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A FORTRAN PROGRAM FOR SOLVING SYSTEMS OF COUPLED
SECOND -ORDER DIFFERENTIAL EQUATIONS WITH TWO-POINT
BOUNDARY CONDITIONS

INTRODUCTION

Systems of second-order ordinary differential equations with two-point

E boundary conditions are invariably encountered in problems of applied physics.
Lindzen and Kuo (1969) have published an algorithm for solving such systems

by the method of Gaussian Elimination. The method was found to be of particular
value in the solution of various thermospheric tidal problems currently under

investigation at Boston College and the Air Force Geophysics Laboratory.

The following is a description of a computer program developed for the CDC 6600
computer which uses this technique. With the addition of a suitable user-
supplied subroutine, the program can solve a wide variety of second-order

ordinary and partial differential equations.

METHOD OF SOLUTION

A system of N coupled, second-order ordinary differential equations can
be written in the following form:
- dz - d -
i ] = R
C'(x) = F(x) + A'(x) 3z F(x) + B'(x) F(x) = R'(x)

X

Where X', 8', and &' are NxN matrices and F and R' are N-dimensional vectors.

To solve this system of equations numerically, we first change to finite

L AN s

differences, Letting xn-néx (n=1,2,...):




n-1

&P ~ =

and
;
—z-dz F(x ) = 0 ol R ’ 4
dx a 8x?
the new finite difference equations become: *
; 1 An Fn-l id Bn Fn 2 Cn Fn+1 T Rn
i
where

o (x.) A (x.)

e
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n (Gx)z 2 ox
g AR
: B =——cg— Bi{x)
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.ty Rog

n (Gx)z 2 0x

(@]
"

R (x )

P
b~ ]
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Boundary conditions at X, and xy are assumed to be of the form:

2) Tixp g; F]xl + K (x)) F(x)) = R'(x))
5 T & Fl, + R0 Py = R )

where Xy is the value of x at the lower boundary and XN is the
value at the upper boundary. In finite difference form, these

are:

et T ey St



4)

5)

6)

7)

8)

9)

A F| o+ El Fz =R

1

A Py * By Fy = Ry

RN, ¢ (x)) - by
Ay 2RO 2 LR - ona
& (x,) Clixy
o Talies i Wity TV
Rl = R'(xl) RN = R'(XNJ

The solution (Richtmyer, 1957) is as follows. Assume:

P =a F B

+
n n n+l n

where &n and Bn are to be determined. Then:

Fn-1 = %na1 Fn 3 Bn-l

Equation 7, when substituted into 1, yields:

(xn G 1 + B ) Fn £ (én) Fn+1 . (ih £ Kn Bn-l)

Comparing to Equation 6 yields:

B=Kka  +B)'®R -k B »)

n n n-

At the lower boundary, using Equation 6:

Fi=a Fy+8

Therefore:



Likewise, Equations 5 and 7 can be solved to give:

2 = = =1 =
12) Fy= Ry + B Ry - Ag By p)

We now have the means of solving the equations.

To review, we first calculate the finite difference form of the
equations. al and Bl are computed. Then we generate the other an and Bn,
using Equations 8 and 9, through én and BN (note: EN is not needed and
FN = BN). The o and B, with Equation 6, generate the in’ completing the

solution.

PROGRAM

The computer formulation is straightforward (see Appendix I for listing).
The main program, TIDE, calls subroutines ABCR, ABCRN, ALPBET, and SOL which

perform the steps outlined in the previous description.

Subroutine ABCR is to be supplied by the user. This program calculates

matrices X', ﬁ', and C' and vector R' for a given value of x. By proper

manipulation of this subroutine, a variety of ordinary and partial differential

equations can be solved.

Subroutine ABCRN calculates the matrices in’ ﬁn’ and En and vector Rn

in the finite difference forms given in Equations 1, 4, and 5. Note that the

matrices A, B, and C and vector R are reused. As the typical dimensions of

such matrices are 40 x 40 or greater for our applications, this is a necessary

process.




