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1 .0 INTRODUCTION

The purposes of this work are to provi de an analytical basis for
determining the effects of phase distortion in linear bandpass systems and to

develop a model of a class of linear bandpass system function s which is use-

ful in numerically estimating system phase e(~), and its derivative , group

delay [tgr
(L))]•

The motivation for this work sterns from consideration of the

Aerosat wideband channel group delay spec ification s in the period November-
December, 1 975. Two applications notes pertinent to that system are given
in Sections 4. 1 and 4. Z.

Although the r esults of th is work are generall y applicable to lowpass
and highpass system functions, primary interpr etation is car ried out in terms

of the bandpass function shown in Figure 1.0-1.

in Section 2. 0, paried-echo theory is developed. This provides a

superposition-of-modulating-si gnal technique for determining signal distor-

tiori once the phase nonlinearities are known. In Section 3. 0, the phase non- J
linearities for a minimum-phase transfer function of the type shown in Fig-

ure 1.0-1 are determined.
.

Section 5. 0 is a discussion and comparison with previou s work and

Section 6. 0 restates the principal conclusions.

2. 0 PAIRED-ECHO THEORY

The purpose of this section is to provide an analytical basis for I -

answering the questions:

• How can the degradation of a signal due to nonlinear

phase be computed?

- • What is the basis for AM to PM and PM to AM
conversion?

1
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Figure 1.0- 1 . Bandpass Filter

2

~ .- -——--.-- -— ----——- ~--------“ ~~~~~~~~~~~~~~~~~~~~~~~~~~ —,- .-.-- - ----—--,- -‘---



— .‘ —,-... .
~~

. . . -——.  
~~~~~~~~~~~~~~~~~~~~~~~ 

. — —  
- _ _

~
.
~

, _
~TT~

_ ii 
~~~~

_
~
••

~~~~ r .’ -  --- .— - -— — 

~“~1
- ..-. - - t~~~~~~~~~~~~ S ; ~~~~~~~~~~~~~~ . . .~r t ra. .  —~ - -~~~~— -. .. .._ .

~~~~ —._ . ... .,. - -

2. 1 The The ory

The system function indicated in Figure 1. 0-1 is modeled as shown
in Figure 2 .1-1; the usual relationships*

.e(~
)

• H(~i) e~~ I H(w)I,

Y (c.a ) = H(t.~) X(~ ), (2. 1—1)

y(t) = h(t) f~ x(t) (0 convolution operator),

hold .

The phase , e(~), is expanded in a Tay lor series about the center

f r equency, 
~ o

(a . 1— a) C

~ 
( n — i )

o 2 o 3 .0 fl
- ~.t) = —~r (t~ 

- 
~~~~~~~ + —j r (

~ 
- ~~

) + . . . + 
~~~~ 

(C.) - ~~ ,

where I
00 0(

~~
) = car rie r delay at center fre quency, -

~ 
- -

do~wfj = tgr(wo) = group delay at center frequency, and 
4

(n)(n) d . . -
-to = f~~ 

t~~•(W) derivative s of the group delay at cente r frequency.
d~’ 

~ b

(a. 1-3)

* 
.0(w)

The convention H(w) = H(w) !e 3 as opposed to H(w) = IH(w)1e
3 is

chose n for convenience in dealing with the (negative phase) bandpas s system
f unction .

3
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PHASE BOX MAGNITUDE BOX

x(t ) .0 (w )  y0 
(t) y(t)

0— — e1 IH (W)I _ _ _ _ _

_ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _

-
,

Figure 2. 1-1 . Model of a Linear System
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In Appendix 1, it is shown that , for a ~(w - w5,) repre.entabl e as a Fourier

serie s in the inte rval (w e, w3) (onl y)*, the output of the system shown in Fig-

ure 2.1-1 when subjected to a.n input

x(t) = a(t) e3 
, a(t) real or complex (2. 1-4)

y(t) = ~0(t) 0 [~~4 (IH (w)~U(w)], (2 . 1-5)

where

= inverse Fourier transform operator and U(w) is as shown

in Figur e 2. i-a .
The part H(w)IU(w) of (2 . 1-5) is the modification of the system out-

put due to the magnitude res ponse of the syste m, H(w) , and the interval

(w 2, ~3) ove r which the Fourier expansion fo r 6(c~.i - is valid. In most of

what follow s, attention is restricted to ~0(t ). Any de gradation which occurs

in ~0(t) 
is , in baseband terms, simply lowpass filtered by the lowpas s ver-

sion of H(w)~U(w) .

In Appendix 1, it is shown that

y
0
(t) = c~ e3 a(t - t0 - nT), (2 . 1-7)

L where

2ir 1
= , and

w
3

- w
2 

f 3 - f 2
(2 . 1-8)

- _______ f~~~~~~ 
~[~ (w_ w 0)+2 iin( w_w 0~w 3

_ w
2)]

n - (4
3 ~ z J e dw.

