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Summary

A method is presented for the estimation of the param-
eters in the vector autoregressive moving average time series
model. The estimation procedure is derived from the maximum
likelihood approach and is based on Newton-Raphson techniques
applied to the likelihood equations. The resulting two-step
Newton-Raphson procedure is computationally simple, involving
only generalized least squares estimation in the second step.
This Newton-Raphson estimator i1s shown to be asymptotically
efficient and to possess a limiting multivariate normal
distribution.

Key Words: Vector autoregressive moving average process, Newton-
Raphson method, maximum likelihood estimation,

Generalized 1east squares. t‘uN' -
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1. INTRODUCTION

In the past several years, following the work of Box
and Jenkins (1970) and Hannan (1969b,1970), there has been a great
deal of interest in the use and estimation of autoregressive mov-
ing average models (ARMA models) for a scalar time series of obser-
vations. The vector ARMA model has received much less attention.

Hannan (1969b, 1970) has considered the estimation of the pure

moving average model in the vector case using spectral methods.

Nicholls (1976a) has extended this work to the case of estimation
of the mixed vector autoregressive moving average model which con-
tains exogenous variables, the so called VARMAX model. An iter-

ative nonlinear least squares (maximum likelihood) estimation pro-
cedure for the stationary vector ARMA model has been presented by

Tunnicliffe Wilson (1973). Others who have considered the esti-

~mation of vector ARMA time series models include Akaike (1973),

Kashyap (1970), and Whittle (1963). However, to a large extent,
the problem of estimation of mixed vector models has been con-
sidered too computationally complicated to be practically useful.
Also, the estimation theory is much more difficult than in the
scalar case. (See the recent paper by Dunsmuir and Hannan (1976)
for a treatment of the estimation theory of more general vector
linear processes which include the ARMA models).

In this paper a method of estimation for vector ARMA
models will be presented which 1s asymptotically efficient yet
computationally simple. The method to be proposed uses the maxi-
mum likelihood approach




and is based on Newton-Raphson techniques applied to the likelihood
equations (in the time domain). The resulting "Newton-Raphson"
estimator is shown to be asymptotically equivalent to the maximum
likelihood estimator and to possess a limiting multivariate normal
distribution.

Thus we consider the estimation of the parameters in the model

p ' q
b AP R e R - g + 2 G

(1.1)
LR P 1=1

/
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where Y, = (Yoq9ec:5Y " and o A g ' are vectors
t tl tm i tm

of m components, and Ai""’Ap’ Gl""’Gq are hnxnw matrices of

the unknown parameters. With the use of the lag operator £ such

that ith = Y. 4, this vector model may be written as
1 5 ’
A (2)Y, = G ()¢, f1.2)
where A() = I-AgjL= e -Ap;,gp
and G(L) = I+G+.-- +Gq=gq ;
The €, are assumed to be independent and identically distributed

with mean vector O, covariance matrix X, and finite fourth

order moments. We also assume that all roots of

det A(z) = 0 and det G(z) =0

are greater than 1 in absolute value and there are no common roots

to the two equations. This assumption implies that the matrix series

oo
)"1 = T T4 Cy(z)'1 - £ Dzt

Az
1=0 1

both converge for lz| <1+ 4, 4>0, and that Y, can be




expressed as the stationary solution to the difference equation
(1.1) as

© q
G’ (2) &y = ST Tuly € umy?
The problem of identification for models of the form (1.1) has
been discussed in Hannan (1969a, 1975), and we assume that the
identifiability conditions given there are satisfied. In particular,
we assume that -the rank of (A! : G') is equal to m.

L BRI

2. THE METHOD OF ESTIMATION

For the estimation of the parameters in the model (1.2),

we assume that we have the vectors of observations Yt’ T=l syl
We define the (T-p) xm matrices
! ' '] '
Yp+1 Yp+1-i €p+1 ep+1-
Y= : iiY = * €= 3 5 £i€ =
/ 4 ' 4
Ip Yooy €p \E T-1
Then we can write the entire model in matrix form as
¥ 2 - o |
T =5 4 YAi =€+ I g €Gy - (2.1)
1=1 i=1

Alternatively, we may express the model more conveniently in vector
form using the theory of Knonecker products of matrices. For any

(mxn) matrix C, 1let vec(C) denote the (mnyx1) column vector




formed from C by placing the columns of C Dbelow each other
starting from left to right. Then a result which we shall use

to write the model in vector form is that
vec(ABC) = (C’ ® A) vec(B),

where A, B, and C are any matrices such that the matrix product
ABC is defined. (See Neudecker (1969) for a proof of this and
other results for Kronecker products.) Defining the vectors

y =vec(Y), e=vec(e), £iy=vec(£iY), £1e=vec(.{,ie), ai=vec(Ai),
i=1,--+,p, and yi==vec(Gi), i=1,.-++,q, wWe can write the entire
model in vector form as

i i

q
Y) a =e + = (Im®£

p
[ AP um®£
y i=1

e E)Yi . (2-2)

