can occur  in both n o r t h e r n  and
s o u t h e r n  c h a r a c t e r i s t i c  la t i tudes . Howeve r , if ~~~~~ ~~ 

<~

)n l~ the sou thern  c h a r a c t e r i s t i c  lat i tude is acceptable. Finally, if
ne i the r  c h a r a c t e r i s t i c  latitude is acceptable ! The lat ter

s i t u a t i o n  means the model breaks down. The f i r s t  s i tua t ion  implies the
c h a r a c t e r i s t i c  mean state is degenera te  (northern and sou thern  charac-
t e r i s t i c  la t i tudes  are  both a c c e s s i b l e ).  Hermance assumes  in te rsec t ions
o c c u r  onl y at the southe rn cha rac t e r i s t i c  latitude. This r equ i r e s  ~~~~~~~

k I N  . However , aforementioned inconsistencies require ~~~~~~~
H e rm a n c e ’s model is, t h e r e f o r e,  inconsis tent  under  all conditions.

Hermance assumes the mean f i s s u r e  width € is g iven by

E =  ~~~~~~~~~

T h e r e f o r e , the mean he te rogeneous  reac t ion  area  per  par t i c le  is

= T r r ~ (b-~i~

and the total he te rogeneous  react ion area  rat io  is

s,~,. i s ~ =

The fue l  s u r f a c e  is p lanar .  Since and 
~~~~~~,,,. /S~ ~~~~

c~ f ~~ 
— 

~~~~

~ This can be “c u r e d ”  b y accoun t ing  f o r  the d e g e n e r a c y  of the mean s ta te
v - b e n  t ,~~ ~ *C,.J .
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i h c t a , a l l  a r , - a  r a t i o ’ - i n  I - q .  ( 1  ~b a r e  d , - t c n , - r c .

by  ai- i — c i i c  c c  t ic , -  t , - c c . 1 ) , - r ; ’ t k i r , -  of  xi d i ; m - r  a r m . . bm nd , -r  n i - c - equ ;i~ ,
- x c d  - ‘- r d,- . - c c . f l - - t o t i - - i  cc,  a c t  , - c i u i l c - r i un  p i -  t - ~~ a and the d~ a c c p r n  i —

t i o n p t -  -d i ;  t i s  an  d , - ; i  ga s , a nd k i n , - t t c  e xp r e s s i on s  f o r  t i - , -  h e t ,  r u - g e n e _
cius r , - a c  ti -n  t i , -  }c - t - m g t - I u ,  - - - m a  r i - a c t i o n c , -an  n a ~~s u s  w as  r e l a t e d
to tb .  s u r f , _  t e l :  - 0 n c - r ,- . Pcy a a s - .m c -oi ng a p v r - i ’ ; a a r e i a t t -  ci f o r  :Iii-
‘00(1k- :- t t c  o c e a n  l a ss  ‘ b t x  c’ as  a l s o  xo la  t ed  i S a r a -  tc- ’ r p ~ r o t or , - .
b - o r  s t , - a : v — r  c - i t ,  m i c u c i a t c o c i  h i n d e r  and - x i d c , i  r m a t s  ‘ c r - w a - ‘ i t t  be

in p r o m n - r t i r ’ n  to  the  in c  r e d i e n t s . T h e r e f o r e - ,

• 
~~~~~~~ ~~~. 

(~~~)

- rI~- & -c ~u t - n t i : , t ’u o-  o n l y  c y n ic ii is t oe ’ c -u r f a c e  t empt - i- .- - l u r e .

c l - i  s i t r t a c e  t e n c p c - r a t u r e  w a s  d e f i n e d  by sol ’.- .ng a m o e - d i m e n s i o n a l
e r m e r g - . -~r i a t i o n w i t h  h e a t  t e i e a s e  at the b u r n i n g  S l i r l a  a i d  at  a gas
p i c a a c  . i ar x u e . The l a t t e r ’s s t a n do f f  d i st a n c e was cOf l I pu t ec  I)y a ss u m i n g
a S m - u - n d - c - d e r  me ci- t c u c . C o n s e q u e n t ly , a c om pl e te  t o - c  of  equa t ions
r e la t . i cc d I e ; i r a t -  to p r ca  5 0 c c  and i n i t i a l  p r o p e l l a n t  c c c ’  p c  r a t u r e
t i c - i a  h c - t i c  l i l y ec - t - n t e - . - n  ‘‘ p a r a m e t e r s ’’ c - u s  obt a ined .

H e r r c , a n . e  a l so  c o n s i d , ’r e d  p ropc llan t s  w i t h  pol yd i s p e r s e
sp h e r i c a l  o x i d i z e r .  C - -  , - xt en d  the u n i ni o d a l  anal ys i s  to t h i s  s i t ua t ion
it w a s  i n - O u r i Cy  a s a c i n c e d  that  bu ~- l su r a c e /  o x i d i z e r  p a r t i c l e  pa i r s  wi th
d : f t ,  r , - n c  s ’,z.e ox i d i z e r  p a r t i c les p o s se ss  r h ,  same d i 1 l a ~~r a t i on  ra te . *

r e t  i ce , all  h a v e  the sor t : , -  s o r t  e t e mp c - r a t u r e  so t h a t  the e n t i r e
- ‘ i  m r ; i n .’ s t r ~~, c c- on  be t r e a t e d  w i t h  the e n e r g y  e q u a t i o n  employed wi th

t he r i - o f l c c j  i i ,  - t i - g a , -  p r ipel l  an t .

H er m an c e  i r , n c n r i t e r !  r a t e  c - e r s i i s  p r e s s u r e  fo r  two  m o n o d i s c - i r - r s e
a ’a l y s c c l f : d e / . \ P  p .  .~~c Clan t s  and c o m p a re d  the r e s u l t  - , i t h  da t a . F c i t - u
3 m h n v s t h a t  the  i-nodel is cap : r le of v i r t u a l l y dup l i c  a t t n - I  ra te /p r e s s u r e

b r a , t e r i s t i cs  for  a s p e c i f i c  p r o p e l l a n t  bu t  tha t  r - x t t -  ~ h a t i o n  (w i thou t
o a r 3 r u c - t c - i- l a n c e r s )  tm the same o r n u l a t i o n  w i t h  d i f f e r e n t  p a r t m r  Ic Si i . (
- a ~~e f I  n i t ,  l v ci t c , t : a i c t i t a t i  .-e .  Since the- n o d  c-i is  n o t  s e l f — c - n o t  i s l e  n I
t h i s  h e l i av i  - r  is not S u rp r i s i n g .

n - t he t~ i t s  or c I t  t t  i u lty  wi th  He r m a nc  - ‘ cr c c .  ‘ct is  the don- - n ,  i t t
n a tu r ,  or the- c r e ’- im - . In the w o r d s  of R e f e r e n c e  2 , “ This is u n f , - r t c c —
na t e  r e c o i l s  e in a c t u a l i t y  the o x i d i z e r  does nc, t r .-g ce s s  as ( }-lerrnance i

c i c u e d ;  it - does not ma in t a in  an vi- m c l i  sp h e r i c a l  shape-  and there  is
I c i t l e  e- c - t c l e n c e  of c r e v i c e  for i-n~~t ion .  , R e f e r e n c e  2 notes  fu r t h e r tha t
y~~~~

\ n  p i c t u r e s  tr od to deny  c r e v i c e  ex i s t e n c e and show that  the o x i d i z e r
pa i- t : c t ”  S a r e  c ’ ;  e ss e d at hi g h p r i - a s u r e ’ s and p r o t r u d e  at low p r e s s u r e .
Th. r -  r m e , Re i  . 2 c on c l u d e s  that  ‘‘it se -ems  v e r y  u n l i k e l y tha t  the
c - r i - b a s t ion  ri - m -c h a n i s m  could be d o m i n a t e d  b y a no n e x i s t e n t  - i sp  ( c r e v i . - e )

r cc l the a s s o c i a t e - c :  r e a c t i - - m i ” . f h m s  ph y s i c a l  ev idenm led I3ecks tea d ,
D e r r , and p r i c r , ( h , 3)  to  d i s c a r d  H e rm a n ce ’ s un i t  ph v si o c h e mi c al  model
as p h -  cca iL y u nr e a l i s t i c  a r-i d ‘k-c-e lop a m o r e  r e a l i s t i c  one .

“ Ci’ u S  w i l l  be t e r n c e c l  the eq ua l  r a t e  h yp othe  t - i a .
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Because  the model  is neither phys ic all y realistic nor self-
c o n s i s t e n t  t h e r e  seems to he l i t t l e  r e a s o n  to p u r s u e  th i s  model f u r t h e r .

l i ec k st e a d ,  D e r r ,  P r i c e  Mo del ’~~~ 
~ - B ecks t ead , D er r , and

Price (BDP) basi call y embedded a r e a l i s t i c  p h ys i o ch er n u al model  for
f u e l  s ur f a c e  / o x i d i z e r  p a r t C  I t -  p a i r  c o m b u s t i o n  in the s t a t i s t i c a l  p r o c e -  ~~-~~~~ -

d c  re deve loped  b y H erm a n c e  to u p g r a d e  tha t  m o d e l . Fi g u r e  4 i l l u s t r a t ~~ 
F~~~~~ C )the ph y s i c a l  model  for  a f u e l  a u - t a ’  , -/ o x i d iz e r  p a r t i c l e  p a i r .  The uniq u e  ~~~~~~

S ~~sAMEe- a t c i r e - s  a r e  a t r i - f l a r c - i e s t r u m  t o r e  ( o x i d i z e r  decompos i ti on  f l a m e , final /
d i f f u s i rn f l a m e , and p r i m a ry  f l a m e )  and g e o m e t r i c  s t r u c t u r e  f o r  the 

~~~~~~~~~~~~~~ ~~~~~~~
de- t l a g  r a t i ng  o x id i z e r  p a r t i :  a~ . The f l a m e  s t r u c t u r e  is a n a t u r a l  n-m o d i -  S~. —

_

f i c a t i o n  of the extended GE F f i a n c e  s t r u c t u r e  deve loped  b y S u m m e r f i e l d  
•and - , - w o r k e r s ( 2 4 ) . rhe l a t t e r is b u t t r e s s e d  b y co n s i d e r a b l e  e xp e r i -  ç

cc -n t a l  d a t a .  £1, -  p e r m is  s h i e  ox i d i , - c- c l- ;m i- ! u o  e g e o m e t r y  also l ies
w i t h i n  bounds  ohs,- rved e - x p , -  r i m e n t a l l y .  ( on se q u e nt l y t h e r e  a re  v e r y

- ‘
- - - F 4 ~~~~~~~ ~~~~~~~~~goo d reasons  to b e l i e v e  tha t  t i e  1i h v si o i , - c i i a l  model  is r e a l i s t i c .

( ReF 3)

B ecks t ead , D er r , a nd P r t c e  w r i t e  th e- c o n t i n u i t y  e q u a t i o n  as

~~~~~ 
~~

-
. ~~~ = ~:. ~~~~~~~~ is 0 ~

A i c e  re S is the t o t a l  s u r f a c e  a rea  of the b u r n i n g  su r f a c e .  It is inipor-
t a n t  t n%te that  the m e a n s  on the RHS are-  t m  d e f l a g r a t j ~~ f u e l  s u r f a c e/
“ x i d i z e r  p a r t i .  le p a i r s  w h i le  the a reas  a re  f o r  all p a i r s . It was  suhse  - 

rquently assumed that oxidizer re .c r e s s i o n  rate  was  a s tep  f u n c t i o n

(3c)
‘ *,r,~J —

° 
~-r

w h e r e  t = o w h e n  the p a r t i c l e  f i r s t  p e n e t r a t e s  the b u r n i n g  s u r f a ce  and
t i g n  is the i gn i t i on  de lay .  C l e a r l y, s ince  an i g n i t i o n  delay t~~,, ‘0
is assumed , the b u r n i n g  s u r f a ce  wi l l  con t a in  both ign i ted  and non- i gnited
f u e l  s u r fa c e / o x i d i z e r  p a r t i .  it ’ p a i r s .  rhe r e f o r e , app l icat ion of Eq. ( 3 )
y iel d s

~~~~~ /~~~p~ ~ ~~ ~~~~~ (3’)

o n t r a s ti n g  Eqs . ( 2 9 )  and ( 3 1 )  two d i b  t , - r , ’n c , ’~ a re  noted.  F i r s t , if a
m e a n  mass flux fo r  ign i ted  o x i d i z e r  is to be emp loyed , the associated
a rea  mus t  also be l imi ted  t i gn i t ed  ox i d i z e r .  T h e r e f o r e , the BDP
rcm odel  is i n c o n s i s t e n t  in , - x a c t l y  the same f a s h i o n  as He rmance ’s model .
Cons equen t l y, the BDP model is limited to situations where —~0 . 

- 
- —

H o w e v er , note tha t  in the BDP mode l  that  m e a n  ra te  is r e f e r r e d  to the Ss
tota l  bu r n i n g  s u r f a c e  S0 r a t h e r  t h a n  its p l a n a r  p rojec t ion  Sp. Since
strand and motor b u r n i n g  rates are  based  on a p l ana r  s u r f a c e  (because
S0 isn ’t known) , the b u r n i n g  m a t e - s  computed t~~ the F~DP model cannot
be compared  d i r e c t l y w i t h  e xp e r i n c e n t a l  d a t a .  rhe latte r inhibits
u t i l i z a t i o n  of the n-m odel .
* Both of these  d e f e c t s  a re  m r r e c t ab l e .
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I i l i w  log He r n c a n c e 123
~ the d imens ion  1) was  emp loy ed to d e f i n e

and h e n c e  the ocean  m i c r o s t a t e  of a d e f l a g r a t i ng  f u e l  s u r f a c e / o x i d i z e r
p a r t i c l e  p a i r . * H oweve r , un l ike  H e r m an c e  the d u a l i t y  of the mean mic ro -
s t a t e  w i c e - i m  t ign ~ t~~,,,was  r e c o g n i z e d .  It is i m p o r t a n t  to note that  this
r , - m  -~~ fli t iofl  is c l ea r  ‘in n e i t h e r  Ref . (2) _nor  R e f .  ( 3 ) ;  h , ,wever , it is c lear
i n  the computer on e .  Unfo r tuna t e l y,  D is a cha rac t e r i s t i c  d imens ion  ~~~~~~

- m a l l  p a r t i c l e s  on the b u r n i n g  s u r f a c e  and not for  the d e fl agr a t i n g
a i t t .  l i - s  to w h i c h  the d i m e n s i o n  is app lied. This i n c o n s i s t e n c y  also O&’6’~ 5L

l i m i t s  the model  to s i t u a t i o n s  w h e r e  t i gn 0. ~~~~~~~~~~~~~~

To define the oxidizer surface area it  is a s s u m e d  th a t  the
d e f l a g  r a t i ng  s u r t a c e  of an o x i d i z e r  p a r t i c l e  is a sp h e r i c a l  “cap ” . Since ,~~, 

-t l - .e a l t i tude  of the cap at the mean m i c r os t a t e  is

~~ 
- - * ;~ ~ ~~~~~~~ ~~~sc

- - - -;

and it is f u r t he r  a s sumed  that  r~ ~~ , h and s u b s e q u e n t l y S0~~/50 can  be
e x p r e s s e d  in t e r m s  of r~ x and ti gn~

The f lame s t r u c t u r e  was  q u a n t i f i e d  b y assuming t h a t  r eac t ions
v, , -r e  c once ; ,trated  at f l a m e  s t andof f  d i s ta n c e s  based  on k i n e t i c  and
di m tu s ional  cons ide ra t i ons .  Heat f eedback  to the burn ing  s u r f a c e  was
based  on an a r ea  rat io  wei g hted summat ion  of the heat  f eedbacks  f rom ~~-~~~~. ~~~~~~~~~~~~

each  f l a m e.  This imp l i c i t l y assumes each f lame in the t r i ad  acts
independen t l y. U n f o r t u n a t e l y, this is not the case f o r  it is c lear  f rom
h i c c i r e  I t h a t  the f i n a l  d i f f u s i o n  f lame cannot communica t e  d i r e c t l y w i t h  ~~~~~ ~~th e  b u r n i n g  s u r fa c e ;  i ts e f f e c t  is der ived f rom modi f ica t ion  of the
o x i d i z e r  d e c o mp o s i t i o n  f l ame .  Tha t  is , heat released in the f ina l
d i f t is ion f l a m e  i n c r e a s e s  the t e m p e r a t u r e  at the o x i d i z e r  decomposi t ion
f l a m e  w h o  I , , s ince  it is k ine t i cal l y controlled , i n c r e a s e s  its reac t ion
r a t e .  This causes  the o x i d i z e r  decomposi t ion  flam e to move c lose r
to th e- b u r n i ng  s u r f a c e .  It is this “ thermal  compres s ion” of the ox id ize r  

~ -i- ,t~~1- cc
d e c o m p o s i t i o n  f la m e  b y the f ina l  d i f f u s i o n  flam e that causes the heat  ~~~-“~~t- t ( ~~~
f e -d b a c k  via the f i n a l  d i f f u s i o n  + oxidizer  decomposit ion f lame path to ~~~~~~
exceed  th a t  f r o m  an independent  oxidizer decomposi t ion flame . It must  ‘~ccic a’~ - - ~~
be  c on c , r~d e - c t  that the anal y t i c a l  d e s c r i pt ion of the f lame s t r u c t u r e  is
i f l o f l s i s t e n t  wi th the p h y s i o c h e ni i c al  model.  As wi th  the o the r  inconsiS-
t e n c i e s , t h e s e  can also he “c u r e d ” .

l3cc kst e a d , D er r , and P r i c e  have emp loyed the model to compute
a mb i e n t  m a t e  p r e s s u r e  c h a r a c t e r i s t i c s  for  “unimodal” pol y su l f i d e / A P
p m o p e l l a n t s  (the same propellants  employed b y Hermance) .  Fi gu re  5

rese - i , t , ,  a c o m p a r iso n  of theory  and experiment.  Since the 20 ~~
m m -  -o ’ - l l a n t  w a s  selected as a basel ine , the t h e o r y / e xp e r i m e n t  compari-

so n is  e ss e n t i a l l y exac t .  However , the theory is qual i ta t ive at best
I c-n ex t r apo la t ed  to the 200 ,tt. propel lant .  Condon(25 )  has tested the 

- 
-

n~~~de1~ c a p a b i l i t y  f o r  p r e d i c t i n g  t e mp e r a t u r e  sensitivity of the J A N N A F
s t a n d a r d  p r o p e l l a n t .  Fi gu re  6 i l l u s t r a t e s  the compar i son  between

eA n ot h e  r d i m e n s i o n , the m e a n  width  of the fuel  s u r f a c e  surrounding the
- x i d i z e r  p a r t i c l e  is invo lved . This wid th  was computed b y a s s u m i n g  that
the p r o p e l l a n t  has  an orde red  bod y cen tered  cubic s t r u c t u r e.  As its
s t r u c t u r e  is rand --nc , this dimension is also slig htl y in e r r o r .

20 
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t l , - , , r ~ and e xp er i n m e  cit m o r  b o t h  r p and r a t e / p r e ssu r e .  Not ice  tha t  whi le
ra te p r e s s u r e  m e - h a v i c m r  is in r e a s o na b l e  a m.m n t -c l i en t  w i t h  e x p e r i m e n t  the
t h e o r et i c a l  i~p d i f f e r s  s u b s t a n t i a l l y f r o m  e xp e r i m e n t . These d ive rg ences
bet ’a een t l c ’ - o r y  and -x p e -r im e n t  a r e  not unexpe  ted in v i e w  ot  the a f o r e -  -
c i :  t- n t io n e d  in c o n e ,  i St e  ni m t - s  i n  the model.  —

C - n t r a s t i n g  the t h e o ry / e x p e r i m e n t  c o mp a r i s o n s  i l l us t r ated b y
F i g s . 3 and 5 d e m o n st r a t e s  that  ho th  the Herni anc e arid BL) P models f i t
the same da ta  base  equal l y w e l l  ( r e m e m b e r  He r rnance  a d j u s t e d  para-
m e t e r s  to the 200 m i cr o n  d a t a ) .  This is a r a t h e r  s u r p r i s i n g  resul t
- c - c a u s e  Herman cc- ’ a u n i t  p h y si o c he mi c al  mode l  is ph y s i c a l l y u n r e a l i s t i c

w h i l e  BDP’ s i sn ’ t . Wh y did t h i s  o c c u r ?  The onl y s e n s i b l e  exp lana t ion
is t h a t  both theor ies  have  s u f f i c i e n t  “ ad j u s t a b l e” p a r a m e t e r s  ava i l ab l e
to p r o v i d e  an a c c e p t a b l e  f i t  to v i r t u a l l y any l i m i t e d  d a t a  b a s e . Since
y e- ry  few of these parameters are defined w i t h  p r e c  i a i o n , n u m e r o u s
p a r a m e t e r s  a r e  a v a i l ab l e  for  c u r v e  f i t t ing . This result demonstrates
in a v e r y  c o n c r e t e  f a sh ion  that  p hy s i c a L  r ea l i sm  is not g u a r a n t e e d  b y
a model’s ability to predict/correlate experimental data. In
m a t h e m a t i c a l e s e  the a b i l i t y  to f i t  e x p e r i m e n t a l  data  is a n e c e s s a r y  but
not  s u f f i c i e n t  condi t ion f o r  a model’ s ph y s i c a l  v a l i d i t y .

Mi ll e r s H ar t m a n ,  and M y e r s  Model~~
°
~ - Mil le r , H a r t m a n , and

M yers  (MH~vI) w e r e  also in f luenced  b y H e r m a nc e ’s i n n o v a t i v e  b lending
of combus t ion  model and s t a t i s t i c s . However , ra the r than fol lowing the
path  of a detailed combust ion  model p lus s t a t i s t i c s  fo r  m o n o d i sp e r s e
propel lan t  they emp loyed an exis t ing  q u a l i t a t i v e  combus t ion  model and
extended it to poL yd i s p e r s e  s i t u a t i o n s . This app roach  was  both innova-
t ive  and p r a c t i c a l . It was innova t ive  because  it embeds  par t i c le  s ize
exp licitl y in the r e su l t ing  model  in an opera t iona l  f a s h i o n . It was
p r a c t i c a l  b e c a u s e  all real p rope l lan ts  a r e  pol yd i s p e r s e .  In addit ion ,
their approach is computationally undernanding .

