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1. INTRODUCTION

This report describes the continuation of the investigation into

the behaviour of structures under internal resonance conditions.

Completion of the analysis on the three r~ode interaction case,

outlined in the previous report (September 1975), yields the variational

equations describing the slowly varying amplitudes and phases of each

mode. Computer simulation (C.S.M.P.) of these equations has been carried

out. Both parametric and nonlinear terms are found to be of importance

in the response of the structure.

Further experimental work on the original four mode model, where

‘parametric’ excitat ion of two of the modes leads to eventual participation

of all the modes, is presented along with a theoretical approach of a more

general nature. Attention is then turned to a less c~mp1ex two-mode

system exhibiting both parametric and nonlinear behaviour.
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2. 3 MODE INTERACT I ON

0 0

~~~~~ Iw s
,.— , ,  , ,-,

Fig. 1

Taking the simplified three mode model (Fig. 1), as described in

the previous report , and transforming from the generalised coordinates

W1, V2, S, A to normal coordinates via the modal matrix

[X]~~ 1 0 1 0

o 1 0 1

a1 0 a3 0

o a2 0 a4

results in the equations of motion in normal coordinates,

+ [D] 2p [X
1
] [M

1
Jf(p,~ ,j,t)

where [X~~J [M~~] 0 0

o o XL~
0 X6 0

o x7 0 X8

and a , Xr are evaluated from system constants.

Upon setting W~ w0cos~t, introducing a small parameter c

nondimensionalizing with respect to w0, N p /w0 and retaining quadratic

nonlinearities only,

f (111, N, N, t) becomes:-

.
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C11~
2cos~t 

- C12cL 2(N2M2 + + N 4N 2 + U4N 4 + 
~~2 + + 2U~N4)

C21CL 2~
2 eo~~lt ( N 2+N 4 ) - C21c~ 2 (N 1+N 3 ) ( N 2 +N~~) + C22ct 2

((a1N1 1- a3il3
)(a

2f~2 + a~~
lt; ) + ~((a

1N1 ~ a3N3
)(a

2N2 + cz 4 N 4 ) t

(a 2112 + a4U4
)(cz

1N1 + a3N 3 ) ) )  — C23c~2
(N
2 + fl4

)(a
1N1 + a3N3)

C31c2
2cos~2t + C 32ct 2 (N 2 + N 4 )(a~N 2 + a4 N 4 ) — C33c1

2
( ( N

2 t N~)

• (N2 + + 012 + ~~~ )2 )

C41c2~2(N
2 + N 4 )(c~N1 + a3N3)

Where ~~~ are system constants.

The equations of motion are now in normal mode form. Struble’s Asymptotic

• method [1] is applied in order to obtain an approximate solution.

Taking solutions of the f orm

N. A .(t)cos(w3t + 4i1
( t ) )  + ca1(t) + c2b1(t) +

imposing the internal and external resonance conditions

~ ~2 
- (A)

4 
and ~2

and limiting the analysis to one of the first order in c results in the

so-called ‘vari ational equations’. These are simultaneous first order

nonlinear differential equations describing the slowly varying amplitudes

and phases (A 1 and 4~
).

In this case they take the form:-



-
~

—4—

C1~~
cos~1 

- C2A2A4cos(42 + -

—2A 1w1 C3c2
2sin41 

— C11A2
A4sin (42 + — + 2c~1w1

2A~

C5~
2A4cos(q 1 + 

~~~ 
— C

6
A1A4cos(42 + —

C7~~A4S~~~~4 + — C8A1A4
sin(~ 2 + - ~~ + 2c~2w2

2A
2

C9c2
2A 2cos(q 4 + i

~2
) - C10A1A 2

cos(~ 2 + —

—2A 4w4 — C11~
2 A

2sin(4~q + 
~~~ 

— C12~ c2sin@2 + — 4~~) + 2c~4u 4
2A4

where C are constants for a given E,and 
~~ 

are introduced modal damping

coefficients.

The terms involving phase angle ~~ only arise from direct forcing

terms in the equations of motion , whilst the terms involving phase angles

+ - 

~~
) arid (&~ + 

~~~~ 
arise from nonlinear and parametric terms

respeciively .