*The Taylor the~i Fourier series expansion of ~~~ - wo) prove s convenient
when the propertie s of the Fourier coefficients are con sidered (Section 2. 3).
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When the center frequency of the input signal is equal to the center frequency

of the system (i . e,, ~~~= w c~
), (2 . 1-7) reduces to

Y0(t)] 
= c ej~~

0
t_ 0o] 

a(t - to - flT) (2 1-9)

To the extent that the interval (w Z, w 3) is finite, the result (2. 1-5) is approx-

imate; in practice , it can occur that t ractable  expansions for  H ( w )  are  only known

in some finite bandpass interval ( 2’~~3~ 
Then, (2. 1-5) is only that part of

the output which is due to the band pass interval.  To this must be added
that part of the output due to skirt response. As will be exemplified in Sec-

tion 3. 0 , it is oftentimes convenient to separate in-band and out-of-band

responses .

2 . 2 Heurist ic  Inte rpretation

For the purposes of initial interpretation, it is assumed that t~ =

and that a(t) and the c are real in (2 . 1-9), The case of a complex a(t) is
treated later in the present section, and the case of complex c~ is treated in
Section 2, 4.

In orde r to illustrate the effects of phase distortion, cons ide r the

fo Uowing example: Let a(t) = ±1 (biphase modulation) with period 3T and let

the phase distortion, ~~~ - w~ ) be such that c0 = 0. 75 , c1 = 0, 25 , c 1 0. 25 ,
Cn = 0, n ~ 0, 1, -1.. The modulation present at the output of the phase box
is shown in the lowe st diagram of Figure 2. 2- 1. Clearly, this is not a

• replica of that at the input. Depending on the specific nature of the detector,

this could cause bit error s at the receiver.
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IN PUT MODULATION = a(t)

-

! 1 1 
_ _ _ _  

L_

t •
1

c0 a(t-t0)

to 
J 

t F __
t

c1a ( t— t 0 — T )

0. 25 _ 
_ _ _ _ _  t—0.25 — 1 I I

c_1a(t-t0 
+T)

= _ _ _ _ _  —-i I ~~L~
t

OUTPUT MODULATIO N = 
~~c~~a (t -t

0
- n r )

Figure 2.2-1. Distortion of a Square-Wave Modulating
Function Due to Nonlinear Phase
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If there was no phase disto rtion , i. e., if ~ (w - w~ ) = 0 in

(2 . 1-2), c0 = 1, c~ = 0, n 1 0. Then, the output modulation is a delayed

(b y t0) ver sion of the input modulation, a(t ) (second diagram in Figure 2. 2-1

with c0 = 1 ~ 0. 75). In the gene ral case , however , there are an infinite num-

ber of superposed signals due to phase nonlinearity.

The above interpretation is easily extended to PM signals . Let

4(t)

a(t) = e3 . 
(2 , 2—1)

Then, ~ (t) is, from (2. 1—9),0

.( 0t -O ) .4(t-t -nT)

y0
(t) = e3 c~ e3 

. (2 . 2-2)

The output modulation (following the ~ sign) is still delayed by to + ni; in

some works , group delay is called uenvelo pe delay. ” In the pre sent example,

ther e is no vary ing envelope but, yet , the modulation is delayed by to + n-r.

For obvious reasons , the te r m ~group delay” is to be preferred.

The gra phical interpretation exemplified by Figur e 2. 2-i is still

• applicable , In the PM case , one mus t consider both the real and imaginary

parts of the output modulation.

2. 3 Properties of the c~

B y the chan ge of va riable

/C . .)- . C.) \
= 2n p (2 . 3-i)

- 
~ 2J

in (2 . 1-8),

~~~~~1 9
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C = 
~~~ ~~~~~~~~~~~~~~~~~~ 

K = ~~3~~~~~ 2

(2 . 3-a)

= ~~~[f ~~cos [~ (K~ ) - n~ ]d~ - j f sin [~ (K~ ) + n~] d~
]

wher e, from (2 . 1-2),

~ 
(n— i)

~ (K~ ) = — - ( K~ )2 +-~ -(K~ ) 3 + + O
n! (K~ )T1. (2 . 3-3)

In Appendix 2, it is shown that,for any minimum-phase system which is sym-

metric in magnitude about with a bandwidth much less than twice the center

frequency, t (u)  is even about C..~ 
i. e . ,  if

gr . o

+ A ) J  = H(
0 

- A u ) ~
(2 . 3-4)

and 2(4 >> (4 3 -

then

tgr (w~ + A )  = tgr ~~~ - ~~11(1))~ (2 . 3-5)
•

- 
- It follows from this result that the odd derivative s of to = tgr (w o) are zero:

= 0, n odd. (a 3-6)

1.
10 
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p Then, from (2 . 3- 3) with = 0, n odd,

1’ -~ -.e( -K~) = -0(K ~~). (2 . 3-7)

t 
That is , ~ (K~ ) is odd, The second term of the second expression in (2 . 3-2)
assumes the form:

PT
-j 

/ 
sin [odd function of ~~J d~ = 0. (2 . 3-8)  —

i_ IT

Then , the c are real . B y expanding cos [~ (K~~) - n~] as the sum of sin sin
-. and cos cos term s and making use of the property (2 , 3-7), it is easy to show

that , for the restrictions (2 . 3-4),

c~~ = -c~ sin ~(K~) sin n~ d~ , real, n ~ 0. (2. 3-i)

