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Foreword

Dear Colleague:

At t h i s  point , when we need you r c r i t i ca l  comments  and suggest ions onthe subs t ance  of t h i s  work , on other electrol yte chemists  who should r e c e i v eit , and on the  fo rmat  and place where  we should pub l i sh  it , th is  work hasbecome too long for  a journa l  a r t i c le  and too shor t  for a book . We hes i ta te  inshor t en ing  it at p re sen t  because  the novel concepts presented here  may loseclari t y. We , t h e r e f o re , decided to i s sue  it for  the t ime being as a technicalreport.

Should you wish to r e fer  to it , a suggested format  is:

Pytkowicz , R. M . , Johnson , K. and C. Cur t is .  1976. A d ynamic partialorder model of electrol yte solut ions.  Oregon State Un i v e r s i t y  School ofOceanograph y Technical  Repor t .  October 1976.

We look forward  to your thoughts  and , should you have the theoreticaland experimental  tool s to improve and pu r sue  this  work or , should you alread ybe doing parallel  work , we would apprec iate  word from you at your convenience.

Sincerel y,

R . M . Pytkowicz
K. Johnson
C. Curt is

Corvallis , October 1976
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Abs t rac t

The purpose  of t h i s  work  was to develop a dy n a m i c  par t ia l  order  model of

e lec t rol y t e  so lu t ions  w h i c h  avoids i n c o n s i s t e n c i e s  presen t  in the Deb ye-Huckcl

and in r e l a t ed  t h e o r i e s .  It is shown that  our r e su l t s  are consis tent  wi th  ac t iv i t y

c o e f f i c i e n t  data in aqueou s e lec t ro l y te so lu t ions .  The main f ea tu res  of our work

are a pa r t i a l  long-  range order  which  i n c r e a s e s  with concentration due to the

increase  in the coulombic energy of in te rac t ion  and decreases with t empera tu re,

a con t r ibu t ion  f rom ionic f luc tua t ions  because it is shown that d i sp lacements

f rom a v e r a g e  posit ions lead to a symmetr ic  increase  in energy  which is not

cancelled out , and a h ydrat ion cor rec t ion  for the effect  of hy dration upon the

effect ive ionic concen t ra t ions .  Ions are g iven partial  counte r - ion  character

as a func t ion  of the degree  of order so that the f ree  energy of ionic in teract ions

can be calculated r igorous l y, as if the  lattice were perfect , without resor t  to

cluster integral s in the case of sing le salt solutions.
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Symbols

a D Deb yc d i s t a n c e  of closest  app roach  between ion c e n t e r s

anion s u b - l a t t i c e

A~~ t h r o u gh E~~ p a r a m e t e r s  of Eqn .  ( 1 - 2 7 )

‘I
A D, B D Deb y e - Hu c k e l  p a r a m e t e r s

A
M Madelung cons tan t

b general  d i s t a n c e  of closest approach of two ions , not l imi ted

to the  Deb ye a
D 

parameter

Bb Born repu l s ive  constant

B
L cons tant  of l a t t i ce  theo ry

c molar i ty

cation sub- la t t i ce

degree  of d i sorder

)
D d ie lec tr i c  cons tante

E . e lectr ical  potent ia l  energy of ion i

E configurat ional  ene rgy

E(xta l )  la t t ice  energy of an ionic crys ta l

I molal ac t iv i t y coe f f i c i en t
- 

( D- H)
f a c t i v i ty  coe f f i c i en t  calculated f rom the Deb y e - I l u c k e l  equa tion

1
± , 

mean molal a c t i v i ty  c o e f f i c i e n t

(G)
Guntclbe rg  a c t i v i ty  coe f f i c i en t

f a c t i v i t y  c o e f f i c i e n t  co r r ec t ed  for h ydra t ionj( co r r )

I exper imenta l  va lue  of f
±~exp) ±

f - i n t e rpo l a t ed  value of fi ( i nt cr p )  ± 
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or r )  
va l ue ob t ai n e d f rom the integr al of 

~j (corr) 
( see  Eqn.  ( 5 - 2 0 ) )

-
~ ~F 

value of AF ob t a ined  fr o m  I ( s ee  Eqn .  ( 3 - 1 6 ) )
( c xp )  ±( ex p)

AF - 
v a lu e  f rom t h e o r y  which  equa ls  AF

t ( m i r i ) ( exp)

h h y d r a t i o n  n u mb e r

H
L 

conf i g ur a t i o n a l  enthal py

mnolal ionic s t r eng th

1
( c )  molar ionic s t r e n gt h

k l3oltzman constant

degree  of order

£ value of e fo r  which AF has a mi n i m u m  value
m m

1 value of ~~ which  y ields

L order  parameter

m molal i ty

M
2 

molecular weig ht of solute

n . number  of moles of ions of type  i (a lso used at t imes  to

r e p r e s e n t  the number  of moles in a g iven volume or wei ght

of solution when so indicated in the  text)

N A 
Avogadro ’ s number

N . mole f r ac t i on  of i
1

N number  of ions in a g iven volume or mass

pLRO part ia l  l o n g -r a n g e  order

PURO p er f e c t  l o n g -r a n g e  order

P p r e s s ur e

q e l ec t ri ca l  c h a r g e  

- ‘-________ 
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r neares t  nei ghbor ionic  d i s t ance
— 0

r d i s tance  f r o m  t h e  cen tr a l  ion J

r po t en t i a l  d i s t a n ce

a v e r a g e  value  of r
x - x

R gas c o n s t a n t

c o n f i g ur a t i o n a l  e n t r o p y

T absolute  t e m p e r a t u r e

v p a r a m e t er  of the  par t ia l  order  model

v def ined b y Eqn. 4-6

V volume

w f r a c t i o n  of ions in the coun te r - ion  la t t ice

x d i sp lacement

z . valence of ion of type  i

c e lec t ron ic  cha rge

reci procal of the t h i c k n e s s  of the ion a tmosph e r e  (d i s t ance  of the

ion atmosph e r e  f r o m  r = aD
)

chemical potent ia l

s tandard chemical potential

chemical  potent ia l  of h y dra ted  ions of type  i

v. number  of moles of ion i f o r m e d  f r o m  one mole of salt

- 
0(3) e lec t r ica l  potent ia l  due to all ions in solut ion at a volume e lement

O potent ial  due to the  ion a t m o s p h e r e

p (Ie flSity of a solution

O prac t ica l  osmot ic  coe f f i c i en t
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P(J) 
charge density at a d i s t an c e  r ( J )  

f r o m  th e  centra l  ion J

densi ty of pure w at e r

q u a n t i t y  defined by Eqit . (1-1 7)

k

I~~~~~
.
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In t roduct ion

Our pu rpose  in deve lop ing  t h i s  pa r t i a l  o rder  t h e o r y  of a c t i v i t y c o e f f i c i e n t s

in electrol y t e sol u t i o n s  was to b ypass  i n c o n s i s t e n c i e s  p r e s e n t  in the  Deb yc-

1-luckel t h e o r y  and in re la ted  ones such as ex-ens ions  app l ied to s p e c i f i c  ionic

i n t e r a c t i o n s .  These i n c o n s i s t e n c i e s , some of which  have not been pointed out

before , a r i s e  p r ima r il y f rom the use of the Bo l tzman d i s t r i b u t i o n  to a problem

the v e r y  essence  of which  is the i n t e rac t ion  of charged par t i c les , and f r o m

neg lec t ing  the q u a s i - l a t t i c e  n a t u r e  of ionic  solut ions  which p rec ludes  net

e lec t r ica l  d e n s i t i e s  f r o m  decay ing monoton ical l y wi th  d i s t ance  f r o m  a cen t ra l

( r e f e r e n c e )  ion.

We will s ta r t  this  work with a brief sketch of the der iva t ion  of the Deb ye-

Hu cke l equa t ion , followed by a c r i t i qu e which will  b r ing  to lig ht  logical impasses

not p rev ious l y revealed.

We will then examine earl y l a t t i ce  models in which a fixed and , general l y,  
-

per fec t  deg ree  of long range o rde r  was assumed caus ing the r e su l t i ng  equat ions

for a c t iv i t y  coe f f i c i en t s  to onl y appl y over l imited ranges  of c o n c e n t r a t i o n s .

Finally we will p resen t  our model , val id at all concen t ra t ions , in which

the degree of order  i n c r e a s e s  wi th  concent ra t ion  because of the increase  in the

coulombi c ene rgy  of in te rac t ion  and dec reases  with i nc r ea s ing  tempera ture .

Our model will be developed s t ep -b y - s t e p  for  g rea te r  c lar i t y with the  successive

addition of r e levan t  f ac to r s , namel y, par t ia l  l o n g - r a n g e  order , t rans la t iona l

energy  and h y d r a t i o n .  The t r a n s l a t i o n a l  ene rgy  is especiall y impor t an t  because

osci l la t ions  of ions a round  cen t r a l  pos i t i ons  lead to a s y m m e t r i c  e n e r g y  con t r i -

bution which is not canceled out.

~ 

_ _ _ _ _ _ _ _ _ _ _ _ _
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We will not  D r o v e  c oriclw;ivcl y that our model  is  t he  onl y r i ght  one

hoc  a u s e , as in a ll t h c  r models  of a. ~i v i t  y c o e f f i c i en t s , we h a v e  an a d j u s t a b l e

p a r a m e t e r  of su s p r~. t c u  ph y s i c a l s i g n i f i c a n c e  but  of u n k n o wn  a p r i o r i  anal y t i c a l

f o r m  as a f u n c t i o n  of the concen t r a t i on , but  we wi l l  show t h a t  (he  model i s

pl a u s i b le  and is c o n s i st e n t  w i th  e x p e r i m en t a l  da ta .  Thus , our ma in  pu rpose

at th i s  s tage  is  c’~:p 1a n at Or y  r a t h e r  than  p r e d i c t i v e , a f e a t ur e  common to all

model s of ac t i v i ~-y coe f f i c i en t s which r e q u i r e  empi r ica l  f i t t i n g  at some s tage  in

the i r  app l i c a t i o n .

~~~ —~~~~~~~~~~ —— -
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1. J i , v c — H u c k e l  T heo r y  and C r i t i qu e

It wi l l  ease our c r i t i c a l  r e v i e w  and r e f r e s h  the m e m o r y  of sonie of our

r e a d e r s  if we ske t ch  the  d e r i v a t i o n  of the  Deh y c - i lu ck e l  (192 3 ) e q u a t i o n  for

ac t i v i t y  c o e f f i c i e n t s of e l e c t r o l y t e s  in sol u t ion at the  outse t  of t h i s  work .

a) The D c b v o - l l u c k e l  equ a t ion

Cons ider  a cen t r a l  ( r e f e r e n c e )  ion 3 which is assumed to sense the  other

ion s p r e s e n t  in th e  solut ion as a smeared c o n t i n u o u s  d i s t r i b u t i o n  of cha rges

wi th  a c h a r g e  d e n s i t y in a volume e lement  dV placed at a d i s t a n c e  r
(J)

f rom 3. Poisson ’ s equa t ion  at dV is then

2 4~
V 0 (3 )  ~ ~( J )  ( i - I )

I
in which 0(J )  

is the e lectr ical  potential  at dV resu l t ing  f r o m  the f ields produced

by all the ions in the solution arid ‘
~e 

is the d ie l ec t r i c  cons tant .

Assume  nex t that  the Bo ltzman law is valid for  the d i s t r i b u t i o n  of ions

a round  3 and let i r e p r e s e n t  each i cn ic  species p resen t  in the solut ion (e . g . ,  -

i Na + , Cl in a NaCI so lu t ion ) .  Then , one may wr i t e

F

n~ = n exp (-  ~~
) ) ( 1 - 2)

n . is the  n u m b e r  of ions of type  i per un i t  volume at dv , n . is  the bulk value at

g r e a t  d i s t a n c e s  f r o m  .1 , z . is the va lence  of i , e is  the  e l ec t ron i c  c h a r g e , k 13 is

- - ~~~~~~~~~~~~~ ‘—- -- —
~~~~~
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Bo1tzman ’~ constant , and T is the absolu te  t e m p e r a t u r e .

The net  c h a r g e  d e n s i t y  at dV is

Z . CO J

~(J) = z .c E n~z . c exp 
~- 

) ) ( 1 - 3 )

which decays  to the bul k value

P( J )  = E = 0 (1-4)

at l a r g e  d i s t ances  f rom 3 (and implicit l y f rom other ions so that 0 (3)  
may be

essent ia l l y ze ro ) .

The i n t r i n s i c  concept at this point is that , because of coulombic a t t r ac t ion ,

there is an excess of counter-ions around J, i. e., of ions of opposite charge ,

and a defficienc~ of ions of like charge but that one r eaches  electr ical  neut ra l i t y

when the volume element dV is moved far  enoug h from J.

B y in t rod uc in g Eqn . (1-4) into (1-1) Poisson ’s equation becomes

2:. €02 4r T ( 3)
V ø/~ % ~~~ E n~z~~ exp (_  , m’T) ( 1 - 5 )

~~‘ J  
~~~~ ~~

There  a r e  two d i f f icul t ies  w i t h  t h i s  equat ion;  i ts  r i gorous  solut ion is to be

avoid ed and i t  is not , compat ib le  with the p r i n c i ple of the supe rpo si t ion  of f i e ld s .

In e f f ec t , if the ionic cha rges  were  doubled one should expect  the potent ial  at 

- - - - - --5 - — - -- -.----— -~~~~~ -~~~~~~ -- -5---5-~~~--— ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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dV to a l so  be doubled but t h i s  does not occur  due to the exponen t i a l  n a t u r e  of

Eqn.  ( 1 - 3 ) .

Deb ye and hluckel avo ided  t h e s e  p rob lems  b y expanding the exponential

term by means of the series

2 3
e
_
~
C 

= I - x + 
~

-j- - 

~~

-

~

-- + . . .  (1-6)

a nd obt a ine d

D~~~ 
°i~ i~ 

~~~ - 

~:-~~ 
+ ~~~~ (~~~~~(J ))  

- .. . 1 ( 1 -7 )  

- -

The f i r s t  t e rm  in the expans ion  is zero  because  of e lectr ical  neu t r a l i t y  ( see

Eqn. (1-4)) and it can be shown that all the terms in even powers vanish for

symmetric (but not for asymmetric)electrolytes.

Eqn. (1-7) is then reduced to

V 0( 3)  = D k
B
T ~~i

Zi
20( J )  

K O (J )  (1-8)

where

2 ~~~~~~ ~~~ •
2 

8
~
c
2

1
~~~

N
AIC 

I) k T I000D k T (1-9)
e B  d i l  4

__________ r
- ~~~~, 

L-__.~.—-— --~-.. - ---~--- _~ -~~~~.~~~~~~~~~~~ -- —--—-- ~~~~~. ~~~~~~~~~~~~~~ __ --5___ _ t 



-5-5—--  
—~~-~~~~~~~~~~~~~ —-~~~—— -,~~~~~~~ x-~ -- -

1-4

1( c )  
b e i i ~~ t he r t a r  i o n i c  ~t r en g 1 h i  of t h e  s o l u t i o n  and  N A A v o g a d r o ’ s n u m b e r .

Conve r t  in ~ Eqn . ( 1 — 8 )  , i to  polar  coor d in a t e s  and  j u t  e g r a t i n g ,  one ob t a i n s  the

sol Ut ion

-IC r Kr
( 3 )  ( 3 )

k , 
e 

+ k e ( 1 - 1 0 )
(J) r

(J) 
2 r

(J)

When  r t e n d s  t -  i n u i n i t v  0 m u s t  r e m a i n  f i n i t e  and t h e r e f o r e , k = 0.(3) - (3 ) 2
E l e c t r i c a l  n e u t r a l i t y  r e q u i r e s  tha t

dr = -z
3

c ( 1 - 1 1 )

wh e r e  aD 
is t he d i s t a n c e  of c loses t  approach  of the cen te r  of o ther  ions  to the

c e n t e r  of 3. k
1 

is ca l c u l a t e d  b y in t r oduc in g

-ICr
(3)

0~~ = k 1 
e 

( 1 - 1 2 )
r(J)

in to  the  e x p r e s s i o n  ( 1- 3 )  for  the  c h a r g e  d e n s i t y  a f t e r  it is l i n e a r i z e d , and inte-

g r a t i n g  b y p a r t s .  One t h e n  o b t a i n s

- -- , -  - -~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — -~~~~~ —-‘- -~~~~~~~~~ —~~~~~ -- - _ _ _ _ _ _
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- K rz € D (3)
0(3) = ~~~~~ 

C 
(1- 1 3)

K can  be shown to  be the  re ci p ro c~t i  of t h e  t h i c k n e s s  of the  ion a t m o sp h ere

w h e r e  t h i s  t h i c k n e s s  is t h e  distance from r a
D 

to a sphere such that all the

other  ions  act  upon  .1 as if t h ey  w e r e  u n i f o r m l y d i s t r i b u t e d  upon i t s  su r face .

Eqn.  ( 1 - 1 3 )  c a n  be s p l i t  i n to  t I : e  c o n t r i b u t i o n s  to O ( J ) ~ the potent ia l  at a

d i s tance  r ( J )  f r o m  J, of the  c e n t r a l  ion 3 and of the ion atmosphere and , at r =

aD. the po ten t ia l  due to the  ion a tmosph e r e  is  found to be

F 
K0 = -— x — ( 1 - 1 4 )aD D

That part of the electrical work done to charge J which results f rom the presence

of other ions is then , if equated to the electrical free energy,

z
J €

AF ( 1 )  = 

~~~~~~~~~~~ 

~qd~ (1-15)

where  qdq r e p r e s e n t s  the d i f f e r e n t i a l  cha rge  i n c r e m e n t.  One then  o b t a i n s ,

keep ing in m i n d  that  K is  also a f u n c t i o n  of the c h a r g e  ( 1- owler and G u g g e n h e i m ,

1939,  p. 393: K o r y t a ct al. , 1973 , p. 22)

- - - - -5 _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _
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2

- 
~~ 

( I C a~~) ( 1 - 16 )

wh er e

¶ ( K a
D

) ~~ [l n ( l  ~ - x + with  x = ICa D 
( 1 - 1 7 )

Note t h at 
~

F
c l )  

ca n be calc ’i la ted  f o r  a~~y one ion in solut ion so th at  we may

r e p lace  t he s u b s c r i p t  3 which  c h a r a c t e r i z e s  a s p e c i f i c  c e n t r a l  ion by the symbol

i. F u r t h e r m or e , the f r e e  e n e r g y  F r a t h e r  than  the work func t ion  is used

b e c a u s e  the  small e l e c t r o s t r i c t i v e  t e r m  is n~ glected so t hat t h e r e  is no Pd\~

work considered.