The standard procedure now is to set the left hand sides of the

• variational equations to zero to give steady state response amplitudes [2].

However an analytical solution to the equations appears to be unobtainable

and so recour3e is made to their numerical integration.

On pages 5, 6 are the results of integration of both the complete

equations of motion and their corresponding variational equations for the

model with exact internal and external frequency relationships. (w4 
6.20 Hz,

6.93 Hz, w2 22.26 Hz, 
~l 

28.46 Hz). Damping coef f icients,

obtained from logarithmic decrement tests on the experimental model, have

• been introduced through a Rayleigh Dissipation Function. The excitation

amplitude is 0.1 mm.

Although the transient behaviour is different, tue variational equations

do show the mode interaction taking place and the convergence to steady

state conditions of comparable amplitude in each mode.
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- . 3. 4 MODE I U T E R A C T I O N

The equations of m o t i o n  Iu~ the four degree of freedom model (page 15

of previous int er im  report ) contain both nonlinear and parametric terms,

and in general tlies~ will always coexist ii i  a s t ructure . Indeed , the

condit ions which make the nonlinear t erms important in the behaviour of

the  s t ructure  are also the conditions under which the  par~:I!7 .et~~ic terms

become i~ por~~n it , as shown in the previous section .

Lxperullent al  Work

Further experimental work on the four mode model has shown that it

is possible to excite the two symmetric modes , fuselage b e n d i n g  (P
4 )

symmetric tai l  bend ing  
~~~~ 

by forcing ‘parametrically’ at the cocJ,in~ t ion

frequency ~? ~ (AJ 1~~. Growth of the fourth m ode then leads to interaction

w i t h  the first and third modes through the internal resonance condition

(A)
3 

+ w1. Hence we have an interesting s i tua t ion  in which the s t ruc ture

is excited harmonically rar away from any natural  frequency but responds

wi th  large amplitudes in all its modes .

Signal condit ioning equi pment has been custom built to show the

behaviour of the model more clearly . The model is monitored by an

accelerometer on the fuselage under the fin along with the strain gauge

pairs at the roots of each bean forming the ‘T’ tail. The signals from

these represent the generalised coordinates of the mathematical model

used to generate the equations of motion . Symmetric and antisymmetric

• tailplane motions are monitored by summing and differencing the two tail—

plane signals using analogue devices.

It was found that the accelerometer signal and the sum tailpiane

signal were fairly representative of the two synmmetric modes P2 and P4.

• However, the fin and antisymmetric tailplane signals required further

manipulation to give signals representative of the antisymmetric modes 
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and 1 3 
gI :  ect i v el y  the  analogue devices ~o th e  seine t r an s f o r m a t i o n

as the n o d d l  ma t r ix .  F i g .  2 shows i i ~ scherr~st Ic ~~iyo it of the equipment .

~~3L }

j

~~~~~3R 

_ _

Fig.2

The variable resistors are adjusted until the signals P1 and P3 contain

the single frequencies w1 and W 3 only. These are then output to an ultra-

violet recorder.

The results on page 9 show the U-V record obtained when the excitation

frequency is 32.4 Hz (6 .9  + 2 5 . 5 ) .

The growth of the symmetric modes and eventual interaction in all the

modes can be clearly seen. Quasi-steady state conditions with a beat

period of 4.2 seconds are observed.
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Theore t i ca l  APi)rr~ach

The simp l i f ied  mathemdt ical  model developed for the three mode

interaction problem is inadequate in th is  case as it lacks the parametric

terms on the two symmetric modes . Hence a more general approach has

been adopted.

• The equa t ion

+ ç~ 
2

i~ ~ 
2 - w 2 )p + c{k .p.cos~ t + 1 . .p.jL + m .r r r r r r rj j f n J  1 j n J  1 3

+ 
~rdrrPr + F Cosc~1t} (no sum on r) (1)

• is the general form of t~ie r
th normal mode equation with parametric ,

• quadratic nonlinear inertial , damping and direct forcing terms included .

W
r 

is the response frequency of the rth mode [3].

