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SOME CONSTITiJTIVE RE~ ThICTIONS IN PLASTICITY

P. M. Naghdi
University of California, Berkeley

ABSThACT

An account is given here of some recent results in the mechanical theory of
finitely deformed elastic-plastic materials, which are chiefly concerned with
some constitutive restrictions. These restrictions are discussed both in the
context of the general theory and for special materials. The development
presented includes also a discussion of an alternative formulation of plasticity
theory relative to loading surfaces in strain space and elaborates on its sig-
nificance, as well as several of its features.

1. IN~~ODUCTION

Starting with the general constitutive equations of the purely mechanical
theor~r of elastic-plastic materials contained in the work of Green and Naghdi
[1 ,2 ]i , the object of this paper is to present an account of some aspects of
recent results in plasticity given by Naghdi and Thapp [3-6]. In the discus-
sion that follows, we freely quote from these works and for details refer the
reader to the original papers [1-6].

After some background material and preliminaries in Section 2, the main
features and significance of an alternative formulation of plasticity theory
relative to loading surfaces in strain space are described in Section 3. In
Section ~~, we first introduce a physically plausible assumption concerning the
nonnegativeness of the work done by external forces on the body in a closed
cycle of spatially homogeneous deformation. From this assumption and with the
use of certain results from Section 3, we then derive a work inequality for
finitely deformed elastic-plastic materials which holds in any smooth, spatially

‘The theory of elastic-plastic materials in [1,2] includes thermal effects
and is developed within the framework of thermo-mechanical theory. Although we
confine attention to the purely mechanical aspects of the subject, the var ious
results given here can be easily interpreted in the context of the isothermal
theory. The purely mechanical theory of elastic-plastic materials with large
deformations,which forms the starting point of this paper, corresponds to the
general developments in [1] prior to thermodynamic restrictions. In Section 2,
we summarize the form of the theory of elastic-plastic materials given in
Section 1~ of [2]. .1
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.~ :o.~en ’Ous , c b s  e~~oi in st r o m  s~ a ’ . N ’x t , ~. i t : .  th~ us’ c U le t te r
ineq’~a ] .t,, t.wi le  ~oi.  ~r . ’q ua l i ’i~~s . r ’.’ obtain ’ ! whien r~~ace r’ tricti c..ns on the
c o n s t i ’u t i v e  ‘-qu ~ ’ ion for t~~e pla st ic ~t r o i n  r~~ . The r e s t  of txi ’: pap~-r
($“ ct 

~~~~~ 5) i e a J r  with coostitit t v o  r e st r i c t i o ns  for ‘ cial  ~‘1ost ic ’ —p las t ic
: w it t r i ~ ls , ~nc1~ ~ir~ ~ertain ~yr_~~trj~~l interpr’~ ‘ion s and re~ t r i  ~t ions On
the c t~~ .s  5 s~~tr~s~ fcr f in i tc ly - 1eforrn~ i du ’ ii’ m”tals . The eases of r i , ’ii-

r. . l ri,1s r r . j  ei
~~

y ’ -~ la~ t ic materials  wi th  sm’~. L l  ~i f o rmat ions are
~~~~ .1~~~~r s d  in f.~~~tj Ofl 5.

~:~iie t~. ’ ter~~’ t i v .  !‘orn ~ lat ion of p l a st i  :it j  x- ’ J  ~,t iv i -  to loading
r~~o- r is. st r a i n  sp ac.~ (SectIon 3) is also seful in the  rJ , r i v a t i c n  of some

cf t h r ’s t r i  icr.~ Iis~ uss’~ in i’stions L and ‘ , ~n potential  util i t~ of
‘±.is forr .aa tL  in ~. c , r ical ccmp ~t a t i o n s sno.~1 ! r. • t e  o :’-r looked . In con-
t r s ’. the formula t ion  ot p i~~ t ici t y r i ~~~~.” to boa dir.~ s~ r i~~ces in s tr ess
spac , ts.e cor~s t it~~ i .’e equat~ .~ns for the p last i c  st r ~ ir . r a t e  and th~ ossoc iat ’ I
loadis.e~~ ’: i~~~r j a in  he al~ ro- t ive formula t ion  hol I wj l  s.~. t  eh- r~~o in the case
f elastic-p rfe:tl: plastic materials and is. ~ ie - S t i re  physically work .-

hardenjr~, - rrri~ of metalLic materioj.s. Belated :idiitiona3 remarks are made in

~
‘ection ‘ .

2. ~T L I 1 i i~IEC . ~~ A 1AcK ~~ OU~D.

PirLc- m s .  ~oneeptc concerning the mechanical behavior of materials are
extensions 01 o~ s ’r ;at i o rs  made in simple t~nsion or simple shear , it is help-
ful to r’-coll bri ti .’,, to’ tartilia r iioaliz~ .1 responc-. of a work-hardening
i st i c -p i a st i c  ir it-:rial in a on~-limenrionai test  ir. which the deformation is
.e:cgeneous . In the absence of hysteresis , th  natur e of the response of a
ty~ teal ductil rr tnlllc material in a simple tension test is depicted by the
o~r’:- 0A -d in the pi~~nr  of the conventional engineering stress (rr ) Versus
• r in ’er i n ~ strain (€ of Fi~ . 1. From the point 0 to the proportional limit A
‘h’- material jr h r  ~r i~’ elastic and , since the deformation in this range is
r~v’rsible , ~nloo iir,~ t~ k~ s place along AO. For loading above A (resarded to

~e coincii’~nt with the initial yield point) the iefcrmation is irreversible and
th  m at  r~. al work-n~rlonr along ABH. Unloading from a point B is assumed to
ta
~
e place elasticall:~ along BD; the compressive yield limit at D is now lower

than that at A (due to Bauschinger effect) and BD , in general , is taken to be
porallel to ~;A. i-elcading from a point such as C (or an:i point on BD) proceeds
along c~ (since hysteresis is ass~med to be absent ) to the point B, whereuponfurther loadir,~ proceeds to subsequent yielding alons the path BH.

