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1 . INTRODUCTION

1.1 Motivation

The aim of this work is to develop a method for performing and

In terpreting shock wave experiments in two-dimensional strain using a light

gas gun .’ The primar y a pp lica tion of this is in the study of the kinetics

of shock- induced phase transitions in solids . The motivation for this

2 3study has been detailed elsewhere . ‘ The geometry of two-dimensional

strain is intended to provide a quick survey technique for estimating the

transition points and kinetics of phase transi tions in various materials.

An overall  perspec tive of the events leading to the present stage of

developmen t of the study of phase transitions and their kinetics has been

given in other works.4 Phase transit ions are detected in shock wave experi-

ments by the two-wave structure that is generated .5 The k i ne ti cs of the

phase transition are studied by measur ing the rate at which this two-wave

4structure develo ps. This is normal ly done under cond itions of uniaxial

strain produced by norma l impact of the plane face of a projectile on the

plane front surface of a samp le. The shock proceeds throug h the sam ple and

some shock parame ter is measured in a plane parallel to the impact p lane ,

usually at the rear surface of the samp le. Th is type of exper iment has some
5 . 

- 5 .-

advan tages. The one—dimensional strain case is relatively easy to interpret ,

and many anal ytical techniques exist for this purpose. 6’7 Also , there are

many highly refired measurement techniques which may be em~loyed in the one-

d imens i onal exper i men t.8
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The two-dimensional strain experiment , on the other hand , is more

difficult to anal yze. The added dimension naturall y brings a greater degree

of compl exity to the probl em . !iuch work has been done in multidimensiona l

geomet ries ,9 of course , but the majority of work has considered the uniaxial

strain case. The situation is much the same regarding measurement techni ques.

Al though measurements have been made in other than one-dimensional geometries ,

particularly in experiments involving the use of explosives , the most sophis-

ticated advances are in instrumentation that is not readily adaptable to

multidimensional geometries . The VISAR1° and quartz guage~ are examples of

instruments capabl e of making continuous measurements of ~hock wave parameters

wi th good precision and accuracy in plan e wave experiments . This kind of
•

resolution is not ava ilable for two-dimensional experiment s.

There is , however , one major disadvantage involved with using one-

dimensional geometry to study the kinetics of phase transitions. In this

type of study it is required to determine the evolution of the wave as it

propagates through the material - A one-dimensional experiment makes a

measuremen t at only one propagation distance through the sample , namel y,
12the sample thickness. In-situ gauges such as the electromagnetic gauge

do not have this limitation , bu t still require one gauge per measurement

position . Thus , severa l ex per imen ts are requ i red in order to observe the

evolu tion of the wave struc ture , and information still is obtained onl y at

discre te propagation intervals. Beyond this there is great difficulty

involved in prepar~n~ very thin samples so that very short propagation

distances can be studied . The one -dimensional ge~~etry proves to be expen-

sive and time consuming when ap ol ie~ to the stud y of the kinetics of phase

5~ 5
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• S’ S -
_S .

5~~5 5~~_S

2 
~~~~

- . . . _~~~~~~~~~~~~~ S . . . 5 . 5 . 5 . 5 5 - _ S  -. S . - ~~~~ ~ 5-~~~A , 5- .~5 - 5-

S s 
.5.5

5- .. 5- 
~‘ 5’ 5f 5

~5
5 ’ S - - . 5 . . 5 -  . s _ _ ~~~~~~~~~~~~~ . _ .  .5 _ S .5_S . ~~

S d .  . . . . S _ .  
~~~~ _ 5  5 5 5 5 5

-
5 5

,~ ‘. ‘~ 5- . f r 5 ?  5?



— — —  _S’ 5 5 . 5 - , —  - S 5555 ~~~~ 5%. — - — •~~~~~~~ W 5 - W 5 . 5 t~~~~5 4 ~~~~~~~~~~~~~~~~~ C~~~~j . 5 J ! M 5 J 5  -_ — 5- -: .1rX 5U 5 - 5 3  V ’J C - . r.5 y—. r57 uIç( r .W ~~

•

Two-dimensional geometry , despite its added complications , offers

the possi bilit y of sampling over a continuous range of propagation distances

in a sing le experiment)3 This attribute may justify the comp lex i ty of the

problem. The two-dimensional geometry has been successfull y used to obta in

Hugoniot data for some materials ,14’15 and it has been used in the study of

the kinetics of phase transitions. ‘ 
_____

The development of an easy-to-use measurement techni que along with

a means for analyzing the experiments would overcome the major objections to

the two- dimensional geometry. It would then provide a very usefu l method

for quickly locating phase transitions and estimating their reaction rates.

The development of a measurement tec-hnique and ana lytical method is the

subject of th is work.

1.2 General Description of the Problem

I _ _1.2.1 Impact Confi guration

The specific two-dimensional flow geometry chosen is that of a plane

-
~~ projectile face impacting a wedge whose impact surface is tilted at an ang le ~

to the proj ectile face , and whose rear surface is paral lel to the ~‘lane of the

projectile face as shown in Fig. 1 .1. This misa li gnment of projectile and

target impact surfaces is actually present in all so—called “p lane impac t”

exper iments , due to the experimental difficulties involved in ali gn ing the two

surfaces s o that they are paral lel.  In the two-dimensional geometry the degree

of mi salignmen t is two orders of magnitude larger and is controlled .
• 

_ _The impac t of the projectile on the target produces a condition of
5 5~~~ 5 5

two-dimens ional steady flow in the reg i on where rare fact i ons from the en ds

of the wed ge have not affected the problem. As can be seen in Fi g. 1.1 ,
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shocks connected to the contact point between pr ojectile and wedge extend

- . . -:-into the material. The f low is steady in the sense that regardless of the

position of the contact point , shoc k parameters are the same at equa l dis-

tances along the shock from the contact point. In fact, if the reference

frame used is one in which the contact point is at rest, and In teractions

with the boundaries of the material are not considered , then pa rameters are

unchanging with time at every point In the material Any rate-dependent 
5-

~~~~
5
~~~

- effects which occur are manifested by the variation of parameters from

point to point in the material. For examp le , stress-re laxation would result

In a decay of the shock strength wi th distance along the shock from the con-

5 5 tact point. This picture of steady flow is not valid if , for instance , the

velocity of the contact point is subsonic with respect to either material.

Th is condition would result in material jetting ahead of the contact point. ’8

Th is and other instabilities are not dealt with in this work.

In the reference frame in which the contact point is at rest , the

back surface of the wed ge approaches the contact point with the projectile

ve locity . As it gets closer to the contact point , it intersects po ints on

the shoc k which are c loser to the contact point , and which may have different

parameters if rate—dependent effects are present. Thus in a reference frame
S _

l.a S

in which the wedge is at rest, as the contact point moves to the ti p of the
S

wedge the distance that the shock that interacts with the wed ge free surface

has propagated changes continuously from its maximum value down to zero. A

si ngle  experiment allows the shock parameters to be monitored over a continu-
f

ous range from those for zero propagation distance to those for some maximum

distance determined by the geometry of the wed ge. This is essentiall y

equivalent to an infinite number of one-dimensional experiments .
I.
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1.2.2 Measurement Technique
.~ :.:•~:In ord er to moni to r  the shock parameters for a continuous range of

propagation distances in the two-dimensional experiment , a measurement tech-

:~-~ nique is required which allows some parameter to be continuousl y monitored

a long the length of the wed ge from the thick end to the ti p. The instru-

mentation that was chosen is a variation of the slanted resistor technique 19

which has been used to monitor the free surface motion of samples in uniaxial

strain experiments . In the one—dimensional case a resistance wire is mounted

at an angle to the back surface of a specimen as shown in Fi g. 1.2. As the

back surface of the specimen moves out as a whole , it cortacts the wire and

shorts out that length of the wire between the specimen and the contact point.

