
F 
_ _  _ _ _

AD—A 031 23” CALSPAN CORP BUFFALO N V FIG 20/4
NONLINEAR SMALL—DISTURBANCE EQUATIONS FOR THREE—DIMENSIONAL TRA——ETC (U)
AUG 76 W ~J RAE F’ 446 2 0— 74—C—0059

UNCLASS IF IED CA LS PAN A B 5 4 8 7 A 1  AF OSR— TR —76—1082  NL

_____n

~

iciw_!~ ~ J~~
_

r

S -4



~~Ip!Ii1r

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

I.
-~~~

~ Caispan
Technical Report

I ~D D C

I I •

~~ 

CCT 27 197~

I tll~~

I Ap pr ~~v~~d for public release ;

~~~~~~~~~ 

di~ tni tb01~ Ujilimited . 

~ ~ T



- ,

AIR ~~~~~ CF~~: ~F so~:~ T 1FIc RE3EARCH (kFSC~ -,

~ oT~ ’T~ o~ ~~~~~~~~~~~~~~~~ ~~~
T L L : ~ t c ’  ~c~J ~~~~~~ rev iewed and is
m~::l ~~~~ d - ioa.. e 1~\~ AFR 190—12 (7b) .
Dietrii ~ L ::t

A. D. ~~~~~~
T u c h t i i c : : t  i:~t c r i ~i~i t i oi  Officer

—, ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~



-~~~~~ -~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I ~~~ssmuu ci
I 

~~~~~~~~~~~~~~~

I , .
i~~~~~ ITY ~~~~

-i~ or SPECiAL

- _ _ _Caispan
I
I NONLINEA R SMALL-DiS TURBA NCE EQUA TIONS FOR

THREE-DIMENSIONA L TR A NSONIC FLOW THROUGH A

I COMPRESSOR BLADE ROW

William J. Rae
Caispan Report No. AB -5487.A-1

I AU GUST 1976

I
Prepared For:

I AIR FORCE OFFICE OF SCIENTIFIC RESEARCH
BOILING AIR FORCE BASE , D.C. 20332

I
D D~~

,
I CONTRACT NO. F44620- 74-C.0059 1fl,1~ tTINTER IM SCI ENTI FIC RE POR T CiT 27 1~~~~1 I ’ L ; ’ : °~ii 1:

CONDI TIONS OF REP RODUCTION

I Reproduction , i,~~ncI,iti~ n pubIic~tion , use and disposal in
whole or in part by or for the United State s Government

is perm itted.

I
Approved for publ ic release ; distribution unlimited .

Caispan Corporation
But fak,, New York 14221

tI / 1

- -~~~~~~~~~~~~ -~~~~~~~~“ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ -~~~



• • ~~V - • ~~~~~~~~~~~~~~~ - • ~~~~~~~ .

Qualified requestors may obtain additional copies from
t he Defense Documentati on Center , all others should appl y
to t he National Technical Informa tion Service.

— ~~



UNCLASSIFIED ~~~~~~~~~~~~~~~~~ 
/ / ~~~

SICURITY CLASS IFICAT ION OF THIS PAG E (W?t.n Dat. Entrred) (...._ _1 1 ~~~~ ‘~ ~~ ~~~~~~ 4_
/ 

- R~PORT DOCUMENTATION PAGE BEFORE COMPLETING FORM
- - I. aSB~~~ T~N~~~j~tR ~~~~~~~~~~~~~~~~~~~~~~~~~~ 2. GOVT ACCESSION NO. 3 RE’ I P I E N T S  C A T A L O G  NUMBER 

——

(/ ‘JA FOSR ’
1 -~~~- 76  1~~8 2~ — 

• _ _ _ _ _ _ _ _ _ _

4. TI T~..E (d S IitL~~ -• S T ~ OF R E P O R T  ~ PER IO D ~ OV ~~P/ I I

f / NONLINEAR SMALL-DISTURB ANCE EQUATIONS FOR THREE- Ii1TERTht
DIMENSIONAL TRANSONIC FLOW THROUGH A COMPRESSOR ‘ 

-- -

BLAD E ROW • ~~~~~~~~~~~~~ ~~~
_ 

~~ a~a~~~aq. REPORT NUMBERV -V • -
~~~ ~

, 
. ~~~~~~~~~~ ~ —AB-5487-A-l/ -

J 7. AU1’~ OR(.) ~~~~~O?t R~~CT 0WGRANT NUMBER(s )

~~ 
WILLIA RAE 

-

~~~~ / . F44620-74-C-0059 //

J - S. ~~E~~~~~~.MIO4 G ORGA ~ TZAT IO N NAME AND A DDRESS 
- 

00. PROGRAM ELEMENT. PROJECT , TASK

~ALSPAN CORPORATION - 

A RE A & WORK UNIT NUMBER S

P 0 BOX 235 I~T 
~ — 978L-01 

(,~J. -~‘ .
~ /

BUFFALO, NEW YORK 14221 6lfö 2F — -------- - - -- - -‘

0 0. CONTROLLING OFFICE NAME AND ADDRESS IZ. REPORT DA t E

AIR FORCE OFFICE OF SCIENTIFIC RESEARCH/NA I 
~~
. 6 

-

BUILDING 410 13. NUM ER OF PAGES ._

BOLLING AIR FORCE BASE , D C 20332 39 f/_ ) ‘/: ~~~~~~
04  MONITORING AGENCY NAME A ADD RESS(If dilI•rent from Contro ll ing Office) IS. SECURITY CLASS. (.# 1~~.r.p.rt ~

1 -

UNCLASSIFIED

is . DECLA SSIF ICATION ’DOW NGRADIN (.
SCHEDU L E

I6 O t ~~T R l pU T,O N  STATEMENT (of this R.port)

Approved for public release; distribution unlimited .