Mil le r , H a r t m a n , arid M y e r s  began t h e i r  anal ys i s  f o r  stead y-
s ta te  combus t ion  wi th  the c o n t i n u it y  e x p r e s s i o n

~ .-

In add i t ion , app l ica t ion  of cont inu i ty  to fuel  and oxidi zer flows yields

~

C ~~~~ 
~~~~~~~~ 

(3~~)

w h er e  the s u b s c r ipt p deno te- s  a p l a n a r  p r oj e c t i o n  of the area .  Fox-
s tead y - s t a t e  d e f l a gr a t i o n  the p l a n a r , a r e a l  mean  r e g r e s s i o n  ra tes  are
ident ica l  -

C r
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- - c s  e- ’ : i t - n i ly ,

— k~ ~St-  -

r

-
~~

t & .  c g n m , i i m g  t h a t  t h e  c . r c : c r ~g b u t - - , -  e- is  — - r i - n o- ed of a p o l \ o i s p m - r s m n
o , r t i m  i , -5 , t h a t  t l ~, w I  e- cs the sum of i t s  p a r t s , and t h a t  in Reyno ld ’ s

r u l e s  of ave- c - a~~c t m g  t he  cc e a r c  of a s - m n  is t h e  sum of ~F e  m c - ,  a n s (  I , t h e y
- - r io  t h e -  rc an as a s- -on - ov , -  r all  p a rt ~ le- ~ on th e  nu r n i n L  s u n i a  e . T h u s ,

~- t t h t h e  j  c n d e - x  r e - n r e s e r , t m n g  a n a r t :  u la r  S i z e -  of p a n t  ~

r
~~P SF- / 55 

~~~
i_ I ~~~~~~~~

- - c  a r i c - -~n of Eqs . (38 )  and ( 1 0 )  s hows t} ,at  Ml-IM inven ted  the  pe t i t e
:: c-~ : o e ’ c c . - t i c - , c i . S ince

r r
~~r, AP~ se-, ,  ~~~~~~ -‘ - ‘

Eq.  (38 1 can t i e  r e wr i t t e n  in t erms  of i n d i v i du a l  p lanar  reg r e s s i o n  ra tes

F ~~ ~ / ~~ ( 4 6 ,

Assum ing tha t  the burn ing  s u r f a c e  is p lanar and the pa r t i c l es
aj ~~~~~j~e r i c a l ~ the  n u m b er  of j p a r t i c l e s  per  uni t  su r f a c e  is

~ / - ‘
~ ~

-
~
- ~ ) m-

F low e - - - r , volum e f r a c t i o n  ~ and wei g ht f r a c t i o n  a re  re la ted b y

-“ i nc e  the  m e a n  d c a m e t e r  of the  intersected p a r t ic les i s

and -

r~~~f4

See d i s c u s s i o n  p r e ’  c e-I ng Eq. 2 1 )
-- ‘ N o t e  ~

m a t  F b .  ( 1 0 )  in  Ref . (20 )  is in e r r o r  b y the f a c t o r  2 /3 . As every-
th ing  is l a t e r  lumped t n t ~i a c - - n s r a n t , this  m a k e s  no real  d i f f e r e n c e .

24

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _______________



- - —----—-•=_--——~ 
—--- .--‘--- ------—- --- --‘ 

-- — - 
~~~~~~~~~~~~ 

— 
-~~ - -- -,,, -

-
- 

-,---.,--- —-- -

If
I s howed tha t

-: —
- ~‘ ~

As

Eq. ( 4 c  - becomes

r ~~~~~~~~ ~~~~~

I t  a p p e a r s  tha t  E~~. ( 4 7 )  app lies u n i v  to sp h e r i c a l  p a r t i c l e s
c e -  ca use ti at  a s s  to a t c i n was e r c a i - m y e n  ir, t ,L,-  d c r i v a t i n . H o w e v e r ,
th a t, is  not ti- a- c , a s e  c e - c ,  a - i se it  can be  show n t h a t

~~~ _~~ 5_ _
. 

/ -
~~ 

—

*i r r e g a r d l e s s  of t h e -  shap e -  of t I e  p a r t i -  ~ - F i -u s , the m a l o r  r e s t r i c t i v e
a s s u m p t i o n  at th i s  a - n o t  is  a p l a n a r  b u r n i n g  s u m - c a -  e .

To comp lete  the- a n a l y s i s  ~m~1D ~I ch , , s c -  the S u m m e r f i el d  GDF
rnodel(26 ) to r e la te  to D 1 and e n v i r o n r r c en t a l  v a r i a b l e s . Howeve r ,
s ince  in tha t  model  

- -

S 

~~ /~‘~
] (~~9)

i t is l e a r  that

-. ~~

M i l l e r , Har tman, and M yers  noted tha t  th is  l imi t  was p hysical ly
u n a t t r a c t i v e  and , t h e r e f o r e , m o d i f i e d  the GDF eq u a t i o n  to

- - Fr a n s  l a t e  a p lane S0 a distance ~ X in the propellant. The volume
swep t  out iS Sp A )~. The v o l u m e  of oxidizer in this volume is by
d e f i n i t i o n  ~~ . H owe-.’er , th i s  vo lume of o x i d i z e r  is also
g iven  b y ‘

~~‘°-‘, b  ~~~ 
. Fh m s , m~~
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v - i - r e ’  r x t u n e  (D . It  c s  i m p o r t a n t  to n - - I c -  t h a t  ~ o- not  d c - p c - o m i t - n t
t i - - n  i t s  n e - t g h b u r s .  ‘1) ,  t m -  t , - , the ~‘m i I I ~~ t h e or y r ,e- n ~ r- ti- :r - ,te r a c t io n s .

I’o ac h i e - - , t h e i r  tn c J  -~~rn i i1g  r a te  e x p r e s s io n  ti e- -. a s s - i c - cd
t h a t

r 
~~~~~~

S : b — t t . m i ’ i n  of Eqs .  ( 5 1 ; , (5 2 , in to - Eq. ( 4 7 ; , t he re - fo re , y c e l d s

‘~~ 

~ mr ~~ t 1~~’~~ / ~ 
(~~3

i th th i s  r a t e  e x p r e s s i o n  t h e y  noted tha t

—“ 

‘i~~ ~

- 
~J -t~

-~~-.- ~— -  
-.

~~~

Ehus , they concluded there  w e r e  definite bound s on the am ount of ra te
or i t r o l  a c h i e v a b l e  with p a r t ic l e  s ize mani pulat ion . In a d d i t i o n , they

conc luded  tha t  bo th  AP s iz e  and d i s t r i b u t i o n  a r e  impor t an t .  T h e r e f o r e ,
rate  cannot  be co r r e l a t ed  wi th  a sing l e wei g ht mean d iamete r .

Eq u a t i o n  ( 5 3 )  was emp loyed to c o r r e l a t e  s t r and  ra te / p r e ss u r e
da ta  f r o m  s ix t een  d i f f e r e n t  formula t ions  (par t ic le  s i z e  d i s t r i b u t i o n  w a s
the  “ v a r i a b l e ” ) .  Table 1 p r e s e n t s  a t abu la t ion  of m e a s u r e d  and
c a l c u l a t e d  va lues .  In most  cases  ag reemen t  is v e r y  good.

Fec ,

This w o r k  and H e r m a n c e ’s m u s t  be rated as the p ionee r ing  -~~‘~ ,~~
cf  - r t s  in s t a t i s t i c a l  combus t ion  model ing .  The d e t e c t s  of this model
a r e  those  noted(p lari ar burning s u r f a c e , no in t e rac t ions  1, those of the ~A-
GDF model , and a total  neg lect  of m i x t u r e  r a t i o  v a r i a t i o n s  among the
p a r t i c ’ ’s . The la t te r may he si g n i f i c a n t  b e c a u s e  smal l  pa r t i c l e s
should he fue l  r ich r e l a t i ve  to the norm . This  occu r s  b e c a u s e  such a
smal l  amount  of f u e l  is r e q u i r e d  that  c o m p e t i t i o n  wi th  nei g hbor s  is
s l m g ht . On the othe r hand , a l a rge  p a r t i c l e  is probabl y fue l  lean rela-
t i e ’ to the norm because  it r e q u i r e s  so much  fue l  that it m u s t  compete 

~~~~w i t h i ts  ne ig h b o r s  to such an e x t e n t  that  i ts appet i te  is n e v e r  s a tia t eu .  ~~~~~~~~ St

co mp o s i t e  p rope l l an t s  are  a lways  fue l  r ich  and as a roug h rule 
mm

r a t e  d c -u  rades  as one moves  away f r o m  the s t o i c -h i  i - t i c- t r i c  condi t ion , ~~~~~~~ . m~~.
i t  can n e  expec ted  that  the l a r g e r  p a r t i c l e s  wi l l  have hi g h e r  ra tes  and
the s r t c l l e r  p a r t i c l e s  lower  ra tes  than p red ic ted  b y the MHM theo ry .

~( i i e k (27 has noted t h a t  r 0 should  c o r r e s p o n d  to r~~p (p,  T~ ) and tha t  if

[ 

i t  mI m es 1- - . ( 5 1 )  c o r r e l a t e s  exponent  b r eak  da t a  f o r  AP composi te
p r o p e l l a n t ’- .
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T P - 3  0 . 3 9  0 .35  0 .39  0 . H 0 .b9  0~~- Y 0 .88 0 . 7 6

T P - u  0 .39  0 .35 0 .43  0 , 5  0 ./ ’i  0 . 69  0 , 1, 7 0 . 7 7

TP -5  0.36 0 . 3 7  0 ,4 ’ , 0. 47 0. , 3  0. i - .  o .s- , 0. ,,~
TP-6 0.41 0 .39  0 .45  0.50 0 , 8 -~ 0.81 0.99 0. 91

TP-7 0.41 0.4 3 -0 .54  0.57 1. 06 1.05 1.25 1 .23

TP- 6 0.46 0.43 0 .62 0.6 1 1.23 1 .22 1.46 1. 1.11

TP-9 0.45 0.44 0.62 
- 

0.63 1.27 1.28 1.50 1.55

TP-10 0.54 0.50 0.72 0.70 1 .33 1.41 1.55 1 .69

TP-11 0.52 0.49 0.70 0.69 1.34 1.40 1.57 1.68

TP-12 0.40 0.45 0.60 0.61 1.23 1.18 1.49 1.39

TP-13 0.56 0.51 0.76 0.73 1.48 1.51 1.75 1.84

TP- 14 0 .52 0 .51 0.73 0.71 1. 44 1.46 1.65 1 .77

T P - l 5  0.58 0.51 0.76 0.70 1.40 1.43 1.67 1 .72

TP-16 0.54 0.51 0.72 0 .71  1.38 1.4 2 1 .62  1 .72
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On t h i s  b a s i s  i t  w i ld  be expec ted  t h a t  p r o p e l l a nt s  w i t h  w i d e -  d i s t r i b u -
t t ’ , n s  w ou ld it ’  c o r r e l a t e d  w o r s t .  P r o pe l l a n t s  TP-7 to -~~ and TP-l  I t --
- C h a v e -  th e  w i d e s t  d i s t r i b u t i o n s  and t end  to h e a r  out the above susp ic -

- - n s .

ohe n~~~~~, - r n ~ and P r i c e  Ntoc1el ~
4
~ - The BDP m o d e l  is l i r i i ee c t

to  a d d i t i v e -  t r e e , t i c - - c c - d i s p e r s e  p r o p e l l a n t s . I l - w e - - c r , all  ‘ r , -a l’ ’
p r o p e l l a n t s  a r e -  i - I t - r a c , ~~e- r s , - . The re - o re- , t ia- l — D P  n - d e l  has  l i t t l e
r e - b - - ;an e to r a c t i c a l  p r o p e l l a n t s  p e r  sic . ( i h e n , I ’ e r r , an , :  P r i c e
pa r t i a l l y ‘‘ r e - i t  , - d t  ed ’ ’  t h i s  s i t u a t i o n  by  e x t e n d i n g  the c r - - d c  1 t i  at  — d i s p e  m~~ e
t i r n a m - i l a n t s  w i t h  an i n e r t  a d d i t i v e .

In t h e -  ex le - c i i- ion al l  b a s i c  a s sumpt ions  of the i - U P  n d c l  a r e
r - t a t c i , -d . i e m a - - n  ne- v. a s s u m p t i o n  is tha t  all  s izes  of o x ; d m i e r
p a r t i  Ic - s  l a v e  the  same b u r n i n g  ra te .  * T h e r e f o r e ,

0%, .,

re k , ) a re  Sri the s a m e  set  but  k ~~i .  Wi th  th i s  a s s u m p t i o n  and the
C C I ’  c - ~ i t - I ’ s ,~n i t i -n  c i t - / a t -  c r i t e r i a  the sph e r i c a l ca p he i g ht h~ ca n be
c - a  ‘ t t e - c i  fo r each  u x i d i ’ - r  p a r t i c l e  s i z e  [see Eq.  (32) 1 . Wit h th e  cap
h , - t h t t~now n and

t i - c  -~ c - - c c  et  nv  of the d e f l a g  ra t ing  ox i d i z e r  s u r f a c e  is known and ,
th e  r e - f o r e - , (S -~ ~~~ ox ) j computed fo r  each p a r t i c l e  s i ze .  Since

= , t i ’  total  ox id i ze r  s u r f a c e  a r e a  is

/ C (~~ / c .

- - n  t h e  BDP mode ’ the r a t i o  S0~~
’S, , is de s i r ed . As

— ‘
— ‘~ -~~~~~ ‘— c ~.r -- , -

~~~ ~ 
C 

~~ , ~; 
- 

~ ~~~
. •)~ 

-

~~‘~~ ~ 
o.__~. ~ 1 ~~

i s  - n w  ci , S0 - S ~, and , s u b s e q u e n t l y, S~~~1S0 can he c o m p u t e d .  r h e r e f o r e ,
onl y n~~~ ne c-d s t o  c’ computed  to d e f i n e  r wi th  Eq. ( 2 0 ) .

- i n c p - i t e -  m~ x the ene r i/ v ba lance  emp loye d b y BDP wi th
m o d i f i c a t i o n s  to a c c o u n t  fo r  the p r e s e n c e of i n e r t  a d d i t i v e s  is
e c r i ~~l - i v , - c l . ro c ompute  heat  f e e d b a c k  f rom the gas  phase  reac t ion
z in c  1 e BDP m e t h o d o l o g y  is employed . Fhe  onl y m o d i f i c a t i o n  b e i n g  - i
h a t  the h ara ct ,-ristic fuel dimension is m o d i f i e d . It is computed  on ‘~~~~~ . ~~

th e  a s s u m p t i o n  that all p a r t i c l e s  have the same annular  t h i c k n es s  of
ti- I s u r r o u n d i n g  them.

- I er m e d  the equa l  ra te  h y p o t h e s i s  he r e in .
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i m uc p c i t a t i o n s  d , - r , -.- , - ,~ r i c o ;  the mode l  w i - r e  p r e s e nt e d , F i g u r e
7 p r m  s e c i t s  a c- i c  an  i- i s o n  of t i e -  i-y and e x p e r i m e n t  f o r  ti e- a m b i e n t  ra te !
p :, - s  s c i  ne c h a r a c t e r t i -  t i c . -  of a s a c u i f i c  p r o p e l l a n t .  N o t e  t i c- e x c e l l e n t
ag r e t - c c  c -n t .

th i s  c - x t e r i s .  , b u i l d s  upon  hu t- lID? c r - - c l e /  v’ ~t l r - u t  c o r r ec t i ng
a n  0!  i t s  i r~ r i s t ~~t e ~r .  ~~~~~ , i n s c -~ .- c i t l t  , t h e  ‘‘ sins  ci  ti c - f a t h e r  arc-
v i s i t e - c i  -n  t Ic .  s - - n ’’ . In a d d i t i o n , i t  is  n i - i - u r i c - n  t i a t  a l l  p a r t i c l e s  possess
t hc - San e- r a t i -  i r r e - g a r d l e s s  of - l / e . f i - .i  s a s s u r t p t i  i - n  s i - e c i s hi g hl y

n - - i c y  of t i .  v - e l i  ~n- v.n ~ t t h a t  i - c a m ’t : i  Ic s c , ’e is a m a j o r
f a c t o  r in the r a t e  nt  t o l  of A? i c r  p s  i t t -  p rop e l  l anic -  . l’i~ I co t that
d . r e- f - a t e - nt  ‘~ i t h expe  r : c i e r m t  fo r  a s p e c i f i c - t i -r i u l a t i o n w a s  a c h i e v e d
should not  i t  g i v e n  t i -  c c  u c  1; w- - t g l : t . R e c a l l  t h a t  i l e r : i a r . - c ’ s invalid
model  anc) ‘c l f l M ’s X i , i l e -  w h U  I. a s s - i r c : e - d ml’  ~ m~ , b t h  co r r e l a t e
‘ l a t a .

N ot e  also that  a l thoug h t h m — - I c - n , D e r r , P r i c e  n odel  has i ncon -
s i s t e n c i e s  and is l i m i t e d  to tv~ -- p a r t i c l e  s i z e s  t h a t  t h e s e  i n c o n s i s t e n c i e s
c an be r emoved  and the  model  e xt e -n t h - d  to a t r ac t  p o l t - d i s p e r s ; cn  b y
f o i i c , w m n ~ t he  path i n d i c a t e d  a i -  - - c .

Saro m o - i n s  M o d e  l~~~ - the Samrnc,ns m o d e l  ext ’-nd s t ime BDP
m o d e l  to pr ope l l ant s  w it h  p i - l v d i s p e r s e  o x i d i z e r  and i n e r t  a d d i t i v e s .
the- l) as ic  path fo l lowed is that  d azed b y C o h e n , D er r , and P ro
H o w e v e r , s e v e r a l  uni que  f e a t u r e s  w e r e  added . F i r s t , tl’ c- o x i d i z e r  is
s e g r e g a t e d  in to  t w o  c la s s e s :  s u b c r i t i c a l  and sup e r c r it i c al , The f o r m e r
is a ssumed  to und e rg o condensed  p hase  r e a c  t i c i n  “at the  bu rning s u r f a c e ”
the reb y mod i f y ing the s u r f a c e  h e a t  r e l ease  t e rm h e r e t o f o r e -  a s su i ~c ec
c o n s t a n t  b y bot h ~ DP and CD?. The su p e r c  n i t i ’  al o x i d i z e r  is a s s u n - e - c i
to b u r n  as d e s c r i b e d  b y BDP.  Second , the i g n i t i o n  delat , ’  is handled
d i f f e r e n t l y than b y Cohen , D e r r , and P r i c e .  T h i r d , i c r p r l u - e m en t s  in
the c o mp u t a t io n  of t h e r m op h y s i c a l  p r o p e r t i e s  and the s h o r t  f l a m e  Burke-
Shuman so lu t ion  w e r e  i n t r o du c e d .

The s u r f a c e  g e o m e t r y  of the s up e r c r i t t  al o x i d i z e r  is handled
d i f f e r e n t l y than b y Cohen , D e r r , and P r i ce .  ‘ Instead of comput ing h~,
D , and (S ox /S os 

~~ 
fo r  each p a r t i c l e  s i ze  and then summing an a v e r ag e

i gn i t i on  delay is computed for  the s up e r c r i t i c al  o x i d i z e r  as

(Si ’)

w h er e  t i gn = K ,, Dr / P
m 

is the e xp r e s s i o n  emp loyed by BDP. Then
the BDP e~~p r e s sion  for  hID is emp loyed , i . e .

-
~~ lb c r  (~~ 

t c f ~ri~ (m- 
I-
,, I ~ 

‘as ,

*The d e s c r i pt ion of what  was  ac tua l l y done is ve ry u n c l e a r .
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Figure 7. Comparison T h e o ry  and Exper iment  - Cohen , D e r r , P r i ce
Model  ( R e f . 4 )
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1 

r
W ith  th is  h / D  the value of Sox /Si) is computed  w i t h  the BDP e x p r e s s i o n.

/ ~~ ~ ~~~~ Y~~~~
/ 1 ;14  

~
/ f i + 3 ~~~~~~~~~~~~~~~~~~

w h e r e  the + and • s up e r s c r i p ts de n ote t h e te rms  in Eq.  (60) .

Rate is basical l y obtained I r i i c  the energy balance- emp loy ed
‘ cv BDP h u t  m o d i f i e d  to act  ount  f o r  i n e r ts  and s u b c r i t i c a l  AP . The
in e r t s  are t r ea t ed  ac- co rd ing  to Cohen , D e r r , and P r ic e . However ,
de ta i l s  of the s u b cr i t i c a l  o x i d i z e r  t r ea tmen t  are  u n c l e a r .  The c r i t e r i a
spec i f y ing c r i t i c a l  o x i d i z e r  p a r t i c l e  s i ze  and the s p e c i f i c  s u r f a c e
en er 1, ’,- r e l e a s e  a s soc i a t ed  with the s u b c r i t i c a l  o x i d i z e r  a r e  not
d i s c u s s e d .

Rate p r e s s u r e  c h a r a c t e r i s t i c s  w e r e  computed fo r  s e v e r a l
pol yd i s p e r s e  p ropellan t s  and compared  wi th  da ta .  R e s u l t s  show that
q u a l i t a t i v e  ag reement  e x ist s .

This model s u f f e r s  f r o m  the i n c o n s i st e n c i c - s i n h e r e n t  in the
BDP mcc c e l . M o r e o v e r , it i n c o r p o r a t e s  the equal  ra te  h ypothes is .
Addi t ional ly, the method emp loyed to obtain the a v e r ag e  Sox /Sb has
no sound ph ys ica l  bas i s . F ina l l y, the d e s c r i p t i on  of this model is
v e r y  poor .  To f ind out w h a t  is going on one mos t  l i t e r a l l y decode the
c o m p u t e r  p r o g r a m  (an a rduous  task) .  In this w r i t e r ’s opinion this is
not wor thwhi l e.

