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I
I NTRODUCT ION

I n most cases of practica l applicatio n of seakeeping theory or

I experiment the prob l em comes ultimately to that of predict i on of the
statistics of maxima of ship response in realistic (random or irregular)

I seas. Methods of estimation of the magnitude of oscillatory shi p motion

stat is t ics are reaso nabl y wel l in hand so long as the motion be i ng pre—

— d icted can be assumed to be a linear function of regular wave hei ght. The
1*methods out lined by St. Denis and Pierson involve, in add i t ion to the

r linearity assumption , the assumption that the wave process is Gaussian.
- S. These assumptions being fu l f i l l ed, the spectrum of response may be esti-

r mated, and from th is a reasonable est imate of the s ta t i s t i cs  of maxima

k - and m inima ca n be formed.

I n this context shi p rolling continues to pose a problem. The

1.. often used sing le degree of freedom equation for roll (which is traceable

to the work of W. Froude ) ,s  non—lin ear I f l  damp ing moment. This same

1. non— l ineari ty, or the recognition of its possible occurre nce, a re to be
found in many multi—degree -of—freedom analyses . In the case of both p itch

and heave it has been possible to develo p linea r theoretica l approaches

to damping wh ich conform reasonably well to observation. This has not

been the case with rolling. There presently appears to be no theoreticall y

based prediction method for roll which is completely free of emp i r i c i s m

wit h respect to roll damping .

Some direc t tests have been made of the validity of the linear

superposition technique for prediction of roll in irre gular seas. Lalangas3*
U

*
1. St. Denis , M. and Pierson , W•J., Jr., “On the Mot ions of Sh ips in

L. 
* 

Conf used Seas ,” SNAME, Vol.  61, 1953.

2. “The Papers of William Froude,” The Institut i on of Nava l Architects ,

~ L 
* 

London, 1955.

3. La langas , P., “Appl ication of Linea r Superposition Techniques to the
Roil Response of a Ship Model in Beam Irregular Seas,” D.L. Report 983,
Dav i dson Laboratory, Stevens Institute of Technology, October 1963.
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concluded that the method s reasonable for at—speed conditions. Other

work tends to bear out this conclusion for at-speed conditions , but not 
1]- - for very low or zero ship speed.

In the case of the prediction of non—linea r zero speed rolling in

irregular seas, most work has involved the ordina ry single degree of
4*freedom rol l equat ion with non-linea r damping. The work of Kaplan and

Vass)lopoulosS* i nvolves equiva l ent linearization techniques in the esti- LI

mation of the variance of roll and the rol l spectrum. Vassilopou l os

- inc l udes a restoring moment non—linearity as well. In this technique
- 

nonlinea r elements are replaced by linea r elements chosen so as to mini -

mize the resulting mean square errors for the case. of random exc i tation.

Yamanouch u app roached the prob lem with a perturbation technique for the

solution to the non—l inea r differential equation , obtaining solutions for ft
the non-linear roll spectrum in terms of the sum of the linear spectrum

~ 
- and various convolutions . 

[Ji
In both the approaches just cited there is the implicit assumption

that the statistics of rolling maxima are adequatel y described by the

Ray leigh distribution . A partial vindication of this assumption has been

made by numerica l time domain simulations of a single degree of freedom

roll equation.7* The results ind i cated that reasonab l y good predictions

- 
of up to the 1/10 hi ghest averages of non-linea r rol l may be made from a

F knowledge of the roll spectrum (or equivalently the roll variance) and the 1
- assumption of a Ray leigh distribution of maxima —— despite the inclusion

~2

_ _ _ _ _ _ _ _ _ _ _ _ _  

H
*4 Kaplan , P., ‘t Lecture Notes on Non-Linear Theory of Ship Roll Mot i on

in a Random Sea Way,” ITTC Transactions, 1966.
*5 Vassilopou l os, L., “Ship Rolling at Zero Speed in Random Beam Seas

with Non—Li nea r Damping and Restoration ,” Journal of Sh ip Resea rch,
Vol.  15, No. 4, December 1971.

*6 Yamanouch i , V . ,  “On the Effects of Non-linearity of Response on Cal-
-~~ cula tion of the Spectrum,” ITTC Transactions, 1966.

*7. DaIzel l , J.F., “A Note on the Distr ibution of Maxima of Ship Rolling, ”
Jou rna l of Ship Research, Vol. 17, No. 4, December 1973.

2
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of non— linearities wi thin the normal range of magnitude observed in un-

t, 
I 

stabilized ships and models.

I In a quest for possible further improvements in techniques for

I I prediction of non— linear rolling in random seas, two other genera l ap—

proaches for the solution of non—linea r random vibrat i on prob l ems can be

considered . The firs t is one of the variations of the Fokker-Planck

- ~
.- equation method. Evaluat i on of roll response statistics according to this

approach promise to be extremely difficult when the spectrum of exc i tation
- 

8*is not wh i te (flat). Hadda ra uses a modified Fokker-Planck approach

which results in estimates for roll variance for the case when the exci ta—

[ tion spectrum is white.

- r The second alternative approach is the functional series model. In

I 1. this approach there is a serious draw—back with respect to application to

r the usua l non-Iin:ar rolling equation. This was pointed out some time ago

- ~~ 
~

- I~ 
by Vassilopou l os . If the functiona l series and a differential equation

are to be related, it appears that the terms in the equation must be

- I analytic for small values of the variables. This is not the case for the

- 
“quadratic ” term ordinari l y used to represent the damp i ng non—linearity.

10*Because of reasonable success achieved with the application of

the functional series approach to the added ship resistance prob l em, the

I possibilities of application to ship rolling were re— i nvesti gated. Among

the attractions of this method is that as a conceptua l framework it is

suitable for any reasonably well behaved wave input (regular , trans i ent,
- .J ~~~ I

1. or random), and since it contains the completel y linear system as a

L *8 Hadda ra, M.R., “A Modified Ap proach for the Applica tion of Fokker—
Planck Equation to the Nonlinea r Ship Mot i ons in Random Waves ,”

- Internationa l Shipbui ld ing Progress, Vol. 21 , No. 21+2, October 1974.
• 1  

*
9. Vassilopou l os, L.A., “The Application of Statistica l Theory to Non-

ft Linea r Systems to Ship Motion Performance in Random Seas,” Inter—
nat i ona l Ship building Progress, Vol. 14, No. 150, 1967.

- ~10 Dalzell , J.F., “App licat ion of the Functional Pol ynomial Model to the
Ship Added Resistance Problem,” Eleventh Sympos i um on Nava l Hydrody—

1. namics , Univers i ty  College London, 1976.
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special cas e it appears to have the potential of being a logica l exten-

tion to presen t practice. As p rev i ously noted, the ac h ievement of t he
more gene ra l advantages of the funct i ona l series model for Ship rolling

depend upon the approx i mation or replacement of the quadratic damping

term with someth i ng more tractable. This report is the result of a step

in this direction , which was to cons i der how an approxima tion to quadratic

damping mi ght be made and what the penalties mi ght be.