The schemati r diagr am represented by the solid line curve in Fir. 1 does
net prominently display the extended range of the rising portion of the TT-~
cu ’ve:  however , it does also exhibit the fallin~’ portion of the curve , as well
as the point H (corr’sncnhing to the ultimate strength ) at which the slope of
the stress—strain curve vanishes . The corresponding :tr~ ss-strain curve for
an elastic-perfectly plastic material (the dashed line OAA ’A”) is also shown
in Fig. 1. )rdinarily in the development of the theory of elastic-plastic
materials , regardi ss of whether the deformation is finite or infinitesimal ,
ot tent ion is confined to the rir ing portion of tb~ m-e curve (OAB) along which
th’-’ slope of the stress-strain is positive and the falling portion of the curve
(beyond }i~ is ignored . However , it is important to note that a theory which is
constructed for the work-hardening range of the metal lie materials may not be
valid in the vicinity of the ultimate strength (or ultimate load) or in the
region about which necking begins? We return to this aspect of the subject in
the next section.

Let the motion of a body be referred to a fixed system of rectangular
Cartesian axes and let the position of a typical particle in the present con-
figuration at time t be designated by x i =x j(xK,t), where XA is a ref erence
position of the particle. It is convenient to introduce the symmetric strain
2KL bY

2The term necking is used here synonymously with the ma.ximtun point on the
rt-e curve (see Fig. 3.20, p. 87 of Richards [7]).

2.
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:-ic. 1 Ar. idealized diagr am for a work-hardening material
(curve OABFi ) in the iT-c plane exhibiting a region of zero
slope and the corresponding stress-strain curve for an
elastic-perfectly plastic material (the dashed lines

• .JAA ’A ”). Also shown is unloading elastically fr ~mi the
• point B along BC.

eKL = 

~
(c KL

_ o~~ ) , c~~ = Fj~~~iL  ~ 
F~~ ~~~ (1)

where cKL are the components of the Cauchy-Green measure of deformation defined
in terms of the deformation gradient FIK relative to the refer ence position and

~hL 
denotes the Kronecker symbol. Throughout the paper , all subscripts take

the values 1,2,3 and the usual summation convention is employed over repeated
subscripts.

The deformation function Xj in (1)3 may be specified in the form Xj
XK ô~(i 

+u 1, where uj=u i(XM,t) are the relative finite displacement components.
For later reference , consider now a simple tension test from which the standard
engineerine stress-strain curve such as the i~t-c curve of Fig. 1 can be obtained.
I’t the initial length of the tensile specimen be its final length L and
choose the X1-axis to coincide With’the longitudinal axis of the specimen.
Further , let X1=X 1+u1(X1) be the deformation function in a homogeneous
extensional deformation , where the relative longitud inal displacement u1(X1) =
[(2-2 0)/20]X1, and let e denote the resulting Lagrangian strain [corresponding
to the component e11 in (l)~]. Then, with the use of (l)~ , 

the engineering
strain € defined by

~u L-L
(2)

is related to e by

e = e + ~~~c2 
. (3)

We further recall the relationship between the non-symmetric Piola-
Kirchho ff stress TT~~<, the symmetric Piola-K.irchhoff stress s~~ and the symmetric