G l i c k ’s “Grand  E n s e m b l e”  Model~
9’ 10)  

- Glick  noted that the
b u r n i ng  s u r f a c e  of he t e rogeneous  propel lants  was an ens emble of
d i f f e r e n t  m i c r o s ta t e s  and c r i t i c i z e d  the BDP t h e o r y  f o r  (a)  collapsing
the microstates into a sing le mean m i c r o s t a t e  and (b)  s e lec t ing  the
d i m e n s i o n  c h a r a c t e r i z i ng  the mean mic ros t a t e  f r o m  p u r e l y g e o m e t r i c
a r g u m e n t s .  * To c i r cumven t  this averag ing p rocess  a s t a t i s t i ca l
p r o c e d u r e  was devised to s a t i s f y cont inui ty  and thereb y compute the
mean rate  in t e rms of mic ros ta t e  rates.  In addition, Glick noted that ,
if the s u r fa c e  s t a t i s t i c s  were  inva r i an t  in t ime , the mean nonsteady
p r o p e r t i e s  could be expressed in t e rms  of nonstead y p roper t i e s  for
s ing le f l ames .

Two d i s t r i b u t i o n  funct ions  F0~ and Ff w e r e  in t roduced  such that
the f r a c t i o n  of fuel  s u r fa c e / o x i d i z e r  pa i r s  with ~ €~, ~ €~~+ d € ~ and

~ € 5, ~ ‘i~ ittl € e.x is

C (~~ .i (
~-~~ ‘~ ~~ 

(~ 2)

Assuming  that the mass flux of ox id ize r  was given b y the functional

*As shown, this c r i t i c i sm was well founded .
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~~ 
(
~ T~, u. , ~~~ , 

€4 ,  )
the mass  flow of o x i d i z e r  f rom pairs  with ~~~~ €~ is

~~ ~~~~ ~ ~ 
(
~~)

th e r e f o r e , the total ox id i ze r  flow is g iven b y in tegra t ing  over all possi-
ble € , and ~~ . For a monodisperse  si tuation G ~ €~,, ~ TTb’/4 .
For  there  is no reason for  an upper  bound ; however , the fact  that —

t ime p a r t i c l e s  cannot in te rpene t ra te  means that the smallest  bit  of fuel
a v a i l a b l e  is always non-zero .  Therefore , E~ ~
( -in s  eqoentl y,

1.
lrb /4

= 
d.S ~~~c ~~O$.

If m i x t u r e  ratio is p rese rved  ( t rue  in stead y-s ta t e)

‘S. ‘ 
~OI / ~~~~‘~‘

If changes in time are  quas i -s teady, mix ture ra t io  is invar iant
in t ime.  T h e r e f o r e, if the s u r f a c e  s tat is t ics  are also invariant  in time,
F0~ and Ff are time ind ependent. Cons equentl y.

~~~~~ € o’S

0 5;

Since the mean pressure coup led response function is defined as

~~~~
)t 

= ( ~~~~~~
“ /~~

‘
~~/(d~/~

’)

manipulation of Ec1s. (67) and (68) g ives
_W5 I;

~~~~ 
Q,,s ~ ~~~~~~~~ 4~~~~EO~~~OO~~)
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It w a s  noted that  a s i m il a r  e x p r e s s i o n  held for  the v e l o c i t y  coup led
r e s p o n s e  f u n c t i o n  R.~ 

and tha t  one-dimensional  funct ional  f o r m s  fo r
(and R.,, ) could he emp loyed .

To e v a l u a t e  the i n te g r a l s , F0~ 
( 

~~~~~ 
) , F~. ( €~ 1, and rn ”

nc-ed to ,e ~ e v a l u a t e d .  I” c -va lua te  F0~ and F 1 it was  a s s u m e d  that
a c c e s s i b l e  and ç w e r e  equa l l y p robab le  and c o n s t r a i n t s  on
n u m b e r  and s u r f a c e  a r ea  app lied . It was d e m o n s t r a t e d  t h a t  un u e r  these-
c o n d i t i o n s  the d i s t r i b u t i o n  func t ions  possessed  the f u n c t i o n a l  fo rm of
the B ot t zman  f a c t o r .  T h e r e f o r e , F0~ and F f w e r e  compu ted  fo r  p ropel.
lants  w i th  monod ispe r se , sp h e r i c a l  o x i d i z e r .  The d i s t r i b u t i o n  func t ions
w e r e -  extended to propel lants  w i t h  pol yd i spe r se , sp h e r i c a l  o x i d i z e r .
The F 0~ 

ex t ens ion  was  ri go rous ; the F f ex t ens ion  was app rox ima te .

To d e m o n s t r at e  the method the G L F  model
( 2 6 )  was emp loyed

f o r  m
~ x and the r a t e / p r es s u r e  c h a r a c t e ri s t i c s  of the resu l t ing  model

fo r  monodisperse  p rope l l an t s  was  tested agains t  d a t a( 3 4 ) . The com-
p a r i s o n  showed that  the “s t a t i s t i c a l ”  GDF and GDF mod els gave
a lmos t  iden t ica l  resu l t s .

This work  r ep re sen t s  an i n t e r e s t i n g  line of a t t ack .  However ,
no a t ten t ion  was g iven to ene rgy  conse rva tion  and the f a c t  that  the
r n i cr o s t a t e s  w e r e  t hemse lves  nons tead y.  These  cons ide ra tions  invali-
da t e  u t i l i z a t i o n  of the GDF model  in th is  s t a t i s t i c a l  f r a m e w o r k .  Indeed ,
no ex i s t ing  model  can he emp loyed in th i s  f r a m ew o r k .  Finall y, the
d i st r i b u t i o n  fun c t ion  F0~ 

is i n c o r r e c t  b e c a u s e  all €~,,, a re  not equall y
probable; all depths of intersection of the particle with S~ are  •

As noted in Fundamentals  of Stati s t ical  C o m b u s t io n  Modeli ng
the w o r s t  d e f e c t  of this approach is the computa t ional  p rob lem associa-
ted with t r a c k i n g  individual  mic ros t a t e s  th roug h t ime.  Because  of
this fact alone, this approach p o s s e s s e s  l i t t le  c u r r e n t  i n t e r e s t .

Cohen ’s N i t r amine  Model~
6 - 8) 

- Vir tua l l y all of the s t a t is t i ca l
combust ion  models appl y to AP p ropel lant s .  However , Cohen has
adapted the BDP model to propellants  w iJ c  n i t r ar n i n e  o x i d i z e r s .  This
deve lopmen t  has (and still i s)  proceeded in s eve ra l  s t ages . In the
f i r s t  s t ag e, the BDP model was modi f i ed  to t r e a t  mnonodisper se  n i t ra.
mine  propel lants . In the second s tage , the Cohen , Der r , P r i ce  metho-
do logy  was employed to extend the m o no d i s p e r s e  model to a b id i sperse
s i t u a t i o n  wi th  mixed o x i d i z e r s .  In the t h i r d  s tage , ac t ive  b in ders  w e r e
exp lored .

The initial nit rarnine propellant  model developed b y C ohen~
6
~

was limited to rnonodisperse  nitrarnine propellants and basicall y con-
s i s ted  of a n i t ramine unit  ph y siochemical  combus t ion  model embedded
in the BDP s ta t i s t i ca l  f r a m ew o r k .  The uni t  ph ys iochemica l  model was

*Suppose the par t i c le  is a rod with pointed end s . Obvious l y, the p r o -
bab i l i t y  of E,,,, ~ o is now much less than that fo r  €~~,, - Ttb~I4

___________ -



b ased  on b a l l i s t i c  c inep hotograp hic and SEM (ex t i ngu i shed  b y rap id
d e p r e ssu r i z a t i o n )  i nves t i ga t ions  of nominal 195 m ic ron  and 5 micron
additive free monodi~ perse HTPB/HMX propel lants  at the 75% total
sol ids  leve l  over  a w i d e  p r e s s u r e  range. Cons equen t l y, the model
i ncorporates the follciw i ng features : no energy release in the s u b - m e l t
a v e r  ( suppor ted  b y SEM resul ts ) , exis tence of ox id ize r  and b inder
melts (supported by cinephotographic  ev idence) , p r o v i s i c c n  for  termi-
n a t i o n  of ox id i ze r  mel t  ( suppor ted  b y cinepho tog rap h ic evi d enc e ) , and
p r o v i s i o n  fo r  deep “f l am e” pene t ra t ion  into the propel lant  v ia  “deep
p e n e t r a t i o n ” l-iIvlX c rys t a l  de f l ag  ration (suppor ted  b y c inep hotog rap hic
e v i d e n c e ) .  Fig u r e  8 i l l u s t r a t e s  the model fo r  th ree  s i tua t ions :
N i t r a m i n e  mel t ing , n i t r amine  not  melting , and n i t r a m i n e  not melt ing

it h  deep pene t ra t ion .  When the n it r amine  melts it is assumed that
the  n i t r am i n e t s b u r n i ng  s u r f a c e  is p lanar .  However , when  t h e r e  is a
b i n d e r  melt , tha t  me l t  m a y  enc roach  upon the n i t r a m i n e  s u r f a c e  as
s h i v . n . This p o s s i b i l i t y  is embedded b y a two pa ramete r , purel y
e n-i p i r i c a l  exp re s s ion. When the ni t ramine does not  mel t , the nitra-
mine surface geometry is de te rmined via the same g e o m e t r i c  rela-
t ions  (an i g n i t i o n  delay is u t i l i zed ) emp loyed b y BDP wi th  the excep t ion
tha t  the r ecessed  s ta te  is unbounded . Th at is , r e c e s s i o n  is allowed to
ex tend  beyond the boundar ies  of the deflag rat ing HMX p a r t i c l e  to
a c c o u n t  for  deep pene t r a t ions . In this  extension boundednes s  is intro-
duced  throug h an emp i r i c a l  manufac tu r ing  parameter .

A ques t ion  of p r ime importance to the model is “under  what
condit ions does HMX melting cease?”  This is answered  on a the rmal
basis , Basically, an HMX particle is dropped into binder whose
t e m p e r a t u re  t ime h i s t o r y  s imula tes  the thermal  wave and removed
a f t e r  i ts  t r ans i t  t ime ( thickness  w a v e / b u r n  r a te) .  Obviousl y, if t r ans it
t ime is ve ry  sho r t  melting will not occur .  Consequent l y, this p r o c e -
d u r e  def ines  a c r i t i c a l  burning ra te ;  above it no melt ing ; below i t
m e l t i n g . B y ident i f y ing exponent break point with HMX melt  t e rmina t ion,
Cohen show s that this procedure cor re la tes  break  point / par t i c le  s ize
data in the 40 - 300 mic ron  size range ; data in the < 40 mic ron  range
is not cor re la ted  (see Fi gure  9 ).

With par t ic le  geomet ry  defined , the energy equation basically
closes  the problem b y defining the mean sur face  temperature.  The
t r e a t m e n t  here  is also vir tual ly identical to that emp loyed by BDP wi th
the exception that ar endothermic term is included to account fo r  nitra-
mine melting (when melting occurs ) .

Execu t ion  of the model shows very  good ag reemen t  with the
r a t e / p r e s s u r e  cha rac t e r i s t i c s  of the experimental propellants .
Fi g u r e  10 i l lustrates typ ical results . Table 2 presents  a
l i s t  of the standard pa r ameters emp loyed. As noted prev ious ly, these
p a r a m e t e r  values are not rigorous l y defined,  * The exponent break

*The intention here  is not to “put down ” this anal ysis because  all detailed
models must  u t i l i ze  roug hl y the same amounts of “pa ramete r s” . However ,
to d i sr e g a r d  the abi l i ty  of pa ramete r  adjus tment  to improve data correla-
tion would be to lose contact  with reality.
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BINDER M E L T L A Y E R

(~ , SURFACE STRUCTURE FOR BUL K MELTING ; h/D - 0

PROTRUDING

BINDER

(b) SURFACE STRUCTUR I OR FROZEN P A R T I C L E S  (ANALOGOUS TO THE AMMONIUM
PERCH LORAT E MODEL , - h/D <1

BINDER

(c ) SUHIA C E STR UCT URt FOR DEEP PENETRATION WITH N • 2 2 < s D  < 1

F i g u r e  8. Cohen ’ s N i t r a m i n e  Su r f a c e  G e o m e t r y  (R 1. 6)
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a sso c i a t e d  “. ith t i e’ n - n , i n a k  I c - S  n ec  ron p r ope l l an t  is a b S O - c a t e ( i  w i th
tb.  t e r m i n a t i o n  cf H M X  m e l t i n m . i  and a r i s e s  f r o m  the sudden  - i i m i n a t i o n
c c l  the  [‘ M X  h e a t  of f u s i o n  I rout , the  ene rgy  e q u a t i o n  ( inc  r e a s e s  r a t e )
and the ~~~- n - c ’ ,-al  o f the r n e i t t n c j  c c - c m e t r i c  c on s t r a i n t s . The l a t t e r  le t i c

~ 
s u d c l t - n i ’ ;  i n c r e a s e  thc-- i- ’ suddeni 5 in c r e a s i n c  r a t e .

ir . Re~ . 7 , ( - - I c e  n ex tended  t i c , - i r ionodi sp c ric e- model  to handle  a
i c i c s p . - r s  t -  n ; x t - . r -  c c l  two t c : t r a i c c n e  i ng r e d i e nt s .  That ii- , t w o  p a r t i c l e

s ; t m  cm o r n i t r am i n e  -‘i and two p a r t i c l e  s it e s  if n i t r a r : in e -  B W e r e  c o n s i -
~~e re d . This e - x t , - r c r - - 0  r e - i c  cc - Ee:nt S a roe- bnn-g of ( - 1,- cc , D e r r , and
P r i c  c-- ’ a c x t e n s i - f l  of t i r m -  Bli P modei  Iron  the rc o n o d i s p er se  case t~c the
‘ - i d i s pe c-se  c a s e ” , C- -h e n ’ s on ~ t r i t r a m n i n e  ph y s io c h e m i c a l  r t c ode l ( 1  ~) ,
a nd a I r el a ,x a t i , n u 01 the “ equal  bu rn ing  rate h ypo thes i s ” . The l a t t e r
W a s  nec  er s i t a t e d  b y the mixed  o x i d i z e r  s i t u a t i o n.  In e s sen c e  ( i che f l ,
D e r r , and P r i c e ’s r : i d i s p e r s e  p rocedu re  (and i ts  c o n c om i t t a n t  equal
r a t e  h yp o t h e s i s )  was app lied s e p a r a t e l y to e ach  n i t r am i n e  in g r e d i e n t
~ i th  Cohen ’s n i t r am in e  uni t  ph y s i o c h e m i c a l  model  rep l a c in g  the BDP
-un et  p h v s ;o c h em i c al  model and a se p a r a t e  e n e r g y  equa t ion  f o r  each
n ; t z - a r i r ;n e  specie. ~c 1ean ra te  was computed as a -—‘- e i i 1h t e - d  sum of
spec i e  r a t e s . i~-os , this deve lopment  r e p r e s e n t s  a h yb r i d  of “ equa l
ra te  h ypothes i s ’ and unequa l  r a t e  s t a t i s t i c s .  F i g u r e  11 i l l u s t r a t e s
t O :  cel r e s - c l t s .

r k m - I . L -h e n  e x t e n d e d  t h e  p r e c e d i n g  mode l  to i nc lude  a c t i v e
h i n d e  i- c m  ann  h i d i s p e r sc  two s p e c  ie  m ix tu re s  of n i t r ar r i i n e / n i tr a m i n e  and
n i t r am i n e / - \  - c x i d i z e r s . The I r a -  11 . -c-- h i n d e r  s i t u a t i o n  for  h i d i s p e r s e
n i t r a r r ’i n e /A  P o x i d i ze r s  was a log ical  e x t e n s ion  of the n i t ra rn in e /
n i t r a r c ;n c  s i t u a t e o n  and was a c h i e v e d  b y s impl y embedd ing  BDP ’s un i t
AP p h y s c - c c  h e r r i c a l  r i , c , d e l  in the n i t r an , i n e / n i t r a m i n e  f r a m e w o r k . In
o the r  ~c i rcl s , i n s t e a d  of comput ing  the ra tes  of h i d i s p e r s e  n i t r amine  A
and b i d i s p e r s e  n i t r a m i n e  B and then  emp loy ing the wei g hted  sum as the
n d - a n  c orn in g  ra te , b i d i sp e r s e  n i t r a m i n e  B was rep laced b y b i d i s p e r s e
AP ’  Three  schemes  w e r e  advanced f o r  inc lud ing  an a c t i v e  h in d er .
“ F i r s t , i t  w a s  a s sumed  tha t  the r e cr e s s i o n  ra te  of the b i n d e r  at any
p r e s s u r e  was its i n t r i n s i c  value (no ox id ize r  p r e s e n t ) .  Second , the
c c - i ; s t r a i n t  of o x i d i z e r - b i n d e r  continuity was re laxed . Third , in the
c a s e  of n i t r a m i nc  ox id ize r s  i t  was assumed that t h e r e  was  no d i f f u s i o n
f l a m e  b e c a u s e  the n i t r amine  and b inde r  are  st o i c h i o m e t r i c al l y ba lanced . ”
N c, equations , etc . w e r e  produced to detai l  act ive  b inder  inc lus ion  in the
mode l .  The r e c u lt s  of a sequence  of ca lcu la t ions  was p r e s e n t e d  for
n i t r a min e / n i t r ar n i n e  wi th  ac t ive  and wi th  inac t ive  b i n d e r s  and mixed
n i t r a m i n e /A P  with act ive  and wi th  inac t ive  b i n d e r s . Cohen noted that
these resul ts  follow exper imental  t rends .

Cohen ’s work  to date  r ep r e s e n t s  a p o w e r f u l , p ionee r ing  th rus t
toward  r ea l i s t i c  model ing of n i t ramine  prope llants . The onl y e lements
omi t ted  are  t r ue  pol yd i s p e r s e  capabi l i t i es * and the ab i l i t y  to t r e a t

*The q u e s t i o n  h e r e  ~s that  of r ep r e s e n t i n g  a bimodal mixture  of pol yd i s p e r s e
lots b y two mean  pa r t i c l e  s i zes .  The r e s u l t s  of M i l l e r , Har t rnan , and
M yers (20

~ s u g g e s t  that  one cannot . However , this was for  AP composi tes .
In any  even t , Cohen ’s model  cannot  hand le  t rue  pol y d i s p e r s e  blend s .
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c a t a l y s t s  e : m p h c i t i y .  How ,-v c - r , the mode l , s ince  i t  e mp loys BDP metho-
ch i l i 1 y , p O s s e - s a c s  t ic  e noted i n c o n s i s t e n c i e s  as so c i a t e d  Ve i th  that  mode l .

‘a ~th  deep  p e n e t r a t i o n s  t h , -  f ue l  s u r f a c e is no l o n g e r  p l ana r .
(‘ o o s e q - c e -n t l i - , the s t a t I s t i c s  o the su e - ! a c : e a re  a l t e r e d . The se i n t e r —
a., t ions  -ce re not t r e a t e d  b y - - - l i e n .

M e l l e r ,  D onohue  and P e t e r s o n  Model~
2 1 

— In 11 , 15 w o rk  the n ,- ic:el
of ~‘m ’ i le r , Har tn- ian , and M y e r s  is ex tended  to inc lude -  i n t e r a c t i o n  e f l e ts .
f h~~ ex t e n s i on w a s  s t i mu l a t e d  b y the  f i n d i n ~ t h at the M I ~~i1 t i e - o r t -  did not
c o r r e l a t e ’  p a r t i c l e  si , .e e f f e c t s  we l l  in unca tal y z m - d  H LP I I / A P  p r - - l a n t e -
In p a r t i c u l a r , it w a s  f ound tha t  e n p h i a s : s was ‘-‘.-ei 1 h t ed  to the coa r se  end
of  t h e -  d i s t r i b u t i o n  r a t h e r  than the f ine  end of t i , -  d i s t r c ~~- c i c - n . As noted
in  the r e v i e w  of the 5.~1II ’.I m o d e l , c o n s i d e r a t i o n  of m i x t u r e  r a t i o  el e c t s
w i l l  tend to skew the w e i g h t i n l  in the d i r e c t i o n  r , - c - c c i r e c i .

I n t e r a c t i o n s  among p a r t i c l e s  ‘acre  a s sumed  Li i  o c c u r  f r o m  flam e
i n t e ra c t i o n s . Sp eci f i c a l l y,  i t  ‘aas a s s u me d  tha t  the d i f f u s i o n  f l ame  about
an icx i d i z e r  p a r t i c l e  was  l a r g e r  than the p a r t i c l e  so tha t  p~~ c,

£ I c . (~~

Ic
w h e r e  E~~ I . It was f u r t h e r  assumed that  all o x i d i z e r  p a r t i c l e s  ly ing in 7 1 ~~ 

-

the ~th p a r t i c l e s  annula r  a r e a  / ‘ 
-

i~-

~~~~~~~~ 
-

~~~~ 1 /~ ~~~(€ ‘ ) b /~~ ~~~

would be “exc luded” . * If N~’ is the number  of i p a r t i cl e s  per  un i t  p lanar
s u r f a c e , the total “ e x c l u s i o n  a r ea ” of j th p a r t i c l e s  is

A = L- L~ it ~i (mEt- i)  ~ /4I x,~ I

For an ~th par t i c le  to he exc luded b y a ~th p a r t i c l e  it m u s t  f i t  in the 
/ 

-

~~

~th p a r t i c l e ’s annu la r  “ exc lus ion  area ” . Thus , -

~~~~çj ,1 ~~~~~~~ ~~~~~~~~~~~~~~~ ~~~ (~ 4~ 
\

\~~~~?: ;i~~~~~~~~~~~~~~~~~~

cLci~~~~ l~
W i t h  D -  i nc r e a s i n g  wi th  j this d e f i n e s  a c r i t i c a l  j = ic , i such tha t  onl y
- 

th pa r t i cle s  with i ~ i~ wi l l  exc lude  an ~th pa r t i c l e .  Since the
n u m b e r  of ~th p a r t i c l e s  pe r  u n i t  a r ea  is N~’ , the n u m b e r  of ~th pa r t i c l e s
exc luded  b y 

~~_ i ~ i c p a r t i c l e  is
‘W k/ f~~~i., ) te l 6,- (

~~ )
~ This means tha t  the c o n t r i b u t i on  of the excluded p a r t t c l e s  to the to ta l  f low

of p r o d u c t s  is de le ted .  This is pa tent  n o n s e n s e  b e c a u s e  mass  is conserved .
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rhe t e c t a l  n u m b e r  of 1th pa r t i c l e s  “excluded”  is cl i- s um -c ’ .’~ ’r au ~th
p a r t I c l es  wi th  j  

~
- Jc , i .  r hus ,

N ~~ ~~~~~ i /~~~ ~~ L

- - n i c e q u c -  n t l 5’ , t ice -  c r i t i c- c of 1th p ar t cc  l i - s  t h a t  ‘‘ co n t r c i c i l c c - ’’ is

L ~~ 
- ~~. p 

- ~~~~~~~ ( € - m ~ i~ ] ~ ç
‘~ 

~
‘°‘

It  is - c c - a r  tha t  th i s  p c c st u l a t e d  St r a t e c / y ‘ s !c e v. s ’’ e f l e  -t s to r i c e  i ce  r , .- e r
) a r t l r  Ic-- s b ecause  larg e p a r t i c l e s  “exclude ” sma l l  p a r t i c l e s  and r,i~t

V i ( € ’ ’;t’ r s a .

