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ABSTRACT

Equations are derived for the contribution to far field acoustic

pressure from sources distributed on a rotating and translating rigid

s ur face , and from shock waves carried by the surface . Radiation integrals

are expressed in coordinates fixed relative to the accelerating surface .

The main results are an extension of the generalized surface—fixed Lowson

formulation of the aerodynamic sound problem as derived by Ffowcs Will i a m

and Hawkings in 1968. The genera l formulation is intended for appli cation

to the problem of calculating the sound field from a helicopter rotor

blade with transonic conditions in the blade tip reg ion. The sound field

therefore inc l udes contributions from non—compact source distributions on

the blade surface and shock waves .
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SUR FACE R A D I A T I O N  INTEGRAL S IN AERODYNAMIC SOUND

I . INTRODUCT ION

The sound field prod uced by a ri gid surface in arbitrary motion

was described in general terms by Ffowcs Williams and Hawkings in 1968

(Reference I). Severa l alternative descriptions of the radiative component

of the far pressure field were given. Each formula is an asymp totic solu-

tion to an inhomogeneous wave equation tha t is a general iza t ion of the wave

equation used by Liqhthill to describe aerod ynamic sound .

One of the formulations of Reference I was sing led out  by Farassat

(References 2 and 3) as suitable for detailed noise calcu lations . His

results are a considerable clarification of the ori g ina l Ffowcs Williams

and Hawkings ana l ysis , and he has extended them to the point where , in

pr i nc i p~e,they are all tha t are necessary for numerica l calculation of

a sound field tha t inc l udes non—compact source distributions .

The unusual and useful feature of Farassat ’s work is the coord i nate

space in which radiation integrals are expressed . This space is a tem-

poral and spatial subspace of the complete four—dimensiona l space and

t ime coordinate system . The possibly singular Doppler factor is suppressed

in all radiat ion Integrals in this coord i nate system , and this result

is an important advantage of the method . The eliminatIon of an aerodynamic

(Doppler) singularity from radiation integrals Is accomplished at the

expense of a geometric singularity tha t appears in all radiation integrands ,

and this new singularity occurs at all Mach numbers . The singularity appears

when the retarded unit radiation vector from a point on the moving sur face

to the distant observer is parallel to the surface norma l vector . Farassat

-- — - - - —~~~~~~~ ——~~,•.‘ --——-.— — ,- - -- - —‘-S -~~‘ -
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2 .

has shown in Reference ~ tha t the s ingular ity is integrable for a useful

class of surface geometries . It seems like l y tha t it can be accomodated

in numerica l calculations , but whether it will be a mino r or major an-

noyance in specific appl ications Is not yet clear. In any case , the

methods and results of References 2 and 3 may be considered as alternatives

to Lowson~ formulation of the aerodynamic sound prob l em (Reference L~) and

to general izat ions of Lowson ’s work that appear in Reference 1

Here we intend to return to the Lcxtison description of the sound

field in its generalized form stated by Ffowcs Williams and Hawkings .

The motivation is based partl y on the fact tha t the results of References

1 and 2 strong l y suggest tha t the Dopp ler factor , which is i mportant in

low speed problems , appears to play no role in a hi gh speed prob l em . It

would therefore seem likely tha t it can be elimina ted from the surface—

fixed coord ina te description of the sound problem as ori ginally g i ven by

Lowson and gene ra l i z e d  in  Refe rence 1 . This conjecture is true to an

interesting and si gnificant extent for the problem of sound radiated by

a rotating and translating surface . However, our results have one possible

disadvantage : while all radiation integrals have neithe r a Doppler or

geometric singularity In them, they all appear with time derivatives in

front of them. A considerable and successful effort was expended in

References I and 2 to get all derivative s of radiation integrals under

the integra l sign . The formalism converts derivative s with respect to

observer coord i nates and time to derivative s with respect to coordinates

defined on the moving surface . These trans formations are essential if the

main purpose is to obtain rough estimates of radiation integrals. However,

they have the effect of increas i ng the strength of geometric singularities

that mus t be integrated . On the other hand , the appearance of time

der ivative s before integra ls with well—beha ved integrends does not appear

_ _ _ _ _  _ _ _



3.

to pose any problem for numerical calculations , and this form may

in fact make numerica l calculations easier .