1!AN APPR OXIMATI ON TO THE QUADRAT I C TERM

The singl e degree of freedom rolling equation may be conside red in

the form:

I.-’. J 4 $ + N ( c ~) ÷!(~
) = F(t) ( I)

r where:

cp= roll angle

= roll inertia

N(c~) = damp i ng function

= restor ing f unct ion

F(t) = exc i tat ion
t = t ime

In the l i terature there appea r a number of forms of restoring I
function. None so far seen are fundamentally different than an odd series

‘ •1 i n C p:

B(~p) = E B .P ~ (2)
— j=13... -~

~~~ 
~ . In most applications only the first (linear ) term is used. In any event

the form of Eq. 2 presents no fundamental problem. ii
The classica l damping function may be written in the form:

= N~ 1 c p +  N2~ I -CM 
~~ 

(3)

The absolute va l ue in the second term of Eq. (3) is the issue.

[I
1~

‘ 7  ~~~

- 

-
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The above form for roll damp i ng has also been used both explicitl y

and imp licitly in modern multi—degree-of-freedom analyses. There appear

to have been extremely few deviations from the form of Eq. (3) in the last
11*

• centu ry. A few recent instances may be cited. Hadda ra replaced the

I 
- second term with a cubic term in 4, for illustrative purposes and possibly

because the quadratic form was impossible to handle in his derivation.
12*

— 
I Lewison also replaced the quadratic term with a cubic term. The reason

appears to have been largely to facilitate ana l og computer setup, though

j he remarked (without elaboration) that the cubic model better fitted the
i:~. 13*data. Takaki and Tasa i performed forced oscillation experimen ts of a

ship model with bil ge keels, and found in their analysis of the roll damp—

ing that an improved fit of the data was obta i ned by adding a cubic term

r in 4~ to the standa rd model , Eq. (3).

~ J The above was sufficient encou ragement to consider the replacement

of the quadratic term in Eq. (3) with an odd series in C1~. If it is assumed

that the coefficients N21 and N22 in Eq. (3) are given, then the problem

~ is to relate these to the coefficients of an odd expansion. One approach

LI is to make a least squa re fit of an odd series to IC p I 4, over some assumed
range of Cp, say (_cp

~ 
< q < Cp

a). The fitting equation was therefore assumed

in the following form:

L k=~,3,... ~k 
4,
k
/(4,~)

k
~
2 

(1+)

r ~ It was further assumed that the odd series is truncated at the term with

exponent K. In this case the (K+l)/2 norma l equations in the unknown

- H *11. Hadda ra, M.R., “On Nonlinear Rollin g of Ships in Random Seas,” Inter—

- nationa l Shipbuilding Progress, Vol. 20, No. 230, October 1973.

~I
. 

- *
12. Lewison, G.R.G., “Opt imum Des ign of Passive Roll Stabilizer Tanks,”

The Nava l Architect , R I N A, January 1976.
*13. Ta kaki , H. and Tasa i, F., “On the Hydrodynam ic Der ivat ive Coeff ic ients

fo r Latera l Motions of Ships. ” Transactions , West Japa n Soc iety of
Nava l Archi tects , No. 1+6, Augus t 1973.

t.
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coeff icients 
~k become:

k=l,3... (k+j+l) j+3

(with j=),3,...K) ( 5)
Af ter solvi ng for the 

~k’ 
the result for truncation of the series

at the cubic term is: 
-

14 , 1 ~~~~~~~~~ (6) H
Figure 1 indicates the degree of approximation involved in Eq. (6) .  Only

the positive half of the quadratic form is sho~~ and the evaluation is

made for normalized Ic ~I cp . The maximum deviations within the range of

the fit (± 
~~ 

amount to 3 or 4% of C . Because both the fitted coeffi-

cient5 are positive in Eq. (6), the genera l behav i or of the approximation - -
beyond the fitted range is the same as that of the quadratic term. H

The solution of Eq. (5) for a truncation afte r the fifth power was

also obta ined. In this latter case approximation errors within the fitted J
range ~~ 

~
‘c~ 

were about half those indicated in Fi g. 1 , but because one -

of the three coefficients (at) was negative, the behavior of the fitted I]
- • function outside the range was most unlike that of ICPI CP , and accordingly 

-

the fifth power approximation was discarded in favor of an exploration of U
the possibilities of a cubic fit , Eq. (6).

If it is assumed that Eq. (6) is an adequate approximation , sub-
stitut i on in the damping function , Eq. (3), results in:

:1 5 . 

~5 N22 .3 Li
N(cp) ~ [N21 + •1

~ ~c 
M22J cp + - = N ( cp) (7)

H

In approximating the non-linea r damp i ng elements of Eq. (1), it is the

accuracy of N(~o) which matters. If the non—lin ear part of the damping -

is rela t ive ly weak with in the range of absolute roll velocity for which

the approximation is des igned (c ~~), the errors in N(c ~) as approximated by
Eq. (7) may be expected to be less than those implied by Fig. I. U

U
6
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LI
Conceptually, Eq. (7) ni ght be thought of as a sort of equivalent

- j non—li nearization . In the sense of makin g estimates of roll varianc e 111
utilizing the functiona l series method , the for;~ of Eq. (7) is suitable.

However the presence of the parameter c~ means in princip le that estimates

of both the roll and roil velocity variances would have to be made for an

arbitrary choice of these used to estimate a reasonable solution domain

of C~, and the process i terated if required. This p rospect was accepted

pend i ng some furthe r studies of the cubic approximation .

THE THEORY FOR ANALYSIS OF ROLL EXTINCT I ON DATA

In order to assess furthe r the approximation of Eq. (y) two things
seemed in order. The firs t was to find some realistic magnitudes for N21

and N22, and the second was to consider what violence to the left hand

s ide of Eq. (1) was being done relative to observed behavior of ships.

As noted in the introduction , theoretica l estimates of N21 or N22 Li

appea r for practica l purposes to be totally lackin y. Though theoretica l

estimates of N21 are made in the mo re sophisticd ted of modern shi p motions

al gorithms , these seem invariably to come out too low, the typica l p ro-

cedure be i ng to add somethiny to account for v scous ” damping effects so

-
• 

as to bring computation into l ine with observation. In fact, what are

considered realistic estimates of N~1 and N~ :- ~. ‘c almos t total ly empirical. 1]
In the vast majority of studies where some d s t i n c t on is made between

“linear ’ and “quadratic ” components of roll damp ing . the numeric a l results

are obtained by analysis of shi p or model sallying experiments. The data

reduction approach has been basica l l y the same since the time of W. Froude2.

Minorsky (pp i8(-1~~~~3 and pp 192-196) derives the method accord—

ing to the first approximat ion of Kry loff and Bogoliuboff. The basic

result is the differential equation of the amplItude of response, assuming

___________________

lL . M in orsky, N. , “ Introduct i on to Non-Linea r Mechan ics ,” J.W. EJwards ,
Ann Arbor. 1 )47.

• - ~~~ - — - — 
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I
~ i that damping is smal l , that excitation is zero and tha t ang les are small.

I In part icular if these assumptions are applied to Eq. (1) there results:

+ B19 + (cv) = 0 (9)

I Eq. (9) is assume d to be an adequate representation of the ship during

the sa ’1 lying experiment. The fundamental result from Minorsky
14 

for the

I differen t ia l equat ion of roll ampl itudes is:

-

. = - 

~~~~ ~~~~Vw cose)cose de ( io)

where:

w = ro ll frequency =

I” V the roll amplitude in the sense tha t the rolling

is represented in the form:

q(t) = Y(t)sin(wt+constant)

- 

Substituting the quadratic damp i ng function , Eq. (3), in Eq. (10):

2u

— = - 

~~~~ S LN2~ 
y wcosc ÷ N22Y2u.~~I cos e I cose icose de

N~~~~~~~1+N22W~~2 (II)
21 3111

It is convenient for ana l ysis of sa l l y ing data to make a change in the

time variable in Eq. (II). Tha t is , let

t = n T

- where I = roll period = 2r1/w

making this change in Eq. (11):

~~~~~~~~~~~~y~~~~~~~~y2 ( 12)

The typica l analysis of the curve of declining angles obtained in a ship

sa llying experiment amounts to estimating dY/dn (the decrease in roll

amplitude per cycle) as a function of mean amp litude and then choos ing
LI

.