To motivate the estimation procedure we suppose the €

are normally distributed and use the maximum likelihood approach. To
simpiify the form of the likelihood function certain assumptions will
bte made concerning the initial observations and disturbances. First,
we consider the initial observations Yl""’Yp as fixed, and estimate
from the likelihood function conditional on these values. Second, we

assume that the initial disturbances are equal to

Sp+1-q" " &
their unconditional expectations, which are 0. Then introducing the
(T-p) x (T-p) lag matrix L which has 1's on the diagonal directly
below the main dlagonal and O's elsewhere, we define the (m(T-p))

x (m(T-p)) matrix

Y

’

q
2 4
m(,1,__p)+i=1 mieL




T-p-1

with det G=1. (Note that G 1 = = (Di@Li)). Thus we can

1=0
express the entire (modified) model in vector notation as

p 1
y - 3 (Ima,e Y)ai

i=1

d i
e+ I (I_®L%e)y

1=1 +

d i
- g K W{QL)e
i=

= Ge .

Based on the assumption of normality of the €45 the

(modified) likelihood function of the observations Yp+1"
conditional on Yl”"’Yp’ is
¢
3 p
F = _1 exp[-%{%-.z (Im® {iY)ai} g1
(2r) P[5 2N =
zler )G'i{ - % (I_esv)a
N y m - y
i=1
where N = T-p. Thus we obtain the partial derivatives
- s - p
208 . (1 eIz te1 )0 y- = (1ot Y)a, ),
BQJ m N =g W i
(J=1,...,p),
= - = 1%
108F . (1 ord¢)'0' "tz 201, )02 {y-z (I ® £ Y)a } ’
et F . 1=1 ™ .

(3=1,...,q),

. A




where € 1s expressible in terms of the observable quantities

Yt through equation (2.3) as

Defining the vector

’ !

Y, ' ' /
8 = (al)"‘:ap: Yiy"’:Yq)

vec(All...lAplGll...Gq)'

and the matrix
W= ((I,®2Y),...,(I, ®£LFY), (I, ®Le),..., (I, oL)),

we can express these derivatives collectively as

dlogF _ W'G’_l(z-lelN)G-l{y-§ (ImaxiY)ai}. (2.4)
30 i=t

The maximum likelihood equations which result when (2.&) is set

equal to O are nonlinear in the parameters 6 (unless q=0,

in which case the solution is just the least squares estimate

3 :(W’W)—lw'y which is nearly identical to the Yule-Walker

estimate obtained in (a) below). Thus for q>0 these equations

can only be solved by numerical procedures such as the Newton-Raphson
method. The Newton-Raphson equations for an approximate maximum

likelihood estimator & are

2

3°1ogF A 3logF
- =08 (Bagy) = 22080 : (2.5)
3636 39
% 0

e R -_MW - e
- - — . - T




where 90 is an initial estimate of 8. It can be shown that
on neglecting terms which, when divided by T, converge to O

in probability as T->«, we will have the approximation

2
_3%10gF _ warliz-leg

, e tw . (2.6)
3926

N)

To obtain the Newton-Raphson estimator of 6, we assume

that we have initial estimates, eo = (ai""’a;’ 71,---,73)

which are consistent estimates of 8 and 3 to the order T'i in

/

and % ,

probability. These estimates may be obtained as follows:

(a) Compute the sample autocovariances

T-
by
t=

C(s) i g

(Y =) (Y, -0 = Cc'(-5), (s=0,1,...,p+q),

t+s

1
2 Y,. We then estimate the parameters o, = vec(4,)

where Y = : t
T $=1

consistently by solving the vector Yule-Walker type equations

i i

0, (s=q+1,...,q+p)-

di=1
(b) Having obtained the estimates Ki’ we form
p B el i ;
Cv(s) = 3 5 AJ C(s+J-L)AL = cv(-s), (s=0,1,...,q),
j=0 1=0
where AO = -Im, and
- a -
!V(X) gl S b Cv(s)e isx, -T< A LT
T s=-q

These are consistent estimates of the autocovariances and spectral

density matrix, respectively, of the moving average process




g E
V= €+ 2016y If £

definite matrix, 1i.e., ?V(x) >0 for -r<A<mw, 1t may be

A) 1is an Hermitian nonnegative

factorized in the form

T (%) . f}"(el)‘)i'a(e_l)‘),
to obtain consistent estimates 71 - vec(Ei), i=1,...,q, and 2.
Robinson (1967, pp. 190-200) describes a computer program for

such a factorization. Consistent estimates of the G may also

;3
be obtained by a method which does not require the factorizing of
the spectral density matrix ?V(A) (see Hannan (1975), page 977,
equation (5)).