Application of Struble’s method , assuming solutions of the form

A (t)cos (~2 t  1~ 
~~~~~ 

+

imposing the resonance conditions + and + and limiting

the analysis to one of first order in C results in the equations

• A 3A4A 1 ~ 
~~l 

L1 sin(~4 
- 

~3 
—

— ~~2 ) A 3A4
- 

2
~
ll 

- c 
~~~ 

cos(~4 ~3 
-

A2 c 
~~2 

k24 sin@2 +

(~~2
2 

~~~~~ 
A4

— 

2
~2 

+ C 4A 2~2 
k
24 cos(~ 2 + q~. )

A 3 C 

2 

5 f l@4 
- 

~3 ~~

— 
2~3 

— — 

~ 4A 3
c).,~ 

L3 cos(411 — — 
~~

• 

• • - - • - 

~~~~

- - - -“ •
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A4 
c(~~— k42 sin(~ 2 + ~4 ) L4 sin(~ 4 

- - d~1)}

2 A A A
— + C C 4A J~I~4 

k42 cos(42 + ~~
) — ____

cos($4 
— 

~3 
— 
~~~

where

+ 

~l34~¼ 
- 

~~l43 
+

I — o ~-, 2 o ~~~~~~~~~~~ M \ f l (~
3 

- 341 ’1 314 4 “ 341 314’ 1 4

L4 £4l3~3 
+ £43l~l 

- (N 413 +

and damp ing terms have been excluded for the time being.

• As can be seen, modes 1 and 3 have nonlinear terms, mode 2 ha~

parametric terms and mode 4 has both parametric and nonlinear terms . No

steady state solution is expected from these equations, but the experimental

evidence points to ‘quasi—steady state ’ solution.

Hence as a first approximation a solution of the form

0

Ar C~~ + Cr1 cos(~t + 

~~~ 
was substituted into the variational equations

in the hope of finding analytical expressions for the beat frequency ~

and the amplitude ratios. However only trivial solutions resulted , and

as no mathematical model was readily available to give physical parameters

for a simultaticn of the variational equations, attention was focussed on

a simpler two mode model exhibiting both parametric and nonlinear behaviour.

It was felt that the solution of this simpler system would give insight

into appropriate solution forms for the more complex case.
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• 4. TWO MODE SYSTEM UN DER DIRECT AND PAR AM ETR I C EXCITATION WITH IN TER N AL

RESONANCE

~xpenimental Work

The photograph on page 13 is of the two mode model under investigation.

It differs from the original two mode model in that bending deflections

occur all in the same plane. By careful adj ustment of masses and lengths

the two natural frequencies have been arranged to ~e in a 2 — 1 ratio.

• Fig. 3 shows the natural frequencies and mode shapes obtained.

• Mode 1 Mode 2
• 8.75 Hz 17.5 Hz

Fi~g . 3

Strain gauge pairs at the roots of each beam provide signals representative

of the generalised coordinates to be used in the theoretical analysis of the

structure. Transformation to normal coordinates is achieved by using the

same analogue devices as irA the four mode case.

The photographs on pages 15, 16, 17, 18 are of ultraviolet records

taken from the experimental apparatus.

The first, pagel5 , shows direct forcing of the first mode at 8.75 lIz.

Growth of the second mode, through the internal resonance condition is

rapid. 
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Th e second , ~~~~ , :;how~- d i rect forcing on the second mode at