;~~~ 

~L 9
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-
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4 :  U
coefficients to make a best fit of the data to an equation of the form
of Eq. (12). In part i cular ,

- .~! = ~~ Y + 62 ~2 (13) -
~ 
j

is the form often used. Having estimates of 6~ and 62 from the data,

est imated va lues of N21 and N22 may be formed : U
1w B1

3I~~ 3B1~~“ 422 = 2 = — 02

8u~
Froude found it convenient to estimate the decrease in roll per half

cycle (dY/dm), and much of the available data is presented in this way.

) In this case the data is reduced according to:

_ .~!=aY +b y2 (15)
r - •. dm

• so that in this system N21 and N22 may be estimated from Eq. (11+) with

= 2a and 62 = 2b.

G iven equations of the form of (12), (13) or (15) the equation of

the curve of declining angles from the sallying experiment may be found.

The result in terms of the notation of Eq. ( 1 5)  may be written:

V Exp [—am ]

- 
(16)

I + .~~ Y0( l-Exp [—am~ )

where the initia l conditions : roll amplitude = Y0 at t ime m = 0 have

been assumed .

Turning to the second point mentioned at the outset, once the numbers

in the approximate damp ing function , Eq. (7), have been chosen the form

of Eq. (1) changes. For example, for the zero exc i tation , small  angle
case as assumed for the ship sallying experiment, the ori gina l equation :

I
~

P + B~~C9+ N21 ci~.i- N22 I C ~ 1 c~ = 0

10
• 

i 

) I

~~ ~~~~~~~
- - - 

• 
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~ I
is changed to one of the form :

- . 3

1~
o +  B1 4 +  N31 cp + N33 4 = 0 ( 17)

~ r The question is (apart from v alidity of empirical constants) will such

1. a change imply responses which do not reconcile w i th  observation. Ac—

cording ly, it is of interest to make-believe that Eq. (17) represents the

I shi p in the sa l ly ing experiment. In this case the damp ing function would

be:
• .3

N(4,) = N31 c p+  N33Cp (18)

- Substitution in Eq.(lO) results in the differential equation of rolling

- amp li tude:

~~~~~~~~ ~ 3N33 u~ V
3 

(‘9)

or , making the time var iable change as was done to produce Eq. (12):

- 
r 

= - v - ~~~~~~~~~~~~~~~ (20)

Imag ining that the results of a sa l ly ing experiment mi ght be ana l yzed

in a way si milar to that for the quadratic mode l (Eq. 13), the coeffi—

c ients V1 and ‘y
~ wou ld be chosen so as to bes t f i t the data to:

1.3 - = 
~1 V + V3 V (21)

H According ly, the estimates of N31 and N33 from the experiment ~~u 1d become:

- N31 = -~~~~~ Y~ =

(22)
41 14B1N33 ~~~i5~~~~V3 ~3mw

H
In Froude ’s method of fitting wi th  half periods the fitting equation

ana logous to Eq. (15) might be wr i t ten:

dY
-~~- -= c V +dY (23)

IL
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Li
and , as before , est imates of N31 and N33 cou ld be formed from Eq.(22) by

letting V1 = 2c and V~ 
= 2d.

F i nall y, the equation of declining ang les from the ship sa l l y ing

experiment in whic h the damping is assumed to be the cubic model , may be
derived from Eqs. (20), (21), or (23). Assum ing, as w i th the quadratic
mode l, that the in i t ia l  roll amplitude is V

0 
at time (m) = 0, the result

in the notation of Eq. (23) comes out to be:

V Exp [-cm] El
+ ~V~ (l~ Exp[~2cm])}172 (

Accord ing ly, if an approx i mation of the nature of Eq. (7) i s

reasonab le re lat ive to ava i lab le  observations , the d ifferences between
the quadrat ic ext inct ion mode l, Eq. ( 13) and the cubic extinction model ,
Eq. (21) should be sma l l  relat ive to the range and accuracy of data .
Simi la r l y, if the curves of decl in ing roll ang les are exam ined, Eq. (24) -
for the cub ic model should not differ radically from Eq. (16) for the

quadratic model w i th in  the range of observation. Li

I
SOME ANALYSES OF SHIP-SALLYING DATA

15* 16* 17*
• A review of recent texts ( Lewis , Korvin-Kroukov sky , Vossers ,

Blagoveshchensky
l8*
, for examp l e) fairly convincing l y indica tes the o n —  - -

g inator of the mixed linear plus quadratic roll damping representation to
2

be W. Froude. It appears that there was no dispute at the t ime about the

-
*15. Lewis , E.V., Chapter IX “Princip les of Nava l Architecture,” SNAME, 1967.

*16 Korv i n-Kroukovsky, B.V.,  “Theory of Sea keepirig, ” SNAM E, 1961. U
Vossers, G., “Behavior of Ships in Waves ” - Volume I I C  of Resistance ,
Prop ulsion and Steering of Ships , Technica l Publishing Company, -~
H. S tam. N.y., the Netherlands, 1962 . -

*18 Blagoveshchensky, S.N., “Theory of Ship Motions ,” Dover Publications , -
1962 .
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: di
representation of rea l f lu id  effects upon roll as being quadratic , onl y

T about the mixed model. Since some of the experimenta l data used by W.

Froude in demonstrating his point are currently availab le
2 it was of

V interest to start with these. The data (which appea red in Nava l Sc i ence,
1. 1874, pp 220 of Ref. 2) involves the presumably fai red points on the curves

~~- of decl in ing ang les for 5 sallying experiments on 1+ ships , all of Which

1. appa rently were built with bar keels.

- The first po i nt of the exercise was to make a comparison between

the fits of Eqs. 16 and 24 to the original data . The experimenta l results

had been plotted to an enlarged scale and it was possible to measure the

roll amp litudes observed at each half cycle to within ±0.05°from these

p lots. Because it was not possible to quickl y develo p a d i rect leas t

F square fittin g procedure for Eq. 16 or 24, an ind i rect approach was utilized.

The first step was to make a least squa res 5th order polynomial fit to the

r 
- 

curves of declining ang les (V as function of m). From the resultin g coeff i—

cients , an estimate of dY/dm was eva l uated at each half cycle so that the
• result was a set of pa i red values of dV/dm and V. These data were used

- 
~

- - in making least square fits of Eq. 15 and 23 so tha t the result was a first

estimate of the coefficients a, b, c and d in Eq. 16 and 24. Given esti—

Li mates of the coefficients and assuming that V
0 
was the first roil amplitude

shown on the data and tha t this amplitude corresponds to m = C, Eq. 16

and 24 may be eva l uated and the rms deviations f r-urn the ori g inal data

computed. Trial and error pertu rbations of the initiall y estimated coeff i—
- cients were made until an approximate minimum rms deviation was found or

•1

until rms deviations were 0.050 or lowe r, this being the probable error

[ 1 in read i ng the origina l data .

The results of the procedure are shown in Figures 2 through 5 for
I the data in Ref. 2. Figure 2 indicates curves of declinin g angles for two- experiments on H.M.S. I NCONSTANT. Each experiment was ana l yzed sepa ratel y.

p 
(Froude had comb i ned the two graphical ly in his ana ly s i s 2 .) The logarith-
mic scale in this - fi g u re, as in those to follow, tends to accentuate

reading errors for the l ower ranges of roll amplitude. The fits of Eq. 16

~~: j l l  13

~~ t -~ :lI 1 if - .~~r,c - - -—s,-.- • - - -. *
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o • TWO EXPERIMENTS

-: 8 
~~~~~~~~~~ QUADRATIC MODEL, Eq. 16 Ii

6 — — CUBIC MODEL, Eq. 24

_ _  _ _  

H
4 

-

_
~~ 

U
COUNT OF HALF CYCLES

FIGURE 2. FIT OF EQUAT IONS 16 AND 24 TO CURVE OF
DECLINING ANGLES OBTAINED BV TWO EXPERI-
MENTS WITH H.M.S. I NCONSTANT IN 1871
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—

0

3 .