OIST RIBUI I O P4 STATEMENT (of eh. abafrecf .ntetod in Block 20, ii different from Report) ——

5-

• 1$ S U P P L E U E NT A R Y NOT ES 
—

— .  9~~~~~E Y WORDS (Continu. on reverie sidS if necess ary m.d identif y by block number)

TURBOMACHINERY
C~1tt ’RESSORS
TR.AN SONIC FLOW
EQUATIONS

~~ ~0 A B STRACT (Continu, on rav en , aid. If n.c.a.aty and Identify by block number) 
—

~ derivation is given of the nonlinear, 
small-disturbance equations governing

three-dimensional transonic flow through a fan or compressor rotor. These
equations represent the counterpart , for turbomachinery flows, of the small-
disturbance equations appropriate to an isolated airfoil. Thus, they facilitate
the application to turbomachinery flows of the many numerical solution methods
developed in recent years for isolated-airfoil problems. Boundary conditionc
for design and off-design conditions are formulated , at a level of approximation
consistent with the small-disturbance field equations. An order-Of-magnitude — ..~~~~

DD ~~~ 1473 £01 TION OF I NOV 65 IS OBSOLETE UNCLASSIFIED ~f/ Y7 r/ - c )
SECURITY C L A S S I F I C A T I O N  OF TH U PAGE (IIO.on D.~~~ ~~~t.r.d)

— -- ~~~~- - - -  _ _



-~~~~~~~~~~~ __- - _

UNCLASSIPtE~
SECURITY CLASSIFICATIO N OF THIS PAGE(II~,an Data £nt., d)

~analysis is presented, which reveals the 
transonic similarity parameters for

f low in blade rows of low and high solidity. The validity of a rectilinear
transonic shear flow as a representation of the f low through a fan or rotor
is also discussed.

k

4.

UNClASSIFIED
SECURITY CLASSI FICATION OF THIS PAGE(Wh. n Data Entered)

___________________________ _ _ _  _ _ _  

~~~~~~~~~~~~~



- —

~

—.

~ 

I

ABSTRACT

A derivation is given of the nonlinear , small-disturbance equations

governing three-dimensional transonic flow through a fan or compressor rotor.

These equations represent the counterpart , for turbomachinery flows , of the

small-disturbance equations appropriate to an isolated airfoil. Thus they

facilitate the application to turbomachinery flows of the many numerical

solution methods developed in recent years for isolated-airfoil problems .

Boundary conditions for design and off-design conditions are formulated ,

at a level of approximation consistent with the small-disturbance field equations.

An order-of-magnitude analysis is presented , which reveals the transonic simi-

larity parameters for flow in blad e rows of low and high solidity.

The validity of a rectilinear transonic shear flow as a representation

of the flow through a fan or rotor is also discussed .
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INTRODUCTI ON

Axial -flow compressors have been operated for many years in the

transonic range , i.e., such that the resultant of the axial approach velocity

of the flow and the circumferential velocity of the blades os sonic somewhere

between the hub and the tip. Under these circumstances , an observer riding

on one of the blades sees a mixed flow , in which a subsonic region near the

hub exists side-by-side ~ith a supersonic region near the tip. These two

regions interact , making three-dimensionality an essential feature of the flow.

The addition of this feature to the complexities already inherent in the transonic

character of the flow mak’s the problem a very formidable one .

Despite these complications, transonic compressors have given satis-

factory performance, and in recent years the conflicting demands of increased

compression per stage , with decreased weight and noise generation , have
continued to place great emphasis on the flow field problems of these devices,

which are inherently three-dimensional and nonlinear .1

With one or two exceptions, most of the existing studies of these flow

fields have separated the three-diinensionality and the nonlinearity. Thus,

there are extensive studies in which the nonlinearity is accounted for, but in
a two-dimensional approximation (see, for example , Ref erences 2 and 3) and
a lesser number in which the three—dimensionality is studied , but in a linear

approximation (References 4 and 5 are typical). The nonlinear , two—dimensional

solutions are of ten app lied in an iterative manner, starting with an axisymlnetric
calcula tion , to determine a stream surface location in a meridional plane. Then

the flow in the blade-to-blade plane is calculated. The success of the la tter
calculation is seriously affected by the presence of shock waves in the f ie ld ;

the problem of locat ing them , and of adjusting their locations on subsequent

iterations has been found to be very d i f f icu l t .  Thu s , the three—dimensional. ity
and the nonlinearity become especially hard to handle, even in an iterative way,
when transonic flow conditions occur.

I
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In contrast , many calculations of the transonic flow over isolated airfoils

have a!pe~ red in recent years .7~~
4 These methods have reached a stage of

development that allows three-dimensionality and nonlinearity to be included

simultaneously. h owever , it appears that most of these significant advances
h a v e  not y e t  been successfully carried over to the calculation of turbomachinery

flows.

The purpose of the present study is to adapt the isolated-airfoil

computational techni ques to the problems of turhomachiriery flows . As the first

step in this process , the appropriate nonlinear snail-disturbance equations are

derived in this paper. These equations are presented in  a form that facilitates

application of virtually all of the isolated-airfoil numerical techniques . The

successful adaptation of these techni ques to the conditions of flow in a rotating

blade row is a logical first step in the exploitation of the whole range of

methods for solving the fully nonlinear problem.

The first section below retraces the derivation of the basic equations ,

paying careful attention to the conditions under which the flow seen by a

blade-fixed observer may he considered steady . The results of this section

shed light on the approximation implicit in the use of a rectilinear transonic

shear flow as a model of the flow in a transonic compressor blade row.

The second section takes up the special case in which the flow in

blade-fixed coordinates consists of snail disturbances from a helical stream .

The leading nonlinear terms which govern the transonic character of t~-~e flow

are retained , in a fully three-dimensional treatment.

Since the prob lem contains several small parameters (including the

departure of the local Mach number from unity and also the geometric and loading

parameters that produce the smal l disturbances from helical flow) an order-of-

magnitude analysis is needed , to identify the relative sizes of the parameters

that may consistently be retained . This analysis is presented in Section III.

The concluding section reviews some of the implications which the present results

will have for later numerical work , and extensions to more fully nonlinear

approximations .

I
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I .  1’IIE BASIC EQUATIONS

The purpose of the present work is to facilitate the application , to

turbomachiner flowfields , of a number of numerical methods which were developed

or i g in a l l y  for external  flows over isolated bodies . Thus , although the equations

of motion for turbomachinery flows are wel l  known , nevertheless there is a need

to retrace their derivation , in order to display the forms analogous to those that

have been used in numerical studies of external flows .

Coordinate  Systems

Several coordinate systems can be used to describe the flow in a

compressor blade row . The first , called “space-fixed” , is one in which the rotor

advances and rotates. The flow in this coordinate system is always time-dependent.

The subscript 
~ 

)
~ is used in this paper to designate these coordinates. (See

Figure 1.)

The second system can be thought of as being fixed in the engine mount .

In these coordinates , the blade row rotates , but does not advance. Following

these coordinates are referred to as “absolute”. They are designated here

by the subscript ~ )~~~
. The flow is unsteady in these coordinates. (See Figure 2.)

A third system of coordinates , introduced below , has an origin fixed on

one of the blades. This system , referred to by Wu as “relative”, is denoted in this

paper by the term “blade-fixed” , and by coordinate symbols with no subscript.

Under certain conditions , the flow in these coordinates may be regarded as steady.

jations of Motion

In the absolute coordinates , the component forms of the continuity and

momentum equations are :