Now, a t tention is directed to another property of the c~ : convergence.
Causality implie s that the system cannot respond before an input is applied.
In terms of the example in Figure 2, 2- 1, the n in the c~~~ is bounded to a
maximum of 2; otherwise, the output would occur before the input . In
gene r al,

c = o fo rk -n
t (2. 3-10)

U

n > lowest integral value of

At least in the case (2. 3-4), this also bo unds the maximum n in c via (2 . 3-9).p
11~
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Finally, attention is directe d to the uniqueness of the cn: for each

choice of the interval (
~~

, (43)~ there exi s ts a different  set of c~ spaced at

T = 2iT /(w 3 - seconds. The choice of T is somewhat jud gemental. Often-

time s, there is a tractable expansion for H( - o) applicable to the bandpass

interval only (e. g . ,  the 3dB or 1dB bandwidth) which will dictate the choice ,

It should be note d that , as the inte r val IT becomes larger, a larger set of the

c~ have to be computed [See (2 . 3- 10) and (2 . 3_9)] .

2 .4 A Comment on AM to PM and PM to AM Conversion

In the general (asymmetric IH( 41) case , the c~ ar e complex. From

a term-by-term expansion of the output (2 . 1-9) of the phase box involving

Re cn + j Im ~~~ it is easy to show that PM is induced in an AM signal

[a(t) real] and that AM is induced in a PM signal [a(t) = ~j~~ t)
J~ Both effe cts

are undesirable. Therefore , arithmetically symmetric systems [c~ real]

are desirable.

B y using (2 . 1-7) and expanding in the manner indicated above , it is

easy to show that , even if fH ( )~ is symmetric, the aforementioned AM to

PM and PM to AM conversion effects occur when the signal center frequency, L

, is not equal to the sys tem cente r frequency, ~~

3.0 GROUP DE LA Y OF AN IDEALIZED MINIMUM-PHASE
BANDPASS SYSTEM

In the writing of system specifications, the magnitude character-

istics are usually considered f i r s t . The se control out -of-band rejection,
smoothness of the in-band respons e, intermodulation distortion , etc. If only
voice communications with standard non-encoded AM and/or PM modulation

is employed, amplitude specifications are all tha t is necessary, as the
human ear is substantially oblivious to phase distortion. However , if dig ital

and/or navigation signals are employed, group delay is usually considered.

Ofte ntimes , a tr adeoff must be made be tween phase and amplitude specifica-

tions and the cos t of equalizing (i.e., making more linear) the phase

characteristics.

12
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The thrust of the present work is tha t of taking as given the
amplitude characteristic and inferr ing the phase characteristic. Thi s
addresses the practical questions of , e. g. ,

• How does (amp litude) skirt steepness affect group
delay ?

• How does in-band (amplitude) ripple affect group
delay ?

In the following, minimum-phase (no zeros in the ri ght half plane)
filters are considered. In practical terms, this means that unequalized
filters are considered. Thi s include s Butterworth, Tchebyshev , Elliptic
function and other such f i l te rs  that are normally used to meet amplitude
specifications. Even if it is intended to equalize , this minimum-phase prob-

• lem is generally considered f i r s t  in order to assess the difficulty of design-
ing the equalize~~; most “e qualized’ systems are a cascade of a minimum -
phase network and an “all-pass ” equalizer.

A gain , Figure 1.0-1 indicate s the class of systems under considera-
tion. In Section 3. 1, the case of a flat in-band magnitude re sponse is treated.
Secti on 3. 2 extends this to an arbi trary magnitude response.

3. 1 Group Delay of an Idealized Minimum-Phase System
Without In-Band Amplitude Distortion

The principal aim here is to re state the results of Holmes and
Keenan~

1
~ pe r tinent to the filter shown in Figure 1.0- 1 with a ~~~~ in-band

response. These will be used late r in the applications notes in Section 4. 0.

Holmes and l~eenan show that , for the above bandpass sys tem,

tgr (w) = !ln [’

(

j [ 
~~~~~ln (: : :~)÷ (44 ~ 

in (:
:: : :)] . ~ 2<

~~~ 3

13 
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It is also shown that. if 2(4~~>> ((43 -

~. 
1lH(~p)I] 1 1 / ‘

~~~ 
- wi” 1 / (44 -

t (
~) —ln~ , I ln ~i + J + ln I i  + II ,gr 

~ LIH((~l)1J L~z 
- 

~i \ ~~ - ( 4/  (44 - (43 \ (4 3 ~~(4 J J

< (4 < (43. (3. 1-2)

In the symmetric case fH (&~ +~~fl = jH (w - ~~~~~~~~ (3. 1-2) reduce s to

1 IIH( 2)fl 1/ 
~~~ 

\ /
tgr (C.)) -~~ -1n hi + ~ - ( 4 )  (

~ 
+ ( 4 _  (4)]

(3 . 1-3)
= “~2 - ‘~i 

= (4
4 

- (4 3k “~2 < ( 4 <  (43.