* Li
2. _________ _________ I 0 I

0 5 10 15 20 25 Ii
COU NT OF HALF CYCLES

l~ FIGURE 3. FIT OF EQUATIONS 16 AND 24 TO CURV E OF
DECLINING ANGLES OBTAINED IN AN EXPERI-
MENT WITH H.M.S. VOLAGE IN 1871
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U
and 24 to data for H.M.S. VOLAGE is shown in Fi gure 3. Figure 4 i nvolves

f i ts  to data obta ined by French experimenters on a ship named ELORN. This
experiment is notable for the large in i t ia l  roll anplitude (~~ 0), and it
is regretted that the details of the ship or experiment could not be found. UFi gure 5 i nvolves the declining ang le curve for H.M.S. SULTAN, which ,
owing to the ship ’s light damping in roll, is unus ually long, and accord—
ingl y the results were broken into two parts for plotting purposes in
Fi gure 5. - -

19*
- -

~ Gawn presents results of severa l sall ying experiments carried
- out by Froude on an i ronclad warsh i p, H.M.S. DEVASTATION. These were in

the form of various declining angle curves plotted to relatively small

~

- scale. One of these results was picked arbitrarily, and the cu rve was
read at each half cycle, excludi ng data for amplitudes less than 1 0 s ince

the values could not be read much closer than ±0.10 
. The result ing data

wa s subj ected to the procedu re outlined above, w ith results g iven in
? Fi gure 6.

Table 1 summarizes the numerica l values of the coefficients used

in eva luating Eq. 16 and 24 to produce the lines plotted in Figures 2

through 6. Values of rms deviations are also g iven. W. Froude ’s res u lts
for the coefficients “a ” and “b” are show n in the table for the cases
ava i lable.  U

On the whole, in Figures 2 t h rough  6, there is not much to choose
between the abilities of the quadratic model , Eq. 16, and that of the Ucubic model, Eq. 24, to represent the origina l data. In bot h cases ,
effort was made to produce fits having comparable rms dev i ations from the

data. Within the range of data either would serve as a reasonable inte r-

~ 
polator. In none of the cases shown would a purel y li near damp i ng function

resu lt in as good a f i t , and it is strongly suspected that neither an

* . . . . . . El•~ -~ 19. Gawn, R.W .L., “Rol l ing Experiment s w i th  Ships and Models in Still
Wa te r, ” The Institution of Nava l Arch i tects, Vol. 82, 19110.
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Ii
assumed purely quadratic or an assumed purely cubic damping function -

wou ld yield comparable f i t s .  Relative to the p resen t obj ectives , the  U
results suggest that the replacement of the classical  damping model , Eq.
3, w ith the cubic approximation, Eq. 7, ca n res u lt i n a qu ite reasonabl e
approximation to the transient roll response so long as an appropriate

* choice of coefficients can be made.

Most modern results from sallying experiments are presented as roll

ext i nction curves; that is, the numerica l differentiation which provides jJ
the decrease in roll per cycle or half cycle is performed and the results
ana lyzed or faired by the experimenter prior to presentation in the form 

p
of a plot of -dY/dm vs V.

Gawn 19 presen ts three such sets of ship data. The first two sets

to be discussed are from experiments carried out on a1912 vintage battle - .1

f Ship (H.M.S. KING GEORGE v) and a 1918 destroyer (H.M.S. VIVIAN ). In both
cases Gawn 19 presents faired lines representing _dY/dm as a function of V.

For present purposes values of -dY/dm were taken off at equal intervals -

of V and the results treated as data to Which Eq. 15 and 23 were fitted

by method of least squares. The resulting fitted lines are compa red with 
- -

poi nts representing the origina l curves in Figures 7 and 8. There is again

not much to choose between the fits , a somewhat surprising result in view

of the likelihood that the orig ina l fairing of the two sets of data was
~‘- ~ -~ done to the quadratic model.

The results of experiments on a th i rd ship presented by Gawn ’9 are
of the same form but unfa i red. The ship was a destroyer of a 1935 des i gn

(H.M.S. NUBIAN). There were six sal lying experiments carried Out. Va l ues

of dY/dm were ori ginally derived from each and the results were pooled to

form some 50 pa i rs of dY/dm and V. These points were measured from the -
chart presented by Gawn and appear as circles in Figure 9. Leas t squa re
fits of Eq. 15 and of Eq. 23 were made to the pooled data and the resulting

fitted lines are also shown in Figure 9. The differences between the II
quadratic and cubic models are clearly less than the scatter of ori g ina l
data. II
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Table 2 contains the numerica l values of the coefficients obtained 
- ‘

in the fits to roll extinction data shown in Fi gu res 7 to 9

For present purposes, a selection of the available model experi-

menta l data was made and similar ana l yses car ried out. Vossers 17 presents

a set of unfa i red model roll extinction data for one experiment in Fi gure
66 of his text. Fi gure 10 shows this data and the least—squa re fits of

Eq. 13 and 21 (which are the equations corresponding to the roll extinc—

tion per whole cycle). Figure 11 indicates a similar result using model 1
roll extinction data for one experiment presented by Blagoveshchensky 1

on page 640 of his text. Figure 12 is a th i rd similar anal ysis for the

pooled results of a number of experiments by Lalangas 3 on a Series 60,

o.6o block parent mode l at zero speed. Just as in Figu re 9 for ship data,
the results in Figures 10 th rough 12 for model data indicate tha t the j]

j differences between the quadrat ic and cubic models are less than or the
- ( same as data scatter.

Of the many model roll extinction experiments carried out by Martin ,
20*et al , one was abstracted for analysis and this was the case where their

— model was bare (without bil ge keels or art ificial roughness) and was at

zero speed. This extinction result was presented as a faired line. This

line was read off at even increments of roll amplitude and the va l ues ap-
-

- 
pea r as ci rc les in Fi gure 13. The least square fits of both the quadratic

and cubic models to the points representing the fa i red line are a1so shown.

In this ins tance the cubic fit appears sli ghtly better tha n the quadratic.