L

Subroutine ALPBET calculates én and B from Equations 8, 9, 10, and 11.
They are stored on TAPE 4. TAPE 3 is necessary as a work tape for otherwise
twice as many matrices would be required. If the matrix dimensions permit,
this tape could be deleted and replaced by storage matrices, with substantial

savings in computer time.

Subroutine SOL uses Equation 7 to obtain the final solutions which
appear in FNC. The output, in FNC, is printed, but it could be stored on a

tape, plotted, or punched.

EXAMPLE

Appendices II and III contain the results of a sample calculation for 3
ordinary, second-order differential equations. Appendix II is the exact

solution while Appendix III contains the numerical solution.

The example was defined as follows:

0 0 ix 0 0 o
ke = |o 9 By =Jo o o
0 0o x? g R
2 % el (4-3 x3) + i(4 39
Cr(x) = |i X ¥ 9 R'(x) = |i(8 X3 +3 x4)
0 0 o0 (4 %5+ 55 + 322+ 301
i=T

The boundary conditions are, for x = 0 and x = T:
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MALIN PROGR4AM TIOE

PUTPIST
NUMERTLALLY INTZGRATES EQUATION C(D2/70X2) F+A(N/0X)F ¢0F=R,
WHERE 243,C AR: MATRIC.S AND Fo4R ARE VESTOPS, A4B,C,P
ARt SIVEN Y SU3ROUTIN- A3CR. F IS TO 3% COMPUTFD

USAGE
PRIOVIOT INPUT SJUBEKOUTINE ARCR, OUTPUT AT STATFMENTS 10
ANU 11,

JESCRIPTION OF PARAMcTERS
A = INPUT MATRIX
3 = INPUT MATRIX
> = INPUT MATRIX
R = IN?UT VECTOR
3T - STORAG= VZCTOR
FNULl - STORAGE VECLTOR
FNCL = OUTPUT VEZTOR
VDt TcRM = DETERMINANT VALUE FROM MATRIX INVERSION, ILL-
CONDITIONED PRO3LEM YILL GIVE Q.
IR = NUMBER OF 0WKS
I - NUMBER OF SOLUMNS
51 - INITIAL VALUE OF X
SN = FINAL VALUS OF X
N - NUMBER OF STEPS

FEMARKY
USER S-+40ULJ CHANGE DIMUNSIONS A3 KWFPROF?2IATE. IN THIS
CALE AHERE THE NUMBER 3 APPEARS. OUTPUT IS aT STATEMENTS
17 AND 11.

SUBRQUTINTS AND FUNSTION >UBPROIOGRAMS FEQUIFIO)
AGCR - SET5 UP PRCBLEA
APCRN = SONVTERTS U-ER‘L PIBLEM TG FINITT ODIFFfRENCE FORM,
ALPGET = COMPUIcS INTERMEDIATE SOLUTIONS ALPHA AND 3CTA
JA33 = SYSTTM FUNCTION
SOL - ZOMPUTFES FINAL 50LUTIONS F(X)

METHID
35C LINDZEN ANU KUD, MONTHLY HWEATHCR REVIFW, VCL. 97, NO,
luv (o304 § 1‘569' 752'73‘0-

® 00 0 0 0 0 00 00 00 0000 P8 0000 00 000 000 00 0000920 000000000000 00 tests RPN DYS

FROGRAM TIDE(TINPUI ZOUTPUT,TAPt 3=513,TAPEY)
CHANGt JIMZINSTONS

COMPLEX A(3593) 98(343),C0593),47(3)

COMPLEX S5TTC35 gFNC(3)4TWI1L(3) 4D:TRM

IrR=»

I10=4

INTHFGRATE FROUMS

€1=0

2 st




OO

O <

[YRORY

61 )

€€ C)