Now we let

W= ((1,02Y),...,(1 0£PY) , (I ®LF),...,(I, eL™)).

Then substituting (2.4) and (2.6) into equation (2.5), we obtain
the following Newton-Raphson equations for 8,

watEte IN)E'1W(6 - 85)

TP e | ~-1 D hoiih
WE TH(ET e I)G {y—i§1(1m®£ Y)ai}.

s Woe 5 lvva
ince o+ ¥ - iil(ImQaﬂ Y)a,

q i

—pr———e




the Newton-Raphson equations can be written in the form

- ~=1~2 ~/ =i =L/ >= ~— 4 ~
wetetery)atwd - wEtEtery @ l{y+ z (ImsLi‘e')yi},(z.m

i=1

The Newton-Raphson solution 8 to equation (2.7) can be interpreted

as the generalized least squares solution to the identity

q e
s
= g (1 saeiY)a. + g (1 ®L1€)y + Ge
121 m 2l 1=1 m i
q ; i~ i ~
+ iii %n®(L E-IJE)} (Yi-vi), (2.8)

where the last term on the right hand side of the equation is to be
neglected and the error term Ge 1is treated as having covariance

matrix G(2® Iy)G'.

The asymptotic properties of the estimator 8§ will be given
in the next section. Before proceeding to these, we conclude this
section by briefly discussing the computations that are needea to
complete the estimation procedure and obtain 8 as the sclution to
equation (2.7). Once the initial estimate @ has been obtained,

0
the vector

e = vec(¥) = ' {y - i:>=:1 (Im®£iY)5i}

may be computed recursively from G e =y -

I Mo

E i
(Im®=£ Y)ai as

=i

s g
€ = Y, - E ATy ¢ - i: Gy Et_i, (t=p+1,...,T),




 where € =...= €_= 0. Similar calculations may be used

p+l-q = °° p
to obtain the columns of the matrix of "independent" variables

W =G W recursively from GW = W,

and the vector of the "dependent" variable

L -1 q
y=0 {y+ = (I @Li'é')y i recursively from
i=1

(o]
<1
it

q i
y+j§ﬁIm®L€Mi.

Then the estimator 8 1is simply the generalized least squares

solution to the regression of ¥y on W, 1i.e.,
%—{w'* ex)w}1 W (s~ ®I)§
N N g

>. THE ASYMPTOTIC DISTRIBUTION OF THE ESTIMATOR

To describe the asymptotic distribution of the estimator
we introduce the matrices VY,%, and Q, whose (g,h)th submatrices

will be defined below. In expressing the following integrals, for
ix

notational convenience we will omit the argument variable e from

the matrix polynomials A(eix) and G(eik) defined in Section 1,

@D

so that these will appear below simply as A and G. Thus we define

the submatrices

& i 8yy /ot =11 -1 }
Ygn = Lim > E {(Im®£_ v)'6 "Mzt e 1yt (1, @ L")
T
-l el(8-Mg-15-15%-1 o (4*-15*s56a 1y @,

(S:h=1:' s :p)'

» 105«

e - e e, . e e e T ' T Y s o e
- AR e
. Yo ko CR = $



T

$ = 1lim

P R | -1 h
gon® H E{(ImeL €)'¢' (= ®I\)G (ImGL e)}

3P

m - - - W
" ?1-} el(8-hg-1s-10*-1g5 g, (g,h=1,...,q).
m -

Yz terye (e Lhé)}

(@]
I

1 g 1o -
lim = E {(I_®£L%)'G
g-h Py T { o )

m
[ gttt e pan ™y @,

1
2w -

(g=1)--”p§ h=1:"':Q)*

Then we have the following

THEOREM. For the model (1.1) under the assumptions stated in Section 1,
7

let B denote the estimator of e==vec(A1(---IApr1!---le) as

obtained from equation (2.7). Then the distribution of -/T(8-8)

converges to a multivariate normal distribution as T+>o, with mean

vector O and covariance matrix equal to

via ; (3.1)

Before considering the proof of the theorem, we make the
following comments:

(1) The matrix V defined in (3.1) 1is equal to

- A -




2
1im L E {w'c' 1izte IN)G-j'W} witn -2 gdlo8h
Tow T Do T 23926

the "asymptotic information" matrix of 6. Thus the asymptotic
iistribution of B 1is identical to that of the maximum likelihood
estimator based on the assumption of normality of the disturbances €
so that 8 1is asymptotically efficient in that sense. Also, 5
converges to 6 1in probability as T->c.