The last example picked was presented as a faired experimenta l

res u lt by Vossers 17 (p 116) and is the equivalent of a roll extinction
21* - 

- -curve. The result was obta i ned by Motora, et a1 by means of a forced

* 
.5- . 120. Mar .~in , M., McLeod, C. and Landweber, L., Effect of Roughness on

Sh ip Rol ling , ” Schiffstechnik, Bd. 7 — Heft 36, 1960.
*21. Motora, S.,  Sh im izu, H. and Nishikido , T., “On the Measuring of the

Damping Resistance of Roll Through a Large Angle by a Forced Oscil la-
t io n Method,” J. Zosen Kyoka i , Vol. 100, 1957.
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- oscillation technique , and is notable for the extremely large roll ang les
involved. As i n the previous example, the faired data was read off at

- roughly uniform intervals of roll ang le and the result treated as data

- in least square fits of Eq. 13 and 21. Fi gure 14 indicates the results.

The cubi c model yields a phys i cally believable result , the quadratic model

does not.

Table 3 includes all numerica l values of the fitted coefficients

for the model data of Figures 10 through 14.

Table 4 i ndica tes some of the particulars of the ships and models

- 
. i nvo lved in Figures 2 through 14. Particulars for two ships and two

models could not be identified . As may be noted in Table 4, the data
ana lyzed ori gina tes froi~ a variety of ships and models. Taking ships and

models together, the lengths ranged from 5 to 550 feet. The type of ap-

I pendages range from nothing at all through bilge keels on relativel y

moder n forms to bar keels in warships of a century ago. The initial ang le
i n the sallying experiments (see Tables 1 through 3) ranged from 5.5 to
320. I t appears from the results that the cubic approximation is quali-

ta t ively corre ct, and can be made to be quantitatively reasonable within

the range of validity of the quadratic model.

The results in Tables 1 through 3 may be used to approx imate the
relative accuracy of the various damping function estima tes. Given the

scatter in even carefully conducted experiments (Figure 9, for exa mple)
the quadratic model with empiricall y de ter m ined coeff ic i ent s itself
appears not too firm an extrapolation beyond the range of roll velocity

actually represented in the sally ing experiment. Accord i ng ly, it does

.‘

~~~~ I not seem reasonable to compa re acc uracy of approxima t ions out s i de th is
_

~~~ range.

4. Within the assumptions of the theory of the last section , the

~1 maximum instantaneous velocity i nvo l ved in a particular sallying experi-

ment may be approximated as the product of initial roll amplitude and

the natura l rolling frequency; tha t is , (Y w). Thus for comparative

—4- __l__ 
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4- - F-
eval uation purposes, roll velocity of the experiments is assumed to lay

I within the range (—Y 0
w < < Yawl. Defi ning a normalized roll veloc i ty

4 

• as:

I 0= q /Y w

The corresponding range for comparative evaluation becomes (-I < Q < 1).
Defining the empirica l quadratic damp i ng function as N(0), (Eq. 3) and

substituting the values of N21 and N22 from Eq. 14:

~ Ii B Y  3~ 6 Y
- 

.
5 N(0) = ° + 2 ° 101 0 (25)

I The parameters ~~~, 6~ and Y0 are empir ica l ly  determ ined, and for the pre-

sent case are conta i ned in Tabl es I through 3. The parameter B1 is

~ I conventionally estimated as displacement time s transverse metacentric

( height , and these are given in Table 4 for some of the ships and models

p i nvolved in the present study.

The cubic approximation to roll damp i ng which was suggested is

Eq. 7. This expression contains a pa rameter CP~ which is the assumed

roll veloc i ty range for which the approx i mation of Eq. 7 is des i gned.

• For prese nt purposes , it is assumed that is some fraction of the maxi-

mum roll ve loc ity range observed in experi ment , say:

( = € Y  Wc o

Wit h this definition the values of N .1 and N22 given by Eq. 14 may be
substituted into Eq. 7 to g ive the empirica l cubic approximation , N(0),

analagous to Eq. 25:

N(~~) = 
1 0 0 L~ 

+ -

~~~

—

~ 

62y~ € + (26)

Considering the data for those cases where unfa i red experimenta l

results a re g iven (Figures 9, 10, 11, 12) the basic experimental process
appears typ i cal l y one of f ixed dynamic range. The magnitude of scatter

appears independent of the magnitude of roll extinction and varies between

-5- ~-1 - —
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approx ima tely ~ and 10% of the hi ghes t val ue of roll ex t inc t ion observedr in the experiments. The implication is that the uncertainty in the fitted

line for the extinction is closer to a constant , rather than to a per-

centage of extinction. It may be noted in Eq. 25 that the numerica l

coefficient of the second term is roughly unity , and thus the form of the

quadratic dampi ng function is very nearly that of the extinction , Fi gures
7 through 14. These charts could nearly be converted to those for empiri - U
cal quadratic damp ing funct ions (Eq. 25) by simple scale changes. It thus

appea rs reasonable to expect that the uncertaint ies in the est imat ion of
- - the damping func t ion, Eq. 25, are also constant rather than a percen tage

.~ - 
of the damp i ng func tion for any roll velocity.

Followin g this , the difference between the approx i mation , Eq. 26

F- and the quadratic damp ing function may be formed and the result divided

k f by 14(1) to form an estimate of the errors in the approximation relative

f to the va lue of damp ing function which corresponds to the highest rol l

p velocity of the experiment. The result for positive 0 is:

- ~(0) 4 0/ c)  + ~~(0/€ )~ - (0/ 6 )
2 U~2 l  (27)

14(1) 8 ~- l + - ~---~-~- U
If , as is impli ed by the approximation , Eq. 7. the erro rs are eva l uated

for the des i gned approximation range (0 < 0 
~ 

) the maximum percentage

erro r implied by Eq. 27 is about 4% for the case when c = 1 and there

L ~ is no linear damp in g ( o~= 0). The error shrinks sharply for roll ve l ocity U
approximation ranges less than the experimental range , and tends toward

zero as the quadratic portion of damping (62) gets small relative to the III- - linea r part. Eva l uation of Eq. 27 wi th the coefficients of Tables 1

through 3 indicates that for typ i ca l mixes of linea r and quadratic dampin g,

and within the experimenta l range of roll velocity , the maximu m error of

the approx i mation mi ght be expected to be 2 or 3% of the va l ue of the i-i
if 

function at the maximum experimental roll veloc i ty. This magnitude of U
err or appears comparable w i th  the magnitude of experimenta l uncertaint y,

and it therefore appears that the approximation , Eq. 7 can be justified. fl
30 El
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The degree of f i t  to observable data shown in Figures 2 through 14

- ~ I for the cubic model suggests another approx i mation to roll damping, wh i ch

is quite si mply to assume that it follow s the cubic model (Eq. 18) in

the f i rs t place . In some of the results exhibited in Fi gures 2 through 13
the f i t  of the cubic model is slightly superior. In fact, for the large
amp litude results of Fi gure 14 the f i t  is much more rea l is t ic .

- 

If there are two analytical models wh i ch fit the observable da ta

¶ 
~ 

w ith roughly the same magn itude of error , the cho ice between the two must

I be made on bases other than the f i t  i tsel f .  In absence of such other
considerations , the models may be cons i dered equally good within the

li mitations of observable data —— ou ts i de the range of data both are

extrapo lations . Physically, it is expected tha t the damping function be

I odd in roll veloc ity and positive for pos i t i v e  roll veloci ty.  Both the

mixed quadratic and cubic models can be made to fit this criteri on through

choice of coefficients. The primar y consideration in the long history of

1. preference for the quadratic damping representation seems to be that the

- drag on a body i n a rea l fluid is p roportiona l to velocity squared if the

• 
velocity is hig h enough.

S 

~ 
A REANALYSIS OF DATA ON PLATES

AND CYLINDERS IN OSCILLATI NG FLOW

I; Since shi ps are ord in ar i ly  equ ipped wi th bil ge keels or the equiva—
l ent to increase roll damp i ng, i t has appea red reasonable to consider the

unsteady forces on oscilla ting plates as a fundamental aspect of the roll

~~~ 
-

~~ dampi ng problem. The forces on fixed objects (plates, cyl i nders , etc.)
in osci l la ting flow are the equivalent prob l em in many civil eng i neering

prob lems , and a quadratic drag model is commonly used in this case. Indeed
22*

H the Morison approach for forces on fixed structures is exactly this and
I I

- Li is extens i vely used in ocean ~ ig i neeri ng.