108

EN=2

IN ST1EPS OF:3

[X=,01

NUMHBER OF 3TECS WILL 3Z3

N=(SN=-S1)/0x+1,001
130 FORMAT (L (1Xy - 13e01))

LO 7 I=1,N

¥=DX*FLOAT(I-1)+S1

SET UP MATRICES

CALL ABCR(Ay334CyR,y IyNyX9IRyIZ)

COMPUTE MATRICUES A,43,C AND VEUTOR R IN FINITC JTFFEPENCE FOOM
CALL ABURN(A,1B34,CyIoNyIR9 IS ,IX)

COMPUTFE ALPHL AND 35TA MATRTL-S

CALL ALP3TT(Ay3yL9yRyB=TyFNCLly L4yNyIRyICHDETERM)
LET=0eBo(DZTTRM)
IF(UFT) 7432,7

7 CONT INUE
{3 « 13111'{
FNC(L)=BTT(I)

4 FRNCL(I)=RET(I)

19 FRINT 1uCyFN2S
LO 5 I=2,N
EACKSPACE o
EACKSPAGE =
FTAD(G) A,BET

(OMPUTE FUNCT10ON

CALL SOL(AsBET 4FNUGFNUL 3IR,IC)
11 FRINT 1ud4FNS
BEEG o JslsIR
5 FNGL(J)=FNT(J)
29 10 97
3 PRINT 100 ,4,DET=RHM
+7 CONTINUE
ETOP
' ND

10

|
|
4
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SULRJUTING A3CR

PURP IS
ULFR=2+«0VIIJFD LJBKIUILUF THAT SETS Ul FQUATICNS TO 97

SOLVED. LCWER LIUNDARY CNHONOITIONS ARE GIVEN TN STATEMENT 10
TO L1, UPPYR 8NJNUARY CONOITIONS IN & 7O 12, AND FLUATIONS

IN > TO o

USLAGET
SET UP MATRICES As8B4.C AND VICTOR R.

OESCRIPTION OF PARAMETERS
Al - JUTPUT MATRIX
31 = QUTPUT MATRIX
C1 = JUTPUT MATRIX
R1 = QUTPUT VECTOP

REMARKS
USTR=2KOVIZZDs THE SOLUTION TO THIS EXAMPLF ISS
FUAI=(X®¥2, I (X¥¥35) g X¥ "443%X*])

SUBROUTINTS ANJ FUNSTION 3SUBPRIGRAMS PEQUIRSN
NONE

METHOD
USLR SUPPLIED

SUBHKCUTIN: AUORIALyBL14,C1aR1IVyKyNyXyIRHIC)
CHANGE UOIMSENSTIONS

COMPLEX A1(3,35)9BL(3435)9CL(54935)4R1(3)
[0 1 I=1,IR

{0 1 J=1,1IC
AL(T,4U)=81(I4J)=C1(Ll4J)=CMPLX(Us0,40.0)
IF(K=1) £4243
(1(1e1)=C1(2423)=CMPLX{L1e4T41)
L£1(293)=CMPLXL249TeD)
F1(3492)=0MPLX(3a9ie0)
Fi(1)=R1(3)=CMPLX(0e04y3.40)
F1(2)=CMPLX(0,0,43.1)

(0 T3 o

TJFR(XK=N) Sebels
£1(1451)=CMPLX(1e9U0.0)
L1(392)=UMPLX(20930eu)
F1(2+3)=(MPLX(1syU.0)

L=X*X

b1(342)=CHMPLX(AyU.1D)

f =A®L

El=547X

([=c ¥ X¥X+A¥A*X
+1(1)=CMPLX(A,0.0)
F1(2)=CMPLX(B,8I)
F1(3)=CMPLX(0.0,CI)

0 TC o

11




|
|
!

