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• appears that the funct i ona l series approach, while not the onl y approach
to nonlinea r rolling, mi ght be developed into a pract i cal alternative .
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I NTRODUCTiON

In the last two decades the methods outline d by St. Denis and
1*Pierson for the esti mation of the magnitude of oscillatory ship motions

i n i rregular seas have become firmly establ ished in eng i neering practice.

E • These methods appl y strictly only to ship responses which can be assumed
to be a linear function of wave hei ght, and they i nvolve as well the as-

sumption that the wave process is Gaussian.

In this context the first recognized ship motion s prob l em (ship

rolling) rema i ns a prob lem to some extent. Roll damping , at least fo r

I low or zero ship speeds, has been considered to be a mixture of linear and
2*quadratic damp i ng for about a century. No modern hydrody namic ana l ysis

I has challenged the model -- for that matter there appears to be no theoret— V

ically based predic tion method for roll which is completel y free of empiri-

cism wi th respect to roll damp i ng. Modern theory appears to consistently

underestimate the linea r part of roll damping for low speeds. However, i f

r the necessi ty for empiricism is accepted (as it generally is , and w i l l  be
1. herein) there is still another problem with roll and t h i s  is the simple

fact ti-at a nonlinearity often appears to exist for low to moderate rolling

Ia amplitudes.

r I n the majority of applicatio ns to des i gn what is most wanted is

L a measure of the statistics of rolling maxima to be expected in various

- 
hypothetica l or realistic irregular sea conditions. When frequency domain

pred ictions of the statistics of roll in irregular seas are made, espec ia l l y

i n a multi—degree of freedom problem, the usua l approach is to linearize

the damp i ng coefficient (compensating at the same time for the uncertainties

*1. St. Denis , M. and Pierson , W.J., Jr., “On the Mot i ons of Ships in
LL Conf used Seas,t’ SNAME Vol. 61 , 1953.

*2. “The Papers of William Froude, “The Institution of Naval Arch i tects,
London ,1955.

V 
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I
i nvolved in the estimation of the linear part) and thereafter to conduct

the ana l ysis and make the predictions as though the system were completely

r linear. Alterna tely, rolling non-linearities can be (and have been)

incorporated into time domain solutions for roll response to irregular

waves. I n this case the validity of the statistica l prediction of max ima

depends to a great extent upon the amount of sample of computed response

which is generated —- and consequentl y upon the time and money available

V for the solution to a particular problem. Accordingly , i n mos t cases
i nvolving the linea r frequency domain approach the computation process is

economica l but the results may have to be interpreted with care because 
-

a basic assumption of the prediction framework 1 
is violated . In contrast,

in the time domain approach the re are fewer prob l ems about the adequacy

V of representation but the costs tend to be considerably greater for equiva—

lent results.

I deall y, what would be very useful in the prediction of shi p r o l l i ng
statistics in random seas is a prediction framework ana l ogous to the linea r

framework of St. Denis and Pierson 1 
in which : a) at least weak non -l inearities

could be accommodated for the general multi -degree of freedom situation ,

b) multi -directional seas could be considered as input , c) the hydromechanic

data required could be p roduced with conventiona l techniques , d) the p re— J
V diction or a major part could be carried out in the frequency domain for

economy (as well as to take advantage of the accumulatin g frequency domain

descriptions of rea l sea waves) and e) the statistics of maxima could be

t estimated with firmly based theory in which the possible effects of non-

l i nearitie s are accounted for.

It is clea r that this goal is not in hand , and equally clear that

if the required technology exists it is unlike l y to be reduced to practice

in the imediate future. However, a number of steps in this general

direction have been made, and it was the general objective of the present

work to add another. HPrevious work on the prob l em of a freque’:y domain predict ion of

non -li near rolling in irregular seas has cente red upon the problem of

predicting the spectrum and the variance of zero speed rolling, this be i ng

2 H

•r ;: ~~~~~:~~~~~
- --—— _t

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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:~ i
- - the case in wh ich the damp i ng non— linearity has been found to be most

P 1 obv i ous, and the case for wh i ch it is plausible to reduce the problem to

a s i ng le deg ree of freedom. Typically, a s i n g le degr ee of f reedom r o l l i ng

I equation not far different from that of W. Froude
2 

i s solv ed i n some sense
3*C for the random exc i tation case. The work of Kaplan and Vassilopou los

i nvolve equiva l ent linearization techniques in the estimation of the

I 
- 

variance of rol l and the roll spectrum. In this technique nonlinea r

~ [ elements are replaced by linear elements chosen so as to minimize the

- resulting mean square errors for the case of random excitation . Yamanouch i
- 

r approached the problem with a perturbation technique for the solution to

L the non—linea r differential equation. In this solution the spectrum of

non-linea r rolling turns out to be the sum of the linear roll spectrum

V 

and various convolutions of the linea r velocity spectrum.

- - 
For prac tica l purposes the result of both the above approaches is

L the predicted roll variance. The implicit assumption is that the statistics

of max im a are adequa te ly  descr ibed by the Rayleigh distribution with pa ra—

meter equa l to square root of variance. This assumption has been partially
6*• vi ndicated by a stud y in wh i ch numerica l simulation of the single degree

• of freedom rolling equation was carried out. The results indicated tha t
t. wh i l e  the Ray lei gh d i st r i b u t i o n  is probabl y not a completel y proper as-

sumption , reasonably good predictions under this assumption could be

expected for q u a rit i le  averages up to average of 1/10 hi ghest amp l i t u d e s,

despi te i nc lus ion  of n o n - l ine a r i t i e s  within the nom i na l range of magnitude

observed in unstabi lized ships and models.

— ~~r *
L~, 1 I I.~ 

3. K~FIl~ n,, P., “Lecture Notes on Non—L i near Theory of Ship Roll Motion

* 

i n a Random Sea Way,” ITTC Transactions , 1966.

¶1 ~ Vassilopou l os, L., “Sh ip Rolling at Zero Speed in Random Beam Seas
- J with Non—L inea r Damping and Restoration ,” Journ a l of Sh ip  Resea rch,

Vol. 15, No. 14, December 1971..•
~~ 

I. 
*

L .  5. Yamanouchi , Y., “On the Effects of Non—L inearity of Response on Ca l-
culation of the Spectrum ,” 1TTC Transactions , 1966 .

U *6. D a l z e l l , J.F., “A Note on the Distribution of Maxima of Ship Rollin g, ”
Jou rn al of Sh i p Researc h, Vol. 17, No. I4~ December 1973. 

V. ~~. -__V 

-
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H
A third basic approach to the prediction of the statistics of non-

7*linea r rolli ng is afforded by the Fokker—Planck equation method, Caughey

Eva l uation of roll response statistics accord i ng to this approach prom i se
V. 

to be ext remely diffic ult when the spectrum of exc i tation is not white

(flat). Hadda ra8* uses a modification of this approach resulting in esti-

mates of roll variance for the case when the exc i tation i s  wh i te.

A fourth basic approach, and the subject of the present work, is
the functiona l series model. The general attractions of the approach are

several. Among these are tha t as a conceptua l framework the model is

suitable for any reasonably well behaved wave input (regular , tra ns i en t ,
or random), and since it contains the completely linea r system as a

special case it appears to have the potential of being a logical extension

to present practice. In additio n , theoret i ca l p r e d i c t i o n methods fo r  j
spectra may be derived , and it appears that it may be possible to approxi-

mate the statistics of maxima. Finally, it is possible i n principle to

relate the functions required by the mode l to the results of hydromechani-

~ cal anal yses and experiment. j
Wiener introduced the functiona l series mode l (also called Volterra

Series) in to non—lin ea r circuit anal ysis during World War II , and sub—

sequen tly published this work and extensions . Over the i ntervenin g.

years the i deas and applicat ions have slowl y been amplified and simplified

for consumption in the communication and electronics fields. Of the many

_ _ _ _ _ _ _ _ _ _ _ _

* . .
7. Caughey, T.K., “Deriva tion and Application of the Fokker—Planck Equa—

t i o n  to Disc rete Non l i near Dynam ic Systems Subjec ted to Wh i te Noise V

Random Excitation ,” Journa l of the Acoustical Society of America ,
Vol. 35, No. 11 , November 1963.

*8 Haddara , M.R., “A Modified Approach for the A pplication of Fokker—
Pla nck Equation to the Nonlinea r Ship Motions in Random Waves,”
In ternationa l Shi pb u i l d i n g  P rog ress, Vol. 21 , No. 2142, October 19711.

*
.4 9. Wiener , N., “Nonl inea r Problems in Random Theory ,” The Technology

Press of MIT and John Wiley and Sons, I nc., 1958.

a
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10* . .papers in tha t literature , those of Barrett and Bedrosian and Rice

may be recommended.

V Application to seakeeping prob l ems was suggested indirectly by
V . 12* 13* 114.*• Tick in 1961. Hasselman and Vassilopoulos indicated direct

V appl ications to some classes of seakeeping problems roughly 10 years ago.
15* 16* 17*More recen t ly Neal  and Da l ze fl ‘ have presented results bearing 

-

on the application of the functiona l series mode l to what is probably the

I simplest non— linea r seakeepirig problem, the ship resistance added by waves.
V. 

In the app lication to ship rolling there is a serious obstacle.

This was pointed Out by Vassilopou l os . It is that if the functiona l

expansion and a differe ntial equation are to be related , it appea rs that
I the equation must be analytic for small values of the variables. This is

b 3 not the case for the “quadratic ” term ordinarily used to represent the

V damping non-linearity.

