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INTRODUCTION

This report describes the continuation of the investigation into
the behaviour of structures under internal resonance conditions.

Completion of the analysis on the three mode interaction case,
outlined in the previous report (September 1975), yields the variational
equations describing the slowly varying amplitudes and phases of each
mode.  Computer simulation (C.S.M.P.) of these equations has been carried
out. Both parametric and nonlinear terms are found to be of importance
in the response of the structure.

Further experimental work on the original four mode model, where

'parametric' excitation of two of the modes leads to eventual participation

of all the modes, is presented along with a theoretical approach of a more
general nature. Attention is then turned to a less complex two-mode

system exhibiting both parametric and nonlinear behaviour.




2. 3 MODE INTERACTION

Fig, 1
Taking the simplified three mode model (Fig. 1), as described in

the previous report, and transforming from the generalised coordinates

Wl, V2, S, A to normal coordinates p via the modal matrix

[X] = 1 0 0
0 3
oy 0 Oq 0
0 a, 0 Q,

results in the equations of motion in normal coordinates,

. =1 =1 ¥ g
P+ %= X1 [M1£(p,p,B,t)
where [X_l] [Mnl] = X, 0 X, 0
0 X3 0 Xu
X5 0 X6 (0]
(¢} X7 0 X8

and s Xr are evaluated from system constants.

Upon setting L wocosﬂt, introducing a small parameter € = wo/lz,
nondimensionalizing with respect to Wos N=p /wo and retaining quadratic
nonlinearities only,

f(n, _I:_l_, .ﬁ, t) becomes:-

e St




Nl - P = e, st LN o iy
. cllﬂ cosflt C12££2(N2N2 + u2uq 4 NuN2 + NN, + N2 * 0% zNQN“)

]

et ; G
C215129 cooQt(N2+N“) C2lel2(Nl+N3)(N2+Nu) 4 C22€22

e

3

k ; : % : - 2
((alNl + a3N3)(a2N2 + a“Nu) + 5((alNl +a Na)(a2N2 + aqu) +
(a2N2 + aHN“)(ulNl + a3N3))) - C23c22(N2 + Nq)(alNl + o

3)

2 o a»
€, cosfit + 032622(N2 + Nq)(azn )

3 31
: 7 =, y o
(N2 + Nu) + (N2 + Nu) )

o t N,) = Cupel (N, + N,

Culelz(N2 + Nu)«ﬁNl + a3N3)
L. -

Where Cij are system constants.

The equations of motion are now in normal mode form. Struble's Asymptotic
method [1] is applied in order to obtain an approximate solution.

Taking solutions of the form

N, = Ai(t)cos(wit + ¢i(t)) + ea;(t) + e’bi(t) L o

imposing the internal and external resonance conditions

w, + w, = w, and = w,,

and limiting the analysis to one of the first order in € results in the
so-called 'variational equations'. These are simultaneous first order
nonlinear differential equations describing the slowly varying amplitudes

and phases (Ai and ¢i). 4

In this case they take the form:-




-2Alwl$l = Clecos¢l - C2A2Aucos(¢2 + ¢q - ¢1)

-2h,w, = C2%sind) - C A, sin(d, + ¢, = ¢;) + 2L w %A,

-2A2u2&2 = CQ%A.cos(9, + ¢,) - CoAAcos(d, + ¢, = ¢))
| °-3A2m2 s C7Q2Ausin(¢u + ¢,) - CoA A sin(d, + ¢, - ¢,) + 2&:;20022/\2
i 28,6, = CqR*Ajcos(dy + 6,) - C) oA A, cos(d, + by - 6))
; -2h W, = C 1 PA,5in(, + 0,) = Cl AR sin(d, + ¢, = ;) + 26T,0, %A,

L e

where Cn are constants for a given €,and L, are introduced modal damping

! coefficients.

i e

.The terms involving phase angle ¢1 only arise from direct forcing
terms in the equations of motion, whilst the terms involving phase angles
(¢2 + ¢” - ¢l) and (¢u + ¢2) arise from nonlinear and parametric terms
respectively.