Now, one measure of the amount of group delay distortion is

~ tgr = maximum group delay - minimum group delay (3. 1-4)

From (3 . 1-3) , this is easily shown to be

~~
tgr ~~~~ln [::2~~]ln [(1

+ 1 
~~~~ ~~~ ‘~~

] , (3 . 1-5)

where

a = 2~~z/((43 
- 

~~ 
> 0 and

(3 . 1—6)
K = Fraction of filter bandwidth occupied by the signal < 1.

- - The case K = 1 corresponds to the signal bandwidth equal to the

filter bandwidth and, due to the discontinuous slope of the magnitude charac-

ter is t ic  occurring when the in-band response is flat in (~~
, (43) in Figure 1.0-1 ,

~~~~~~~~~~~~~~~~~~~~~~~ _ _  _
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infinite A t gr • In a practical approximation of the magnitude characteristic
(Butterworth, Cheb yshev, etc .), At gr is not infinite , The model tend s to
provide estimates of At r which are large in comparison with those incurred
in a practical re alization ; the closeness of the upper bounding decreases with
increasing K.

3. 2 The Effe cts of In-Band Amplitude Distortion

In this section , the work of Holme s and Keenan is extended to 4
include the effects  of an arbitrary continuous in-band amplitude function,
F((4 - 

~z~’ 
In Appendix 3, it is shown that thi s function can be represented

as*

= ln = ~~~~~~ sinnr (3.2-1)

where

çW3
• b = 

~ F(~~ - ~,) sin nIT ( &~. (3. 2- l a)n (4 3 - 

~ 2 J ‘.. \(43 -
-
.

Figure 3. 2- 1 illustrates some special cases; all b = o, n even, corresponds
to the symmetric IH~~ )I case.

In Appendix 2 , it is shown that that part of the group delay due to
(arbi t rary) ampli tude distortion of the form (3. 2- 1) is

- z) be ing expanded about ‘~2 in terms of a sin function only doe s not
restrict  the eveness or oddness about (4~~ , but only the continuity of F( 2) :
F(0) = F( 3) . (3 . 2- 1) is , then, an arbitrar y but continuous function.

15
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Fi g ur e  3. 2- 1. Special Cases of Amp li tude Dis tor t ion :  Ripp le
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n - i
2

( -1 )  nb nIT A C.)
t ( + A )  ~ sin [CI (a - bA(4) - Ci( a + bA~.~)]gr 0 

~ 3 ”~2
n= 1, 3, ...

[ ( ) ( ) ] J

+ 

( .1) nb
n{ cos ~~~ [CI (a - bAw) - Ci (a + bAi~~)]

~3~~~2 ~3~~~2
n=2 , 4, • .

- sin ‘-~~~~~~~~ [Si (a - bA~~+ Si (a + bA )],I

(3 . 2-2)

where the only approximation which has been made is Zwo >> (w 3 - wZ) and

a = nii/2,

‘I b = fllT / (W 3 —

z

Si(z) = [ si~~K dx , and (3 , 2-3)

. 0

Ci(z) = 
C O S x  dk .

In the special case of arithmetic symmetry, the terms following the second

summation in (3 . 2-2) are zero. In the special case of the ripple indicated in

Figure 3.2-1, all te rms but one in (3 . 2-2) are zero .

The group delay incurred in the interval (
~~

, (43) is that in (3. 2-2 )

