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* . INTRODUCTION

The Fourier transform of a function I(t) is given by

o0 |

S(f) = [ I(t) exp j(-2nft) dt . (1)

-00

S(f) will have 5-function values if I(t) is sinusoidal, Except for the
finite amplitude, an equivalent expression can be obtained by integra-
tion over only one period of I(t), provided only the values of f for
which £ = m/T (m = integer) are used:

f T
S(m Af) =[ I(n At) exp j(-2mm Af t) dt (2)

where Af = 1/T, Equation (2) is the basis of the discrete Fourier
transform (DFT). The HP 5451B Fourier analyzer evaluates Equation (2)
with the integration replaced by a summation:

N-1
S'(m Af) = At 2 I(n At) exp j(-2m Af n At) . 3)
: n=0

In the last equation, the period is divided into equal segments

At = T/N, Therefore, At must be sufficiently small so that it will

: resolve pertinent structure (i.e., N must be large enough). Only for |
' this condition will a meaningful frequency spectrum be displayed,

Also, T must be sufficiently large so that the frequency resolution

Af = 1/T is adequate,

The Fourier analyzer output F is actually 1/T times S'(m Af).
This insures that if an input amplitude at frequency n is IO’ then F
E has an amplitude output of 10/2.

When analyzing a segment of a periodic waveform, care must be
] taken to insure that the "window" is observed over a complete period q
: or integral number of periods, If this is not done, error will result,
In the case of far-field speckle data, there is no exact periodicity.
The theory developed in Report No. RR-TR-76-2 takes the error induced
by integration over a finite window into consideration, The Fourier
analyzer can be used directly without concern about the exact value
for the window., More discussion on this matter is taken up later,

In Report No, RR-TR-76-2, the following transform was defined:

X

g :
 h iu) - [ I'(x) [exp j(-ux)] dx , %)

=X} 5%
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where x = sin 6 (6 = angle of detection with respect to object surface

normal), For I'(x) = I'(-x) the relation between the real part of

| and the real part of the transform with integration limits from

X) 2%y
0 to X

Re{F:xl’xfu)}= 2 Re{F('),x?x)} :

The DFT obtained by the Fourier analyzer is
N-1
at
F(m Af) = T I(n At) exp j(-2mm Af n At) .

n=0

is

The desired DFT is
N-1
21?6 N-l(mAu) =2 z I'(n Ax) exp j(-m Au n AX) .
)
n=0

Equivalence between Equations (6) and (7) is obtained by letting

AX'UoAt

o= 28 g
“o

Equation (7) becomes
N-1
ZF('),N-l(m Lu) = ZwoAt z I'(nwoAt) exp j(-2m Af n At) 2

n=0

Defining I'(won At) = I(n At) yields

nl

O,N-l(m Au) = Zwo'.l' F(m Af) :

hence,

-xl ’x

Re: F!' {u)} = 2w°'1‘ Re{F(m Af)} .

3)

(6)

&)

(8)

9




The relation between u and the variable representing displacement A on
the illuminated surface is 2k A = u, It is noted that u is dimension-
less, From Equation (8) it is seen that the real part of the transform
F' as defined in Report No., RR-TR-76-2 (essentially an autocorrelation

integral within a resolution length Bp) is equal to 2w0’1‘ times the real

part of the DFT obtained by the Fourier analyzer with time and frequency
related to x = sin 6 and u = 2k A by Equation (8),

It should be noted that Ax = woAt requires a variable angular scan
rate, Because Ax = cos 6 A9, then d9/dt = Ax (cos 6 At) = wolcos 0.