As noted p r ev i o u s l y in the r ev iew of Ref . ( ‘ 1  ~~~. ~ ~~- L
f li cs , er r p loy ing the  ra te  e xp r e s s i o n  of Ref . ( 9 )

r L r ~~~~~~~~ 
~~~~ 

/ 2 ~~~

‘- . l i e - r i ’  K is a cons t an t .

M i l l e r , Donohue , and P e t e r s o n  note that  this  is onl y a p a r t i a l
e x p r e s s i o n  b e c a u s e  p a r t i c l e s  hiding pa r t i c l e s  can be h i d d e n . This leads
to the e xp r e s s i o n

~~ K0 s~~F~ - K iAr~~

- - I: ,  r~- ~~~~~~ is an em p i r i c a l  cons tant .  They ha -c s u cc e s s  u l l o  e n :p i cci
t i - i s  e xp r e s s i o n  to c o r r e l a t e  a m b i e n t  r a t e/ p r e s s u r e  - p a r t i c l e  si . r e-
d i s t r i b u t i o n  da ta  f o r  H T P B / A P  p r o p e l l a n ts .

r h i s  approach  r ep r e s e n t s  a p io n e e r i n g  a p p r o a c h  at p a i r  p a i r
i n c e  ~ l i o ns and d ’ - n r c , n s t  r a t ,  s how the s t a t i s t i c s  of the  i - r e in , .- - c i r l a c
- an  L i ’  emp loyed to d e d u c e  i n t e ra c t i o n s  w i th in  the f r a mew o r k  of an
a s s ur ed i n t e r ac t ion  m o d e l . For these  concepts  th i s  w o r k  is v a l u a l i  I c .

r , “ x c  l u d i n g ” p a r t i c l e s  is nonsense  i cc ause  i i  c y  are  still there
and t h e i r  mass  m u s t  go into gaseous  p roduc t s . In o r d e r  words , the
pu s t J a t .~~ I i n t e ra c t i o n  m o d e l  is not ph y s i c a l l y p la u s i b l e . As men t ioned
r ’r . - c c c u s i y ,  there-  are  sound p h y s i c a l  r ea sons  to a s s u m e  tha t  smal l
p a r t i r  lea a re  m o r e  fu e l  r i ch  than l a r g e  p a r t i c l e s .  Sj i c e the p rope l lan t
as a whole is u n d e r o x i d iz e d  and rate  u s u a l l y f a l l s  o il  as one n e oves  away
f r - - n c  t i ,  s t o i ch iome t r i c  c o n d i t i on , r a t  w i l l  I , -  skewed a w ay  f rom tha t

r e - d c - t e d  b y the G D F  m o d e l  b y m i x t u r e  r a t io  c ’ f ~er t .~. As E b e n e z er ,
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- i c , and McAlevy U 8 )  
have  fo rmu la t ed  a m i x t u r e  r a t io  sens i t ive  GDF

model , rep lacement  of the GDF model in MHM ’s t h e o r y  b y this model
-c o -~ Id make  m o r e  sens e t h a n  ph y s i c a l l y imp l a u s i b l e  i n t e r a c t i o n  mechan-
is m s.

D E V E L O P M E NT  OF POLYDISPERS E M O D E L

G e n e r a l  Comments  - The work  to be repor ted  in th is  sect ion was
conducted  ove r a t w o- y e a r  span . The goal  of the f i r s t  y e a r s  work  was
p r i m a r i l y to enr ~ ced the BDP model  in a “ c o r r e c t  s t a t i s t i c a l  f o r m u l a t i o n”
t h e r e b y e f f e c t i v e l y ex tend ing  the model to a d d i t i v e  f r e e  p rope l lan t s  wi th
sp h e r i c a l  o x i d i z e r .  The goal  of the second y e a r s  e f f o r t  was b a s i c a l l y
to ex tend this  mode l  to asp he r i ca l  pa r t i c l e s  and inc lude  b i n d e r  melts .
The f i r s t  goal  was  accomp l i shed  b y abandoning  the o r i g inal g rand
ensemble  s t a t i s t i c s  and developing the pe t i te  ensemble  method . However ,
in the opera t ion  of th is  code “p r o b l e m s ” appeared . * In the p roces s  of
exp lor ing these  “p r o b l e m s ” f u r t h e r  insi t es  in to  the pe t i t e  ensemble
method  w e re  g l impsed and new methodology  fo r  s e l ec t i ng  the mean
s ta te  was developed . This impac ted  the asp h e r i c a l  p a r t i c l e  w o r k  toug h-
en ing  that p rob lem . Dur ing  i n v e s t i g a t i o n s  of sph e r i c a l  p rob lems  (late
in the p r og r a m  when  pe t i t e  e n s e m b l e  methodology was thoug ht to be
s u r p r i s e  f r e e )  a f u r t h e r  “ d immer ” into the p o t e n t i a l  of the method
was obta ined . This “ g l i m m e r ” showed tha t  r e t e n t i o n/ e x p losion of
p a r t i a l ly consumed  o x i d i z e r  p a r t i c l e s  and “deep  p e n e t r a t i o n s ” (see
rev i ew  of Cohen ’s Ni t ran-t ine  Mode l )  should f low na tu ra l ly f rom a
p r o p e r  combinat ion of pe t i t e  ensemble  s t a t i s t i c s  and BDP model .
These “ enl ig htenments ” have be e- n s t i m u l a t i ng  but  t r o u b l e s o m e ;  they
i n t e r f e r e  wi th  orde r l y p r o g r e s s  and r e p o r t i n g .  As fo r  the r epor t ing ,
the method  is developed wi th  g e n e r a l i t y as f a r  as pos s ib l e - . A f t e r  this
point , m a i n  emp has i s  is p laced on sp h e r i c a l  p a r t i c l e s .  Howeve r , all
p a r t i a l l y comp leted work  is inc luded in app ropr i a t e  appendices  fo r
f u t u r e  r e f e r e n c e.

- ,, __ ,pL~ ‘-~~t-In r e t r o s p e c t  there  should have been  no su r p r i s e s  . However ,
- I - - ,, - , , -  ,—it u s t  w a s n  t that way .  The sp i r i t  of the f i r s t  enlig h t e n m e n t  is í

i nc luded  in the r eview of the BDP model . The second “ enli g htenment”
c o n s i s t e d  of rea l iz ing that unde r  mos t  condi t ions  an ox id i ze r  pa r t i c l e
is e i t h e r  consumed b e f o r e  the f u e l  pl ane  reaches  its south pole or not.  For
l a t t e r  s i t ua t i o n , which  occurs  with l a rge  par t i c les  at low or e s s u r e s , the ~~~~~~‘~‘~~~°- -- - - - 

~I II - P~,t,t c~ c,,€ c z ,~ ’fl C ’—partiall y consumed oxidizer particles are  e i ther  f reed  or re ta ined.
The r e t en t i on  ques t ion  is p robab l y answered  b y response to the q u e s t i o n
“is there  a s u r f a c e  mel t ”? If t h e r e  is , the p a r t i a l l y consumed parti-
cles p robab l y stick to the s u r f a c e .  If not , they a re  p r o b a b l y f r eed .
If they  s t ick , the re  are  m o r e  ox id i ze r  p a r t i c l e s  on the h o r n i n g  s u r f a c e  ~~~~~~than computed b y p lanar  s t a t i s t i c s  because  p lanar  s t a t i s t i c s  a s sumes
p a r t i c l e s  vanish when the fue l  p lane reaches  a p a r t i c l e s  south pole.
The stuck p a r t i c l e s  are  d i f f e r e n t  than the or i g inal p a r t i c l e s ;  they a r e  -

s m a l l e r . Thus , a m o n o d i s p e r s e  p r o p e l l a n t  can i i c - -co n~ e f f e c t i v e l y
h i - d i sp e r s e  under  c e r t a i n  condi t ions . On the o ther  hand , if par tially

~ecai.e.~ l~ ,bI~P~~L~~*See Ref . (28 )  fo r  some d e t a i l s.
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c. - - r e s u m e d  cm - b i d p a r t i c l e - s a r t ’  f r e e -d , oxidizer  11cc -a s Iron  the b u r n i n g
b u r l  a e in bo th  ga s , ’ i ie-  and so l id  ( f reed  p a r t i c l e s )  fo rms . As t he
c c ’n t i miui ty  i -x p r t - s i c c n  i r O t ) i c V t d  cot int ~ n i - ,- the g a s eou s  for m - i , t h at f- ce, -~~~~-oi
e x p r e s s i o n needs  t : - i c l , f i c  at - - t i . p,r

I I  the - i x i d i z e r  p a r t i c  ci ’  is consun ced  b e f o r e  the  lo t - i r i t a : . 
~ tr m c c i i ’s  i t s  a ~t! - - i i  , a f u e l  r i 1 d e p r e s s i o n  is l e f t .  l ’ l e r e - r e L - -  

‘
,- - - 

-

s o n i c - -  c c l  the ri i c r u s t a L e s  c o u n t e d  uy the st a t i s t i c s  a i m  clevo id ot
- x r d : , i r i 11 cc’. c -v er , as t i e  s t a t i s t i c s  a r e  s tead y in Lm e , the e r . ,  odic ~~

s u r m i s e  app l ies  so  tha t  c e o r i c e  of the~se p a r t i c l e  absen t  r , i i , : r ost a t e s  
~~~~~~~ 

~~~

h e r s  i S t  t o  i- I i  f l U -  t i m e.  If t h e r e  is no s u r i a - e- n -t elt , c ’ c l i L i i c c ie- n p y r c e —
[~~si s  of the b i n d e r  at Li i- p a r t i c  Ic a b s e n t  s i t e s  can exp ose  o t h e r  part i-
c les -a h i c : h , i t  t h e r e  is t i n e , can i g n i t  and b u r n . It is readi l y - - - I -

,

a p p a r e n t  tha t , if r ox ic l a r g e  and t j gf l  v e r y  sma l l , a n u l t i -p a r t i c~ e- -
- -

- ~

( d e e p )  p e n e t r a t i o n  is p o s s i J c l e - . On the c t h e r  hand , t~ ii P ~~~~~Si  a m ob i l ’  ~
t e it ~s p r e s e n t . The p o s s i b i l i t y  now e x i s t s  oi ’ m e l t  t i c  f i l l  the empty ~~~~~~~ 

4
s i t e -  n r a R ~~ng it i m p o s s i b l e  f o r  ano the r  p a r t i c l e  to be u n c - c v e r e d . -

~ 
-

i(e ’~~ ) - n i c e  to the qu~-st 1o n ‘‘ a re p a r t i (  lea Onc ‘ i v - r e d  at  en p t \  S d t c S  ?‘‘ ~~~~~~~~
- 

- - J~~tt ’c~~_~ -,-cC~ ’c~ 5, /( i F - O , - n c l S upon m o r e  than n:~~st  the p r e s e n c e  or a b s e n c e  of a s u r i a c 
~~~~~~~~~~~m e l t .  It mus t  be a d ynamic  p r o c m - s s  b e c a u s e  :: e i t  n c i t i o n  is r e q u i r e d .  

/It is 1 1 0 t ) o r t a n t  to note tha t  if  the e m p t y  s i tes  do o c t  f i l l , the b u r n i n g  ~~~~~~~~~~ ‘IC

s u r f a c e ’  is no l o n g e r  q u a s i - p l a n a r . This is e s p e c i a l l y t r u e  i t  o ther  ~~~~~~~~ ~~~~~~~

p a r t i c l e s  are  u n c c v e  red and ig n i t e d . C c i n s e c ~u ent 1y , a r , i o~~h su r f a c e  1,

m u s t  be allowed lc c r . Deee PE~~~~~~5.1,OIJ

these ques t ions  are not simple;  however , they a r e  also not
- i n a n sw e r a h l e .  Indeed , the b e a u t y  of the pe t i te  ensemble  method is tha t
a rc- cc E r a  to these  q u e s t i o n s  appear  poss ib le  w i t h i n  its f r a m e w o r k  (a
l i t t l e  b end ing  m a y  be n e c e s s a r y ) .

S ta t i s t i ca l  F r a m e w o r k  - Im - Fundamenta ls  of S t a t i s t i ca l  Combus-
t i - - n  Mode l ing  it ha s  b e e n  shown tha t

~~~ ~~~ / s~

‘a i t ’  m e is the m e a n  mass flu ,x f rom and S~ , the port ion of
Sp occup ie d b y the jth d i s t inguishab le  par t ic les . Par t ic les  on the
b u r n i n g  su r f a c e  are  d i s t ingu i shab le  b e ca u s e  of specie , s i ze , shape ,
and o r i en ta t ion.  If the par t i c les  are spher i ca l , their  shape is def ined
and t i rm -  r e  are no disti nguishable o r ien ta t ions . T h e r ef o r e , onl y specie
and s i z e  r ep r e s e n t  d i s t inguishable  f e a t u r e s.  Howeve r , fo r  a genera l
p a r t i c l e  three  pa rame te rs  must  be spec i f i ed  to def ine  shape and s ize
and t h r e e  ang les mus t  be spec i f i ed  to de f ine  o r i en ta t ion .  Consequentl y,
a c a l  of c m e v e n  p a r ame te r s  is r e qu i red  to de f ine  a g e n e r a l  d is t inguish-
able  p a i r i l e . Since

Q~~~1TN ~ (.qi)
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I ’

w h e r e  K is the total number  of p a r ame te r s  and Nk is the number  of s teps
in the kth p a r a m e t e r  r equ i r ed  to adequatel y describe the variation with
that  p a r a m e t e r , it is seen that  Qp can be a v e r y  larg e number  in propel-
lant  w i t h  mixed , pol yd i spe r se  o x i d i z e r  having “g e n e r a l ”  par t ic les .  As
noted  p r e v i o u s l y, compu ta t i on t ime is d i r ec t l y p ropo r t i ona l  to Q

~~
.

r h e r e f o r e , m i n i m i z i n g  Qp w h i l e  re ta in ing the e s sence  of the p rob lem
is computa t iona l l y i m p o r t a n t . Consequent l y, it  shall  be assumed that 

—the p a r t i c l e s  a re  ;.t mos t  el l i p so ids  of revolu t ion . This means that - 
-

“ o r i e n t a b l e n e s s ” is re ta ined  bu t  only one ang le is r e q u i r e d  to d i st i n -  
—

g u i s h  tha t  o r i e n t a t i o n  and tha t  asp h e r i c n e s s  is re ta ined h u t  onl y two
d i m e n s i o n s  a r e  r e q u i r e d  to c h a r a c t e r i z e  s i z e  and shape.  T h e r e f o r e,
p a r t i c l e  c h a r a c t e r i z a t i o n  p a r a m e t e r s  a re  at mos t  spec ie ( s , s i ze  (D) ,
a s p e c t  r a t i o  (a ) , and o r i e n t a t i o n  (~~ c . The s i z e -  of th e  elli psoid (D )  is 

~ c, c- i t  _~~
t aken  to he the maximum d i m e n s i o n  no rma l  to the axis  ‘c f  cm i-y r n r e t r v .  

~ ~~~~~
fhe  sing le sum in Eq.  00 is then  rep laced wi th  the q u a d r u p le sum (Q~ =

N N N N )
s a d ~

~~~~ ~~~~ ii ,, £

~ ~~ ~- ~ ~~~~~~~~~~ ~~~~~~~~~~~~~~ / . ~~

If N~~, a , a , d , ~ is  the n - i n . - e r  of p a r t i c l e s  an Sp w i t h

~~~~ ~~~~~~~~~~~ a nd s p e c ie  k p e r  un i t  a r e a  of Sp,
is a d i s t r i b u t i o n  f u n -  t i c - n  s u c h  tha t

~~~~ - : ~~~~~~~~ ~~ 
i- --~~ )

and is the  a v e r a g e  p l ana r  s u r f a c e  f o r  f u e l  s - i r l a  e- /
ox id izer  p a r t i c l e  p a i r s  w i t h  a , a , D , ~ p a r a m e t e r s , Eq.  ‘Ia .? b e c om e s

~i. ~.. t~
C 

- ~ ~~

“ 2 ~~ ~~ ~~~~~~ L’~~) - -~~~~~~~~~~~~~ t~~~ ~~~- ‘~~
~~~~~~~~ ~~~a~~-OE i -

P a s s ing  to the l imi t  as ~~ ~~~~ ~~ ~~~~~~~ and La, 4te , —,o g ives

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~

For  sp he r i ca l  pa r t i c l e s  ~~~~~
‘ ti ’s is independent  of a and ~ so tha t

i n t eg r a t i on on these v a r i a b l e s  g ives

~~~~ ~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~ ~~ ~
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c r c t , r i  ‘S is a s t a t i s t i c a l  e x p r e s s io n  r - I a t i n g  the m e a n  b u r n i n g  ra te  of
a p r - - p e l l a n t  cc i th  mlxi ii , po l yd i s per se , asp h e r i c  o x i d i z e r  to the b u r n i n g
r , c e -  of n - - d i s p e r s e  ~~ i c - - d - - - p r u p e l l a n t s .  If t h e r e  a r e  no i n t e r a c t i o n s
a - - nc - i , -  I s u r l a c e - / o x i d i z e r  p a r t i c  le p a i r s , the r i i o n o d i s c c -  r c  c p s e u d o —
p i e  b a r n  r a tes  can he c o mp u t e d  one at a t i i c a r  u s i n g  a ny  m o n o d i s p e rse
p r c c p e - i l a n t  - c i t e .  In what  folio ’.’. s i t is a s s u r : c  d t h a t  t h e r e  are  no i n t e r —
a- ti __ na .

The nex t  s t ep  is to i rc- ’ e- s t i ga t & -  the- s t a t i s t i ca l  c h a r a c t e r i s t i c s  i d

t i C  l ) u r m i i n c  s u r f a c e  and t h e r e b y re la te  ~~~~~~~ , the d i s t r ib u t i o n
On - , and p r o p e r t i e s  c c l  the t i n - d i s p e r s e  p s u e d o- p r u p t - t i a n t s  to

p c c - p c - r l a n t  f o r m u l a t i o n  v a r i a b l e ’ s . From f or r i u l a t i on  v a r i a h i m - s the m a s s
I r a c t i r r n  of p a r t ic : ie s  in the propellant with Specie: s , 6_ * & S &P ~~~ 0..

, and
c ~~ * ~ te a , in p r I n c i p le , known f r o m  r - m- a s u r e t i r - f l t s . *

T he r , - c, r e the volume- r a c t i i c n  of ti c - - se  p a r t i c  les is

i~. -~ ~ - / [~c- ~
-ioO  t i e  n u m b e r  of t h e s e  p a r t i - l e s  per  uni t  vo lume of t l c C  p r o p e l l a n t  is

/ ~ 
.
~ C 

~~~~~~~~~~~~ 
/ 

~~~~~~

a 1 , - r e  is t h e -  v i ch i r i c  of a p a r t i c l e  w i t h  a spec t  r a t i o  a and S i / C -
D . Sm-’. ~e

The s i z e  of the e l l i psoid is taken to be the d i m e n s i o n  n or m a l  to
the axis of r evo lu t ion  as this r e p r e s e n t s  the s m a l l e s t  d i m e n s i o n  the
a :- t: - Ic w i l l  pass  t h r o u gh .  T h e r e f o r e , in p a r t i c l e  e e n t e r e d , c a r t e s i a n

c o o r d i n a t e s  ‘
~
‘
~ 

,~~~ ~ the equa t ion  d e s c r i b i n g  the p a r t i c l e s  s u r f a c e  — — -

is

~~ *

b - b.
( on se q u e n t l y,  the volume of a p a r t i c l e  w i t h  a , D c h a r a c t e r i s t i c s  is

ati/Z.

