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THE NUMERICAL SOLUTION OF EXPONENTIAL EQUATIONS

1. INTRODUCTION

/4"::>The purpose of this note is to describe an expeditious

procedure for finding the least positive root (if any) of

equationsaqg\fgi\form
N

(D 2, €, 8

The quantities c; are al constants and the quantities

4. are real positive constants.

i his problem arises in

Don Perkel's study of neuron firing subject to inhibitory
and excitatory stimulation. Because the solution of equa-
tion (1) would be a small paxt of a monte carlec routine,

it is important that the solution technique be fast and
100% reliable (that is, it should not fail catastrophically
in certain circumstances, even though these circumstances

might only occur once in a hundred times).

2. THE BASIC TECHNIQUE

For definiteness, let us assume that
0 < Ll < Lz < L3 & e LN'

Let us further assume that Coy =k (these two assump—
tions obviously involve no loss in generality). Now

separate the terms into two categories according to whether

cy is positive or negative.
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Let P be the number of positive cg and Q the number
of negative cys P+ Q = N, of course, and if either P or
Q were zero then there could obviously be no solution to
equation {1). Let {(p;, r;): i = 1L(1)P] be the set of all
pairs from {(ci, Li): i = 1(1)N} such that ;s is positive,
and {(qi, si): i = 1(1)Q} be the set of all such pairs

which have ¢y negative. Then

N P
(2) ié% cy exp(—Li © X) = .ZD Py exp(—ri - x) + ig% q3 exp(—si - X).

i=1

In other words, if we let

N
f(x) iz% c; exp(—t; ° x)

P
g(x) iz% p; exp(-r; - x)

hGO = -3 q; expls; 0

i=1

£(x) = g(x) - h(x).

Our problem, then, is to determine the least positive
value of x such that g(x) = h(x). We assume, for definite—

ness, that
0<r< r, <

0« 81 < 8y <




et i P e SN i

Sl L

R g L

.
‘

o '\.,‘

e

Zi'm)}' ‘a

T

T W 3

s &,

i ,{_ e
pp 257N

g 4

TR ER T e

E

RS ——

Obviously,

12% (—q;) - exp(-s; - x) > h(x)
(3)
p; exp(-r; - x) < 8(x).

We know that P; = 1, and so if x is so large that
exp((sl D rl)x) > i%]_ (_ql)

we see that h(x) < g(x).

Theorem 1: If x > 1og[;§1 (—qi4 //(sl - rl), then
f(x) > 0. 3

Theorem 1 limits the range over which we need search
for a value of x such that g(x) = h(x). In order to con—
duct this search, we exploit the fact that both g and h
are very ''well-behaved" functions: they are both every-—
where positive, and their n—th derivatives everywhere have
the same sign as (—l)n. In view of this, an easy applica-
tion of the mean value theorem gives us the following:

Theorem 2: Let G(x) be a polynomial of degree K

such that, for a certain real number X

G(x)) = g(x)
G'(x)) =g'(x)

M(x) = 8(x);

R e -~
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then if x > X G(x) < g(x) if k is odd, and G(x) > g(x)

if k is even. A similar result holds for h(x).

Proof: Assume k is odd. G (x) =0 ¢ g*l(x).
Thus Gk(x) < gk(x)‘for all x > x_, which implies
Gk-l(x) < gk_l(x) for all x > x_, and so on.

Theorem 2 immediately suggests the following algorithm:
if g(0) < h(0), find a polynomial G of even degree such
that all G's nonzero derivatives agree with those of g
at 0, and find a polynomial H of odd degree such that
all H's nonzero derivatives agree with those of h at 0;
it is obvious from the sign of the leading coefficients
that, for some x > 0, H(x) = G(x); let x, be the least
such x, then in view of Theorem 2 we have g(xo) < h(xo),
and we repeat the process at X, For all 0 € x < X,
g(x) < G(x) < H(x) < h(x), and so it is impossible for
this process to ''skip over' a point at which g(x) = h(x).
1f h(0) < g(0), we reverse the degrees of G and H. We
terminate the process when we find an X, such that
lg(xo) - h(xo)l < € (where ¢ is a quantity small enough
that we are ''willing to call it zero') or when x  is
larger than the quantity mentioned in Theorem 1 (in

which case there is no positive root to (1)).

3. TIMING CONSIDERATIONS

A basic question in applying the above algorithm is
deciding what degree polynomials to use in fitting g and

h. There seem to be four reasonable alternatives:

A A VI i IR 7 5 A T T
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(1) Use a constant to fit the lower curve and a
line to fit the upper one.

(2) Use a parabola to fit the lower curve and a
line to fit the upper one.