~~~~~~ ~~ 
0 (1)

+ .
~~~~~ ~~ L LI? (Z)

~ c ~ x1

+ - —~~~~ =

~ V~ - ~.€ ‘
~~~~~ ~~ _ _ _

r

3 
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The quantities ‘
~~~~~ , , arc cylindrical coordinates , with ~~z. along the

axis of the blade row , 
~~~~ 

in the radial direction , and 9~ measured posi t ive
in the ri ght-handed sense (see Fi gure 1).

Next , these equations are written in blade-fixed coordinates , using

velocity components relative to the blades . The relative velocity VI is

given by: .-~~ .-~ -~~~ 
-

~~v .14- £~~
(5)

where L.J
€ 

is the angular velocity of the blade row:

A

where ~~ is a unit vector in the )( -direction . ‘l’hen

(6)

W ~~~~~~~~~
The blade-fixed coordinates (see Figure 3) are given by

--

-

-
8

- 7 -  (7)

In terms of these variables , the continuity and momentum equations become :

j~ 
(S’ ~“) ~~ 

-
~~ 

~~
. ( ‘ 

~~ 
-

~~ ~~~~~~ ~ 
0 (8)

~~~~~~~ J-/ ,~~~~~~~
’-

~ ~~~~~~~~~ +~~~~~~~~~~~ -~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~ 0 (9)H r

-‘ V~J1 ~.-.L ~ ~~ ~ + ~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 10)
r r

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.~. i... ~~~~~~ (11)
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Note that these equations are unchanged if the signs u t  all the angular variables

are reversed . This is equivalent (see Figure 3) to reversing the sense of the

angular variable and the angular velocity component , and to interpreting t~) as
the angular velocity of the flow relative to the blades:

~, 
—~~~~+Co~t~~ ~~c . J = _~ J8

If there are no flowfield disturbances which vary with ez.. in the absolute
coordinates , then the flow in the blade-fixed coordinates may be taken as steady .

This means that there can be no rows of stators or inlet guide vanes nearby, nor

any non-axisymmetric inlet distortion . Thus , strictly speaking , the rotor must

be completely isolated . This restriction is very carefully stated by Wu (Refer-
ence 15 , p. 12) and by Vavra (Reference 16, pp. 111-112).

In actual practice , it may be expected that the steady-flow approxi-

mation in blade-fixed coordinates will have acceptable accuracy whenever the

neighboring stators are several chord lengths away . The fact that this approxi-

mation has been used routinely for many years (see, for example , Reference 17)

for design purposes, even at very small rotor-stator spacings , is evidence that the

steady-flow approximation is satisfactory for at least some purposes. In the

remainder of the pres ent work , this approximation will be adopted , in common with

the bulk of existing work on turbomachinery flowfields . Thus, the basic

equations used are Eqs . (8)-(ll), with time derivatives set equal to zero,

replaced by & , and .-c.J8 replaced by £~)

The law of conservation of energy , expressed in the absolute coordinates ,

states that the change in total erithalpy per unit mass /1 ~~ ~~~ on passing

through the blade row is equal to the mechanical work done by the blade row on

the fluid. In blade-fixed coordinates , it is much more convenient to use a
quantity X, defined as 1.

= ~~ ÷ — ~~~~ (12)

Wu’5 has shown by straightforward manipulations that r satisfies the equation

~~~ 
.L ~~ (1 3 )

where .5 is the entropy per unit mass , and denotes the convective

derivative. Thus, in a f l ow which is steady , and where the entropy is constant

along streaml ines , the quantity ~ will also be constant along streamlines.

5 
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These approximations are adopted here. Thus using

The conservation of quantity i along streamlines becomes :

~~~~~~~~~~~~~~ ~~-~~~
7-

2 2. (14)

The terms on the right-hand side of this equation are considered to be

evaluated at some arbitrary point ( ‘
~
. , r , 9 ) in the flowf ield , wh ile those on

the left-hand side are evaluated at a related point, on the same streamline, far

upstream of the rotor . Since the flow at infinity is assumed not to vary with

~ or 9 , the terms on the left-hand side vary at most with ~~ . From

Equation (6) , it can be seen that

± 1Ah~ f + o + (~.JY )~~~3

Thus Equation (14) can be written as

— + — — - .
~~~~ (15)2. 2. 2.

In the present work , both 2~, and a , wil l  be taken as constants. It should be

stressed , howev er, that any nonuniformities present in the flow far upstream of
the blade row are convected along streamlines . For example , if the gas tempera-

ture far upstream had a slight radial variation , then the local sound speed would

vary as 3

~ a~, (r~~ ~ 
—- (v--r~~~+ ’

where, to first order , the streamline displacement is

W aócr-rx 
~ J

where the integration is done along an undisturbed streamline .