For a component  i in so lu t ion  one has

( 1 - 1 8 )

wh ere  ~,i. and are the actual and the standard chemical potentials , 1. is the

molal  a c t i v i t y  c o e f f i c i e n t , and rn . is the mola l i ty .  Equivalent  expres s ions

could have been w r i t t e n  in t e r m s  of the ra t ional  and of the  molar a c t i v i t y  coef-

f i c i e n t s .

If th r ’  d e p a r t u r e  f r o m  idea l i t y  is  a t t r i b u t e d  to coulombic  in t e r a c t i o n s

be tween  ion s then  

~~~~~~~~~~~~~~~  ~~~~~~~
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1~~
= — = I tT in f . ( 1 - 1 9 )

(e l ) i  en . I

an. represents the addition of an infinitesimal amount of i to an amount  of

solution which contains 1 kg of water and could have been r e p r e s e n t e d  b y am . .

One obtains from (1- 16), neglecting the  electrostri c I :  ye term ,

2 2
(D-H) 

z• €

in = Z D k  T (1-20)
e B

which, f r o m  the  def in i t ion  of IC , y ields

2 0.5
(P -H)  A Dz . I

S
log f . - 

0 ~ 
( 1 — 2 1 )

- 

I + B~~a~~l~~

and

0 . 5
(D -H )  

A
D

z z
A

l
s

log = - 

0 ~ 
(1-22)

1

where  f~ is the  mean a c t i v i t y  c o e f f i c i e n t  of an e l ec t ro l y te  whi le  zC and arc

the ca t i o f l i c  and an ionic  val cnces .  A~~ and ar c  the Deb ye c o n s t a nt s .

In rn ol al un i t s

-

~

-

~ 

_ _ _ _ _ _
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0 . 5

A D = 1000 ( 2 . 3 0 2 6  D k 11
T) L S  (1-23)

2 0.5
8~ N

A
C p

BD (1000 D k T) 
( 1 -2 4 )

c B

AD is in mole~~ k g°
~ ~ (de g K ) L ~ and BD in cm~~ mole

0
~ 
~ kg~~ 

~ (d eg K) °~ 
~~~

.

The Dc-bye-Huckel limiting la w at nea r l y inf in i te  d il u ti ons  can be ob t a ined

d i r e c t l y f r o m  Eqns .  ( 1 - 2 1 )  and ( 1 - 2 2 )  by setting B
D 
a
D 

I~~~~<<1 , or can be

der i ’.-e ’i  as done above hut a s s u mi n g .  thai  the ions a re  far  enoug h a pp a r t  so t h at

they m a y  be r e p r e se nt ed b y point cha rges .  The law then has  the f o r m s

log f
(D~H~ = -A~ z.

2 
I~~ 

~ (1-25)

log f
(D H) 

= 
~
A DJzC

zAtI~~

5 
(1-26)

It is of i n t e r e s t  to s t uden t s  of th is  f ie ld  to have avai lable to them the values

of A
D~ 

B
D 

and of as a function of aD 
for va r ious  mola l i t ic s , which  we

ca lcu la t ed  and p r e s e n t  in the next  two t ab les .  The values of f
(D H) 

will also 1e

usefu l in what  follows.

b) Parameters and a ctivit y coefficients from the Deh ye- I h i ck e l  e~~i a t i o n  

———--- ‘-5 - - -
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1-9

Values  for  (lie Deb y c - I lu c k e l  p a r a m e t e r s  a r c  p r e sen t ed  in Table  I - 1.

Values  for  ~~~~~~ c a l c u l a t e d  f rom ( 1 -2 6 ) a r c  p r e s e n t e d  in Table 1-2  and 1-3

as f u n c t i o n s  of the ionic strength and of the Deb yc d i s t ance  of c loses t  ap p r o a c h

a
~~

. Note t ha t  aD is  of ten  t e rmed  the  i o n - s i z e  p a r a m e t e r , a m i s n o m e r  as it

r e f e r s  to the  d i s t a n c e  of c loses t  app roach  of a ca t ion  and an ion for  a g ive n

‘~lec t ro 1 y te.

c) I n t e r p o l a t e d  va lues  of e x p e r i m e n t a l  mean a c t i v i t y c o e f f i c i e n t s  of 1- 1 e lectro-

l y tes  (Cu lbe r son  equa t ion)

Exper imen ta l  r e s u l t s  for  mean a c t i v i t y  coe f f i c i en t s  will be needed for

compara t ive  purposes  with va r ious  theore t i ca l  equa t ions .  As such r e su l t s  a r e

too widel y spaced as a f u n c t i o n  of ionic s t reng th , C .H.  Culberson (P ytkowicz ,

Atlas and Culberson , 1965)  app l ied  an empirical in terpola t ion equat ion  of

- the type

A i0
~~

5

log 1± ( i n t e r p )  
~ ~~ 

5 
+ C~~I~ + D

C
I
~~ 

~ + EcIs
2 ( 1 -2 7)

to severa l  1- 1 and 2- 1 e lect rol y tes at 25° C.

Values  of the p a r a m e t e r s  a re  p r e s e n t e d  in Tabl e 1-3 and of f
± ( in te rp)

versus  f ( e x p e r i m e n ta l  va lue s )  in Table 1-4. It can be seen that  one may±( exp)

use  va lues  of f - to r ep r e s e n t  actual  values  as will be done in the nextj(~ n t e r p )

sect ion.  Four  dec ima l s  places  a re  r e p o r t e d  to smooth the data a l thoug h onl y

the f i r s t  t h ree  a r c  known because  f . was o b t a i n e d  b y f i t t i n g  Eqn.  ( 1- 2 7 )j ( in t e r p)

_ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~ ~~~~~~~~~~
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Tab ic 1- 1.  ~~o1. 1 v a l u e s  of t h e  1)eb y e -1 {u ckc l  p a r a m e ter s  A D 
and 1

~ D 
as a

on o f t - m p er ~t t ~~r e .

1’ L C )  A B
I) P

- I  0.~~ 1 . 5  - 1  -0. 5 0 . 5  . (.5
[n .o l c kc’ (deg  K)  ] [cm mole kg (deg  1- .) ]

0 0 .49111 0 .324 8

5 O.4q53 0 .3256

10 0.498~ 0.3264

15 0 . 5 0 2 7  0 . 3 2 7 1

20 0. 5067 0 . 3 2 7 9

25 0.5108 0.32~7

30 0 . 5 1 5 1  0 .3294

35 0 . 5 1 9 6  0 . 3 3 0 2

40 0.5243 0.3310

* These  values  a re  calculated fr o m  Eqns .  ( 1 - 2 3 )  and ( 1 - 2 4 ) u s ing  the dens i ty  of

pure water  an(1 pe r ta in , t h e r e f o r e , to d i lu te  solutions.

J --5- - -5 fl—.
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Table  1-2 .  V a l u e s  of ~~~~~~~ t}) e molal  a c t i v i t y  c o e f f i c i e n t  fr o m  the  Deb yc-

H u ck e l  equation , calculated in this work for 1 -1 electrol ytes at

25 ° C , as a f u n c t i o n  of t he  ionic  s t r e n g t h  I~ and of a
D .

a D (d i s t ance  of c losest  a p p r o a c h )

‘S 3.80 3.82 3.84 3.86 3.88 3.90 3.92

.0001 .9885 .9885 .9885 .9885 .9 885 .9885 .9885

. 0005 . 9 7 4 7  . 9747 .9747  .9747  .9748  .9748 .9748

.0010 .9649 .9649 .9649 .9649 .9649 .9649 .9649

.0015 .9575 .9575 .9575 .9575 .9575 .9575 .9575

.0020 .9514 .9514 .9514 .9514 .9515 .9515 .9515

.0025 .9462 .9462 .9462 .9462 .9462 .9462 .9462

.0030 . 9 4 1 5  . 9 4 1 5  . 9 4 15  .9415  .9416  .94 16  .9416

.0035 .9373  .9373  .9373  .9373  .9373 .9374 .9374

.0040 .9334 .9334 .9334 .9335 .9335 .9335 .9335

.0045 .9298 .9298 .9298 .9299 .9299 .9299 .9300

.0050 .9264 .9265 .9265 .9265 .9265 .9266 .9266

.0055 .9233 .9233 .9233 .9234 .9234 .9234 .9235

.0060  . 9 2 0 3  . 9 2 0 3  .92 04 .9204  .9204  . 9 2 0 5  . 9 2 0 5

.00 ( ~ . 9 17 5  . 9 1 7 5  . 9 1 75  .9 1 7 6  .9 1 7 6  .9 176  9177

.0070 .9148 .9148 .9148 .9149 .9149 .9)50 .9150

. 0075 . 9 1 22  . 9 1 2 2  . 9 1 2 3  . 9 1 2 3  .9 124  .9 1 2 4  . 9124

.0080 .9097 .9098 .9098 .9098 .9099 .9099 .9100

.0085 .9073 .9074 .9074 .9075 .9075 .9076 .9076

.0090 .9051 .9051 .9052 .9052 .9053 .9053 .9054

.0095 .9029 .9029 .9030 .9030 .9031 .9031 .9032

.0100 .9007 .9008 . 9008 .9009 .9009 .9010  . 9 0 1 1

. 0 1 10  . 8967 . 8967 . 8968 . 8968 . 8969 . 8970 . 8970

.0120  .8929  .8929  .8930 .8930 . 8931 . 8932 . 8 9 3 2

.0130 . 8892 . 8893 . 8894 .8894 . 8895 . 8896 . 8897

. 0 1 4 0  . 8858 . 8859 . 8860 .8860 . 8861 . b 862 . 8863

.0150 .8826 .8826 .8827 .8828 .8829 .8829 .8830

.0160 .8794 .8795 .8796 .8797 .8798 .8798 .8799

.0170  . 8764 . 8765 .8766  .8767  .8768 . 8769 . 8770 4

.0180 .8736 .8737 . 8738 .8739 .8739 . 8740 . 874 1

.0190 .8708 .8709 .8710 .8711 .8712 .8713 .8714
0200 . 8682 . 8683 . 8684 . 8685 . 8686 . 8687 . 8688

.0300 .8458  .8459 . 84 6 1  . 8462 . 8463  . 8465 . 8466

.0400 . 8284 . 8286 . 8288 . 8289 . 829 1 . 82 93  . 8294

.0500 . 8 ) 4 2  . 8 144  . 8 14 6  . 8 1 4 7  .8 14 9  . 8 1 5 )  . 8153

II.. — -, - - — -‘ 
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1-12

.0 600 .80~~() .80.Y .8025 . 11027 .8029  . 8031 . 8033

.0700 . 7 9 14  • 7 q ) 7  .7919 .7922 . 7 9 Z 1  . 7 9 2 7

.0800 .78fl .7823 .7826 .71128 .7831 .7834 .783(

.0900 .7736 .77IY~ .7742 .7745 .7748 .7750 .7753
1000 7 6 o  . 7 1 (3  . 7~~6( . 7 6 ( 9  . 7 6 72  . 76 7 5  . 7 ’  711

.2.)00 .713t .714() .7145 .7149 .7164 .7)58 .7163

.3000 . 6 8 2 1  . & ~827 .61133 . (-838 .6~ -; -i . 1 ~~- ; .61155

. 4000  . 1 600 . -~~o6 . 6 ( 1 2  ~~~~~ . 1( 2 5  . 66 3 1  . 6 ( 3 7
5000 . i’ 4~~0 .~ -4 37 . 6 4 - 1 4  . 1 1 5 1  . 6458  . ‘ -4 6~ .64 7 1

. 600 0 • 6~~~4 . 63 0 1  .6309  . 6 3 1 c  .6 3 ? . 4  .6 3 3 1  . 1-338

.7000  . 6 180 . 6 l ~~8 . 6 1 9 6  . 620 4 . 6 2 1 2  .6~~2fl

.8000 .6084 .60 ’~ .6101 .6109 .6118 .612 .6134

. o000 .6 001  .6010 .6018 .6027 .60~ 6 .604~ .(- 053
1.0000 .5~~28 .5937  . 5946 . 59 55  .5964  . 5 9 7 2  . 59 8 ]

___ 

aD 
______  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

3~~(~4 3.96 3.98 4.00 4.20 4.40 4.60

. 0001 .9885  .9885 .9885 .98 115 .9 11~~5 .98 ’~5 .988 5

.0005 .°748 . ‘ 7 4 ~ . 9 7 4 1 1  . 9748 . 9 7 4 8  . 9 7 4 8  f l 7 4 0

.0010 . 9c4 9 . 9~~4~ . 9( 49 . “‘ 49 . 9 65 0  . ~1-5 1 .9651

. 0 0 1 5  . 95 7 c  .~~576 . 9 5 7 6  .9576 . 9 5 7 7  . 578 .9579

.0020 .9515 . 515 .9515 .9515 . 9 5 1 7  . 9 5 1 8  . 95 1 9

.0 02  . 9463 .2 4 6 3  . 9463 . 94 63 . 9465 . 9466 . 9468

.0030 .9416 .9416 .9417 .9417 .9419 .9421 .9422

. 0035  .9374  .9374  .9375  .9375  . 9 3 7 7  .9379  .9 3 8 1

.0040  . 9336  .9336  .9336  .9336 .9339  . 934 ]  . 9344

.0045 .9300 .9300 .9300 .9301 .9303 . 9 3 C ~ . 9309

.0050 .926 6 .9267 .9267 .9267 .9270 . 92 7 1-’
0055 . 9235  . 9 2 3 5  .9236 .9236 . 9239  . 924~ .92 46

.0060 . 9 2 0 5  .92 06  .9206 .92 06  . 9 2 10  .9 2 1 3  . 9 2 17

.0065 .9177 .9178 .9178 .9178 .91112 .9~i86 .9)90

.0070 .9150 . 9 1 5 1  . 9 1 5 1  . 9 1 5 2  .9 156  .9 1 60  .9 1 6 4

. 0075 .9 1 2 5  .9 1 2 5  . 9 1 2 6  .9 1a 6  . 9130  .9135  .9139

.0080 .9 100  .9 1 0 1  . 9 10 1  . 9 1 0 2  . 9106  . 9 1 1 i  . 9 1 1 5

.0085 . 9077 .9077  .9078  .9078  .9083  .908 11 . 9092

.0090 .9054 .9055 .9055 .9056 .906 1 .9065 .9070

.0095 .9032 .9033 .9033 .9034 .9039 .9044 .9049

.0100 .9011 .9012 .9012 .9013 .9018 .902 3  . 9 0 Z9

.01)0 .897) .897] .8972 .8973 .8978 .8984 .8990

.0120 .8933 .8934 .8934 .8935 .8941 .8947 .11054

.0130 .8897 .8898 .8899 .8899 .8906 .8913 .8919

.0 140 .8863 .8864 .8865 .8865 .8873 .8880 .8887

.0 ) 5 0  .8831 . 8832 . 8832 . 8833 . 884 1 . 8848 .8856

. 0 ) 6 0  . 8800 . 8801 .8802 . 8802 .8810 .8818 .8826

--5- ~~~~~~~--  
- 
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.0170 .8770 .8771 .8772 .8773 .8781 .8790 . 11708

.0 180 . 8742 . 874 3 . 8744 .8745 .8753 .8762 .8771

.01~~0 .11715 .8716 .8717 .8718 .8727 .8736 .11744

.0200 .8688 .1168~ .8690 .8691 .8701 .8710 .871,

. 0300  . 8467 . 8468 . 8470 . 8 4 7 )  .11184 .8497 .8509

.0400  . 11296 .8297 .8299 . 8301 . 8 3 ) 7  . 8 3 3 2  . 8348

.0500 .8155 .8157 .8159 .8161 .8170 .8198 .8216

.0600 .8035 .8038 .8040 .8042 .8063 .8084 .11104

.0700 .7931 . 7 9 34  .7936 . 7938  . 7 0 6 2  .7985  . 8007

.0800 .7839 .7842 .7844 .7847 .71172 .7897 .79~~1

.0900 .7756 .7759 .7762 .7764 .7792 .781~ .7~-45

.1000 .7681 .7684 .7687 .7690 .7719 .77411 .777 5

. 2000 .7 16 7  . 7 1 7 2  . 7176  . 7 18 0  .7224  . 7266  .7307

.3000 .6860 .6865 .6871  .6876 .6929 .6981 .7030

.4000 .6644 .6650 .6656 .6662 .6722 .67 11 1 .6837

.5000 .6478 .6485 .6492 .6499 .6565 .6629 .6690

.6000 .6346 .6353 .6360 .6368 .6439 .6507 .6573

.7000 .6236 .624 3 . 62 5 1 . 6259  .6334  . 6407 .6476

.8000 .6142 .6150 .6158 .6166 .6245 .6321 .6394

.9000 .606 1 .6070 .6078 .6087 .6169 .6248 .6323
1.0000 .5990 .5999 .6008 .6016 .6101 .6183 .626 1

a D

I
s 

4.80 5.00 5.20 5.40 5.60 5.80 6.00

.0001 .9885 .9885 .9885 .9885 .9885 .9885 .9885

.0005 .9749 .9750 .9750 .9750 .9751 .9751 .9751

.0010 .9652 .9653 .9653 .9654 .9655 .9655 .9656

.0015 .9580 .9581 .9582 .9583 .9584 .9585 .9586

.0020 .9 5 2 1  .9 5 2 2  .9523  .9524  .952 6  .9 5 2 7  . 9 5 2 8

.0025 .9470  .9471  . 9 4 7 3  . 9474 .9476 .9477 .9479

.0030 .9424 .9426 .9428 .9430 .9432 .9433 .9435

.0035 .9383  .9386 .9388 .9390  . 9 3 9 2  .9394 .9396

.0040 .9346  . 9348 . 9351  . 9353  .9355 .9358 .9360

.0045 . 9 3 1 1  .9314 . 9 3 1 7  .93 19  .932 2  .9324  . 9 3 2 7

.0050 . 9 2 7 9  . 9282  .9285  .92 88 .929 1 . 9293  .9296

.0055 .9249 . 9 2 5 2  .9255  .9258  .926 1 .92 64  . 9 2 6 7

.0060 .9 2 2 0  . 9 2 2 4  .9 2 2 7  .9230  .9234 .9237  .9240

.0065 . 9 19 3  . 9 197  .9200 .9204  .9207 .9 2 1 1  .92 14

.0070 .9167 .9)71 .9175 .9179 .9183 .9186 .9190

.0075 .9 14 3  .9 1 4 7  . 9 1 5 1  .9 1 5 5  .9 159  .9 16 3  .9 1 6 7

.0080 . 9 1 1 9  . 9 ) 2 4  . 9 1 2 8  .9 1 3 2  .9136 .9 140  .9 1 4 5

.0085 .9097 .9 1 0 )  . 9 1 0 6  . 9 1 1 0  .9 1 1 5  . 9 ) 1 9  . 9 1 2 3

.0090 .9075  .9080 .9085  .9089 . 9094 .9098 . 9 10 3

.0095 .9054 .9059 .9064 .9069 .9074 .9079 .9083 
.