C p 
~~~~ ~~~~~~~ -

Thus ,

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~

*This i n f o r m a t i o n  m u s t  he known f o r  i f  w e  don ’ t k now wha t  goes in we

can not expec t  t i c  c - cn - ,p ~t e-  w h at  c - n t  i _ i - s - c u t .
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Assuming h e n c e f o r t h  that  the c l a t i s t i c s  of the p a r t i c l e  a r r a n g e -  ~~ Tt ‘i t,
mn ent  in  the condensed  p hase  are  h o m og e n e o u s  and i so t rop ic , all orient a-
tions of asp h e r i c  p a r t i c l e s  are  equal l y p r o b a b l e .  T h e r e f o r e , the number  -.-- 4
of p a r t i c l e s  p e r  uni t  vo lume wi th  s, a , D and e~~a t ~~t~~~ is * 

_ 
-~~~~

~~ /~r~ ~~~~~~~~~~~~~~~~~~~ /~vJ ~~ç ~~~~ /z t01 j  
- 

-

~~~~~ .~~r ,-,
— C,- - ’- (~~øc~~ i~~~

However, particles with = and Q I~ - are  in d i st i n g - u i s h a c l e
because of the assumed particle symmetry. This double  d e g e n e r a c y  is
accounted fo r  b y doubl ing the p r o b a b i l i t y  and l i m i t i ng  ~ t o0~~~ ~ tT/ Z
Thus , wi th  Eq.  100 I

d
4
~~~~~ /~ r ~ ~~~~ /(~~ &~ (io~.) -

s r l c c e i  E.-dt O C

Wi th  n u m b e r  per  uni t  volume know n the next  q u e s t i on is “ wha t  ~~~~~~~~~ -, p ~a r e  the numbers  / u n i t  su r f a c e  on the burn ing  s u r f a c e ? ”  Assuming  wi th  F~e~ ~~~~ ~m-~ ’C~~~CI
BDP that the burning  s u r f a c e  is a plane dot ted wi th  concave  and/o r  ‘~~~‘~ ~~~~~~ c : i .e
convex p a r t i c l e s , we need onl y consider  the p a r t i c l e s  i n t e r s e ct i n g  a ~ ~~~~~

p lane S~~. Cons ider  the re la t ionsh i p be tween  a sing le p a r t i c l e  and the
p lane Si,. Let denote the ang le be tween  the n o r m a l  to S~ and the ‘i
axis of revolut ion of the ellipsoid . Denote the locat ion  of the p a r t i c l e  - - - -
b y the coordina tes  of i ts CG. Clear ly, all p a r t i c l e s  w i t h  ‘.~ ~~ 

/ 2
wil l  intersect S~ . The vo lume  containing s, a, d, ~ p a r t i c l e s  tha t  can 

~i n t e r s e c t  S~ is , t h e r e f o r e , d ’I so that

I L”
~ ~~~~~~ d~ (i’.3~

The next q u e s t i o n  is how many  a, D , ~ pa r tic l es i n t e r s e c t
at a s p e c i f i c  d i s tance  from the point of ini t ia l  i n t e r s e c t i o n  wi th  S~~•That is , how many p a r t i c le s  i n t e r s ec t  S~ with ~~c X a X ~~di . To i n t e r -
sec t  S0 under these  conditions the CG of t h e  p a r t i c l e  mus t  lie in a volume - 

/

The re fo re  the number  of a D ~ p a r t i c l e s  that  i n t e r -  -
sect  S~ wi th  ‘I~ 11-sdX is ~ 

/

_‘
___•__ ••__ ‘)

L C d 1

ct~~J /~j~~ (~ ~~~ d~ / ( i i&t~) t 
- 

- -

4~
This shows that all O~~X ~ ~~~~ ~ a r e  equal l y p r o b a b l e .

~—*~__  ~~~~ ei3c-(
The distance Xa d ~ 

is the normal  d i s t ance  be tween  two planes ~ 
PT

p a r a l l e l  to S~ and tangent’ t~ a p a r t i c le  wi th  a and D . At the f i r s t  q u a d r a n t
t angency  point (t ) ci~~ /ck - 4o...., ~ D i l l e - r e n t i a t i n g  Eq.  98 wi th  - -
r e spec t  to ‘Y1,~ ( se t  a- o )

*
, solving  for  d t~ / d’v~ , se t t ing  tha t

‘C o n s i d e r  a sp here  wi th  unit  radius  and ~ = being ang le b e t w e e n  radius v e c t o r
and no r th  polar  axis . As o r i en t a t i ons  ar e-  eq u a l l y p r o b a b l e , p r o b a b i l i t y of
‘c r i en ta t i o r i  wi th  ang le ~ is ( a r ea  z o n e ) / ( ar e a  sp h e r e )  = ~~~~ ~~ / 4~- °Since the p a r t i c l e  is a bod y of r evo lu t ion , t h e r e  is no need to work in t h r e e
dimension .
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t ha t  r e s u l t  to - t an  ~ , and solving fo r the first quadrant ~~ yields

o-~ --/ Z~~ /y~ 5 ~~~~~~ (,i~~~&j

S u b i - t t i t i n g  t h i s  r ( ’ au l t  in F r .  ~8 ( a- o) g ives

C 
~b / ~~) 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
(cs ~~

rh e- e q u a t i o n  of the t a n g e n t  p lane  t h roug h 1~ ~~ i s

~~~~~~~~~ ~~~ C ~~~~~~

‘a 1-c i-e

C • ‘/ 

~ * (~~/ L 1 ’-~~~~~~ r~~~
’
~~

j4 .~~s,

I r i :  the g e o m e t r y  i t  i s  c l ea r  tha t  ~~~~~ d , ~ 
= 2 01. Sinc e 01 = ~~ cl~%~ ’~-

L ’
~ ~~~~~ 

C b ( c r ~~)

Consequen t ly  F , R~r ~~~U 5bR ~~5~T
- PL~~ J~

TO —

- 4 r~~~~~~~~~~~~ S~s,&T-~~,€

~ ~~~~~~~~~~ ~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
( os)

The mean  planar  i n t e r s e ’  t i - - n  a r ea  ct ’-’- c c i  a p a r t i c l e  wi th
s,a, ti , ~- and S~ is  d e t ned by

~ 
~~~~~~~~ c- _ G,~~~~ e,~~~ I ~~ t~t L ~~ )

i’ r a - l s l a t e  the p lane S~ a d i s t a n c e  d y. The volume of p a r t i c l e s  with
s , a , 0, ~ in th i s  volume is

~~ 
~~~~~~~~~~~~~~~~~~~~~~~~ f~ v~ ~~ d~ ~~~~~ - 

-

Howe r , b y c o n t i n u i t y it is al so

~ 
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The r e h i r e ,

~~~~~~~~~~~~~~~~~~~~~ ~ ~~~~~~~~~~~~ /~ r ~ ~~~~~~~~~~ 
=

(j l.)

so tha t  f r o m  Eqs .  108 , 104 , and 112

With in  the context  of the BDP model this  d i m e n s i o n  a lone  would
d e s c r i b e  c h a ra c t e r i s t i c  d i s t ances  f rom the i n i t i a l  po int  c it  t a n g e n cy  of
the p a r t i c l e  wi th  S~- that would , in tu rn , d e f i n e  the doubl y d e g e n e r a t e
mean s t a t e .  However , as pointed  out in the review of the BDP model
this approach  is c o r r e c t  onl y in the case of no ig n i t i o n  d e l a y .

The mean  s t a t i s t i c a l  c h a r a c t e r i s t i c s  of the fue l  s u r f a c e  in each
m o n o d i s p e r s e  “cut ” of fuel  s u r f a c e / o x i d i z e r  p a r t i c l e  p a i r s  cannot  be
de te rmined  exact l y w i t h o u t  detai led knowled ge of the p a r t i c l e  packing .
Since this  i n fo rma t ion  is unava i l ab le~’ , an approx imat ion  is in t roduced .
Examina t ion  of the c h a r a c t e r i s t i c s  of r egu l a r  g e o m e t r i c  pa ck ings ( a 9 )
s u g g e s t s  that the mean volume of “b inde r ” associa ted  wi th  a s p e c i f i c
par t ic !e  should be roug hl y p ropor t iona l  to that pa r t i c l e s  s u r f a c e  a rea
or 

~~ ~~~~~ ~ . To allow for  v a r i a b i l i t y  it is assum ed that

p 
~~, ti~’~i

where  n is an emp i r i c a l  p a r a m e t e r  (to be d e f i n e d  b y c o r r e l a t i o n  with
d a t a )  and C is the p ropor t iona l i ty constant .

The s u r f a c e  a rea  of an ellipsoid of revolut ion is

4~~ ~~~~

Diffe ren t i a t ing  E q.~~8 to find cS~~ /~~’?~ and emp loy ing ,“~(~ )-~ as a
change  of va r iab le  enables the resul t ing  expression to be i n t e g r a t e d  ‘ ‘I ~, ~~
in c losed  f o r m  y ielding

2
-Il- 2 0. ~i 7 ~-0. \

b {i 
~ ‘? ~/P~ ~~~~~~ cL -c t

*There is no reason why it isn ’t except for inactivity.
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‘I ~ ç °- ~~~~~~~~~~ 1 -~ - --~~~~
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b} i -  v c l i in e ’ f r a c t ~ - t  of h i n d e r  is ~~ = 1 —  
~~, 

(j r - c ~~e - 1lant  a i - a u r r -c
h e r e  t~ - ~ e -  S - 1 k - I - . r i d c r  and - -x t i / e r ) .  H o w e v e r , i t  is a l s o

~~~~~. ~~~~~~ ~~~~~~~~~ /~~
‘
~ )

- t l .  Eq s .  I D~ and 114  tI: is d c i i  ~ a C as

S
r ,r , -

~ ~-

~~~

- 

/ 
,‘ \ V ~ / (~ ~ ) ~

-‘c t t l ~ C and n known the  me a n  vo lume  of  h inder  and o x i d i z e r
as s o c - : , t , - c t  w i th  i t  c i n i c d  i s c  ri- c p se u d o  -p rope llan t s  wi th  s , a , il ,
c h a r a ,  : cr t s t i r s  ac-  k now n . T h e r e f o r e , the ‘ . - i - l u n , e  f r a c t i o n  of o x i d i z e r

ri t he p s e u d o -p r  1 c , - H a r , t  is

C [‘
~ / ~~~~~~~~~ ~

\‘ i t h ~ Eq s .  ~~ i and 1 1 4  t I - i s  i s

C 

H ~~~~~~~~~~~~~~ 
(tc q ~~)

.~ ia- .- p m P i c d f l _ p r o p el la n ts  arc-  o x i d i z e r  and b i n d e r

p 
~~~ c c ~~~~)-- P C

T r a n s l a t e  a p lane S~ in t h e- p r o p e l l a n t  a d i s t a n c e  ~~~ . The
v o l u m e  swep t  out  is S,,, I- . The f r a c t i o n  of th is  sw e p t  out volume
t hat  t s  oxid er  is ~~~, S.~ C~~. . However , the f r a c t i o n  of th i s  volume
t h a t  is u x i d e u c  r i s  a l so  ~~~~~~ ~~~~ . ( o n s eq i i en t l y,
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T h e r e f o r e , in the p s e u d o - p r o p e l l a n t  (ac tual l y, this is a d e f i n i t i o n )

/ A~ (o Le)
~~~~~~~~~~~~~~~ ~~~~~~~~~~

wh e r e  the h a r - o v e r s  denotes  means  f o r  fuel  s u r f a c e / o x i d i z e r  pa r t i c l e
p a i r s . T h e r e f o r e, w i th  Eq.  113

~~~~~~

At ten t ion  in this  p r o g r a m  has been  l a r g e l y d i r ec t ed  at addit ive
f r e e  p ropel l an t s . Howeve r , most  p r a c t i c a l  p rope l lan t s  contain  addi t ives .
M o r e o v e r , Cohen , D e r r , P r i c e (4  ) have  d e m o n s t r a t e d  that  ra te , p res  -
s u r e  c h a ra c t e r i s t i c s  of m e ta l l i z e d  p r o p e l l a n t s  can be p red ic t ed  b y
a s s u m i n g  the add i t ive  is chemica l ly i ne r t . T h e r e f o r e , it appears  that
a u s e f u l  app rox ima t ion  to rea l  propel lant  b e h a v i o r  mi g ht be made b y
a s s u m i n g  that ,  i n s o f a r  as ra te  def in ing  p rocesses  go , addi t ives  are
i n e r t  and are appor t ioned  among the pseudo-prope l lan ts  as a f ixed
f r a c t i o n  of b i n d e r .  S u b d iv i d i n g  b i n d e r  into fue l , catal y s t , and metal.
‘~V~~ ~~~ C dV~~ ~~~~~~~~~~ . T h e r e f o r e , ~~~ / ~~\J 4, P 

~~~~~~~~~ d i ~~ I d V ,, LI~ -~- 
. Consequent ly, in

any p s e u d o- p r o p e l l a n t

~ c 1~~) ~~~~

~~~ ~~~ /~ ) 
~~~~

=(~ /
‘C’-’ 

~~ ~~~~~

The mass fr a c t i o n  of ox id i zer  in the pseudo  prope l lan t  is

~ ,a, 4, ~ ~~

, e, ~ / ~ L 
~~OC, ~, a 

‘C 
~ a, 

~
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Si n c  ,-  
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- - l~~~ —’ , (,c~C A ~~~~~~~~~~ ~S,4’,aA/.,
,‘c t t h  p - - e - : d c’- p r o p c l l a n t  dens i t y  known the n a s a  f r a c t i c c n s  c an  -

C cr n p e i t e d  a

4

(1-i / 
~~~~~~~~~~ 

( s ~~~

C I
) 

/~~~~~~ ) 
~~~~~~~~~~~~~~~~~

~~~~~~~~~~~ -
~~~~ ~~~~~~~~~~~~~~~~~~~

c ’t c, sp e c i f i c  he a t 01 the - - - c n d m - n se d  ph a s e  is

C-

- ,~ 
- 

-( ( - ~~~~
~ ~~~~~~~~~~~ 

‘ ‘ - -

T r e a t i n g  a d d i t i v e s  as ne r t  the-  f lame t e m p e r a t u r e  fo r  any
- O r e  - e l l a n t  - an  be computed from a thermochemistr y code.

‘c ,  - ‘ r , t i c  numb e  r of such  computa t ions  r e q u i r e d  to d e f i n e  f lame
- e ac r a t - :  cc t o  r all  p o s s i b l e  combina t ions  of ox id i ze r , m eta l , fue l ,
c a t a ly s t  and m i x t u r e  r a t i o  is e x c e s s i v e . Th e r e !c r c , an a p p r o x i m a t e
s t r a t i - t y, va l id  fo r  s m a l l  a d d i t i v e  c o n ce n t r a t i o n s , is  emp loyed . ( o a s : c —
al ly  t i n  ad i aba t i c  fl ~~n.e t e mp e r a t u r e  of j u s t  ( - t e l  and o x i d i z e r

~~~~ (o= , is computed wi th  the the rx -n - c h em i s t r y  code and
‘ ,‘ atc- d . This can be done  once and fo r  all fo r  a s p e c  i l i c  f u e l , ox
C , n’r n i c :  c v t : - c r i . The i n e r t s  a r c - -  then added as a d i l u e n t ,  C o n s eq u e n t l y,

T - ~~ ~~~~~ , 
~ 

tk’ -

- 
4 ~~~C ~C i ’~ i 02 ’i)
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w he r e  - ‘ is th e  s p e c i f i c  h e a t  at  - - in s t a n t  p r e s s u r e  of the f u e l  and o x i d i z e r
and ~~ i~~ the latent heat of fusion of the t lt i ne r t  m a t e r i a l.

The volu i c f r a c  t h i n  i t  o x i d i z e r  w i t h  a , a , d c . ha r a v t e r i s t i c s  is

/ ‘-I (i3G)c

S i n c e  ~~~~~~ p 
~ 

~~~~~~~~~~~~~~~~ 
I - ’CC ~~~ 

and - ~~~~ (

r~-
L~~ ~~~~~~~~ 

/ ~~ c / ‘.~~, .

O x i d i z e r  p a r t i c l e s  in  a p r o p e l l a n t  a re  the r e s u l t  of m i x i n g  s e v e r a l  modes
of o x i d i z e r  t o g e t h e r . Each  mode is c h a r a c t e r i z e d  s e p a r a t e l y as to (a)
the d i s t r i bu t i o n  of s i z e s  (Di w i t h i n  tha t  mode ari d (b )  t h e  sp e c  i f i c  s u r fa c e
:n tha t  mode.  T h e r e f o r e ,

/ ‘ib

is  known  b y m e a s u r e m e n t .  The s u r f a c e  a r e a  in a mode is

C ç ç ~ ~ ~~~~~~~~~~~~
w h e re  the s u r f a c e  a r ea  

~~~~~ s~, a~~. of a s p e c i f i c  p a r t i c l e  is g i v e n
by Eq. 113. The mass  of p a r t i c l e s  in the k th mode  wi th  s , a, d c h a r a c-
t€ - rj st i c s  is re la ted  to the nu m b e r  with that  c h a r a c t e r i s t i c  b y

i t  —

~~ ~~~~~~~~ ~~~~~

or wi th  Eq.  1~

p ~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
/(~~~~~~ 

~~~~

Thus , Eq. 134 b e c o m e s

p ~ ~A 1~~~ ~~~~~~~~~~~~~~~~ 
~~~~~~~~~

(e ~~1)
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I’i~ r , - t , c r c -  i i -  emp loy  s u r f a c  e a r ea  m e a su i - , ’u . c  t i c s  to u t - t i r e  p aran - ie te rs
n tb ,  r m - ( t , - s  d i s t r : t c u t t - c n  , c t  s~~~, - and si apt -  c i ,  d i s t r i : - i t i n r :  of s hape
t i l l S  t - c  k u - - a t - ,  be  - a- is,-

~ ( c ~~~~~)

-
~ C 4, a, “C - ~. t

l I : s  l n t c c h ’u , a t io n  is l i s t  O c t  5 .  a i l a u l e . C u n a , - o i c - r i t : ’  a c  a r e -  in a p o s i —
t t on  ‘. 1 c- t h e -  th , ‘ci - al  r t : c i d c l  is m o r e  g e n e - r a l  than ti c-- a v a i i a ’ lc i n p u t
i n t o r : ’, a t t -  i c . I— len s c , t - -  p r o  c ccl f u r t h e r a u r ne-  a s s u r : p t i c c r :  r e l a t i v e  t i  the

ii f p a r t - I ’ -  s l , a r i e -  fo r  ap e ’  i f i c  s i z e  is r c - - i : u C  :. A s su m e
t h i s  d t s t r : - - ’ , t ’ , -  ri is log  n o rm a l  about  s i cn e mean  

~~ k w i t h  s t a n d a r d
C -

~~ s , ‘
~~ - L l t c r c

(~~~~~~~~~
__

~

-
_

~~~~~
_ \ a ~~~ . ~~~~~

L ~ 
~~~~~~~~~~

~~~~~~~~~~~~~ ~ I ~r

- ~f c ,~~~~~~ ’;~~- - - - ‘11,11

C ~r i -  r ’ a u - n t ly , the s u r f a c e  a rea  / :in i t  m a s s  i - I  ox id ize r  mode a , k is

C 
~~ 

~~~‘ C C 5 &  - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ d~~ a~~dbT1 

- ~ i- ~~~~~~~~~ a- ~~~~ L 
l )  , , ~4, (ito )

I b is  c-ti t a ’ an c a v e - s  on e f r ee p a :’ar c e t c  r f o r  each  r i - d c .  This p a r a m e t e r
can  ‘ .c ci ,  ~er m i i ’, , -d  b y c - -c r r , ’ l a t i o t - to a da ta  base .

W i t h  as k  and a- s i - k known  in  p r i n c ip le ,

Z
‘, ~- ,

c I t , - r e  K 5 is t i ,- ti c i r , i i c - ’ r of i O t i , t i i c - - i’ modes -c u t  S r i C c  iC ’ S 5 . th e r , ’ t - t r e ,
cc ’ - ‘ ‘ -~~ l b s . 132 , 140 , and 142 V I C  I l l -

- n -
-i Pc C’Ctc ,, ~~~ - - ~~~~~~~~~

L ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
) 
~~~

5-I

_ _ _   _ _ _  _ _



K4,
Since C 
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and V

C 
~
1
c ~ ~~~~~~~~ / ~~~ (,i~~~)

~~ K,,

M o r e o v e r , since p~ = ( ~1~ / )
~~I 

V~ - 
~ ~~~~~ ~~~~ V5~~- 4 V_u ~and V~~~”~’e/~

- 
-‘

~~ ~~~~~~~ ~~~~~~~~~~~~ ~~~~~ ~~~ 
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~~~

e

)~~~~~~~~~~ c 
~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~
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B y d e f i n i t i o n  

~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ / o S ,~ . T h e r e f o r e,
w it h  Eq.  103

3 
~

- 3

t~~~ ~ 4, C’~ Q 4 ,Q ~~~~~~~~~~~~~~~~~ 
~ ~~~~~ 

/ ( 1T a-~~~~

\‘- ith  Eqs . 107 and 143 this  becomes

~~ _____ 

_____- 

~~Ci

-~~~~~~~~~~~~~~~-~~~~~a~~~ci. ~~~

T h e r e f o r e , wi th  Eq. 147 , Eq.  95a b e c o me s

2 / ~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~~

( ‘4 B

~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~

F o r  sp he r i ca l  p a r t i c l e s  in a ~~Pcs~~ and m ”a � func  (4 ~). Therefore ,
i n t e g  r a t i o n  with r e s p e c t  to ‘~ 

f r o m  = o to = TV/ 2 g i ves

_ _ _ 4

— L -, ‘-A ’~ ~~
- 

‘~~~
c- OC 4,4~p 

~~ PO ’C 4) J 
—

~~~

----

~~~~~~~~ z ‘ ‘ - c~t~ (eM~~b.)
b ~~0~~~¼Q c & 1~~~~,
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i b i s  i s t i - c  r e s u l t  p r c v i c c c i s l v  r e p o r t e d  t , c r  ~ p h ei’ : i  al pa r t i  c - ,  s in ~~~ ‘ -  . ~

I - t a t t o o  14 5  r e l a t es  t i e  m ean b - : i ’n i na  r a t e - of c o t t p i s : t c  p r o p e l —
l a , -. - i t l ’ ,  a : \ , - i I , pol r- c i i s p e i - ~ sp h e r o i d a l  o x i d i z e r  t r i : } ’ - a - i x - n : u c  r a t ’

a a , - ,  l eo  C c c i  c o l t -  ( : 1 s p e - i i -~~- p S u e ’ ~~O — p r i - l , e i i a r i t r . l i t e  ~~ i ’  h e r _ i c r  c i

t h c ac  a - c n - i d c s p e r s c  p i -  -: ‘i i — p r c t p e l l a n t s  depend OD i n the sp c -  i ’ , e - d  D c i - —

L p c h l a n t  in c  r c d i c - - n t i -. rhe r c a  a e n t n ~ t b u ’ - r e t c c  a l  - c c ~~h c r :  t~ t o  c o mp u te
t i e  b u r n i n g  r a t e  @1 a : a  n - c i sp e r s c  ps .i c - ’ci -a r - -p ~l c , n t .  fh i a  ~ i l l  be
i i a n d i , - ~h h e r e i n  w i t h  a n - ’ d t : : c d  BDP mode- I .