3.
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Cauchy s t ress  
~~~~ 

namely

• 
~~ 

= F~~s~~ ‘ 
5LK = 4KL 0ij = [de t (F ~~ )]~~ Fj~~ j L

s
~~

The stresses ‘h
i~~: 

and o• - are sometimes r forred to in the literature as the
er.~’ineerjr;g (o r s.omina i~ stress and the true stress, respectively. Let 11 and S
refer- , r :~ . e t i v e l y ,  to the ero~in~ ’~rin st r ess  [corresponding to ii11 in
and to the corj onent  5~~~ of’ the symmetric Piola-Kirchhoff stress. Then, with
reference to th-.- one-dimensional homogeneous extensional deformation referred

• to above , by (i
~) i and (2) 2 we have the relotionship

= (l+c~ s . (5 )

It is easily seen from (3) and (5)  that if the  deformation is infinitesimal so
th-~t e < < l , t h n  (3 reduces to e = c  to the order of approximation considered
and the distinction amon,~ TT ,s and the corresponding true stress (i.e., the
component cr11 in (L~~.. 4iisappears.

We summarize no~ the principal results for the mechanical theory of
finitely deforrriel elastic-plastic continua contained in the more general thermo-
dynamical work of Green and Naghdi [1,2] .  Thus , in addition to the strain e~~• defined by (l)~~, at each point of the continuum we admit the existence of
(1) a plastic strain3 specified by a symmetric second order tensor e~~~; ( ii )  a

• measure of work-hardening specified by a scalar function K; and a scalar-valued
function f-- called the yield or loading function--which depends on the var i-
ables ~~~~~~~ and K and which is such that the equation

f (s~~~,e~~ ,K)  = 0 (6)

for fixed values of e~~ and K represents a hypersurface in the sbc-dilnensiQnal
Euclidean space of the syrrunetric stress 5KL• We assume the loading function f
to be continuously differentiable with respect to its arguments and that the
yi eld condition (6) be an orientable surface of dimension five in the six-
dimensional stress space.

Let the strain eKL depend on the set of variables

= (s~~,e~~,~t) (7)

and write
A

= eKL (b) . (8)
Then , assuming that the e~cpression (8) is invertible for fixed values of
and K , we have

• s~~~=~~~~(~) , (9)

where for convenience we have introduced the abbreviation

= (e~~ ,e~~ , ic) . (10 )

The response of elastic-plastic materials , which is developed relative to the
loading funct ions in stress space and which is confined to the work-hardeni ng
range of’ the material, is characterized by the constitutive assumption (9), as
well as those for the rate of work- hardeni ng and the plastic str ain rate ,
namely

• K = h
~~

e
~ L (U)

and

3Although we ass~mie here that eKL is symmetric , the developments that fol-
low can be modified to include the effect of a non-symmetric plastic strain
tensor included in [2]. 
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0 w h e n f < 0
A

0 w h e n f = O a n d f < 0
eH = A (12)

0 w h e n f = O a n d f = O
A A

~~KL~ 
w h e n f = O a n d f > 0  ,

where a superposed dot stands for material time derivative with respect to t
~olding >i~ fixed, ~~ ~~J, and h~~ are functions of the set of variables (7) ,
r is defined by

(13)

and where toe partial d .r i va t i ve  ~f/~ s~~ stands for the syr~netric form
Tb. four conditions involving f and r o n  the right-hand

sides of th~- four equations in (12 ) are called the loading criteria. Using the
conventional t~rminology , these four conditions in the order listed correspond
to an elastic state , unloading from an elastic-plastic state , neutral loading
and loading from an elastic-plastic state.

The constitutive equations (12) are not , in general , valid for the special
case of an elastic-perfectly plastic material or in regions where the material
behavior corresponds to that at ultimate strength. In fact , in the context of
the formulation of plasticity relative to loading surfaces in stress space , the
theory of elastic-perfectly plastic materials is usually developed separately.
As noted by Gr~ en and Naghdi [1], the constitutive equations for an elastic-
p. rfectly plastic material in the presence of f ini te  deformation may be deduced
as a limiting case of the above results after allowance is made also for a
modification of the loading criteria. Thus, if K is always constant (= 

~~ 
say)

and the yield function f is independent of e?.~~, 
the loading surface is always

stationary and may be represented as

f1(s~~~) = K0 . (JJ~)

Moreover , instead of (12), for an elastic-perfectly plastic material we have

0 when f
1< O  

‘ 

A
eKL

_ 0 when f1 = O a n d f1 < 0  , (i~ )

when f1 
= 0 and f1 = 0

where
• — A 

(16)X - , f1 
- 

~~ 

s~~

While the criteria for an elastic state and for unloading in (l5) i 2 are similar
to those in (l2 )~ 2 ’ it should be r emembered that neutral loading ik longer
exists in the ela~ tic-perfectiy plastic case and ~hat the criterion for loading
in (15 ) 3 does not involve a condition similar to f > 0  in (12)~~.

The form of the nonlinear theory of elastic-plastic materials outlined
above represents the material description of the theory. It is developed rela-
tive to loading surfaces in the six-dimensional stress space and is intended to

• be valid in the work-hardening range of the material corresponding to the range
in which the stress is monotonicafly increasing function of strain in one-
dimension . It is perhaps worth recalling that the development of the constitu-
tive results which , in particular , leads to (U) and (12 ) begins with the
assumption that the response functions for eKL and K are linear in the stress
rate and that both eKL and K are independent of the particular time scale
used to compute the rate of change . Further , both eKI and e~ 1 are regarded as
independent kinematip variables and only the tensor eKL is related to the
deformation gradient?

~For related remarks see also [8].

5. 
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A 1ldo~~h th..~ ~:trt-ss tensor which naturally occurs in the equations of
n o ’ i~~. of the material description is the non-symmetric Piola-Kirchhoff stress,
the variables which occur in the constitutive equations are the variables Li
which include the symmetric Piola-Kirchhoff stress. For example, instead of’
(6) , we may begin by considering a yield function which depends on5 itiK. But
this r tr”~s is related by (‘~

)i to the symmetric stress tensor 5KL and the
deformation gradient , so that the yield function may be expressed as another
function of 5VL and F11 . P~breover, the yield function must remain unalteredwhen the continuum is subjected to superposed rigid body motions and it follows
that the yield function can be expressed in terms of a different function of
s~-~ and eRL. In view of the constjtutive assumption (8) for the strain tensor,
the yield function can be reduced further to the form in (6).

3. AN ALTER NATI VE FORMULfi.TION OF PLASTICIT Y IN SIRAIN SPACE.

In order to motivate the significance of an alternative formulation of
plasticity theory relative to loading surfaces in strain space, we now compare
the response of a typical ductile metal in the one-dimensional homogeneous
‘‘xt- ns ional  deformation considered previously with the corresponding prediction
of the theory of elastic-plastic materials summarized in Section 2. As noted
with reference to Fig. 1, the uniaxial stress-strain curve resulting from a
Sirspie tension test is a plot of engineering stress it as a function of engi-
n ring strain c , while the corresponding response curve according to the
theory of Section 2 is a plot of the symmetric Piola-Kirchhof’f stress 5 as a
function of the Lagrangian strain e. Keeping this in mind and recalling the
relations (3) and (5), it can then be shown that [3]

ds dii Ti /Ll7

‘
2 