.

~
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.0100 . 0 ( 1  ~~ l .90 3 ’  .9044 . 9049 .9054 . ~050 . 106 4

. 0 1  10 . ~~‘1’0 .9001 .9007 .9012 .90111 • ~ 0~~3 .

. 0)  ‘0 . . 8966 . 897 .~ . 8977 . ~3 9 H 3  .80110 .

. 0130  . 8” ~~ - . 8 ’  . 89 38 . 1 1 ) 4~ .8951 . 8’’~~7 . 8963

.01-10 . 8~~ 3 .11900 .8907 .11914 .8920 . 09~~7 .

.0F~0 .8863 .8870 .8877 .8884 .8891 .8898 .89U~

.0160 .8831 . 1184 ! .8849 .8856 .111163 .8870 .8877

.0170 .8806 .11111 -1 .8821 .8829 .8837 .1111-1-1 .8852

.0180 . 1 1 7 7 ’ 1  .8787 .8795 .8803 .111111 .8819 .8827

. 0190  . 1 17 6 3  .11762 .8770 .8779 .8787 .8795 .8803

.0200 .8728 .11737 . 11746 .8755 .8764 .8772 .8780

.0300 .8521 .8534 .8545 .8557 .8569 .8580 .8591

.0400 .8363 .8377 .8392 .8406 .8420 .8434 .8448

.0500 .823~ .8250 .826 7 .8284 .8300 .8316 .8332

.0600 .8l~~-1 .8143 .8162 .818] .8199 .8217 .8234

.0700 .8o?2 .8050 .8071 .8092 .8112 .8131 .8151

.0800 .7”45 .7 9 ( 8 .7991 .8013 .8035 .8056 .8077

.0900 .7870 .7895 .7920 .7943 .7967 .7989 .8012

.1000 .7803 .7829 .7855 .7880 .7905 .7929 .7953

.2000 .734 .7385 .7422 .7458 .7494 .7528 .7562

.3000 .7078 .7125 .7170 .7213 .7256 .7297 .7337

.4000 .689 1 .6944 .6995 .7044 .7091 .7137 .7182

.5000 .6750 .6807 .6862 .6916 .6967 .70)7 .7066

.6000 • t ( ’ 3 7  .6 6 9 8  . 6 7 5 7  .68 14  .6869 . 6 9 22  .6974

. 7000 . 6 5 4 3  .6608 .6670  .6730 .6788 .6844 .6898

. 8000 . 6 1 ( 4  . 6 5 3 2  . 6597  .6659  .6720  .6778  .6834

. 9000 . ( 3 9 6  . 6 466  .6534 .6598 .6661 .6721 .6780
1.0000 .6336 .6409  .6478  .6545  .6610  .6672  .6732

--5 --~- --.~~—~ ...- --
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Table 1-3 . Coeffi~. i e n t s  fo r  Fqn . (1-27) and the standard d e v i a t i o n  of f i t

re l a t i v e  to  m e a s u r e d  mean  a c t i v i t y  c o e f f i c i e n t s  at 25° C.

KCI NaCI

A
~~ 

- 0 . 5 1 0 8  -0. 5108

B c 1.3070 1.3500

C
~~ 

0 0. 043663

Dc 0 -0. 0093698

0. 0020748 0

Molalit y r ange  0- 1 .  0 0 - 1 . 0

Std. devia t ion  of f i t  0. 08% in f
~ 

0.09% in

:~

~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Tab le  1 — 4 .  \‘a l w s of I - o b t a in ed  f r o m  Eqn.  ( 1 — 2 7 )  and e x p e r i m e n t a l
t ( t n t e r p )

v a l u e s  f f rom the  l i t e r a t u r e . Data  on t h e  i no la l  ~ ale a t  25°C.
±( cxp )

I KCI N a C I
S f f I f

±( i i i t c r p )  ±( exp )  ± ( i n t e r p )  
________

0 .0001  0 .911 85
0.0005 0.97411 0.975 0.9748 0.975
0.001 0.964” 0.965 0.9651 0.965
0 .0 0 2  0 .9 5 1 5  0.952 0.9518 0.952
0 .003  0. ” 4 1 7  0.9421
0.004 0 . 9 3 3 ( -  0 .9 3 4 1
0.005 0. 92(~7 0.9211 0. 9273 0. 927
0.006 0.9206 0.9214
0.007 0.9]~~1 0.9160
0.008 0.9101 0.9111
0. 00’ 0.9056 0.9066
0 .0 10  0 . 9 0 1 2  0 . 9 02  0 .9 0 2 4  0. 902
0.0L~0 0.8690 0.8713
0.030 0. 8470 0.8503
0.040 0.8299 0.834]
0.050 0.8159 0.82)0
0.060 0.8040 0.8099
0.070 0.7936 0. 8004
0 . O e O  0 .7844  0 . 7 9 2 0
0.090 0 .7 7 6 1  0 .7845
0. 10 0. 7686 0.770 0. 7778 0.778
0.15 0. 7391 0. 7518
0.20 0.7177 0.718 0.7336 0.735
0.25 0. 7009 0.7199
0 .30  0 .6873  0 .688  0 .7 0 9 1  0 . 7 1 0
0.35 0.6758 0.7004
0.40 0. ( 6 6 0  0 .666  0 .6931  0 .693
0.45 0.6574 0.6871
0.50 0.6498 0.649 0.6819 0.681
0.55 0.6431 0.6775
0.60 0.6370 0.637 0.6736 0.673
0.65 0.6315 0.6703
0.70 0.6264 0.626 0.6674 0. 667
0 .75  0 . 6 2 18  0 .6649
0. 80 0 . 6 ) 7 6  0 .6 1 8  0 .6 626  0 . 66 2
0.85 0.6137 0.6606
0.90 0.6100 0.610 0.6589 0.659
0.95 0. 6066 0.6574
1.0  0.6035 0.604 0.6560 0.657
2.0  0 .573  0 . 6 6 8
3.0 0 . 5 6 9  0 . 7 ) 4
4 .0  0. 577 0 .783
5 .0  0 . 1174
(.0 0.986

- --5 -5 -  —--~~~—— ——~~~~
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to e~~pt~ r i i nc n t a l  data  r e p o r t e d  to t h r e e  dec ima l s .

d) Compa r son of Pc b y e — I luc  k e l  awl  cx p~ r i iu  c i i i  al r e s u l t s

It is of int e res t to com pare r s iil t S ob t a I i i e d  f r o m  Fqn . ( 1 — 26)  and shown

in lable 1— 2 with experimental data a~ r c p r e st  n i e d  b y Eqn. (1—27). This is

done i n  Table 1-5 .

C i i n t e l b e r i z ( 1 0 2 6 )  sugges t ed  a s impl i f i ed  form of the Deb ye-Huckel

equa t ion , namel y,

(C)  
A DIz CzA~

I
~~

5
log f

1 
- 

0 ~ 
(1-28)

I +

which corresponds to a
D 

3 .04  A at 25°C to be applied to all electrol ytes .

This form was vlc~~t e 1  by Gu g g e n h e i m  ( 1 9 3 5 )  and b y Davies  (1 938 )  among

o t h e r s  as the f i r s t  t e r n ; , which  d e s c r i b e s  non-  s p e c i f i c  coulombic interactions ,

in t h e i r  e q u a t i o n s .  V a l u e s  of lo~ ~~~ for 1- 1 elect rol y tes  a re  presen ted  in

Table 1 — f . If one rernerni urs that a D is  the d i s t a n c e  of c loses t  approach  of an

ion with its counter -ion , a virtue of Eqn. (1-28) is that , for empir ica l  f i t t ing

of da ta  by m e a n s  of a d d i t i o n a l  spec i f i c  i n t e r a c t i o n  t e r m s  in mixed electrol yte

solutions , one does avoid the uncertain mean ing  of a 
D~ 

This quantity is onl y

well  d e f i n e d  in the Deb y c - I lu c k e l  e q u a t i o n  for  a s ing le electrol yte at a t ime.
I,

The results in Table 1-5 indicate that the Debyc-Huckel equation fits

KC 1 data q u i t e  well ; to w i t h i n  less  t h a n  0. 1~ o at in 0. 1 and to wi th in  less than

I~~ at m = 1.0.  The a g r e e m e n t  i s  not as good for NaC1 and becomes worse

:~i-~

-~~~
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rat ) ! c 1 -5 . A par I son of v a l u e s  c a l c u l a t e d  f r o m  t h e  Debyc— ) luc kel equation

wi t h  -x ~~t r i r i nt i1 O f l C S  as r e p r e s en t e d  b y Eqn.  ( 1- 2 7 )  A l  r eprc-

sents the pe reent d e v i a t i o n  of f(D~ l I 1  
from f .

i (interp)

0 0 o 0
KC1 (a  = 3.94 A) NaCI (a = 4.60 A)

m f f
( D —11 ) f f( D — 1-1 )

~( i n t e r p )  ± ± ( in t e rp)  ±

0 . 0 0 1  0 . 9 ( 4 9  0 . 9 6 4 9  0.00 0.9651 0.9651 0.00
0.005 0.9267 0.9266 0.01 0.9273 0.9276 0.03
0 . 0 1  0 . 9 0 1 2  0 . 9 0 1 1  0 . 0 1  0 . 9 0 Z 4  0 . 9 0 2 9  0 .0 6
0.05 0. 915” 0.8155 0.05 0.8210 0. 821( 0 . 0 7
0. 1 0.7686 0.7(81 0.07 0.7778 0.7775 0.04
0 . 2  0 . 7 1 7 7  0 . 7 1 6 7  0. 14 0 . 7 3 36  0 . 7 3 0 7  0 . 4 )
0 .3  0 .6873  0 . 6 1 1( 0  0. 18 0 . 7 0 9 1  0 .7030  0 .86
0 .4  0 .6660  0 . 6 ( 4 4  0. 24 0.6931 0.6837 1.36
0.5 0.6498 0.6478 0.31 0.6819 0.6690 1. 89
1.0 0.6035 0.5990 0.75 0.6560 0.6216 5.24

~~—
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Table I - - . \‘a l u cs  of ~~~~ obtained Iron-i the  Guntc l l ic rg  equat ion  for  1-1

e lec t ro l y t e s  at ? 5° C.

m 0.001 0.005 0.01 0.05 0.1

f
( G)  

0 .9646  0 . 9 2 5 3  0.8986 0 .8066 0 .7538

-— ~~~ —~ --- —~~~~~~~ - ~~~-5,~~~~~-~~~~—-- -— .~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ---~~~~
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fo r  ot h e r  e l e ct r o l y t e s , es p e c i a l l y mu l t i v a l e n t  ones.  The Gu n t c l h c r g  equa t ion ,

as is to be e xp e c t e d  p r ov i d e s  a p o o r e r  f i t .

It is  our conte ntion that , as wi l l he  c1ls( i s s cd  in t he  le:- : t ~ e c t i ~~n , t he

Deb y c - I l u ck e l  equat  100 is not theoreticall y s;d 1 s f a c t o r y  and t h a t  it , as well  as

ex t  ended f or m s  based upon i t , provide a c t i v i t y c o e f f i c i en t s  t h a t  ar  r ee  w i t h

weasu r~-d ones through empirical c ur v e  fitt ing.

e) C r i t i q u e  of t h e  D c b v e - I l u ck e l  t io o~~~

Severa l  c o n c e pt u a l  p rob lems  of t he  Deb y e - f lu c k e l  t h e o r y  a r i s e  f r o m  the

‘lse -of t i l e  Boltzmari dist ribution for the distribution of ions around a central

ion. The l~oltzw:t n law is derived for 
non-interacting particles or for canonical

ensembles  of s y s t e ms  which may c on t a i n  i n t er a c t i n g  pa r t i c l e s .  And yet the law

is a pp l ied to i n d i v i du a l  p a r t i c les in a p rob lem the  v e r y  e s sence  of wh ich  is , fo r

intermediate concentrations , to calculate activity coefficients resulting from

sizeable coulombic interactions. As an example, at m = 0. 1 the  n e a r e s t

neig hbor e n e r g y  f or a 1 - 1 electrol yte is 1.459 x io
14 

er g s , a si gn i f i cant

f r ac t i on of k
B

T 5. 836 x io 14 
ergs.

Some prob lems  tha t  a r i s e  f r o m  the l3oltzman law a re  reso lved  b y the

l i nea r i za t ion  of the  dens i t y. This  is especial l y t r u e  wh en th e li nea r iza t i on is

used to render  the d e n s i t y  of charge  and the r e su l t ing  potential  compa tib le  wi th

the p r i n c i p le of supe rpos i t ion  of c h a r g e s .  Th is pr o c e d u r e  de p ends , howe ’~~-r ,

upon the condi t i on

E . z . c Ø  T i
X

k 
.‘r I  , —‘ <.

~z 1  (1 29)
13 13

— -—.---—-- ~~~ — .———-- - -—~~~~~~~~ ~~~~~~~~~~~~~~ - -‘ -
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especiall y in (he  ~ase of asymmetric electrol ytes for which t e r m s  in even

powers do not vanish in princ ip le in  Eqn. (1-7). £ is the electrical potential

energ~ of an i-ion.

It is easy to show that condition (1-29) is not met even in what is usuall y

considered t h e  range of validit y of the extended Dcb ye-Huckel equation. Con-

sider the .nergy of interaction of a sing le cation with an anion

E = 

~D r  (1 -30 )

for  a 1- 1 electrol yte. r is the nearest nei ghbor distance. This energy is

smaller than that  of an ion in an actual  solution as will become appa ren t  when

we d evelop th e par t ia l o r d e r  theor y in la ter  chap te r s .  We do not u se  here

Eqn. (1-2~ ) because 0(J) given by Eqn. (1-13) alread y presupposes the validit y

of condition (1-29). Values of E are compared to k
B

T in Table 1-7 and it can

be seen that the  neglect of the second power term is not justified for asymmetric

electrol y tes  even at m = 0. 01 and the neg lect of the t h i r d  power term for  sym-

me t r i c  el ec t ro l ytes at i-ri ~ 0 .05 .  The e r r o r s  would of cou r se  be more  severe

for higher valence salts.

An i m p o r t a n t  c o n t r a d i c t i on  of the  Deb ye-I luckel  theory  which  is app l icable

even to the  l i m i t i ng  law arises in the ion atmosp here concept. Let us examine

Eqn. (1 -2) or , rather , its continuous linearized counterpart. After linearization

it can be shown tha t  

___*c.! - -

~d~as ~~S —--- ~~~~~~~
IL ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~
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Table 1-7. Values of powers of x = E / k
B

T and of t h eir  percent ratios to

E/k
11

’r v e r s u s  th e  molality for 1 -I electrol ytes at 25° C.

8 14 2 3 2 3
rn r ~ 10 E x 1(1 E/k T x x x /x x /x

0 B
(cm) (er s) (%) (%)

0.01 43.73 0.678 0. 165 0 . 0 2 7  0 .0045  16.5  2 .7
0.05 25.58 1. 159 0. 282 0 .079  0 . 0 2 2  2 8 . 2  7 . 9
0. 1 20.31 1.459 0.354 0. 125 0.044 35.4 12. 5
0.2 16.13 1.837 0.446 0.199 0.089 44.6 19.9
0.5 11.91 2.489 0.605 0.366 0.221 60.5 36.5

- - - 5 -  .-~~~~~~~~ - - ~~~~~-~~~~~~~-5~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~ -~~~~ —- - -—
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D~~~
2

P(J) -

~~~~~~~ 
0(J) 

(1-31 )

and , introducing Eqn. (1- nfl,

tCa - K rz~~ 2 D ( J )
P(J) 4n l + K a

D 
(1- 32)

One observes that P(J) . the net charge density, decays monotonically from a

m a x i m u m  value at r(J) = aD to ze r o at ( J )  = ~ This is simp ly a formal state-

ment of the ion a tmos ph e r e  concep t , na m el y, that  the s u r r o u n d i ng s  of J contain

an excess of counter-ions and that this excess decays with distance. This

concept leads to a s e r i o u s  c o n d r a d i c t i o n  because  if now we se lec t  one of the

counter- ions near the ori ginal J as the new central ion J, i t  is surrounded by

an excess of ions like i t  in contradiction to the basic tenet of the Deb ye-Iluckel

theory .  Thus , there is undue bunchin g of like ions.

Another conceptual difficult y is that the Deb ye-Huckel theory leads to

potentials which are not uniquel y defined as a function of position in a solution.

In effect , let us retain a volume element dv , at wh ich  we calculate by means of

Eqn. ( 1 - 1 3 )  the  potent ia l  0(J)  
due  to all i-he ions  in  so lu t ion , but  l et us  t ake  tw o

ions of the same kind as success ive l y the cen t r a l  ion. Let these  two ions be

J I  and 32 , p laced at d i f f e r e n t  d i s t a n c e s  f rom dV (F i g. 1 - 1 ) .  The potent ia l s at

J due to t he  so lu t ion  will be

- --~~~~~~~~~~~~~ -5—~~~~--~~~~~~~~~~~~
_ _
~~~~~~~~~~~
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Fig. 1-1 . The use of alternate central ions.
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z~~c .
Ka

D ~Kr
( J 1 )