6
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A sing le equation, containing only velocity components , can be
derived by combining the continuity, momentum, and energy equations . F i r s t ,
using

-

the continuity equation is recast as

~~~~~~ ~~ (r~iy) +- ~ 
&

_ f r I~~~~~~~9~~~~~~~~~~~~~~~~~~(16)

If the ~~, r, and .9 components of the momentum equation are multiplied by
VI’c , 

~‘r~ and 
~~~ , respectively, and added, the resulting equation can be

used to eliminate the pressure  terms in the equation above , in favor of
velocity components. Similarly, the energy equation can be used to rep lace
derivatives of a2 . The result, after some rearrangement, is:

-~
- 1~~ -

~~~~ (r~~~ ~ L ~~~~~~ k
?IJx 

~~~~~
,) 

.~~x

~~ I ~~ + ~~~~~ ~~~W
’
r 

—

( 17)
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U. SMALL-DISTURBANCE EQUATIONS

Far upstream of the rotor , the components of the velocity vector

app roach the axial velocity ~~~~~~~~~~~ and the wheel velocity ..)V~~~~~,, which are

the components of the helical approach flow seen by a blade-fixed observer.

In what follow s , attention is restricted to blade designs which are thin ,

and essentially aligned with these helical paths , so that only small distur-

bances f rom f r ee - s t r eam conditions will occur .  These small disturbance

quantities are defined as:

(18)

These expressions are now substituted into E quation (17) ,  and the resulting

expression is expanded into terms which are linear , quadratic , and cubic in

the small quantities. In addition , the quantity c~. is written as

/ 
.
~~ 

.
~
.

a a~ -~~~a - ~~-~
where Equation (15) gives

.z
— ÷4) r~..r ÷ (19)

After adding and subtracting certain terms , so as to display the vortic ity

components explic itly, the result is:

j
8
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In der iving this equation , it has been assumed that the en t ropy  is constant
along streamlines. Thus the result is not completel y gene ral, althoug h it
does contain all the possible veloc ity t e rms  - no small quantitie s have been
neg lected yet .

In the remainder of this paper , the disturbance quantities will be

assumed small, and the leading terms that must be kept in the transonic

range will be soug ht.  The assumptions of small d i s turbances , and partic le -

isentrop ic flow imply that the maximum relative speed of the blade s must  be
onl y slig htl y greate r than sonic (maximum relative Mach numbers  on the
orde r of 1.2  to 1.3 , say), so that any shock waves generated will produce
neg ligible changes in entropy. Consistent with this assumption , the flow is

taken to be i r ro ta t ional .  Thus , an y vo r t i c i t y  produced b y shear  fo r ces at soli d

sur faces  is assumed to be confined to boundary l aye r s  and wakes  of ne gli gible

th ickness .  The net effect  of these assumpt ions  is to r e s t r i c t  the app licabil i ty
of the resul ts  to thin , lightl y loade d blades , opera t ing  at tip speeds which
are slightl y supersonic . In addition , this analys i s  shares , wit h the bul k of
turbomachinery l i terature , the steady-flow assumption , w hich rules out
ca se s wh er e the blade row is located close to any stator rows .

These assump tions impose an upper limit on the range of blade
geometries and operating conditions where  the present  approximation will
give good agreement  with experiment. Presumably, any desi gn wh ich is to

be eff ic ient  at transonic speeds must emp loy thin , li ghtl y loaded blades. In
the case of isolated airfoils , there  is a large range of thickness , loading,
and Mach number where small-disturbance theory compares favorabl y with

experimental  data. For the case of turbomachinery flow s , the extent of this
range remains to be determined , by comparison of its predictions with

app ropriate experiments.

The approximations inherent in the small-disturbance approximation are

further clarified by the work of Kerrebrock
18

, who subdivided the disturbances

into pressure , shear , and entropy modes. He states that these three modes are

in general coupled to one another in turbomachinery flows , in contrast to their

independent , additive behavior in external flows . The present approximation

admits only the pressure mode . Shear and entropy disturbances , as noted above ,

are not present in the inlet flow , and are not created dur i ng passage through

the blade row .

10
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The absence of entropy disturbances is assured (see Equation 15) by

adopting a uniform inlet temperature , wh ile shear disturbances are exclud ed

(see above) by allowing only constant values of £2~,and 
LA.) 

- It is important

to note that the radial variation of the resultant velocity does not constitute

a shear flow . This point is discussed further below .

The leading terms in Equations (20), which dominate in the transonic

range, must now be found. It is clear that the terms on the last three lines

can be dropped , as well as the quadratic terms in the first bracket on the third

line . In order to determine which of the remaining terms should be kept , it is

convenient to use a coordinate system ,
~~~ 

, , Y) aligned with the helical

free-stream :

1 ~~ ~

_t4..

j ( .
~
- (

~~/x ~
1

(~~~+~~~~~9~ ~ r
~( C

~e~~+” 
4 ( 9  — / / 4  (~~~r(~~~~~ ’)

r~~r

~~~~~~~~~ 
=

(2 1 )
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It should be noted that the S , fl coordinates do not coincide with the local

stream line direction , but only with the orientation of the free-stream direction .

In general , the local streamlines have a first-order departure from the free-

stream direction.

The chain rule expressions for the partial derivatives become:

0 -

~~~~

~~~~~~ /

(22)

Note that 
_ _ _ _ _ _ _ _ _ _ _ _ _

4 ~ vJ~ (r 
~~ ~~ (r) E ~ ÷ (

~ 
r/~~~ ~~~

(2 3)

Thus Equation (20) can be written as

-
~~ (24)

~~~~~~~~~~ _ 2
~J~, ~~~~~~~ 

s 
~~~~~~~~

where

~ A7~~ 
(25)

Note that the radial derivative has been 
left untransformed. These equations

are now written in terms of velocity 
components that lie in a surface of con-

stant radius, and are directed along and 
normal to the free-stream direction :

U C-cr-a 4 LAY ~~~~~ 
...4, .. -“ ,

~~~~~

- - 4 ~~~~~~ + —
- - 

~ 
+ U~

(26)
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It can be show n that

~~~~ ~~~~~~~~~~~~~~

(A. + LA.) 
~~

-U — .4. L~d~~ — — 4 —as (27)

Cons equentl y, the basic different ial  equation becomes:
-
~~ A ~~ / ~~~ + —o ~ j - c ~T ~~ ~ r)~~ ~ 

—

- ((- “~ ~/s a~ (
~ 

.