~~~~~~ iT~~~~~~~~~~ RVE~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

.j

7’ STRAIN , in /in . ~ 10.2

STRAIN , in / in . x 10 2

Fig. 2 Conventional engineering stress-engineering strain diagr am
(the it-c curve in the lower left-hand corner ) for 7075 aluminum alloy
together -with the curve A representing an enlarged portion of the ir-~
curve and the curve 13 representing the corresponding portion of the
s-e curve . The approximate coordinates of points M and M ’ are
(L 6x lO ’ 2, 81~x l0i) and (14 .7x10”2 , 80 .3x 103) ,  respectively.
5The yield function may also be assumed to depend on FiL and K , but this

is not essential to the argument that follows.

6. 3
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The it_c s t ress-s t rain curve shown in the lower l’-ft-hand side of Fig. 2
c~rr~sponds to thc experimental data for 7075 afluinirjwn alloy given in Richards
[7; p. 137, Fig. 3.55]. C~ri~- A in Fir~. 2 is an enlargement of the indicatedportion of the ri-c curve and curve B represents the corresponding portion of
the s-e cur~ e calculated with the use of (3) ,  (5) and (17). Several features
of the curves A aol B should be noted and compared:

(a) m-~ slope drr/dc in (17) is always positive since it/(l+c)>0 and
hence (17)2 ropr o nts the slope gn the rising portion of the Ti-c curve prior
to necking or ul tin~te strength ;

(b ) The s-: curve will always have a zero slope at a poi9t within the
wor~ -h-~r i ;n ing  range of the r i- c  curve and the maximum value of° 5 occurs at N ’
directly below N on curve A and to the left of the point M at which it is a
maxirsun ;

(c )  The slope ds/de<0 ~or the range of values of the stress between N ’
and ~~~

‘
, which corresponds to 1(0 and e~1=0 in (12), and thus is contrary to

the physical observation that the increment of plastic strain7 is not zero
between U and M ~or between N ’ and M ’);

(d) Since f = 0  at  N ’, as this point is approached XBKL in (12 ) 4 must
become unbounded and this renders the value of the plastic strain rate inde-
terminate at ~~~

‘.

In contrast to the singular behavior at N ’ on curve B, the corresponding
point U on curve A is in the physically work-hardening range of the stress-
strain curve and also in the region prior to necking or initiation of insta-
bility. Moreover , (12)4 will be nearly singular over a range of stress around
U ’ and the loading criteria in (12 ) 3, 4, which involve the stress rate , fail to
hold at all points beyond N ’. This means that the plastic strain rate is
extremely sensit ive to the stress rat e and hence a representation of the form
(12)4 may not be reliable in any explicit numerical calculations in the vicinity
of a point such as N ’. It is worth noting also that the particular features
associated with the zero slope of the stress-strain curve in a simple tension
test do not arise in a one-dimensional homogeneous compressive deformation.
This is because in the compression test the cross-sectional area of the speci-
m en is continuously increasing (instead of decreasing in the case of a simple
tension test)  and hence there are no points of zero slope; see , in this con-
nection , Richards [7; p. 150, Fig. 4.3].

Motivated by the above back~~ound and in order to obtain an appropriate
expression for the plastic strain rate which would be valid in the full range
of plastic deformation , we summarize briefly here the main aspects of a dif-
ferent formulation of plasticity in the form given by Naghd.i and Thapp [3).
The loading criteria in this formulation, as well as all constitutive equations
corresponding to (ii) and ( 12), are expressed as a linear function of ~~~~~~~~ in
addition to their dependence on the variables (10). Thus, we admit the exis-
tence of a loading function g (e~~,e~~ ,K) such that the equation

g(e~~ ,e~~~,K )  = 0 (18)

for fixed values of e~~ and K represents a hypersurface of dimension five in
the six-dimensional Euclidean space of the symmetric strain e~~ . Alternatively,
(18) can be obtained from (6) after substituting (9) for the argument s~~ in
the function f .  Again as in the theory of Section 2, we assume that the rate
of work-hardening and the plastic strain rate are independent of the particular
time scale used to calculate the rate of change. Then , with the assumption
that the plastic strain rat e depends linearly on 

~KL and employing a procedure
similar to that used in [1], the constitutive equations for K and can be
expressed in the forms

6The maximum value of s on curve B is calculated by means of (3), (5) and
(17) from the sane experimental data but plotted in the s-e plane .

7Recall that since the deformation is homogeneous the increment of plastic
strain corresponds to the rate of plastic strain.