~t 
•

~ 
- 1.. ______________________

*10. Barrett , J.F., “The Use of Functiona ls in the Analysis of Non-L inear
V Phys ica l  Systems,” Journal of Electronics and Contro l , Vol. 15 ,  No. 6,

December 1963.

*11. Bedros ian , E. and Rice , S.O.. “The Output Properties of Vo lterra
V 

- Systems (Nonlinea r Systems with Memory) Driven by Ha rmon ic an-i G a u s s i a n
- Inputs ,” Proceedings of the IEEE , Vol. 59, No. 12, Decemb er 1971.

- V .
V 12. Tick , L.J., “The Estimation of the ‘Trari~ter Functions ’ of Quadratic

- 
* 

Systems,” Technometrics, Vol . 3, No. 1~, 1961.

~~
VV V V

4 
• 13. Hasselman , K., “On Non—L i nea r Ship Motions in Irregular Waves,”

Jou rna l of Ship Resea rch , Vol. 10, No. 1 , 1966 .
V . ,  

- * 1 11. Vassi lopoulos , L.A. . “The Application of Statistica l Theory of Non—
1 linea r Systems to Ship Mot i on Performance in R~ rdr ’ni Seas , I n t e r —

na t i o nal  Sh i pb u i l d i ng Prog ress, ~/o1. 114, No. 1 50, 1967.
*- V 

- 15. Nea l , E., “Second-Order Hydrod ynamic Forces Due to Stochasti~. Excita-
tion ,” Tenth ONR Sympos i um on Nava l Hydro dynam ics ,” Massachusetts
Institute of Technology, 19714.

*
~~~~~~~~~~ :~ 16. Dalzel l , J.F., “C ross—Bi spectra l Ana l ysis: A pp lication to Ship

V Resistance in Waves,” Jou rnal  of Sh ip  Resear ch, Vol. 18, No. 1 ,
V. March 19714., pp 62-72.

-
~~ *L 17. Dal zell , J.F., “Application of the Functiona l Pol ynomial Model to

the Shi p Ad ded Res i s tance Pr obl em,” Eleventh Sympos i um on Nava l
Hy d rod yna m ics , University College , London, 1976 .

~
: _

~ ~
I 
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~~~~~~~~~ . 1 7 .  .However , because of reasonable success ach i eved with the app li —

cation of the functiona l expansion method to the added ship resistance

problem , the possibilities of application to ship rolling were re—
18*

- 
i nvesti gated. This report and a companion report are the results

• of the re— i nvestigation. Relative to the idea l goals prev i ously cited ,

the objectives of the study were much simplified. Briefly , the study

- objectives were l imited so as to correspond with the objectives and

res tr i c t ions of p revious work~’
14’~ ’

8
; that is , the objective of the

p resent work was to a t temp t to appl y the functiona l series model to the
-4 V 

estimation of the spectrum of roll response to random excitation under

the ass umpt ion  tha t t he usua l  s i n g le degree of freedom roll equation holds. H

I

V.
’ I

- J .

~~~~~
- *1
‘ 1

*h’ ... 18. Da l z e l l , J.F., “A Note on the Form of Ship Rol l Dampino ,
SIT-DL—76-1887, Davidson Laboratory , Stevens Institute of
Technology, May 1976. - 

~~~~~
-
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THE ASSUMED SINGLE DEGREE OF FREEDOM ROLL I NG EQUATION
Ii
a. For purposes of initial discussion , an equation taken to represent

ze ro speed sh i p r o l l i n g  i n beam waves may be w r i t ten :

ICp -i- N(p)+ B(Cp) = F(t) ( 1)

• where: cp= roll angle

I = roll inertia

N(p) = a ro l l  damp in g function
8(p) = a rol l res tor i ng f unc ti on

F(t) = an exc i tation function of time (t)

~ : 3 Within the range of analytica l representations of inerti V. l , restoring

V moment and exciting moment thus far seen in conjunction with sing le degree

• of freedom rolling , no fundamenta l problems of application of the function-

al seri es were envisioned. As noted in the introduction , i t is t~e usua l

- 
I representation of the damping fu nction which is the prob l em, and this may

be w r i t t e n as:

N(C ,O) = N p  + N IcpIcp (2)

Before anything much is worthwhile in applying the functiona l series to

V. ship rolling, the quadratic term must be dealt with. Because this term

is odd in cp, the simp l est approach appeared to be to rep l ace the term with

I an odd series in ~~~. This poss ibility was i nvesti gated in some detail and

the results appea r in Ref. 18.

I The approach, resul ts and conclus i ons of Ref. 18 may be summarized

as follo ws. Physically , most of the explanations of the ori g ins of the

• form (Eq. 2) for damp i ng moment more or less follow W. Froude ’s views

V that the linea r term is caused by energy dissipation in waves made by the
I ship , and tha t the quadratic term represents the rea l fluid effects.

Theoretical estimation methods are lacking for the most part. According l y,

• nearly the entire justification for the linear — plus —qu adratic representa—
Vl
~~
P V
:~~~~ V. . tior i for roll damp i ng is that it appears to work —— in the sense that curves

~~~~~~~~~~~~ 

J~

1’

_ _ _  

- - 
V _ _ _
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V I
of declining angles obtained in ship or mode l experiments may be reasonably

well fitted under this assumption. Realistic estimates of N21 and N22 in
- Eq. (2) are almos t totally empirica l , and those wh i ch exist for particular 

V

- ships come overwhelming ly f rom s a l l y ing experiments.

- 

The genera l approach in Ref. 18 was therefore also totally empiri-

cal and it consisted of reanal yzing a number of sets of ship and model

s a l l ying results under the assumption that the damp i ng function of Eq. (1)
- cou ld be represented in the for m :

7 
- 

a
N ( c p ) = N  c p + N  ~p (3)

- 3]. 33

In this effort the same additional assumptions were made as are usua l i n

a nalyses  of sa l l y ing data according to the quadratic mode l , Eq. (2). These

are that the exc i tation in Eq. (1) is zero, the inertia is a constant , and

that the restoring function is linea r and equa l to A~~p, where ~ is  sh i p
displacement and GM is transverse metacentric height. The results of this

effort were that w ithin the range and probable precision of experimenta l

data there is not much to choose between the two dampin g representatio is
V 

(Eqs. 2 and 3). Outside the range of experimenta l data both are extra-

p o l a t i o n s , either may or may not be reasonable. Given the possibility

of selecting the coefficients for each mode l in a “bes t ” way, e i t he r  mode l

a ppears capable  of rea l i st i ca l l y representing experimenta l curves of de-

cl i ning ang les or the curves of roll extinction derived theref rom.

I— Two approaches to the problem with the quadratic term ii Eq. (2)
I~ ~~~. appear reasonable. One is to use Eq. (3) as the damping functior~ under

~ ? . .the assumption that empirica l va l ues for N31 and N33 are available or can

v be developed .

The other approach developed in Ref. 18 is to replace Eq. (2) by

‘I the following approx i mation :

N( p )  N ÷ .~~~ R N~~~ c p+ ~~~~~ ( 14)

8 
V..
.

- 
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This approximation results from a least squa re fit of a two-term odd

series in 
~
p to I cpi p over the roll velocity range (—R < p < R). According ly,

the approx i ma ti on, Eq. (14), may be thought of as having been des i gned for

roll veloc i ties up to (R). The work of Ref. 18 implies two possible points

of v i e w  in  a pp l ying this approximation . The first involves fixing R equa l
V - to the highest roll veloc i ty i nvolved in the experiments from which the

va lues of N21 and N22 were derived . Under these circumstances the devia-

tions of Eq. ( 14) from the quadratic form, Eq. (2), for I pI R are of the

same order as experimenta l scatter and the maximum deviation can be ex-

pected to be 2 or 3% of N(R), for typical mixes of linear and quadratic

damp i ng.

The other point of view involves considering the quadratic repre-

L , L sentation as absolute , and its coefficients exact. In this case the

approx i mation , Eq. (14) can be thought of as an equivalent non— linearization

‘ 1’ 
, 

for some selected roll veloc i ty range, ~ R. I n the sense of making esti—

mates of roll variance , this implies an iterative scheme whereby the

approx i mate range of roll velocity would be computed for an assumed value
V 

of R and the procedure repeated as required to insure that the computed

and assumed velocity ranges were approxima tely the same. Under these

conditions the maximum deviations from the quadratic form, Eq. (2) can

- also be expected to be 2 or 3% of N (R) or less for typ i ca l mixes of line ar

and quadratic damp i ng.

t To put some perspective upon the percentages just quoted it may be
~~

. 
-~~ pointed Out that the approx i mation to the quadratic part of Eq. (2) is

always within 14% of N22R2, the 2 or 3% figures quoted for N((P) as a whole
result f rom consideration of typical experimental data . If the quadratic

- 
part of Eq. (2) is linearized in a least square sense over the range

~~~ ~~~~~ (— R < p < R), the quadrat ic  term in Eq. (2) would be replaced by

(O.75N22R c~), and thus a l i nea r i za t i on  of the quadratic term involves

deviations F rom the origina l of up to 25% of N22R2. Thus even when the

position is taken that the quadratic form, Eq. (2), is cast in concrete ,

the “equivalent non— linearization ” resul ts in a six— fold improv ement over

linearization in the representation of the non— linear damping term . The

£

-- ~~~~~n...-. .

-

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ V - 
V~~~~~~~~~~~~~~~~~ 
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I differences are shown graphi call y in Figure 1 for positive c~. Within the 
V

range of roll velociti es bounded by ±R it seems clear that the approxima-

V. 
tio n of Eq. (14) rep resents a significant improvement over simple lineari —

t- zation. .1
No matter which of the aforement i oned approximations to the damp i ng

V 

V funct ion are employed ,the form is the same, so that for the purposes of

proceed in g furt her the damping func t ion w i l l  be ass umed to be:

N(

~

p) = 1~yc~+ 1 3P /  (5)

V where:

~

2 
= A~~/ I  , the squared undamped roll f requency

I —~ 
= N31/lG

or

= + — ~~
- RN / IoL 21 16 22-i

a~~~= N a/~33

14-8 N
22 

a/JR

The N 1~ 
are empirica l as defined i n  Equations (2) and (3), and the alter—

native forms for the 
~~~

. correspond to the Var ious approximations just

discussed.