~~ ~~

- 

~ ~i0 
~ (28)

This equation can be simplified by neglecting the products of disturbance
z. 2.

quantities . However , in the transonic range, the quantity W 0 2cv is itself

a small quantity, which multipl ies the term - Thus , the nonlinear

terms which contribute to this coefficient are retained , giving

~~~~ ~~~~~~~ ~~~~~~~~~~~~~~ (29)
It is s ignif icant  that , in the small-disturbance approximation , the radial

velocity component does not contribute to the transonic nonlinearity.
2.

In addition to Wa — 
, other small parameters related to the blade

th ickness and loading will play a ro le in the probl em , and an order-of-magnitude
analys is is requ ired , to establish the relative magnitudes that may be retained in

a consistent analysis. This subject is taken up in Section III.

Transonic Shear-Flow Approximation

The s imilari ty of Equation (29) to the conventional two- and three-

dimensional recti l inear transonic small-disturbance equations is obvious . However ,

there are also some very marked differences , which are worthy of further exainina-

t ion , since recti linear transonic shear flows are somet imes suggested as bein g

1
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representative of the flow in a transonic compressor blade row.~
922 

The

rectilinear equations used in these papers do not contain any of the axisymmetric

terms in the divergence of the velocity vector; thus in the small-disturbance

l imit , their use is tantamount to rewriting Equation (29) as

- # w~ U;
A1 ~~ ~~ { ~~~~ ÷ ~r )  ,~lL (3 0 )

Her e 
~~~ 

, , and Y~ are regarded as rectilinear coordinates, and the approach

velocity W0 is taken to be a linear function of i2 , rather than the square-

root function corresponding to the resultant of £2~ and ~~~~ The correct

form of Equation (29) is

~ ~~~~~~~~~~~~~~~~~~~~~ 

_
~1~o
(31)

Thus, the rectilinear model can be thought of as neglecting three terms : one

of them is the term , characteristic of the divergence in an axisynmietric

fl ow , while the other two are related directly to the radial variations of the

distances measured along and normal to the streamlines .

Moreover , the use of a rectilinear shear flow also introduces a shear
disturbance that is not present in the uniform-inlet turbomachinery case. This

point is illustrated in the- papers of Namba
21 and Inger22, which start from the

fu l l  recti l inear three-dimensional equations , and then proceed to the equations

for small disturbances of a transonic shear flow profile. Their equations, for
adiabatic flow , show an additional term on the right-hand side of Equation

(30),  proportional to L.Lfri , in addition to the other discrepanc ies noted

above . This additional term does not arise in the present analysis , unless
the appr oach flow ~‘a itself is taken to vary with ‘C. The point to be

stressed is that the radial velocity variation produced as the resultant of
constant vectors €4 and (.J is not correctly modeled by a rectilinear
shear flow , since small disturbances of the latte r flow lead to an equation

which differs from the one appropriate to steady flow in blade-fixed co-

ordinates.

Velocity-Component Equations

Equation (29) can now be transformed back to the cylindrical co-

ordinates, using : 
14
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~~ r ~ I /°
~~ r ~~

~; 
(~~+p~~~) , - (~~—1A )

0 (32)

The result is:

- (1+!)t4 (~~~+,~~
-’)~ ~~~~~~~~~~~~~~ +/i~~~~~~

+
~~~~~~~~~~~~~~ /~~~~~~

+/
~~~~~ 

÷ ( / ~~~ )~~~~~~~~~~ ) o
(33)

To this must be added the statement that any two of the three vorticity com-
ponents are zero:

I 

~~ 
( ~ 

/ . L ~ L’ - . -7~/ 
~~~~~~~~~ 12~ 

‘
~~~ ~~~~ 

(34)

Potential Equation

The different ia l  equation to be satisfied b y the velocity potential can
now be found directl y f rom E quation (33). Let &P Jenote the potential whose

gradient gives the dimensional perturbation velocity components; then let
dimensionless perturbation quantities be defined as:

- -~~~~~~~~~~~LA - - , 
~~~~~~~~ (3 5)

Then , denoting part ial  derivative s b y subscripts:

{ , _ , ~.i
2. 

(i.#.,~~~)  — (
~
.
~‘)t4~~( ~~~

+
~~~

) 
~~~~~~ 

+2  4

— 4 ~~ ÷ ( *,~)(~~ + (36)
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The connection between this equation and its linearized counterpart

(References 4, 5, 23-29 ) can be seen b y rewri t ing  it as follow s, where the

nonlinear term has been taken to the rig ht -hand s ide :

(1-fr ~~~~ ~~~~~ 
~ 

+ 
~~~~ 

+
~~~~ 

(1- 

~~~~~~~ 
— 2’ ~~~

— + 
~~9)  ~~ ~ ~ (37)

Okurounrn u and McCune 26 have derived an equation similar to (37),

in whic h the r igh t -hand  s ide is rep laced b y ft.. 
~~~ 

-4— i), where .A. is a

co nstant , whose magnitude can be est imated from the rotor geometry and

operat ing conditions. Handling of the nonlinear term b y the introduction of

this constant has been a ve ry  useful  approximation in the treatment of other

transonic -flow problems.

A comp lete potential equation, in which small dis turbances are not

assumed , and is not approximated , was presented by Wu (see Ref erence 15,

Equation (26)) .  It can be checked that the present resul ts  are consistent w ith his.

Cojrdinate Transformation

The cylindrical coordinates 2-)/~ ~ have two features  that limit their

u s e f u l n e s s  for  f i n i te - d i f f e r e n c e  evaluations of E quation s (33), (34) and (36).

The f i r s t  is tha t  the blade surfaces , wher e bou ndar y cond ition s are to be

app lied , do not lie on constant values of i or . The second is that

the axis u f  the forward  Mach cone th rough  any point does not lie parallel to

any of these axes. The resul ts  of South and Jameson show that unwanted

numerical  problems may occur when the Mach-cone axes are not nearly aligned

with a coordinate direction.

The S , t2 , P1 coordinates (E quation (2 1))  would take care of the

latter problem; however, they are not free from the first limitation ,

because the variation of S with ( causes the b lade-surface  locations to be a

*Their result (see Eq. 14, p. 1374 of Ref. 26) does not contain the quantity

~ ‘ on the right -hand side of Eq. 37 , apparently because they neglected
the contribution from the term involving ~2~—cZ~,in Eq. 20.
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complicated function of the radius. Moreove r , the fact that the quantities

?5/a~~ ,~~9and ~~/~3r~~~5 in the chain - rule derivative s are nonzero leads to

a major increase in the number of terms in the differential equations,

especially for the velocity potential.

An alternate set of coordinates that appears to circumvent the limita-

tions cited above is the skew set using the ~ -coordinate introduced by

Goldstein32 :

I = f  
~ 

-c. — (38)

In these terms , the velocity-component equations become:

i _ f r  - (~‘+ ) t ~~~ -~-~~~~L~~~) ~~~ 
(
~

(39)

L~~~~ ’ r L ? ~~~ ’ ’~~~~~~ 
~~~~~~~~~ r~~~~~~~LL (40)