JI = I
~~~

Ka
~~ 

r(J~~) 
()- 3~~)

and

Ka -K rD ( .12 )
~~ 

_.L_ 
e 

______  (1-34)
32 De 

1 + K a D 
r

VZ)

so that the po ten t i a l  at dV due to all the ions presen t in the solution depends upon

the choice of the reference ion.

These problems arise because Debye and Huckel did not take into con-

sideration t he  q u a s i - l a t t i c e  nature of ionic solutions , t h a t  is , that there is some

degree of regulari ty in the spacia l  d i s t r ib u t i o n  of ion s which  prec ludes  ex c e s s i v e

bunching of counter-ions in the ionic atmosphere as well as a decay of t he  net

charge d e n s i t y  towards  ze ro  at l a r g e  d i s t a n c e s  f rom any g iven  ion.

If we look at the essence of the Debye-Huckel theory, it consists in

obtaining a q u an t i t y

i5 T
D e ia

where r~~ , the radius of the ion atmosphere , is aD 
+ 1/ K  and integrating it to

obtain ~F . If we consider Eqn. (1-35) alone , where r is the radius of a
(cl) ia

sp h e r e  su ch  tha t  - di stributed uniformly over it simulates t h e  e f f ec t  of the

_ _ _  _____________ ~~~~- - -~~~~~~~~~~~~~~~~ -- - - - -~~-—----5--  -5-
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so lu t ion  p o t e n t i a l  upon  1 , w i t hout  c o n ce r n  about how r . was 01)1 ained , then

Eqn. ( 1 -35)  is log icall y so un d .  The diffic ult y arises with a proper evaluation

of r . w h i c h  takes i:ito account the actual and partiall y regular distribution of

cat ions and anions  in t h e  so lu t ion .  The a p p a r e n t  s u c c e s s  of t h e  Deb y e -H u c k el

equation indicates that their choice of r~ = aD 
+ 1 / K  yields , by means of the

adjustabl e p a r a i i i e t e r  aD~ 
va lues  of El~ F( 1 ) / ~m which  a re  cor rec t  at low concen-

t ra t ions .

Note that the above conclusion does not imply that the values of 0 and
a
D

of ~F ( 1 )  
a r e  c o r r e c t  but onl y that the derivative of the latter yields proper

values , that is , that the slope of AF
M.) 

v e r s u s  ri-i is the proper one. We will

obtain f rom the partial order theory at m 0.01 a value AF ( 1 )  = -3. 508 x IO~

ergs  while f r o m  the Deh ye-Huck el  equat ions  one obta ins  AF ( 1 )  -4. 537 x I0~

ergs and yet both approaches yield 
~± 

= 0. 902 (if aD = 4.60 A is used in the

Deb ye-Huckel  equa t ion) .  These  r e sul t s  conf i rm the opening  s t a t ement  of th is

pa rag raph, if our value of AF( 1 )  is accepted as the correct one, a point which

the reader will be able to evaluate later on in this work.

In the  l i m i t i n g  case the Deb y e -Hu c k e l  theory  should  be val id  because the

Bol tzman d i s t r i b u t i o n  should be nearl y c o r r e c t  for  weak i n t e r a c t i o n s  and our

objec t ions , which result from the use of thi s distribution , should correspond

to sli ght errors. Furthermore , the static nature of the Debye-lluckel theory

is acceptable in the limiting case because  the  e f f ec t  of f l u c t u a t i o n s , as seen

by a central ion , are u n i m p o r t a n t  at h i g h d i l u t i o n s  (F r a n k  arid T h omp s o n , 1959) .  - 

--5 ~~~~~~~~~~~~~~~ -—- — - -  -—--~~ ---- - —— -~~~~~ 
—-~~~~~~~~~~~
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2. O~~j n a I L i t t i ~~e TI . i .o~~y; I ‘e r f e t Long- Range Order (PLRO)

In t h e  o r i g i n a l  l z i tt i e t } o o r v  ft. ~~~
. , R obi n son an d S t o k e s , ~~~~~ p. ~ 2 ( )

t h e  ions  a rc  a s sum e d  t o  f o r m  a r e~~’lar lattic e , w i t h  p er f e c t  1on ~~— r a n ~~e o r d e r ,

in the solution . Thi s theory does i v  t wor k , t h a t  is , i t  does not yield a t v i t y

coe f f i c i e n t s  ( oin~~~t~ ble w i t h  e x p e r i n o n t a l  or es .  S ti l l , i t  wi l l be d es c r ib .~d

b e c a u s e  i t  s e r ve s  - t S  t h e  b a s i s  f o r  o u r  p a r t i a l  l o n g - r a ng e  o r d e r  (p L R O )  w h ic h

does  w o rh .

Notice th at the ~‘LRO theory contains two assumptions ; the regular dis-

t r i b u t i o n  of ion s in equidistant sito s and the perfect long-range order and ,

f u r t h e r m o r e , t ha t  ~he f i r s t  a s su m p t i o n  is c o mp a t i b le  with an i n t r i n s i c  one

made by ~~~~~~~~~~~~~~~~ Indeed , Debyc-Huckel assumed stationary charges ,

which must therefore occupy a v er a ~~e r e g u l a r l y spaced  p o s i t i o n s , becau se the

s t a t i o n a r y  cond i t i on  is a n e c e s s a r y  one when t h e  Po i sson  e q u a t i o n  is used.

The PLRO theory is based upon tHat of ionic crystal lattices w h i c h  will

be b r i e f l y r ecap i t u l a t e d  nex t .

a)  E n e r g y  of i n t e r a c t i o n  in an ion ic  c ry s t a l

For an ionic  c ry s t a l  in wh ich  ca t ions  and an ions  have the same va lences ,

the e n e r g y  of i n t e ra c t i o n  for  t he  whole l a t t i ce  is ( e . g .  Ki t te l , 1959 ; P a u l i n g ,

1940 , p. 337)

2 2Nz~~~~A B
M B -jE = - — + —  ( 2 - 1 )(x~ al) r no r

° 

H

_ _   

g j
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~
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w h e r e  ‘ , is tI_ ic roimbe r of ions of each hi r i d  ri the vol ~in ie V u n d e r  c o n s i d er a t i o n ,

i s  t h e  \ 1. i d e l u ng  co n st a n t , a r i d  i~~~ i s  th~ B o r n  ( O f l s t d i i t .  The l a s t  t e r m  i s

t h e  B o r n  r pul Si on p o t e n t i a l .

Ma l e l u n g ’ s c o n s t an t  ( M a d e l u n g ,  19 1 8 )  r e p r e s e n t s  t h e  effects of interactions

of nearest nei ghbors , n ex t  n e a r e s t  nei g h b o r s , and so on upon the lattice energy.

The general shapes of E l l )  
is sketched in Fig. 2-]. At r = r the  b i n d i n g

energy passes throug h a minimum and yields a stabl e l a t t i c e .

b) Ionic solution with p e r f e c t  l on g - r a n g e  o r d er

Let us divide a solution into equal cubes , place an ion at t he  cen te r  of

each cube , and a l t er n a t e  ( a t ions  an(l anions .  The r e s u l t i n g  i onic lat t ice i s

represent ed by Fig. 2-2. The structure corresponds to a face-centered cubic

lathce w i t h  a n ions d is t r i b u t e d  h exa g onal l y a rou nd ca t ions  and v i c e - v e r s a .  As

the s ho r t - r a n g e  r e p u l s i v e  f o r c es  would onl y be s i gn i f i  an t  at ex t remely hig h

concen t r a t i o n s , the  c o u n t e r p a r t  of Eqn.  ( 2 - 1 )  is now

2 2N A z e A M
AE~~= - 

De
r
o 

c ( 2 - 2 )

w h e r e  ~~~ is  the  l a t t i ce  ( c o n f i gu r a t i o n a l  cou lombic )  e n e r g y  r e l a t ive  to that at

i n f i n .~ e d i l u t i o n  en e rg y  and c is  t he  m o l ar i l y . Thus , N
A

C r ep r e s e n t s  the  number

of i ons  of each kind p r e s e n t  per l i ter  of so lu t i on . Note that  ~~~ and can be

used interchangeabl y because E e
at c = 0 is zero.

A s r  is 

_ _ _ _ _  
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Fig. 2- 1. The shape of the lattice ( b i n d i n g )  e n e r g y  E
( t l )
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Fig. 2-2. Surface of ionic lattice in solution for a perfectl y ordered symmetric

( 1 - 1 , 2-2 , e tc .  ) electrolyte. C and A represent cations and anions.
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r = (~~~~~~~~~~~ ) ( 2 - 3 )

Eqn .  ( 2 - 2 )  becomes

1/ 3 4/ 3  2 2

AE~ 
2 N

A 
D
: 

€ A
M 

c
41
~ = _ B

1
A

M
z 2c4 13 (2-4)

with

2
1 

NA
4 2

B~ 10 D
e 

(2-5)

We use molalities throughout this work to avoid changes in concent ra t ion

due to pressure and temperature ef fec t s  so let us convert Eqn. (2-4) to a molal

base. Then, we start from

2 2
N
A
z c A

AE
t
= - 

De
r o 

m (2 - 6 )

As

- —
- + 0 . 0 0 1  mM

2 
(2 - 7 )  - 

I_ 
~~-- -~~-~~~- -- 
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w h e re  Vi , ~s t h e  m o l e c u l a r  weig ht of the solute and p is  t he  d e n s i t y of t h e  solu-

tion , r ~s now
0

1000 + mM 
1/ 3

r = ZN
A

11
~

p 
2 (2- 8)

and

- 

10B~ z 2A
M o~~~

3 

m4 13 ( 2 - 9 )
(1000 -

~ mM
2

)

or

2 1/ 3P z A  
~~ M 4/ 3AE

.e 
- 1/3 T~ ( 2 - 1 0 )
(1+0.001 mM)

In d~ 1 i t e  s o l u t i o n s  we may write Eqn. (2-8) in the form

tiE~~~ 
-1~~z 2

A p ~~~
3m4t 3  ( 2 - 1 1)

and calc Ja te

log f - 
I I x 0.5 ‘2- 1£ 2. 3026 i~ r ~m

_ _ _ _ _ _ _ _ _  
_ _ _ _ _ _  

_ _ _  
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I

No confi gurati~ ual entropy c h a ng e  i s  u sed  in t h i s  model b ecause , as  the  d e gr e e

of o r d er  do t s not  ch a n g e  w i t h  c~m c c r i t r a t i 0 f l , 
~~ 

0. is a potential

elect rical energy cIian~ e and is , thercfore~ 
t h e  change  in in t e rnal  en er g y .  it

can be equated  to A1~~, the enth a l py change , because elec t ro st r i c t iVe  e f f e ct s

a re  neg lec ted .

As A M 
1.7476 for face_ centered cubic lattices , one obtains from Eqns.

( 2 - 1 1 )  and (2 - 12 )

2 1/ 3
Z B Z A  ~

log f~ 3 X 2 . 3 0 2 6 R T  
rn ’3 -0 .3842  rn ”3 (2- 13)

for a i-i electrol yte. In molar units

log 
~± 

-0. 3846 c 1’3 (2- 14 )

These r e su l t s  d i f f e r  from those  r epor t ed  in the l it e r a t ur e , e. g. (Robinson

and Stokes , 1959, p. 226 )

log ~~~~ ~0 .2 9 c
h / 3  ( 2 - 1 5 )

because  the la t ter  equ a t i on  is i m pr o p e r l y de r i ved. In e f fec t , it is o b t a in e d  b y

sett ing

4

______ ~~•_~~~~—_
.

~—
—. -.--———---—.--
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2 2  
_ _ _ _ _ _

N z ~~~~A
- 

D r  2 .30Z 6 RT 
log ( 2 - 1 6 )

by stating that AE
Z 

represent s the confi gurational energy when one mole (NA

ions of each kind) of salt is dissolved in an infinite amount of water ( i .  e . ,

is the chemical  potent ia l  ~~~~~ And yet , r is calculated from Eqn. (2-3) f o r

a f in i t e  n-io la r i ty  c so that  the der iva t ion  of Eqn. (2-  15) is not self-consistent.

It is of interest to compare resul ts  obtained f rom Eqns .  ( 2 - 1 4 )  and ( 2 - 1 5 )

with experimental data noting that , to a f i r s t  approximat ion , we do not have to

distinguish c and m f or rough comparisons at high dilutions. This is done in

Table 2-1 .  Nei ther  equation a g r e e s  well with exper iments  as is to be expected

because the energy of in te rac t ion  is small in di lute solutions and shoul d he easil y 
-

overcome b y the thermal en e r g y  k
B

T , leading to considerable  t ransla t ional

f reedom for  the ions. Thi s should resul t into quas i - l a t t i ces  with at best only

partial 1ong-r~’nge order.

- - - -5--——

- _______________ 
- - -5———~~. -5— ~~~~~~~~~~ —-— -—~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~ 

.
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Table 2-1 . A comparison of obtained from Eqns. (2-14) and ( 2 - 1 5 )  w i t h

e x p e r i m e n t a l  va lues  for  NaCI

Egn . (2-  14)  Egn.  ( 2 -  15)  E x p e r i m e n t a l

0. 0005 0. 932 0 .948  0 .975

0 .001  0 . 9 1 5  0 .935 0 .965

0 .002  0. 894 0 .9 19 0 . 9 5 2

_ _ _ _ _  

I

~~~ _ . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~
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3. Par tia l  Long— R an ~~r O rd e r  Mod~~I (p L R O ) :  A First A pproxima tion

This  first approxima tion to the partial long-range order m odel will serve

as a ba s i s  for  f u r t h e r  d e v e l o p m e n t s  shown in t h e  fo l lowing  chap t e r  and to il l irs -

t r a t e  concepts .

In this model we will retain the assumption , later to be removed , of ions

occupy ing on the average the centers of equal cubes, but will consider a p a r t i a l

degree of long-range order which is a function of temperature and concentration.

The t e m p e r a t ur e  dependence  is analogou s to tha t  of b ina ry  a l loys (e.  g. Ki t te l ,

1959, p. 340). We introdace the concentration dependence because it is con-

ceivable that, as the ions become closer  toge ther , thei r  coulombic ene rgy  of

interaction increases and their translational freedom decreases. This should

lead to an increase in the degree of order because ~ F~~fR T r n  increases. m is

introduced in the denominator  because then ~E
1
/m  is the energy per mole , the

quant i ty  to be compared to RT.

The concept of long-range order is appealing because , on the average ,

the nature of the ions which surround a given central ion should be the same as

that of the ions which surround the ion next to the central one, and so on, lead-

ing to a quasi-lattice. In Fig. 8-1 we illustrate this process for the perfect

order  case.

Let us now define a long-range order parameter defined by each pair (T ,

m) and with the range of values

0 �  L~~~ 1 ( 3 - 1)  

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~
-
—~~~~~~~~~~~~~~~~~~~~~~~~~ —-— - - --‘—~~~~
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Fig. 3-1 . The building-up of a quasi -lattice in two dimensions with t h e  c en tr a l

ion being indicated by a circle.
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so t h - t t  I qn ( 2  10) becomes

2 1/ 3
P~,z A M O L 4/ 3

t~EL = -  - 

j~
-

E~~
rn ( 3 - 2 )

( 1 + 0 .00 1 mM
2

)

L 0 for T — ~~or i-n — 0  and L = I for T -.0 or m ~~~. It is log ical that be

zero  when L = 0 ( p e r f e c t  :‘andornness) because then there is an equal probab i l i t y

of a cation C or an anion A occupy ing any given lattice s i t e .  Any one ion is ,

t h e r e f o r e , s u r r o u nded b y the same n u m b e r s  of c a t i ons  and anion s in the  n e ar e s t

neighbor and in f ur t h e r  l a y e r s  so that the ne t  po tent ia l  on the central ion is zero.

Let us next express L in terms of the degree of orde r  and of r e la ted  quan-

t i t ies .  We wi ll be ab l e , b y means  of an a r t  fice  and  of the  M a d e lu n g  c o n s t a n t  t o

obtain a r i~ orous  e x p r e s s i o n  for  in contrast to the case on n o n - i o n i c  b i n a r y

alloys for which successive approximations for the interactions of nearest

nei gh b o r s , next  n e a r e s t  ne ig hbors , and so on , are  r e q u i r e d .

Let us cons ide r  two s u b - l a t t i c e s ;  ~ for the cations and ~ for the anions , -

and let w be the f r ac t ion  of ‘wrong ions ’ (C on ~ and A on ~~~
J ,  that is , the fraction

of the ions of a given type which are in the coun ter - ion  lat t ice.  Let us set w

0. 25 for example, in order to clarif y our thoughts. Then, on the average , one

obtains the  pattern shown in Fig. 3-2. Thi s figure represents the average state

of what in reality is a flickering series of structures.

Fo rmall y we can then represent the partiall y ordered lattice b y a p e r f e c t l y

ordered one in which the ionic c h a r g e  is (0.75 - 0. 25)z€ = (1  - 2 w)z~ and one 

— — ~~~ — a -- -~~~~~~~ .A  —



r~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Fig. 3-2. Average lattice configuration for the fraction of ions in the counter-

ion la t t ice  being w = 0. 25.
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may c o n s t r uct  Table 3 . - i .  ci and -e , the degrees  of d i so rde r  and of order , a re

defined by

d = 2w 1 = (1 - 2w) (3-3)

Randomness occurs when there is an equal probabilit y of any lattice being

occupied by an anion or by a cation so that the tin-ic-average net charge at any

lattice site is zero (Fig. 3-3).