7.
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= 
~ (L~KL (19)

and

0 w h e n g < 0
A

0 w h e n g = O a n d g < 0
e~,1 = A (20)

0 w h e n g = O a n d g = 0
A A

~~~~ w h e n g = O a n d g > 0
A

and m.~L are functions of the set of variables (10) and g stands for

(21)

Supplementary to the results (20), it is also shown in [3] that when the stress
loading criteria imply one of the conditions in (12)1 2 -~ (corresponding to an
elastic state , unloading and neutral loading , respect~ v~Iy ) ,  the strain loading
criteria in (20)1 2 3 imply precisely the same conditions relative to strainspace. As far as ’1~ading is concerned , no gene~a1 concl~sion can be reached
revarding the orrespondence or equivalence of g>0 and f>0, but we emphasize
that tb - constitutive equation (20)4 holds in the full range of plastic deforma-
tion. Uoreover , in contr ast to the modified form of the loading cr iter ia for
the elastic-p-~rfectly plastic case in (15) as compared with those in (12), the
loading criteria in (20) of the alternative formulation hold without change for
elastic-perfectly plastic materials.

A discussion of comparison of the initial and subsequent yield surfaces in
strain space with corresponding results in stress spaces is illustrated in [3)
~:ith the use of two well-known yield functions , namely those of von Mises and
Tresca. In particular , it is shown that the initial yield surfaces of von Mises
and fresca have exactly the sane geometrical relationship to each other in
strain space as they have in stress space. For further discussion, we refer
the reader to [3, Sec. 511 .

4 . ?E~ThICTI0NS ON CONSTITUTIVE E~UATI0NS FOR PLASTIC STRAIN RATE.

We recall here certain restrictions derived by Naghdi and 1~app [4) from
consideration of nonnegative external work in a cycle of homogeneous deforma-
tion and then elaborate on the nature of the results.

Cons ider a closed cyc~,e of spatially homogeneous mot ion in the closed time
interval [t1,t2], (t1<t 2)9 The cycle is said to be smooth if the time deriva-
tives of displacement, strain and associated kinematic quantities are continuous

• in [t 1 ,t2) and assume the same values for each material point at times t1 and
tp . We aesignate such a smooth spatially homogeneous closed cycle of deforma-
tion by c(t 1, t2 ) and recall the following work assumption: The external worI~
done on the ~~~~ ~~ surface tractions and ~~ ~~~~ forces ~~ ~~~ smooth ~~~~~~~

-

tial.ly homogeneous closed cycle is nonnegative, i.e.,
t

rriJ~NKvidA +j ~~b~v~dV ]dt ~ 0 (22 )

for all cycles c(t 1,t2) .  In (22 ) ,  R0 ~.s the region of space occupied by the
body in its r ference configuration , 

~~~ 
is the closed boundar y surface of

is the mass density in the refer ence configuration, v~ are the components of

8
Recai.l that a homogeneous motion is one whose deformation gradient is

independent of the material coordinates so that , in a spatially homogeneous
motion , the strain tensor eKL is a function of time only. For a closed spa-
tially homogeneous cycle in the closed time interval [t 1, t2 ], the displacement
Xj  and the strain eKL assume the sane values at times t1 and t2 .

8.
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the ve loc ity , b~ ur~- t~ - components of the body force per unit mass, NK are the
i omponents of the outward unit normal to BR~,, TIIK NK represen t the components of
the str~ c vector acting on the body in the present configuration and measured
per unit area in the reference configuration , and dA and dV refer to elements

• of a r t  and volume in the reference configuration.
~~~~

- now proceed to derive a certain inequalit y, which involves the stress
power , from the assumption (22 ) and the equations of motion

ri i K K + P obi = (23)

wri e re  a comm a denote partial di fferentiat ion with respect to X K . Consider the
inner product of ( 2 3 )  with v~~, integrate the resulting expression over the
reg ion ~~ and use the divergence theorem to obtain

it . .N v . d.A + r p b.v .dV
.J~~~ ii ~~K i  .L~ o h

~ 
SR p 0v . v . dV + $ s KLe~~

dV , (24)

wh-: r in writim’ the integramd of the last integral we have used 
~~~~ 2 ’and the identity

¶T
1K

V
i K  

= FIL5LKv
I K  

SKLe
KL . (25)

:;~~t , int -c’,r at . e ~ph ’~ in the time interval [t 1,t2 1 and combine the result with
the assumption (22) to arrive at the inequality

~ p0
-:.v~dV + 

~ 
5 K~~KL~~ ldt ~ 0 . (26)

2i~c the closed cycle of deformation e(t1, t2 ) is smooth, the velocity (and
therefore  the kinetic energy ) has the same value at t = t 1 and t = t 2, so that
the f i rs t  term is (26 ) vanishes for every cycle c(t1,t2). Further , simce
and e~-L are functions of time only and the volume $~

, d V> 0 , (26) or equiva-
lently the assumption (22 ) can be reduced to9

S
t2 5KL eKLdt ~ 0 . (27)

F t1
The inequality (27) derived from (22) ,  is valid for any smooth closed homogene-
ous strain cycle. Now, let e~~ be any strain inside the loading surface in
strain space so that

g(e~~ ,e~~ ,K) < 0 , (28)

and cons~ zIer a smooth strain cycle ir. strain space associated with c(t 1,t2 )
beginning and ending at e~~ . For this cycle, (27 ) can be written as

s~~~(e~~~- eKL )dt ~ 0

After integrating the last result by parts and remembering that ejcj~(t1) =
ey~j t2 ) = ey~ , we obtain

(29)

Li~ inequality (2~~) holds for any smooth closed strain cycle beginning and
endLng at e~~ in~;ide the loading surface (18) in the strain space. It may be
contrasted with a similar inequality over a closed stress cycle in the stress
space , namely

inequality similar in for m to (27) but in the context of small deforma-
tion is the starting point of I1’iushin ’s discussion in [9] and is referred to
by him as the ‘postulate of plasticity. ’

9
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S
t2 o ~ 

~ o , (30)

where s~ , is any stress inside the loading surface (6’. It should be noted
that in ~~ e context of finite deformation, (30) cannot be deduced from the
assumption (22).  However , the linearized version of (30) for small deforma-
tions corresponds to Drucker’s Postulate [lOJ ; in this connection see also [ii].