- 

~O 
> 

~~~ ~~~

and the velocity potential satisfies:

~i —i ’ - ’~~ 
~

/
~‘/ ~~ 

- (~~- t ) ri1~~ ~~~ 
~~ 

+ I~

_

~ ~ 
— ~ ( ‘- ~

-
~~) ~~~

(4 1)

+ ~~ ~~~ ~

The ~ -derivatives in this equation are taken at constant ~ and 
~~ 

; thus ,

they are aligned with the relative freestream velocity vector. The supersonic-

propeller studies of Ordway and Hale 33 ’ ~~ have shown that the forward

Mach cone s through any point are centered on the helical streamlines, and

are closely approximated by a right circular cone , in the vicinity of the

17

li L- -



~~‘-~~~~~~~~~~~~~~~~ -. - — - — —

point. Thus, use of Eq. 41 guarantees the alignment of the Mach-cone axes
with lines along which 

~ and/ 
are constant.

Boundary Conditions at the Blade Surfaces

The 
~ 
,,, ~ coordinates have the advantage of convenience in

expressing the boundary conditions at the blade surfaces. If there are

~ blades, whose chord varies with f in such a way as to have a constant
axial projection C,~., then they are located at

r~ :~..i_: ~~~~Q)#)Z . .  . 6 — i  ; °~~ (42)

The conditions prescribed at the blades will involve either the blade shape
or the local pressure; these are related to the velocities by (see Reference 5,
p. 9):

~~~~~~~

- _
~~~~~~~~(~~~~~~~~~ \~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~\(Xa)W~, L~~~~~(f (43)

(Here  ~ denotes the de ns ity far upstream).  The quantities ei~ and
ar e r elat ed to the other velocity components and the potential by:

(
~~

. 
- /

~ 
= 
-1 ~~~ 

- 
___

~ 1o / p (i+p~~) I ~
(44)

LA / - - — 
_ _ _  _ _ _  —_

~
_ t - ~- - — \  (~~~~+~~~ c~u-)~~~ —

“ 
‘
‘‘ 

/ i +/ )

These perturbation quantities will appear in the boundary conditions

in various combinations , dependi ng on how the problem is posed. There are
at least three cases of interest:

18
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1.) The first case might be referred to as the “off-design” condition. In
it, the entire blade shape is given in terms of the camberline and thickness
distributions, 4t ( 5 )  and 

~~
(,.‘) respectively:

~~ 
( -s) -&C~~ ± ~L Cc) / ~L (45)

~~~~~~~ 
; ± ( s ~~= ~~~~~~~~~~~~~~~~~~

2 ,, ) In the second case , which might be called the ‘design” condition , the
blade thickness distribution *(s’

~ and the loading distribution on the blade
- t ) ~~ 

given. Thus , the boundary conditions will involve ~~~ and
differences of U.5 across the blade surface.

3.) A third case of interest is that in which the pressure  distributions
on upper and lower surfaces , ’~’~~~) and 

~~~~~~~ 
are specified (as mig ht be

dictated b y boundary-layer growth considerations , for example). The problem
is then to determine the corresponding blade shape. This case amount s to
a specification of ~~~ on each blade surface.

In all of the above cases , the boundary conditions are app lied on the

line ~ ~~~ rather than at the blade surfaces. This linearization of the
boundary conditions is co~ sistent with the order retained in the differential
equations.

At the hub (/ ~~~ ) and at the casing (
/
,O / ~~ . ), the radial velocity is

proportional to the streamwise slope of the hub and casing surfaces. In the
present work , these surfaces are assumed to be cylindrical; thus , the radial
velocitie s at these walls are zero:

- 
~~ (/r~ ~~~ (46)

19



Periodicity and Farfield Conditions

The fl owf ield mus t be period ic in the ~ -direction at fixed ~
wi th per iod ~‘~ /3 . Thus the perturbation quantities , such as veloc ity
components and pressure , must display this periodicity . However, it is not

necessary that the velocity potential be periodic.

In an analytic solution that is constructed by an eigenfunction

expansion , it is easy to sat isfy the periodicity requirement by proper choice

of the eigenfunctions . For the present considerations , which are directed at

numerical solutions , this procedure is not availab le. However , an alternate
procedure that appears to be suited to the mixed ell iptic/hyperbolic nature of
the problem is to require that the perturbation velocities and ~~ be

periodic on the helical surfaces in which the blades lie , i .e . ,

4 ~~~~~~) /
‘
~~

) 
21T /6 ”

) 4~ (~~f t o’~) (47)

4~ ~~~ 
21r/~) 4~ (a~j ~ o)

It is not required that the radial perturbation velocity or the potential be

periodic on these surfaces. In fact, vortex sheets will in general trail

downstream of the blade surfaces , and both the potential and radial velocity

will be discontinuous across these surfaces .

- The perturbation potential is defined to be zero far upstream ; thus

at any point along the helical surfaces that contain the blades, the potential

is given by

~ 4~ (
~~) A ., d~) 4~

- (48)

4 (a,,~, c~ 5 4~ ~~~ ~~
) 
~

where ~~~~, 
. Since the integrands are periodic upstream of the blades ,

it follows that 4 itself is also periodic there:

~ 
( 