General results will be g ive n here for a particular class of

radiation integrals. These are surface radiation integrals , or integrals

of shell distributions of sources as they are called in Reference 1 . They

make art i mportant and possibly dominant contribution to far field sound .

The general formulation is intended for app l ication to the prob leu~ of

calculating the sound field from a helicopter rotor blade with transotuic

conditions in the blade tip region . The problem therefore inc l udes non-

compact source distributions on the blade surface and radiation from

shock waves carried by the blade .

2. SURFACE INTEGRALS AND AN INTEGRAL THEOREM

Let S be the surface of a rig i d body that rotates with constant

angular ~~locity ~ about an axis fixed in space and that translates

with forward veloc i ty v in a plane perpendicular to w . The contribu-

tion to far field pressure p from a sur face distribution of sources

of streng th F on S Is

~ IFcos 9 dSl+~~p 
~~~~ cr . (2.1)

Notation Is the same as In Reference 1 ; ?~/~ t is ti me d i f f e r e n ti a t ion

in a reference frame fixed relatIve to undisturbed air and c Is the

constant sound speed of the undisturbed med i um; 9 is the ang le be tween

the unit radiation vector , di rec ted f rom a po i n t on S to the observe r ,

and the outward surface normal vector; r is the distance from an

integration point on S to the observer, and M
r Is the component of the

body surface Mach number in the radiation direction . Integration is

_ _ _ _  

.,- -~-.~
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—---

I .i ~ . - -



4.

over the body surface S with the integrand eva l uated at retarded time

T = t - n c .

Let ~ = 
~~~~~~~~ 

be a Cartesian system of coord i na tes fixed

relative to S and let = (x1 ,x25x
3
) be observe r position in a frame

fixed relative to undisturbed air . Then F, cos~ and M
r 

are generall y

exp licit functions of position T~~ x and t throug h their dependence on

retarded time T , which is a function of 1, x and t. To emphasize

this dependence , (2.1) is written as

Zrr p = ~~ [F~r(~ ,x ,t),~ ) 
CO
~ l~ M

d
~ , (2.2)

with similar ~ and ~fl arguments for cos O and M .

The general representation of sound from a surface integral has

a Doppler factor !l.~M I
1 , and thus inc l udes radiation Mach numbers

Mr 
that may be supersonic. Here we assume tha t M

r 
< 1 and exc l ude

supersonic surface motion. Of course , there may still be reg ions of

supersonic flow over S and embedded shock waves .

The in tegral in (2.2) will be transformed in the surface fixed

frame so tha t the factor (l_M
r)~~ 

is suppressed . The transformation

is based on some identities and an elementary theorem of differe ntial

geometry . We mus t first define the operations of total surface divergence

and partial surface divergence relative to the surface S

Let F be an arbitrary vector function of retarded time

r(~ ,~~,t) and position fl on S . Let n(~ ) be the unit outward normal

vector on S specified In ~ coord i nates , so that n is i ndependent

of r . The radiation vector ?(r) is the unit vector from a point on

S to the observer . Two unit vectors r(r ,~~) and (r ,~ ), both

tangent to S , are defined as in Reference 1 by

p — —•—— ——— .‘— 
~~~~~‘— ~—~—————— - - — • - • ; _ -‘—‘.— — — - ‘ —  —

i - ’. ~?--I ,.~~~ —~~~~~~~~~~ —-— —-~~~~ - .——



5.

~ rxn - - -
= 

— , m = n x r , rxni = s i n O > 0 , (2 .3)
rxn

so tha t F, ~
, and ii form a ri ght—handed tripl et of unit vectors on

S , specified in coordinates fixed to S . The vec tors F and

play a fundamental role in Farassat ’s work . Here they may be considered

as vec tors derived from the more fundamental unit vectors ? and n and

always expressible in terms of ~ and n .

We define the tota l surface divergence of any vector F defined

on S by

=~~~~ VF ~~F + r n~~~ t~F~~~ rn . (2.4)

The gradient operator v in (2.4) is with respect to ~ coord i nates,

and requires differentiation wi th respect to the impl icit dependence of

on ~ through the dependence of ~ on r (~ ), and also with respect

to the expl icit dependence of ? on fl. The partial surface dive rg,ertce

of ~ is defined by

~ ~~~~~~~~~~~~~~~~PS p p

where the partial gradient operator V is with respec t to the explicit

dependence of F on ~!‘i only, with the ¶(T~) component of ~ held

fixed . The total surface divergence of ~ defined in (2.4) can then

be written

The surface grad i ent of 1 is def i ned by

V
5
1 = v~r - (

~ Vr) ~

L 
_ _ _  

_ _ _ _

~~~~~~~~

• _ _ _ _

— —~~~
- 

——-‘—.--- . 