p1u~ that computed in (3. 1-1).



-

~~~~~~
— 

j J__
~~~~~

- 
•~~, 

- — - —  — -  
~~~~~

4.0 APPLICATIONS NOTES

Applications of the foregoing theory were incurred in the course of
specifying the (wideband) Aerosat satellite transponder , For a narrowband
application, se~ Holme s and Keenan. (1)

4. 1 Diffe rential Group Delay of the Aerosat Wideband Channel

In writing a specification for the Aerosat wideband (= 10 MHz) chan-
nel, it was desired to spe cif y the spacecraft  differential group delay in such
a manner as to not force the task of equalization on the spacecraft designer;
equalization (if necessary) is best carried out at the ground receive r sites.
The problem, then, is to determine the group delay incurred if a minimum-
phase (i . e , ,  une qualized) filte r is used to meet the satellite magnitude
response requirements,

The sole constraints on the magnitude respons e of the satellite were
that the noise bandwidth was , maximally, 10 to 12 MHz and that a signal of
bandwidth between 5 and 8 MHz had to be handled with little or no amplitude
degradation.

The channel characterist ics were , the, of the nature shown in Figure
1. 0-1 with arithmetic symmetry and a flat in-band response. In A ppendix 4 ,
it is shown that the noise bandwidth of this channel is~

N~~~ ‘f f ’— 

~ 3 - 2’ in (1000)’
(4, 1-1)

= — -

With N fixed at 10 MHz or 12 MHz , a re lationship is established

J between ~ and the bandwidth, (f 3 - f 2). This relationship is used in (3 . 1- 5)
to obtain the results given in Figure 4. 1-1.

*The approximation arises due to neg lecting the contribution to the noise
bandwidth out side the 60dB bandwidth of the filter,

18
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For the 5 MHz signal bandwidth case , it was recommended that

30 nsec At gr be allowed and, for the 8 MHz signal bandwidth case, that a

At gr of 150 nsec be allowed. This permits the spacecraft designer to use
unequalized (minimum-phase) filters to meet the more desirable noise band-

width specification of 10 (as opposed to 12) MHz.

4. 2 Degradation of Auto correlation Signals Due to
Phase Distortion

In a class of systems of practical interest (e. g., Aerosat), the out-

put of a linear channel is multiplied by a locally-generated replica of the

modula tion impressed on the carrier in order to recover data . If the modu-

lation on the carrier is a(t) (where a(t) is, in general, complex), the base-
band signal is, for a linear-phase system with infinite-bandwidth magnitude . -

V response* -

[a(t — to — x~ + n(t)J [a(t — r)] = a(t - to — ~.) a(t — a-) + n(t) a(t - a-),

(4 . 2 - 1 )

where

n(t) = noise,

= group delay = constant, and (4 . 2-2) ~~
- -

x = unknown transit time of the signal,

and, in practice , a- is varied (usually in a delay-locked loop~
2
~)to maximize

the function

= ~~~
f

a(t-to
_ X ) a(t _ a-) dt~ (4,2-3)

*Modification of a(t) by the finite bandwidth of the system is not under con-
sideration here; only the degrading effects of phase nonlinearity are being
considered. IH( ) I = 1 for this pur pose.
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where 2T is the period over which integration (integrate and dump) take s

place . The maximum, R~~(0), occurs when a- = to + K
, Because to is known

a priori, determination of a- provides a measure of K, hence the transit time

of the signal and navigation and other data. If the integration period, 2T ,

extends ove r many intervals of 1-(T = 1/system bandwidth), R (a- - t 0 - K )  is a

good approximation of the formal autocorrelation function of a(t - t0 - K ) .

The question arises as to the effect  of nonlinear phase on the auto-

correlation function of the output of the system. Consider the signal part of

the output translated to baseband [w 0 O~, = 0 in (2. 1-9)]:

y6(t) = y(t) = c0 a(t - to 
- K)  + c~ a(t - to - x - n T) .  (4. 2-4) : -

n~0

For the moment, assume that the system is minimum-phase and —

symmetr ic  in magnitude so that c~~ = -c~~ real [See (2. 3-9)]. Then, for a
nonlinear phase system, the autocorrelation function of the output of the sys -

tem (i. e•, the output “signal”) is

T

R
y
(a -_ t0~~ X) = a(t-t0 -X ) a (t-t0 -K ) dt

a ( t - t - K - n - r ) a ( t - t - K - n T - a - )dt

çT 1
- j a(t - t 0 - K + nT) a(t - to - K + flT - a-) dt l ,

J-T J

11 (4. 2-5)

where the integrals following the (one-sided) ~ stem from c_n = _ C
n~

21
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-: The autocorrelatiori of the input, a(t - K ) ,  is defined as

- pT
- K )  = .

~~~~~ J a(t - K) a(t - K - a-) dt, (4. 2-6)

V 

-T -~~~~

By comparison of the first term of (4. 2-5) with (4. 2-6), it is appar-

ent that the first term of (4. 2-5) can be written as

c0 R ( a -  - K - t ) .  (4 . 2-7)

-

~~ With the change s of variable t - t 0 - flT , = t - to + n~ in the

- 
first and second integrals enclosed in the brackets of (4. 2-5), respectively,

these terms can be written as

r T - t  -n~ rT-t +nT

-

~~~~ J a(~~ - X) a(~~ - K - a-) d~~1 - j a(~~ - K) a(
~~2 - K -  a-)d~ 2.

- T - t 0 -nT - T - t
0

+nT

— (4. 2-8) L

T >> to 
+ flT , (4 . 2-9) 

V

(4. 2-8) is approximately zero .

From (2. 3-10), it is known that c 1~~1 
= 0 for 11 > t

0
/T (where the I n )  V -

in c~ follows from (2. 3-9)). Thus, n < t
0

/T (i . e.,  nT < t~ ) as r gards com-

putation of the te rms (4. 2-8). The condition (4 , 2-9) can be written as

T >> to + to 
= 2t . (4. 2- 10)

In most practical systems (including Aerosat), this condition is met.

:1 22
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If the c~’:.dition (4. 2-10) prevails, it follows from the above that

R y(a -  - K - t0) c0 R
~ (a -  - K - t0) (4. 2- 11)

That is to say that, if
5

a) The system is minimum-phase and symmetric in
magnitude about w~ (IH(w 0 + = IH( wo - Aw ) I ) and

b) The inpu t signal center frequency is equal to the V

system center frequency (w = and

c) Twice the center fre quency is much greate r than (4. 2- 12)

- ~
-. the bandwidth [2w >> ((4 3 - 

~ z~
] and

d) The integration time, 2T , is much greate r than
- j four time s the rnidband group delay,

4t0 (2T > 4t0), —

the sole degradation of the autocorrelation signal due to nonlinear phase

• (only; recall that the effects of the magnitude response have not been con-
sidered) is expressible as (4. 2- 1) . The constant c0 can be computed from

(2 . 3-2):

TI 
t~

1 c t ’” ~ 
(n—i) 1

C 0 

~~ 

f cos 

[
~~ (K~~)

3 
+~~~ (K~)

5 
+ •.~ + °

, (K~)~
j 
d~ 1

3~~~2K = = f — f .
4 

Zir 3 2

The above is not to say that one need not cons ider the effects of non-

linear phase on autocorrelation signals , but only that these should be con-

sidered from a different viewpoint than that which is conventionally employed.

23