Monitoring the resistance of the wire provides a continuous history of free
~5

5
5 5_ f

surface posit ion .

The modification for the two-dimensional experiment is to place the

resistance wire parallel to and offset from the back surface of the wedge ,
r\. :~‘~:- -

:~ 
as shown i n Fi g. 1. 3. As the shock sweeps along the wed ge free sur face , i t

causes the free surface to move off and con tact the wire , shor ting  it out.

Moni toring the resistance of the wire provides the time of arrival of the

wed ge free surface at a given distance from its initial posi tion at every

point down the length of the wedge. Using two wires with different offsets

in the same exper iment provides the time of the arrival of the wedge free

surface at two distances for every position along the length of the wed ge.

If all poi t; on the wedge free surface moved off with a velocity
•

norma l to the ori g ina l  free sur face , and if the velocity of poi nts on the

free surface stayed constant at a ll distances from their initial ~osi tion ,

5
, 5~

5 then the data from the two resistance wires would prov ide a continu ous
•

record of the free surface veloc i t) 

a: 

a function of pos ition down the
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wedge. However, points on the free surface may move off with  a veloc ity

5 5 5

:~ :~ 
that Is not normal to the free surface , especia lly if the material is

I elastic. 21 A l so, multi -wave structure may cause the free surface velocity

to change with distance from its initial position. Thus , in genera l what

is measured is related to the time average between the two offsets of the
- , wires of the particle velocity at the free surface.

When rate effects and two-wave structures are invol ved , the shock

strength will change with propagation distance , and thus the particle

vel ocity will vary as a function of position along the wedge. The data

from the wedge impact experiment using two resistance wires will provide the

particle velocity as a function of position along the wedge , and thus can be

• used in the study of phase transitions and their rate effects.

1.2.3 Method of Analysis

‘j 
Given a genera l experimenta l techni que a means of analyzing the

:::~ problem is required in order to properl y desi gn the experiments. Design

-
~~

-
~~~~ considerations include projectile velocity , fl yer mater ial , wed ge size and

ang le , targe t des i gn , and placement of the resistance wires. Once the

:~ experimen t has been performed , a means of interpreting the data is required
5 .

in order to relate it to material properties.

Consider ing the overall complexity of the two-dimensional geometry

and the different types of rate-dependent material properties invol ved , it
5- - :-

was felt that the problem was much too comp l icated to rel y on surely analyt-

ical solu tions. Closed— form solutions , if they could be found , would require 5.
’

tremendous effort and be restricted by the simplifying assumptions required .

The best overall means of anal yzing the proble~1 would seem to be by means :~~

of numerical techniques utilizing a di g ital comDuter .22
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- - The numerica l techni que chosen niust be capable of handling the entire -
~~~

general problem inc luding multi -wave structures and thei r interactions wi th ____

a l l  boundar ies an d i n terfaces , material strength and its rate-dependent

effec ts, and phase transitions. It must also be able to handle m ultiple

materials and many different types of equat ions of state. In order to do

this the techni que must solve the system of partial differential equations

describing the problem , subject to the proper boundary conditions. ~any

genera l techniques exist for the numerical solution of partial differential

23 24
- - equations. ‘

~~~ Among those that have been employed in codes rritten to

solve shock propagation probl ems are the finite element met~od ,
25 the :-~-:

method of characteristics ,26’27 and finite-difference methods. 28 The

f inite-difference methods are best adapted to the present prob le~n because

of the re lat ive ease with which they handle differcnt mater ia ls  and the

formation of multip le sho c ks. 29

Finite-difference method s approx imate the partial differential equa- 5 _
.

tions by f in i te-d i f ference equat ions and aDp ly these equations to a arid in
~
5

T
5 

______time and space.  Given the initial -~- al ues of al l  var iab les at al l  points in

the spatial mes h , the solutio n proceeds by a tim e-stepping technique to pro-

vide the values of all variables at all mesh points at later times.
5

~s Euleri~ n f in i te—di f fe rence methc -ds aopl y the equations to a qrid

:~ 
f ixed in s~ac e thr -cu~h -:h ich the mater ia l  ~ove s , rr~i l e  La~ ran g ian f inite-

difference ~t~~~s ap p l y the equ a t ion s to a grid v. hich is f i~ e-d in the nate-

rial and roves i;ith i~ .30 Euler ian methods have the d is a dvan c ~~e t~~ it mate-

rial h is tory  is d i f f i cu l t  to fo l l ow .  ‘.-,- h i le  La~ r a n q isn methods have :hn

dis adva nta~ c t t a t  th~ ~r~d bec~: ’es d ist : - rtnd as the - - a te r ia l  mav e s , ani the

c a l c u l a t i o n  t~ co- ’et inccur~ te as th ~ :~esh d i s t c - r t i c n  becor~es ~a r s c .

La-~r~ r,~ ian ~~~~ a r C  ‘-~n -T- r-a l ly  ‘ ‘ost j~~’f u l ~or s~ a l l  i~- nac t vE l o c i t i e s , and
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Euler ian codes are most useful for large impact velocities where mesh dis-

tortion is very large. 31 There are also ma ny techniques which combine both

Euler ian and Lagrangian features in order to try to overcome the disadvan 

-

____

5... tages of each 32 ,33,34

The prima ry intent of the present work requires keep ing close track

of material histories , and material distortion is not expected to be large ,

so a Lagrangian finite-difference method was chosen as the means for analyzing

- :~ and interpreting the exper iments.
‘ 5 ~~

~~~ Codes exist which utilize the above mentioned numerical tech-
- 

35 36 37 38 39 40niques . ‘ ‘ ‘ ‘ ‘ However, most are designed to be quite general

- and handle many different types of probl ems ; they are thus quite bulky and

• inefficient in a specific application. Also , they do not contain the

specific types of material properties and rate-dependent effects desired

for th i s work. There fore, a Lagrangian finite-difference code was written

exp licitl y to solve the problem of a projectile impacting a wedge. It con-

ta ins ma ter ial streng th , elastic plastic and strain-rate dependent behavior ,

and trea ts phase trans itions. Th i s may be used to i nterpre t and anal yze the

two-dimensional experiments .
S~ 5 5 5  - S

S 555 5 5

1.3 Summary

The in tent of this work i s to p rov ide a measuremen t techn i que for

use in two-dimensional strain experiments , and a method for interpreting

and anal yzing the experiments. The two-dimensional geometry is that of a

projectile impacting a wedge, and the measurement technique is to record

the free surface velocity as a Continuous function of position along the

wedge by use of resistance wires to detect free surface motion. A two-

dimensional Lagrang ian finite-difference code developed to handle wedge
¶5 5 - S
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impact problems is the basis for desi gnina the experiments and interpreting

the results . The primary application is in the study of the kinetics of

- 
phase transitions. However , the capability for performing and interpreting

gas gun experiments in two dimensions may become usefu l in a wide variety

of other problems .
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2. SHOCK POLAR THEORY APPLIED TO INTERSECTING FLOWS

In order to gain a better understanding of the wed ge im pact experi - 
J

ment , it will be helpful to consider the problem from an anal ytical stand—

poi nt before proceeding to a computer solution . If aM material strength

~-V effec ts , phase transitions , and rate-dependent effects are i gnored , the

problem can be treated as the intersection of two fluid flows .
41 

Obviously

this treatment neglects the man problems of interest , but it gives an .5

approximate view of the general behavior of the wedge-projectile system.
‘ 5 ---’

By treating the material as a fluid , so that no stress deviators are

allowed , shear waves cannot be produced. Therefore the main assumption is
A ’~ R~~~

that the jump conditions ’~~”~ app ly to the components o~ flow normal to the

‘s. .-- shock , and the tangential components are conserved across the shock. Under

this assumption the components of fl ow behind the shock can be found. No

in teractions of the shocks with any of the material boundaries other than

the impacting surfaces are considered .