1’ 
_ _ _ _ _ _ _ _ _L *22 Moriso n, J-R., Johnson, J•W. and O’B rien , M.P., “Experimental Studies

of Forces on Pi les ,” Proceedings of the Fourth Coasta l Eng i neering
S L Con fere nce, 1953.
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23* UKeulegan and Carpenter undertook a laboratory investigation of

forces on cy l inders and p la tes in an osc i l la tin g fluid with the objectives

of clarifying the accuracy of the Morison predictor equation , and of at—

tempting a correlation of mean experimentally determined drag coefficients.

In this work, forces upon cylinder and plate spec i mens were actually [j

measured , rather than inferred th rough considerations of the decay of f ree

oscillations of a spring—mounted spec i men, which s a more common labora—

tory technique.

The time domain predictor equation for the force (F) per unit

l ength experienced by a cyli ndr i cal for m, which was the starting point

of the Keulegan and Ca rpenter23 investi gation , was:

S 

F = C P V O  +
~~~

Cd PA 11111.1 (28) U
where C

m 
and C

d 
are iner t ia and drag coeff ic ient s, A is p rojected area

of the cylinder per unit l ength , Vm 
is the volume per unit l ength , and

U and Ci are the undisturbed velocity and acceleration of the fluid of

mass density P.

Keulegan and Carpenter presented a brief two—dimensional theoreti-

cal momentum ana l ysis for a circular cylinder f rom wh i ch they recovered U
the first (added mass) term of Eq. (28), and by assumin g stea dy flow,

— the second. They were forced in effect to say that while the quadratic

model for oscillatory drag and the existence of a drag coefficien t for

uns teady flow are plausible rep resentations , they are not definite results

of theory. As in the case of ship roll damping, the justification for the

model lies entirely in how well it may be shown to work empirically.

The experiments of Keulegan and Carpenter involved the measurement

of forces oi cylinde rs of diameter 0 or plates of width , D, in a harmon i-

~~ 

vary i ng current. In setting up their data reduction procedures I]

23. Keulegan , G.H. and Carpenter, L.H., “Forces on Cy linders and Plates
in a n Osc i l l a t ing Flu i d,” NBS Report 4821 , Nationa l Bureau of
Sta ndards , U.S. Department of Commerce, September 1956.

‘5~
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i I
~ Ii they assumed tha t the ve loc ity , U:

U = - U  cos w~ (29 )m

where Um is the velocity amplitude , w is circular frequency and t is

4.5 time . They chose a non—dimensiona l form of Eq. (28) in wh i ch the areas

and vol umes are rep laced by the ap prop r iate f unct ions of D, and af ter
subs titution of Eq. (29) obtained Eq. (30) as a basic model:

__!__ = 1 C  ~~~sin ut - 

C
d I cos wt l cos wt (30)

P1~ D 4 m  m

-~ For prac t ica l reasons they chose to analyze thei r data in an odd
I - Fourier Series so that their initial data reduction model was:

F 
= E A sin n w t + )~ B cos nwt (31)

J PU~D n=l ,3... 
n n=l ,3... n

Expand i ng I coswt I coswt in a Fourier Series and substituting the results

i n the equivalent of Eq. (31 ) they obta i ned:

t .  F 
= A1 si nwt + B I cosWt l coSwt+ t~R (32)

PU~,D

- where:

S ~R = E A sin nwt + E B~ cos nwt (33)
n=3,5... n n=3,5...

and the relationship between the primed and un-prime d “B ” coeff i c ients
- in Eqs. (31), (32) and (33) are :

~~ H,
— 1  B’ = 3’

~~B
1~~~~~~~~~~~~~~~~~~ 1

B’ = B — B /5 (34)
3 3 1

B ’ = B  -i- B /35

- 

5 5 1
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I The function AR of Eq. ( 33) is what Keu legan and Ca rpenter cal led
the “remai nder func ti on”; that is , i t is effectively the error committed

in assum i ng tha t the linea r plus quadratic model (Eq. 30) fits the data.

I n their analysis of this error function they concluded tha t the fifth

harmonic coefficients were wi thin the order of error in reading the orig-

i nal records. Accordingly , all the basic results of their data reduction

procedure are compressed into four coefficients (A , A , B’ , and B’ ), and
23 1 3

these are tabulated in for each of 93 runs .

It was of interest to f ind out in what way the process had improved

the orig ina l data reduction procedure, Eq. (3 1). The tabulations in23

- 

S 
and Eq. (34 ) allow the origina l fit to be reconstructed , neg lecting the fl
fift h ha rmonics. (If B’ is assumed to be zero, B 3% of B , possib ly
also near data resolution. ) This process was carried out for all the

data and results in the availability of all the coefficients in Eq. (35)
-~ which will be called the “reconstructed model” :

F 
= A sinWt + A sin3wt

PU2D 1 3
m

+ B cosWt + B cos3wt (35)
1 3

23In the report the basic quadratic mode) was j us t i f i ed  for the mos t part

as an adequate approximation. This is written as Eq. (36) for illustration

(and will be called the “K & C model”):
S

~ .1 
r 

= A s inWt  + B’ Icoswt I coSwt (36 )
- 

pU2D 1 1
- . m

4di -

Keulegan and Carpenter in justif ying Eq. (36) had tabulated the

peak non—dimensiona l force during the cycle for each run and an index of

i ts position in the cycle. Equation ( 35) was eva l uated and the ma gnitude U
4 and position of the peaks as shown by the “reconstructed model ” were found.

- The results are shown in Tables 5, 6 and 7. Tables 5 and 6 include all of :3
Keulegan and Carpenter ’s cylinder da ta, and Tabl e 7 inc l udes all their

plate data. The second column of eath table is the observed maximum force S

Li

34 Fl

[1
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~~ ~; ~~~~~~~~~ i —



-
~~~

S 

R- l887

and the th ird is that computed from Eq. (35). The fourth and f i f th
T columns are percent error in predicting the peak ( the error in the “K & C

model”, Eq. (36) was copied from 23) The reconstructed model reflects

the observations as well or better than the K & C model in 50 out of 57
runs with cylinders (Tables 5 and 6) and in 33 out of 36 runs for plates

(Table 7). The reconstruction for plates i nvolves a 5% error at worst

I vice a 12% error for the K & C model. 
-

The index of position of maximum used by Keulegan and Carpenter1 was a “phase ” equa l to (ii - Wtm) (where t
m 

is the time at wh i ch the peak
5

- occurred). These phases are given in degrees in the Sixth column for the

I observed data. Columns 7 and 8 give the corresponding results for the
* S 

reconstructed model and for Eq. (36). In many cases the reconstruction

seems to yield a much better approximation to the observation than does

• 
•• Eq. (36). The reconstruction is only really badl y out in two cases for

cyl i nders (Runs 18 and 81). In both cases a detailed examination of the

P a .  reconstructed data suggested that the ori g inal data must have had two

- -  peaks of nearly equa l magnitude , or an ill—defined broad maximum.