S (1(14,1)=CMPLX(2elyJe0)

T1=X*X

T2=X*T1

To=T2®X

T4=To*X

T.=T%X
(1(51)=01(1,3)=CMPLX(0.0,4T2)

C1(242)=3R1(242)=A1(345)=8B1(3,3)=CM2LX(T140.0)

Fzw4e=3e%T2
FI=4.%T5
FL1(1)=CMPLX(R,RI)
FI=co*T24+5.%T¢
F1(2)=CMPLX(2.0,FI)
F=bL.“TL+TS
FI=3.%T143.%T?

K1 (3)=CMPLX(R,RI)
CONTIHUE

kZTUKRN

END




;? i SUBROUTIN= ABCRN
1 ; PUKPISE
% # CONVE21S UIFFYZNTLAL FORM OF EQUATIONS D FINITE CIFFtR=-
: & ENCT FURM.
3 3
C USAGYK
T INPJUT MATPIC:z3 AyBeyC AND X VALUE. OUTPUT IN AysBysCe.
U VESCATIPTION OF PARAMETZIRS
. G A - INPUT,0UTPUT MATRIY
o 3 = INPUTHQUTPUT MATRIX
& X = STCP NuM3=H
G N = FINAL STEP NUM3E
C If - NUM3ER OF 0KS
0> I - NUMBER JF COLUMNS
C OX = SIEP SIZF
e
G REMARKS
C DIMINSTONS MUST gF CAAnNG=D
[ 3
o SUBROUTINIS AND FUNCTION SUBPROSRAMS KFQUIKEN 1
G NONE
[
C ME1HOD
C FINITZ DIFFERAENIZ APPROXIMATIOMN TO DIFFERENTTAL.
C
(‘..C.........l...'.....................................Q.........'O‘.I..
G
SUBRCOUTINS ABCRN(A 439Uy K9yNygIRYyIC,IX)
C
C (HAMNGE JIMENSTIONS
(7 1
COMPLEX A(343)438(343)435(393)
F=1./0X
1IF(K=-1) 1,1,2 4
2 IF(K=N) 3$48,8
3 [9 1y I=1,IR
o 18 J=1,:1C
PAUI4U)=A(I4J)-F*C(I,J)
10 E(LIyJ)=F*C(I,4J)
(C TO ©
3 t2=F +F
F3$=F/2

Fa==2s*F2
[0 2L I=1,1IR

E o ¢Cc J=1,IC
E(IsJ)=3(I4J)+FL*C(Lly))
C(Isu)=F2*C(IyJ)+F3*A(I,)

20 F(LyJ)=C(IysJ)=-F*A(I,J)
O fU o6
3 (N 3¢ I=1,1IR

(D sC J=1,1IC
EAIJ)=A(IJ)+F*CI(I,J)
30 AlLyu)==F+G(1,J) ]
ts FETURN 3
END ]




SUBROUTINT ALP3ET

B
(]

Cr a0

PUFPOSE
GALCULATES ALPHA ANU 3¢ Ta WHICH ARt NEEDHED AY, INTERMCDIATF
SOLUTIONS. OUTPUY APPTARS ON TAPL4,

ULAGH
PROVIN:. INPUT MATRIC-5 Ay34C AND VOCTOF De it TURN ALPHA
AND BZTA ON TAPEWL,

OFSCRIPTION OF PARAMETEPRS
A = INPUT MATRIX
3 - INPUT MATRIX
C = INPUT MATRIX
0 - INPUT VECTOR
3T - WORKING VECTOR
FNC1 - WORKING VECTOR
K = STeP NUMBER

20008 MEICI) TN 0

~
S

c N - FINAL STcP NUMBER
i 5 IF - NJMBFR 3JF 0WS
| C IC - NUMBER COLUMNS
& DETTRM = VALUZ OF DETEXRMINANT
G
G REMARKS
& TAPE3 IS A WORK TAPE. IN M4ANY CASES IT CAN BE REPLACED
€ AITH MATRICES 1O CUT XRUN TIME
5 SURRDUTINES AND FUNZTION SUBPROGRAMS REQUIREN
n MINY = MATRIX INVFRSION
S MPRO0 - MATRIX MULTIPLICATION
C GMaDD - MATRIX ADDITION
C
c METHON
L SEL REFERENCE
6
C.ll.‘l...".....'.!....l........Q.l.‘........‘l..l...l.........'.l.....
1)
CUBROUTING ALPBET(Ay3,Cy09BTTyFNCL1aKyNyIRyIC,DETERM)
S CHANGF UTMENSIONS