The problem can be most easily analyzed from a reference frame in

which the point of contact between the target and projectile is a-t rest ,

shown in  Fi g. 2.1. In the laboratory frame , or unprim ed frame , this point
‘
.

55

moves down the face of the target with speed Vp/sin ~~~. In the primed frame ,

the contact point is at rest. Thus the velocity components of the contact

point in the unprimed frame are

= -V p/tan ~ (2.1)
5
,’. 

S.’...- •
55~~55

5~

Vy = - V~ (2. 2)

This gives the veloci ty of the primed frame with respect to the unprimed
:-
~~
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frame. In aenera l , if the primed coordinate system has velocity V~ and V~,
-.

5

in tne unor imed s~ :tem , the veloci ty transformati on equations are

• __

= * V x (2.3)

= y - V~ (2 4)

~I Since the target is at rest in the unprimed syste m and the projecti le has

.-:‘~ velocity V~ in the -y direc t ion , their ve locit ies in the primed system

become ~~
.a projecti le: ~ = 0 - (-V p/tan -

~
) = V p/ tan ~ (2.5)

= (-V p) - (-Vp) = 0 (2.6)

target: = 0 -  (-V p/tan c~) ‘/p /t~~ ~ (2.7)
9( O _ ( - V ~ ) = V ~ - (2.8)

The angle ~ made by the target velocity with the x ’ axis is

= tan~ [V~/(V~/tas1 ~)]  = (2.9)

The magnitude of the target velocity Vt in the prir -ied frame is
ii 

_ _ _

J V t J = 1(V~/tan -
~~~~~~~ 

+ v~
2 = ‘.~~s in (2.10 ) :-~~-~

In the system at rest with respect to the point of contact the confi guracicn

becomes tha t shown in Fi g. 2.2. 
:- :.-~

To anal yze th i s , cons i der a coord i na te s .s te n  in which a shock is at

rest and the incoming f~c~i is inclined at sore ang l e  ~, as in Fi g. 2.3. The

reg ular jump conditio n s a - o l y  to the norma l cc rc t ~ sr,ts of the flow , and the

tangent ia l ccr:c ner .ts of the f low are unc han ged.  .
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2
The mass and momentum jump conditions for the normal components are :

Conservation of mass: p 0q0~ 
= (2.11)

Conservation of momentum : P1 - P0 = p0q0~(q0~ 
— qi~ ) (2.12)

It can be seen from Eq. (2.12) that since the pressure P1 beh ind the shock is

greater than that in front , the incoming flow velocity is greater than that

behind the shock. As shown in Fi g. 2.4, the magni tude of the flow is de—

creased and the flow is turned through an angle S.

The governing equations are

1) Conservation of mass

= (2.13)

S or

p0q0 sin 9 = p1q 1 s i n  (e-~ ) (2.14)

2 ) Conservat ion of momentum

— 

~o = 
~o~~~(~on 

— q~~
)

= p
0q0 

sin e[q0 sin e - q 1 sin(e-~)] (2.15)

H
3) Compa tibility in tangential direction

= (2.16)

or

q0 cos 9 = q1 cos(e-~) ~2.l7)

If the Hum -n ot , or R—H curve ,’~ of the ma terial is added in the

form of a U5—U~ rela ti on ,

US = A + B U ~ (2.18)

where U5 is shock speed relativ e to the material ahead , ari d is the cnarae

~~~~~~ 
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Fig. 2.4. Turn ing of the flow by an obli que shock
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•

in particle veloc i ty across the shock , the problem can be solved. In this

case the shock moves parallel to itself with velocity q0sin e rela tive to the

material ahead , and the change in particle velocity is

q0~ 
— q1~ 

= q0 sin e - q1 sin (o—~) (2.19)

The Hugon iot equation is :.~

q0 sin e = A 4- B[q0 s i n G -  q 1 sin(o-6)] (2.20)

Dividing by q
0Bs i no

1 - q1 sin (e-6)/(q sin e) = 1/B - A/(B q0 sin e) (2.21)
0

-

~~~~

From Eq. (2.17)

= cos e/[cos (0 -6 ) ]  (2.22)

So

[1 —A / (q 0 sin e) ] / B = 1 - [tan (0-6)/tan e] (2.23)

5 Given q0 and ~~, th is can be solved for 6 , and then
S.

= q cos 0/[cOS (e- 3 ) ]  (2.24)
- °

Given 0 and q
0 

the flow behind the shock can be found. Hold ing q
0 

constant

and letting o vary yields the locus of endpoints of q fo r  d i f f e r e n t  s
,

5-
, which is called a shr’ck polar , Fi g. 2.5.  If equals 90 degrees , there is

• S S Sa one-dimensional shoc k and no turning, so equals 0. As ~ decreases , q 1
i ncreases whi le -~ increases to a ma ;<imum value and t hen decr eases again to

zero for the value for which the shock speed q0sin~ is eoual to the

sound veloc ity and there is no shock , so tha t  q 1 is equal to q0 and again

a equals 0.
20
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The curved l ine in Fi g. 2.5 shows the locus of all flows that can be

reached by a shock for an incoming flow velocity q0. 6c ‘Is the max imum ang le

through which a fl ow of q0 can be turned. App lying this to the shot confi g-

uration of Fig. 2.2, shock polars can be drawn for each of the incoming flows ,

Fig. 2.6. The target-projectile interface will be turned at some angle

depending on the direction of the fl ow behind the shocks. The pressure :~~

behind the shocks mus t be the same in target and projectile and the flow in :‘:-

each region mus t be parallel to the interface , so that the materials do not

separate. Looking more closel y at the shock polars , as in Fig. 2.7, it may

be seen that for the pressures to be equal and the flows to be parallel there

must be a single l ine which intercepts point of equal pressure on each shock

polar. If P’ and P are such points , the flow velocities are of magnitude

q1 and q1 ’ . Thus the flow velocities may be of different magnitude so that

there is sl ip along the interface. Obviousl y if the confi ç~uration is such

that the ang le c~ between the incoming flows is greater than the sum of the

two critical ang les 
~ 

and 
~c ’  as in Fi g. 2.8, a shock canno t turn the fl ows

— 5 5 -\ ‘
5
-

so that they are parallel to the interface , and stable flow cannot exist .  So

for a given p r o j e c t i l e  velocity , there is a maximum wedge an gle for w h i c h

stab le flow can occur. :~~
‘S
.

Th is analysis points out two restrictions on the wed ge angle and
•

5

:~~
: projectile velocity in order to assure stable fl ow . The incoming fl ow ie loci-

:-.; ties must be greater than the shock velocity , and the sums of the cri t~ca 1
5;..

angles for the two f’ows must be greater than the wed ge ang le.
•

Variables beh ind the shock can be found graphi -:all y b-/ use of the

method of shock polars , or the problem ca n be solved expl ic i t ly .  Equations

(2 15) and (2 17) can be written for both the unprined and primed f lows

22

.5 5. - ~~~~~~~ ~~~~~~~
‘ 

“ ‘5 
,,

~ SS

5? ~~~~~~~~~~ 5,5 .*.5’
~ 5- ‘5

p



.
~~- - ‘

5 

/ 