Hence, the angular scan rate goes as the reciprocal of cos 6,

I. RELATION BETWEEN p(b) AND THE RECTANGULAR WINDOW

In Report No., RR-TR-76-2, a function

X

1
F'(u) = A*Al exp j(-ux)] dx (12)

was defined, where A*A = I(x) as presented in Equation (4) and x = sin 6
(6 is arc angle), This could be written (setting u = 2ju')

00

F'(2mu') = j A%A W(x) [exp j(-2mu'x)] dx , (13)
where
1 =X S xS X
W(x) =

0 , Otherwise O (14)

W(x) is the window function, It is seen then that F' is the Fourier

transform of the rectangular window function time: the field intensity
A*A,

During the derivation of explicit forms for ¥', a function p(b/2k)
where b = 2k(§ - @ + mu'/k) was introduced, This function was not purely
a window function, but incorporates it because it was obtained by

integrating over the finite limits shown in Equation (12), The relation
between p and W is given as

p(-z%) - ;{W(x) [exp -32k(E - a)x] (1 - xz)} ; (15)




where 7 denotes a Fourier transform., It is seen that p also incorpor-
ates a phase obtained from factoring out part of the product

A(g,n)A*(x,8); furthermore, the factor (1 - xz) = cos2 6 is
incorporated.
For the case of x, very small and £ # @, p(b/2k) should become f

essentially the transform of the rectangular window which is a sinc
function, It is recalled that

®/2k) = 2 Ao RTINS OWE R (16)
P 5 5 cos bxy - % b2 sin bx, .
The significance of ¢ = ¢ will be taken up shortly, When X, = 0 i

and b is small, Equation (16) becomes

2x
8, NS o | 2 -
P(Zk)’*b {- T bxl} 2g 0

This is the same as the limit of 2x1 sin bxll(bxl) (le times a sinc
function) for sufficiently small bxl. Now it is assumed X, 0 and
b = 10, Equation (16) becomes
g 15
p(b/2k) —» T \ 5 cos bx + sin bx1 G

Because xllb is so small, this further goes to

2 sin bx1 sin bxl
p(b/2k) — 5 = 2x1 <v) .

Again this is 2x1 times a sinc function.

The significance of ¢ = 00 can be visualized when the distant
source is a point, For this case

A(py) = a5 5(E - £)) d(n - ng) . an

i

Now A(@) is given by

A@) = -jlhi_[A(pl) (exp jkr) cos 6 ds
S

|
|
;i




or

Ccos

Eyn
X exp (-jk&é sin 0) dE dny .

A®) =

Therefore, A*A is given by

A = 2082 : f [ 85 8(E - £3) B(n - ng) B - £;) B(B - ny)
RSN
X exp [-jk(t - @) sin 6] d¢ dq dx dB8 . (18)

The 5-functions force the following result:

2
ao cos 6
A*A(0) = 3 # (19)
(\R)

Equation (19) was obtained because the integral gives no contribu-
tion for £ # . Hence the exponential term in Equation (18) vanishes.
Because p incorporated this factor, it can be neglected in Equation (15),
For sin 6 = x small, p(b/2k) » ¥ {W(x)}. Thus, for a point source and
observation window perpendicular to the distance to the source (as well
as small) the only significant values for p(b/2k) become the Fourier
transform of the rectangular window function, As a matter of fact, F'
itself becomes the same, except for a factor:

X ‘(2)
F' = ]' 3 (exp -j2mu'x) dx
(\R)
-xl
or
2 [}
%0
F'= 3 [ W(x) (exp -j2mu'x) dx
OR)™ 4
or
aé sin 2mxu’

F'(2mu') = —

- ; point source and x, small . (20)
Ry "

St il




It may be of some question as to what effect the small side oscilla-
tions of p(b/2k) may have on F' in general, The effect should be to
decrease the value of the correlation peak by a small factor and
decrease the shoulders of the correlation curve by a smaller factor,

This amounts to only a small loss of resolution in the correlation
value obtained, Oscillations will not appear explicitly because they
are integrated over,

i, CONCLUSIONS

Applicability of using the Fourier analyzer in far-field
speckle measurements to obtain discrete Fourier transforms which are
essentially autocorrelation functions with a resolution 5p [ dependent

upon the function p(b/2k)] has been confirmed, The manner in which the
function p is related to the transform window has been clarified, The
function p changes with increasing window size to give better resolution
in the desired autocorrelation lengths, The position variable x = sin &
which is related to the time variable that is read into the Fourier
analyzer must change at constant rate., This implies a variable angular
scan rate,