~~~~ 
.
~

- 
~ ~~ 

(.~.)/ ~4 O 
~ 

) -~~O < .~ ~~~ (49)

If the integration is now extended onto the blades , the results will in general
be differen t, until the trailing edge is reached ; the potential difference

20 
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existing there will remain unchanged downstream:

~~~~~~~~~ ~

4~~) / ~
,° )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(50)

Th is jump in potential is proportional to the normal force per unit span

; by integrating the pressure difference (pressure side minus suction

side) along the blade at constant radius , it is found that

~~~ 
(51)

The jump in potential is also related to the mean turn i ng angle downstream of

the blades

- 
(52)

In addition , the jump in potential is related to the total  pressure ra t io

across the blade row. In the full nonlinear treatment17 , this quantity

21
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is found from the stagnation temperature ratio

I Y~-~ ~/ c~’- )

which in turn is given by the relation:

C? ~~~~~~~~~~~~~~~~ =

Here the subscr ipts I and Z refer to stations upstream and downstream of the
blades . In the present notation ,

VP ~4— LJ r ~~ P

If the mean value calculated above is used for (1f’ , if 7~ is expressed in
terms of the inlet Mach number , and if streamline deflections f~-p7 are
neglected , then the leading term in the expression for the total pressure ratio

is

T 
(53)

The vortex sheets that trail downstream of the blades are assumed

to lie in the helical surfaces. The jump in potential across this surface

must be taken into account when making finite-difference approximations to

derivatives near the sheet . One of the manifestations of this problem involves

the evaluation of ~~ . Following the procedure outlined by Balihaus and

Bailey12 , the potential is divided into odd and even parts:

where

~ ~~~~ ~~~~
=~~~~~~~ ~~~~ p~~-~~~-4 (~~A 1 ~-fl~

Along ~~: , the quantity 4~ is zero, because A4 is independent of ~~
thus by different ia t ion , is also zero there . Across ~~~~ , ~~~ and L(~
are continuous , hence. 4e~. and are continuous also. Thus is zero on

which says that the entire variation of is in the even part.

22
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Consequently, along ~ , the even par t of 4) sa t i s f ies  the orig inal

partial differential equation , and can be diffei-enced in a straightforward manner ,

while  the odd part sa t i s f ies

But it is also true that ~~~~~~~~~~ 
~/ — )  ~ ~ ~~~~)Th us the odd part of

is found by a finite-difference approximation of

-
‘ (

~ di - ~ ~ (54)

Farfield Conditions

At large distances downstream of the blade row , the perturbation
velocities must not change along the helical directions , i.e., there must be
no variation with ~ at constant~~ and

J,
~~ i-(~~~ ~~~~~~~~~~~~~ = 0

I )

Thus the perturbation potential must be of the form

~ 
4 ( a )/os ~

) ‘
C44
ç~,~~~) - C~~ (55)

The value of the second term can be found by the requirement of mass conservation :

~~~~~~ 
~,
- ( v ~~- v;1~~)  5 

V~ 

~ ~~~ 
tr~1~

If the density and axial velocity are expanded to first order in the pertur-
bation velocities , the expression for the corresponding mass-flow perturbation ,,

which must be zero,is:

j~t1~ 5

z1~/t3 
1( ’  Ma~ ) i:~ ~~~ ~~ ~z- 

/~~ ~~ 
= 0

The integral involving ~~‘ is related to ~~~~~~~ (see Eq. 52) ,  and the quantity

j~ 
is equal to the constant C , which can be solved for as

— 8 (Jo_i..c j  ~~~~~ 
(56)

This constant is proportional to the static pressure rise through the blade

row , as noted by Okorounum and McCune.
25
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Fina l ly ,  a Kut ta  condition must be imposed at the trailing edges of
the blades. In a full nonlinear treatment , this would require that a stagnation

point be located at a rounded trailing edge or at a trailing edge having a non-
zero wedge ang le , and , at a cusped trailing edge , would require that the pressure

be continuous across the trailing edge. In the small-disturbance approximation ,

it is not possible to represent a stagnation point , and thus , the solution
becomes singular at the trailing edge. The finite-difference evaluation

of the solution smoothes out this singular behavior , replacing it with finite

values of the velocity components. In the present work , the circulation Lc4~
is adjusted until the pressures corresponding to these finite velocity com-

ponents are continuous across the trailing edge.

24
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111 . SIMILARITY PA RAMETERS

The equations presented in the previous section contain the leading

nonlinear terms that must be retained when the difference of the relative Mach

number from one is small. The specific combination of terms retained implies

an assumption that

“ Jo

However , the boundary conditions imposed at the blade surfaces also require

that ~~ and (.4~ , or some combination of them , will have orders of magnitude

that are dictated by the small parameters that measure the blade geometry and

loading . Because these components are connected by the equations of motion ,

the small parameters must then be related to each other , in order that the

equations be consistently ordered in the limit where these parameters approach

zero. This section contains a discussion of the geometric and loading parameters ,

and their relation to j-?--4~~ in the small-disturbance limit.

The blade thickness and lift distributions are taken to be character-

ized by the small parameters t and c~ , where t/~ 0 ( )  . These parameters

directly affect the orders of the velocity components ..L.~ and ~ , in a

manner discussed below. The order of the radial component , ~J , is affected

only indirectly by the parameters ‘t~ and X.. , in the sense that the continuity

requirements will cause the radial velocity component to respond to the per-

turbations in the other two components . In a properly designed blade row ,

this overall continuity requirement is reflected in an axial rate of change of

the annular cross section , whose magnitude is influenced by the thickness and

loading parameters. For the purposes of the present ana lysis , the rate of

change of the annular cross-sectiona l area is not introduced explicitly as a

small parameter. Rather , the radial perturbation veloc ity is carried along in

the equations , with a view to relating its order , through the other two com-

ponents, to the thickness and loading parameters . Thus , the basic ordering

problem is treated in a quasi two-dimensional manner , involving only U.5 and

25
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The appropriate equations are Equation (28) and the first component of

the irrotationality condition , here rewritten with the s- and V) -coordinates

made dimensionless by the local chord length .~ ..~~~.

_ _ _  _ _ _ _ _ _  