~~~~~~
7

~ (pr 0~~~~~k~e
e
r\QCe 

~~~
sJ

S 

q0~V~/tan a ~~~~~~~~~~~~~~~~~~~~ (~Qrqet ~
q0N

I Fig. 2.6. Shock polars for the two-dimensional flow configuration -

S *55 5

555
5 5

W,

5.55
5~~ 

5
5

55
,

-.5

—
‘
- -

S
.

I I’,. 
S5

• 

S

~1
~~5 _.

-
.

5-

•

S
55
• 5

’5~ 
•55

5555

23 

- --  _________________

I 
5- 

.~5-



_ W X  )‘ Y ” ’~
’
~~ V V — -. s — — 55 

— 5 — - S ‘5 ‘~ 
- ‘S ‘55 1 ‘~W 5 —5.’ “S I W •55J * 5 5 ~ S — — — — 

*. 5 —

.
~~ 

S 
S

‘ 5 5 5

S . 
5
’~ ‘

5 5
S .-..

S
. 

- 

~

-

55
. (1
I ‘10
p

.5 - -

• ‘5 ~~~~

I _ _a
- o 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~YY.

Fig. 2.7. Solution of the two-dimensional fl ow
conf i guration by the method of shock
polars 

,

-

. 5 5 . 5

I _________
— -
•5 5 -•5

~~~~~
5-

5 55-

4
- S

- - 
- S

24

I 
____

_ _ _ _ _ _ _  ‘

5? .5 .( ~~~~~~ 
5-

~~ ~~~~~~~~~~~~ 
~~~~~~~ 5.~~~ 55 5)5 5~ 

~5 S~~~5 S
• 5 S 5~ - ..55.~. .,,55

~ ~
‘
~~~~:

‘- ‘i’. ‘ .~~~~5 s s S  “ S
•
• . , 5 , 5 * 5 

. •~~~~SS
•

S

5~ •‘_ 5• ~~~~~~~~~~~~~~~~ S_ •
~~ 5~~~ ‘5 ~ ~jJ . ~~~~ _ p 

55 ~ Q .J



‘- —

S

SS
-5* - 5 ’ - 5 ,

_

5
__

5 
5 - ~ 5~~5~

.:: ~~- S _ h

:-5?:

-~~~

Fig. 2.8. Condition of unstable f low

~~~~ -..SS
SS
I
’~’ -.

5

•
5 5 - 

SI..- —

25
/5 ‘5 ,555

• 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~~~~~~~~~~~~~~~~~~~~~~~~~ : :‘ - .S - 
~~~~~~~~~~~~ ~::- :: :-~ 

-
~::

.5 5. .‘ -/ P ’ S  . ‘5 *5-

~~~ ‘~~•

~ ? ~~ 
-~ ‘ ~ ~~‘. V r’~ ~ —. -.. ~ \.~ ~~~~~ 

‘5~ 
- ~~~ ~ S..



-n .— - r ~~”~~T r — - “ - — “‘ 5 - - - -

_ _
5
\. 

~S5
5

S.

There also exis ts a U5
_U
~ rela tion for each material p lus the two equations

a + ~s ’ = (2.25)

and

(2 26)

5 ,

yielding eig ht  e q u a t i o n s  in the variables q1, 0 , 6 , P1, q1 1 , 9 5 , 6~ , and

P1
5 . These equa tions may be reduced to two involving onl y e and 0 ’ .

5 ’ 
Append ix A gives the listing of a program that solves these simultaneous

equations by Mewton-Raphson i teration.46

This program yields the values of all variables behind the two shocks
•

created by the intersecting flows . Fi gure 2.9 shows the flow variables which
4:1 .,

the program yi elds when c~, q~ , and q ‘ are gi ven. Th i s prov ides a s i mple .
5;.

.s.w.~~ 0

method for rapidl y estimatir ; the pressures and parti cle velocities produced

for a given wedge ang le and projectile velocity .
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3. EXPERIMENTAL METHOD
5

S

’~~
-
.
.

Des i gning experiments basically requires choosing wedge angle and

impactor velocity . Choices are made to assure stable supersonic fl ow with

desired pressure level in the wedge. In addition effects of stress relaxa-

tion in transforming materials on the shock waves and free surface motion :~~

should be estimated ; estimates of free surface velocities are also helpful.

Cho ice of wed ge ang l e and impac tor veloc ity for g i ven ma ter i als was

made using compute r ana l ysis (hydrodynamic) described in Chapter 2.

One obtains curves like those shown in Fi g. 3.1 for aluminum on potas-

sium chloride (low pressure phase). Curvature at low pressure end of
_

~~~~~~
• the curves indicates onset of instability . In addition free surface veloc-

ity was estimated by adding a calculation of flow through a Prandtl-Meyer

rarefaction .20 For polymorphic materials calculations were done separately

for each phase; phase II calculati ons were hence in error but still useful
I

for design purposes.

For stress relaxation associated with phase transitions it is of

interest to estimate the s e p a r a t i o n  of phase  I and I I  waves and characteristic 
~~

•~~: 
length along which stress relaxation takes place on the phase I wave; one

would like to make the measurement of free surface velocity due to the
5 5~~

phase I wave before disturbance from the phase II wave a r r i ves  at t iat Dosi-
• t ion as wel l  as have an idea at .~hat posi t io r , f ree sur f ace ve loc i t y  c ha r nes

5-?

duL to s t ress re laxat ion wi l l  be manifested . Co~ :utat ~or ’~ 1 resu l ts  ~ or

stress re laxat ion in KC1 are displayed i n  Fi gs. 3 .2 aid 3 .3 ;  co mpu~at ia n~
are based on anal y s i s  g iven in a previous report. 2
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At the wedge tip one alsO needs to consider what happen s as impact

::~~ disturbance reaches the tip and reflects as a rarefaction. For some dis- -2.-

tance back from the tip the rarefaction will disturb free surface motion

before ribbon shorting is completed at that position , placing a limi t on

the domain of unperturbed veloc i ty measurements .

3. 1 ResIstance Wi re Technique
:~The resistance wire technique for measuring particle velocity at the

wedge free surface as a funct ion of position along the wed ge is described in

Section 1.2.2. The position of the contact point between wedge and wi re is

followed by monitoring the changing resistance of the wire as the contact
: 5.’;

point moves down the wire and shorts it out. If a sing le wire is used , this

position history may be differentiated to yield the velocity of the contact

point along the wire . However, if two wires having di fferent offsets are

used , a quantity may be measured which is related to the particle vel ocity

at the wedge free surface.

The resistance wire technique records the position history of the

contact point between the wedge and the resistance wire by monitoring the
S -

S
__

S

~ resi stance of the wire . The resis tance at any given time is equal to the
—

~~~ s_ -I _-S.
,

length of wire left unshorted tires the resistance per unit length of the

wire . Knowing the present resistance and the ori ginal leng th of the wire

- determi nes how much of the wire has been shorted out and thus the position

of the contac t point along the wire . The position of the contact point must

be given in terms of a coordinate which specifies its locatior . One such

coordinate would b~ distance along the wi re. Thus the position of the

contact point would be specifi ed b~’ Lhe length of wire shorted out. Howeve r ,

what is of interest is the position of the contact point in relation to the
vS

’
5
. 5 ’ 5

wed ge. Since the wire exte nds past either end of the wedge , the len gth of

32
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wi re shorted out does not spec ify the position of the contact point in rela-
Sc

~~’ tion to the wedge.

The coordinate which w ill be used to specify the position of the

contact point will be the distance x along the ori ginal wedge free surface.

:5:-:. Thus x will be zero at one end of the wedge and be equal to the wedge length

at the other end . The length of wire shorted out may be related to x by

knowing the distances tha t the wire extends past either end of the wedge .

~~

-
_ ‘ .