-.• ,-- - ~~~~~~~~ 
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6.

and is

rn sin 9V
5

T = C(l_M
r)

Total surface divergence of F is therefore

VI. - ______ + - . (2.5)

Th is i den t i t y  plays a fundamental role in wha t follows .

There is a theorem in differential geometry tha t says tha t the

integral over a closed surface S of the tota l surface divernence of a

vector F everywhere tangent to S is zero (Weatherburn , Reference 5a) :

• 
V
5 

F dS = 0 , F tangent to closed S - (2.6)

If F is tangent to S , integration of (2.5) over S g ives

$ — 
c(l-M J 

dS = - , ‘ V
5 ~ ds . (2.7)

The theorem mus t be understood with the restriction that F is not

too singular on S ; this consideration plays a guiding role in wha t

follows .

The integrand on the left—hand side of (2.7) has a Doppler

factor , while that on the ri ght—hand side is free of this factor , If

~ is a reasonably well behaved function on S , then V
05 

F can never

produce singular behavior on S because the r (~) component of ~ is

held fixed in this operation . However, what is required is not the

integrand that appears on the left of (2.7), but rather an integrand

of the form F COSO/(l•Mr
) tha t appears In the fundamental radiation

In tegral of (2.2). The identIty (2.7) must be further defined so that

the basic radiation integral of (2.2) emerges in terms of less s i ngu lar

In tegrals.

-~~~~~~~~~~~- - 
-
.

•
• 

- ‘ -
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3. SIM PLE IDENTITIES

Equation (2 . 5 )  can be rewritten identically as

V
S 

F = c(l_M
r) ~~~ 

~~ sine) — c(l~ M )  ~~ sine) + . (3. 1)

The 1 - derivative of ~i sine is

sine ) = - (~ ~) ~ . (3.2)

The super dot means ~~/?ii at constant fl and ~ = — w x . For any

function F , scalar or vector , we have the identity

~ F _ ~ F~~ r 
— 

1 ~F

~ t ~ r ~ t 
— 

l—M ~ r ‘ 3.3)
r

Use of (3.2) and (3.3) in (3 .1 ) g i ves

= . 
~~ sin8 ) - c(i-tç) 

C? — (~ ?)~] + F . (3.1+)

This identity is made useful in radiation integrals by defining the

vector F by

F = X(r (~ ),~ ) F (~r(Th ,~ )

where now A and F are an arbitrary vector and scalar defined on S

We wr i te A i n component form as = ~~
‘ + ~ + v . The ~

component of A cancels throughout equation (3.1+). We therefore redef i ne

~ by )~ = ~ x , where ~ is arbitrary. Equation (3.1+) takes the form

& x n F = ~ ~~ (F & x rn ~ sinG)- (C(l_M
r)
& X ~ ? +V~~’&x~ F.(3.5)

The vector & can be written in component form as & = Al’ + 8 , where

A and B are arbit rary scalars defined on S. Eq uat ion (3 .5) becomes

- .p
~ -1- -_ ~~~~~~~~~

i~~~..



8.

V5 (ef-A )F - ~ (FA Sin G ) + c l
~
M
r~~~~ 

‘ f’ cos G - ‘

+ (B~ - A~ )F - (3 .6)

The unit vector N = r x . Some simplification results if we wr i te

A and B as A = a, B = - b cos8 . The identity (3 .6) is then

V~ ’ (br cosG + a~t) F = ~ (Fa 
sin G) 

- 
cc i M ) ~~~ 

? + b s~

+ V 1,5 (b cos~~f+ a~) F . (3.7)

This equation is actually two equations determined by assuming a 1 0,

b = 0, and then a = 0, b ,I 0. We require the comb i ned form (3.7).