(3) Use a parabola to fit the lower curve and a
cubic to fit the upper one.
3 (4) Use a quartic to fit the lower curve and a
& cubic to fit the upper one.
i ‘ Use of higher order polynomials is ruled out (or at
§ | least made much more treacherous) by the impossibility of
i“ explicitly solving a polynomial of fifth degree or higher.
: The k—th alternative above requires the solution of a k—th
W degree polynomial, and it is a hard question to decide
} whether the smaller number of steps required by the higher
f order methods is counter—balanced by their increased compu—
tational complexity at each step.

As a test of the relative speed of the four methods

mentioned, we considered the four functions specified in

Table 1, which are each combinations of the same six

.
Il

N
" At

exponentials.

ok

o I
REWPE AP ¥ 8

These four functions constitute a fairly severe test
for the algorithm, as can be seen from the tabulated values
found in Appendix I. The speed of each method was measured

in two ways: by counting the number of iterations required

i";-'i‘_'"'.' - .

and by keeping track on the JOSS '"timer' of the amount of
time required to find the least positive root. The time-

sharing feature of JOSS, and the fact that ''timer' reads

w9 n TR 0 AR R g AV T Rl . Lo o) ¥ P Y el Y ‘.. -
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Table 1

i £ c: !

1 ¢ 4 I11 1V
1 N 1 1 1 1
2 4 —~28.57 -29.41 -33.33 -50
o . 57.14 58.82 66.67 100
4 .6 -28.57 -29.41 -33.33 =50
3 4.0 -3.00 -3.09 -3.50 -5.25
6

Least Positive
Root:

in hundredths of a minute, makes these times quite variable;
this variableness was reduced by running the tests between
10:00 and 11:00 P.M. on a Sunday evening when there was only
one other user on the machine, and by averaging five separ-
ate values for each run of methods three and four. The
results are summarized in Table 2. This table makes it
clear that Method 1 is terrible, Method 2 is quite good,
Method 3 is best of all, and Method 4 is better than

Method 2 but not quite as fast as Method 3. Therefore

it appears that the optimal technique is to fit the upper
curve with a cubic and the lower curve with a parabola.
Experience has indicated that Fortran will be thirty to
forty times faster than JOSS running at night, so it

appears that Method 3 will dispose of even "hard cases"

in between 100 and 200 milliseconds. An annotated JOSS

program applying Method 3 is supplied in Appendix II.
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Table 2
COMPARISON OF FOUR METHODS

Function
I 11 I1I IV

iterations | 613 1135 731 100 E
Method 1 {4
‘ time 69.6 sec. 130.8 sec. 84 .0 sec. 12.0 sec. ;;

B | iterations 38 27 23 5 f
Method 2 E
' time 1.8 gec. 6.0 sec. 4.8 sec. 1.8 gec. | §
iteratione | 16 12 10 2 A
Method 3 1
time 5.3 sec. 3.6 sec. 3.1 sec. .6 sec. 'g
iterations 11 8 8 2 |
Method 4 |
time 5.8 sec. 3.8 sec. 4.3 sec. . as3 Bec. ‘j
4
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LU0
H0
«80

1,00
1.20
1,40
1.60
1.80

2,00
2,20
2.40
2.60
2.80

3,00
3.20
3.40
3.60
3.80

4,00
4420
4,40
4,60
L.80

5,00
5.20
5.40
5.60
5.80

6,00
6420
6440
6460
6480

7.00
7.20
7.40
7460
7.80
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APPENDIX A

Function I

£(x)

LA5T710
«19872
43413
61680
08294

67741
63636
57976
91781
+U45565

39589
+33989
«28836
224161
«19975

«16272
«13039
«10255
07896
»,05932

04335
«03074
.02118
«01438
01005

.00789
«00766
«00909
201196
«01605

02117
02712
03375
04091
04845

«05627
«07232
+08037
,08834

g(x)

61,00000
53,2620
W7,861R7
43,29775
39,23187

35.,56469
32,24778
29,24570
26,52809
24,06782

21,.84041
19,.82372
17,99773
16,34430
14,84704

13,49111
12,26309
11,15083
10,14333

9,2306u4

8,40376
7.65456
6.97565
6,36036
5.80267

5.29710
4,83873
4,42306
4,04607
3.70408

3.,39379
3.11218
2,85656
2,62446
2,41366

2,22215
2,04811
1,88989
1,74600
1,61509

COPY AVAILABLE TO 07 NOCS HOT
PERMIT FULLY LEGILE |

h(x)