- Al l poin ts  on a li ne norma l to the or ig i nal wedge free surface and pass i ng

through wedge position x wi l l  also have coordinate x. Thus when the contact

point is said to be at wedge coordinate x, i t i s meant that a li ne through

the contact point norma l to the orig ina l wedge free surface wi l l  intersect

the ori ginal position of the wedge free surface at coordina te x. x is essen-

tially a Lagrang ian coordina te in that it 9ives pos itions relative to the

-
~~~~ ori g inal location of the wedge free surface and not to its present position.

The measured free surface velocity at wedge coordinate x is the distance

between two wires divided by the difference in time between the contact

:;“ point on wire 1 being at wedge coordinate x and the contact point on wi re 2

being at wedge coordinate x.

The measured free surface veloc ity is not equal to the actual free
S 

surface velocity if points on the wedge free surface do not have velocit ies
S

norma l to the ori g inal wedge free surface. In Fig. 3.4 point P1 on the

wedge free surface has contacted the wi re with offset at wedge coord i na te

x . If the velocity of point P were normal to the ori gina l wedge free

surface , point P1 would also contact the wire with offset 02 at wedge

coordi’iate x 1. However , if the velocity of P1 is not norma l to the original

wedge free surface , a different point , say P2, will contact the wire ~—~th

offse t 02 at wedge coordinate x1 . This will occur at time t + ~t. At this

33
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time point P1 on the free surface w i l l  not be a contact point with wire 2.

In the time st the distance moved by point P1 w i l l  be Vave i S t  where Vave is
- - ‘

the time average of the vel ocity of point P1 during the time St , which  is

j ust the vector from point P1 at t to point P1 at t + St . Vave makes an

angle e with the normal to the ori ginal free surface. The angle  made by

the line joining points P2 and P1 on the free surface at time t + St and

wire 2 is y.

To produce a free surface vel ocity from the resistance wire data ,

the data is reduced as though points on the wed ge free surface do have

velocities normal to the original free surface. Thus the measured velocity

of the free surface at wed ge coord inate x is V which is normal to the orig-
1~i• inal free surface and has magnitude .~~~~~~

(3 1)

This can be related to the actual time averaged velocity of point P1 by use

of the law of sines.

v = 
Vave (3.2)

.J’ h lJ

If the poin ts on the free surface do not have velocities normal to

the ori ginal wed ge free surface , the same point on the wedge free surface

does not contact both wires at the same wedge coordina te, and the measured

veloc ity is not equal to the actual time averaged velocity of either of the

two points which do contact the wires at that wed ge coordinate . Al though it

would be d e s i r a b l e  to follow the history of a single point on the free surface ,

the measured quan tity is un i mportant so long as it is understood exactl y wha t 
~~

Is being measured. A computer code can simulate the same resistance wire

records that are produced in the experiment.
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Even though the measured velocity is not that of a single point on

the free surface , t he d i screpancy is not large. In Fig. 3.4 the defl ection

angle of the free surface is grea tly exaggerated . This angle would normally

be less than 10 degrees. The ratio of V to V ave has its maxi rm,.m when 3 is

equal to 
~
, at which point the ratio is equal to sec y . As o increases to

2y the ratio decreases back to 1. If y is equal to 10 degrees , V is 1.5%

greater than V ave at the max i mum. In most cases of interest the measured

value of velocity is within a few percent of the true time-averaged value ,

even though the value of e is not found by this method .

- - 

It is also possible to measure the average angle of free surface

:-~ deflection by use of the two-wire technique. The deflecte i free surface may

not be a stra i ght line if rate-dependent effects are involved , but at any

time t the wedge coordinates x1 and of the two contac t  po i n ts are known .
.5. I

The tangen t of the average ang le of deflec tion o of the free surface between

the two w i res is then
-:

tan ~ = (02 - D1 )/(x 2 - x1 ) (3.3)

Changes i n an y of the measur ed quantities will reflect unsteady

behav i or , and a computer simulation of the resistance -wire data can be used

to identify the rate-dependent effects involved.

-
~ ~~~- - - ~~~~‘~-~~

In order tn monitor the posi~ i;n of the contact poi nts between the ~~~~~~~~

wedge and the wirt - , e wires are made part ot55 the voltage divider network

shown in Fi g. 3.5. The rel:~t ion of th ~ijr~~ to the target is shown in

Fi g. 3.6. The wi re is St r~~t c h c ~d be~we~ n t , -~n te ninals.  The terminal nearest
.
,

the hi gh end of the wedge is at ground , as is the wedge . The other terminal

i s a t vol tage VMS The v~ri ab 1e resistance shown in Fig. 3.5 consists of the
36
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wi re and wedge system As the contact point between wedge and wire moves

down the wi re , that portion of the wire between the grounded terminal and 
~~~~~~~~

the contact point come s to ground potential , and the variable resistance R

cons ists of the resistance in that portion of the wire between the contact

point and the ungrounded terminal . The values of the capacitor C and load

resistor RL are chosen so tha t the voltage V0 across the network stays
- 
‘ h
:
’

effectively constant over the time interval of the experiment. As R

decreases t he voltage V M varies . This voltage is measured with an oscil lo-
55

sc ope which has termi nation resistance RT. Thus , V0, V M, RL5. and RT are

known at all times during the experiment , and the resistance R is given by

R(t) = 
RL (3.4)

VM (t) -

~
55. Sf5 5

If the resistance per unit length , K , of the wire is uniform , and

the dista nces in Fig. 3.6 are known , the position of the contact point can

be found Taking the wedge coordina te x as being zero at the tip and

increas ing toward the thick end of the wedge , the ccord inate of the contact

point at time t is

x( t )  = WL + G + R(t) -L (3 5)
K 

• 
: 55 . 

-
.

‘-
S

S

where WL , 6, and L are defined in Fig. 3.6. TET
The average free surface deflection ang le is  :::~

tan ~s = 02 - Dl (3.6)
X2 (t )  -

and the measured free surface velocity at x is

‘5
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v (x) = 
6tTx) 

(3.7)

where ot(x) is the time interval between the contact point on the fi rst wire

being at x and the contact point on the second wire being at x.

The above procedure may be followed for each of the two wires used.

A typical photographic record of the oscil loscope trace of the vol ta ge V M
measured across the parallel combination of the variable wire resistance R

~~ and the oscilloscope termination resistance RT is show n in Fi g. 3.7. The

2N4l72 SCR is triggered just prior to impact so that the vol tage of the

-~~~ capacitor appears across the resistance network. The oscil loscope is
55

- .

triggered externally at impact by use of a pin placed in the target. The ____

voltage stays constant until shocks have propagated through the wed ge and

the free surface has moved out to con tact the wire . The jump is produced

by the sudden shorting of a finite length of the wire at first contact. As

F - 

~he cont ac t point proceeds down the w i r e  toward the wed ge tip, the vai iab ie

resistance R decreases and the voltage VM decreases. As can be seen from

Eq. (3.4), there is a non-linear relation between the resistance R and the

vol tage VM so that a constant rate of wire shorting does not produce a

vol tage-t ime profile 15 ,’j th a constant slope. The data points a;-e read from :::::~
the photographic record by means of a -ravelling microscope giving hor i z:ntal

and vertical coordinates of the trace. :--

When the voltage profile VM(t) is obtained , Eq. (3.4~ can be used

• to obtain the resktance history . This requires that the quantities RL, R1,

and V0 be measured. All ccmponen ts in the circuit in Fi g. 3.2 except the

..:
r 

resistance wire and the 50 ohm cable terminati on at the oscilloscope are in

• an external power supp ly con tainer. Point A in Fig. 3.5 at which the
— 4
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resistance is measured is on the target at the non-grounded wire term i nal.