The coefficient of p in Eq. (1), the inert ia , i s conven t io na l l y  
- 

-

assumed to be a constant. In some of the prev i ous work3’5 the restor i ng

- V I function , B(Cp) has been assumed to be linea r as was done by Froude. In
- other work4’6’8’~

14
’~~~ , the restoring function has been taken as a two—

te rm odd ser ies  i n ~f ,  that is:

V 
L

19. Hadda ra, M.R., “On Nonlin ear Rollin g of Ships in Random Seas ,”
Internationa l Ship bui ld in g Prog ress , Vol. 20, No. 230, Oc tobe r 

V

1973.

10 
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~~

- I Li
B( cp) =~~~~(c p +~~p )

Since this expression is of the same order as Eq. (5), additiona l terms
1 5

do not seem justified , though an addi t ional term propor t ional to ~ wou ld
allow a quite good representation of the static restoring moment for
typ i cal ships. For present purposes the details of excitation , F(t) need

not be dealt with except for the assumptions that the exciting moment is

not a function of roll ang le, but is zero mean and in t he case of ra ndom
exc i tation is Gaussian.

V Thus the assumed rolli ng equation is written as: -

2 •3 2 3
p + a acp + a p + (a /°)~ + a Ccp = x ( t )  (6)

wi th X (t) = -F( t)/J LI
and it is assu med, as i n p revious work with the same objectives , tha t - -

~

Eq. (6) is a plausible representation of zero speed ship rolling in beam

seas. Because of the cubic term in roll velocity the previous objections
-. to the application of the functiona l series are removed. In their place

V are coefficients of damp i ng, a , a , which may be chosen as functions of

the range of variation of roll vel ocity. - ]

a H
-
‘ I L

‘-% I

12 1

L ~~~~ - - 
V.
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L

I - THE FUNCT I ONAL SERIES MODEL

The Time Domain Model

It will be conven i ent to depart sl i ght l y f rom the prev i ous notation

and conside r the system of concern to have an “outpu t ” Y(t) (which may be

p, c~, etc.) and an “input ” X (t) which is assumed to be zero mean whether

it is deterministic or random. It is assumed that the output, Y(t) is a
V sufficientl y regular function so that it may at l east be expanded in an

- infinite functiona l series :

. 
I 

Y( t) = 
n~o 

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (7)

(Omission of limits on integrals here and throughout this report signif y

lim its of —~~~ and +c~.)

In Eq. (7) the kernels , g~(t ”), are “time i nvariant ” since they

are assumed to be functions only of time differences. In the present

application only the input , X (-t) varies with time , and the dynamic pro—

perties of the system (the ship) are thus imbedded in the kernels. Without

loss of gene rali ty 10’11 
the kernels a re assumed to be rea l and comple tely

symmetrica l in their arguments. That is:

H g~(tj ,
t
2~~~

t~) = g(t ,t , ”t ,t )  =

.
1 

for any rearrangement of the t~

So long as the series , Eq. (7), converges, its va l ue is tha t of the

- kerne l of zeroth degree (g
0) when the input , x(t) is zero. In the present

f .  application to ship rolling it may be taken that there will be no roll

unless there is exc i tation , so that the first term in Eq. (7) w i l l  be
j 

dropped in all subsequent development.

So long as the sum of the integ rals of the absolute va l ues of a ll
- 

~ L ker ne ls is f in i te, the series converges for bounded i nput , and for stochastic

inp ut if in addition the input is strictl y s t a t i onary w i t h  bou nded momen ts

~~~~

‘
V I

13
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of all orders. These restrict i ons seem acceptable physically , expeciall y
si nce they have been accepted for some t ime in seakeep ing research on

linea r processes.

It can easily be imagined from the form of Eq. (7) that the corn-

plexi ty of any answer wh ich migh t resu lt wou ld increase geometr i cal ly wi th -j the  order of the term. Consequently, it is hoped that the non-linearities

in any given system are weak enough that the series may be truncated at

a relative l y few terms, i n which case it is termed a “functional polynomial. ”

Impulse and Frequency Response Functions Li

V The kernels in Eq. (7) may be cons i dered as describing the system

through a series of nth degree i mpulse response functions . It is presumed

that each impulse response function is sufficientl y smooth and integrable

so that there is no trouble about existence of an n—fold Fourier transform.

According ly, i t  is assu med that to eac h n th degree impulse response func-

tion there corresponds an n degree frequency response function ,
I’ - 

G (w ,w .. W ). The transform pairs relat ing impulse and frequency response

-~ functions may be def ined as fo l l~~js: 

n 
U

g~(t ,t ”~t~) = 
(2~)

n Si’ ..fG(u ,w ”w )  ExpLi E
1 
W
j
t
j
jd(L

~
dW
2
•
~~

dW
n 

(8)

G(W
~~

W
~~~

• W
n) = SS ..S g~(t1,t2~~~t~) Exp[_ i 

j~~l 
~~~~ dti dt2

•
~~

dt n (9)

The first degree frequency response function is the familiar linea r

one. The second degree frequency response function is the one treated in

Refs. 15, 16, and 17 in an application to added res i stance. Regardless . -

of t he deg ree, the basic i mportance of the transform of the impulse re-

~ sponse function is the same; that is , convolution in the time domain
corresponds to multiplication in the frequency domain. In practica l

V app l ica t ions it is most convenient to work in the frequency domain.

As a consequence of the assumed symmetry of the impulse response

f unct ions  and the transform , Eq. (9), the n tI
~ deg ree frequency response

function is also symmetric in its arguments. That is ,

14

L 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~1, ~~~~~~~~~~~~~~~~
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[ G~(w ,w...w~) = G~(w ,w . . .w~) ...

for any and all rea rrangements of the w~. Additionally , because the
inpu lse response function s are real :

- ~~i

V 
- where the sta r denotes the c omplex conj ugate , and all arguments on the

- 
left hand side are negative.

Linea r Operations on I nput and Output

A knowledge of the effects on the var ious frequency response

- 
functions of linea r operations on i nput and/or output is useful for both

L. ,) L~ ana lyses and interpretation. Fi gure 2 ind i cates the type of cascading

V assumed. (Theory for more comp licated cas es may be found in Barrett 1°

1~ and Georqe2
~~ .) In the middle of the block diagram , the series , Eq. (7),

is indicated . Each term of the series is exc i ted by x(t) and the result

I for the ~th term is noted as Y ( - t) .  The v ( t )  are sumed to produce Y(t).
A li near input filte r acts upon W (t) to produce X(t), and this filter is

characterized by impulse response function , L(T). Si milarl y, at the other

end of things, the ou t p u t, y(-t) is acted upon by another linea r filter
(w ith impulse response function h(j ) to produce a new ou tpu t, Z(t).V- H

Because both input and output filters are linea r it is necessary
- only to cons ider the inf l uence of filter ing on the ntl

~ term of the series :

Y ( t )  = 55’.5 g (t ,t ..t ) X( t - t  ) X( t-t )..x(t-t )dt ..dt (10)
‘

V n n 1 2 fl 1 2 n 
~ 

n

Considering the input f i l ter  f i rst:

~1 X(t _ t~) = 
5 

2( ’r .)  W(t—t. — r .)d’r. (11)

~~~ r Then substituting Eq. (11) in Eq. (1 0), making a change in variable of

• •  the form \?
• = ~~~ + ‘T . and rearranging:

V
~~ J J J

*a. 
20. George, D.A., “Continuous Non-L i near Systems,” Doctora l Disser tation ,

Department of Electrica l Eng ineering, M.I.T. , Jul y 1959 .