H0O AN 50,
53,06332
u7,u4277u
42 AR0RS
38,54893

34.88728
31,61142
28,6659y
26,01028
23.61218

21,44453
19,48383
17.70936
16,10268
14,64729

13.32839
12,13270
11.04827
10,06437

9,17132

8,36041
7.62382
6,95u4u8
6,34598
5.79262

5.28921
4,83107
4,41397
4,03u11
3.68803

3.37262
3.08506
2,82281
2.58355
2,36521

2,16588
1,98385
1.81757
1.66563
1,52675
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1
b | Function II
{ K
i X f(x) o(x) h(x)
!
j .00 .85294 62.76471 61,91176 i
‘ .20 .17573 54,79974 54,62401 :
- L0 41664 49,24131 4E,82267 :
f .60 60735 44 ,54351 43,93616 ;
.80 .67587 40,35859 39.68272 :
. 1.00 67072 36.58410 35,91338
1,20 .62899 33.17016 32,54117
1,40 57124 30,08030 29,50905
E 1,60 .50798 27.28327 26,77529
§ i 1,80 JLuuyg 24,75113 24,30665
{ 2.00 .38345 22.45870 22.07525
z 2,20 .32629 20,38317 20.05688 .
A3 2,40 2737 18,50393 18.23023
E / 2.60 .22604 16.80233 16.57629
2,80 .18339 15.26149 15,07809 !
2 3.00 214572 13,86612 13,72040 :
E 3.20 .11287 12.602u1 12,48955 _
3 \ 3,40 .08LbL 11.45786 11,37322 §
3.60 .06076 10,42114% _  10,36038 P
3.80 .04095 9,48202 9,44106 4
i
4,00 .02491 8.63122 8.60631
4,20 ,01232 7.86037 7.84805 ,
4,40 00287 7.16187 7.15900,
A 4,60 -.00376 6.52886 6.53262
i 4,80 -,00786 5.95513 5.96299
5,00 -,00972 5,43506 5,L4L478
5,20 -,00960 4,96355 4,97316
5,40 -,00778 4,53601 4,54379
5,60 -,00449 4,14827 4,15276
5,80 .00006 3.79656 3,79650
6,00 ,00565 3.47746 3.47181
6420 .01210 3.18790 3.17580
) .01924 2,92507 2.90583
6460 .02691 2,686u45 2.65954
6480 .03498 2,46975 2,43477
7.00 .04332 2,27290 2422958
7.20 .05183 2,09403 2,04220
7,40 .06041 1,93144 1,87103
7,60 + ,06898 1,78359 1.71462
7.80 07745 1,6u911 1,57165
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Function III

9 (%) g(x)
<0 + 83333 71.00000
20 L0687 61.,97568
0 + U635 55.67871
.60 «H6276 50,35708
.80 64291 45,616606
1,00 .63951 41,34133
1,20 « HAL60 37,7459
1.40 <3150 33,97509
1,60 46209 30,80742
1:80 «39238 27,.93992
2,00 «325u41 25,34403
2420 «26279 22,99392
2440 20532 20,86624
2.60 «15337 18,93984
2,80 .10707 17.19558
3,00 .06637 15.61616
3,20 .03110 14,18592
3,40 .00162 12,89067
3.60 -,02416 11,71760
2.80 -, 0uy77 10,65510
4,00 -.06114 9,69267
14,20 -,07364 8.82081
4,40 -,08262 8,03091
4,60 -,08843 Tead521
4,80 -,09141 6.,66665
5,00 -,09188 6.,07886
5420 -,09015 5.54609
S5el40 -.08652 5.06312
5.60 -.08125 4,62521
580 -.07u459 4,22811
6,00 -.06677 3.86795
6620 -.05802 3.54122
6140 -,04851 3.2u4477
6.60 -,03842 2.97573
6480 -,02791 2,73150
7.00 -,01711 2,50974
7.20 -,00615 2.,30833
7440 ,00u85 2:12535
7.60 .01582 1,95905
7.80 +02666 1,80787

e RY A e

h(xz)

70.,16667
61,90721
55.33236
49,79432
Ly4,97375

L0,70183
36,87999
33.44360
30.34533
27.54754

25.01861
22.73113
20.,66093
18,7866
17.08851

15,54979
14,15u482
12.88965
11,74176
10.69987

9.75382
8.894u5
8.,11354
7.40364
6.75806

6.17075
5.63625
5.,14963
4,70646
4,30270

3.93u472
3.59924
3.29328
3.01415
2,75941

2.52685
2,31449
2,12050
1,94323
1,78121
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Function IV

£(x) a(x) h(:)

« 75000 106,00000 105,25000
-.38739 a2 47342 a2,86082
«03914 83.,03768 £2,99854
«37326 75.06470 74,691u8
50281 67.96343 67.46062

+«50684 61,55958 61,0527y
JHLBU3 55,76842 b5 31999
«36256 50.52796 50,16539
«26707 45,78505 45,51799
.17093 L1 ,49224 41,32131

.07876 37.60668 37 52792
-,00707 34,08963 34,08670
-,08534 30.,90605 30,99139
-.15547 28,02u423 28.17870
-.21728 25,41548 25,63276