~~~~ ( c 1 I 1 b h i E i ~~~I C O M 1 t L S  f l ( -~~ I U I E l . 

13DP m o d e l  l i s a  b e en  : e m ,  ~~cci p r e - - - - -~ s1-,’; a - -c r al  , ‘t - r -  r a
V. e~ ’ .’ :: - ‘ , -d . I h e~ , ar e ’  l i s t ,  I :  oc :  ~ v,

1. n - c a n  b u r nin g  r a t e  a s , - d  On W r on g  s u r f a c e  a rea ,

~ ? .  c ha t - ac  t ,  r i s t : c  d : n ce n s i on  f o r  o x i d i z e r s  mean
s ta te  a a d  on the i gn i t e d  and uni g n i t c - d  p a r t i c l e s .

c l c a r a c - t e ’ / i s t i c  - :e  1 d i m e ns i o n  based  on o r d e r e d  p a r t i c l e
a r r a r t g  er ’- t V~ I c e - n  p a r t i c l e s  a rc  i-c a~~i - -  r andorr , 1~ ci c r e d .

4 .  F i n a l  u i f f i i s  ri l i - i - ac - s h I m , r ice-  on t i t e  ,- \ - P - \  f l a m e  was
ne2 icc t e - O .

— Fite d i s c u s s i o n  h e re -  d e t e l -  a c i , - l v  w i t h  sp h e r i c a l  p a r t i c t l c s . P, ’ t o ris
dc - - a l t  n i n t h  e l i : p i - o i d a l  n i - i t  d e s  a re  found in A p p e n d . x  II

S u r f a c e  A r e a  ‘ a s c -  - -\ p p i v i n g  conse r v a t i o n  of h i SS a U the con t ro l
t oi t a t e  b o u n d e d  b y S and S~ ‘ i c

r s r S (1’4 q)
p p  0 0

- 
‘ - -S- u5~~ dDP com pute  r 0 n , r r t c  t r a te  is

F r r (S /S )
p (1 o p ‘- 1

-abe: ,  S / S  is a v a u l ab :, -  r - , r : c t h e i r  - c - c , , - - .
cc p

I h a r a t  t e n s - t i c  D t n e r c s i o n  f o r  M e - a r ,  I - l i S t  r a t i n g  S t a t , -  - A c e o —
t r a l  ; ,r o t c l c m  in r t a t : a t i c  a l  - - n -~~-

-
c - U - r  c l i n g  is  to d c 1in c  a p a r t i c l e s

I n c - a r, - I c - - f l a g  r a t i n g  s t a t ,  - I t  I t s a  t e n  si t - c - n  h e r e i n  tha t  for  a t i , i ’ , - r i c a l
p a r t i c l e  t i n -  nurri h c’ r ccl  p a r t i c l e  a - nt r a e  - t ing  a p l a n a r  su r f a  - is

~~~~~ 
- 

~~~~, 7C~~~
h

~~ ‘ c - u i

- , n , i  t h a t  a l l  d ep t h s  ot L c i ’ s-~~’ t i c - n a  a r c  ( ‘c 1U51lV p i - - - l - : ~~ l~ - c c c

F - r  a i n o n c c c l i a t c ,  r a e  p r - lu I l a n t  . ~ or  i- p b - n e a l  p a r t i c  l e a
I i - n ib  X , 

~ 
C - The r 1’ i c  , : i t  m e g  r a t ,  - ‘0 of Er 1 . 14 1 ~- ~~~ -~ =

- 
~- ~

‘
~ I - ~ z i v e s  t i ’ - r e s t e l t  r I - c , v -  0 .

S c ’  

- —.- --
~~~~~

- - - ~~~~~~~~~~~~~~~~~~~~~ - -- ~~- . -~~~~_ - -~~~~~~-
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The BDP model  a s sumes  that  b i n d e r  r e g r e s s i o n  r a t e  (r f ) is st a t i ona ry
b i l e  o x i d i z e r  r e g r e s s i o n  ra te  is a s tep f un c t i o n . Sim e , the en se m ble

of e xp o s e d  p a r t i c l e s  con ta in  sam p les of all s ta tes  in a p a r t i c l e s  l i f e t i m e  —

and s t a t i s t i c s , ra tes , and in i t i a l  p a r t i c l e  g e o m e t ry  kn o w n , all m i c r o -  -
- 

- 4
s t a t e s  a re  known b e c a u s e  they  are- s e q u e n t i a l . I’h e r e t ’  ‘c- , m e a n  s ta tes  

,,
. -

can be computed lrcc n  sums ove r  all s ta tes  on the s u r f a c e.  I ’his 7
a p p r o a c h  to de f i n i t i o n  c f  means  is te rmed “ p e t i t e  e n s e m b l e  a v e r ag ing ”
and fo l l ows  the sp i r i t  of i n t e g r a l  methods .  -.~ : ~~~~~~

The dei lag  ra t ing  s u r f a ce  of an o x i d i z e r  p a r t i c l e  is a s sumed  to ~~~
be a sp h e r i c a l  s egment .  R e f e r r i n g  to Fi g.  12 app l i ca t ion  of the ~-

:1 P a t h a g o r e a n  theorem to t r i ang le OabO y ields

[b x ~ /~~~ ~ b(~) -

and

~~ / ~~ ~ [b ~~ / b (e ~~ )

H- - ~~ -; -

App l i c a t i o n  to t r i ang le O’abO g ives  (wi th  Eq. 153)

~~ 
_ _ _

The d is tance  h is the d i f f e r e n c e  b e t we e n  the d i s t ances  t r a v e r s e d  
-

b y b i n d e r  and o x i d i z er .  T h e r e f o r e, dur ing  the igni ted  phase

- r 
(k  - x - 

~~~~ 
- 

~~ / ~~~ 
(e~~) ~~~~~~~~~ ~~~~~~

1

If h < o , the pa r t i c l e  is consumed b e f o r e  x = D (o). Therefore ,

0 ~ ~ 4 i ts )  ~ ~~~~~~~ ~~ ~ ~~(o~ / r (eS~ )~~~~~~~~ - -

C onsequen t l y, for  all 0 ~ X. ~ ~~~~~~~~ where-

7
/

.~ # rç ti &i f r~~ (i~~8)

auseJ~~ u~

57

_ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1.4



1

m i -  r i - s - t a t , ’ -- -‘- i l l  o nt a i n  c c x i d i ,’ ,- r v,’ hi l e  t i c - ac--  a ith ~~~~~ L ‘ b (~~ ~~~ - ~~. ~~-. 
-
~~_ ‘- i l l  l i n t . “c- ! t : i C r - ’ S t ; c t e -  is ‘ - i c p l v  b r  d i r  ~~~t O c  - ~~~~~~~~~~ . D u rin g ’  - -‘“ —

t i n —  t i n t , -  : r i t , - r v : c I (a) C i c f l t t i i : , - c i  T c v r c l y s t a  m a y  c x l i ’ s - ,  ‘ b , , -v ~ cc x i d u - i er  
— 

- 
C

o a r t i ~ cs i n  the - r i - p t - , m i t  r o st a te  or ( h i  t u e  e mp t y  n - i c  r o s t a t e  i -n a y  ~ ‘r - -~ ‘e 
~f ~~~~~~~~~~~~~~~~~~‘ c ’’ -c it i surface a I t . A i t b : c c i - - h  e i t h e r  ( a )  ‘ c r  ( h I  a r e  r e a l l y ~ —

d l v n a n t l c  ~ i n - f l  na~~, - c - i- r 1~- a a -i n f a c e  t r ; c l t  i s -  i- c - n c i i  i ’ , -d for  (b)  and 
~~-~~oc-c - a ’

a r i - v a r f a  e g u a r a n h c -~~- -- ( i - I , S in  , m e l t  l a - - c - n  t h i c k n e s s  d e c  r e - s a c s  -
cc t i  t n t  :‘ - a s : n g  p r e s s u r e  ‘I  p t - - a  - l l i tv  of (a om - i n n i n g  i n c r e a s e - a ~~~ S T ~~

iti: t r i c  t e e s  t r ig  p c ’css u r c - . It  shou ld  a l s o  inc ~~~~~~~~ cc i t h  i n ’ : r eas ing
p a r t i c l e  s ic - - . r h - s e  ‘‘ t r , - n e I a ’’ a - I locc t 1~ i c c - h a v i o r  o b a ,  r n - - ’  cv Cohen  ,-~~~~ . _ .  -~
IC i t t ’ r a r r t i : c e  p r - h c c l . c : i : s . S ct ~i i - t t ( ) i i  ( a )  n esn a  c~~ , b u r n i n g ’  su r f a c e  n C R ~~
i i ”  n i  I-  r c g c  r - i ~ i n s -  i — p lans r (a b a s i c  as  - cr i l t ion i n  ii i s  stud - . i . T h e - r e f o g e ,
on l y (~~) c c - i l l  r~~e co n s i d e - i- , - , t  h e ; ’ - - ::i .

O n  t h e  o th e r  an d , c f

- ~ r, ~(c~ / r > t i c t 9 1  
— 

, 
—t i ,  f i n a l  m i c r o s t a t e  cc i l l  pic a a c~~s c c x i d i z e i - . I’Ite - i n ; t t a l  s i - i t -  of t his  -

r e s i g  t i - I  ox idn , - , - r  i s  
~~ 

C—i
-

- C - 
~~~~, 

- 
~~~~~~ /~~ (iS )

\ ,

li e-s c- p a r t i c l e s  w i l l  i c e -  c - - t i . , t- ( c _ I t r e e d  I rum t in - a i — l a c e  ( c l i w n  a - c a - , - ) C

or ( d l  r e t a ined  i n  the s u t ’t a c : e .  h u e  c h o i c e -  of ( c i  o r  ( d )  a lso h inges  on
th p r e s s - i r e  of  a s u r f a c e  n c - i t . 11’ a n e i L  is  a b s e n t, ( c )  is p r o b a b l e . 

- 

- 

-I f -~ m e - I t  ii- p r e s e n t , (d )  is p r - - t a ’ c l e .  Sinc e r e s i d u a l  p a r t i c l e s  oc c or  ~~~~~~ ~~~ 
e-~ a c

i t h l a r g e -  p a r t i c l e s  at b c ’ . c i - p r e s s u r e s , a m e l t  is p r o b a b l y p r e s e n t . - - tC~

~~~~~ t h a t  if r e s i d u a l  p a r t i c l e s  a r e  r e t a ined , the nc t c i n o d i s p & - r s , -  p r op e l l a n t
h e - c o n i c  . e i i e c - t i v e l y b i d i s p e r s e .  f loth of t h e s e  s i t u a t i o n s  cvi l l  h e  

-C o r es ide- red .

C ‘ n si de i - . ng nc c’,- t i c  n o r t i a l i ’, a~ r e s sib le- m ic  r o st a t , ’s  the s u r  -
_ aA ~ ’, -,,c- “~~~‘~~- • c~it a  c- a r e a  of a s~c he r i cal  SC O n ce I is ~~ e-

~~~~~~~ eQ- c  -
— 

-C
- ~ (I~~I~

ant I i n in g  Eqs . 155 , I n - , and i - I  y i e l d s

C 
~~ [L~ 

e
s’ (~~~~‘I ~ ~~~ ~~~~~~ C I - ~~ . /~~~ /~~ ~ ~ ~~~ ~~~ (i~ t~

11 c - r e- I - m-

-~~~~ 
/ ~~~ ~~~~~~~ ~~~ ~~~~

‘

n he -~ -~ - i s -  how long d ies  i t  t a k e  a n c - - it  to  f i l l  up the c n t p t c  S i t e  -
C c - i ,  m l , , t h e  I a r g ’ r  the s i te  and the  t h i n ne r  t h e -  me l t  the l o n g e r  i t  w i l l  t ake .

SR 

-~-—- -  -- . -- - _—~~--- --- - -_ --



-~~~~ er’~~ ~~~~~~~~~~~iuI~

, V i t h  Eqs . 151 , 152 , and l e 2  th i s  g i ves

~~~~~ ~~~~~~~~~~~~~ ~~~~~~~~~~~ 
~~~~

-

~~
1;

~~ 

~

3\
L

2. ‘~-i~:- ~~ -‘ (I -  ¶~! - ~ ‘
~~ U-

-

~~~~~~
) ~~~~~~~~~~~~~~

~~ ~~~~~~ 
‘
~h ± ~ -

L ‘
~ ~~

“°
~~ ~ ~~(°i b(r~e

The p lanar  a rea  of an o x i d i ze r  s u r f a c e  is

‘b1~~~~ti(&l - 

~
]

Th e r e f o r e , the f r a c t i o n  of p l a n a r  a r e a  o c c up ied b y n- i c i t e n I  p a r t i c l e s  is
a,’.’I -

~~ ~~~~~~~~ 
~~~ / ~ A

a,

W it h  Eq s .  151 , 132 and 165 this  becomes

~~~~~-~ $- l~~ 
/~~~~ p \~~~t.’)~ 

-

The n u m b e r  of ign i t ed  pa r t i c l e s  is

C - 
(4 L 

- ~~~~
‘.

c~
c::)~ -~ ~~~~~~~~~~ 

- 
~
f ’

~~~~

’

~ L 
b I)  b( )j

Ho w e ve r ,

______ - 
‘IT’ ~~~ d~_____ - 

4 ‘
~~~

Therefore, the mean diameter of the ignited particles is

C’ ~~~~~ -~eY 1 ~~~~~~~ 
-
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- i c  t i - a t  i i i , -  BDP v a l c i c  is n c t  ach ieved  if e i the r f ~~ 
> C - n  ~

‘ ~i
(-~~ i . V i e -  u r e a  13 and 1- + ~~c t  ~~~~ /~ .ia nd ~ / ~~~ as a

i nc t i n  of C n-. / lt lc , f o r  s e v e r a l  r O~~/ r f .  A p pr ’p n i a t c  I3DP v a lu e s

i - i - c ’  i n d i c a t e d  fo r  c c c m p a n i s - c n . N i t  t ha t  si ~~n~ fi  ant d i s - i  r c u i a i u  ies can
o c e tu  t’ .

As i c n - n t i on e d  p r e a t o u s l y, the s t t u a t ~ - n  w h e r e  ox i dn r e r  ~e -p ic t c - d  ~~~ ‘i ~~~~
i t i c i  r i - s - t a t e - i -  Oc c u r  is t - t  I . -  h a n d l e d  at p r es en i  by  ~~~~~~ i u i -  t h at t : - e  i t

O il s  t l~~- a : . - . * The s i L t a t ion  cc l i e - re  r c s t d u a l  - c x i d t , ’c - r e x i s t s  at the f i n a l
mic i- s t a t e  can he t r e a t e d  n e - c a u s e  the q u a s i - p l ana r  s u r f a c e  a s su m pt i on

i s -  l i t  vi h a t —  -

I f the b u r n i n g  a u r t a c e  is d r y ,  l e e  i - ca i dua l  p a r t i c l e  is ‘ f r e e  and ~~~~~~
cc - i ll h i i c w  a w a y .  Yhus , the ox i d i z e r  f lowing  aw a y  f r o n t  th , h i r n t n g ’  s u r —  , ~~~

-

ace  c -m i s t s  of both sc O id  ans i g a s e o u s  p i n - cs - c ’s . App l i c a t i on of i-nasa con-  
~~~~~ ~~~~~~~~~~~~~

se - - - - a t i c c n  on b - , th  g lob al anct s p ec i e  ca se s  y ie lds  ~~- i - c -  - ~e~- - -~P,~,~€na e’ - -c’:

S d o  i- ~ , ~~~~~~~~ ( ‘ t i )

cc- ic e g i -  m~~ . , is the mass  f lux of ga s e o u s  c ix i d i z e r  and m ox r is the mass  
~

f l iw r a t e  - r e s i d u a l  pa r t i c l es  - Since-  only ig n i t e d  p a rt i c le~ e v o l v e  g a s , 
- -

( I l L)

C - t h i o i n g ’  E q s .  171 and 172 and emp loy ing the mean  value  theo rem for
i n t e g r a l s  i - i e l d s

C ,-~ ~ ~~~ 
/ (~, ~~

The m a s s  flow rate  of r e s idua l  p a r t i c l e s  is p ic - c - -r i b y the p r o du c t  — ~~~~

c c l  t h e i r  ra te  of c r e a t i o n  and a r e s i d u a l  p a r t i c l e s  i n i t i a l  i n - a s s .  Since
t ( e  ISDP model  a s-  aumes  all dc-- i lag  ra t ing  o x i d i z e r  s u r f a c e s  a re  s egmen t s  / -c

o f  a sp h e r e  I’
\ c~~~~~ )~Z~~’~ -~~3 ________

V-_ 
~~~~~~~~ !~~ 

(~“u4~
c c- —

C ons ide r  n w  a p lanar  at t and t + dt. Since the distance traversed is
r d t  the p r o p e l l a n t  volun -e e a w e - p t  ou t  is dv = r S dt. The n u m b e r  of
a t ta  b r  - x i - I i z e r  s i t e s  w i t h  t h e i r  sou th  poles  in~~h c s  v o l u m e  i s  dN  =

-x 
00: clV w h e r e  r~~,t ‘~~~, /t ’tt ~~~~~~ . l ’b i c -’ n e - i -  - r e ’ , the

i’ i ’ e o f  c r , - a t c - n  of r e s i d u a l  p a n t ~~ I c - - a is

~~~~ / ‘~~~dt - 
~~~~

-- C it i s  is a “ c ru tch” ; m o r e -  w ee ~-k on this aspect is needed .
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-—

and

-~~ C r --— (e1’.~~ c - c -  
I b (o) ~

S u b s t i t u t i n g  th is  r e s u l t  in to  Eq.  173 and no t ing  tha t  Th~! = Phc ,~ and
tha t  

~~ n-~ ~~ / ~-~ 
y ie lds

- I c —
C ~~~~~~~~ 

~~~~~~~~~~ 
I) — ~~ 

( i 9 l ~
‘
~~c-~ 

~ / L \. ~~~~~~~ l b

I f h [D ( - i  ] ~ o onl y g a s e i c i t s p r o d u c ts  a re  evo lved  and

- C

C 
~~~c - 

~~ ) 
F

Eq u a t ian  l7 ’~a shows  t h a t , th e- c r e a t i o n  of r e s idua l  p a r t i c l e s  w h e n  the
u r n i n ~ su r f a c e  is 

~~ y c a u s e s  the a p p a r e n t  m e a n  b u r n i n g  ra te  to i n c r e a s e .
S i n c e  l-.~~~t e i 1  / b ~c- ,e ? 0 is s u b s t a nt i a l  onl y f o r  l a r g ’ i -  p a r t i c l e s  at
i c c - ’  p r e s s u r e s , th is  m o d i f i c a t i o n  will  c ause  la rg e p a r t i c . I c  r a t e s  to be
i n c r e a s e d  in the low p r e s s - a r  c re- c i n .