Note that , if the  effective charge is (1 - Zw)ze then Eqn. (2-10) becomes

~~z Z
A Mp h / 3 (1 - 2w) 2 

4/ 3
- 

1/3 
m (3-4)

(1+ 0.001 mM
2
)

or

Blz 2A
M p~~~

312 

1/3 rn4 13 ( 3 - 5 )
( 1 + 0 . 00 1 mM

2
)

where the order paramete r  L is re la ted to the degree of orderl  b y

L 12 
( 3 - 6 )

Let us next  obtain the  conf i gur a t i o n a l  e n t r o p y  b y t h e  t r a d i t i o n a l  .1

- - -  -5 - —~~-- —~~~~~- -5~~~~ - - - - —- -—- ~~~~~~~-~~~~~- -- - -—-5~~~~~~~~~~ -—~~ -5- - — -— -5. --— ~~~~~~- ——~--~~~~~~~~~-~ ~~—-- 
-

-~ -~~~ -5— ~~--~~~~~~ -—~~~



-- - - - - —-

~~~~~
=-

~~~~~~~~~~~~~~~~~~~~

3 - 8

Table 3- 1 . V a l u e s  of w , d = degree of disorder , an d l  = d e g r ee  of order .

w d £ 
________ _______

0. 5 1 0 randomness

0.4 0.8 0.2

0 .3  0. 6 0 . 4

0. 25 0 . 5  0 . 5

0.1 0.2 0.8

0 0 1.0 perfect order

~~~~~~~~~~~~~~~~~~ -~~~ -- ~~~~~~~~~~~ —--~~~~~ —~~~~~~~~~~~~ .1111 ~
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Fi g. 3-3.  The random la t t ice .
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su p e r - l a t t i  e t r e a t m e n t .  T her e  are

NA in ( 1 - w) e a t i on s  on l a t t i c e  ~ ir a n i on s  on l a t t i c e  ~

N A 
m w cat  i ons on l a t t i c e  ~ or anions on lattice ~

As , from Eqn. (3-3)

w = 0 .5  ( 1 -1) 1 - w 0 . 5  (1 + 1) ( 3 - 7 )

t h e r e  a re

0. 5 NA 
m (1 + 1) cat ions on l a t t i c e  ‘

~~ or anions on la t t i ce  ~

0.5 N
A 
m (1 -1) cations on l a t t i ce  ~ or anions on lattice ~

The number  of a r r a n g e m en t s  of t he se  ions  is

N m !

(1+ 1) NA
m]! [0.5(1 ~~~~~~ 

N
A

m]! 
~2 (3-8)

F rom S t i r l i n g ’ s t h eore m

in x !  ~~x( l n x - 1) (3-9)

Eqn .  ( 3 - 8 )  becomes

ln gU’ ) ‘

~~ 
ZN A

Fn in 2 — N
A

n-i [( 1 
~~L) in (1 + ( )  + ( 1  — 1 )  In ( I  —1 ) 1 ( 3 — 1 0 )

‘ —‘~~~~~~~~~~~~~~~~~~~~~ — —- - -‘ -5— --’ - -5—.—--— •~~~~ _ -5~~_~~-5_~ ~~~~~ —~~ ~~.—-5.-.— —..- ~-———— .~ ——T——-—
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In  g ( O ) ! 2
~~A 

in In 2 (3-]])

w h er e  ~~ ~ ) cor  r e s i )  ) r ~ds to  c On I J ) I e t e  r a n d o m n e s s .

Bo l t z inan ’ s d e f i n i t i o n  of e n t r o p y  app l ied  h e r e  i s

= k
13

1n g(C ) (3— 12)

as ~ (t  i s  t he  mul t i p l i c i t y  of the stat- c defined byt , i.e. , by a pa i r  (T , rn) at a

giver :~~essure ( t h e atmospheric one in our  c a s e ) .  T h e r e f o r e ,

= k{ln g(t ) - 1i g(~~)] = - R m  [1 +t )  in ( 1 +1) + (1  -1) in (1 -1)] ( 3 - 13 )

and f tc  c o n f i g ur a t i o n a l  f r e e  e n e r g y  ~~~ - TAS,e iS

2 1/ 3 2
J~~z A ~~~ ~M 4 / 3

= - 
1/3 

rn +
( 1 + 0 . 0 0 1  mM

2
)

+ RTm [(1 +1) in (1 -l- .L) + (1 —1 ) in (1 -t)] (3—14)

The v a l u e  oft at any given in which yields the most s tab le  conf i gu r a t i o n

is that one for which ~F is at a min imum.  This value , ind ica ted  b y~ . , can1 miii

be ob t a in e d  i~r a p h i c a l I y or b y s e t t i n g  ~j~~F1/~~ = 0, wh ich  y i e l d s

2 1/ 3  1/ 3
) ~~ 

2T~z A M P n-i
in 

-~~~ R I ’  ( I  - i 0 . 0 0 1  mM ) 
(3 15)

mm 2

- - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ !~!~: ~~~~~~~~~
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A g r ap h i e a l  p r e~~e t t 1 a t i o n of v e r s u s  
~ is shown in Fig. 3-4 and  a few

s e l e c t e d  va lue s  of AFt ,  ~~~~~ an~1 a re  shown in Table 3-2. It can be seen

t ha t  t h e r e  is a c r i t i c a l  c o n c e n t r a t i o n  ( s o m e w h e r e  between m = 0 .4  and 0 . 5

a c c o r d i n g  to our n u m e r i c a l  r e s u l t s  not shown h e r e )  below which  AF1 is  a mini-

mum onl y at I = 0 , tha t is , below which  the i n t e r a c t i o n s  among io ns a r c  wea k

enoug h compared  to the t h e r m a l  e n e r g y  to cause  the  l o ng -r a n g e  orde r  to break

down . This  is analogous to the c r i t i c a l  t e mp e r a t u r e  in a l loys , o~’ to a c r i t ical

t e m p e r a t u r e  in the case under  stud y, above which  t h e r e  is no l o n g - r a ng e  order

because  the t h e r m a l  e n e r g y  is  much l a rg e r  than the  l a t t i c e  ene rgy .  It will be

shown in the next  sec t ion , howeve r , tha t  such a c r i t i ca l  c o nc e n t r a t i o n  may not

exist  in so lu t ion  when the  t r ans la t iona l  mot ions  of the ions and other f a c t o r s

are  taken into cons ide r a t i on .

it is i n t e r e s t i n g  to obse rve  in Fi g. 3-4 , as is to be expected , t h a tt .

increases with increasing m. This occurs because , as the distance between

nearest neighbors decreases , the coulombic configurational energy increases

in magnitude and tends to induce added order.

Let us next compare  the values of AF - with values of AF based£( mm n)  (exp)

upon e x p e r i m e n t s .  AF can be obtained from(cx p)

= 2RTI inf dm (3-16)(exp)  J ± (exp)

If we use Eqn.  ( 1 - 2 7 )  to r e p r e s e n t  log 
~± ( )  

then

- - -~~~~~~~ -5-- ---~~~~~~~~~~~ --~~~~~~~~~~~~~~~~~~~ — ~~~~~~ —-‘-- -~~~ -5--~~ -5- — ~~~~~~~~~~~~~~~~~~~~~~~~~ -- -5 ~~~~~- —
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Fig.  3-4.  AF1 x l0~~ ergs versust as a function of in at 25CC .
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Tu~~1t- 3- ~~ . l~x u ~ i . p l t - ~ of I h e  v a r i a t i o n  r f  ~~~~ AFz~, and v e r s u s L

in Lil - AS

(~~. 1 0.) 9.57Z0x106 -I . 5260~~10
7 -8.32~~~10~

0 . 2 3. 87 -1~~10 7 -6. 1040 -3. 31h 3x 1 0 5

0. 3 8. ‘~~ 1 H - 1.  3734 ~ l o8 -7. 5()~ 5
0.4 I .6381x10 8 - 2 . 4 4 1 6  - 1 .3 6 8 3 x i 0 ~

?. ~Yi08 -3 . 8150 -2. 1753
_ c ~~4c) 3 ( ) - 3 .2 0 5 2

0 .7  5 . 9 3 1  - 7 . 4 7 7 4  - 4 . 4 9 7 1
0.8 8. -;8~~- - -~~. 7 1( 4  -6. 1205
0 .9  1. 21 (  -4~~l0~ ~ 1• ~3 6 i x i 0 9 -~~~. 22 52

0.4 0. 1 3. l 7 i6x1 fl~ ~~~~~~ 615~ xI0 7 -3. 3 3 ]4 ~~10~
0.2 1 .-~71 (Jx~ 0

’ -3. ~~~3x10
8 - 1. 3393x10’~

0.3 -1 . ()~ —i 1 -8.6541 —3.03 98
0 . 4  ~~~. 3~ u5 - 1. 5365x 10~ -5.4731
0. 5 1 . 9 0 4 1x l 0 ~ - 2 . 4 0 3 9  - 8 . 7 0 1 1
0.6 3.6006 -3.4616 -1.282 1x10 7

0.7 6.5177 -4.7117 -1.7988
0.8 1. I456,<i0~ -6. 1540 -2. 44 82
0.9 2.0211 -7.7887 -3.2901

0 . 5  0 . 1  -4 .9 9 0 6 x 1 06 - 1 . 2 9 1 5 x 10 8 -4.  1642x 10 5

0 . 2  - 1 . 7 4 3Z ~ 1O 7 - 5 . 1 6 6 0  - 1 .6 7 4 2 x 1 0 6

0.3 -2. 9415 -1 .1624x 10 9 -3.7998
0 . 4  - 2 . 6 5 7 4  -2 . 0664 - 6 . 8 4 1 4
0 . 5  1 .4134 - 3 . 2 2 6 8  - 1 .0 8 7 6 x 1 0 ’
0.6 l.2882x108 4 ( 4 Q 4  - 1 . 6 0 2 6
0.7 3.7592 -6.32H-1 -2 . 2486
0.8 8.5887 -8. 2656 .-3. 0603
0.9 1 .Ho lox lO 9 -I . 0461x10 1° -4. 1 126xi0 7

1.0 0.1 -7.3091,d 08 -3.2141x 10 8 -6.3284x10 5

0.2 -2. 8730 -].2856x100 -3.3483x106

0.3 -6. 2682 -2. 8927 -7. 5995
0.4 -1. 0629xl09 -5. 1426 -1 . 3683x10 7

0.5 -1.5495 -8. 0353 —2. 1753 —

0.6 -2.0143 - I . 1 5 7 1 x 1 0 1° - 3 . 2 0 5 2
0.7 -2. 3405 -1.5749 -4.4971
0.8 -2 .3213 -2.0570 -6.1205
0.9 -1.5099 -2.6034 -8.2252
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3 - 1 7

ZA
AF - 2 x 2. 3026 R T [~~~ [o. s B 2

m - n ~~~~~ +
(interp ) 

B 
C C

C

+ 2 .3026 in ( 1  + B cin
”2

)) + 0.5 C
~~
m
2 

+

4- 0.4 D
~~
m
2 ~ + 0.333 E

~~
m
3
] (3-17)

As an alternative , AF can be calculated f rom(exp)

= 

~
H

Z~~ ~~ H 2
O + 

~NaCi A
~~~ NaCl (3- 18)

where  n and n are  the numbers  of moles in the g iven amount of solution.NaC 1

~~H2
O 

is the chemical potential of the water and Ai-i.4 NaCl 
is the configurational

chemical potential of NaCl. As

~~~~NaCl = 2 RT in 
~~NaC 1 (3- 19)

and

i - = ~H2O 1000
H

2
0 Z m R ’ r M (3 20)

1-1 20

Eqn. ( 3 - 18)  becomes

-5 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-5 T~~~~~~~~~~~~~~1i



3- I  H

5~~. 5 1 ( 1  - 2 f i
N Ci ~~~~~~ 1000 

1

1 
+ Zm RT in 

cNaCl 
(3-21)

0H
2
0 

and M
110 

represent the practical osmotic coefficient and the molecu la r

.1 wei ght of wa te r .  Values  of AF and of AF are compared to m in i m u m
( i n t e r p )  (exp)

values obtained from Eqn. (3-14) in Table 3-3. It is obvious that the theo ry  in

- its present form does no t wor k , as it does not yield correct conf igu ra tiona l

free energies. This problem will be remedied in the next chapters by consider-

-
~ ing processes which have been neglected so far . 
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Table 3—3. Coinparisoa of A1 values iii ergs derived from exp &-riincntal

a c t i v i t y o e f f i  c~ - i i t s  of Na CI  dt  25 0 C w i t h  m i f l i mu m  values of

obta ined f rom Eqn.  ( 3 - 1 4 ) .  Sec Fi g. 3-4.

in AF AF AF ~~~~~~ 
I( u n t e r p )  ( exp)  -C ( m k n )  mmi i

Eqn. (3-17) Eqn. (3-21) Eqn. (3-14)

0 .001
0. 005 7 7
0.01 -3.508~~10 -3.516x10
0 . 0 2  - 9 . 5 3 2 x 1 0 7

0 .03  - i . 7 0 0 X 1 0 8

0.04 -2 . 5 5 3x 1 0 8

0.05 -3 . 4 93 x 10 8

0.06 -4 . 5 0 5 x 1 0 8

0.07 -5. 580~~l0
8

0.08 -6.77]x108

0.09 -7.891x10 8

0.10 -9.116x 10 8

0. 20 -2 . 3 18x 1 0 9
0.30 -3.945x109

0 .40  -5 .076~~10 9
0 .50  - 7 . 5 6 9 x ] 0 9 -2. 942x10 7 0 .2 - 0 . 4
0 .60  -9 . 4 9 8 x 10 9 -1. 19 0x10 8 0. 2 - 0 . 4
0 .70  - 1. 14 8x 1 0 1° - 5 . 5 5 9 x 10 8 0 . 5 - 0 .7
0.80 -1 .350x1 0 1° -1.027x10 9 0.6-0.8
0.90 -1. 556x10~

0 -1 .65 1x 1 09 0.6-0. 8
1.00 - 1. 7 6 4x 1 0 10 - 1 .7 ( - 3~~1O 10 -2. 34 1x 10 9 0 .6 -0 . 8
2.00 -3.834~~10

10

~~ A pproximate value as did not interpolate values of 1 beyond the first decimal .

Thus , for  example , found  ~ mini m -rn  ~n AF at 1 0. 3 fo r  m 0. 5 and( theo r .

did not seek a more precise value by adding a second decimal figure to values

of I bctween 0 .2 a n d O .4 .

j
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4. !~a r t i a i Lon M — ~~u igc Or de r  and  t h e  P a r a m n e l c r v

a) The parameter v

Several important factors were not considered when Eqn. (3-14) was

der ived , namel y, the  effect of ionic m otion , possib le  c h a n g e s  in d i e l e c t r i c

constant  with c on c e n t r a t i o n , re p u l s i v e  fo rces  caused by d i e l e c t r i c  cons t an t

g r a d i e n t s  (J3ahc’ , 19 72) ,  the  f o r m a t i o n  of i o n - p a i r s  if such do occur  in chlor ide

solutions , and the change in e f f e c t i v e  c o n c e n tr a t i o n  with h y drat ion.

In this chapter we will cons ider  the e f f ec t s  of the f i r s t  p rocess  ment ioned

above because it pertains to the term AE1 and will initiall y lump it into a

parameter v such that Eqo. (3-14) now becomes

2 1/3 2B1z -5AM P £ v 
4/ 3

1 ~~ +
(1 + 0.001 mM

2
)

+ RTm [(1 + 1) in ( 1  +~~) + ( 1  -1) in ( 1  - 1)]  (4 - 1)

In this  chapter  we will calculate values of v andt and ix~ the next  chap te r

we will reca lcula te  them a f t e r  c o n s i d e r i n g  h y dra t ion  correc t ions .  The remaining

processes  will onl y he t rea ted  i n d i r e c t l y in  this work.  We will proceed in th i s

manner , by a s t ep -wise  development  of the theory  for  two reasons;  g r e a t e r

clar i t y and the ease of back t rack ing  if in the f u t u r e  one of our steps should r e q u i r e

revis ion.  A f t e r  r e c a l c u l a t i ng  v andt , we will  att empt to j u s t i f y t h e  va lues  obta ined

by cons ide r ing  the  c o n t r ib u t i o n s  of i on i c  mot ion and of d i e l e c t r i c  cons tan t  e f f ec t s .

-~ ——- - -—--5— -——~ - - - -
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Jt is by no i~mcans intuitivel y clear that ionic motions  a round  c e n t r a l

posi t i ons  ( t r a n s l a 1i ~~iis in d i lu t e  so l u t i o n s  t e n d i n g  t owards  v i b r a t i o n s  in v e r y

c o n c e n t r a t e d  sol u t i o n s ) ,  and we will j u s t  i f y next  the  need to take them into

con si d e r a t i o n . Imag i n e if you will the t hr e e  ion s  shown in Fig. 4- 1 , with the

cen t r a l  one osc i l l a t i n~ be t wee n i ts  t w o n e a r e s t nei g hbor  c o u n t e r - i o n s .

h r  is the key q u a n t i t y  for  e n e r g i e s  of i n t e r a c t i o n  and , f o r  a g iven x ~~~~,

as is obvious from Fig. 3_ 5 (’) ,

= 0. 
~‘r

’- 
~ + 

r
1
+ ~~ 

= 
~~~2

°
~ ~ 2 (4-2)

and

2 2

r = 
r
__

r = 2 (4 3)
0 x 1 - ( x / r )

with

2 2r - (r - b )
0 0r �r ~~ . - (4-4)

0 X r

Thus , one obse r ve s t ha t AE~ is increased b y t he  mot ion of ions and should be

eThc argument t h a t  follows is an ap p r o x i m a t e  one as is  t h e  calculation of ~in s c -  lion 4d beca t i  ~ 
p time anions arc i’s Sui f lC ( 1  f i xed.  Tb is does not  (let r a (~t

I rom t h e  cx act i ~ es ~; of v -a l cu i a( e d  fr o m  e x p e r i m en t a l  ~l a ta  bu t  onl y f r o m
its  r i a l m t j ( a t i ’,.,e ~~~~~~~~~~~~~~~~~~~~~

-- 5-  _ —-~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
:~~~

—
~~~~~

__ 
~~~~ 
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4 - 3

Fi g. 4 - 1 .  O s c i l l a t i n g  ion . The broken  arc  sph e r e  r e p r e s e n t s  the cen t ra l

cation disp laced due to its thermal energy. r is the average

nearest neighbor distance , b is the d is tance  of c losest  app roach ,

and r is the  e f fec t ive  (potent ia l ) n ea re s t  nei gh bor dis t ance  ( s e e

text). x is the displacement from the central position.

_ _ _ _ _  _ _ _
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2 1/ 3 , 2l~~z A  p 1. r
~ M o , 4 / 3= — —— — —--——— (— v ) rn ( 4 — 5 )

113 r
(1 4 0.001 rtL ~i )  x

in o r d e r  to r e l 1 i .~ e r used in the or i g i nal d e r i v a t i o n  of ~~~ (see  Eqn . ( 2 - 2 ) ) .

V in Eq mi .  ( 4 - I )  is now rep laced b y

v = ~~~~v (4-6)

where r is the actual average distance between ions and v reflects dielectric
x

effects. ? will be calculated in a la t ter  chapter , alter we have cons idered

the effects of hydration. For the time being we will limit ourselves to

obtaini::~ values of~ and v from a comparison of Eqn. (4-1) with ~F (see
- (ex p )

Eqn. ( 3 - 1 6 )  and Table 3 - 3 ) .

b) Procedure for the calculation of~ and v

The procedure for the  ca lcula t ion  of -L~ and v was as follows:

1. At each value of the molalit y n-i the values of ~F were calculated for  a

series of values of-C. and v by means of Eqn. (4-1).