15
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I v~(t) = ll~J g~~(v ,v ...v) W(t_v ) W(t_V2
)aaaW ( t_V

n)dV
dv
~~~

dv
n (12)

r whe re :

2(’r ) L(’r ) .. .L ( T )di- ,d’r •..di- (13)

Noting tha t Eq. (l2) is of th: same f:rm as Eq. (10), Eq. (13) is

an expression for the ntI~ deg ree i mpu l se response function relating input

W(t) to output Y (t). Substituting f o r  g ( .
~
, — T i...) in the right handn n 1 i) side of Eq. (13) its transform, Eq. (8), and noting that the filter fre—

V 
quency response function is:

L L(W) = 5 L( T)e
_ i

~~ dT

there results:

I g
WY(v v ...v) 

(2~)
n 55”J’ L(w ) L(w)”~ L(w)

I . G (w ,w ~~~ ) Exp~ i E w v . d’~ ~~~~ (1 14)L fl 1 2 n L 
j=l J •J_ i 1

V From which the nth degree frequency response function relating
- 

input W(t) and output V (t) is found from Eq. (8):n
-J

- IV ’
~~~ (w

~~~
w

~~~~~~
•w

n
) = L(w )L(W)..L(W)G(w ,W ..W ) (15)

Hi
Now considering the output filter , the component of output corres—

- 

- 
pond ing to the ~tI~ term of the ser i es is:

Z (t) = ~ h (T )  Y ( t- T ) dT  (16)
~

V .p Substituting Eq. (10) in Eq. (16), and after making a variable change of
17 .1 the form T = t + 7, there results:

¼ 
- . 1 1

a

17 

V 
V V 

~~~~~~~~~ 
.
~~~~~~
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Z~(t) = 55.5 g ( T 7 . .7 ) X(t-T ) X(t_T
2
)•
~~
•X(t_T

n)dT •a
~
d7n (17)

where

= $ h(T) ~~~~~~~~~~~~~~~~~~~~~ 
( 18)

Agai n noting the similarity of form between Eq. (17) and Eq. (10), Eq. (18)

is an expression for the nth degree i mpulse response function relating

i nput X (t) to filtered output Z
n(t)~

As before, substituting for g~(’r _ T ,...) i n the ri ght hand side of
Eq. (18), its transform, Eq. (8), and not i ng that the output fil ter fre-

quency response function is:

11(W) = 5 h(T)e
1W
~
’ 

d’r

There results an expression of the form of Eq. (8) from wh i ch the ntI~
-
~~ ~ degree frequency response function relating i nput X (t) with filtered

ou tput Z
n(t) is found to be:

G~~(w ,w ,..w~) = Gn(
~~~

) W
~~~

W )  H 

~j=l 
~~~ 

(19)

Combining Eq. (15) and (19) with reference to Figure 2, the ~
th

degree frequency response function relating i nput W (t) to filtered output

component Z (t) becomes:

G
WZ
(W ,w ..w) = G~~(W ,W ~.•w ) H ( ~ ~.) I• n 2 n fl 1 2 n ~ = I -~

/ n
= L(W )L(W2

)..L(wn)Gn(W ,W ..Wn)Hc ~z
1 
w
j) (2o’

V 4 ~ V . V J

I

18 A
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DETERM I NAT I ON OF FREQUENCY RESPONSE FUNCT I ONS
CORRESPONDING TO THE ROLL EQ~~T I ON V

r The general object i ve of the next step in application of the func-

tiona l series is to expand the equation in the series and to deve l op

exp ress io ns f or the f requency response functions in terms of coefficients

in the equation. Because a series is involved at the outset, a seri es of - 

—

frequency response functions can be expected to result. To gain some

apprec ia t io n as to how hi gh a deg ree the ser ies  m i ght be ca r r i ed, it is
instructive to consider the result when the series , Eq. (7) is excited

by a s imp le harmonic function.

The exc i tation is assumed in the form:

x(t) = X coswt0

X 1 . 1I. = 

~~ r~o 
Exp[(_l)

r 
iw t j (21) -

.

-
~ Substitution of this excitation in the genera l nth term of Eq. (7); and

after some manipu lation and the application of Eq. (9), the result is:
- - nX 1 1 1 r1 r2

V (t) = — E E E G ~( — l )  w, ( — l) w,. . . ( — l )  n
~

r~=o r2=o rn=o 
n 

r n r .-1 

-

- EXPLi Wt E (-l) ~ : (22 )
- j=l

I i When ships or models are experimentally subjected to beam regular

waves of frequency W , the dominant part of the rol l response is at this

frequency. Higher ha rmonics or shifts in the mea n ,if detec table , are of
a 

- 
much smaller magnitude than the response at frequency W . When present ,

the nonlinearity manifests itself as a departure from linearit y with wave

hei ght of the appa rent rollin g amplitude. According l y, the dominant
- . - - 

) 
frequency response functions would be expected to be those which make a

contrib ution to the amplitude of the component of response at frequency w .

19
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Considering the expression for the contibution to the nth degree

term to the output, a contribution to response at frequency w happens only -

when:
n r.
E (- 1) -~ = ±1

j= I

in Eq. (22).

Not i ng tha t r~ is either zero or one it may be seen tha t no comb i na-

V 

- 

tions of the r~ in Eq. (22) can produce the above result if n is even. Thus

none of the terms of even degree in the series , Eq. (7) contribute to
- 

-
‘ response at frequency w, and according l y it must be anticipated that none

V 
will be dom i nant in the present application .

When n is odd in Eq. (22) a contribution to output at frequency w

~ I 
occurs when (n÷ l )12 of the r. are zero. There are

such terms, and for each the argument of the exponenti al is ( iwt). Because -

of the symmetry of the frequency response functions all of these terms

- 
are equal. In addition , there are the same numbe r of terms (all equa l by

symmetry) for which the argument of the exponential is (-iwt) and in which

(n_l)/2 of the r . a re zero, so that this latter contribution is the comp lex V

conjugate of the first.

Accord i ng ly, the tota l contribution of the nth degree terni in Eq. (7)
to the response at frequency w becomes (for n odd):—

0 Re [G n( W ,W,_ W,w,_ u
~~~

)J coswt
V. 

n— 1 n+ 1 ‘ n— 1 ,
2 (—

~~
--). (—p--). - - V

— Im LG
11
(w,w,—W,w,— uV.,”)J  s i nw t

r Eva luat ing for  odd n, the response at frequency w of the system
def ined by Eq. (7) to exc i tation of the form x ( t )  = cosu~t is itself

- 
-
~~~~ of the form:

20
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P cosWt — Q sinWt
- whe re:

P = X  Re{G(W)j

+ Re [G( ~ ~ -w)

V
. - + X5 Re[G (w ,ui,—w,w,_w ) ]

V + ~~ X~ Re[G7( w, W~- W~ W~-W,W~ - w)]

-~ 
+ ... (24)

L 3 and Q is the same except that the imag inary parts of the frequency responses

- are i nvolved.

It is clea r from this result that the series must be carried at

least to third degree in order to ref l ect the expected type of nonl i nearity,

and if this is not sufficient , then to fifth deg ree. For present purposes

i t was assumed tha t carry i ng deriva t ions th ro ugh to f i f t h  degree wou ld  be
more than sufficient.

To proceed i t is convenient to consider an equation equiva l ent in

form to Eq. (6), the roll equation:

-

~~~

.
- 

.~~ A ~(t) + A (V(t))
3 
+ B ~(t) + B (~ (t))

3
1 3 1 3

~~~~~~ 

+ c Y(t) + C (v(t))3 = x(t) (25)
1 3

In the above,y(t) corresponds to roll , or output; X(t) is exc i tation ,

and it is assumed that the equation is stable , possesses one solution ,

and that Y( t )  vanishes when x(t) does. It is presumed that the coeffi-

V 
cients with subscript 1 are non-zero, but that any or all of the coeffi-

cientS wit h subscript 3 may be zero.

-4 The approach to the expansion is that called the “harmonic input

- 
method ” by Bedrosian and Rice .

11 
In this method the input , X(t), is

L assumed to be the summation of a very large number of harmonic functions
- wi th i ncommensura te freque nc i es, say:
.

‘

21
¼

tI—~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~



~~~ V V V V~~~~~~~~~~~~~~~~~~~~~~~ V~~~~~~~~~

V 
x ( t )  = E Exp ( itw ~) (26 )

J=l

Substituting Eq. (26) into Eq. (7), omitting the constant term, and af ter

- the app lication of Eq. (9), there results:

v(t) = E G
1
(W j) Exp(iWjt)

J= I
hi

+ ~ G (w ,w ) ExpLit( w~1+w ~2)]
J l—l J2—l ~ ~ J

+ 

Jl=l J2= l J~~l 
G ( W ~1, W~2 ,W~3) Exp [it( W~1+w~2

+Wj3)]

V 

+ 

Jl= 1 J~=l 
G (W ~ 1,” W J4) Exp[ i t ( w~~1+~~~2

+W ~ 3
+w J4

)]

+ E ~ - - E G (w  ~, a •W jç) Exp [it (w 1+•-+w )]
- , Jl=l J5= l ~ J5

+ (27 )

For convenience two notations may be estab lished :

G
n
(W ji~ ~Jn~ 

= H ( l ,2,...n) V

Exp [it(w~1+ 
... w~~~)]  = E

n

~~~~ ~- Now considering the last two terms on the left of Eq . (25), and 3ub stit uting

Eq. (27) and renumbering ind ices  where required:

c Y(t)+c (y (t))3 = E c H ( l ) E
-~ 1 3 Jl=l 1 3 .  1

+ E C H (l ,2)E
fl=~ J2= l 1 2 2

‘ -
a 

+ ... Y. [c H (1 ,2,3) + C H ( l )H  (2)H (3 ) ] E
v -

~~~~ Jl= l J3rl  1 3 3 1 1 1 3

+ ~ [C H (1 ,2,3,14) 3C H (l)H (2)H (3,14)JE
j l=1 ,J14=l 1 4 3 1 1 2 4

22
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r
r + z ---  E [c H ( l ,2,3,14,5)+3C H (l)H (2,3)H (4,5)

V J1=l J5= l ~ 3 1 2 2

÷ 3 C H ( l ) H (2)H ( 3,4,5) ] E

~ 
3 1  1 3 5

V 

+ . . -  (28)

r Consi dering the differentiation of Eq. (27) with respect to time ,

- the genera l term in c’(t) becomes:

J l l J n l 
‘ J l~~~~~~Jn~ 

G (~~~1~ ~~~~~~ 
E
n

and similarly the typic al term in v(t) is:

J l= l Jn=l 
_ (w~1

+..+W~~
)2 Gn

(W j 1~
•
~~~

Wjn)En

According ly, the expansion of the velocity terms in Eq. (25) becomes

B~~(t)+B (Y(t)Y iw~~1 B H (l )E

I + i ( w  
1

+w ~2
)B H

Jl=l J2= l 
2 2

V 
and tha t of the acceleration terms :

A Y( t )+A (y ( t ) )  = Z _ u J1 A H (l)E1 Jl=I 1 1 1

+ F F - (w  1
-i-w~2)A H (l ,2)E

Jl= l J2= 1 i 2

+ ... (~~~ )

•~. j  Compl eting the expansions Eq. (29) and (30) through terms in E and ad-~ing

the results to Eq. (28), the expansion of the left hand side of Eq. (25 ’~
through terms of fifth degree is completed. The result may be written

as fo l l ows :
a.’
¼

23

‘4

— —  - V



r~ R- 18914

X ( t )  = E E .= ( le f t  hand side of Eq. (25))
V 

j=~ 
1

= E Q E
Jl= 1 1 1

+ E E Q E
J l= 1  J2= l 2 2

+ Z - . - E Q E
Jl=l J3= l ~

+ ~~~~ E Q E
Jl=I J4= l ~

+ E E Q Et 
Jl= 1 J5= l ~

+ - . .  (31)
- I Where the Q’s ar e de f i ned as fo l l ows :

r -
- 

Q = D (iw jl) H (1) (~~~~)

Q = D ( i ( ~~~1+w ~2 )) 1 1 ( 1,2) (33)

I Q = D(i (w J1 +w
J2

+W J3)) H( l ,2,3)

+ D(
~~

iw Jl WJ2 wJ3) 11 (1 ) H (2) H (3) (34)

Q4 
= ~~ ( i ( w ~~1

+w ~2 + W~4) H ( l ,2,3,4)

+ 3D (-iw ~ 1 WJ2 (W J3 +wJ14)) 11 (1) 11 (2) H(3,14) (35)

Q = D(i(w~ 1 ÷ 
W
J2

+ +w~5
)) H (1,2,3,14,5)

+ 3D(
~~

i w Jl (w J2+~ J3)(wJ14+wJS)) H( l ) 11 (2,3) 11 (4,5)

+ 3D ( J 1 u J2( W~ 
~

+ W~~4
+ w~5

)) H (1) H (2) H( 3, 4, 5) (36 )

V and where:

.1

~ 
o (c~) = A~~

2 
+ 

~~~ 
+ C (37)

~~

l1iI

1 
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a.

Because the f requencies in the exc i tation , the W~~ are assumed to

be i ncomensura te , Eq. (31) can be satisfied through terms of fifth degree

r 
on l y i f :

E E = E Q E  (38)
- 

V. 
Jl=1 ‘- Jl=l 1 1

- 
[. 0 = E E Q E  (39 )

VV. - - 
Jl=l J2= l 2 2

L 0 = E ~
. E Q E (40)

- Jl=l J3= l ~~~

I 0 = E ~~~
“ E Q E  (141)

Jl=l j14=1 ~

I 0 =  E ... E Q E  (4~)L Jl= l J5= l ~

V.
p 

‘ Essentiall y what is assumed is that none of the possible exponentials in

E~ is the same as any of the exponentials in En+l~ 
etc. Each equation of

degree (n) is satisfied by equa t ing  to ze ro or one a l l  the terms i n
which have the same exponential time factor for an arbitrary choice of n

-
~ of the frequencies in the input .

Cons ide r ing  Eq. (38) and not i ng that E = Exp(itw ), i t is neces-
1 J l

sary that Q = 1 for any choice of Jl (and thus any particular frequency).
- -  V. 3.

Thus f rom Eq. (32):

D ( i u~ G (w) = 1
1 1

or:

~~
V1

~~~~~ G(W ) = 
1

1 D ( iw )

= l/ (-u~A +iw B +C ) (43)

This is the result expected if all the coefficients in the cubic terms of

Eq. (25) are zero.

Now cons idering Eq. (39) and making the substitution for Q :

= D( i(w~1
-s-w~2)) G( w~1, wJ2) Exp( it (w 41 -i-w~2 ))

V. 25

V..

V 
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Any two of the i ncommensurate f requencies , say w and w ,res u lt in a unique
1 2

t ime factor , it( w +w ), and there will be two terms in the double sum which
3. 2

involve th is  same time factor. Thus the equation is sa t i s f ied  if for  every

pa ir of f requencies:

0 = D (i(w +w )) G ( w  ,w )  + D (i (w +w )) G ( w  ,w )
1 3. 2 2 3 .  3 3. 2 1 2 2 1

Since D ( - - - - - ) is not zero and the frequency response function s are symmetric:
3.

G(W ,W ) = 0 (1414)
2 1 2

Equation (40) for the third degree frequency response function may

be w r i tten: V.

0 = E E E 
L
D (i(w 1

+w 
2~~

U
J~~~ 

G (w 1,w 1~ ,w ~) I

L / Jl= l J2= l J3= l 1 ~ -‘ 3

p 

+ D
3
(-iw ~1

w~2~~3
) G

1
(w~ 1 ) G1

(w~2) G1
(W ~3)~ 

.

Exp [i t(w~ 1
+W~2

+W~3
)] 

V.

Aga i n , any three of th e i ncommensurate frequencies result in a unique time

factor. For any choice of th ree frequencies there are six terms in the

trip le sum with the same time factor, and these terms correspond to a l l ]
the permutations in order of the three frequencies . Because all terms

ç 

are symme tr i c  in  the equa t io n, all six terms are equal .

Thus the equation is satisfied if for any particular cho i ce of three
I .- ~ frequencies , say w , W W :

3. 2 3

0 = D ( i ( w + w + w ) )  C (w ,w ,w )
3. 1 2 3 3 

~ 2 3 

jJ ,,V~ -

+ D (- i w w w ) G (w )G (w )G (w )
3 1 2 3 1 1 1 2 1 3 - - -

1

and thus: U

G (w ,w ,w ) =  -D ( _ i w W W )  G (w-i-w ÷w ) . -

V 3 1 2 3 3 1 2 3  1 1 2 3 
L]

G ( w ) G ( w ) G ( w )  (45)•V.~~ f 3. 3. 1 2 1 ~

L
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-

V The relationship to the coefficients in the differential equation is pro-

I j t  v ided by D ( . . .)  and the previously obtained relationship for G (u~), Eq.3 1
(113).

- Taking advantage of Eq. (44) for the quadratic frequency response,

- Eq. (141) may be w r i t ten :

- = 

Jl=l J14=1 
D(i(W ji+W&

+ . + W ~~14 )) G (w~1,w~2,W~3,w~~)

I . Exp [it( w~ 1 + W~2 
+ ..

The solution in this case is essentially the same as that for G (w ,w ).

For every cho ice of four f requencies wh ich def ine a part icular  time factor

there are 211. terms which have the same time factor. These correspond to

j 
V. al l permutation s in order of the frequenc i es, and because of the symmetry

of all factors of each term, all 214 terms are equal. Agai n si nce D ( . . .)
3.

is not zero there results:

V. , 

G ( w , w ,w , w )  = 0 (46 )

The solution for the fifth degree frequency response comes from

Eq. (142). Taking advantage of the relationship for G (w ,w) i n Eq. (44),
2 3 . 2

Eq. (142) becomes:

= 
Jl=I J5= 1 [ D i w j1+w~~

+..÷w
~5
) G (w~1,...w~5

)

+ 3D (_ iw ~1
W~2(W J3+w~4+W J5)) G( w~1)

G
1
(w ~2) G3

(w ~y W~ 1,W~5)J 
ExP [i t(w~1 -4- . -

In the above for a choice of five of the i ncommensurate f requencies which

I result in a particular va l ue of the time factor, there are 120 terms in
I__ I

V the coefficient of the exponential which have the same form as the gene ra l

I 
term above. These correspond to all the possible permutations in frequency

1.. order. Both factors of the first part of the gene ra l term above are

V. symmetrica l so tha t its contribution to the total coefficient of the
- 

L exponential is stra i ghtfo rward. The second part of the genera l term is

not comp le te l y  symmet r i ca l , its contribution works Out to 10 groups of

V.
’ 27
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12 identica l terms each. As in the previous developments the coefficient

of the exponential for an arbitrary choice of 5 frequencies (w ,...w )

was equated to zero and this equation solved for G (w- ..). Since the

result was a function of G (w . .- )  as well as G (w),the third degree
3 1 1

f reque ncy response f unc t i on ~as eliminated by use of Eq. ( 145) and the V.

f in al res u l t is g iven in Eq. (147).

G (w  , w • w ) = G (w  +w -,- w -i-w +w )
5 3. 2 s 10~~ ~. 2 3 4  5

G ( w ) G ( w )  G3. ( w )  G ( w )  G ( w )  K (u) ,w ,w ,w ,w )  (14~ )

where: ;

K (w ,w ,w ,w ,w ) = K(12345) + K(l 32145) + K(l4235)
5 1 2 3 4  5

3 + K(l 52314) + K(23l11-5) + K(21i-l35)

+ Ic(25134) + K(34l25) + K(35124)
‘p

+ K(11-5l23) (148a)

and:

- V. 

L

K(j krnnp) = D
3
(_ IW

jUj,
~(W ~+W~+W

p
)) . D

a
(_ IW

m
W
n
W
p) 

. G
3.

( W
m

+W
n
+W

p
) ( 48b)

To summarize the section , the first five frequency response functions

resulting from the expansion of Eq. (25) are g iven in Eqs. (43) through

(48). All the funct ons corresponding to even degrees are zero, a result

consis tent  with the results of the initial development in this section .