- ~~~~~~~~~~~~ —— --— ---—- —- V — - V  Vt_~ - V •~~~~~~~VVV ~~~ V~~ ~~~~~ .-— ————--.~



~~~~~~~~~ ~~~~~‘~~~~~~~~‘——--- — - _,.~-~~~~~~~ ‘_,~~~ •-‘-. -.- V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~ 
- - —.—.‘—.- -

First, arithmetic symmetry of the magnitude characteristic should be

insured. One (of many) was of doing this is to bound t0~~~, n odd.

Then , from (3.6-10), t0~~~, n even, should be bounded to minimize

the signal loss (i.e., maximize c0). “Differential group delay”

become s an obscure measure of performance.

If one equalizes, c0 more closely approaches unity but to is
V incr eased and , for the assumption (4. 2-10) to hold , the integration time

must be increased. The case for equalization, then , is not clear . In many

practical autocorrelation systems of interest, there are , then, reasons ~!2~
to equalize.

Prior to the formal development of the above theory, Mr. Robert

Bland of the Department of Transportation’ s T ransportation System s Center

(TSC) simulated ranging accuracy as a function of Aerosat  Filte r type [only

minimum phase fil ters (Butterworth and Tcheb y ahev) were cons idered] .~~
6
~

• Although the effe cts of phase and amplitude distortions were not separated,

Bland’s results did suggest that , in accordance with the above , phase dis-

tortion, per se , had little effect on ranging accuracy.

LeFande~
7
~ took a frequency-domain (as opposed to the present time-

- 

V domain) approach to the present problem. His general conclusions are the

same as those suggested by Bland’s work and some preliminary computations

of (4. 2-13) (which indicate that c0 
‘~~. 1 for a large class of f i l ters) ;  phase dis-

tortion is probably being “tightly” spe cified to an extent which does not justif y

the implied expense of equalization .

In many systems of practical interest (e. g.,  HF/SSB and telephone

modems), the luxury of integrating over many signal “chips ” is not afforded
and the effe cts of diffe rential group delay are more complicated and

deleterious.

21~
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5 . 0  DISCUS SION AND COMP ARISON WITH PRE VIOUS WOR K

That part c.~ of the result (2. 3-9) is the same as that of Wheeler , 
(3)

but that author considers only the lowpass case, thus obscuring the fact that

the above is true only if arithmetic symmetry prevails.  The fa ct that arith-

metric asymmetry leads to AM to PM and PM to AM conversion is qualitatively

stated by Panter. 
(4)

The work in Sections 3. 2 (in-band amplitud e r ipple), and that in

Sections 4.1 (differential group delay of the Aerosat wideband channel) and

4. 2 (degradation of autocorrelation signals) are believed to be orig inal . The

latter results are believed to be more general than those stated by LeFande~
6
~,

as these do not depend on a spec ific signal format, but only on the method of

detection. The former results are an extension of the work of Holmes and

Keenan~~.

6.0 CONCLUSIONS

The principal conclusions of this work, stated in the order of their

perceived importance, are

1) For any linear symmetric bandpass system meeting certain

(practical ) constraints, the output autocorrelation s ignal is

related to the input autocorrelation signal by a constant which

is less than one and greater than zero. This constant can be

computed by the methods given in this work.

2) For both autocorrelation and “regular ” signal s, phase non-

• linearity is best specified in terms of ~~
(n) 

as opposed to

~~~ I t .

gr
- 3) For unequalized system transfer functions, the effects of in-

band amplitude distortion on phase linearity can be computed

by the methods of Section 3. 2.

This (and other) work suggests that “tight” specification of phase distortion in

systems wherein correlation detection is employed is unnecessary. -‘
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Appendix 1

Output of a Nonlinear Phase Sys tem 
—

The purpose here is to derive the expressions (2. 1-5) and (2 . 1-7).
Towards this end, let

-j~ (w- w0) ç~
_
~ j Z i rn ( w -w0)Aw 3_w2 )

e 
• 

= L.~ 
C e 

‘ “‘2 < ~ < w3,
- - n=-~ V

(Al— i)

V where

i r”~3 -j~’(w- 0) .Zun ( - w) j w 3-w2)
c = e e 3 d~~. (Al -2 )n

T hen , from (2 . 1-2), that part  of the frequency response due to sys tel.1 phase
can be written as

e~~
0
~~~ = 

~~~~~~~~~~~~~~~~~~~~~ 
Cn e~

f lT
~~~

_ (4
0)

,

(A1_3)
2-u 1T = = - f , < w <  w 3.

~~3
- w

2 ‘3 2

The impulse response of the phase box is the inverse Fourier transform of
the frequency-domain response given in (A1-3):

h0(t) = C e~~
[00 0

t0 T w }  

~~ 
f

~ u(w ) e
3 o

~~~ e3~
i
~
)t 
dw.