Fifty ohm RG5SA /U cab le runs between the load resistance and point A , and

also from point A to the oscil losco pe. R~ and R1 are 50 ohms to provide

proper termination of these cables at the power suppl y and the osci l loscope

for any signals tha t are generated at the variabl e resistance. Resistances

RL and RT include the resistances of these cabl es and con nections.

The voltage V 0 is the power supp ly voltage minus the approximately

:
~~~~

: .8 volt drop across the SCR. There are two ways of determining this vo l tage.

It may be measured by use of an oscilloscope dur ing the experiment. This

requires the use of ano ther osc ill osco pe and term i na ti on res i s tance from

point B in Fig. 3.5 to ground , which changes the actual circuit. However , 5 S 
-
-

• i f  V0 is known , along wi th the values of the other components in the circ u it ,
5 5 55

the initi al value of V~1 before the jump in Fig. 3.7 may be determined from

the circuit Eq. ( 3 . 4 ) .  This may be used to calibra te the osci lloscope used
5 - ..

to measure V MS In thi s case , V0 is r~~laced in Eq. (3.4) by

R R :;-::~V 0 = V~0 
(~L+ ~~~- ~ 1) (3 8)

~~ where V,~ is the val ue of V~ before the weJc~ contacts the wire , ~r~d R is
h O  II 0

the initial resistance of the wi re installed in the target. Equation (35 ~~~ 55

then becomes

R( t ) = 

~~~ R 
~~~~~~~~~~~~~~~~ —

~~
— -—-

~~ (3.9)
Mo ,L ~~~~~~~~~~~ L 1VM (tT ‘R0 ~T 

‘ 
— 

RT 
- 

:-~ :~

S which depends onl y on the r-itio of to V M (t ) .  If ~hc voltage -uJlection

is uniform up and down the osc ill osc pe face , th~n
:~:~

•
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V~~ h0f~ = 
h0 (3 10)

V M(t) h(t)f D h(t) 
_ _ _ _

• 5 5 5~~~~~

where f0 is the voltage deflection factor of the oscilloscope , h0 is the

distance on the scope face from the zero vol tage line or baseline to the

initial voltage level , and h(t) is the distance from the baseline to the

vol tage level at time t. Thus the vo ltage deflection of the scope need not

be known .

Al ternatively , the scope used to measure V
M 

may be carefull y call 

-

_ _ _ _

brated , and the value of VM0 may be used to calculate V0 by use of Eq. (3.8).

Either method requ ires the calibration of one oscilloscope and the use of it

to measure a vol tage .

Once R(t) is determined , Eq. (3.5) yields x(t) once WL , 6, K , and L

are measured . Determination of x for both wires requires measurement of RL,

R.~, R0, V 0 , V~~, V M(t). WL , G, K, and L for both wires. x1 (t) and x2(t) are

given as tabulated data pairs of x and t. The da ta points are not generally

read at matching values of time or x coordinate , so that in terpolation must

be used in order to find values cf x1 a’id x2 at the same time value , or the

time values for which the contac t points are at the same wedge coordinate .
S 5 5 

5 5~A maximum number of da ta points must be read in order to assure adequate
S

interpolation.

After interpolating to find x2(t), x1 (t), and ~t(x), Eqs. (3.6) and

(3.7) yield the average free surface deflection angle s and the measured free :~ :~
S

surface veloc i ty V(x), once D2-D i is known . However , it was discovered

that because of measureme nt errors , the above procedure is inadequate for

de te rmin ing  v(x). Data from different shots bu ilt to be as identical as
•~ 

___

possible were not repeatable. For some of the many quantities that had to
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be measured , a change in value of only one or two percent produced a ten or

twenty percent change in V(x).

The amount of error produced depends on the distance 02-01 between

the two resistance wires. Because of the possibility of quantities changing

in time due to rate-dependent effects, it is desirable to make 02-01 as

small as possible so that changes are not obscured by the time averaging

that occurs between the two wires . The smaller this distance , however, the

smaller the time interval ot(x) that the free surface requires to cross it.

I Plotting the contact point position versus time as in Fig. 3.8, 6t(x) is

the horizontal distance between the two curves at constant wedge coordinate.

If at some point errors in values of the measured quantiti es have caused

• either curve to be only one percent away from the true value , the total

error in time at that point may be a very sizeable fraction of st(x). Very

small errors in the calculated va l ues of x(t) could produce unacceptable 5 ~~~~~~~ -

error in ~t(x) and thus v(x ) .
Because of these difficulties an alternate data reduction technique

was devised in which values of 5t(x) are read directly from the photographic

record of the osc i l loscope trace so that none of the above measure men ts or

calculations are involved. The procedure is to build the circuits for the

two wires so that all components match as closely as poss ble. The sing le- ‘
55 .

wire circuit in Fi g. 3.5 is modified to become the two-wire circuit of Fi g.

3.9. With this arrangement the same voltage V0 is across both resistance

networks. Again , the values of the resistances and capacitances are such

that V0 is essen tiall y conctant during the time of the experiment regardless

of changes in R
1 

and R2. Resis tances R1 and R2 were matched by use of an

impedance br idge to better than .002 ohms . Special terminations were built

whose resistances also matchcd to the same accuracy . Leads and cables were
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all matched to the same length . The targets were built so that both wi res

had the same length when mounted so that R 1 and R .., matched to wit hin .01Oi O~.

ohms. By carefully bu ilding the circuits to be identical , the ini t ial 
___

voltages VM1O and VM20 can be made to match to better than .01%. If the

values of R L, RT , and V0 in Eq. (3.4) are the same for both circuits , a long

with the values of WL , 6, K, and L in Eq. (3.5), then ident ica l  values of

VM1(t) and VM2 (t) will yield the same values of x1(t) and x2(t) .

Voltages VM1(t)  an d VM2 (t) are measured on a Tektronix 7844 dual-beam

osci lloscope on which both beams can be swept by the same time base. Signals

from the two wi res go through different vertical ampl ifiers whose gains and

base lines can be set so that the traces are superimposed on the screen when

identical signals are introduced at each input. With this system each point

on the screen corresponds to the same time and same voltage for both traces.

Since equal vol tages correspond to equal wedge coordinates , all that is

required to measure ot is to cal ibrate the tfme base by use of timing marks ‘ ‘ l
and read the horizontal distance between the two traces at equal vertical

displ acements. The time calibration is used to determine ot from this distance.

With this procedure none of the actual values of any of the quantities

R1, RT, R0, V0. WL, 6, K, or L for either of the two wire systems need be used

in the calculation of ~t so long as care is taken to see that corresponding

values match as closely as possibl e between the two systems . To i nsure that

they do, the initial values of vol tages VM1 and V M2 can be compared wi th a

di fferential amplifier. Since the wire length L and resistance per unit

leng th K combine to produce R0, and R01 matches if the i ni tial vol tages

:~5~:Z match , the only other quantities of concern are the wedge ‘i engtn WL , and

distance G from the wedge end to the ground terminal on the wi re WL is

5
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naturally the same for both wi res and the target can be easil y bu ilt so
- -  -

that the values of G match ,

Thi s procedure also has the advantage that voltage calibrations of

the osc i l lo scope  have no role in  the determination of ~t. So long as a

given vertical displacemen t corresponds to the same vo l tage for each beam ,

the va lue of the voltage is unimportant. In fact , the defl ection factor

need not be constant up and down the scope face so long as it is the same

everywhere for both beams .

Thus , with the use of matching systems and a dual-beam oscilloscope ,

the va lues of ot may be read directly from a single photoç’raphic record , and

the measured veloc i ty V may be determined imediately at each desired vert-

ical position on the record. Since no interpo~ation needs to be done , it is

not necessary to read a large number of data points. In order to p a i r  each
‘ S

v a l u e  of measured veloc ity wi th the wed ge pos i ti on at whic h it occurred , 
~~~~~~~ 

-

Eqs . (3.4) and ( 3 .5 )  may be used to determine x(t)  for one of the two traces.