DISTRIBUTION

Defense Documentation Center
Cameron Station
Alexandria, Virginia 22314

Commander
US Army Materiel Development and Readiness Command
ATTN: DRCRD
DRCDL
5001 Eisenhower Avenue
Alexandria, Virginia 22333

Director
Ballistic Missile Defense Advanced Technology Center
ATIN: ATC-R
ATC-D
P. 0. Box 1500
Huntsville, Alabama 35807

Advanced Research Projects Agency
0SD/STO0, Dr. P, Clark

1400 Wilson Boulevard

Arlington, Virginia 22209

Commander

US Army Ballistic Missile Defense System Command
ATTN: BMDSC-CS

P. O. Box 1500

Huntsville, Alabama 35807

Brown Engineering Co,
ATIN: Dr, Harry Watson
300 Sparkman Drive
Huntsville, Alabama 35807

General Research Corporation
ATIN: Dr, G. Gurski

7655 01d Springhouse Road
McLean, Virginia 22101

McDonnell Douglas Astronautics Company
ATIN: L, Gernert

5301 Bolsa Avenue

Huntington Beach, California 92647

Riverside Research Institute
ATIN: Dr, M, King

80 West End Avenue

New York, New York' 10023

No. of Copies




No. of Copies

McDonnell Douglas Research Labs

ATTIN: Dr, C, Leader il
Box 516

St, Louis, Missouri 63166

TRW Inc,

ATTIN: L, Hromas/T, Jacobs 1
One Space Park

Redondo Beach, California 90278

Department of the Air Force

Rome Air Development Center (AFSC)

ATTN: Mr, Fred Demma 1
Griffis Air Force Base, New York 13441

Director

CALSPAN Corporation

ATTN: J. Lotsoff/R, Kell 1
P. 0. Box 235

Buffalo, New York 14221

Lincoln Laboratory

ATIN: Dr, R, Kingston/Mr, S. Dodd 1
Box 73

Lexington, Massachusetts 02173

Optical Science Corporation

ATTIN: Dr, David Fried 1
P, 0. Box 388

Yorba Linda, California 92686

United Aircraft Research Lab

ATTN: Mr, Art Vuylsteke 1
400 Main Street

East Hartford, Connecticut 06108

Bell Aerospace Company
ATIN: Dr, W. Solomon 1
Buffalo, New York 14242

Patrick J, Friel 1
Round Hill Road
Lincoln, Massachusetts 01733

Hughes Aircraft Company

ATIN: Dr, R, Kafka 1
P, 0. Box 3310

Fullerton, California 90230




No. of Copies

Science Applications Incorporated

ATIN: Dr. R, Davidson 1
2109 Clinton Building

Huntsville, Alabama

Department of Electrical Engineering

Stanford University

ATTN: Dr. J. W. Goodman 1
Palo Alto, California 94305

Electrical Engineering Department

Memphis State University

ATIN: Dr. C, E. Halford 1
Memphis, Tennessee 38152

Environmental Research Institute of Michigan

Radar and Optics Division

ATIN: Dr. A. Kozma 1
P, O, Box 618

Ann Arbor, Michigan 41807

Optical Sciences Center
University of Arizona

ATIN: Dr. W, L. Wolfe 1 4
Tucson, Arizona 85721

California Institute of Technology

ATIN: Dr, N, George 1
1201 East California Boulevard

Pasadena, California 91109

DRSMI-FR, Mr, Strickland
-LP, Mr, Voigt
-R, Dr. McDaniel
Dr. Kobler
-RR, Mrs, Davis
-RRE, Dr, Hartman
Dr., Gamble
Dr, Wilkinson
Dr. Smith
Dr. Bennett
Mr, Lattanzi
Mr, Osmundsen

-RBD
-RPR (Record Set)
(Reference Copy)

=
HEWHMHEFROOMKMNEFH

11