-~~~ w 2 < w < w3~ (A 1-4)
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where U(w) is as given in Figure 2 . 1-1 and arises due to the finite inte rval

(w 2, w 3) ove r which the Fourier expansion of ~(w - w
~

) is postulated to be

V applicable.

Since multiplication in the frequency domain is equivalent to convolu-

tion in the time domain, (Al -4) can be written as

-j [O -w t -flTw ]
— h

9
(t) = Cn e ~~ ‘~ ~ [u(t) ® 5(t  - t - flT)], (A1-5)

where u(t) is the inverse Fourier transform of U(w) and use has been made of

~-~---J e dw = o(t - t0 - nT) . (A l -6 )

-~~~

The output of the phas e box in response to an input a(t) e3~~
t is just the con-

volution of the input with the impulse response of the phase box:

y0 (t) x(t) ® h9(t)

= a(t) e
J(4t 0 Cn e

_ e0 -w0t0 Tw
0] 

u( t) 0 ~(t  - t0 - nT)

= c e~~~
t_ 0

o+ 0 t
0~~~1T~~ 

a(t - - f l T)]
® ~~t)

(Al -6 )

where the order of convolutions has been changed and use has been made of

the property f(t) 0 6(a) = f(a) .

- 
V
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The output, y(t), of the entire system (in cluding the magnitude box)
is just (A1-6) convolved with the impulse response of the magnitude box,

h (t):m

y(t) = Cn 
~~~~~~~~~~~~~~~~~~~~~ 

a(t - to 
- nT)] 0 u(t) J

Oh (t)m (Al-7)

= ~e(t) 0 u(t) 0 h (t)

= ~0(t)  0 •r ’ IH (w ) IU (w )

V where

~
6

(t) = c e a(t - t - nT) (A1-8)

The resul ts  (A 1-6) and (A 1-7) are those stated in (2 . 1-5) and (2 . 1-7)

respe ctivel y.

I’

,
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Appendix 2

GrouF belay Due To In-Band Amplitude Distortion

The initial purpose here is to derive the results (3. 2-2) and (3. 2-5).
Towards this end , it is noted that, for a minimum-phase system, the phase

is related to the amplitude characteristics by the Hilbert transform:W

0 (w) = ln ~~~~~~ [ln ~~~~~~~~~~ ~ 2 .
~ w < w 3. (A Z - i )

V 

- Usin g Leibnitz ’ rule~
5
~, the group delay is

tgr (w) = 
d~ (w) 

= 

~ 
f ”~ {in -; 

~ 
~~~~~~~

- 
[in 

~}i(~~ ) I1} dx,
(AZ-i)

. 2 < w < w 3.

For the arbi t rary  amplitude distortion cited in (3 . 2- 1),

~~~
. ~in 

~~ 
= _ _ _ _ _ _  cos n~ 

[

~c 

~ j , (Aa-3)

and (A2-2) becomes~

tgr (w) = 
~~~~~ w3 w

2[J

’

w ~~x 
cos nit 

[
~~~1:2j dX

— 
2 (AZ_4)

V -I~
c
~~ z 1

- I cos n -ui- t Idx , w w <

J w + X  Lw 3~~~zJ
2

* Removal of the magnitude sin g s in I w - x I  in (AZ-2)  has been effected by
breaking the interval of integration , ( w

2
, w

3
), into (w 2, w) and (w w

3
) so as

to maintain w -x or x - w or x - w positive quantities. The resuihng integral
is g iven in A2-4).

3’
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Now, both the variable x and the band of interest (in w) is confined to

(w 2, w3), If this interval is small in comparison t o w 0 ( (w 3 + w2) IZ) , the
magnitude of the second integral in (AZ . 4) is on the order of (W i - W 3) /2w

time s the magnitude of the first integral. Hereaf ter , it is as sumed that

2w0 >> (w 3 - w2) (A2_ 5)

and the second integral in (A 2-.4) is neglected.

With the change of variable ~ = w - x in the first integral in (A2-4) ,

°° nb tw~~3 1 ____ _ _ _ _tgr (w) 
~~~~ w3 - w 2 J - -ç cos n-ui 

J~w3 - w 2 + W 3 - 
d~ ,

n i
(AZ-6)

“‘2 < W <  

~~ 
2~~ >> -

Using cos (x + y) - cos x cos y - sin x sin y, (A2-6) can be written as

tgr (w) - 

~~~ ~3~~~~2 
[cos n~ 

(~ 3 ~ f + ~ cos

n=1

(A2-7)

sin nit ~~~~~~~~~~~~~~~~

With the further change of variable

X = , (A2-8)
- 

- 
3 2
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(A2-7) can be written as -

~~~~ 

(w - w
2
)

1’
tgr (W) 

E W
3

w
2 

~~ ~~~~~~ 

(w~~~

’

~~z )J  ( W w
:

) 

~ CO~~~~ X dX

4 
nTT

( W )