COMPLEX A(393) 9B(393)93(343),0(3),3ET(3),FNC1(3),NETERM
; 100 FORMAT (b (1Xy~1346))
I 101 FORMAT (1X9T4)
[ IF(K=1) 15142
! 1 CALL MINV(AyIZ,Uys14DETIRM) .
| (0 11 KI=1,1I%
' [0 13 J1=21,1C
11 AIKIyuI)==A(KI,JI)
CALL MPRLIO(A,4CyIRyIu,yIC)

V2ITe ALPHA ZERO AND 35TA Z-RJ ON TAPES S5 AnD 4
TuPto IS5 A WOIKING Tare, TAP-. STIRTS ALL ALPHA N*S 4AND BETA M!S

[ I S

FRITE(3) (40
WRITF(4) 540
i FETURN




cCOCm

(& OO0

£

o |

(o Moy )

o 10 B

OO

CONTINUZ
STORL CHN AND N ON TAarzs

PRITE(3) Cy3
FEWIND 3

FEAU sLAN=1) AND 3ZT(N~1) F0OM TAPZ3
READ(2) C,3ET

CALL MPRDD(A4{ETHFNCL1,Ir,IC,1)
CALL GMACO(U.FNCL1,8ETyIRs1,-1,)
CALL MPRUDI(A,. 4343IRyIC,IL)

(0 4 I=1,1IR

(0 & J=1,1IC

AlI,Ju)=8(1,J)

FET<I_VE CN AND BY FROM TAPT3

FEAD(S) C,3
05 I=1,1IR
[e 5 J4=1,I1C
((I,u)==-C(I,4))
FEWINU O

CALL GMADDIB A 334IRsIC,10)

Cabll MINV (09Il 33UT o1y 12TERM)
CALL MPROUI(B,y. yA4IR,IC,IC)
FRITL BETUIN) 4NJ ALUIN) ON TaPFZ
FITE(3) A4BFT

FRITE BTTIN) &ENO AL(N) ON TAPi &
PEITE(G) Ay3:T

FCTURN
F b
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SULROUTINT SaOL

i g
! G PUPPISE
i s GIVEN INTERMEJDIATE SOLUTIONS ALPHA AND RSTA ANU PREVIULUS
C VALUE OF F(X)y SOLVES FOR F(X=UX).
| 0 YSKGH
L PieOVINFY ALPHA, 35TA, ANU FUX)e RFTURNS FUIX=DX),
| ©
? - (> DESCRIPTLIIN OF PARAAETERS
B > ALP = INPUT MATRIX ALPHA
c 31 - INPUI VEUTOR BCTA
j { & FNCL1 - PREVIOUS VIJST)IR SOLUTION F(X)
L FNGC - <KETURNED VFLTOR LOLUTION F(X=DX)
6
G REMARES
: C NONE
| G
; i SUPROUTINZS ANuU FUNZTION SUBPRNGRAMS RFQUIRTNH
4 & GMADD - MATRIX ADUITION
S 4PRI0 - MATRIX MULTIPLICATIUN
&
r C MCTHOD
. > SFi EFERFENCE
G
C'..l.l......"......"..........II.Q..........I...COl.....l............
3 SUBRGUTINE S0L (AL243FRT9FNS,FNLLy IR, IC)
: o
(¥ (HANGF 9IMSENSIONS
¢

(OMPLT X ALP(543)937TH(2) 9FENC(3) 4FHIL(S)
Call MPRUUDCALP4FNCLyFNSsIR,IGC,1)

CALL UMACNO(FNG yBET 9FNCyIKy141.)