With the use of (29) and by considering a special sequence of spatially
homogeneous closed strain cycles, two inequalities are der ived in (4) which
hold during lo-iiing. One of these inequalities can be used to prove that a
tensor g~~ defined iy  A

• ~~~~~~~~~~~~~~~~~~~~~~~ (31)

is directed along the normal. to the loading surface , i .e . ,

(32 )

where ‘i is a nonnegative scalar function of the variables (10), and the second
inequality is given by

~KL~XL ~ 0 . (33)

Now for certain purposes , it is more convenient to express the stress response
in terms o~ a different but equivalent set of kinematic variables (e -e~~ ,
e~ L, K ) .  Thus , for the stress constitutive equations , we may also wr~~e (jee
[6 1)

_
_

( p p 
~• s~~ — s}(J~

eMN eMN ,eMN , .~

A 10
and also assume that the response function s,, in (9) are such that

A
~s ~s

= .a_L~ (35)• ~~~ ~~~~

wi th  the use of (34), (35) and the chain rule for differentiation , it is
shown in [4 ]  that the results (32) and (33) can be referred to stress space
and expressed in the forms

- 

~ KLMN N = ‘
~
‘ 

~ 
‘
~
‘ ~~ 0

(36)
CKU~N M N KL

where the fourth order tensor functions are defined by

~~KI1~1N ~s p ~K MN
1~~

A A
• ~s ~s

p a~C ~‘MN

~~~KL 
~~~~~~~~~~~~~~- 

, P~~ p ~K MN
~~

eMN eMN / ~
eMN

10Thi~ symmetry restriction is tantamount to assuming that the response
function s 5KL are derivable from a potential. In fact , if the constitutive
equations (6J to (12 ) are viewed in the context of the isothermal theory of
elastic-plastic materials in which 

~~~ 
are expressed in terms of the partial

derivatives of e~U,, then (35) is automatically fulfilled.

10.
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2 ’ shu~ II ec e t - -J ~ L- t ~ e - -  r- - e 1 r ic’L~ .1: ~~~~ 
, r i d  ir . all , even

~e ’i,c th ’- i  have - ‘-n d -s ~VCd 1 rore 0 5 . 1  ~- - r  ler . ef e- ~ J1 :C5 ous stra~ r. cyc1~ s.
m d -  ‘‘ d , i~nrc the  r- -s~ cx.ne f e r e t l u r n :  whic?. oc’: u- in ~ ~~ , iepc- r . i  only on ~~:.

local ~ie’ :s-it ic :u - i ’ r.1 . ’s (10 ) m i  u t  t n . -~ r a t i al  ~r a 1~ en~,r , it is : ‘iflicier.t
- - - on s i 1 ’- r  p a t i ll , ~s.e ”e-~~o~ 5 rec.t ior . s in ~r - sr  to ot,t m j~~. 

( :nrj e tj  tive
r -  suJ t •  W e i ~~h wOei i Le :ail- .1 in eli n o t ions .

the ~- - - ; t i o i - r . ~ ~ ,.,~ ~id C in (3’r ) involve r e:- . r ,: --
and ~- - -~~ ens in e: i-,.n , its In -j r - - - ~~~~-a nd the  f~Lstions

r also eet in -  ~~. h - - r e . - , eecer -~1r. •- he (~ a , t he  plastic 4 rr-le cut’- can be
h- ’ - r : -in- - I :~~~e - ‘ •ci’~ of t L- ’ loading function f, tn~- wcre~~~rd~r~in~:r — t er  ~ I ~ It ~s ci r I ‘ -‘

c-fl~ ,’ c - -n i L c - -es , e. - . , w2 --rI 5
~-L o r -  ossumed to be inrlep ;-Ient of ~~~~~ and

~: , ‘ n-~ r-~ -~n t l c  . e tr ’ Le r - te w r 3  2 he d i rec ted  along the normal to t 2 -  y ield
s i c tee - in st r es s-  nnac~~. A further discussion on this will be postponed until
t- -cticn 5.

2 - d - 2 ~ tPECIA L RL::i;LT~ ;~:mD 2i-’ECi’ L EU-2TIC—PIJ-f TiC m-t~~~~ A Ii:.

in this secti,:.n sor~e ecial elastic-plastic materials and

• so-~ci-il cases of the  s Ilts dinous:-ed in  L ection 14 , inclu’iinr a geometrical
ir t  r -eet ee Le-n of h e -  ir, - uj e i i t , - (29 ) j r  or,e-dL’e .-nnion and restrictions on the

~-‘-~~ er~ -e of i - i  t ile  r- .~ -t t :. ArIon - the  v a r i c i e  cases considered are
r - - - r - s l  special r e et - r 1 u i : :  for w h i ch  st ronger  restrictions the n those indicated
is. (~ u )~~ - - can r e -

2 (A ) A becr: :etrical n t -~rp r-:tet iorz of th e  Ineqoal it y (29 )
and its 2ons-squ’-nce:

I n  or- -:-r t gain some ir,siI-ht into the natir e of the ineq~olity (2?), which in
a cer s ‘j , er .c- ~ of the es~ certiort (22), ire this su c- -?o tion we consider a geo-
m et r i ca l  i n t e r : i - ’t et l c r . of a one—dL~er,cione.1 ver sion of (29) and compare trio
with a ecrreorecridinc inequality 0.-er str~ os cycle. To this ~nd , again let a
- rd e stand for t- cre~ - h o .  enn ional components of the stress 5 KL and tb-s strain

in a homos-:-reeous finite -:-xtenoioral deformation of a ductile mater i el  and
let (s° , - °)  refer  to -er elastic c O st s  prior to any additional plast ic  deforrna-
t i c - n .  Then , in on e- -i lr- :-nnion arid over a strain cycle , (29 ) can be wri t ten

2 ( - --- e°)sd t ~ 0 or j (e-e°)ds ~ 0 , (3 ’?)
C(e)

wher e C( e)  in (38)2 refers to a closed strain cycle such as the cycle ABCDF in

~irr . 3 and where an increment of stress ds (since the deformation is homogeneous )
corresponds to rr dt. The inequalities in (38) are obtained from (29). They