Then V( x ) wil l be given as pairs of values of V and x. It is necessary to :~~~

know the values of 
~L’ 

RT. V0, WL , 6, K , and L to determin e ~(t), but sir .e

x(t ) is to be used as g iven and not difference d wi th another position history ,

./~~ 
there is no problem produced by the small errors that may be present in x(t).

Fi gure 3 .10 shows a record obta ined in a two-wire experiment utilizing

match ing systems and a dual-beam oscilloscope. Nominal values for the corn— :::~:~
ponents in the circuit of Fig. 3.6 are 50 ohms for the load and termination

res i stances , 500 m i— r - - farads for the capacitor , and 33 ohms for the resis-

tance wires . The i niti al value of V M is about four volts , given th~t the

power supp ly voltage is 15V and there is approximatel y ~8 volt drop across

the SCR. The wire is a ribbon .003 inches wide by .0035 inches thick with

48 ::~:~

5 _ _ _  - -

5- 
V -~~ -5- -,v

~~~~~~5 
- ‘55 ‘

~~~~~~ 5-

-~~~~~ - 
_

5. 
- 

~~~~~~~~~ ~~~~~~~~~~~~~~ 
. :. • ‘~ :-‘-:-

- - - -
~:-

-
~
:.

~~:- - -
~~~ :-~ 5 5 5 - : - .--:--~:- -:- -:- ‘- .

- - .-- .-
45. 5-5 5 . - .  . . . 5 5  - -~~~~- ~S~~~~5 ~~~~ , •  ,5 •

5 5 55 • 5 S S S S S S  55~~~~5 S 5 S 5 S 5 5 5 ~~~~~~~~ 5 5  . 5

\,
5
~ ~~~~ ~‘5- 

~
. 5, ,... ‘S ‘. 

- - -



- 555 5-

5. 5
515

i ____

• A

Ii

1’irn e —•—>

S

Fig. 3.10 Resistance wire record using dual beam
oscilloscope

5 - ’. 5 5 5

:::

5 5
•

5 4Q
‘.5

. 
5 S

. ..

S
• 

55 

45. 
.p 5. 5, 5, - 5. 4- - — 5- .-.Q~rJ\-. -

/ - 
/‘ 

5’ ~S 5. \‘\~ ~~.1~ ~~~~~ ,5. ‘S 
55 

5- 554 •

~~ 
.-

~~ - .~
. - ~ ~ 1 F I 4 4 ~~ ~ ‘~~“k ~ 

~~~~~~~~
55

,;~~~~j55
5. ~~~~~ •



‘tl 5.~.55 ~4 — X ~~~~~ fl ~~~ —

5 5 55 5
555 ,

I, ..

~~~

S
::i~~

-: -

ii

-~~ -
~:-

S

S 5S~~-5;S~

‘
S.:...

7

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ ~:~ :‘E ~~~~~~~~~ : :~~~.T T ,:~ :T ‘T T. :5 :’ : ,

I 
.

55 5.’—. 4 “ 5,. % 1 1 ~5

‘.,
. ‘,5 ~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ _ S

55_
,
.

_
.

S - S S ‘S.
-5 . i- -’. ~~~ 5.)~

S 
55

~
’5

~
5
~ 

5
5S’ S~ ~~S

• 
5~ 5~ - 

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5

5 S,
5 S 5

5~~~5
S S ~S 5 S

• - ‘~

- ~ - 55 ~~ 
..,~ ~~~ - r ~.

‘.I• I ~ ~~~ :~ 5.’, 45~ S5 S : ~
. 

~
. 

~~~ 55 555



— — - - - - S - — - ~~~ - - - _ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .‘.~~~ r e . e - rw ,r7 - .

I

a composition of 92~ platinum and 8% tungsten and a resistance per unit

length of 6.48 ohms per centimeter. T~ -~~I A schemat ic  of the electronic set-up used in the shots with the

dual-beam oscilloscope is shown in Fig. .3. 11. The SCR is triggered by the
• S

j

output of the first ve loc ity pin which is about four centimeters from the -
~~~

! high point of the wedge . Depending on the proj ectile velocity the voltage S.

V0 wi ll appear across the resistance network 40 to 80 microseconds before ‘-:

impact. The power dissipated in the wires is about one-hal f watt so there

is no probl em with wire heating. The oscilloscope is triggered externally I
from a trigger pin set flush with the high end of the wedge . The total

duration of the experiment depends on the wedge angle and projectile veloc-

ity , but is usually about five microseconds.
- - S ’ P

S
.5

3.3 Wedge and Target Preparation

The la rgest wedge w h i c h  may be used with the four inch diameter

WSU gas gun is approximately 2.8 inches square . All wedges used to date

have been 1.75 inches square . The wedge angles which have been used are

four and f i v e  degrees. In order to prepare the wedges a jig is fi rst manu-

factured whose top face makes the proper angles with its bottom surface.

Blocks of the wedge mater ial are screwed to the face of the jig and the

• block is then milled parallel to the bottom surface of the jig. t-lil ling

continues until the wedge tip is near the desired thickness While still

fixed to the jig, the top surface of the wedge is then lapped preferential~y

• unti l the wedge surface is parallel to the j ig back surface to an acceptable

- degree. This is checked by using a 400 power microscope with a depth of

field less than one micron and a dial indicato r attached to the lens to

• measure the d i fference in distance from the bottom of the jii to the top of
5
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the wedge surface over the area of the wedge . Th is difference is held to 

~
:-~~ a maximum of two microns , If the wedge material is an electrical conductor,

-

~~~~~~~
, it is then ready to be mounted in the target. If it is a non-conductor , a

~~ 
conducting film must be deposited on the back surface of the wedge in order

~~

S
.’

-

~ 

to short the resistance wi res. The KC1 wedges used had a gold film approxi-

~~ 
mately 1.3 microns thick vacuum evaporated on the back surface.

~~~ 
::.‘ -

:r “ The target assembly is a one piece structure machined from a bl ock

‘- 
of 6061—T6 aluminum. As can be seen in Fig.3.l2 , the targe t is s i x inches

- in diameter . The rim of the Impact side is the target mounting surface.

- This fits flush against the target holder fixed to the end of the gun barrel .

The target holder is mechanically aligned to lie in a plane perpendicular to
•

the axis of the gun barrel . The flange around the outside of the target is

used to clip the target to the target holder. The wedge moun ting surface

I- .:_ is recessed below the target mounting surface sli ghtl y more than the wedge

thickness. The wedge is secured to the wedge moun ting surface by use of the

same screw holes used to hold the wedge in the jig. There is an opening

directly under nea th the wedge so that i t i s suppor ted only along the outs ide

-~~.-: 
edges. The distances from the points of support to the wire s are such that

no signals from these points can interfere wi th the wire shorting At either

end of the opening steps are cut into the wedge mounting surface to depths
S

equal to the offsets desired for the two wi res. At the end at which the

wi re is to be grounded the steps are cut directl y i nto the alum i num targe t.

At the other end a block of insulating material is inserted into the wedge

moun ting surface and the steps are cut into this. The target mounting

~ I sur face , wed ge mou nting surface , an d wire mounting steps are all machined

without moving the target in its holding dev ice on the mill so that all

should be in para llel planes Figure 3 13 shows the target dimensions and
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Fig. 3.14 shows front -~nd rear -~iews of a taryet bl ock before th~ wedge and

~ 

wi res are attached.