FFTURN

END




[ O

SUBRAOUTINT MINY

PURPUSE
MATRIX INVERSION WITH ACCOMPANING SOLUTTONS OGF LINCAR
cOUATIONS.,.

USAG ™
INPJT MATRPICES A AND 3¢ RETURNS A=INVIFSFE IN A AND A=INVERSH
TIM=3 & IN .

DESCRIFTION JOF PARAMETORS
A - INPUT MATRIX TO 32 INVERTED
INVERS® RTETURNFD I: A
3 - MATRIX OR VZCTOR 5uUCH THAT Ax*3=8,
A-INVERSE TIMES 2 FETURNED IN 3,
N = COLUMNS IN A, RJIAS IN 13,
M = CSOLUMNS IN 3.

CoONCICIOIC.OONC: OO C GO,

C JETERM = DETERMINANT OF A
G RCMA2KS
G F1 NBS3 MATINV MATRIX TNVERSION
c SUEROUTINTS AND FUNSTION 5SUBPRIOGRAMS RTQUIRED
c CAYS = SYSTEM FUNCTION
c
3 METHOD
C GAUSSTI AN ELIMINATION WITH RARTIAL RPIVOTING.
L
Lo oecoooceosocacenes s 00c 000005 00000080000000 0000000000 000000caso0occasess
g
SUBRCUTINE MINV(A, Ny3y3MyDETZRA)
: ¢ CHANGE DIMENSIONS
| (;
CIMIRSTION A0343)93(351043PIVOTI3),IPIVOT(3),INDEX($,42)
COMPLE X Ay39 lETERMy 2TVOT ,AMAX 3 SWAP,T
( INITIALIZATION

! 19 LETExM= CHMPLX (14J0,45040)
1> DO Zdu J=14N
210 1PIVuT (J) =0
34 (0 520 TI=1,N

CCARCH FOR PIVOT -LEMAENT

Cp il < 8 <

[ }

EMAX= CMDLX (U.J,u.d)

45 LO 138% J=1yN

51 IF(IPIVOT(J)=-1)o00,4175,HC0
SN0 [O 1490 K=1,4N

70 IF(IFIVOT(K)I=-1)30,10%,7=L
50 IF(CATLSIEMAX)=CABS(A(JyR)) ) 3549100,100
59 1°0%=J

9J TLOLUM=K

35 FMAX=L (JyK)
1040 (ONTINUE

10¢% LUONT LNUF

s




1190

139
147
154
104
174d
209
275
213
224G
230
26"
26h
5 il
310
320

Do I

(@

330
J+u
358
355
35y
370

O GG

339
330
+uf
L2ij
+3C
457
4595
420U
50¢C
550

2 €3 €

o dy
olu
621
632
o4
Hh5i
ool
673
709
705
710
740

JPIVOT(ICOLUM) =IPLVOTIICOLUM) +1
INTTRHCOCHANGE <OWS TU 20T PLVOT ELEMINT ON UIAGCNAL

IF(IS0OW=TCIOLUM) 1,04200,1-0
[c1F2M==0UF TE M

[0 2)'0 L=1sN
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QO =i =1,
IF(LI-TICCLUMIGLOD,550 4400
T=A(L1,ICOLUM)

A(L1,ICOLUM)= CMPLX(JeU40.,0)
{9 =~.t L=14N
F(LLyL)=RALLL L) =A(ICOLIM,L)*T
IF(M)I55045%0,4-010

LO - iv L=14M

E(LL L)=3CL1,L)=-B(ICOLJIM,L)*T
CONTINUE

INTE“CHANGE COLUMNS

LY 1i IzlgN

L=N+,~1
TEOINDEX(Ly1)=INCEX(LG2))030971u,y530
CROW=INDCX(Ly1)
JUOLUM=IMNOEX(Ly2)
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CONT INUE

CONT IMNUE

FETURN
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