should be contracted with similar inequalities in one-dimension and over a
s t re s s  cycle which follow from (30),  i . e . ,11

(~t

J ~( °)dt a 0 or j (s-s °)de ~ 0 (39)
t1 C( s )

where C (s) in (39) 2 r e f ’r s  to a closed stress cycle such as the cycle ABCD in
FL’. 3 and where an increment of strain de (since the deformation is homogeneous)
corresponds to edt.

• With reference to the s-e diagram in Fig. 3, we observe that on the rising
portion of the one-dimensional stress-strain curve the negative of the left-
hand side of (3 8) 2 represents the area enclosed by ABCDFA (cross-hatched
- ertically in F i r - . 3) and the loft-hand side of (39)~ represents the area
enolss d by AFCDA (crosc-hatch’-’I horizontally in Fig. 3). Parallel statements

11The ]~~r -~- rized version of (39 .~ corresponds to a statement of Drucker ’s
postulate [10] in one-dimension . A discussion of some aspects of conr r q c f - r ~ L~of (38) ar’d (39.2 , but limited to small deformation , is contained also in a
r p rby almer, Mai=r and Druc~ er Cl2) 

-~~~__



conc”rriin~’ t b - intc-rço-- -t . at1on~ of the --ft-hand ~ide~ of (38)2 and (39)~ hold
also for the falling portion of the s-c e- rv - •- o.”-r the strain cycle A ’B C ’D ’F ’
and over oh- - stress cycle A ’B ’C ’D ’ in Fig. 3. 

e° 
e D t__ I___

~i .—I e

de~

Fig. 3 An idealized one-dimensional mechanical response of a work-
hardening material (curve OABCB’C ’t-i ) in a homo~eneo’:o extensional
deformation plotted in the s-e plane. The symbols (s°,e°) ,  (s’°,e ’°)
refer to an elastic state or prior to amy additional plastic deforma-
tion. Also shown is unloading elastically from various points on
both the risinu and the fallin~ portions of the curve , as well as
the closed strain cycles ABCDF and A ’B’C ’D’F ’ and the corresponding
closed stress cycles ABCD and A ’B ’C ’D’.

While both (38) and (39) can be assigned the geometrical interpretations
throughout the entire har dening range of the stress-strain diagram, the conse-
quences of the inequality (39 ) cannot be valid on the falling portion of the
s-e curve. To see this, consider the inequality (36)9 when the coefficients

• CKU~ 
are constants and independent of the variables rio). Then, for an

isotropic material and in one-dimension, it can be easily shown that (36)2
yields

(40)

where C is a material constant. At a typical point on the faLiJ og portion of
the s-e curve, say at the point P in Fig. 3, we have

d s < 0 , de> 0 , de~~>0 . (41)

If we also place the usual restriction on the coefficient C (rorresponding to
Young’s modulus of elasticity), we see that (140) is satisfied and the work
assumption (22) is consistent with the physical behavior of ductile metals in
the falling portion of the one-dimensional stress-strain curve. In contrast
to the observation just made, the inequality corresponding to (40) resulting
from (39 ) over a stress cycle is of the form ~~~aO and this is clearly
violated over the falling portion of the s-e curve where ~ < 0 and ~~ >0 by
(141).

12.
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(B) Restrictions on the Stress Response of a Class of
Elastic-Plastic Materials

As indicated in [6] ,  a properly Invariant representation can be obtained for
the 5t~-ess and the free enc’rgy response functions in terms of easily inter-

- r pretable kinemat ic  measures . Such representations can then be used to further
restrict the form of the stress response function . With reference to Fig. 1,
recall now that in the case of ductile metals unloading from an elastic-
plastic state takes place linearly along a straight line such as BC , even at
larue (or moderately large) strains . Making an assumption on the basis of

• this observation , an expression for the stress response is obtained in [6]
which jr linear in certain kinematic measure (essentially the elastic strain
tensor) but with coefficients which are arbitrary functions of the plastic
strain and the work-hardening parameter . For details, the reader is referred
to [e J ,  where a discussion of a number of other special cases can be found.

• (c) Materials Whose Stress Response is Linear in (e~~ -e~~ )

As noted by L-a hdi and Thapp [ 5 ) ,  in the construction of the proofs in [3]
• which led to the results (36),  an explicit use was not made of the stress

r’ spons•e in th-~- form (9) and only an expression for the rate of stress ~yj, was
utilized . Consid~ r now a special class of elastic-plastic materials whose
stress response may be specified through the rate of stress in the form

— L  (~ ~~~~~~~ L —

~KL — 

~1~4
e
~~~