2. For each (m, v) pair there was a non-zero minimum value of ~~~ p rov ided

that  v was equal to or l a rge r  than a cr i t ical  va lue  v .  For  m = 0. 1 as an

example , the n o n - z e r o  m i n i m u m  value  of ~~~ a ppeared when v ~ 4 . 0  and

zero  was the  onl y m i n in i n m  value fu r  v � 3. 0. We alread y saw in the  lire-

(:ee(11n~! c }Ltp tc r  t h a t  ; i l . ni 0. 1 and v 1 . 0  t h e r e  was breakdown of long— 

. - - -,- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
- —,
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4-b

r u n g e  u r d & - r  and now  we sec t h a t  t h e  ~ai n c  is t r u e  fo r  v = 2.0 and v 3 .0 .

Oal v on~ ( ni  , v )  pa~ r ;wu , consequentl y one value of~ yielded a n a  Y i i f l i U m ,

i n d i c a l  ed b y ~1~’ hi  cli wa s  mu a d d i t i o n  equal  to ~F
(cxp)

3. We f u un d  t he  v a l u e s  of ~ F’. wh ich  b r a c k e t e d  AF . and interpolated t h e
1 ( m m n)

*
r r c s p o n d i m ~g values  of C. and v to obtain I and v which corresponded to

The r e su l t s  a re  shown in  Table 4 - 1  for  NaCI and in Table 4 -2  for
( ( m m )

K C I .

As is to be expected , the absolute value of taE1
4 
increases with the

co n c e n t r at i o n  because  t h e  ions ar e  closer  toge ther . ~~~ becomes more

negative wi t h  i n c r e a s i n g  n be cause  it reflects the change of entropy in going

from a random configuration to a progres sivel y more ordered one. The

a b s o l ut e  va lue  of AF . AF in c r ea ses wi th  c o n c e n t r ation and so does
£ (m in )  (ex p)

the de~~ree  of o r d e r - C . . The pa rame te r  v d e c r e a s e s  par t ly  due to the decrease

in r / ~ w i t h  i n c r e a s i n g  e n e r g y  of i n t e r ac t i on  which t ends  to dampen t h e  ionic

motions. This can be seen from Eqn. (4-3) rewritten in the fo rm

1 
2 

(4 7)
x l - ( x/r )

0

As the e n e r g y  of i n t e r ac t i on  in c r e a s e s  due to the i n c r e a s i n g  concen t r a t i on , 
~~~ /

r is expected to d e cr e a se  f r o m  I at in fin i te  d i lu t ion  (i .  e. r /~~~~ ~~~) t o w a r d s
0 

0 X

0 ( r / F  1) .  The c o n c e n t r a t i o n  d e p c n dcn c c s  of e and v are plotted in F gs .

4-2 and 4-3.

c) E c. a t i o n  f or  t h e  f l i (~~~f l a c h V m t V c o e f f i c i p n t

L ‘I. -  
- 

- -5- -5— —---5- — - 5’
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Tah i e  4—i . \‘al~~es of A1 wh i c h  hr ,~ kct A l ’  , c o r r e s ponding  v a l u e s  oil
(cx ii)

*and v and i n t e m - o l a t e d  v a l u e s of AF - = AF , £ and v
- l (m m n )  ( e x p (

The q u a n t i t ie s  c o r r e s p o n d i n g  to a s t e r i s k s  are shown in parentheses.

The results arc for NaC 1 at 25° C.

iii AEC AS1 AF1 -C

0.005 -9.067x107 -2.630x105 -l .224x1 07 0.750 5.72
-9.376)(i0~ -Z.712x10 5 -l.288x1 07 0.760 5.76
(-9.366~~10

7) (-2. 709x10 5) (-1.Z86~~l0
7) (0.760) (5.76)

0.01 -2 .17 2x108 -6 .lZ1~~l0 5 -3.4~~1x1 0
7 0.800 4.78

-2. 176~~10~ -6. 121~ 10~ -3. 5 l6~~10~ 0 .800  4 . 7 9
( - 2 .  175x 10 8 ) ( - 6 .  121x1 05) (-3. 508x1 0 7 ) (0.  800) (4. 79)

0.02 -5.001x10 8 -1.358~~10
6 -9.517x1 07 0.835 4.01

- 5 . 0 7 3x I 0 8 - 1. 3 7 8 x 1 0 6 - 9 .64 2x 1 0 7 0.840 4 . 0 2
( - 5 . 0 0 9 x 1 0 8) ( - 1 . 3 6 0x 1 0 6 ) ( - 9 . 5 32 x 1 0 7 ( 0 . 8 3 6 )  ( 4 . 0 1 )

0.03 -8. 125x10 8 -2. 16l~~10
6 -l .683x10 8 0.855 3.62

-8. 243~~10 8 2 193x1 0 6 -1 . 706x 108 0.860 3.63
( - 8 . Z l Z x l O 8) ( - 2 . 18 5x 1 0 6 ( - l . 7 0 0 x 1 0 8 (0. 859) ( 3 . 6 3 )

0 .04  - 1 . 1 52 x 1 0 9 - 3 . 0 1 1x 1 0 6 -Z . 547x1 0 8 0. 870 3 .38
-1 .l 59~~10~ -3 .011x 10 6 -2.615x1 08 0.870 3.40

( - 1 . 15 3~~10 9 ) (-3 .011x1 0 6) (-Z.55 3x10 8) (0.870) (3.38)

0.05 -l.5 03xl0 9 -3.876x106 -3.470x108 0.880 3.20
-1.5 12~ 109 -3 .87bx10~ -3.564x1 08 0.880 3.22

(-l ,505~~10
9) (-3.876x106) (-3.49 3x10 8) (0.880) (3.20)

-I.865x10 9 -4.780x106 4 453x10 8 0.889 3.06
- 1.876x10~ -4.790x106 —4.514x108 0.890 3.07

‘- 1.874x109) (-4.789xl0 6) (-4.5 05~~I0
8) (0.890) (3.07)

-~~. 2 1 0 x I 0 9 -5. 589x 10 6 - 5 .4 4 0~~I0 8 0 .890 2. 94
-

~~~~ . Z7~ x 10~ -5.  758x 10 6 -5.  59 1 x 1 0 8 0. 900 2. 96
( - L Z 7 l X l 0 ’~) ( - 5 . 7 4 6 x 1 0 6 ) ( - 5 .5 80~~I 0 8) ( 0 . 8 9 9 )  (2 . 96)

- ~ , i ’-~ -6 . 6 OO~~i O ~
> - 6 . 6 9 4 x 1 0 8 0 , 9 0 1  2. 86

- 6 . 6 O 0 x 1 0 ~’ -6 . 7 4 0 x 10 8 o.~~oi 2. 87
V n ” t ( - ( .  ( 0 0 x 1 0 6 ) ( - 6. 7 I7~~I0

8) (0. 90]) (2. 87)

—~~~~~~~~ 
-— 
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m AF I v

0.09 -2. 9 $ 7x 10~ -7. 406xl0~ -7. 795x10 8 0.900 2.78
- 3 . 0 7 5 x 1 0 9 - 7 . 6 2 7 x 1 ( V ’  - 8 . 0 1 3 x 1 0 8 0 .9 10  2. 80
(-3.0~~~xl0

9) ( - 7 .  5 0 3 x l 0 ~’ ) ( - 7. 8~1 1x 1 0 8) ( 0. 904 ) ( Z .  79)

0.10 -3.437x109 -8.475x1 06 -9. 104x108 0.910 2.72
- 3 . 4 6 3x 10 9  - 8 .4 7 5 x 10 ~ -9 .  3 5 7 x 10 8 0 . 9 1 0  2. 74
(-3. 43i3~~10

9) (- 8.475xl0~’) (-9.1 1 (x 10 8) (0. 910) (2. 72)

0.20 -7.630xl09 -1.8]0x107 -2. 261x109 0.930 2.30 -

-1 .810x 10 7 -2.327x109 0.930 2.32
( - 7 . 6 8 7 x 10 9 ) ( -1 .  8 10 x I 0 7 ) ( - 2 .  3 18x1 0 9 ) ( 0. 930)  (2 .  32)

0.30 -1.2i 9~~10
10 -2.786x 107 -3.883x109 0.940 2. 10

- 1 . 2 3 1 x 1 0 1° - 2 . 7 8 6x 1 0 7 - 3 . 9 9 9 x 10 9 0 . 9 4 0  2 . 1 2
(-1. 229x10 10) (-Z.786~~l0

7) (-3.945x1 09) (0.940) (2.12)

0.40  - l . 6 1 4 x 1 0 10 - 3 . 7 14 x 10 7 - 5 . 0 6 9 x 10 9 0 .940  1.90
-l. 623~~10

10 -3.714~~10
7 -5 .154x10 9 0.940 1.9]

(- 1.622x10 10 ) (-3.714x107) (-5.O76~~lO 9) (0.94 0) (1.91)

0 . 5 0  -2 .  177x10 10 -4.822x 107 -7.395x]09 0.950 1.86
-2.210x10 ’° -4.853x107 -7.629x1 09 0.9~ 0 1.86
(-2.202~ 10 ’0) (-4.845x 107) (-7.56 9~~J0

9) (0.950) (1.86 )

0.60 -Z.639x10 10 -5.749x107 -9. 248x 109 0.950 1.78
- 2 . 72 5x 1 0 10 - 5 , 9 3 8x 10 7 - 9 . 54 8 x l 0 9 0 .9 6 0  1.80

( - 2 . 7 1  1~~10 10 ) ( -5 .  907x 10 7 ) ( - 9 .  498~~10~~) (0.  958) ( 1 . 8 0 )

0 .70  - 3 . ] 9 0 x 10 10 -6 . 9 2 7 x 1 0 7 - 1 . 12 5 x 10 10 0 .960  1 . 7 2
- 3 . 2 2 7 x 10 10 - 6 . 9 2 7x 1 0 7 - l . 16 2 x 10 10 0 .960  1.74

( - 3 . 2 1 3X 1 0 10 ) ( - 6 . 9 Z7~~10 7 ) ( - 1 . 14 8 x ] 0 10 ) ( 0 . 9 6 0 )  ( 1 . 7 3 )

0.80 -3.670x]0 ’° -7.917x107 -1.3 09x10 10 0.960 1.66
- 3 . 7 14 x 1 0 10 - 7 . 9 17 x 1 0 7 - ] .3 5 4 x 1 0 10 0 . 9 60  1 . 6 8
(-3. 71 0x10 10) (-7. 917x1 07) (-1. 350x10 ’0) (0.960) (1.68)

0.90 -4.182~ l0 10 -8. 906x]07 -1 .525x]0’0 0.960 1.62
- 4 . 2 3 2 x 10 ’0 - 8 . 9 0 6 x 1 0 7 - 1 . 5 7 6 x 1 0 10 0 . 9 6 0  1.64
(-4.Z1 2~ 10 10 ) (-8.906x10 7) (-I.556x 10 10 ) (0.960) (1.63)

1.00 -4 .680x10 10 -9.896x10
7 

-1 .730x10 1° o.rn’~o 1.58
-4.739x10 10 -9.896~~10

7 - 1.7$9x10
10 o.%o 1.60

( - 4 .  7 1  ( x J O  10 ) (~ 9. 896x10
7) (~~~ 

1. 76-1 ~I0
10 ) (0. 960)  ( 1 .  59)

2 . 0 0  -° . 7 ’ ) l x l O ’° -~~.01Z~~10
8 -3.792x)0 10 0.970 ]33

- 1 . 0 0 4 x l 0 ~~’ -Z . 04 6 x 1 0 8 - 3 . 9 4 ( ~x i 0 10 0. ’~70 1 .35
(~~

u . ~~b ‘
~~~ ~~~ ~

) ) (-2. 0~~Zx 10 8) ( - 3 . 834x 10 10 ) ( 0 .  97 0 )  ().3~1)
—— -5————— -- -5 — 
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Table 4—2. Counterpart of Tabl e 4 — 1  but  for KC1 ~oluti oims at 25’ (‘.

m AF~ I v

0.000 1 -3.609x10
4 0.510 17. 900

-4.019x1 0 4 0.520 18.000
(-3.850~~10

4) (0.516) (17.959)

0 .0005  - 4 . 0 12 x 10 5 0 .600  11 .000
- 5 . 0 2 8~~10 5 0 . 6 4 0  1 1 .2 0 0

(-4. 2 53x1 0 5 ) ( 0 . 6 0 9 )  ( 1 1 . 0 4 7 )

0 .001  — l . 0 2 0 x 1 0 6 0 .640 8. 900
-1 .302~~10

6 0.670 9.100
(-1. l93~ 10

6) (0.658) (9.023)

0.005 -1 .191x10 7 0.750 5.700
- l . 3 5 3x 1 0 7 0 .770  5.800
(-1.286x10 7) (0.762) (5.759)

0.01 -3.517~~l0 7 0.800 4.790
-3 . 5 6 2 x 1 0 7 0 .805  4. 800

( - 3 . 5 4 3x 1 0 7 ) (0 . 803) (4 . 7 9 6 )

0.02 -9. 653x1 0~ 0.839 4.020
-9. 77 9x 10 7 0 .840  4 .030

( -9 .  66 7x 10~~) (0.  839) (4. 021)

0. 03 - 1. 70 9x 1 0 8 0 . 8 59  3 . 6 3 0
-1 .731x10 8 0.860 3.640

(-l .729x1 08) (0.86 0) (3.639)

0.04 -2 .553x10 8 0.871 3.380
-2.622x1 08 0.873 3.400
(-2.605~~]0

8) (0.873) (3.395)

0.05 -3.528x108 0.885 3.210
- 3 . 5 7 5 x ] 0 8 0 .885 3.220
(-3.573x10 8) (0.885) (3.220)

0.06 -4 . 592x 10 8 0 .89 1  3 .080
-4. 654x  10 8 0 .893  3 .090
(-4.620x10 8) (0. 892) (3. 085)

I
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4 - 1 0

m ~F1 
I v

0.07 -5. (92x108 0.899 2.980
-5 ,76~ x 10 8 0.900 2.990

( - 5 . 7 ~~4~~10~~) ( 0 . 8 9 9 )  ( 2 . 9 8 5 )

0.08 -6. 8(5x 108 0.903 2.880
0 . 9 0 5  2. 890

( - 6 . 9 ] 0~~l0 8) ( 0 . 9 0 4 ) (2 . 885)

0.09 -8.056x108 0.907 2.800
-8.166x10 8 0.909 2.810

( - 8 . 1 4 1x 10 8 ) ( 0 . 9 0 8 )  (2.805)

0.10 -9.4 11x1 0 8 0.915 2.740
-9 . 5 3 9 x 1 0 8 0 . 9 1 5  2 .750
(-9. 422x108) (0.915) (2. 741)

O.Z() -2.419xl0 9 0.935 2.340
-2.453xl0 9 0.936 2.350

( - 2 . 4 3 4 x 10 9 ) ( 0 . 9 3 5 )  (2 . 344)

0 .30 -4. 17h x 1 0 ~ 0 .947  2. 140
-4. 2~~7x 10 9 0. 948 2. 150

( - 4 .  1y 4 x 1 0 9 ) ( 0 . 9 4 7 )  (2 .  143)

0 .40

(-6. ]38~~10
9)

0.50 -8.]65x10 9 0.960 1.910
-8,285x109 0.960 1.920
(-8. 221x1 09) (0.960) (1.915)

0.60 -1.043~~10
10 0.962 1.840

(-1. 042x10-1 0) (0.962) (1.840)

0.70 -1 .255x10 10 0.964 1.770
- 1 . 274x]0~

0 0.965 1.780
( - ] . 2 7 1 x 1 0 10 ) ( 0 . 9 6 5 )  ( 1 . 7 7 8 )

0.80 -I.492~~10
10 0.966 1.720

0.968 1.740
( - 1 . 5 0 7 ~~10 10 ) ( 0 . 9 6 6 )  ( 1 . 7 2 1 )  
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4 - 1 1

n-I AF,C I

0.90 -l .718x1 0 10 0.967 1.670
- 1 . 7 7 l x 1 0 ’° 0 . 9 7 1  1 .690
(-1.75 1~~l0

10 ) (0.970) (1.686)

1.0  - l . 8 66~~10 10 0 .965  1.600
-2.019x10 10 0.970 1.650

( - 1 .9 9 2 x 10 10 ) (0.969) (~1.64i)

2.0 -4 . 6 4 2x 10~~° 0 .978  1.400
-4 .7 98x 10 1° 0.980 1.420

( - 4 . 65 7~~l0 10 ) ( 0 . 9 7 8 )  ( 1 .4 0 2 )
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4 - 1 2

One m a y  n e x t  fit the curves in Figs . ( 4 — 2 )  and ( 4 — 3 )  w i th  e m p i r i c a l

equations w h i c h  are then introduced into (-1 — 1). An equ a t io r  for  log can

then be o b t a i n e d  f r o m  the  r e l at i o n

1 £‘ (nu n)
log = 

2 x 2. 3026RT ~~~ 
(4-8)

We did not a t t e m p t  a f i t  over the whole r ange  of concen t ra t ions  as the

main p u r p o s e  of this work so far is to illustrate concepts and to provide a

model r a the r  than to predic t  ac t iv i t y coe f f i c i en t s .  We found  that for  m > 0. 03

0. 96 83rn
- 

(0. 00580 + m)

provided an ex c ellent fit with an R
2 

0.99999. For m >  0. 1

v =  l . 5 9 2 / m
0
~~

Z3 S6 (4 -10 )

had an R2 = 0. 9999. The equation for log then became

_ _ _ _ _ _ _  
4 2.356 0.183 2 

______  

0.001M
2

log 
Z.3026 ~~~~

[AE[~~~ - - 

3 
+ - 

0 .9682m 3 ( 1+ 0 . 0 0 1 m M
2

11 -

TAS + I
~
T [l (I +() - 1 ( 1  -I~~)]~~~~- 0.~~ ô82m~ 

(4- 11 )

R e s u l t i n g  v a l i es of a r e  compared to experimental ones in Table 4-3 .  