(2) If we let o' denote the (i,j)th element of = 0, then we

have

N
5043 -3 € (Eii®IN)e for i=jJ,

=

N oy, - Ry {(Eij + EJ.i)GIN} e for i#j,

P 1
iil (1,8 Y)ai} and E;; denotes the (mx m)

matrix with 1 1in the (i,Jj)th position and zeroes elsewhere. We

where e = G'i'{y -

have used the fact that for a nonsingular matrix 2,

o] for i=j

alogls ™t _ ¥
30 20iJ for i1#j . (see Golderberger (1964),

Chapter 1)

Thus an asymptotically efficient estimator of I 1is given by

tadt's,
N

where @ = vec(&) denotes the vector e above with estimates B




=

used in place of 6. This estimator $ 1is asymptotically uncorrelated

with 9. Similarly, the covariance matrix of 8§ may be estimated by
{W’ a1z tle IN)G'1W} ~3

(3) The estimation procedure for 3 can easily be modified to
include the case where elements of the autoregressive moving average

coefficient matrices Ai,...,A s Gl,...,G are specified to be zero.

P q
We simply modify the definitions of the matrix G and the vector @
according to these restrictions (although this is not necessary for
the resulté of the theorem to hold), and in the matrix W we delete
the columns of (Im®£iY), i=1,...,p, and (ImSLig), i=1,...,Q,
corresponding to the zero elements of a; = vec(Ai) and Yi::vec(Gi),
respectively. The resulting estimator obtained from equation (2.7)
will again be asymptotically efficient, consistent, and will possess
an asymptotic normal distribution with covariance matrix similar to

V-i(

but with the appropriate rows and columns of V deleted).

PROOF OF THEOREM: The proof of the theorem is much the same as that
of a similar theorem for the scalar case given in Reinsel (l976a),
and so we shall omit most of the details. We ignore the effect of

the modification of the initial disturbances € and hence the use

t’
of the matrix G 1n equation (2.8), since the modification has a
negligible effect as T+« and does not affect the asymptotic
properties of the estimator. Then using the (modified) identity (2.8)

and equation (2.7), we have




_——-

-1
1 orapr =1 a1 -1 1 miar-1,3=1
-\/’f(é-e)={.T_wc (7" e1y)G W} -ﬁwa‘ (T e1y)e
 EEAEE NSRS R L
+{_wc (E™ e 1y)T w} (3.2)
T
L S SR SRR -1 i T, g
.121;WE (= st)G {Im@ (L"€-L e)}-\/’r(vi-yi).

Now it can be shown that

plim = w6 "H(zltery)eW = 1im FE {w’c' ‘1(2‘1eIN)G'1w} - V.
Tow T T

Also, as in Reinsel(1976a), it can be shown that each of the summands
in the second term on the right side of (3.2) has a probability limit
equal to O by the consistency of the initial estimates (and the
boundedness in probability of the vectors -/T (?i-yi)). And
finally, again by the consistency of the initial estimates, from (3.2)
it is not hard to see that the asymptotic distribution of ~/T (é-e)
will be the same as that of Vo -+ -~ Wa' "H(zheIye .

&
Thus it follows that the results of the theorem will be established

=1

once it 1s shown that the vector o wa (Z_1®IN)e has a limiting

normal distribution as T + » with mean vector O and covariance
matrix equal to V.

To establish the asymptotic normality of this vector, we
consider in detail the asymptotic behavior of a subvector of




ﬂ/; wo tzte Iy)e. For example, we have
T-p-1
T 3=0
T-p-1
s
V4 s J=0 C J
T-p-1 T
= L 2 & VeC(Yt_i-JE;z-lba)
~T J=0 =p+J+1
B t-p-1
- = = z vec(Yt_i_Je’tz‘1D3)
~T t=p+l  J=0
T t-p-l o q
L STk N
g e Z G 38>
B e - vec(d,Gy€y s _jou-vE€tZ Dj)
1 3 min(t-p-l,n) n q , : }
. z S = vec(J'Gle e's-1p’
+T  t=p+l J=0 u=0 v=0 ( uwv t-i-j-u-v-t J)
*
i (3.3)
* Zpn + Rppo