If h I D  (o) 1 ~ 0 and the r e s i d u a l s  a r e  not r e t a i n e d , some of
the a v a i l a b l e  ox id ize r  l e a v e s  u n r e a c t e d.  T h e re f o r e , the 0 /F  ra t io  of
the f l a m e s  is e f f e c t i v e l y r e d u c ed . rhis  is t a t a m o u n t  to r e d u c i n g’
f o r  the f l ame  t e m pe r a t u r e  c a l c u l a t i o n s . Denote  Y c - c -  as the
p r o p e r  value f o r  f l a n e e  t e m p e r a t u r e  c a l c u l a t i o n s . T h e r e f o r e , si nce
(a)  ‘cc- uç, Pc - / ~~. and (h)  t~0 ~~~~ 

I_ -:f _ ~~~ — -~~~ 
“ ‘ i  / ~~~

ç ~ , l ~
— —~~ --— - —- - - 

- , ° 01 ~° L ~~ ~~~° -“ I

F or sit i ~ations where h (D  (0 ) ]  /D  (o)  ~ 0 leb -

On the o ther  hand , if the b u r n i n g  s u r f a c e  is \ c - t t , tIee r e s i d u a l
pa r t i c l e s  wi l l  p robab l y s t i ck  to the s u r f a c e  and he - - - c a c i n n - u t h e r e o n .
rhis  p r e s e n t s  a p p r e c i a b l e  t h e o r e t i ca l  d i f f i c u l t i e s  (not  i n s u rm - u n t a h l e )
b e c a u s e  these ’ s tuck r e s i d u a l  p a r t i c l e s  a l ter  the p o p u l a t i o n  of p a r t i c l e - s
t h a t  e x i s t  on the burn ing  s u i - i a c e .  This m e a n s  tha t  d i s t r i b u t i o n  func t ions
and p s e u d o - p r o p e l l a n t  p r o p e r t i e s  a re  no longer  d e f i n e d  solel y b y the
p r o p e l l a n t  r ec i pe. En v ir o n m e n t a l  v a r i a b l e s , s ince  t h e - v  i n f l u e n c e  t he
e x i s t e n c e  and c h a r a c t e r i s t i c s  of the r e s i d u a l  p a r t i c l e s , also i n f l u e n c e
d i s t r i b u t i o n  func t ions  and p s - e - - i d , _ c  - p r op e l l a n t  p r o p e r t i e s .  A p p e n d i x  I
~n-’csent s  the t r e a t m e n t  ( m r  i t p l e ’ t e - )  of the s t u c k  r e s i d u a l  p a r t i c l e s  w i t h
a P-DP l ike  model .
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Fuel S u r f a c e  C o n s i d e r a t i o n s  - The f r a c t i o n  of S~ that  is fuel  is
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The e f fec t ive  o x i d i z e r  volume f r a c t i o n  h a s  been  i n t r o d u c e d
to a c cou n t  for  the fac t  that  the e f f ec t i ve  mix tu re  rat io of the combus-
t ion  r eac t i ons  a re  a l t e red  when  par t ia l l y consumed o x i d i z e r  p a r t i c l e s
escape unreacted . Since 
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Flame Considerations - The gas  phase t empera tu re  f ie ld  for

~n -~ x s is  d iv ided  into two parts. The final flame part ~
.OQ  S L A M E

a s~-~ and the AP part o~ . For the approximation ~~~~~~~~~~~~~

emp loyed b y Ref . 2~ e n e r g y  release is  c o n c e n t r a t e d  at the flame
l o c a t i o n s . An e n e r g y  ba lance  at X~~ g ive s _______
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C o m p a r i s o n  of E q. ( i -- i o f  H , - f . -.-- e t u  E q.  ( l s - 7 )  0:occ s t h a t  the heat
f e e -d b ack s  f ro m  t I e  A F O - 1- f l a i t . e  s t ,-q ,c n ce  i~ j c ~~c i t j ,  al . ( o n c n t I ~~,
E q. f I t  of R e- f . c i o c s -  n i t  -~~-~ -d ,~l t c - ’ ration. Tb0 o i J  ~‘ ii  0, - z- enc  e ,  a r e
t i at I ‘ c - i - j  i s : o t t ~~,-. c - - I :~ c- - ~i n - -  f l een t e  f e - i  perat r ,  ‘ic r Al-’ a : d  ‘ I t ~ t i
i s a v a i l a b l e  fo r  cu r t - d r i s o n  - - - - i t t -  ‘I s. The f o ” o  ci- e s - n ’  t h a t
i n 1- - q .  ( 1 4 )  of R e f . 3 s - l o u d  - cc

~~~ ~~-
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Results and Discussion

N u m e r i c a l  e x p e r i m e n t s  cc- c - - r e  c ar t e u s i n g  the  BI)P n ode- I to dete r-
m i n e  its abilit y to predict mixture r a t i o  e f f e c t s . Fi g u r e  15 p r e s e n t s
r e s u l t s  f o r  both the  o r i g i n a l  BDP t i a d el  and a y e - i - - j on rnod f i e d  to
emp loy the  fue l  d u n c e n s i o n  based  on random p a r t i - - b e ’ s - r r a n g e m e n t .
‘Ihese results clearl y show that the BDP model exl f - :t s singular b e -
h a v i o r  at hi g h and b y ,  m i x t u r e  r a t t o s . The s i n g u l a r  l e t av i o r  wa s
traced to the  B u r k e - S c h i i m a n  s o l u t i o n  fo r  d i f f : s - i o n  f i anc e  h e L } . t , 7w o
a x e s  w e r e  i n s t i t u t e d .  F i r s t , the  B u r k e - S c h u m a r e  soi t t i a :  w a s  rep la ed
b y a d i f f u s i o n  f l a m e  h e i g ht b a s e d  on d i m e n s i o n a l  a r g ’ c i t c : e - nt s . This
remo c --ed  the  a f o r e m e n t i o n e d  si c g - c l a r i t i e s  and d e c r e a s e s - )  r u n  t i n _ c e .
Second. J. A . Condon has found that the singular b e h a v i o r  c a n  be ov e r -
come b y employ ing  i-no re t e r m s  i n  the  s e r i e s  s o l u t i o n  p r e s e n t  in  the
B u r k e - S c h u m a n  s o l u t io n .  * N e a r  s t o i c h i om e t r i c  cond t i o n s  the  ‘ s i n g le
t e r m  solut ion ” emp loyed  b y BDP is adequa te .  H o w e v e r , at e x t r e m e
r ich  or  l ean  c o n d i t i o n s  as m a n y  as 100 t e r n .  a m a y  he r e q u i r e d .

Table 3 shows the effects of some of the modifications described
herein on BDP model predictions for r(~ ) of the  n~onodisperse PSIAP
p r o p e l l a n t s  i n d i c a t e d .  I n  t h i s  table B D P O )  deno tes  the o r i g i n a l  BDP
model , B D P(~~) denotes  the or i g inal model  w i t h  r a te  based  on
r a t h e r  t h a n  ~~ , BDP (b )  denotes  the BDP model wi th  the b d i m e n s i o n
based on random rather than ordered arrangement , BDP ( B - S t  d e n o t e s
the BDP model with the m u l t i- t e r m  (5 0)  Burke-Schui-i-ean so lu t ion , and
BDP (Ceo. ) denotes the BDP model wi th  ti ,~,, 0~ .à. 

~~~~~~~~~~~~~ ~~~~~~~~~~~

Figure 15 compares results for BDP (re) , BDP ( B _ S ) ,  and BDP (Geo.
g rap hicall y. These resul t s show these  c o r r e c t i o n s  p r i m a r i l y impact
hi g h p r e s s u r e  b e h a v i o r .

The BDP code was  also m o d i f i e d  to include r e s idua l  p a r t i c l e s
tha t  w e r e  not re ta ined .  Nu m e r i c a l  r e s u l t s  at hi g h p r e s s u r e  indicated
little effect (as expected). Numerical results at low pressure with
l a r g e  pa r t i c l e s  “blew up ” because  t ( o l / t (c-~) 

-
~~~ I .  This resu l t  was

not expected . However , it n-eerely i l lu s t r a t e s  what  is  known f rom
e x p e r i m e n t .--Namel y, AP p a r t i c l e s  do not escape f r o m  the de fl ag  r a t i n g
surface unreacted. Consequentl y, t h e o r e t i c a l  d e t e r m i n a t i o n  of r e s i  -
dual p a r t i c l e  e f f e c t s  a w a i t s  the complete development  and i n c l u s i o n  of
r e t a i n e d  r e s idua l  p ar t i c l e s .

The f lame m o d i f i ca t i o n s  noted in the t ex t  have not been  added  to
the code yet.

A code fo r  pol y d i s p e r s e , a d d i t i v e  f r e e  p rope l l an t s  w i t h  sp h e r i c a l
AP o x i d i z e r  was  a ssembled  and made  opera t iona l . in t h i s  code it is
a s s u m e d  the p a r t i c l e  s ize  d i s t r i b u t i o n s  in each oxidizer mode are log
normal . That is , it is  a s s u m e d  that

ccSammons ~ emp loyed t h i s  approach . H o w e v e r , Condon has  found
that Sammons employed incorrect values for  the a p p r o p r i a t e  Bessel
f u n c t i o n s .
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Apne- ndix lii presents o p e r a t i n g  i n s t r c c  t i a r a ’ , the FOR’I RAN IV l i s t i n g ,
and a samp le p rob lem f o r  t I e  code .
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R e - s a l t s  in t h i s -  s t u c i - ,- h a ’ ’e ’  i c c- - n r r - ~ - n t - - c I  in  i f . ’ , i , , - i .  I - i ’  i-a tu re
( s c - - c -  R e t . 10 ant i  3 1 1 . Fi: e rc l o r .- _ i t  ‘ac l i  n c _ f  h ,  re~~c - r c r i c c c l  in d e t a i l
I , c - - i - c - i n , b I c ’.’,- . - - ’ e’r , ce r t a i n  e c c y i : r n c -  l i t  a r c -  i n  o r der .

t h e  h y d r a u l i c -  a n a 0 ’gy  _ c t c u c l l e s  d e m n o n s t i ’ a t c -  t h a t  f l o w  in th ,-  v e n t
:‘ ‘ - 4 10n is  a 5e(~’a c n :  c c_ c f  I l i -a_c c e t t a c I i i c : e - l c t  and — c - 1 - c c r a t i c c n  I - , .  a i t , - i ’n a t -
f a c  c - - a  of tb _ cc -’  c - c - n t .  [ 1_ cis p t - c c ~~~ - i -s  ( r e a l ,  s a K ar i -i . arc c - s - a r t - - - , s’, r c ’ e L  d i c ’-’. i t —  ,c-~~- -~~

_ c t i c - -an _c of t i-ic c-- c-- n t  e n t r a n c e . [‘I. ,- i - c  tc r e , t h e  a c - a i l s - i ,  I ’ - a :  m i s  t i c  e n e r g y
at the c ’c - r i i  , n i r a n c - ,- r c .u st  ic - -  a - : L - s t a i e l c  a l l y t i c e r c s - f , i r i r er :  i t - -  I . e

k i n e t i c  - f l ’ - r c~ y - 1  t h e  . ‘a ci ’ t c - \ S V S t c - C ~~. ( ccri sec li, y, l I t t l e - , i f  a n y ,
a c _ c c i c l i : i c -- r , L :  - - n :, : 1 ’ - a r s  to o c c u r  at  Lh C  -~‘eflt .

The nt g a i n  a t h c  r e v e r e _ c e cf the 1 1 c c - c -  m i - l a n g  l o s s .  H o w e v e r ,
t i c ,  f low t u r n i n g  a’c’ is an i r i ’ c- : - e r s i f c l c -  p r - - c c - - s - _ c . ITm r e ’ i c c r c - -, ( u l i ck ’ s
ana ly s i s  ‘‘ appea r s ’’ t c -  v i o l a t e  t I c  s e r o nd  lacc- u f  t i - e - c c : rcd - ,- n a r :  icc , .
I- i c c - n e - c - cr , i- ee c - -n t  r e s u l t s  1c v C u i i c  k ‘‘ s-tapes r ’ to i - c - c t ,  the a r g u s -  e - n L s  of
K. -: . 31 . C o n s e q u e n t l y, l i t t l e ’ , i f  any ,  an :p i~~f i c a t l c o  ap p e a rs  to o c c u r
at  the -- c cut .

F U T U R I .  u ~NS

This cc- oh -h h a s  I i i u - , . c c l : c t , - d  a ~ i i , lc -  p s - n e rd  a ’ a p _  O i l _ c  t o  t i : ,  c oa t —
b a s t i o n  of c~cmp o s i tc p r o p~- l l a n ta . H, ’, v - vc- - r , sp e c  i f i c  app li catio n of t i c
mc-- t h -  ici c l o g y  (-pi e r a t ional  o r i — p i t e ’ r codc ’\ hatc h e e _ c n to poly dispe i- a c  ad di —

tece f r e e  AP p r o p e i l a n t a  a i ll_ c sp h e r i c a l  ox~ d m - ’er . ~ i o r e - - -,- er , t i ca t  c ode
d c c ,  accoun t  fo r  n e i t h e r  r e t a ined  r e s i d u a l  o x i d i z e r  , a r t i c l es  nor  mul t ip le
p a ro .  ~~

- p e n e t r a t i o n s . C o n s e q u e n t l y, the g e ne  ra l  d i r ec t i on  of fu ture
e m  ar t s  is r easonab l y c l ea r .

o I m p l emen t  r e t a i n e d  r e s i d u a l  p a r t i c l e -  r c : e  t i c - c - t i -  ic :gv

o Imp lement  f l a t _ c c t i : c c c i i t i c a t i :ri s

o D c - - y e  c - -p mc t h c c d o l a g  ‘~ t i_ c t r e a t  m u l t i  — p a r t i c l e  p e n e t r a t i o n s

o Extend mode l ing  t o  r i i t r am i n e  c 0 x i d i z e r s ”

c Implement metal and c- a t a l y st  a d d i t i v e  me thodo logy

- l i e - c - c  i - i  m e t h o d o l o g y t i c  t r e a t  p a r t i c l e -  — p _ c  i - t i d e i n t e r a c t i o n s
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heat flux

0 n u m b e r  of n _ c i c r o s t a t e s  or e n e r g y  to g a s i f y

r b u r n i n g  ra te

R r a d i u s

S s u r L-c c . c-- area

C t 1 1 0 c c - -

L 
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T t e m p e r a t u re

u v e l o c i ty

V vo lume

cc- m a s s  f r a c t i o n

x s p a t i a l  c o o r d i na t e  as noted

N sp a t i a l  c o o r d i n a t e  as no ted

y s p a t i a l  coord ina te  as noted

G R E E K  SYMBOLS

mass  f r a c t i o n , mass  /mass  p rope l l an t

intercept defined by Eq. l O 6 b

volume f r a c t i o n , v o l u m e / v o l u m e  p rope l l an t

mean width of fuel a round  o x i d i z e r  p a r t i c l e

liquid laye r t h i c k n e s s

denotes  an i n c r e m e n t

d i s tance  f ron t  so l i d/ l i quid  i n t e r f a c e  to c e n t e r  of c u r -a-
ture of a retained residuals burninp surface

denotes  an a rea  element or r a t io  of ou te r  d ia m e t e r
of exc luded  zone to p a r t i c l e  d i ame te r

parameter in Eq. 89

‘Y~ ,Q o r thogona l  coordina tes  as noted
p d e n s i t y
SPECIAL SYMBOLS

( )  deno tes  a mean  or va lue  for  a pa r t i c l e

denotes a monodisperse , psuedo-propellant

SUBSCRIP TS

denotes p a r t i c l e  aspect r atio or p a r t i c l e s  wi th

denotes  b inder
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( l e n - t e a  c o n d e n s e d  p hase  or c h a r a c t e r i s t i c

d e n o t e s  c a t a l y s t

o d en o t e ’s  o x i d i/ e r  p a r t i c l e s  w i t h  b ~

— den cct e  a ba- i

d e n c e t e s  i gn i t e d  p a r t i c l es

de n a ’s  -~~ ox i d i z e r  p ar t i c l e s

denotes  k th o x i d i z e r  ncodel

1, f l c c t & - S  m e t a l

d e n ot , - s  n o r t h e r n

deno tes  l i m i n g  s u r f a c e

deno t e s  c , x i d i z e r

d e n c c t c - s  p l a n a r  s u r f a c e

d c - - n c - t e a  r e s i d u a l  pa r t i c l e s

d e n tcs  h e t e r o g e n e o u s  r eac t ion

d e n o t e s  s o u t h e r n

de nrc tes p a r t i c l e s  w i t h  ~

de no te s  i n i t i a l p r o p e l l a n t  t e m p e r a t u r e

denotes  point  of t angency
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APPENDIX I

RESIDUAL_P A R T I C L E S

c~ f : e n  r e s i d ua l  p a r t i c les  a r e  r e t a i n e d , s o m e t h i ng  holds  t i - e n ,  to ‘c - ’~ -~-the  c o r n i n g  s u m - f a c e , The m o s t  l ike l y c a n d i d a t e  is a a u n t s - i c  m e l t . Tha t
is , the c x i - : i z e  r p a r t i c l e s  a r e  s t u c k  in a s u r f a c e  mel t . If th is  is c o r r e c t ,
~h,’ c c - i l i u m -  c h a r y  t r e n d  in the c o m b u s t i o n  of the s tuck  r e s i du a l  w i l l  ~e ,_ j~a - t e c e - t h i n g  l i ke  t h a t  s k e t c h e d  in the n c a m g i n .  Note-  tha t  if an c n u e m f a  i a l  - - - - -

ph a lanx  f lam e c i
t - ce- s ’ the p a r t i c le  i t  w i l l  s imply f l o a t  a w a y .  Indeed , i t

W - c _ c i i d  not  have  h e ’ c i c r r . e  st u c k  in t h e  f i r s t  p lace .  This  s o i g - a t s  t h a t
i i c t c - - r f a c - i a l  f l a n o - s  ma y  n c r . be n : p - - i - t a r c t .

M- ’ -~~ ‘c~~~ re

now a spe - - : t m i -  e v o l u t i o n a ry  s t a t e  in S c  mu e d , - t a l l . The ,~ -e q - m a t c o n  of t he  o r i g i n a l  m e  s i d u a l  pa r t~ Ic is 
~~~~~~~~~~~~~~~~~~~ 

- -

-

~~~ ~~ 

- 
~~

-
~~~~~~~~~ 4 i/ ~~~~~~~ 

{~~ ‘1/2~ T - l  ~e c c :~~.

i’h e p -  - t n t  of i n t e r sc - ’ t . -u _ c (a , ~ ) b e t we e n  the p a r t i c l e  and the  liqu id  -

l aye r  n _ c o s t  l I e  on th i s  s u r f a c e  so tha t  _, 4

2. — - ‘ r  1 ,-~~.= ~ 
— 1-Z -

T h e r e f o r e , a and hem e the mean  i n t e r s e c t i o n  d iamete r D ig n m = 2a are
known and -

2 - 1-3I~re ,r

Note  tha t  in th is  s i t u a t i o n  all m’ c- - s idu a l  par t ic les  are  i gn i ted .

Fol lowing  [3DP the d e f l a g  r a t ing  s u r f a c e  is a s sumed  to be  a l w ay s
a s c _ c n e n t  of a — p ie -me. Therefore, (see marginal sketch) —.-

v i h c -  r e -  R r is the r ad iu s  c c l  burning s u r f a c e  of the r e s idua l  p a r t i c l e  and
( i c , ~ ) a~e the coordinates of the cen te r  of that  sp h e r i c a l  s eg m e n t .
Th i s s~i r f a c e  mus t  pass  th roug h (0, h [D (o )I  - y )  and (a, &,~ ) .  This
~ ive -~ t - - - c - -

~ u a t i on s  f o r  
~ r 

and Rr~ Solving g ives

= 
-

r z(~~- ~~~ oi~ -

~‘ Onl y two d imens ions  need be c o n s i d e r e d  because  the  p a r t i c l e  is a
bod y of rev olu tion.

78

~ ‘ _________ _____ ________ ____ 
~~~~- - ~~~ — - A .-- ~~~~~~~- - ‘ --—-—-- -_  - - - -‘- - --~~~-rn ~~—--. ---‘ ‘ -—-‘———- -- - 



-‘~~~~~~~~ -_--——--— —
-~~---- -- -- -P--— -- ~ - ----~~~~~ - - -- ------ ---- — --—. ---------— ~~~ -— —.

I

- 
~~

The area of a spherical cap is

2~~ 
~~~~ 

- - 

~~L) 1-7

Subst i tu t ing  Eqs.  1-5 and 1-6 this  becomes *

= 
~ 

- t - t-~~ r~~~ 

-
Assuming ,  as in the BDP model , that ins tantaneous  o x i d i z e r  r e g r e s s i o n  -

ra te  is cons tant in t ime f o r  a s p e c i f i c  p a r t i c l e , all m ni c ro s t a te s  a re
equal l y p robab le .  T h e r e f o r e ,

- ,~ l(o )] I-~

Consequen t l y,

l e o

Employ ing Eqs . 1-8 and 1-9 and in teg ra t ing

-

~~ 
—g~~

(
~~ 

4~r I- f t

From Eq.  174 the crea t ion  rate of res iduals  is

______ 

(o~ 
1
So~ ~ ~~~~~

_____ 

~~ 

‘
~~~~~~:

Since m 0~~, r ( °)  = & ~t lC-~~1 / (~ the mass flux of solid
residual  ox id ize r  being c rea t ed  at the b u r n i n g  s u r f a c e  is

) trt&ke~ ~°‘ 
~b }  

I - 3

‘t’Checks at y = o and h [D  ( 0 ) 1 ;  ~~S > 0  f o r  ‘
~ ~~ o
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I I c e  i - au , -  a : ‘~~f : i c h  r e s u i c _ c a l  - i x i d i z e r  is ~e - i n g  g a s i f i e d  i s

‘cc - - - 
- - ‘ — TT r’ b - ‘ —~ ,~ 

-~~~~ ,~. c , r -  ~. ~~- - . - 4
~ 

-
~~

A t s t , - ~, , f ~ - - ,~t s - t , -  d c- c- c r a t es  a r e  eq u : - .-~~.e so that

~~

the m ’ e : r - , Lc:~, 
r

- ~~~~~~~~~~~

Eq u a t i - -n s  1-3 and I - i ’  d e f i n e  the g e o m e t r y  of L I - c  r e s i d u a l  p a r t i c  i e s -  for
a r e s i d u a l  BDP mode l .