The standard procedure now is to set the left hand sides of the

variational equations to zero to give steady state response amplitudes [2].
However an analytical solution to the equations appears to be unobtainable
and so recourse is made to their numerical integration.

On pages 5, 6 are the results of integration of both the complete
equations of motion and their corresponding variational equations for the

model with exact internal and external frequency relationships. (w, = 6.20 Hz,

n

w, = 6.93 Hz, w, = 22.26 Hz, w, = Q = 28.46 Hz). Damping coefficients,

3 2

obtained from logarithmic decrement tests on the experimental model, have
been introduced through a Rayleigh Dissipation Function. The excitation

amplitude is 0.1 mm.

bl Laiadal

Although the transient behaviour is different, the variational equations
do show the mode interaction taking place and the convergence to steady

state conditions of comparable amplitude in each mode.
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3. 4 MODE INTERACTION

The equations of motion for the four degrce of freedom model (page 15
of previous interim report) contain both nonlinear and parametric terms,
and in general these will always coexist in a structure. Indeed, the
conditions which make the nonlinear terms important in the behaviour of
the structure are also the conditions under which the parametric terms

become important, as shown in the previous section.

Experimental Work

Further experimental work on the four mode model has shown that it
is possible to excite the two symmetric modes, fuselage bending IPH)
symmetric tail bending (PQ) by forcing 'parametrically' at the combination
frequency = Wy Wy, Crowth of the fourth mode then leads to interaction
with the first and third modes through the internal resonance condition
W, = Wy +w,. Hence we have an interesting situation in which the structure
is excited harmonically far away from any natural frequency but responds
with large amplitudes in all its modes.

Signal conditioning equipment has been custom built to show the
behaviour of the model more clearly. The model is monitored by an
accelerometer on the fuselage under the fin along with the strain gauge
pairs at the roots of each beam forming the 'T' tail. The signals from
these represent the generalised coordinates of the mathematical model
used to generate the equations of motion. Symmetric and antisymmetric
tailplane motions are monitored by summing and differencing the two tail-
plane signals using analogue devices.

It was found that the accelerometer signal and the sum tailplane
signal were fairly representative of the two symmetric modes P2 and P”.

However, the fin and antisymmetric tailplane signals required further

manipulation to give signals representative of the antisymmetric modes




P. and P3.

1 Effectively the analogue devices do the same transformation

. as the modal matrix. Fig. 2 shows the schematic layout of the equipment.
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The variable resistors are adjusted until the signals Pl and P3 contain

the single frequencies Wy and Wy only. These are then output to an ultra-

violet recorder.

The results on page 9 show the U-V record obtained when the excitation

frequency is 32.4 Hz (6.9 + 25.5).

The growth of the symmetric modes and eventual interaction in all the

modes can be clearly seen. Quasi-steady state conditions with a beat

period of 4.2 seconds are observed.
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Theoretical Approach

The simplified mathematical model developed for the three mode
interaction problem is inadequate in this case as it lacks the parametric
terms on the two symmetric modes. Hence a more general approach has
been adopted.

The equation

P P Pj + mrijpip

Rl ;S
. ¥ RTD (Qr w, )pr + C{krjpjcosgft + lrij i ;

+9d P+ F cos t} (no sum on r)

2 th - : s
is the general form of the r  normal mode equation with parametric,

quadratic nonlinear inertial, damping and direct forcing terms included.
Qr = is the response frequency of the rth mode [3].

Application of Struble's method, assuming solutions of the form

P = Ar(t)cos(Qrt + ¢r(t)) + eXl

imposing the resonance conditions Qf = 92 + Qu and Ql + 93 = Q,+ and limiting

the analysis to one of first order in € results in the equations

AgA
384 :
e o Nk




~-11~-

. A, AAq
A, = c{nﬁz Kyo sm(¢2 + ¢q) - Hﬁ;— L, sin(¢, - ¢4 - ¢l)}
: (? ~w?) A AA
u 4 2 173
¢ = - ————— + e{ ——k,, cos(d, + ¢, ) - —
y 2, iR, Fu2 2 * %) " uap
cos(¢, - ¢3 - ¢l)}
where
I 2 2 _
by = Bpgafly gy = (g + Mg, 000,
— 2 7 o
Ly = Rgg@)% 4 £5),9,% - (Mg + Mgy )00,
Ly = Ryyafy + %500 - (M4 + My 5,000,

and damping terms have been excluded for the time being.