——————— -




where

: : (3.4)
— = W, :
| tepd ¥
M el 0 e t0ty. (3.5
W = > = 2 vecJG Z , }.5
w J=0 u=0 v=0 vit-i-j-u- —v&t d
(t=p+l,...,T),
and
1 T t-p-l o0 q ( :
o z z z S vec J G € e's” 1, )
“n +/T t=p+n+2 J=n+l u=0 v=0 t-i-J-u-v-t J
1 T min(t-p-1,n) = q ot
P b z ) 7 s vec(J’ Gv NG Vetz D%).
T  t=p+l J=0 u=n+1 v=0 g J
(3.6)

Now since the elements of the matrices Ju and Du converge to O
exponentially as u-2w, it is not hard to show that the remainder

term RTn converges to O 1in probability as n->e, uniformly in T
(e.g., it can be shown that E(R&nRTn) >0 as n->w, uniformly in T).
For fixed n, the vectors th have O means, are uncorrelated, and

the covariance matrix of wtn is equal to

E(WepWen) = Ven
min(g‘p~1’n) 5 : E { (J,G€ ez 1p))
3 Z vec
J,k=0 u,m=0 Vv, s=0 Vv t-i-j-u-v't 3

-1
vee(3494€, 1 yon-s€2"0)’)




min(t-p-1,n)
z

J, k=0

min(t-p-1,n)
5
J,k=0

min(t-p-1,n)
b

Js k=0

min(t-p-1,n)
z

Jsk=0

u, m=0

u, m=0

d ~f 't ‘
2_0 E {(DJE €'t'.®Ju.Gv)et:-i-,j-\.1--v€t-i—k—m-s

v’
=1 e R
(D= €t®JmGs)}
> e{(pste e3¢ )z(nslte, 83c }
. sl J t u v) k t m s)
e
s e{(psteesip escsed)
V. gl J t-t k u vz s m
Bt
g (DJE'lthﬁ J.GZGJ ), (3.7)
v, s=0

where the summation extends over only those indices for which

J+u+v = k+m+s. Thus the covariance matrix of ZTn is
B(Z. 20 ) = = g
Tn “In T t=p+1 tn’
im - B2 %)
-yl Tn“Tn
gl 2 min(t-p-1,n) n q e, s
= lim = = p z (DJZ D, ® J G 2G. I )
Toeo T t=p+l J, k=0 u,m=0 v, s=0
(J+u+v=k+m+s)
s ! : (D271} @ 3/G!2G J,)
Jsk=0 u,m=0 v,s=0 J X X -
(J+u+v=k+m+s)
= Vn. (3.8)




Also note that for fixed n, {W forms a sequence of

]T
tn’ t=p+1

m= (i+2n+q) - dependent random vectors, and the W possess

tn

uniformly bounded fourth moments, since the Et have finite fourth

order moments. Thus it follows by Theorem 1 in Schonfeld (1971)

that

1 i

ZTn = —_— I th has a limiting multivariate normal distribution
+/T t=p+1

as T>w, with mean vector O and covariance matrix Vn' Then

using a vector analogue of Theorem 7.7.1 in Anderson (1971), as given

by Lemma 2 in Schénfeld (1971), we can conclude that

41 Ty bt =L pa~d
—— (Ima.{ ;4 e i ®Iy)e = Zp + Ry
converges in distribution as T>® to a multivariate normal

distribution with mean vector O and covariance matrix equal to

lim V 5 5 .% (p,.2"1p’ ®J'G'26.J )
m =
n+e o J,k=0 u,m=0 v,s=0 J = . VZ sl

(J+ut+v=k+m+s)

m
=L [ otz te™e (4" %6 zant)’ @
2T -T

= YO . (3'9)

A similar argument can be used to show that all the subvectors of

1 wa'"
/T

have a joint limiting distribution as T->» which is multivariate

1/,«-1
(2 ®I)e

normal with mean vector O and covariance matrix V, and hence

the theorem 1s established.

« 18 =

T —




4, EXTENSIONS
The theory and method of estimation in this paper can easily
be extended to the case of the mixed vector autoregressive moving
average model with exogenous variables, the so called VARMAX

model, of the form

1AiY B

1
t-1 0 i

I Mo
I ™Mx

q
e Pt o i W iilG;Et-i’
where theobservable exogenous variables Xt are sultably prescribed.
In fact, the method which has been used here for the estimation of
the vector ARMA model has been applied by Reinsel (1976b) to the more
general dynamic simultaneous equations model with autoregressive moving

average disturbances,

r k
(I-Ay)'Y, - 2 MY, , = S BiX, , +U, Aj#0,

f=2 21 4o

where the disturbances U, satisfy

16

€. + 3@
=
L

t-i t-4°
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