17.5 Hz. This again  le ,js t ~ m . :t l i  in t I~~ f i r s t mode and a corresponding

dec rease in n i -p l i l u d e  is se ~~~u~id mod ’-  -

The t h i rd , 
~~~ ri, d ews fcieing at t i e  combinat ion  frequency , 26.4  liz.

Exci ta t ion  level is hi~ } In order to achieve large amplitudes for

nonlinear e f fec t s  to become d o m i n a n t  an~ the record st o rt s  with the

ordinary forced r esponse , at the  •~ cing frequency , of eeeh mode. There is

then a transformation in the response as each mode is also excited

parametrically and nonlinear interaction takes place. Work done

previously by A:;rsis ~ Tso [ I I ] ,  suggests tha t  for such a system there  is

a continuous interch ange of energy between the ~ irticipating modes. Th is

howe ver is not apparent here and steady s ta te  cor ,ditions are achieved.

It should be noted tha t  the f orc ing frequency not only equals the sum of

the two natural frequenc ies but also is three t imes the first natural

frequency , a consequence of the internal resonance condition.

The fourth photograph , page 18, shows excitation at twice the second

natural frequency , 35.2 Hz. This leads to excitation of the high mode

parametrically , leading to growth in the low mode through internal resonance

• and a continuous interchange of energy between the two modes .

Again , as a consequence of the irAternal resonance , the forcing frequency

is four times the lower natural frequency as well as being twice the higher .

Theoretical Analysis

Fixed

L 

origin 
A 2

N1 -i
Fig. 4
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By approxim at ~~~ the s t r u c t u i - c -  wi t  Ii a two n ode I pod ioiss model ,

with  coordi lAut es  as in Fi gure 
~~, 

and apply isg  Lrigi~~ ;~~~- ‘s proccdure to

it resul ts  in the equat ions of motion :-

{M1 + M 2 (l + 2 .25  + (N 2L 
~~~~~ 

+ A 1w1 {
~ l~~2

(1

+ -j--w2
)}~ 

— M 2 {0.9 
~~~~~ 

+ 0.4 5  
~T 1

2
~ 

—~— (w 2~ 2 + w2 ) + _51r1w2

+ +

1 2  1 5  1 2M2l.5~-4i1 + + A 2w 2 — ? 2{(—j-_w2 ~ ~~l~~
’s + +

- 
l .2 ( .. 

+ W
1

W
2

)}

where quadratic nonlinearities only have been retained.

The linearised equations give expressions for the natural  frequencies

and mode shapes which can be adjusted to give the internal resonance

condition exactly , as was the procedure with the three mode model. The

equations of motion in normal mode form can then be formulated , and their

parameters applied to the more general theory which follows.

Equation (1) on page 10 is the general form of the equations of motion.

Denoting the excitation frequency by 
~~~ 

the cases of immediate interest are

~l’ ~f ~~~ ~f ~l 
+ 

~2 
where 

~2 
2Q
1

A solution of the form Pr(t) = Ar (t ) co s(c
~r

t + 

~r
(tfl + f

r
C05

~ f
t + Ca

r
Fris assumed where ~ is the component of forced response [5J.

r f
Application of Struble’s technique yields the variational equations. The

• remainder of this section is a catalogue of the resulting equations for

each external frequency condition.

E ‘ 

- 
•
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- 2 ~ ~si~- 4) (A , + f ~~~~~~ 
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~ 
A~ os 

~~ Ø~) + c~~s (4- 2

+2f l~ ~~ Sv% 54 4

2 R ,n (fl ~-~~~)~~ s n~~ - P~ 
-

-2 2 CA ,~~, ws~ ) 4-

(sL~- ca~ ) A~ 
- 1~~A , cos C~, - Ø~) +

+

- 2 fl .~ = - & [ - P2 ~~, ~~~ - fl~ s r ~ (~~~ 5L~ -4) t 6 
~~~~
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~~~~~~~~~~~~ 
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_
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N , £l,S (rn,., 4 ‘n i a i )  ~~~~~

N2 = rn~11 .c1~- 
~~~~~~~~~

I t  eu~ d h~- noted t ha t  inclusion of the  pa r t i cu l a r  in tegral  in

t l
~
e sol ution l e i d ~ to terms , of nonl inear  orig in , accumulat ing  with the

t ‘s-os of p s r - n II •t r ic  ora~;is  In the variational equations.

5. FURTHER ~J~K

• The ec~u s t  ions list in the previous section do not lend themselves

to ~nu i y~ ic s o lu t i on , ari d hc-oce recourse is ~ cIn g  made to numerical

• solution usliii; the mathematical model based on the two mode experImental

model . Some consideration will  be given to the effects of nonlinear

elasticity , which are generally taken to be small in comparison with

in : t i u l  nonlinear effects. The relevance of other nonlinear interaction

effects which are little known but which have been the sulriect of research

in this I J cp I r t r~~~st will also be considered in relation to the class of

problem u: dc -r ’ invest igat ion.
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