Nothi ng in Tables 5 th rough 7 Suggests that the basic odd Fourier

expansion has been improved by the quadratic model. It ~s probable that
1. to achieve comparable or better acc uracy two terms from the rema i nder

function (Eq. 33) must be added to Eq. (36).
1.. Keulegan and Ca rpenter include in23 f- -ur charts depictin g ori gi nal

force data after non—dimensiona lization . These charts appear herein as

.
) 

~
. j Figures 15 through 18. In each, the variation of force over one osci lla—

tory cyc le is shown, as is Keulega n an d Ca rpenter ’s eva lua t ion of the

1. quadratic model , Eq. (36). (In these charts e = wt. ) To each of these
cha rts an evaluation of Eq. ( 35) has been added. It is shown as a series

of circ les corresponding to computed points durin g the cycle.

- In Figure 15 there is not much to choose between the data, the

I reconstructio n, and the quadratic model. This is because the A term

- 

- 

(added mass) dominates .

1.
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In Fi gure 16 the reconstruction is a reasonable represen tat ion of

Q the data, a s is the quadratic model except for the region s near t !T = .25
S 

and .75. There the veloc i ty  is zero, the sharp inf lect ion to be expected - J

f r o m a term of the form IU 11.1 is ap p a r e n t, and  is not reflected by the

ori gina l data.

I n Fi gure 17 the reconstruction represents the data reasonably well ,

apart possibly from what might be a fifth ha rmonic contribution . The J
quadratic model on the other hand deviates strong ly from the data. Again

the characteristic inf l ections of the quadratic model at Ct/I) = .25 and El
.75 are not ref l ected by the orig i nal data. Fi gure 18 ind i cates a similar

situation . The details of the quadratic approximation do not agree with

the data .

It appears tha t the quadratic model for the forces on an object in

osc i l l a t o r y  flow has no par t ic u l a r  mag ic. It does not appea r tha t the

sing le term IcosW t I cosw t has the powe r to eliminate terms involvin g hi gher

harmonics —— in fact the use of this form may at times create deviations -

from observation wh i ch would require the inclusion of more terms for a

reasonabl y c lose representation of observation in the time domain.

C o n s i d e r i n g  the form of the t r i gonometric i dent ity for cos(3wt),
Equation 35 implies a time domain prediction equation of the form:

F = .P U + P O + Q U - 4 - Q U  (39 )
1 3 1 3

According to the results, this equation would be expected to be a better 
-

approx i mation in the time domain than Eq. 28 wh i ch conta i ns the quadratic -~

term. Pre ference in practice would be given to Eq. 28 if the drag coeff i-

c ient (C d) is reall y a consta nt. However, Keulegan and Carpenter show J
that th is is not the case. 

-

Go ing back to the s hi p r o l l i n g  prob l em, a linea r plus cubic repre-

sentation for force on an oscillat i ng plate translates into a linea r plus

cubi c expa n sion i n the ro l l  damp ing produced by b i l ge keels , and it is Li
possible to speculate that the similar model proposed as an approximation

in the last sec t ion may be more generally valid than was thought. U
40
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CONCLUDING REMARKS

The reason for embarking on the present work was that the quadratic
S t ime domain representation for roll damping wh i ch has been in use for the
- 

past century is a serious analytica l obstacle which , it appears , mus t be
I - overcome f improvements in techniques for the prediction of non-linear

- rol l ing in random seas are sou-~ht. The basis for the accer.tanc e of the

mixed linea r—plus — quadratic time domain roll damp i ng model is almost en-

* - tire l y emp i r i c a l , as are wha t are taken to be realistic coefficients in

this model.

A mixed linea r—plus-cubic mode l , in which the coefficients are

functions of those of the linea r—plus -quadratic model , was proposed as

an approxi mation. The results of anal yses indicate that this approxi-

~ 
j ruation is both quantitativel y and qualitativel y reasonable within the

range and scatter of ava i lable experimenta l data .

The add it iona l result that a l i near — plus—cub ic  roll damping model
f i ts experimenta l data about as we l l  as (sometimes better than) the linear -

plus— quadratic mode l , g ives rise to the speculation that the cubic mode l

mi ght be c loser to an “equivalen t approach ’ than to an “approximation .”

Beca use the forc es on plates in osc i l l a t i ng  f low are fundamenta l to roll
damping , a re—analysis of some exper imental dnta on the forces on plates

r and cylinders was undertaken . The results of this analysis were that an

odd ser ies i n veloc i ty appea red to f i t observable data as we l l  as and
a sometimes si gnificantly better than the quadratic model usuall y emp l oyed.

This result is consistent with those for ship rollin g data and rein forces
the above specu lation .
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U
RECOMMENDATIONS 1

The analyses herein suffer from excessive empi r ic ism , and the

conclusions are according ly weakened. However, there appears to be no

alternative at present. It seems clea r that fundamenta l advances in

the understanding of the mechanism for and theory of the gene ration of H
forces on objects in oscillatory flow will have to be made before

si gnificant advances can be expected in the quantification of ship roll S

damp i ng.

• 1

ii
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U
Table 3

Coeff ic ients Obtained in F i ts  to Roll Extinction Data for Models

Source F igure ..~~. V o

S - Vossers 10 .00219 .0109 .01428 .000663 11 .6° -
:

Blagoveshchensky 11 .164 .00834 .207 .0003141 18.14°

La langas 12 .178 .0364 .282 .00285 9.14°

.‘ Martin 13 .0139 .00765 .0467 .000400 14.0°

5- Motora 14 -.414 .0380 .032 .000723 38.14° ii

Table 14
Part iculars of Some of the Sh ips

and Models for Which Comparisons are Made

in Fig ures 2 through 14

Fig ure Name/Source Length Beam Dispi. I
( f t )  ( ft )  (tons ) (ft) (sec)

2 I NCONSTANT 337.0 50.3 5200 2.8 15.97

3 VOLAGE 270.0 42.0 2990 2.9 11.59

5 SULTAN 325.0 59.0 9205 2.5 17.65

7 K ING GEORGE V 555.0 89.0 25550 5.53 14.7

8 VIVIAN 309.0 29.5 1185 2.3 9.1

9 NUBIAN 364.0 36. 2541 2.96 9.8

‘1 BLAGOVESHCHENSKY 11.2 2.22 0.2114 0.51 1.34

k~ ~ 
12 L.ALANGAS 5.0 0.67 0.01148 0.018 1.35

13 MARTIN 6.67 0.94 0.0333 0.091 1.51
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TABLE 5

Comparison of Maxi mum Forces on C y l i nders
w ith K & C Model and Reconstructed Model

Max imum Force % Error “Phase” of Maximum

Recon- Recon— K&C Recon— K&C
Ru n Observed s t r ucted s t ruc ted Model Observed s t r ucted Model

- 1 0.78 0.69 -I i  -~~~ -6 6 27
2 0.95 0.93 -1 -5 7-4 ~s2 50
3 1.10 1.07 —3 — 7  73 78 47

S - - -~ 1 .3-~ 1.33 0 —6 7.~ 73 90
5 1.68 1.67 0 - -4 78 76 90
6 1.86 1.85 0 -1 79 76 90
7 2.41 2.41 0 -2 72 73 90
8 2.95 2.9 0 -1 79 75 90
9 3.90 3.88 0 -l 87 82 90