As can be seen, modes 1 and 3 have nonlinear terms, mode 2 has
parametric terms and mode 4 has both parametric and nonlinear terms. No
steady state solution is exﬁécted from these equations, but the experimental
evidence points to 'quasi-steady state' solution.

Hence as a first approximation a solution of the form
b = ©

A_ =€ + C

b - o1 cos(Bt + Yr) was substituted into the variational equations

in the hope of finding analytical expressions for the beat frequency 8

and the amplitude ratios. However only trivial solutions resulted, and

as no mathematical model was readily available to give physical parameters
for a simultaticn of the variational equations, attention was focussed on

a simpler two mode model exhibiting both parametric and nonlinear behaviour.
It was felt that the solution of this simpler system would give insight

into appropriate solution forms for the more complex case.
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4. TWO MODE SYSTEM UNDER DIRECT AND PARAMETRIC EXCITATION WITH INTERNAL

RESONANCE

Experimental Work

The photograph on page 13 is of the two mode model under investigation.
It differs from the original two mode model in that bending deflections
occur all in the same plane. By careful adjustment of masses and lengths
the two natural frequencies have been arranged to be in a 2 - 1 ratio.

Fig. 3 shows the natural frequencies and mode shapes obtained.

N

Mode 1 Mode 2
8.75 Hz 175 Hz

Fig. 3

Strain gauge pairs at the roots of each beam provide signals representative
of the generalised coordinates to be used in the theoretical analysis of the
structure. Transformation to normal coordinates is achieved by using the
same analogue devices as in the four mode case.

The photographs on pages 15, 16, 17, 18 are of ultraviolet records
taken from the experimental apparatus.

The first, pagelS , shows direct forcing of the first mode at 8.75 Hz.

Growth of the second mode, through the internal resonance condition is

rapid.

T




TWO MODE EXPERIMENTAL MODEL




-1y~

The second, page 16, shows direct forcing on the second mode at
17.% Hz, This again leads to growth in the first mode and a corresponding
decrease in amplitude in the second mode.

The third, page 17, shows forcing at the combination frequency, 26.4 Hz.

Excitation level is high in order to achieve large amplitudes for
nonlinear effects to become dominant and the record starts with the
ordinary forced response, at the forcing frequency, of each mode. There is
then a transformation in the response as each mode is also excited
parametrically and nonlinear interaction takes place. Work done
previously by Asmis & Tso [4], suggests that for such a system there is
a continuous interchange of energy between the participating modes. This
however is not apparent here and steady state conditions are achieved.

It should be noted that the forcing frequency not only equals the sum of
the two natural frequencies but also is three times the first natural
frequency, a consequence of the internal resonance condition.

The fourth photograph, page 18, shows excitation at twice the second
natural frequency, 35.2 Hz. This leads to excitation of the high mode
parametrically, leading to growth in the low mode through internal resonance
and a continuous interchange of energy between the two modes.

Again, as a consequence of the internal resonance, the forcing frequency

is four times the lower natural frequency as well as being twice the higher.

Theoretical Analysis

Fixed
origin 71—
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By approximating the structure with a two mode lumped mass model,

with coordinates as in Figure y, and applying Lagrange's procedure to

it results in the equations of motion:-

2, Ly Ly
M) + M,(0 +2.25 ET;)}WL + (1421.57;)\42 + AWy = -1, 44,1 .,2.25’{'2-1‘41
LR %, Rot o s 1.9 T W
* =5 w2)}wS M2{0.9 Tz WMy 0.5 et —E—(w2w2 + i, ) + RILD
1 3 1 2 1
k1 o g Evive
+ T(wlw2 + leQ)}
1
M1 5&2§ PR AR T R L W )L S TV S Ty W
i g g%a ohg, 7 TR XESEe ¥ T 1M T 2Ty
1 2 1 1 2
2.2 - ST
—-Ez(wlw2 + wlw2)}

\.
where quadratic nonlinearities only have been retained.