V 
The first degree fu r- c t ion is just wha t would have been ob ta ined had there
been no cubic terms in Eq. (25). The third deg ree function looks not too

complicated but the F i fth degree function is qu i te cumbersome.

frLIV

28
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SCALAR SPECTRUM OF RESPONS E
I OF THE FUNCT I ONA L SERIES MODEL

V 

- The main concern herein is with random exc i tation . For this purpose

- I it will be assumed that the excitation, x(t), in Eq. (7) is a stationary,

Gaussian, zero mean process. The autocorrelation of the process may be

— 
I denoted:

- R
~
(r)  = X(-t) x (t_ T) (49 )

The two—sided spectrum of the process is by def i nition:

L - Sx (U)) = J’ R,~(T) Exp [-IWT ]dT (50)

The integra l over posi t ive and negative f requencies of the spectrum,

(Eq .50), is 2 1TR (O); that is , 211 time s the p rocess variance .

Bedrosian and Rice~~ develop a ser ies for the two-sided scaiar
spectrum of response, S~(w), given Such exci tation and the functiona l

series model , Eq. (7), wit h the constant term omitted . Their result was

expanded to i nc l ude all contribut i ons of terms in the series up to the

f i f th degree; that is , the expansion was carr ied out as though the ser ies ,
Eq. (7) had been truncated after the term involving the fifth degree

i mpulse response. The genera l result for the scalar spectrum of response

(in present notation) is given in Eq. (51), wi th further definitions in

Eq. (52) through (56).

= S~ 1
(w) + S~2(w~ + S~3

(w~ + S~4(w~ + S~ 5
(w ~ + 

.. (51)

-

~~~ I where the contributions to s~( w )  are as fo l l ows :
- I.-

- s~1(w) = S
~
(w)

~
G (w) + 

~~ $ 
G(w , v,-v) Sx(v)dv

+~~ 5~~ $$ G (u~,v,-v ,w,-w) 
~~~~~~ 

S (w)dvdw + -

‘
. 

-
~ 

L 

~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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S~2( w )  = .
~~ 

j’ S (w-  u) S (u)~ G ( w - u,u) 

2

+ .
~ $ 

G (w .u ,u,v,— v )  S (v)dv + .. du ( 53)

V s~3(w) = 
~$ 

S ( w - u - v )  S (u) S (v)~ G (:u-v ,u,v)

+ 
~ $ 

G(~~ u~v,u,v,W,-w) S (w) dw + ~ dudv (5 14) J

5~4(w) = -
~~

- $$$ Sx
( W _ u _ V _ W )  S (u) 5 (v) Sx(W) 

• j

~G( U~u-v-W,u,v,W) + ~~dudvdw (55)

t s~~
5

(w ) = 
~~~ ss$s S (w-s-v- u-w) S (s) Sx

(v) S
x(u) S (w) 

-

2

G(w-S-v-u-w ,s,v,u,w) + dsdvdudw (~6) j -
As can be noted, each term in the series is itself a series. The

series for Eqs. (52), (514 ) and (~6) i nvolve on l y th e f r equency res ponse

funct ions of odd deg ree, and the series for Eqs. (53) and (55) in volve
on ly the functions of even degree. The f i rs t and second degree f r eq uency V

V 
response functions appear explicitl y only once in Eq. (52) through (56),
functions of the third and fourth degree only tw i ce, and the fifth deg ree

funct ion appears three times. The form of the series is such tha t con-
tinuation of the expansion to terms of higher degree i nvolves no new

occurrences of the first through fifth degree frequency response functions.

The foregoing is the generalized scalar spectrum of output , Y(t), 
j

-
s of Eq. (7). The relationships between output spectrum and the spectra of

output velocity and acce lera t ion  are also of inte res t in the present ap-

pl i ca t ion . The d i f fe ren t ia t ion  process may be considere d a l i near opera tor

operating upon Y(t). Considering this operator as an output filte r,

Fi gure 2, the nth degree frequenc y response function relating output-

velocity, “(t) to input , X(t) becomes (from Eq. 19, replacing u(o) by icr) : 
I 

-
~

30
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‘1 .

- . GXY ( w  ,. . .w ) = G~~(W 
...) E w,~ (57)n n n i J=l

and that relat ing output acceleration to input is:

~~~ 
(w...,w )  = - G~~ 

( w. .. )  

~J=l 
w~) (58 )

Because the relations Eq. (51) through ( 56 ) are for generalized
output, the spectrum of veloc i ty would result if each frequency response

function i n Eq. (51) through (56 ) were replaced by that relating ouput

velocity to input , Eq. (57). It happens tha t the sum of the frequency

arguments of the portion of every frequency response function required in

Eq. (52) through (56) is equa l to w. Accordingly , the expression for

veloc ity spectrum differs from that of Eq. (51) through (56 ) only by a
factor of (iw) ins i de the squared absolute values, and thus the spectrum

of output velocity becomes:

s.(w) = ~ s~(w) (59)

The same argument applies to accelerations so that the spectrum of output

accelera t ion becomes:

S
~
(w) = ~~ s~(w) (60)

Thus the relationships between output, and output acceleration and

veloc i ty spectra for the non-linea r model are the same as those used in

the linea r context.

a’ .

3’ 

- - 
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— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

• I R-l891i-

SCALAR SPECTRUM OF S I N G L E
DEGREE-OF—FREEDOM ROLL RESPONSE

V 
To eva lua te the scalar spectrum of sing le degree-of-freedom roll

response the expressions for the frequoncy response functions , Eq. (43)
through (48), must be substituted into Eq. (51) through (56). The result

V of this operation would be the spectrum of response of the system def i ned

by Eq. (25) in terms of the coefficients in the equation. Convers i on to

the spectrum of roll response would then be achieved by replacing these

coefficients with the corresponding coefficients in Eq. (6) which is the

assumed rolling equa tion .

I t is useful for later purposes to conside r the result when all

the coefficients of the cubic terms in Eq. (6) or (25) are zero, tha t is:

- 
the equa t io ns are tota l l y li near. In this case it can be seen from Ec~. (~ 3)
through (48) that the onl y non—zero frequency response function would be

G (a). Thus the general expression for the spectrum (Eq. 51 to 56) breaks 1]
1 Li
down to the usua l relation between inpu t and output spectra for linear

systems. 
-j  

I

The “ l i near spectrum ” of roll output (the spectrum if the coeff I-
d e nts of nonlinear terms are zero) may be def i ned as:

2

~

‘ (w) = (G (w~f 
S (w ~ (61)

1

a l so , the “l i near” spectrum of roll output velocity may be defined:

2 2
(w )  = w G ( w )  s (  u) (62)

Both these spectra are two—sided , as is S (w). J
Cont inuing With definitions , the variance of linea r output (v~) and the

var iance of linea r output veloc i ty (v~1,) will be defined to be:

V~ = 
~~ $ 

‘~ (w)dw (63)

32 ‘1
11, 
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(6 14)

Now substituti ng the expressions for the nonlinea r frequency re-

sponse functions (Eq. 144 th rough li-7) in the expression for the genera l -:

output spectrum, Eq. (5 1 ) through (56), and taking account of the defini-

t ion , Eq. (61), the spectrum of nonli nea r roll response expanded through

terms i n the 5
th deg ree frequency response function may be wr i tten :

S~(w) = S~ 1(w) + Sq,3(w) 
+ S~~(w) + ( 65)

where:

S~ 1 ( w) = ~~
( w) I - G (w) $ D (i Wv

2
) 

~~
( v ) dv 

V

+ ~~~ G(w~ II K(w,v,-v,u,-u) ~~(v) Vu)dvdu + .. (66 )

p
.

-
- 2

Sq,3( w) = _.
~~~~~ 

G (w) ( ,fJ’ ‘
~,( w- u-v) ~~ u) 

‘i~( v ) dudv 

2

D (iuv(u+v- w)) + K (w - u - v ,u,v,w,-w )  ~ (w)dw + 
.. (67)

3 21T ~a-

S~~~(w )  = ~~~ 1G 1(w ) 1 S$$$ ~~(w-s-v- u-~) ~~~~ ~~(v) ~~~u) ~~(w)

~ 
K (  w-s-v-u-w ,s,u,v,w) + • . .  dsdvdudw (68)

In Eq. (66 ) through (68), G (w) is def ined by Eq. (43), 0 ( i w O . ) is defined

by Eq. ( 37), and K (w, is defined in Eq. (48).
5s:-- “i Perhaps the most notable thing about the roll response spectrum as

shown by Eq. (65) through (68) is that the input spectrum , S(w), is no
longer an explicit part of any of the expressions. It is embedded in the

linea r roll response spectrum ,Eq. (61). In this respect the present

development beg ins to resentle that of Yamanouch i 5.