10 1. 03 0.139 —13 -15 -10 -d 1 1
1 1 0.97 0.87 -9 -4  -7 2 23
12 1.35 1.33 -1 -7 78 82 67
13 2.38 2.34 -1 -2 76 67 90
1/1 3.06 3.08 0 -1 7) 76 90

5 15 0.95 0.90 —5 - 7  -13 -11 7
16 1.13 1.05 -6 - 1 1  -10 - 1 1  7
17 1.30 1.17 — 1 0  — 1 4  -8 -6  10
1 1.13 1.10 -2 -1 82 30
19 1.18 1.07 -9 —9 — 3 0 17
20 0.71 0.66 -6 -7 -1 -

~~~ 8
21 0.78 0.75 -3 -3 -2 -2 8
22 1.03 0.95 -8 — 1 5  — 5 -8
23 1.24 1.17 -6 -12 -2 -9 7
24 1.34 1.20 -10 - 1 5 -6 -6 II
25 0.58 0.59 1 2 7 4 7
26 0 . 64  0 .63  -1 -2 5 4 8
27 0.74 0.7-4 0 1 2 4 9
28 0.81 0.78 -3 -4  3 2 10
29 0.99 0.93 -5 -10 - -4k -6 8
30 0.56 0.57 1 0 8 6 7

1-i  
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TABLE 6

Compa r i son  of Maxi mum Forces on Cy l i nders
I w i t h  K & C Model and Reconstructed Model
1 ‘3

— Max imum Force — 
% Error “Phase” of Maximum

- 

Recon- Recon- K&C Recon- K&C ‘3- 

Run Observed structed -structed Model Observed structed Model
S 

31 0.67 0.66 -1 -1 6 8
32 0.71 0.71 0 1 9 9
33 0.76 0.76 0 1 Ii i i

- 34 0.57 0.57 0 -2 9 6 6
— 35 0.60 0.61 1 0 8 2 6

36 0.72 0.71 —1  0 6 4 6

~ j 37 0 . 7 2  0 . 7 3  0 1 5 i 7
38 0.76 0.77 1 0 6 8

- j 39 0.56 0.56 0 -4 7 6 6
40 0.66 0.66 0 -2  10 .~ 5

5 41 0 .7 0  0 . 7 1  i 3 6 4 5
k ~ 7~3 1 .18 1.07 -9 — 1 4  0 -6  10

79 1 .21  1.09 — 1 0  - 1 2  -2  -6 10
80 1 .31 1.17 -10 -3 3
81 1.30 1.37 5 5 17 87 46
82 1 .16 1.1 0 —5 - 1 0  -5  -9  7
133 1.29 1.20 -6  - 1 0  -2  -9 7
84 1 .4 3  1 .27  — 1 1  — 1 5  — 2  —

~~~ 10
85 1.30 1 .19  -

~~~ — 2 45
86 0 . 6 1  0 . 6 1  0 -2  9 6 6
87 0.67 0.67 0 -i [V

r 8 0.72 0.73 0 1 6 4 6 (~i- 89 0 . 7 6  0 .7 6  0 3 1 1  6 8
- 90 0.66 0.66 0 -2 6 6 7

91 0.70 0.71 1 0 8 6 7

2
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TABLE 7

- I Comparison of Maximum Forces on Plates
wi th  K&C Model an d Reconstruc ted Mod e l

Maximum Force % Error “Phase” of Maximum

I Recon- Recon- K&C Recon- K&C
Ru n Observed structed structed Model Observed structed Model
42 5.22 5.05 - i  

- 

-9 27 26 17
43 5.16 5.03 -1 -8 25 214 16
44 5.47 5.53 1 -3 22 22 17
45 5.97 6.01 0 -5 24 2’ 20

E 46 6.57 6.61 0 -2 29 24 19
47 3.46 3.37 -2 —1 2  3’) 3s 20
48 ‘4.13 4.06 -1 -8 32 29 17
49 L~.73 4.64 -1 -8 32 28 17
50 5 .32  5 . 2 6  - 1  - 1 0  27 28 19

L 51 6.70 6.64 0 -6 25 24 19
52 2.96 2.89 -2 -7 34 26 14
53 3.17 3.11 — 1  —6 35 2-) 17
5z4 3.67 3.61 — 1  —7 34 29 17
55 4.19 4.12 -1 -7 31 28 16
56 5.03 4.93 -1 -12 31 29 19
57 2 . 0 6  1 .99  -3  0 25 18 4• 58 2.23 2 . 2 3  -4  -3 29 13 5
59 2.5 2.49 -2 -s 37 28 13
60 3.10 3.06 -1 -8 0 33 19
61 1.53 1.59 3 8 23 15 8
62 1.96 1.92 — 2 1 24 11 4
63 2.11 2.07 -1 -2 29 22 7L 64 2.51 2.46 -l -7 35 29 14
65 1. 118 1.53 3 7 11 9 7
66 1.62 1.71 5 10 15 6r 67 1.82 1.82 0 3 25 13 7
613 2 . 2 6  2 .20 -2  -2 29 20 7

- 69 1 .22 1 . 2 1  0 1 8 6 6
70 1 . 4 1  1 .4 1  0 2 8 6 6
71 1 .’- -’ 1 .51 2 5 10 9 7
72 1.63 1 .68 3 5 1 ’~ 11 8
73 0.93 0.94 0 -1 11 8 7

~~~~~~ ~. 74 1 .03  1 .0 3  0 — 1  1 1  6 5
75 1.1 5  l . I 1 ~ 0 2 -) 6 6

- 76 1.20 l . ”2 1 3 12 6 6
- 77 1.31 1.31 0 0 1 13 7

.5
..
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E !
PRINCIPAL NOTATION

i~i
A Area

A ,B Coefficie nts in odd Fourier expansion

a,b Coefficients in qua d ratic fitting equation for roll extinction
per half  cycle

B( cp) Restor i ng f unc t ion

B1 Li near coefficient of restoring function - -

- 
.
~ B’ Modified Fourier expansion coefficients

C
m

C,j Inertia and drag coefficients

c,d Coefficients in cubic fittin g equation for roll exc i tation
per ha l f  cycle

D Diameter of cyl inder or width of plate
r - -

F Force on oscillating cylinder or plate

F(t) Excitation

I Roll inertia

N(cp) Damping function

I’l(Q) Empirica l quadratic damping function

N(W) Cubic approx imation to the quadratic roll darnp i r.g model

N(Q) Empirica l cubic approx i mation to quadratic roll damp ing

Cubic damping functio n mode l

N21 Coefficient of linear part of quadratic roll damping model

N22 Coefficient of quadratic part of roll damping model

~~
- I N31 Coefficie nt of linea r part of cubic roll dampin g model

N33 Coefficient of cubic part of cubic roll damping model

n,m Non-dimens ional time

50
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1887- - I
T Pr incipa l Notation (cont’d)

t Time

— T Roll period , period
i.

U Current velocity

V Volume of cylinder per unit length

-
- - Urn 

Amp litud a of velocity of current

• Y Ro ll amplitude

In i t i a l  rol l amplitude in ship sall y ing experiments

y1,v3 Coefficients in cubic fitting equation for roll extinct ion

L per cycle

F , &~,ô2 Coefficients in quadratic fitting equation for roll extincti on
per cyc le

C Normalized approximation range

P Mass den si ty

- e wt

Roll angle

- 

Assumed range of roll veloci ty

Cl Normal ized ro ll veloci ty

w F requency, ro ll f requency

1 
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