The linearised equations give expressions for the natural frequencies
and mode shapes which can be adjusted to give the internal resonance
condition exactly, as was the procedure with the three mode model. The
equations of motion in normal mode form can then be formulated, and their
parameters applied to the more general theory which follows.

Equation (1) on page 10 is the general form of the equations of motion.

Denoting the excitation frequency by Qf, the cases of immediate interest are

Qf = Ql’ Qf = 92, Qf = Ql + 92 where 92 = 291

A solution of the form pr(t) = Ar(t)cos(Qrt + ¢r(t)) + frcosth t €a,

) 3¢
is assumed where fr = ?T1r%%1r- is the component of forced response [5].

Application of Struble's technique yields the variational equations. The

remainder of this section is a catalogue of the resulting equations for |

each external frequency condition.




-2R9, ¢

‘Zfi‘n.

i

- Azﬂ'a.%z

- 2A,0,

50
n

(at-) (A« feond) - € { fL Ay @5 (4 ) + N, AR, cos (- 26)

1208 4fsns + 25 o] !
(0% &) fsng - %{"" Pa sin(gh-9) — N,AA, sin(dh-24)

201 d (A4 f eosg) + ”"‘““"f

() ne - E] A crchom) + A i)

+ lws¢z§

"

- %{ ~ BB sia(f-4) ~ N, AT sin (4~ + My sing

2
"291‘:{& gzj

P hj h\z 5 F'(ZMS); + ll;,ﬁz = (myy + ""\x\)‘n‘-nz) - k2 (’E.,_,_(n’-*"rfz) - Zmn_,_.ﬂ_‘Sl,J.

Ry = 2& n?('ez.u"' m-‘!u) b f-z Q?("lnz + Ly + M2y + mv.u) .

2 2
N, = A, 2, Cm'n. +m'°—\) -1“2.9.1 "/Z::n'o‘n .

Nz -

M, =

(—IZu 5 mlﬂ) _n_'i

»
Fl Sll (— lzu- mﬂ.!b » F:JI?'( "lzu— m;-n,) id ft Fl ‘Q'T (— lzlz- 112‘ LALP TPY ’Man)




-21~-

= > z_zg__g P 2 NA,AZLOCZ’le
zﬂ|(2|¢| (.Q_' w\) | 2_{ lnl ol ¢| * \ s ?5 #)
-2A 8, = - §{ P A, sin2g, - N, AR, sin(% - 29) - zsz}oL“A,}
2
“ZﬂzﬂZ(Zz = (ﬂ:‘-w§>CH2 + fcos ¢2) - %z N,f\T cos(lyﬁ‘—dz) + 2F, cos ;zg:{
-2 ézﬂz = (.9.:-:.;,':) frsing -E{—Nz AZsin2@-2) + 2F sin g -29% 4, Az‘g
2

where :
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-Qf = _Q.l-t.ﬂ-z
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N -« ﬂ,-n-z('“nz* "‘lzt) 3 ([/nﬂ: : l,,,ﬂ,‘)

It should be noted that inclusion of the particular integral in
the solution leads to terms, of nonlinear origin, accumulating with the

terms of parametric origin in the variational equations.

5. FURTHER WORK

The equations listed in the previous section do not lend themselves
to analytic solution, and hence recourse is being made to numerical
solution using the mathematical model based on the two mode experimental
model. Some chsidcration will be given to the effects of nonlinear
elasticity, which are generally taken to be small in comparison with
inertial nonlinear effects. The relevance of other nonlinear interaction
effects which are little known but which have been the subject of research

in this Department will also be considered in relation to the class of

problem under investigation.
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