~~~~

° ~ a(~’ve_’~ r

(~-~~M !~~ ~~~~~~~~ 4-2M: ~ t ~~~t)~~~~~

~ a (~ /c

— ?( s/~~ 
(57)

The next step is to establish the dependence of the velocity components on the

parameter 2 . This dependence is influenced by the solidity of the blade row ,

At very low solidity, the dependence approaches that of the isolated

airfoil case. This can be seen by examining the blade-surface boundary condition,

i . e . ,

‘I’Jo ~~~ (58)
‘I

where is of unit  order. If the equations above are divided by 4,~ and

respectively, where ,4~~
_ 

~~~~~~~~~~~~ 
, it follows that the solution has the

famil iar  transonic s imil itude:

LA~ ~~ ~
6

~/v~1c, / ..� . ~ 
,4~.i ~

~~~~~~~

— - .rc,%.L.5 L ~ (59)

where

L ~~~~~~~__
—~~~—-——

- .—
(60)
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and where all the arguments appearing in the functions are of unit order. The

dependences of ~~ and ~-L-~ display the well-known tendency of disturbances in

two-dimensional transonic f1o~ s to be felt at large transverse distances . The

full implications of this similitude have been studied , both theoretically and

experimentally, by Amecke .
35

the requirement that be of unit order cannot be satisfied if

the solidity becomes of unit order, since then ~/c is restricted to values of

order one , while ~~~ 
-

~~~~ ~ . In this range , a new phenomenon comes into play,

name l y that the flow between the blades begins to act like a transonic channel

flow , in which the distance over which the transition through sonic conditions

occurs is controlled by the effective radius of curvature of the channel.

This influence was first pointed out by Ackeret and Rott
36

. The imp lications
37

on the ordering of the flow variables has been studied by Hall , who observed
that the axial extent of the transonic zone (which affects the ordering of the

streamwise coordinate) is governed by the radius of curvature of the channel

throat .

The adaptation of Hall’ s analysis to the present problem leads to the

following conclusions. The normal velocity component at the blade surface is

still given by Equat ion (58), hut it is no longer true that ~~~~~~~~~~ is of

order ~
‘ , since the surface slope function itself vanishes at the sonic

location . In order to establish the orders , it is necessary to use the

irrotationality condition :

— 

~_

— 
(6 1)

where surface curvature ~~~~ ‘ ~~~~~~ is of unit order , and does not vanish

in the region of near-sonic flow . Since ‘i~ f. Q~~~~I
’

~ , it can be concluded

that 
~~~~~ 

,-I~ .) - In order to deduce the orders of ‘~4/~, and

Equation (57) is differentiated with respect to , and the irrotationality

condition is used to eliminate ~~~~~

r ~~~~~~- 
- (— “+ \N -~~~~~~~~~~~~~~~~ _ .- -—..-.- - --- - Q —

- 
~~~~~~~~~~~~~ /  (62)
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From the known orders of and ~~~~~~~~~ , it is clear that ~c must

have

0 1

The solution is then of the form

1.
a - ,~ ~. \

~~~~ 
‘IL- - ‘- P 

~~ 
( 

~~~~~~

_. — lta.. i ~~~- - 

~~~~~
-
~~~~~~~~/T’ ~~~~~~~

‘ ‘- - .- - i  -.
-

~~~~~ 
~. (6~,)

where all of the parameters are of unit order. It can now be verified that

the nonlinear terms on the right-hand side of Equation (62) are smaller by a

factor ~ than those retained .

It should be noted that the similarity parameter appears in a

number of papers that dea l with transonic channel flow . As an example , it is

the appropriate parameter in the low-frequency limit of Adamson ’s study of
time-dependent transonic channel flow .38

The orders of magnitude of the radial velocity and the radial coordinate

can now be related to those found above, by using the two components of the

irrotationality condition in which ‘-
~~~ appears. The result , for any value of

the solidity, is that f and /‘ take on the same orders as those of L~~~ and

Thus , the terms in the small-disturbance nonlinear potential equation

that permit radial communication may be retained , in a consistent ordering

scheme .

It should be stressed that the order-of-magnitude analysis above is

only aimed at assuring the consistency of the potential equation derived earlier ,

which is used here in the sense of a composite equation . It is not intended

to be a definitive similitude study . Because of the complexity of the problem ,

and the large number of parameters present , it is likely that futher analysis

will lead to more prec ise definitions of sim ilarity parameters , and to more

refined approximations that may be used in the appropriate ranges of these

parameters . Similitude studies of three-dimensional flows over isolated wings

and bodies have yielded a wide variety of such parameters.39 It seems probable

that a comparable variety remains to be found for three-dimensional turbo-

machinery flows .
28
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CONCLUDING REMARKS

The derivation of the small-disturbance equations presented above is

the first step in a study of the combined effects of three-dimensionality and

nonlinearity in the transonic flow through a compressor blade row. The

high degree of similarity between these equations and those appropriate to

isolated airfoils in transonic flow suggests that many of the numerical

techniques developed for calculating the latter f lows can be car r ied  o~-er to

the case of turbomachinery flows. This carryover requires certain

adaptations, to account for the periodicity conditions and the somewhat

different statement of the blade-surface boundary conditions. These adapta-

tions have been made succsssfully, and are reported in Reference 40.

The fact that these adaptations can be made for  the small-disturbanc e

equations, suggests that It should be a relatively straightforward matter to

ex tend the adaptations far ther  into the nonlinear r ange .

The equations derived above are also useful in assessing the approxi-

m ations inherent in the use of a rectil inear shear flow as a model of a compressor

flow . There are significant d i f fe rences  between these models and the

equations appropriate  to a blade row , e specia lly in re gard to the representa-

tion of th ree-d imens ional  effects .  Fortunately, the equations derived here

appear to be no more comp licated than these qualitative models.

29
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Figure 1 SPACE FIXED COORDINATES

ROTOR ADVANCES AND ROTATES
IN AIR AT REST
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Figure 2 ABSOLUTE COORDINATES

ROTOR ROTATES IN AN AXIAL FLOW
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Figure 3 BLADE-FIXED COORDINATES
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