The identIty (3.7) is used to solve for a term of the form F cosG/(1_M
r
)
~~
.

To do so, def ine a new scale r function G by

G = F(a w . + bw

This factor appears in the second term on the ri ght—hand side of (3.7).

In terms of arbitrary scalars a,b , and G, equation (3.7) is

1(brcose + a~ ) 6 1 ~ 
[ Ga sine 1 G cosO

~~ L — — — 
~~ t L  — — - 

- 
c (1—M~~aw f’ +bw N c (aw r + b w  ‘N) - r

+ ~ 
. [(bf cos G + a ) G  ] (3 .8)

. r + b ~ ‘N)

Integration of (3 .8) over S and appl ication of the integral theorem

(2.6) g ives the ident ity

rG cosG Ga sine
J (l_M

r

+ c $ V • [(b? cos9 + a~)G 
] 

dS (3.9)
aw ‘ + ~~, N 

- _____~~.w - — —-- --——-

.
~~I ?-~~~~•



9.

The scalars a and b In equation (3.9) are sti ll arbitrary and

at our disposal , It is evident that a variety of Identities can be generated

by various choices of these scalar functions . One ident ity that is

particularly useful Is based on setting

a =  l ’ = c u1-. , b = w

The denominators in (3.9) are then

awr. + bwN
_ 

~~ 
r) 2 

+ ~)
2 

• (3.10)

The unit vectors r , ? and N = x are an orthogona l System

defined at each point of S . The angular vel ocity w can therefore

be written as

;= (~ 
• r ) r +  (; 

~~~)?+ 
(~ ‘ F ~)F~

Then (3.10) is

2 -awr. +bw N
w - (w r)

let us ca l l  this quant i ty

(3.11)

The ident Ity (3 .9) becomes

$ 
~~~~~ 

dS 
~ $ ~-2 c w~, sIn G dS4 $V~~[C~~

2 (w,~l ’co s8+u )G]dS (3 .12)

Now - derivatIve s of ? with ‘r held constant are all 0(1/r), and

therefore so are — derivative s of 0 with ‘r constant . Furthermore,

the ‘r derivative of 0 Is identically zero. Hence ~~ Is either

asymptotically or identicall y zero with respec t to all differential

operat ions In equation (3.12), and this factor may be treated as a



- 

- 
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con stant fac tor in th at equation . Thus we f i na l l y have t he Ident i ty

G cos8 dS = -2 
~~ 

$ G ~ x ?•~ dS + cQ
_
2$v

PS .[(wN rcose+~
,~)G}s

r (3. 13 )

The relat ion w1.. sin A = w x ?‘ it has been used for the second integral

of (3.13). The lef t—hand side of this equation has the form required

in the radiation integra l (2.2). However , (3.13) can be further

simpi ifled in a useful way . The vector in the last integrand of (3.13)

can be wri tten as

cosO + = - x + (~ ?) ? x . (3.14)

This identity is eas i l y  verified by taking the sca lar prod uct of both

sides s uccessively w i th  ~ and t. The las t integrand of (3.13) is

[
~i 

cosO + w~~)G ] = (w~l’ cosG + w~.j~) ‘V~5G

+ G V p5 
‘ (w~~ cosO +

The las t divergence in this equation is, using (3.11+),

Vp5 (wJ’ cosO + w~..i)  - 
~~~ 

‘ ( x ~) + V~5. f (~ P)?x ~‘]. (3 .15)

The angular ve loc i ty is cons tant In (3.15), and the ~ - derivat ives

of the factor ‘ are O(l / r )  because 1) - der ivat ives wi th  ~

cons tant of ~ are O(1/r). Hence equation (3.15) Is

(3.16)

But the surface cur l of the unit norma l surface vector is zero;

th is is a fund amental relation of diffe rential geometry s hown , for example,

- . --- 
- . 

~~~~~~ _j4~~. 
-

~~ ~



II .