/ w - w  ~ r (w
3

-w
2
) 

-

+ sin nui l 2 
~

flIT ( )  
-

(A2-9)

V 
By letting w = + ~~w, expanding the cos and sin functions (using well-known
expressions for cos(x + y), sin(x + y) ) preceding the first and second integrals
in (A2-9), respectively, and making use of , e. g.,

0 , n odd

.. cos nrr ,’z = 
) (AZ-b )

n even

it can be shown from (A2-9) that -

n
— + 1

co ( - l )
2

nb -a+b~~w

tgr (W o +~~ w) (w 3~~~~~~ { 3 2 1  ~~~~~~~dX

J ~
- r -a+ bAw

- w~~~~ z J SU1~~

a+b~~w

I.-

(AZ-li )
(cont’d)

V 
S
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( 1)2 b ~
+ 

‘cç~ 
- 

~
) cos flitAw 

_ _ _ _  dX
~~~~ 

w
3

- w 2 )  W3
_ W

2 ~ 
X

n=Z, 4..~ Ja+bAw

r-a+bAw

+ sin ni-uAw .~~ -?~- dX ,w3 - W 2 I X

(A Z - li  cont’d)

where

n-n-a = —i—, and
(AZ-l i)

b =

No appr oximation othe r than (AZ-5) has been made in deriving the ~~ ove

re sult.

Reduction of (~A2-1l )  to (3. 2 - 2) is straight forward.

. 

_ii
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In the arithmetically symmetric case,

bn = o, n even , and the te rms following the second ~ are zero. Then, it

follows from the above that - -

• 
tgr (wo - ~~ w)  = tgr (wo +~ w) • (AZ-is)

t
- This is the re sult stated in (2 . 3-5). Finally, it should be noted that in pres-

ent development , the interval (w2 , ~3) has not been restricted to the “bandpass ”

or any other segment of the response of a system . Therefore , the afore-

mentioned results are generally applicable.

i-V

4

-
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Appendix 3

Fourie r Expansion of In-Band Amplitude Distortion

If the in-band amplitude distortion

F ( w - w 2) ln[~~~~
C
~~~] 

(A3-1)

has a period twice the interval (w 2, w 3
) and is odd about w

2 
(i . e. ,  F( - =

- F(~~2 - w) ) ,

F(~~-~~2) = ~~~~~b s in n T (~~~~~~ 2) ,  (A3 -Z)

where

b~ 2(w W i) £::-w3 

F (w  - sin n~ (:
i
:z ) d~~, (A 3-3)

But,

rw 3 - :

I [“ ] = I [.. .] + I [ .. .] (A3—4)

Jw
Z

where -~ indicate s the ke r nel of (A3-3) . Since F ( w - w 2) is od~~
S .-

(w Z rw3
I [,.

~~
] = j  [...], (A 3 - 5)

J2w 2 -w 3 JW Z -~

‘I
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so that

b = I F (w -  w ) sin n-u 2 
d~~. (A3-6)n W

3~~~W 2 j  2 ~~3
- w

2

Thi s is given in (3. 2-la). *

Since (A3-2) is an adequate representation of F(w _ w 2) in the inter-

val (Zw z - w 3, w
3

), it is an adequate repr e sentation of F(w~~ w 2) in the lesser
interval (W 2,~~~3

). Thus , (A3-2) is used to represent F(w - w
2) and is applied

in the bandpass interval (w 2, w 3) only.
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Appendix 4

Noise Bandwidth of an Idealized Filter

The purpose here is to prove the result (4. 1-1). This is applicable

to a system with the characteristics shown in Figure 1.0-1 with a flat in-band
V response and

ci W
4 

_ W
3 = W Z -w 1 (A4-1) —

In the region w 1< w

- 

w - W ~~ IIH(wi) Iiin I H(w) ! = ln I H ( w i ) I  - 

~ 
ln[IH( ) I] (A4-2)

H -

or

a [w-w1/cl]
IH(wfl = jH(w 1)j e (A4-3)

where 

V

-
- 

- IIH(w z)I1
, a = ln

LIH( )Ji 
(A4-4)

I 
Similarly, in the reg ion w

3 < < w

-a [w-w 3 / c l j
- - 

- 

IH(w)I = IH(w z)I e (A4- 5)

al

V Because a is chosen to be large in the numerical  example , the contribution
1 to the noise bandwidth in the regions w>w4 and 

~ 
is neg lected; this

I amounts to neglecting contributions to the noise bandwidth which lie outside of the

60dB points of a practical apprximation of the ide alized magnitude charac-

teristic considered.
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With the above assumption , the noise bandwidth is

N IH(w z)12 f I H(w) 1
2 
dw 

~~~~ 
:fw

2
e
2
~~~~

W
1 ‘ dw

(W3 rw4 -2a[w -~~~/ci]
+ dw+ C dw. (A4-6)

‘-‘Wi

B y carrying out the integrations above, this is readily shown to be

I’~(’~i
) I

N (w
3 

- ~2) ~~~~~~~~~~ 

1
H(w 2) ~< ~• (A4-7)

This is the re sult g iven in (4.1-1).

28336
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