The ex : ’~t e m t i  e of r e t a i n e d  r e s i du a l  p a r t i c l e s  m e a ns  there  am more  -
p a r t i c  l c c ~ on the -  b u r n i n g  su r f a c e  than one computes f rom the p r op e l l a n t  / ~~~~~~~~~~~~~~~ -c n g r e dj e -n t s , In th p e t i t e  e n s e m b l e  ap p r o a c h  each d i s t i n i z - m i s h s -~~l~ \

Sesr - ,-~~ia r t i c  ie is recognized in the statistical framework and a monodisperse ~~~~~~~~~~~~~~ 
- -

p s u e d o - p r op e i l a n t  is g e n e r a t e d  for  that d i s t i ng u i s h a b l e  p a r t i c l e . 
/‘T h e r e f o r e , r c - t a m n c - , , :  r e s i du a l  p a r t i c l e s  mean  tha t  ti _ c c- s ta t i s t i c s  of the ( 

~~~~~~L-h u r i c i n g  sc i r~ ac  e are alter 1 . Although this aspect of the pr o b l e m  has  
~~~ ) ~~~~~~~not been  exp lo red at th i s  tin _ c e , n o g r e a t  “ t h e o r e t i c a l”  d i f f i c u l t y  is ~~~i’

f o r c e - c - n ( j u s t  t i m e) . H o w e ve r , as the distr ibution function is now depen-  
~~~~~~~~~ - 

- -
dent  

~ 22~j 
t he c o n u l c u s  t m n  - - cc i c --i , the  p r e s e n t  model  becomes  the in t e r i o r  Q,~- c- ,cu -oi an i t er a t i o n  loop i n v o l v i n g  the d i s t r i bu t i o n  f u n c t i o n . C o n s e q u e n t ly , -- - ---- ----- “

‘exac t ” t r e a t m e n t  of r et a i n e d  r e s i du a l s  w i l l  p r o b a b l y t r i p le or q u a d r u ple
run t ime .
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AP P E N D I X  LI

E L L I P T I C A L  PARTICLE S

A central diff iculty with asp herical particles is find i ng an
e xp r e s s i o n  f o r  the d e f l a g r a t i n g  s u r f a c e  of the  p a r t i c l e  t h a t  s a t i s f i e s
t h e  f e i l l o w m r m g  c r i t e r i a :  d e f l a g r a t in g  s u r f a c e  p o s s e s s  same i n t e r s e c-  s~~-c-~ --- -t- -~~~
t i o r i  c~ i t h  Sp as elli psoida l  o x i d i z e r  p a r t i c l e , d e f l ar  r a t .  ng s u r f a c e  l i e s
cc i t h i n  e l l ipso ida l  p a r t i c l e , and d e fl a g r a t i n g  s u r fa c e  p o s s e s s  a t angen t  

~~~po in t  w i t h i n  elli pso ida l  p a r t i c l e  to Sp. This  i c exe r c ise ic i n  Anal y t i c a l
G eo m e t r y  appears  r ea sonab l y s imp le. H o w e ve r , it h a s  p r o v e n  to be /
d c f t a ’ c i I t ,

The equat ion  f o r  an el l i pso id  of r evo lu t ion  is - ~, --~~~~~~ ~ - 
-

(~~~+ T~~) / ~~~ ~ ~ /)~ ~~~
- ‘

In an ‘~ cons tant  plane a s sume  tha t  def lag r a t i n g  s u r f ac e  has the ‘-
~~~~~.~~~ -‘ 

-

f o r m  ‘ ?c~ c.j~ h ,~ 
-
~

This g u a r a n t e e s  a fit to the original ellipsoid. Conditions def in ing  
-A and B a re  

- - -~-~~ ~~~~~~ - -~~

/ -

= — It -s

= ~~~ ~~~ - -
~-~~~ - -

w h e r e  ~ deno te s  the  value of ~ at o = o  and denote s
the value of ~, at the intersection of S and the p a r t i c l e .
Solving for A and B gives

~~~ 

- 

~
p)  I t -4~.

~~~~
= -

~~ / (~~ 
- l t-4~~

The curve  in the O~ 0 plane m u s t  approach an elli pse as
~~ -~~ 0 . Thus , the s implest  poss ib le  cu rve  mus t  approach a
segment of an ellipse. Assuming that this elli pse is t r ans la ted  and -

stretched hut axis  of s y m m e t r y  is a lways  para l le l  to the p a r t i c l e s  xc —

/ 
-

—;:,
i:-— —at--- 

~~~~~~~ ~~ -

Thee and { so that Se

&s ~~ ~~~~~~~~~~- 
~ . - : . ç) /a.11 +[(ç - A, ~ s~ ç) /a.~~ = 1  IL -~~~ “i 

~
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T h is  c u r . e  m u s t  p a s s  t - c r o - .~ - : . t h e ’  c t - t e r s e - c  t c o n  of ~~~~ c c c t h  the
p a c ’t - 1 ~ at o” o (~u~~~~ .

, ~ 
) - T h u s , (~~~c q , A~, =a~ )

- ~ 
- ~~~~~~~~~~~~ I

‘ ( -
~~~~~~- - )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Solving A 1 
~~~~~~~~~~~~~~~~~~~~~~

I 
- -—

- I -
‘-s . (v - : ~~~~~~~~~~~~~~~~~~ 1I a t _

2,
,‘ ~~ 1 ’I s .4 ~A,-=, f0(ç- ~~~o~~ 4 )  (~~-uu~ c~ —~~~~

_
~~O- - ~~~~~~~~~~~~~~~~~ A

D i f f e r e n t i a t i n g  E q. I I - /  wi th  re spect to ei a n d  c - e t t r :  t I . c e t
r e - s i l t  to - i- _c, oft es

- 

~~~~~~~

The l o c u s  of p o in t s a d i s t a n c e  ~~ f r o m  ~~, i s
- -  ~~~~ - ~~

~~~= - ~~~~_=_ _ ,j~ -t -c, 
~~~ ~~~-ic~4- - -‘_ _ _ _ _~____ I P

Th e m - e f ’cr e , s i n ce t h e  p o i n t  c i t e - r e  dF~/d YL — -k’~ ~ m u s t  t ie on
— ti-o s line t he  c o o r d i n a t e s  of t he  t a n g e n c y  point  a r e

- ,~~ 
A.~c.c(- (A ,- A , 1  ~ &i~~ L +-c-,-

~~- —--~~~ —

A ,~~ A , ~~~~~~

- 4~~~~ i~ ‘,- +

Sinc e m u s t  also be on the  elli pse

- 4 - 
L

h o lv i ng fo r  s g i v e s

r — - -
4.2 A 1j~c~~~ ‘~c.s. ~ ~ t~~iç~~~~~

_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Since -

- ~~~~‘4~~~~~ ) ~
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- A s  ~~ lies on the pa rticles sirfa c- e

I -  ~~ -

- so t h a t
- ~- L l~ 

_c, xc 
-

~
c- - (

~~~)~~~~~~~
- _

~ ~~~~~~

The T C- c u r v e  is  g iven  b y Eq. 1I-( ~ so tha t

-
~~~~ 

t 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - 1

Since Er =e~ and 
~~

(
~ ) is known, the equation for the

- - d e f l a g r a t i n g  su r face  is k n o w n .
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A PP I -  N D I X  III

C OM P U T E R  C O D E

I n p u t  i n s t r u c t i o n s

CAd ~D 1: Data Card

N ’ I ’ I B E R  R E Q U I R E D :  One p e r  r u n

F U N C T I O N :  Sp e c i f y nor - c - - i -  of ox id i z e r  t y p e s , p r e s s u r e  r a n g e , p r i n t
p a r a m e t e r, ac c u r a c y  p ar a m e t e r  in  b e s s e l  s e r i e s  e xp an -
s i o n  a m _ c r I  l i m i t  on n u n _ c i t_ c r of t e r m s  in  B e s s e l  s e r i e s .

F O R M A T :  (15 , l F l O .  5 , 2 15 , F’ lO . 5)

C o l u m n s  1- ~ : NON , nur n he r of ox id i z e r  spe c  l e a

C o l u m n s  6- 15 :  P S T A R T , p r e s s u r e  to s t a r t  i o c r e r _ c  e u t a l  ca lcu-
l a t i o n s , atm

Colun -mns 16-2 -- - :  PSTOP , p r e s s u r e  to stop i n c r em e n t al calcu-
l a t i o n s , atm

( ol un-  uc -  2 6 - 3 0 :  I P RI N T , = 0 s u p p r e s s e s  O U T P U T  of rate v . ~~.
D .,  I P R IN T  = 1 p r i n t s v vs . Do

C o l u m n s  3 1- 3 5 :  L IMBES, L i m i t  on n u n _ c h e r  of t e r n _ c s  on B e s s e l
s e r i e s  so lu t ion

Columns  3 6 - 4~~: E R R B E S , m i n i m u m  e r r o r  a l lowed in B e s s e l
se r es so lu t ion

C A R D  2: Data Card

N U M B E R  R E Q U I R E D :  One p er  run

F U N C T I O N :  Sp e c i f y i n t eg  r a t i o n  p a r a m e t e r s

FOR I - IA T :  ( 2 I ~ - , 3F10 . 0l

Columns 1-5: NCOUNT , nu m b e r  of i t _ c t e r c - a I -c in  the n u m e r i c a l
i n t e g r a t i o n  of total  p r o p e l l a n t  mass  f lux . T yp ica l ly  30

C o l u m n s  e~ _ 10: N X C O t t N , n u m b e r  of i n t e r v a l s in  the n u m e r i c a l
in teg  r a t ion  for  the  p r op o r t i o n a l i t y c o n s t a n t  C in the
r - q - c a t i n n  f o r  the vo lume  of fuel a s s o c i a t e d  wi th  a p a r t i c  le
i n  a pol ydisper se packing . Typ icall y 300

_ _ _~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - — - -  .—, -
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C o l u m n s  11-2 0 :  XN  d i a m e t e r  exponen t  in  the e q u a t i o n  f o r  the
vo lume of fue l  a s s o c i a t e d  wi th  a p a r t i c l e  in  a poly d i s p e r s e
pack ing . ( CsJ 2.0)

Columns  2 1-30: DSTAR T, P a r t i c l e  d i ame te r  to s t a r t  i n t e g r a t i o n

Co lumns  3 1-40 :  DS’TOP , P a r t i c l e  d i a me t e r  to stop i n t e g r a t i o n

C A R D  I :  D a t a  C a r d

‘lI M i t E R  R E Q U I R E D :  One c a r d  per  run

F U N C T I O N :  Sp ec i f y fue l  typ e

F O R M A T :  (15 )

C o l u m n s  1-5:  I F U E L , I F U E L  = 1 if HTPB , I F U E L  = 2 if PBAN

C A R D  4: Data Card

N U M B E R  R E Q U I R E D :  One card  per  run

F U N C T I O N :  Speci f y p rope l l ant  p ar a m e t e r s

F O R M A T :  ( 6 E l 2 . 6)

Columns 1-12: T Z E R O , ini t ia l  propel lant  t empera tu re, deg K

Columns  13-24: XALFA , Ox id ize r  mass  f r a c t i o n

Columns 2 5- 3 6 :  QFUEL , heat of pyrol ys i s  of the fuel b i n d e r ,
c al/g

Columns 37-48: RHO F , densit y of fuel b inde r , g / c m 3

Columns 49-60:  AF , a r r h e n i u s  f r e q u e n c y  fac to r  of fuel b i n d e r ,
g / cm 2 - sec

Columns 6 1 -72 :  EF , ac t iva t ion  e n e r g y  of the fuel b inder , ca l /mole

CAR D 5: Data Card

NUMBER R E Q U I R E D :  One per run

FUNC TION: Specif y propellant p a r a m e t e r s

F O R M A T :  (6E 12 . 6)

Columns 1-12: BETA, mass fraction of metal
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C o l u rr n s  1 3- 2 4 :  R H O M , d e n s i t y  of metal , g / c m 3

C o l u m n s  2 5 - 3 6 :  OI~I , hea t  r e l e a s e  of c_ c e t a l  c o n - h u c - t~ o’ ., c a l/ c t

Co lumns  3 7 - 4 H :  PCSUDP , s p e c i f i c  hea t  of p r o p e l l a n t , r - a l  /g °K

Columns  4 9-6 0 :  P L A M B , t h e r m _ c a l  co ‘ i ,  t v i t v  of p r c ~~i e l 1 a n t ,
ca l / c m _ s e c _ °i-l

Co lumns  t- 1 -72 :  \E , p r o p o r t i o n a l i t y c o n s t an t  fo r  r e sponce
f u n c t i o n  peak

C~M I D  6: Data C a rd

N U N - l i t  E R  R E Q U I R I - : H :  One  per  run

F U N C T I O N :  Speci f y o x i d i z e r  t ype

F O R M A T :  ( I S)

Columns  l -~~: IOXID , LOX ID = I if AP , 2 I f  KP , and 3 i f  HNI X

C A R D  7:  Data  C a r d

N U M B E R  R E Q U I R E D :  One c a m i l  pe r o x i d i z e r  t ype

F U b C  T I ON :  Speci f y p rope l l an t  p a r a m e t e r s

F O R M A T :  (6E 12 . 6)

Co lumns  1-12:  N ot  Used

Columns  13-24 :  G M c V D .  Molecu la r  weig ht of f i n a l  f lame p r o d u c t s

Columns  2 5 - 3 6 :  X NtI’) I D , Propor t ional i t y cons tan t  f o r  fi nal
d i f f u s i o n  f l ame

Columns 37-48:  XN U P D , proport ional i ty  cons t an t  fo r  p r i m a r y
d i f f u s i o n  flame

C o l u m n s  4 9 - 6 0 :  P M W D , molecu la r  w e i gh t  of p r i m a r y  f l a n - e  p r o d u c t s

Columns  6 1-7 2 :  h1ot i c - e d

C A R D  8: i ) at a  Card

N U M B E R  R E Q U I R E D :  One c a r d  pe r  o x i d i z e r  t ype

F V N C I T O N :  Specif y p rope l lan t  p a r a m e t er s
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F O R M A T :  ( 6 E 12 , 6)

C o lum ns  1- 12: QLD , l a tent  heat  of vapor i za t ion  of the ox id i ze r ,
c a l / g

Columns 13-24:  R H O X D , dens i t y of the o x i d i z e r , g / c m 3

Columns 2 5-36 :  AOXD , a r r h er uu s  f r e q u e n c y  f a c t o r  of the oxi-
d izer  g / cm n 2 _ s e c

Columns 37-48:  EOXD , activation ene rgy  of the ox id ize r  ca l /mole

Columns 49-60 :  TAPD , t e m p e r a t u r e  of the AP f lame , deg K

Columns 6 1- 7 2 :  Not used

CAR D 9: Data Card

NUMBER R E Q U I R E D :  One card per  o x i d i z e r  t ype

F U N C T I O N :  Specif y p r o p e l l a n t  parameters

F O R M A T :  (6E 12 . 6)

C o lum ns  1-12: CIGND , ox id ize r  ig n i t i on  de lay  p a r a n et r ,
s ec(a tm)m cm i-’

~~ w h e r e  m~ POWIGN and n= PU\bD

Columns  13-24:  POWIGD , p r e s s u r e  exponen t  i n  o x i d i z e r  p a r t i -
cle i gn i t i on  delay t e r m

Columns  2 5 -3 6 :  POWDD , d iamete r  expone nt in o x i d c z e r  p a r t i c l e
ign i t ion  de lay  t e r m

Columns 37-48 :  CONFD , CONF = 0 if p a r a b o l i c  f lame assumed ,
CONF = I if conical f lame assumed

Columns 4 9-72 :  Not used

C A R D  10: Data Card

NUMBER R E Q U I R E D :  One card  pe r  oxidizer  type

FUNCTION:  Specif y propel lant  pa rame te r s

F O R M A T :  (6E 12 . 6)

Columns 1-12 : KPFD , rate constant of p r i m a r y  flame , g I cn-c 3~
sec-a tm)
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o l - cm n s  13-21 : h - A P 1 D , r a te  c o n s t a n t  of AP f l a m e  at low p r e s — c - r e ,
g / ( c n - 3 _ s e - — a t m )

C o l u m n s  2 5 - 3 6 :  K A P 2 D , r a te  c o n s t a n t  of A? f lame at hi g h
p r e s s u r e , g /c m 3 -sec-a t rn )

C o l u m n s  3 7 - 4 k :  X N 1D , r e a c t i o n  o r d e r  of p r i m a ry  f l a t _ c _ c e

C o l u m n s  49 -60 :  N 2 D , r e a c t i o n  o r d e r  cif AP f i a n c e  at low
p r e s s u r e

Columns  6 1 -72 :  X N 3 D , r e a c t i o n  o r d e r  of AP f i anc e  at h i g h
p r e s s u r e

C A R D  11: Data C a r d

N U M B E R  R E Q U I R E D:  O n e  ca re  pe r  o x i d i z e r  t ype

i N C ’f I O \ l~ Spec i f y p rope l l an t  p a r a m et e r s

E OR N I A 1  : ( t E l ? . 6 )

Columns 1-12 :  CSUBPD , a v e r a g e  hea t  c a p a c i ty  of sol ids and
g a s e s , c a l / g_ °K

Columns 13-24: XLAMBD , ave rage  thermal  conduc t i v i t y  of the
c o m b u s t i o n  g a s e s , c a l / c m -  sec- °K

Columns  2 5 - 3 6 :  GAMMAD , d i f f u s i o n  p a r a m e t e r , cm 2 / s ec

Columns  37-48 :  A F H D , flame he ig ht fac to r

C o l u m n s  4i~_ 6 0 :  EPSD , exponent fo r  d i f f u s i o n  p r e s s t i r e
dependence

Columns r - l - 7 2 :  YD p r o p or t i o n a l i t y  c o n s t a n t  f o r  shor t  d i f f u s i o n
f lame (not  u s e d )

CARD 12: Data Card

I : b M B E R  R E Q U I R E D :  One card  p e r  o x i d i z e r  type

F U N C T I O N :  Specif y number  of p ar t i c l e  s ize  d i s t r i b u t i o n  modes

F O R M A T :  (15)

Columns 1-5: MODES, number of particle size distribution
m ocl e S
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C A R D S  13 — ---

~ 12 + M O D E S :  a t a  C a r d

N U M B E R  R E Q U I R E D :  une  ca rd  pe r  mode  per  o x i d i z e r  t ype

F U N C T I O N .~~Spec i f y o x i d i z e r  s i z e  d i s t r i b u t io n  p a r a m e t e r s

F O R M A T :  ( 3 F l O . 0)

C o lumns  1-10: 5 - I I I M A , s t a n d a r d  d e v i a t i o n  of o x i d i z e r  s i ze
d i s t r i b u t i o n  fo r  a p a r t i c u l a r  mode

Column s 11-20: DBAR , mean oxidizer crystal size for a
p a r t i c u l a r  mode , m i c r o n s

Co lumns  2 1-30: A L F AI, m a s s  f r a c t i o n  of o x i d iz er  In a p a r t i c u l a r
n-code r e l a t i v e  to p rope l lan t  m a s s

C A R D  13 + MODES:  Control  Card

NUMBER REQUIRED: One card per case

F U N C T I O N :  P r og r a m  t e r m i n a t o r

FORMAT:  ( 15)

Columns 1-5: NSTOP , If (NSTOP . LT~ 1) S J A R T  NEXT CASE ,
if  (NSTOP . GE , 1) STOP E X E C U T I ON . 

----
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UUUU 43 A/ = ML0-’(~.1,~U/LlML )/MLt~ ,((1.—X Ij1)UI/ (1.— AIJUL ))
0000411 411 =

UU0U bt~ ITMI = H L *t 1 . — X N U ) * * M L
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IJUUU4I  NHobI- 1-’OMW1/(82,055*1oP)
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000100 7 01(001 = 44.10008450
UUU LU 1(1104141
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0001-A U 16 01-1)01 = 51.04555518
000154 P11 IUNN
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199,85 •37+4, 8146 .6051 .100+ 1~~b+90 25443 .00 (2 L*j~~10 .1+ 4.44 444,09
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40C .0 9  .3781 046 .0031 •71/00 1.8801 2543 .1/072 j444~ 3U .18 2.14 41.99
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400.04 .4491 61)6 .6051 .7 0 00  1.6601 258) .0021 1)8.93 .01 .94 4 6. 55
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4 1 4 4 . 1 0  .4 291 01)6 .6051 . / 0 0 0  1. 0+01 1585 .0 1 ) 4/  139 .04  .ul .94 89 •37
400,14 .4290 651/ .8051 .1000 1.0+01 25’.) .0047 1)9.0/4 .1/1 .92 80.1)7
400.14 .4490 91)6 .6051 .1000 1.61/01 45”) .0027 139.08 .01 .94 40~~5b
200.13 .8290 81)6 .6031 .7000 1.6801 2)”) .0017 139,0/ .U7 .94 88.58
200.1/ .4290 1/1)6 .6051 .701/U 1,8804 2543 .004/ 139.1/9 . v /  .94 4b~~59
200,10 .4290 050 .8051 .10U0 1.0+01 2343 .0941 139.11 ,ut .1)4 ‘10.5’)
200,41/ .4269 836 .8051 .7+00 1.6+01 4)4) .0021 139.12 .01 .94 49.60
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199~~05 .8(56 064 .8031 •70UU 1.1/005 2543 .0010 173.24 .u) .5/ 53./~4
199.93 .4753 064 .6051 .7000 0.8+01 2545 .1/010 115.25 .1/5 .3/ 53 . 74
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• 199~~08 .4755 86’S .0051 .701/0 1,6801 2 3 4 3  .0014 1/ 3 . 4’ .  .05 .3 /  35 . /I,
199 ,90 .4155 864 .003 1 . 7 1)00 1, 66 01 2543  . 0 0 1 u  1 /3 . 5 1  . 0 5 - .5 /  35 . /I,
499 .91 . 9 7 5 5  86’s .0031 .7 4 2 0 0  1.60 441 15145 .0011, 1 /5~~55 .0 5 .5/  35. 17
199.95 .4754 864 .6051 .7000 1.0801 2345 ~~~~~~ 1 / 5 . 5 5  .03 .5! 55. 17
299.94 .8134 9614 .0031 .101/0 1.8801 25’S) .4414, 1/3,51 .423 .3/ 53 .7,,
199 .90 .4 754 864 .8951 .11/00 1. 1/801 25” )  . 0 4 2 1 1 )  j l 5~~ 59 .05 .57 35 .79
199. 99 .4 754 +645 .0 1 4 5 1  . 700 0 1. 6901 2583 .0011 1 73 . 41 .05  . 3 1  35 . / 9
199,99 .91544 8644 .8531 .7000 1.0001 4)43 .0010 1/3.45 .05 .5/ 55.1/0
4 00, 01 .9 755 06~S .6051 .70 0 0  1.68 01 21)4) .0010 1 /5. 83 . v S  .5 /  55 .044
401.1)4 .4155 +614 .6051 .1000 1.1/004 - 25*3  .0010 4 4 / )~~4 /  .03 .3/ 53.81
‘00. 04 .14755 8645 .6051 .7000 1.6801 14143 .0010 113.49 . 0 5  . 5 /  55 ,9 4-
4 90. 1 /b  .‘S105 8614 .0051 .1000 1.6902 15’S5 .0018 1/5.51 .03 .5/ 55.82
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000.09 .4152 064 .0051 .7000 1.0801 1545 .0010 1/ 5 .5 5  .95 . 3 /  57 . 13
200.10 .8154 01/4 .0031 .7000 1.0801 24,87 .00142 1/5.31 .1)5 .5/  3,9~~ (’14
4 00.1’  .9 7 5 2  964 .6031 . 1 0 0 0  1 . 0 8 0 4 -  2145 .0010  113.39 . , 3  .5 !  53,1’S
4 0 0 .1 4  . 4 7 5 2  1/64 .1 /051 . /01 /0 1 . 090 1  25 8 5 .0010 1 (3.61  . 05  .3 /  55.4-5
200 .2 )  . 47 5 2  964 .1/031 .701/ 0 1.811421 2)’S 3 .0010  1/ 3 .6 5  .03  .5 /  5 5 _ t b
400.17 .4151 8641 .605 1 ,7 U 1 / 0  1.1 /801 1 34 5  .0010  1/ 5 .6 4  .05  .3 ’  33 , b
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