In Reference 5a . Hence equation (3.16) Is

+ wr
;;) — 0 ,

and the third integrand of (3.13) Is

~~~~~~~~ (wJ’ cosO + u~~ ) 6] — - x 
~PS

6 + ( fl? x V NG

The fundamental ident i ty (3 .13)  is therefore

$ G c o sG dS ü
_2 

~~~ 6 x dS

- c ~~~ f w  x n V~~G dS + ( ?)fl~~ $? x n ‘ V PS G dS (3.17)

We now identify the function G in (3.17) wi th the source strength

F/r in the radiation Integral of equation (2.2). The contribut ion to

far f ield pressure from sources distributed on S is

4np .JL.— ~~~~~~ ~~~~~~~~~~ 
.~~~~~~~_ ç ~~2~~~~~$;~~~; Vc ~~~~~ r ~t PS r

+ ~~2 ( ~
) 

~

‘ $ x ~ 
‘ V~5

F 4~ . (3.18)

If the observe r Is in the plane of rotation, 0 and the last

integral in (3. 18) is zero . If the sur face S is hovering (translationa l

vel oci ty v — 0 ), the source strength F Is independent of i’ in

coordinates fixed to S • The integrand of the second Integra l i t

(3.18) is therefore independent of i and hence independent of t for

hover, and the t i me derivative of this integra l is zero. Therefore for

hover and observer In the plane  of ro ta t ion

1+Tp _
~

___
~~-~

. ~~~~~ ~~ . (3.19)
- . C~~~~~ r

- ~
. 

- 
1~~~~ 

;•-
~•- - ---- - - - - - —- - -
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The inteqr al depends on observer position and time throtiqh the

dependence of ? on ~~~~~~~ Equation (3.19) appears to be a remarkably

simple expression for this i mportant case .

4. GEODESIC PROPERTIES OF THE ROTATING StJ~FACE

The last integra l in eq uat ion (3,18) is

x ~ 
. V psF ~~ r sinP ~~~

‘ V~ 5
F ~~ . (L+ .l)

This result follows from the definition of the unit vector ~ in

equation (2.3). For any scalar F

r = 
~~~~ ~~~~~~~~~ 

+ F V~~ F . (L+.2)

Since ‘ rn = 0, we find I’ . 1 7 F  = “ ‘ V~~~F . Equation (4 .1) is

there fore

I ? . P
~~5 F 

~
9. = $ sinP F ‘ r,

5
F ~~ . (4 .3)

For the second inteqrand in (4.3), we have

sin P r ‘
5F 

p’
s ’ (rF sinG ) — F ‘ (?sinG)

The factor r’1 can always be treated as constant in derivatives

with respect t o  ~ - coordinates and . Therefore (4.3) is

x n V~ 5 F dS = $ ,., ,

~~~ 

tF
r
SIflG) dS — $F v5 ’(t’ sine) ~~~~ . (4,1+)

The second inteqr al is zero by the surface integral theorem (2.6).

In the third integral of (4.4),

r sinG sinA + cosG r ‘ V~ 8 . (4 .5)

Now the unit vec tors r and rn fnrm an orthoqona l net on S. The

total sur face divergence of F is r ~~, whe re V i s the

~B ut  see the note added in proof , pane 21.

-~~~~ ~~— -- -
•
~~~~~~
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- 
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geodesic curvature of the coord i nate curve on S with rn as unit

tangent vector . The directiona l derivative ~ v P  Tn (4.5) is

r V
s~ 

= F ‘ V
~S

e, and this equa lity results from (4.2) and F ‘ rn = 0 .

Since n = cose ,

- sinP r = r , (4.6)

where ~~~ is differen tiation along a — curve w i t h  ~ cons tan t .

The last term in this equation is

— ~n 
—

r =  r ~~~~ - r 
~~~~~~ 

Tm ) , (4 .7)

where T is the torsion of a geodesic curve tangent to a F - c u r ve ,

and 
~ 

is norma l curvature of an — curve . The last equality in

(4.7) follow s from differential properties of the unit norma l vector n

as discussed in Chapter I of Vo l ume H of Weatherburn ’s texts . Orthogona lity

of ? and F reduces (4,7) to

P = — T s i nG

Use of this relation in (4.6) give s

r =

and hence equation (4.5) is

r sin P = ~~~~~ + T cos G

The left—ha nd side of (4.4) can therefore be written

$ P V p~ F ~~~~ = — J (‘i sinG # T cosG)F . (4.8)