e
~~ 1 KU4N 

— ~~~~~~ , 2

where the tensor coefficients LKU~~ depend on e~~ and ~ and satisfy the symmetry
conditions (42)2. It is shown in [5] that in this case the coefficients

vanish and (36)1 reduces to

~~~~~~~~ ~~a 0  . (143)

Hence, the normality of the plastic strain rate relative to loading surfaces in
strm’ss space holds when the stress response is specified by the special con-

— stitutive equation (42).

(D) Materials Whose Stress Response is Linear in (e~~-e~~)
and have Constant Coefficients

Let the stress response be specified by a special case of (42) in which the
• coefficients LKL~~ are constants , independent of e~~ and ~~. Assuming that in

the initial state e~~ =e~~ =0 when ~KL =0 ’ the integration of (42) yields

.~~~~~~ P~~ 445KL —

• where the constant coefficients LJJJ~cJ~ sat isfy symmetry conditions similar to
(42 

~~Inasmuch as the stress response (44) is a special case of (42)i, it follows
that the normality of the plastic strain rate in the form (43) is also valid
here. However, since in the present situation the material coefficients in
(44 ) are independent of plastic strain and the work-hardening parameter, it is

• possible to obtain stronger restrictions than those given by (36)1 2~ 
Thus ,

by starting again with the inequalloy (25) applied to a suitably dosed spa-
tially homogeneous strain cycle (which may be of arbitrary size), we obtain
the two inequalities [5]

(s~~-s~~) ~~~~~~~— a 0 (45)

and - -

a
13.
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or - , (46 )

w b - r- - °~-‘L in (~~~~ ‘ r - - t - - r r  to a state of stress which may be inside or on the
b a u m -  c r r f - t c e  in s’ r- - - rc  space. By a procedure similar to that employed
r - r -v i o ur -ly t:; ti— ,uhi i [11], from th e -  inequality ( 145) we can prove convexity of
the loaliri - surface f in ntresr space. Hence , as long as the coefficients
i~~:~~’ in ( 1~~) ar’  constants , ~he work assumption (22 ) for the strain cycles
a L s o  implies convexity of On - -  yield surfaces in stress space.

5ie ) Rigid-Plastic Materials

As ~n I i c a t e d  in [5 ) ,  - : t r  the convexity of yield surf icec  and the normality of
tt-- plastic strain rat -- soi l in this case. In particular , (36 )1 can be

• red-:s ed to

~~~L ~~~~~~~~~~~ 
, -~~~o , ( 147)

wh ich is a useful - -c r -  sc ion fo r the s t ra in  r - t t e  r- - sp rise ot a r i~ ii -p l ast ic
m a t e r i a l .  2 -- ,- s -n pr-css ir i ~ t h - - Jr -p-snden c .. - of f on -- ~I an l  ~~ , the above con-
cbu sicr ::  hold also fsr r i f ; i d — p er f ec t ly  r i e st i c  r e e n - -r i~~i r .

The arov ’~ discuss ions  have been carried •~ut so far in tb- context of
f i n i t e  1~-fcrmn tion . 

r.he consider now one f ui -th .-r  case con c--rn ing the small
d e f o r m a t i o n  of elastic-plastic materials whose stress response is of the form
(44 ) with constemet coefficients .

(~~ ) Elastic-Plastic Materials with Small Deformations

is avoid the introduction of additional notations we continue to use the same
n o t a t i -n s  as in the --ar lier  par ts  of the paper , even though in the l inearized

• - -~rrion of the -serious r-:sults and inequalities the dist inct ion between the
symmetric P io la -F ir chb o ff  strc-rs s~~ and the Cauchy stress disappears.

Wo assume- that the stress response is in the form of generalized Hooke ’ s
• law , or equivalently of the form (1+ 1+ )  with the infinitesimal strain e~~ now

taken to be e~~~= ’ - ~- + ‘
~~~~~~ , 

e~~ being the infinitesimal elastic strain.  Then ,
th e  conclusions r- - - nh --h previously in subsection (D) concerning the convexity
of the :iield sur faces  and the normality of plastic strain rate  remain valid
h- -re also. ~--hiie thor - s  conclusions are the same mar those which follow from
Dr scko r ’s pos tu la t - s  [10], the conr equence of the l inearized versions of (29)
and (30) are not the sam e .  In the case of Drucker ’ s postulate , we have

— )~P 0 0 (48)‘ Pt -  KL KL ‘ KL KL —

‘~hile b~~- comb ina t io n  of (43) and (1+5) is equi-;alont to ~142 3 ) l ,  the inequality
is d i f f e r e n t  and mor e restrictive than the linearized version of (46) 2.
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