L 
33
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In pract ice, estimates are required for the rd a li zab le sing le sided

roll spectrum. In order to convert the expressions in Eq. (66 ) tlrough

(68), each doublesided spectrun must be replaced by ( ‘~) time s the corres- j

1 
ponding single sided spectrum with an absolute value in the frequency

argument. This results in spectrum area equa l to var ance . To be spec ific , I
the linear roll spectruri , ~V . ( W )  will be repla reVi by ~U (Iwl) where U(w)

is the sing le sided linea r rolling spectrum def i ned for positive frequency . 
j

Si milarly, each compon nt on the left side of Eq. (66 ) through (68) may be

modified in the same way; that is , S~~(i) wi fl be replaced by TTU V V 1  (Ia i),

etc.
-- f t

Comparing Eq. (6), (25) and (37), the funct ion 0 (ifs) may be w r i t t e n :
I V

D (i cl) = + j~~ /~3 3 ‘1
L Also , f rom Eq. (43) and (6): 

V J

V.
7 G ( u ~) 

= 
l/ [ 2-u + l w ~~oJ 

2 

( 7:
2
~) I

V 
I G ( w ~l = l/ [( 02-U~~) + (w c r o) ] 

j

Now app ly ing these relations as far as is possible ana l yticall y.

the sing le sided roll spectrum (corresponding to the representation of

r o l l  by Eq. (6)) may be written

= U~ 1 (w~ + U~3
(w~ + uSw~ 

÷ ~~~~~~ (72 )

where:
2 -

U . (w )  = U( w) j G (w ) f 
[o2 ( l—3 Cv )—u ~ J + iwcr- a (l-3Q~ V V

.
V.
/:1 o2)

-+1 3. 1 3~~~~~~~j j
2 -

+ 
~
. 5 5 K ( w ,v,-v ,u,-u) U(v)U(u)c~vdu +.. (73) -

0 0
4V.

r

~
Vj V i

31~L V.]
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V. 2

U~1,3(w) =~~~ IG(w)I J’J’ dvd u U (IW_u_vI) U(Iu I) U(IvI)

2

- C02 
÷ icr uv(w_v-u)/cr + 3 5K ( w - u - v,u,v,w,-w) U(w)dw +..

3 ~~~~5 (714)

U~~(w) = ~~ IG (w)I 5555 U(I w-s-v-u-wI) U(IsI) U (lvl ) U(Iu I) U (lwl )

K(w -s-v— u— w ,s,u,v,w) + dsdvdudw (75)

And the function K ( •‘.) may be evaluated in terms of coefficien ts n

Eq. (6) by means of Eq. (148) and the relations Eq. (69) and (70).

In the foregoing expressions it may be noted tha t only one of the

L 
1 integrals in Eq. (66 ) through (68) could be eva l uated. The integ rals

i nvolving K ( • . - . )  have resisted all attempts at simplificati on.
5

• If it is permissible to neglect the terms originating with the
I f i f t h  degree frequency response function , the roll spec t rum becomes :

U~( w )  = u ( w ) t G ( w ) l { L~~(~~3Cv )-~~
] + (w c r c )

2 
[l~~3 c r V~~/cr c

2
~~~~

+ ~~ ~c ( w ~l ç~~~~ II U(I W-u-vI) U (luI) U(IvI)dudv

+~~~ I G ( w ) l  ( c r/ a )
2 

$$ O ( Iw - u - v I )  U(IuI) 11(Ivt)dudv (76 )

L ~
- 

where O(w) = the sin qle sided linea r roll velocity spectrum corresponding

to Eq. (62).

V V.

;

‘W I_ V.
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A TRIAL EVALUATION OF EQ. 76

In the work of Ref. 6 an equation involv inr  quadra t ic  damping was -

simulated in the t ime  domain and spectra were estima ted. The equation

i nvo l ved in Ref. 6 was: L

9 +  c r Ô +  9 +  ~ I~~l O - 9 = v ( T)  (77) 
j

•‘ where the primes denote differentiation w i t h  respect to a non-dimensional

I time , T, v(T) is non-dim ensiona l exc i tation , and the non-dimens i ona l -]
“roil angie ” 9 is the ratio of rol l angle (cp ) to the angle 

~~~ 
at which 

-

Eq. (6) would become staticall y unstable if C is negative; that is , 
j

9 
~~~~~~~~~ 

-

Making the equivalent non- linearization of Eq. (4), Eq. (77 ) is approx i- I
mated by Eq. (6) if the p ’s in Eq. (6) are rep laced by B’ s, and:

- ‘ V  

a =  1 -i i

-~

I cr = c r 4 -~-~~R 

V. 

-
1 16 .1

cr = .~~~ / R ( V ~~3)
- 1  3 4 8 -  -}

One of the cases c~~puted in Ref. 6 was selected for the present.

This case (
~
o. 3210) i nvolved value s of linea r and quadratic damp in 9

•
~~. 

~
‘I,, (cr ,~) thought typi ca l for a Ship with bil ge keels. m e  particular values

V. : .~ of damp ing coefficients were ~ = 0.03 and ~ = 1. 0. For thi s case simu -
V. 1

lation s were carried out in Ref. 6 for three levels of random exc i tation.

• The spectrum involv ed was ari approximat ion to the effective wave slope

for the 12th I TT C two pa rameter wave spectrum . in Ref. 6 the method of

inc reas i ng leve l of excitation was to mu l t i piy a giv en randuL ~— t ime hi st o r ’r

by a constant factor. Acco rd ingly, the exc i tation spectrum f~~r each leve l J
of exci tation was the same except for a constant factor in the spectra l

dens i ty.

V. 36 -
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1 Table 1 summarizes some of the pa rameters involved in the s imu la —

- 
V~ 

- 
tior i as well as the present computation . The nom i na l m s  exc i tation is

indicated for the three l evels, as is the rms non—d imensional roll found
V 

- I in the simulation for each excitation l evel. The rms roll velocity was

estimat ed from the observed roll spectra . Because the roi l spectra were
narrow band , the rms roll ve l oc i ty is nearl y 0 time s the rms roll , or , in

the present case is numerically nearl y the same as the rms ro l l. Assum ing ,

on the basis of the results of Ref. E ,that the roll velocity maxima may

be expected to be distrib uted according to the Rayle i gh distribution , a

- reasonable estima te of the range of rofl v e l o c i t y  (R) was throu ght to be

I 2.5 times rms roll v e l o c i ty ,  and these values are shown in Table I. (2.5

rrns roll ve loci tic V s corresponds to the expected va l ue of the 1/10 hi ghest

maxima. )

• Since the ot :-jectiv~ of this first eva l uation was to see if t h e

formulae developed in previous sections make any sort of sense , no i t - m a -

tions for the appropriate va l ue of the parameter , R. we’e carried out.

instead the value estimated from the known simulati on results (Table 1)

• was subst ituted in Eqs (78) and the result ing est imates for cr and ~1 3

-~ are g iven in the table.

TABLE I

Parameters for Case 3210 of Ref . 6

(cr=O .03 : ~=i.o)

Exc i t a t i on  Leve l 1 2
Excitation rrts 0.004 0.012

• p •~ roll found f rom 0.018 0.042
-~ ~~ s imulat ion

-

~~~~~~~ 
Estim ated value of R 0.045 0.107 -

-

-

.~~~~~~~~

f rom s imulat ion

- ~ 
- ‘- 0.Cb4 ~V .O63 c- . l0~

- ~ c.— l t . l  6.80
3

- V- V

V.’