~.27085 23,05383 23,32469
-.31643 20.91580 21,23223
-.35436 18,98012 19,33u448
-.38508 17.,22757 1761265
-,40908 15.64072 16,04981

-.42688 14,20385 14,63072
-.43899 12,90269 13,34168
- 44595 11,72435 12,17031
-.4u4829 10,65717 11.10546
- 4651 9.,63058 10.,13709

-. 44109 8.81503 9,25612
-, 43249 8.,02188 8.45uU37
-.42115 7.30330 7.72445
- 40747 6.,65222 7.05969
-.39183 6,06222 6,45405

-¢37457 5.52752 5.90208
-.35600 5.04286 5.39886
-.33640 4,60351 4,93992
-,31605 4,20517 4,52122
-4.29517 3.84394 4,13911

427396 3.51632 3.79028
-e25261 3.21912 3.47173
-.23128 2.,94947 3.18074
-.21010 2,70474 2,91485
-.18921 2,48260 2.67181
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COPY AVALITIE T2 8 PSS DT

PERMIT FULLV LECi. & PROJUCTION

APPENDIX B

1.1 Demand K.
1.2 Do part 8 for i=1(1)N.
1.3 Do part 2,

2.11 Do step 3.1 for i=1(1)N,

2.12 Set P=0,

2.13 Set (=0,

2,14 Do step 3.2 for i1=1(1)N.

2415 Type "lio positive root." if 0=0,

2.16 Done if Q=0,

2.2 Set T=10%(=8)emax(i=1(1)N:d(i)).

2,21 Set U=log(-sun(i=1(1)Q:q(i)))/(s(1)-r(1)).
«22 Set x=0,

2,3 Do step 3,3 for i=1(1)P,

2,31 Do step 3.4 for i=1(1)Q.

2,32 Set D=sum(i=1(1)P:R(i))+sum(i=1(1)0:5(i)).

2.33 Type % in form 1 if [D|<T,

Z.34 Done if |D|<T,

2.35 Set A=-sum(i=1(1)Q:s(i)%*3+5(i))/6 if n<O,

2.36 Set A=-sum(i=1(1)P:r(i)*3+R(i))/6 if D>0.

Input parareters of f(x).

Sort out positive and negative

parts of f(x).

"Zero" tolerance.
Upper limit on solution.
Initial value of .

Evaluate f(x).

2437 Set B=[sun(i=1(1)P:r(i)*2+R(i))+sum(i=1(1)Q:s(i)"2+58(i))]/2.
2,38 Set C=-sum(i=1(1)P:r(i)*R(i))-sum(i=1(1)Q:s(i)*sS(i)).

2439 Do part 7,

2,4 Set x=x+7z,

2,41 Type "No positive root." if x>U,
2,42 Done if »>U,

2.43 To step 2.3.

1 Set d(i)=c(i)/c(1).

2 Do part 5-sgn(d(i)).

3 Set R(i)=p(i)eexp(-r(i)ex).
U Set S(i)=q(i)eexp(-s(i)ex).

wWwww

Set P=P+1,
Set p(P)=d(i),
Set r(P)=1(i).

~ £ &
W N =

Set Q=Q+1c
> Set q(Q)=d(i).
Set S(Q):"l(i)o

oo
)
WO

7.1 Set H=(3°A*C=B¥"2)/(9A%2),

7.11 Set G=(2+B%3=-9eA¢BeC+27+A%2eD)/(27°A%3),
7.12 Set D=GR2+4ue}{%3,

7.13 To step 7.3 if E<O0,

7.14 To step 7.4 if H=0,

7.2 Set u=(=G+sqrt(E))/2.

7.21 Set ussgn(u)e|ul®(1/3),

7.22 To step 7.4 if u=0,

7.23 Set z=u=H/u=B/(3+A).

7 «?24 Done,

7.3 Set w=arg(=G,sqrt(-F)).

7.31 Set M=cos((w=6,2831853)/3) if G20,

Go and solve cubic equation,

Part 3 18 a collection of unrelated
steps. It ie never executed ae a
part.

Sorting out positive and negative
parts of f(x),

Finding the emallest poeitive root of

225 s m22 + 2+ D=0

by Cardano'e method. Notation e
very close to that in Conkwright,
"Introduetion to the Theory of
Equatione," pp. 68 = 77,
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7.32 Set ll=cos(w/3) if G<0,

7433 Set z=2esqrt(-H) li-B/(3°1).
7.34 Done,

7.4 Set z=sgn(-G)+|G|%(1/3)~B/(3+A).

8.1 Demand c(i), Input of parametere of f(x).
8,2 Demand 1(i).
Form 1; 3
Smallest positive root: X=.eeeescsssccs

bopY AVALABLE T0 0OC S HOT
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