Surface derivat ive s of F in the first integral of (4.8) have been

el iminated . This result is accomp lished at the expense of introducing

the relativel y unfamil iar geodesic properties of S

-w — .- -- -- - —-

r ~
— 

- • 
- - .— - - - ‘5 - - ,- - - - -
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Use of equation (4.8) in (3.18) g ives an alternative expression for

acoustic pressure due to surface integrals :

-2 
- - dS -‘

~ ~ ~~ -‘ - dS
— j F w x r  ‘ n—  .7 — W x n  ‘ V ~~~—c r ~~~ PS r

—~~ — dS
— T- (w r) 

~ J Cv sinP + T cosP)F —
~~- - (4 .9)

Throughout the preceed i nq formulas , the factor ~i is

zero when the retarded radiation vector P is par a ll el to the angular

ve l oc i ty w . This occurs when P is perpendicular to the trans lation al

ve l ocity V and the angular ve l ocity ~ x P . Retarded times over

which ~1 is zero or small therefore correspond to va l ues of ¶ over

which the radiation Mach number M is zero or small . This situationr

occurs when the lateral distance of the observe r from the center of

rotation is held fixed and the vertical distance becomes infinite in the

I im it r -. ~~~. This observer position corresponds to the rotary surface

be i nq strai ght overhead (or below ) at some retarded time . In this

case , acoustic pressure can be determined by radiation integrals in

which M
r 

is zero or small , and the generalized Lowson formulas are

we ll suited to that kind of calc ulation . Equations (3.18) and (4.9) are

useful for those observer positions at which the amplitude of radiated

sound may be large . These pos i t ions may be in the plane of rotation ,

or on any line through the center of rotation tha t is inclined at an

angle of less than 90
0 to the plane of rotation .

5. SHOCKS

The hovering rotor .

The shock wave on a hovering surface S rotating at constant

angular velocity Is stationary relative to S. The geometry of the shock

- -~~~~~~~- --- - - ---- . ~ - —----

— _____Jl~~~~~~~~~r~

I :‘ ~ 

- - 

— - - -
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is independent of time , and the ve locity re la t i ve  to an inertial frame

of points on the shock is solenoida l . The hovering shock wave may therefore

be considered as a rigid sur face . This description of the shock surface

is no longer strictl y true if the body surface is rotatin g and also

advancing.

Let S ’ be the shock surface on a hoveri nq rotor . Let n (~~) be

the unit vector normal to S~ tha t points in the direction upstream of

S ’, and let R be the angle between n and the unit radiation vector

The contribution to acoustic pressure from the shoc k is

~ r dS ’4i~cp = ~~~j ~~~ 
cosG r ( 1 M )  (5. 1)

Integration is over the shock surface and the integrand is eva l uated

at retarded time . The source strength 
~
Tr is the jump in the resolved

Li ghthi ll stress tensor Trr 
across the shock . If the superscri pt (2)

denotes the upstream side of 5’ and ( I )  the downstream side , then

= T 
(2) 

- T , and T = ?.P. T.. .rr rr rr rr i j  uj

Equation (5.1) is the equivalent , in surface fixed coord i nates,

of a similar contribution found by Farassat in his coord i nate representation .

However , he finds an additional term that involves the derivative in the

radiation direction of ~T .  That term appears to be in error and is

omitted here .

The Doppler factor in (5.1) can be suppressed by transforming the

integral along the lines used in sections 2 and 3, onl y now the shoc k

surface S’ is not closed and a more general version of the surface

dive rgence theorem of equation (2.6) is required .

Let C be the closed curve tha t bounds the shock surface S’.

Let I be a unit vector norma l to C and tangent to S ’ and pointing

away from 5 ’. Let u be a unit vector tangent to C so tha t ~~~ and

~ from a r ight handed system of unit vectors on C. If ~~~~~~~~ is

— ________ ,~~~~~
-
~~

-
- -. 