- - - 
~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 

- — ______-—V 
- -

~~~~ -V1~~~~~~~~
V.V

I ~~~~~~~~~~~~~~~~ ._~~~~ ~~~~~~~~~~~~~~~~~ 
___ _V__~~ ; ~~~~~~~~~~~~~~~~~~~~~~~~~~ V ~~~~~-~~~~~~~— ~~~~~~~~~~ ~~~- V~~~~~~~~~~~~~~~~ 

j



—V.--

R- l8914

Eq. (76 ) was programmed for eva l uation , g iven the coefficients a,

C, ~ , and ~ and a si ng le— sided excitation spectrum ii (w) defined at
1 3 A

po i nts uniformly spaced along the frequency axis. The linea r roll spectrum

req u i red by Eq. (76 ) is:

2

— U(w) = IG (w) I U (w)
1 X

The exc itat ion spectrum used in each evaluation was tha t computed from the
si mulated excitation data of Ref. 6, the damping coefficients , cr and cr

were those shown in Table I. - -

Fi gure 3 indicates the results for the lowest level of exc i tation.

As may be noted in the Figure the exc i tation spectrum was quite broad

relat i ve to the rol l response (the hi gh f r e quency “tail ” is omitted f rom

L the plot). The roll spectrum estimated from the simulated data is shown j

plotted as circles , one for each individua l estimate. The 90% conf i dence

bounds of these estimates may be formed by adding and subtracting abou t

15% of each estimate. The results of the eva l uation of Eq. (76) at the

E ~ same frequency interva l as for observation are shown to be in reasonably 
j

good agreement with observation —- probabl y well within the statistica l V

F conf i dence of the observations since in addition to the uncerta irV ti es in
V the observed roll spectrum , there are uncertainties of the same magnitude

in the excitation spectrum. r
-

V 
Also  i ndica ted in  F i gure 3 is U(w) the “ l i nea r” spectrum , and the

component of the spectrum resulting from the first of the three terms in
V. Eq. (76). The double convolutions in Eq. (76 ) represent a significantl y

greater computation effort than the first term. It may be noted f rom the

figure that the convolutions ev i dently cannot be neg lected. The genera l

relationship between the linea r spectrum , the eva l uation of Eq. (76), and

the contributions of the convolutions is practically the same as that shown

by Yamariouch i . An eva l uation of Eq. (76) was also made with C = 0; tha t

is , without restoring nonlinearity. The results differed insignificantl y

from those shown in Figu re 3.
:1

11
V
i
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FIGURE 3. COMPARISON OF OBSERVED ROLL SPECTRUM FROM SIMULATION
WITH RESULTS OF AN EVALUAT I ON OF Eq. 7(V FOR _ iVE L I
E X C I T A T I O N
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I Fi gure 4 indicates results for the Level 2 exc i tation. In this

case the rrns excitation is a factor of three greater than that of Level I ,

F i~ ure - . The deviations f rom observation of an evaluation of Eq. (i6)

f o r  this case are stronger than t hose shown in Fi gure 3, but possibl y

s t i l l  not too significant. The effect of removing the restoring non- L
1 u ar ity are also shown in Figure 4. Remova l of this nonlinearity

emphasizes a di p in the spectrum at undamped resonance. The dip is L
a~;st ~- -J by the first term in Eq. (76), the contributions of the double

convo lu t i on  terms do not make up the deficiency.

Figure 5 shows the results for Level 3 exc i tation . (In this case

rms excitation is a factor of 9 greater than tha t of Level I , Fi gure ~.)

Here the result s of evaluation of Eq. (76) differ si gni ficantl y f rom ob—

servation. As may be noted from the fi gure , the results of omittin g the

restorin g nonlinearity co- ~ clos e to observatio n . It appears that at this

level of exc i tation something is missing with respect to the computati on

of the effect of the restoring nonlinearity. The Inp l Catio n S that

some or all of the terms r e s u l t i ng  f rom the fif u - degree f requency response

(Eq. 7j through 75) may be required. This last (Level 3) exc i tation is

relativel y severe. The observed non-dime rr’ i ona l rms roll (Table I) was

roughl y 9~- of the half-range of static stability of Eq. (77). If this

magnitude is carried over in to ship terms as in Ref. ( , m s  dimensional

roll mi ght correspond to 6 or ~0
, and if the Ray lei gh distribution holds ,

the ave rage of the l0~ hi ghest out—to—out rolls would corr~spond to 30 or

Th is is usuall y coV isi dered severe rolling , but i t i s  not by any means

beyond conditions Sometimes experienced.

It appears f rom these examp les that the developmen t for the spectrum

:
r 

~j  
does make sense r - la t ive to the results of the simulation s of Ref. 6. The

question of how far the series must be carried out so as to be valid for

the entire practica l range of ship roll has not been answered, but it
1

appears possible tha t terms involving the fifth degree response funct ion

(E q. 73 through 75) may have to be reta i ned for severe rolling.
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On the othe r hand, the percentage erro rs which wo uld be made in
the prediction of rms roll according to Eq. (~6) were found to be (rela-
t ive to the observed value from the simulation):

Level Fi gure

1 3 -11
2 4 - 7

- 3 5 +18
These magnitudes are the same as or s l i g h t ly la r g e r  i n  ma gnitude tha n the

90% confidence interval on rms narrow band roll which would be implied by
the sample lengths emp l oyed in the Monte—Carlo type simulations of Ref. 6.

~~ )~V.
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CONCLUDING REMARKS

The point of undertaking the present effort was to see if the

functiona l series model , which has many conceptua l attractions , might be

applied to ship ro lling. The i mmediate objective of the work was to

develop means of estimating the scalar spectrum of nonlinea r rol l , assum-

i ng tha t the usual single degree of freedom equation holds .

In order to appl y the functional series to the usua l sing le-degree—

of-freedom equation it is necessary to replace the quadratic damping term

with an analytic form. Sepa rately reported work under the present project

has indicated that it is realistic to replace the quadratic term by a j
V. cubic term. Alternatel y, it appea rs that the linear -plus -quadratic damp i ng

of the usua l equation may be approximated by a linear-plus—cubic damp ing --
the net effect of this “equiva l ent non— linearization ” being an improvement

over simple linearization in the representation of l i nea r—p lus— quad ra t i c

damp ing in the time domain.

Given anal ytic forms for al l the non— linearities in the equation ,
V 

the funct iona l ser ies  may be app l i e d , and the derivation of the associated

series of frequency response functions is straightforwa rd if laborious.
V 

Given these functions , expressions for the scalar spectrum of roll may be
- . 

V derived as a series, and these expressions have been carried through terms

corresponding to the fifth degree in the basic functiona l series. Owin g

to the nature of the analytic sing le-degree-of-f reedol-n equation , the terms

of even degree in the functiona l series were found to be zero. Accordingl y,

the representation of ship rolling and the expressions for the spectrum

i nvolves a functiona l series having only terms of odd degree.

V 
A trial evaluation of the spectrum of non -linear rol l was made for

a case which had previously been s imu la ted  and which included non linea r

restorir Vg moment. Onl y the first and third degree terms in the funct iona l

se r i es  were assumed to be significant in this eva l uation. The results

agreed fairly w ell with observation for modera te to low level rolling ,

4

•1
~

V. 
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but not so well for severe rol li n g . It is not clea r from those evaluations

V which could be completed whethe r or not it w i l l  be necessary to i t ciude

the contributions of the fifth degree response functions. The errors in

I estimation of rms rollin g us i ng onl y first and third degree terms are not

i mpossibl y large.

The results of the present developmen t are inherentl y a series. In

practica l application it is always necessary to find out how far  a se r i es

must be carried in order to ach i eve a given precision of estimate . Though

V 
this question has not been answered by the present stud y, it appears pro-

V ¶VV 
babie tha t the functiona l series for rolling need be carried no further

t’—an terms in vo i vin ~i fifth degree functionals , and possible that truncation

after the th i rd de b r -C functiona l may suffice in most app lications. If

the former is true , the comp lexit y of the model may well be more than can

be managed in p rac t i ca l  app l i ca t ion .  Hc~.-iever , if the latter turns out to

be the case , and n o n — l i n e a r rollin g is representable by a model of first

V. and third degree functional s , practical app lication does not appear so

th rea t e n~ ng and the funct iona l ser ies  approach mi ght a t  least be developed

V 
i n t o  a viab le alternat ive method.

F
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RECOMMENDATIONS

It should perhaps be pointed out that the question s about the 
V

adequacy of a series including functionals of third degree relative to

a series including functionals of fifth degree are themselves all relative

to the assumption tha t beam sea ship rolling throughout the range of prac—
V 

tica l interest is describable by a si ng le equation which i nvolves non—

linearities of quite specific form. This same assumption has been made

1- in apply ing alternate approaches to the problem (statistica l linearization ,

perturbation method s, Fokker—Planck , etc.). It seems fair to speculate

that the refinements possible in any of the approaches may over-reach the

validity of the assumed physical model when rolling throughou t the range

) of practical interes t is cons i dered , and that some more attention paid to

V. 
the fundamenta l phys i ca l nature of the non linearities and their coupling

with other modes of motion mi ght be prof i table.

V Considering the presen t functiona l series approach to the spectrum

of roll as def i ned by the assumed single—degree-of—freedom equation , many

more numerical evaluations w i l l  be required to assess the range of validity

and the highest degree of functional required for given magnitudes of

non l i nea r c o e f f i c i e n t s  in the equation.

V. 
Somewhere in the development of alternate practical methods of

handl ing nonl inear ro l l ing,  mu l t i—degree—of—freedom systems must be ac—

~~~~ commodated and therefore the compatibility of the functiona l series

approach w i t h  coupled systems w i l l  need to be investi ga ted , and the
V.~ 

implications with respect to experimen t be clarified so that realistic

verificat ion experiments can be designe d 

LI
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P R I N C I PAL NOTk~ I O N

V A , A inertia coefficients , Eq. 25
- - 1 3

B , B damping coefficients , Eq. 25
1 3

roll restoring function

V C , C restoring cOeffic ients , Eq. 25
1 3

0 ( c2) A + B C
- 

E Exp [it(~~~1~ 
.: 

~~~~
GM transverse mt tace ntr ic hei ght

‘ 
] G(w ) lin ea r frequency response function

G (w ,u~ ,w ) 3rd degree frequency response function
3 1 2 3

V G
0
(W ,w W

n) 
n
th 

degree frequency r~ cponse function

G
WY(W ~~~~~~~~~~ ) nth 

degree frequency response function relatin gn 1 11 inp- .t W to Output Y

1 G
XZ
(W ~ 

..~~ ~th deg ree frequency response function relatin gn 1 2 n input X to output Z

- g (t ,t . .-t ) nth degree impulse response function
• ) 1 2 fl

H (l ,2,~~”n) G
0
(u V- J 1~ W

Jn)

frequency response function of linea r output filter

impulse response funct ion  of l i near  output f i l t e r

I roll i n e r t i a

~~~~~~~~~~~~~~~~~ a factor in the 5
th degree frequency response fu ction

-- - L (-~L) frequency response function of linear input filter

~(T) impulse response function of linear input filter

~~ N(~~) roll damp ing funct i on

149

‘I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~; T ~~~~~~.I1 ~~~~~~~~~~~~~~~~~~~~~



I
R- 18914

I
.1

N coefficien t of linea r part of quadratic roll
21 damp ing mode l

N coefficient of quadratic part of roll dai pi ng model

N c o e f f i c i e n t of l inea r part of cubic rol l  damping
V 31 model

N coefficient of cubic part of cubic roll da rping
model

R assumed range of roll velocity

S~(w) two-sided roll Spectrum 
V

s~(w ) two-sided spectrum of response

S (w) two-sided s pectrum of exc i t a t i o n

L t time

u( w) sin g le-sided roll spectrum if non — l inearities
a re  removed

sing le-sided excitation spectrum

U .( u) sin g le— sided roll spectrum

V V ,  V~. variances of roll and roll velocity if non — l ineari -t ies
a r e  removed

W (t) i nput

X(t) exc i tation
~V. -

H Y(t) output or roll

y (t) n th term of the functional series

Z(t) filtered output

ci l inea r dampin g coefficient

-i cubic damp ing coefficien t

y ~ ship displacement

I coefficien t of cubic part of restor i ng func t ion

a2 t~~e squared undamped roll frequency

50 
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- p rol l angle

(w) two— sided spectrum of roll if non-I inea r it ies
are removed

two-sided spectrum of roll velocit y if non-
linear ities are removed

circular f requency

U

~ ii
~

V 
- 

~~~~

‘V
b.

U
‘

.

~~~~
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