~~~~~~~~ ~~~~~~~~~~~ ~~~ - ‘ - ~~~~-~~~~~~ —.—— ~~~~~~~~~~~ ~~~ - - ~~~~~~~~~~~~~~~~ —~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~ Fig. 4-2 .  Concentr a t ion  dependence of L .
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T a Pl e  4—3. A comparison of I obtained from Eqn. ( 4 —  1 1)  wi th  e x p e r i m e n t a l

va lues  f for NaC1 at 25°C
- ±( ex p)

rn f I m I
__________________  

±(~~xp )  ± ±( ex pl
- 

0. 1 0.776 0 .778  0.6 0.674 0.673

0.2 0.734 0.735 0. 7 0.667 0. (67
-

~~ 
0.3 0.710 0.7)0 0.8 0.662 0.662

0.4 0.695 0. ‘493 0.9 0.657 0.659
0.5 0.683 0.681 1.0 0.653 0.657

I ~~~~~~~~~~~ ~~
‘ -5 ‘ ‘

~~~~~~~
‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

‘
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A s i m i l ar  p r o c e d u r e  can of cou rse  he u s e d  f o r  mn < 0. 1 down to any v a lues  by

f i n d i n g  the  p r op er  f i t t i n g  e~j oat ions  for  £_ and v . Table 4—3 is presented for

— the sake of comp l e t e n e s s  but  does not prove any t h i n g  as we obtained1 and v

by a curve f i t t i n g p r o c e d u r e  in  the  f i r s t  place.

R a t h e r , our c o n ten t i o n  is  tha t  t h e  overal l  log ical f r a m e wo r k  of the  model

*
is superior to t h a t  of the Debyc-Huckel theory and th a tl  and v follow expected

t r e n d s  and f a l l  w i t h i n  expec ted  r a n ge s , thus  p r o v i d i n g  c r e d i b i l i t y  fo r  the  model .

In the  a p pr o a c h  to i n f i n i t e  d i lu t i o n  we would of c o u r s e  ob ta in  the  same

n u m e r i c a l  r e s u l t s  for  f
~ 

as t hose  pr o v i d e d  b y the Deb ye-Huckel .  T h i s  would

occur  because  our s t a r t i ng  point to obtain f~ at high di lu t ions  would be the

empirical equation ( 1 - 2 7 )  wh ich  as s u m e s  the l imit ing f o r m

0 . 5
log f . = A I  ( 4 - 1 2 )

±(interp)

with A = -0.5108 (see Table 1-3). However , in our case the equation corres-

ponding to Eqn . ( 4 - I l )  would be a more  comp licated f u n c t i o n  of m t han  Eqn.

( 4 - 1 2 )  and woul d depend upon the  equa t ions  used to f i t  empiricall y -C. and v as

f u n c t i o n s  of m. Note that  Eqn.  ( 4 - 1 2 )  was obtained under  the fa lse  premise

that  n , decays  to the bulk value n . at large  d i s t an c e s  f r o m  the central  ion 3

(see Eqn. (1-2) and its critique in sect ion 6 -c ) .

The reason for the  use of an empirical equation for I is that  an exp l ic i t

ri gorous value of ~C . v e r s u s  m cannot he obtained. Rather , in analogy to
mi ri

Eqn. ( 3 - 15 ) ,  one obta ins , by se t t i n g  ~ AF/~~C. 0 ,

•1 

- — S —— ~~~~ -— — --5 - ____ — —— - -— — —~~~~ A
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1 + 1  - 2 B , z 2A p ’ nu
1 n u n  £ M
— in - — (4-13)

v . mi n  
- C.~~ RT (1 4 0. 001 mM

2
)

1 / ~~

The subscri pt “m m ”  refers to values of I and v wh ich  y ield m i n i m u m  values of

AF . which do not necessa ril y equal AF . If they do then t h e  symbol s
£ (m in )  (ex p )

*
1 , v and AF~ - are used .  Furthermore , the  symbol s AF and AF

-t ( rn in)  ( exp) ( i n t e r p )

are equivalent as Eqn. (1-27) is used to obta in  the va lues  o f f  . f
±(interp) ±(exp)

which are integrated to get AF . It is straig htforward to show tha t  the
( e x p )

values of -I and v p r e s en t e d  in p a r e n t h e s e s  in Tables 4 - 1  and 4-2 obey Eqn.

(4-  13) qu i t e  closel y with sl ig ht devia t ions  due to the i n t e rpo lat i on  p rocedure

used in the Tables. Thus, atm = 0.01 the lef t  t e rm of Eqn. (4 - 13) is 0 . 5 7 3

while the rig ht one is 0. 572 and at m = I the values are 2. 55 and 2. 58 respec-

tivel y.

Another reason for seeking empirical fits at this point is that the term

r f~ in v = (r  / r  ) v is quite complicated , as will be shown in the next
0 X 0 X

section , and v is not yet known as a function of m.

ci) Determination of r / ~ and ~

The concept  of poten tial  d i s t ance  r was i n t r o d u c e d  in sect ion 4-a .  It

is the  interionic nearest nei ghbor distance to he used in the coulombic energy cf

interaction when an ion is disp laced by x from its equilibrium position , at

which the nearest neig hbor distance is r
0

The average  nea res t  nei g hbor  d i s t a n c e  
~ 

r e s u l t i n g  from the ba lance

between t h e  energy of inte raction which , combined with the energy of hydration ,

tends to main tain a regular distance between ions and t he  t h e r m a l  e n e r g y  w h i c h

- : - Sce fool n ot e on page 4 - .~.
I-

~~~~~g- 

- .- .“
~~~~~~~~

.-- -

— -.-~~~~~~~~~~~~~~~~~ ‘ ~~~~~~~~- - — —  ~~~~~~~~ - - ~~~~~~~~~~~ ~~~~~~~~
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p r o d u c e s  t r . t i i s l , i t ; o n  (o r  v i b r a t i o n  a t  very hi g h c o n c e n t r a t i o n s )  is  given b y

Ir o
I r exp ( — A E ~ / R T i n ) dr

J x  .(- x

= 

r • 
— ( 4 - 1 4 )

X 
r

r o

Jr 
~~~ (-AE ~/RTm) d r

mm

where  ( see  Eqn. ( 4 - 4 ) )

2
(r -b )

r . = r (1 - ° 
) (4-15)

nun o 2.
r

0

The exponential term can be written in the form

-5 ,- IrI(minj o I v
, x - 

X = Ky  — (4-16)R T m  r r
V x x

where

* r
K - 

I( m n i n )  0 
x (4-17)
RTm

V

- 

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 
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is a coi t i n t  at  eac h m. The va lues  of AE and v can be o b t a in e d  fo r
L( n i in)

NaC I  at Zi~ C f r o m  ~l ahle  4— 1. The d i s t a n c e  of c lo se s t  app roach  I) in  Eqn .

( 4- 15) ca:i he s e l e c t e d  as a r e a s on a b le  va lue  for  h y d r a t e d  ions. The t e r m  m

a p p e a r s  in t h e  denomina to r  of Eqn .  (4 -  17) to conver t  to a molal basis as

RT r e f e r s  to the t h e r m a l  e n e r g y  per mole.

Note t ha t  in  Eqn. ( 4 - 14 )  we a re  app l y ing the Boltzrnan d i s t r i bu t ion  to a

se r i e s  of s y st e m s , each with a g iven  e n e r g y  of in te rac t ion  AE~( . )  which is

a f u n c t ion  of m , r a t h e r  than to individual  i n t e r a c t ing  pa r t i c l e s  as was done by

Deb y e -H u c k e l  and s u c c e s s o r s .

B y se t t ing  y l / r , Eqn . (4 -14 )  becomes

1
1/r

J y 3 exp (~~ v y ) dy
l / t

— n u nr = (4 - 18)
x h r

f y 2 exp (~ v y )  dy
l/ t

in in

which i n t e g r a t e s  to

- 

- 
K v ; ~~ + f in  y + 

~r ——— ( 4 - 19 )
x h r

K v y  0

+ Ky [in + ~ ( hV j
~J_U I / r

y lxi !
y= I
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The problem cons i s t s  in finding at each mola l ity  in a value of v such that

F ca lcula ted  f r o m  (4 -  19) and v obey the  re l a t ionsh i p

* 
r ,

v = — v  (4-20 )
x

where v for NaCI is found in Table 4-1 .  This value for v is not u n i t y  because

for v = 1 , Eqn. ( 4 - 2 0 )  yields the data shown in Table 4-4 .

We will not seek the c o r r e c t  values  of v and i at this  point because

f i r s t  we wish to app l y h ydrat ion cor rec t ion s in the next c h a p t e r  to r ende r  v

~ and t h e  genera l  model more r e a l i s t i c .
x

—.~~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --~--- --.~—.— .—------‘— . ~~~~~~~~~~~~~~~~~~~ .— ~~~~~~~~ ~~~~~~~~~~~~~~~
-
~~~

—
~-— — -  .—-~~~—
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l a h l e  1-4.  V aI w : s of r , 
~ 

f r o m  E qn . ( 4 -  19)  w i t h  v 1 , ( r / F ) , and

v f r om Table 1 1 at d i f f e r e n t  m o l a l i t i e s  and d i s t a n c e s  of c l o s c s t
0

a p p r o a c h  t ) f o r  NaC 1 at 25° C. V a l u e s  of r and b ~n A.

in r F ( r / ~~~) v b
0 X 0 X 

—

0 . 1  2 0 . 3 1  1 1 . 0 7  1 .83 2 . 7 2  2. 76
0 . 1  2 0 . 3 1  12 .69  1 .50 2 . 7 2  3.80
1.0 9. 479 7 .73  1 . 2 3  1 .60  3 .80

I

I

- — .,, . . .~ ._,.____ ~ ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ . __________________ - ]~•~__
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5. The H y d ra t  ion C o r r e c t i o n

In t h i s  ch a p t e r  we wi l l  d e r i v e  a h y dr~t t  i on  c o r r e c t  ion in  a m a n n e r  similar

to tha t  d e r i v e d  in R o b i n s o n  and Stokes ( 19 5 8 ) ,  w i th  a small  change  as we will

u se  ruolal  q u a n t i t i e s  t hr o u g hout , and will  app l y the c o r r e c t i o n  to our l a t t i c e

t h e o r y .

a) Den v a t  ion of the  h y d r a t i o o  ecjua t io n

The f r e e  e n e r L y  F of a g iven a m o u n t  of so lut ion with n moles of water
- w

and one mole  of solute w h i c h  d i s s o c i a t e s  into moles of cat ions  and moles

of anions can be ex p r e s s e d  in two equivalent ways:

F = n~~~ + 
~c~c + ( 5 - 1)

and

F (n - h)~ + + V
A~A 

(5-2)

where h is the hydration number (number of moles of water which solvate one

mole of salt) and ~i. is the chemical potential of the h ydra ted  form of ion i.

Eqns.  ( 5 - 1 )  and ( 5 - 2 )  are  ident ica l  because F i s  independent  of w h e r e  the

water  of hydra t ion  is ass i gned.  Thus ; se t t ing  these  equat ions  equal to each

other  and develop ing the chemical  potent ia ls  by means  of

1~~ =~~~
0 + R T 1n f . m . ( 5-3)

h~ 
- . - 

~~~
- ., - - - . - : -~~-

-—

~

- 
~~~~~~~~~~~~~~~~ ~~~---  - ~,-—-~

. -  -__ . . ~~~ . ~~~~~~~~~~~~~~~~~~~~~~ - ~~-- - - .~~~
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one obtains the expression

0
h~.i V

w C o a A o o

~~~~ 
+ h  w ) ( 1

~C ~ C~~~~~~ F~~~A ~~~~~~

mc
+ V C

lfl , + V A
Ifl F C C  c 1~~ c +

mc mA

+v
A

1n I
A

V
A

Ln I
A 

(5-4)

As in = 1000/18 n and m = 1000/18 (n - h),
w w

m m m n - h
C A w

= ‘ 
= 

ii
in m c in~~ w

if one remembers that there are n moles of water per mole of salt in the
w

solution.

Introducing Eqn. (5-5) into ( 5 -4 )  one obtains

0h~ v v n - h
w C o 0 A 0 0 W

RT + h in a
w
) 
~ RT ~~C 

- 

~~~ 
+ RT ~“A 

- 

~A + V in

= v~ in - in f~ + V
A 

in - VA 
in 1A 

(5-6)

1 

-—-~~~~~~~—-.- .~~~~~ 
-- 

-- ~~~—~~-- - ~~~~~~~~~~ —~~~~ -.-~~~ ~~~~~-
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w i t h  V = V 4 ‘V . A s  ri ~ a ll a c t i v i t y coe f f i c i e n t s  and a tend  to u n i t y ,C A w w

t h e i r  l L ~d r i t h n i s  t e n d  to zero , and

n - h  1 - h / n
V in — V in ~~~

- 0 ( 5 - 7 )nw

T h e r e f o r e , all  the t e r m s  wi th  s t a n d a r d  chemica l  po ten t i a l s , w h i c h  do not

depend upon 11 , m u s t  add up to zero and Eqn. ( 5 - 6 )  is r educed  to

~~~~~~~ 
‘V c~~~~c~~~

’VA~~~~A ~~
‘V A ’

~~~A
=

n - h
= V l n  

W + h l n a ( 5 - 8 )n ww

Then , r e m e m b e r i n g  tha t

‘) C VA 1/v
= 

~ c 1A ~ (5 9)

on e obt a i n s

in f~ = in + in a + in (1 - 0.018 h m) (5-10)

•1
- ~~~~~~~~~~~~~~~~~~~~ 

- -
~~~—
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as n I 0 0 0 / h 8  nu leads to (n - h ) / n  = (1  - 0 .018 h in).
w w w

In terms of the practical osmotic coefficient

10000 = -— in a ( 5 - I l )
18V m w

.

Eqrt . ( 6 - 1 0 )  becomes

in = in f - 0.018 h m 0 + in (1 - 0.018 h in) (5- 12)

When one deals with mole frac t ions

— V — , VN
2 ~~~~

h + v  (5- 13)

and the coun t erpa r t  of Eqn. (5 -5 )  is

N n
2 w

~ +~~ (5 -14 )
N w

llcnce the d i f f e r ence  between our resu l t s  and those presented in Robinson  and

Stokes (1958) .

The a c t i v i t y  c o e f f i c i e n t  that  cor r e sponds  to ~F in our theory  is f
e (mrn )

in Eqn. (5-1 2) becau se  wc did riot make an allowance for  the change  in e f f e c t iv e

_
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in resulting f rom th e  removal  of water  of hy d r a t i o n  in going f r o m  i n f i n i t e

dilution to flhOLL lity in. The  e x p e r i m e n t a l  nucan a c t i v i t y  coe f f i c i en t  does

incl~ dc this effect and corresponds , t h e r e f o r e , to 1 .

b) Procedure for the calculation of £. and v

The counterpart of t he  procedure in section 4-b is now as follows:

F i r s t l y one calculates f , the  mean ac t iv i t y c o e f f i c i e n t  c or r e c t e d  for
j( co r r )

hy dration , by means of Eqn. (5-12) in the form

ln f = l nf . +O .O i 8 h m O - l n (] - O.Ol8hm) (5-15)± (co r r )  ± ( r n t e r p )

where  f . is obtained f rom Eqn . ( 1 - 2 7 ) .
j( inter p)

For in ~ o. 1, f . can be obtained from the empirical equation
±(interp)

A 1
0.5

log 1
~~

= 
D S  

(5-16)
1 + B  I~

where A
D 

= -0. 5108. In the case of NaCl we saw that the best fit between Eqn.

(5- 16) and the experimental data is obtained for 4. 60A. As B
D 

= 0. 3287

(see Table 1-1) , B’ = 
~~D X a D = 1.512.

In the range in which an equation of the type (5-16) is valid, the practical

osmotic coefficient can be calculated from (Robinson and Stokes, 195 8, p.34)

2. 3026 A
D 
m°• ~

0 1  ~( x )  (5-17)

~

--

~

- - -

~ 

~~ - y -- - ~~~~~~~~ ‘- --- ~~~~~ -:-~ 
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with

~~ [( 1 + x )  - 2 In ( I  -F x) - (5 18)

and

\ 0 .5x = B in ( 5 - 1 9 )

At values of in � 0. 1 t here  are tabulations of 0 versus  in.

One then f i t s  f b y means of an empirical  equation and calculates
±.( co r r )

~F ( )  = 2RTf in f~~~~~~~) d m (5-20 )

Values of ~F . as f u n c t i o n s  of v and £ at each molal i ty  a re  obtained as
£(r mn)  .

before  e i ther  by us ing p r in tou t s  of tiF
1 

given  by Eqn. ( 4 - i )  for a rb i t r a r i ly

selected (
~, v) pairs or by select ing values of v a r b i t r a r i ly and calculating £

f rom Eqn. ( 4 - 1 3 ) .  One then selects that ~F , labeled AF . which
~(m i n )  11mm )

equals t~F and thus  obtains  the values of ~ an d v .
(c or r )

In con t r a s t  to chapter  4 in which there  was onl y one pair  R ,  v )  for each

molal i ty in , t h e r e  wi l l  now he one (1 , v )  pair  for each (in , h )  pair , w h e r e  h

is the h y dra t ion  number , that  is , the  nu m ber of moles of water  which solvate

—— -- - -~~~~. — ~~ -~~~~~~~~ - -— ~~~~~~~~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .-— —
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each  f b i  c of sdl 1. O u r  i oct  hod will  o i i l  y t eli us w h i c h  v a l ue  of h i s  t lie cor r ect

One w h e n  we i u t r i a ~ e to  d er i v e  t h e  t e r m  v ( b e e  Fqu .  ( 4 — 6 ) )  f r o m  f i r s t  p r i n c i p les

and , at p r e s e n t  we mu s t  s leu  t v a l u e s  of Ii based on l i t  ~ i-atu re data.

c) Ca1cul~~t i an of 1’ awl V

We will  i l l u s t r a t e  t h i s  p r o c e dur e  for  NaC 1 s o l u t i o n s  at 2 5°C.  The f i r s t

s t ep  is to  - h ~a n  va lue s  of the osmot ic  c o e fL c i e n t  0 b y means  of E qn .  (5 -  17)

for in � 0. 09 and f r o m  the l i t e r a t u r e  -‘Rob inson  and Stokes , 19 58) for  hi gher

concentrations. The values of A
D 

ard B are -0.5108 and l. 5l~ as was shown

in the previous section. The resulting values of 0 are presented in Table 5- 1.

Next, by means of Eqn . (5-15) we calculated the values of f as a function
j(corr)

of in and of a ssumed values of h be tween I and 10. The results are shown in

Table 5-2 .

Tables  5-3  and 5-4 con t a in  the  va lues  of 0 used to calculate I for
±(c o r r )

KG! and the  r e s u l t i n g  values  of I . Tables  5-5 and 5-6 con ta in  s imi lar- ±(corr)

r e s u l t s  for  LiC1.

The a c t i v i t y  c o e f f i c i e n t s  in  Table 5- 2  can be expressed  b y eq u a t i o n s  suc h

as ( 1- 2 7 ) .  The c o n s t a n t s  f r o m  such equat ions  de t e rmined  at each value  of h

were  t h e n  used to ca lcu la te  the f r e e  e n e rg y  co rr ec t ed  for  h y dra t ion  AF
(corr)

Values of 1 , v ’ and LbF . w e r e  then ca lcula ted  as d i scussed  prev ious l y for
£ i (mr n)

eac h in and h. A summary of the results for NaCI is shown in Table 5-7.

Tables 5-8 and 5-9  con ta in  the r e su l t s  for  KC 1 and LiCl .

— 
~~~~~~~~~~~~~~~~~~~
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Table  5- 1. V a l u e s  of th e  p r a c t i c a l  o smot i c  c o e f f i c i e n t  0 for  NaC l  at 25° C

v e r s u s  the  n n i l a l i t y  r n .