—=.—-—-
~~

— — ——. - — - 
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any vector eve rywhere tangent to S’, then (Weatherbur n , Vol . I)

dS ’ = J F .~ ds . (5 .2 )

We again introd uce unit vec to rs  F and rn tangent to S ’ as de f ined

by eq uations (2 .3) ,  w i t h  to ta l  sur face d ivergence def ined by eq uation

(2 .1.). The contour integral on the r ight-hand s ide  of (5,2) is taken around

C in the positive direction determined by the tangent vector u ; ds is

arc !enqth alonq C

Trans formation of (5, 1) now follows the same steps used to reduce

i ntegrals over closed surfaces , deve l oped in sections 2 and 3. The basic

surface divergence identity for an arbitrary scaiar G is equation (3.8),

which can be written as

C U 2Vs ’I (w cosP s- iu~~t)G) 
~~~~~~~ 

~~ - (G ~~~ sine)

— 
G cosn 

+ c c[2.7
PS

.i(w
N
r cos9 + w~-.~ )G] (3.8’)

with ~2 = - ( .P)
2
. The vector in parantheses in (3.8’) is again

cosR ÷ = — wxn 4- ( 4 ) ~ x~ . (3.14 ’)

The part ial surface diverqence in (3.8 is again

‘1 (w~f 
cosP wr )GJ (w~~ cos G + wr

m) .r.~~5
G

= — wxn’VpsG + (
~
L’P)?x

~
i
~
V
~s

G (5.3)

us i ng (3.14 ’) In the last equalit y. Now substitute (3. 14’) arid (5.3)

in (3.8’) ,  integrate over S’ arid apply the open surface integra l theorem,

equation (5.2t . Identify the arbitrary function 6 in (i.R’) with the

shock source st rength 9T /r in the radiat ion inteqral of eq uation (5 . 1 ) .

Note tha t the shock surface S’ generally intersects the body surface

S in a c ur ve C 1 tha t is part of the shock boundary C. The part of

the boundary C that does not li e along the body surface is jus t the

sonic line of the shock . On this part of C , t~T 0. The closed

countour Integral in (5.2) therefore reduces to an integral alonq the

-
~~~

-,:
~~ — ~~~~ -- --- - - 

—

~1~~~~~ ~~~‘ 

- - - - ~~~~
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in tersect ion of the shock 5’ with the body S, arid this is a line

integral along C
1
. The contribution to acoustic pressure from a

shock is therefore

rr cr

~ r — —  dS ’
- — WXn ’ V A T —

PS rr r

—
~~~~~ r A —  dS ’

- (w ’ r )  — rx n- V A T —PS rr r

÷ 2._ j ’ Txn ’.P AT ~-!r r  r

- (~~
‘
~~) ~~~

. P~~~ .; A T ds (5 14)
r r  r

For a hovering rotor , the second and fourth integrals on the ri ght-hand

side of (5.4) are i ndependent of t because their irtegrands are in-

dependent of retarded time T . In this case , time derivative s of these

inteqra ls are zero. If the observer is in the p lane of rotation , ~~~
.P = 0.

Therefore, for hover and an in—plane observer , the shock contribut ion to

radiative pressure is

—2 ~ r - A — dS ’4r~p = w -

~

--
~~~ J wxr’n AT -

~~
-

,
- . (5 .5)

This formula is analogous to equation (3.19) that g i ves the contribution

to acoustic pressure from a closed hovering surface and an in—p l ane observer. ’

2. Advanc i ng rotor .

If the forward velocity of the rotor is not zero, the shock surface

is not necessarily stationary relative to the body surface . in addition ,

the shape of shock surface may change as it grows and collapses with the

passage of the blade tip through the advanc i ng azimutha l region . The

deformation of the shock means tha t the velocity of points on it ,

relative to an inertial frame , is no longer solenoidal. Throughout

*But see the note added in proo f , page 21
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Reference 3 it was assumed that both the body and shock surfaces are rigid ,

and hence that their ve l ocities have zero divergence. It may be that a

chang ing shock geometry prod uces oni ’,~ minor variations in far field

press ure, but the assumption of a riqi d shock qeometry is probabl y not

quite correc t , and possible errors introduced by this assumption are

somewhat obscure . The results of Reference 3 could be altered to account

for unstead y shock geometry; the changed analysis would beg in with equation

(5) of that pape r and would app l y only to contributions from the jump in

the Lighth i l l stress tensor across the shock, It is also assumed in

Reference 3 tha t the si gn of the local first curvature of the shock does

not change from point to point .