in rn 0 in 0

0. OOd l 0 .9 9 62  0 .05 0 . 9 4 3 7  0 .40 0 .9203
0. 000~ 0. ~~~I7  0.06 0 .9406  0 .50  0 .9 2 0 9
0 .00 1  0.9884 0 .07  0 .9379  0 .60  0 .923 0
0 .005  0. Q? ( 2 0. O~3 0 .9356 0 .70  0 .9257
0.01 0. 9683 0 .09 0 .9336 0.80 0 .9288
0 . 0 2  0. 9587 0. 10 0. 9324 0 .90  0. 9320
0. 03 0. 9523 0 .20 0 .924 5 1.0 0 .9355
0.04 0 .9475  0. 30 0 . 9 2 15  2 .0  0.9833

I

I 

_ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _
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Table 6-3. Valu i- -s of the practical osmotic coefficient 0 for  NC! at 2 5 °C

versus the molality in.

m 0 in 0 m 0

0 .0 0 0 1  0 . 9 9 6 2  0 . 0 5  0 .9407  0 .40  0 .9 0 1 7
0.0005 0 . 9 9 1 6  0 .06  0 .9 3 72  0 .50  0.8989
0. 001 0. 9883 0 .07  0. 9342 0.60 0. 8976
0. 005 0. 9758 0. 08 0. 93 15  0 .70  0. 8970
0 .01  0 9675 0 .09 0 .92 92  0 .80  0 .8970
0 . 0 2  0 . 9 5 7 2  0. 10 0 .926 6  0 .90  0. 8971
0.03 0.9502 0.20 0.9130 1.00 0.8974
0.04 0.9460 0.30 0.9063 2.00 0.9124
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Tab le  5 —  ~ - V a l u e s  of t h e  pra - 1 ieal  osmotic coefficient 0 or LiC1 at 25’ C

v e r s u s  th e  mo l a l it y m.

- IT) 0 m 0 m 0

0 . 0 0 0 1  0 .9 9 6 2  0 .05  0. 9473 0 ,4 0  0 .9540
0. 0005 0. 9~ 17 0. 06 0. 9447 0 .50  0. 9630
0 .001  0. 988( ’ 0. 07 0. 9424 0 .60  0 .9730
0. 005 0. 9768 0. 08 0. 9405 0. 70 0. 9840
0 - 0 1  0 .9694  0. 09 0 9388 0. 80 0 .9950
0 .02  0. 9605 0. 10 0 .9390  0 .90  1. 0060
0 . 0 3  0 ,9 54 8  0 .2 0  0 .9390 1.00 1.0 180

— 0 .04 0. 9506 0 . 3 0  0. 9450 2 .00  1. 1 42 0
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Tab le 5 - 7 .  The values of ~~~ , v and hr
1 

for NaC 1 at a r a n g e  of i i i o l a l i t i i - i

and va rious h.

m h 1 ’ v
i
~
i 

Ar
1

’

. 0001 0 . 5203 1 7 . 9 5  - 3 , 8 4 O x l 0 ~
2 .5203  17 .95  -3 . 840x 10 44 .5203  17 . 9 5  - 3 . 8 4 0 x 1 0 46 .5203  17 . 9 5  - 3 . 8 4 0 x 1 0 48 .5 203 17 .9 5  - 3 . 8 4 0 x ] 0

410 . 5203  17.95 - 3 . 8 4 0 x 1 0

. 0 0)  0 .6585  9 .020 - 1 . 19 0 x I0 ~2 . 6580 9 .017  -l. 18 5x 10
64 .6580 9.017 -l.1 85x 10
66 .6580 9.017 -I.185x10
68 .6575 9 .0 14  -1.180xl0
610 . 6 5 7 5  9 .014  - 1 . 18 0 x 10

.01  0 . 7990 4 .786  - 3 . 5 0 4 x J 0 ~
2 .7985  4 .7 8 3  -3.490x1074 . 7978 4 . 7 7 9  -3.469x1076 . 7970 4 .7 7 4  -3.449x10

78 .796 5 4 . 7 7 1  -3.435x10
10 .7960 4 .7 6 8  -3.422x107

.1 0 . 9093 2 . 7 1 5  -9. 1)0x10~
2 .9073 2.701 -8.929X1084 .9053 2.837 -8.752x1086 .9033 2.673 -8. 580x1088 .9013 2.660 -8.413x]08 —

10 .8993 2.653 -8.251x10

.5 0 .9c30 1.858 -7 .5 82x1 0 9
2 .9485 1.820 -7 .133x1 0 9

4 .9435 1.782 -6.686~ 109

6 .9383 1.745 -6.266~~10~
8 .9320 1.706 -5.820x10

9JO .9250 1.667 -5.378x10

J~ 0 0 .9633 1.562 -),7 (i (ix10 0

2 .9565 1.505 -1. 594x10 104 .9480 1 .446  - l . 4 1 7 x ) 0 106 .9373 1 .386
8 .9235 1.32) -J.058x10 13

0

10 .9050 1.253 -~ .730x10 
-
‘

_ _ _ _ _ _ _ _ _ _ _ _ _  
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T ab l e  5 - 8 .  TIM- v a l u e s  of ~ , v and hi ’1 for  KC 1 at a r a n g e  of m o l a l i t i c s

a nd  C a ’ i UU i i  h.

rn h I

0.0001 0 .5205 17.95 -3.848x)0
2 .5205 17.95 -3.848x1044 . 5205  17.95 -3.848x1046 .5~~05 17.95 -3 .848x1 0 48 5205 17.95 -3.848x10410 .5205 17.95 -3.848x10

0.001 0 .6585 9.022 -1. 192x]0~
2 .6 5 8 5  9 . 02 1  - 1 . 1 9 0 x 1 0 64 .6585  9 .0 2 1  - 1 . 1 9 0 x 1 0 66 .6580  9 .0 18  -1. l85~~l0 68 .6580 9 .018  - 1 . 1 8 5 x 1 0

610 .6580 9 .0 18  - L 1 8 5 x 10

0.01 0 .8005 4.796 -3.545x10
2 .7995 4.789 -3.518x10

74 .7990 4.786 -3.504x1076 .7985 4 .784 -3.490x1078 .7980 4 .780 -3 . 4 7 6x 1 0 710 .7970 4 .774 -3 .449x 10

0 . 1  0 . 9 12 8  2.742 -9.443x10~
2 .9 108 2.727 -9.252x1084 .9088 2 . 713  -9 .0 6 6 x 1 0
6 . 9068 2 .698 -8. 885x 10 8

8 .9048 2 684 - 8 . 7 1 0x 1 0~
10 .9028 2.671 -8 .53 9 x 10

0.5  0 .9595 1.924 - 8 .3 3 5x 1 0 9

2 .9550 1.880 - 7 .8 0 3x 1 0 9

4 .950 5 1.840 - 7 .3 3 O x 10~
6 . 9460 1.803 -6- . 9 0 7 x 10 98 .9410 1.767 - 6 .4 8 4 x 1 0

910 .9353  1.729 -6. 04 9x 10

1 .0  0 .9723 1.665 -2 . 0 6 4 x 10~~
2 . 9 6 5 3  L 5 8 7  - 1 . 8 2 5 ~~10 104 .9588 1.52 8 - 1 . 6 4 9 x 1 0

10
6 .9 5 1 0  1.471  - 1 .4 7 7 x 10 1
8 .9410 1.409 - 1 .2 9 7 x 1O 1~

10 .92 83 1.346 - L ] 1 7 x 1 0
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Table  5-9 . The values of 1 , v and for LiCI at a range  of mo la l i t i c s

and var ious  h .

m h £
‘ 

V

0. 000 1 0 .5203 17.95 -3 .8 4 0x 1 0
2 .5203 17.95 - 3 . 8 4 0x 1 O4
4 .5203 17.95 -3 .840x1 0 46 .5203 17.95 — 3. 840x 10 4
8 .5200 17.9 5  - 3 . 8 3 1 x 1 0 410 .5200 17.95 - 3 . 8 3 1~~1O

0. 001 0 .6580  9 .017 - 1 . 1 8 5 ~~1O~
2 .6580 9 .0 17  - 1 . 1 8 5 x 1 0 6
4 .6575 9.014 -1.18O~~106
6 .6575 9 .014 -1 .1 80x1 0 6
8 . 6 5 7 3  9 . 0 1 3  - 1 . 1 7 8 x 1 0 610 . 6570  9.011 -I.176x10

0 .01 0 . 7975 4 .7 7 7  - 3 .4 6 3 x 1 0~
2 .7970 4.774 -3 .449x 10 7
4 . 7965 4. 771 -3 .435x 10 76 .7958 4.767 - 3 .4 1 5x 1 0 7
8 . 7 9 5 0  4 .762  - 3 . 3 9 5 x 1 0 710 . 7945 4 . 7 5 9  - 3 . 3 8 2 x 1 0

0 .1  0 . 9048 2 .683  -8 . 709x 10~
2 .9028 2.670 - 8 . 5 3 8 x 1 0 84 . 9008 2.656 -8. 372x 10 86 . 8988 2 .643  -8. 2 1 1 x 1 0 88 . 8963 2.627 -8.016x10

810 . 8940 2 .614  -7. 846x 10

0.5  0 .9420 1 .771  - 6 .5 6 1x 10 ~
2 . 9365 1.734 - 6 . 1 3 5 x 1 0 94 . 9 3 0 3  1.696 - 5 . 7 0 4 x 10 96 .9228 1 .655  -5. 2 4 8x 10
8 . 9 1 4 8  1 .616 -4.820x109

10 . 9043 1 .5 7 1  -4 . 3 3 3 x 1 0 9

1.0 0 . 9 4 5 5  1. 42 7  - 1 . 3 6 3 ~~) O ~~
0

2 .9335  1 .366 - 1 . 1 8 4 ~~) 0
1
0

4 . 9 1 8 5  1 . 3 0 1  - ) . 0 0 3 x 1 0
9

0

6 . 8988 1 .234 - 8 . 2 ] J x ] O
98 .8710  1. 162 -6. 3 S S ~~l0 i-3

10 
— 

.8 2 15  1.070 - 4 . 1 9 1 x 1 0

- — ~~~ ~~~~~~~~~~~
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6. D i s c u s s i o n

It ~s > n t e r c s t i n g  to obse rve  tha t  f is l a rge r  than  I and
± (c o r r )  ±( exp)

i n c n & - a s e s  w i t h  Ii. T h i s  is  to be expected when the  h y d ra t ion  c o r r e c t i o n  is

pro per l y app l ied  because  t h e  e f f e c t i v e  concen t ra t ion  is l a rge r  for  I thanj (cx p)

for  1± ( c o r r )  l ead ing  to g r e a t e r  i n t e r a c t i o n s  which  d e p r e s s  1+(expy  
The

corresponding free energ ies decrease in absolute value with increasing h

reflecting the grea te r  s t ab i l i t y  ( s a l t i ng- in )  for  lower Values of h . Note that

we are referring to the  conf i gu ra t iona l  f r ee  energy  alone and not to the total

one , tha t  is , to that part of the f r e e  energy that cor responds  to ac t iv i t y

c o e f f i c i e n t s  ra ther  than to ac t iv i t ies .

The l a t t i ce  theory yields f r e e  energ ies that  undergo infl exions when the

mean a c t i v i t y  coe f f i c i en t s  r each  t h e i r  m i n i m u m  values and ref lects , t h e r e f o r e ,

the salting-out process. The salting-out terms arise in the de r iva t ive  of the

configurational free energy in re la t ion  to m f rom the der iva t ives  of v and of

the conf igurational entropy.

v , in add i t ion  to the  effect  of j , ref lects  ha rd -core  effects (Pitzer , 1973),

ionic f i e l d - d i e l e c t r i c  g rad ien t  i n t e rac t ions  (Bahe , 1972) and ion-cavi t y in ter-

act ions ( D e s n o yer s  and Conway, 1964).  The relat ive con t r i bu t i ons  of these

te rms  cannot  be assessed  at p r e sen t  because the above authors , a f t e r  demon-

s t r a t i n g  the  theore ti ca l  va l id i t y of the ef fec ts , t r ea ted  them individual l y and

obtained the  re levant  coef f i c ien t s  by c u r v e - f i t t i n g .  Fur the rmore, Pitzer used

a Deb y c-I lucke l  type term for  n o n - s p e c i f i c  i n t e r a c t i o n s  and Bahe as well as

Dc snoyc r s  and Conway in t roduced  a fLxcd  par t i a l  degree of order  r a the r  than a

1-
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v~t r i a b l e  one as in our  C a s e .

The c ic~~r ce  u f or k- r i n c r e as es  and v d~- r t -asc s  w i t h  in as is cx pecled

f r o m  t~~~- t h e o ry  but  we have  no f i r s t —  p r i n c i p le ex l i l t i t a t  j O f l  fo r  the  i i i  r ea se  in

o rde r  in go ing  f r o m  LiCI to KCI ~ t a g ive n i i . I t c o r r e s p o n d s , h owever , to t h e

s a l t i n g - o u t  t r e n d  o h ser - - c l , fo r  example , b y Bahe  ( 19 7 2 ) .

~ 
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A pp en dix  1

A l t e r n a t i v e  der v at i on s  of t h e  e q u a t i on  f o r t

a) Eq u i l i b r i u m  model

Let us represent by C- a cation on the anion sub-lattice (the reciprocal

latti ce) and so on. At equilib rium

C-~~ + A-~~~ C-~~ + A-~ (Al-I)

- 
and

2 (C-~~) (A - E )
(A1-2)

( C-~~) ( A - a )

w h e r e  f and f a re  the ac t iv i ty  c o e f f l c i c n t s  of ions  in t h e  r e c i p r o c a l  and in thew r

rig ht l a t t i c e  and K is the e q u i l i b r i u m  cons t an t .

When an ion is added to the r ig ht l a t t i ce  (C in ~ or A in ~ ) the  ene rgy

increment  is

2(zc )  AM I v
AE - 

D r ( A 1 -3 )

where  ast e r i3k s  a re  used  because  the system is assumed at e q u i l i b r i u m.  For

a wrong ion (C in ~ or A in ~ )

-



~ 

—

-

A l  -~~~

2 A £
— ( A 1 - 4 )r D r

-~ C 0

- 

For reac t ion  ( A l -  1) t h en

4( 2 ) A
2(t .E - ~E ) M ( A 1 - 5 )r-’w w r D r

e 0

where  ~E is the r eo lacement  energy .r -.w

Sett ing AE = AF as AS = 0 at equi l ibr ium,

2 ~~w
AE°= -kT ln K= - k~T ln— ~~ (Al-6)

f ( 1 - w )r

At the  s t a n d a r d  stat e t h e r e  is no i n t e r a c t i o n  e n e rg y  as the s tandard  state has

the p r o p e r t i e s  of an i n f i n i t e l y d i lu te  solut ion an d also f = f = 1. Thu s

2w
o ~~~~~~~ 

= ( A l - 7 )
- 

( 1 - w )

and w 0. 5 , the d e f i n i t i o n  of t he  r a n d om  s ta te .  w r ep r e s e n t s  t h e  f r a c t i o n
0 0 —

of ions in t h e i r  r e e i p r o  i i  l a t t i c e s .
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As K 1 at any  c o n c e n t r a t i on , f r o m  Eqn . ( A l  -2 )

f

(A 1~~8)
w 1 - w

In addi t ion ,

tiE = RT In I and tiE RT In f (A 1- 9)r r w w

and , t h e r e fo r e ,

I 2( z c) 2
A v

RT in = tiE - tiE = -~~~~~~~~~ M 
= RT In W 

( A l - b )I r w D rw e 0

A s Z ~~= ( 1 - 2w ), w~~~ 0. 5( 1 - t~~) and

1n __w _ ifl~~~~~ ( A l - l i )  
t

Thus

2 t:- -
~~ 2 *E 2 (z€ )  V 2 N

A
(zc ) A M~In - 

— =  - - — 

~~~~~ m ( A ] - ] 2 )* D r  k T  D r R Fe 0 13 e o

- — — — — -  —t—--~~~~~—-- ~~~~~~~~~~~~~~~~~ i -  -~~~~ 
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A ] - 4

w h i c h  yields 1-~~~. ( - 1 —  16) when r i s  r ep l ac ed  b y i ts value shown in Eqn .  ( 2 — 8 ) .

hi Bo l t  -/ A n an  l aw  I T I C  >d ci

h ere we u s e  the holtzi-nan law in the form

probabilit y = constant x ~~~~~~~ (Al-1 3)

*w , the f r ac t i on  of wrong ions at equi l ibr ium is also the probabil i t y of their

occur rence .  Thus ,

* ( -t iE  + tiE )/kT
W 

= e  
W F ( A ] - ] 4 )

1 - w
..

- 

- 

and

2 a-

* * tiE - tiE 2 ( z c )  A ~ v
w 1 - ~~ w r M

in - in 
* 

= - 

kT = - — 

D r k T 
( A ] - 1 5 )

c o B

which is  iden t ica l  to Eqn . ( A 1 - 12 ) .

Thus , Eqn. (3-  16) is a nece s sa ry  condi t ion for  equi l ibr ium as-i and v

must  y ield m i n i m u m  values  of AF , tha t  is , mus t  be -c . and v . . It is not-e mm

s u f f i c i e n t  because  onl y when AF . AF equ i l ib r ium is ach ieved .  Eqn.
t ( m m n )  ( c xp )

( A l -  12), on the o the r  hand , is n e c e s s a r y  as well as s u f f i c i e n t  for  e q u i l i b r i u m .
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