Expressions for the contribution to acoustic pressure from an

advanc i ng shock are greatl y simplified if the shock can be considered as

rigid , and this assumption w i l l  be made here. The boundary C of the

shock sur face 5’ mus t , of course, be considered as a function of time .

We shall also assume that the acceleration of the shock surface relative

to the body is small , or that variations in this relative ve l ocity occur

over suc h a small time inteva l tha t they may be neg lected . This assumption

means that the ‘r—der ivative of the unit radiation vector P is st i l l

P — ~xP and the fac~or r2 
defined by equation (3.11) can be regarded

as i ndependent of ‘r and ~ coord i nates . Assumptions about shock

geometry and acceleration can he removed at the expense of added

complication . The extent to which these assumptions are reasonable may

be clarified when we have detailed calculations that show shock behavior

on advanc i ng blades .

With the above assumptions , eq uation (5 .4) give s the contribution

to acoustic pressure from the unsteady advanc i ng shock wave . The second

in tegral in equation (5.14) can be rewritten us i ng eq uation (4.8). Sur face

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -
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der iva t ives  of AT are thereb y eliminated from the integra l , and
r r  -

far field pressure w i l l  depend on local geodesic properties of the shock

surface .

~~. SUMMARY AND CONCLUS IONS

Equation (3. 1 8) g ives the contribut ion to acoust ic  pressure from

a distribution of sources of strength F on the rotating and translating

surface ; the correspond i nq contribution from shock waves is equa t ion (5.4).

If the surface is hovering and the observe r is in the plane of rotat ion ,

these formulas simplif y to their respective counterparts , equations (3.19)

and (5 .5). Each radiation integra l is free of singularities as long as

the surface advancing t ip Mach number is not supersonic. The integrals

are a function of aerodynamic data on the blade and shock surfaces, and

this Information is assumed to be known from near field calculations . The

near field numerical calculations are always carried out in a coord i nate

system fixed to the accelerating surface . The required data can therefore

be inserted in radiation integrals with a minimum of transformation .

The source strength F in equations (3.18) and (3.19) is generall y

a linear comb i nation of the Li g hthi ll stress tensor (resolved twice in the

radiation direction) , the pressure distribution on the blade surface and

also the surface radiation Mach number. The complete far field pressure

is composed of body surface and shock contributions accord i ng to equations

(3.18) and (5.14);  in addition , it depends on the derivative in the radiation

direction of the Li qh t hill stress tensor , which mus t be integrated over the

volume exterior to the body and shock sur faces. This residua l vol ume

integral is not discussed here . Ils inteqrand s a second order term, arid

the integral may be neglig ible.
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NOTE ADDED IN PROOF

The cont r ibut ion to acoust ic  prcss ure from sources distributed

on a hoverinq sur face is g iven by equat ion (3 . 19) ;  the con t r i bu t i on

from the shoc k on the hovering surface is equation (5 ,5). Both of these

res ults are based on the assumption tha t the source strengths are i ndepend-

ent of time , and there fore independent of retarded time , in coord i nates

fixed to the surface . This assumpt io n is fa l se , or rather it is half

t r u e, for both the body surface and the shoc k . The body surface source

strength F in eq uation (3.19) qeneral ly depends on surface pressure

and dens ty , and both of these q u a n t i t i e s  are independent of retarded

time in ~ coord inates . However , F a l so  depe nds on the component of

the d is t urbance ve loc ity in the radia t ion d i rec t i on , and this q uantity

is a function of re tarded time r t hroug h the dependence of the radia-

t ion vector P on ~r . Thus F has components for which equation (3 . 19)

is correct , and a lso  components for which the fu l l  equat ion (3 . 18) is

required . The same must be said of the shock source strength ATrr

it has components that depend on the j umps in pressure and dens ity across

the shock , and both of these quant ties are i ndependent of ¶ in fl

coordinates . Eq uation (5 .5) is correct for the contribution from these

d i scon t inu i t i e s . However , AT a l so  has components dependent on the

disturbance ve loc i ty  resolved in the radiation direction P , and these

contr ibut ions to far field pressure must be expressed by the ful l

equation (5.6 ) .
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