~ Figure 3.15 shows how the wi res are mounted in the target. There is

enoug h dis tance between the wires so that the contact of the wedge wi th the

fi rst will not affect the second. The wi res are attached by inserting them

through tapered holes and sec urely fitting tapered pins into the holes . At
-~

the grounded end the wire goes through an opening in the target just beyond

: the step and is in~ .rted i n t o  holes which taper toward the impact side of

the target. Between the step and tns. hole is the wire tightening device

illustrated in Fig. - 3 . l u .  At the other end the wi re ~‘ust -a t come i nto con-

tact wi th the grounded wedge so the wire is secured with th-~ assembly  shown

in Fi g. 3.17. On the non-impact side of the target a block of insulating

material is mounted over the opening beyond the non-grounded step. In this

block are copper rods into which the tapered holes are placed . In this case

the taper is toward the non-impact side , and the point ~t which the wire

en ters the rod is below the in~ulat~d step. The l eads wh ich run to the

power supply and to the oscilloscopes are soldered to these rods on the non-

impact side of the wedge .

In order to insure that the wires make a good electrical cont-~ct

w ith the grounded ste ps , the steps arlu w i res  are coated wi th concii c~ icg

si lver paint. Care is taken to see that the paint ex tends prec ise 1- ~ to

the edge of the step and does not run o~er onto the ,~Iires beyond the step.

Th is  not only i nsu res  ‘ good contact of the wire to the wedge b~t estab lishes

an exact ground point at which the resistance of the wir c~ be girs . T h i s is

important in establishing the initi a l w i r e  length L and gap ~is~~ ice G .

S Before the w i res are mounted they are was hed in an ace tone a nd then

alcohol bath in order to remove grease. The wi re is then loosely stretched
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across the steps and secured at either end with the tapered pins. Before

-t-.
S

~

~K:— tightening , the wires are checked on a microscope with a travelling stage

I~ to insure that they run parallel to the l ength of the wedge. Using the 400

power microscope with focal length of less than one micron and attached dial

indicator they are tightened until the wire is snug against the steps. They

are then checked over their length for sag between the steps and side to

si de tilt. The sag and tilt are typically kept to within two microns. The

wedge is then cleaned and mounted and the same microscope is used to measure

the distance from the wires to the wedge rear surface in order to insure

-: that the wires run parallel to the wedge rear surface. Th~ change in this C:’.

dis tance over the length of the wire is typically held to wi thin two microns.

If the wi res are properly i n p lace , they are painted wi th conducting paint at

the grounded steps .

In the early shots a difficulty was encountered with noisy signals.

They would be smooth and clean for approximatel y the fir~t half of the

record and then break i nto noise and i rregular oscillations. There are

severa l openings from the impact side of the target to the opposite side on

____ 
which the wi res are exposed , and it was felt that a possible explanation for

:C~~ the noisy s i gnals was that meta l particles generated by jetting occurring

during the impact of the tri gger pin were creating a conducting plasma in c.’.::

f .  the region between the wire s and the wedge . Whatever the actual cause of the

noi se , it stopped when all openings through the target were seal ed off . Thus ,

the final step in target preparation is to seal off any paths through the

ta rget . This is accomplished by placing thin cover p lates ov2 r tne oranings
- -

at the tip and high end of the wedge and sealing them to the wed-g i -~n d tie

target with epoxy . Figure 3.18 shows front and rear views of a compl eted
-~ 

-
5-- 

55 ~~5;S

f-sr ta rget. 5 5
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Since the wedge moun ting surface is recessed below the target mount

.

~~ 

ing surface , the projectile must have the outer rim of its impact face

~ recessed from the center of the impact face by an equal amount so that the
~~ 

5’;- ’

55i~:: projectile will not strike the target mounting surface before the entire
1’5’

~,.“~

.
.
‘ surface of the wedge has been impacted. The projectile grounding pin and

:~:~ 
oscilloscope trigger pin must be placed close enough to the wedge so that

:- - ‘  they are impacted by the protrudent center of the projectile. However ,
.5

.
5 - they must be far enough from the wedge so that signals in the projectile

:~~C froni the pin impacts will not interfere with the wedge impact. Thus the

pins must be located behind the high side of the wedge. :~-:

. 5 _ 
-

• 3.4 Error Anal ysis —

5 •)
Given a descri ption of the resista nce wire technique for measuring

free surface veloc ity, the nex t step is to consider the sources of error in ~Y.

the experiment and the effect they will have on the outcome. Papers on the 5
5.55-~

slan ted resistor technique47’48 for determining free surface motion in one

::~: dimension consider the possible errors involved in that technique and many

also app ly to the present techni que.

The major restriction is that the velocity of the contact point
8t 515. ’

~~ 
along the wire must be greater than wave speed in the wire. This insures

that no s ignals will propagate ahead of the contact point into the wire,

changing it s resistance or altering its position . Other sources of error

fal l into five categories which are considered in the fol l owing sections.

5
3.4.1 Errors in Circuit Analysis

The first and most obvious source of error is the assumption that the

circuits for the two wi res are identical. Even thoug h the components are
I

made to match as closel y as possibl e, there are differences . It is necessary

62 
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L

to know how d ifferences in the components will affect the problem so a

decision can be made as to how large a difference is allowable. The circuit

can be tested before the shot by triggering the SCR and comparing the voltages

across the two wires wi th a differential amplifier . It must be known how

large a vol tage difference can be allowed if a given error limit is to be

• 
.5 observed .

—
5’. - 

_
5,

_ S
_15

S

From Eqs. (3.4) and (3.5), the posi tion of the contact point is
- 

RL
x ( t )  = WL + G - L 

V O R L 
(3.11)

V M(t) 
- - 1

Therefore if the positions of the two contact points are equal ,
S

_p . S 5
55 .

S 
-

S . . .-

n
“ Li “ L2

‘
~~~~

‘

WL + G1 - L
1 

+ 

~~~~~

— = WL + G2 
- L

2 
+ 

v0 RL2 
(3.12)

5, Vffl Rfl
~5 %

- Sm

• 
The assump tion is that when x., is equal to x1, V~~ is equal to Y M 1 S  However ,

I I I ~~ I I I

from Eq. (3.12)

R /K R
— ~~~~

- r______ L2 2 
___________ ~ L2 

~~ i •r 1 
~~~~ i~~~V — L ~~~~~ ‘— ‘ I

• i’i’ 0 -

1 
- 2 2 1 V0 RL1 1V~ -~ ~~

This expression gives the exact values of Vr,,2 and for which is equal

to x1. Na turall y, when all components match identicall y, Eq. (3.13) reduces to

1,5 ’ ‘.~

(3.14)
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~ for X~ equal to X1. -o’.-;3ver , i f  the components do not ma tch identically,

the voltages will be unequal when X2 
= X1. In that case, referr ing to 

- S

Fig. 3.19, 1St should not be taken as the time between points of equal vol tage
l~

on the two traces , but as the time between VM2 and VM1 for which x2 i s equal to

X1. The true time difference would be 1St1 between V~,2 and rather than the

measured difference 6tM between points of equal voltage. The error 1Ste

depends oi the slope of the trace If the trace is vertical 1Ste will be zero

~~: for all ÔV , wh ile the fla tter the trace , the larger óte for a given oV. If

~‘1 is the slope of the straight line joining V~2 and V r.l on trace 2, then

1Ste 
= 1SV/ M (3 15)

If only 1St is assumed to be in error on the ri ght hand side of Eq. (3.1),
~S

5 • 5~

then the percentage error in the measured veloc i ty V is the same as that in

- 49
ut.

- 

_

S 
In order to estima te the effects of errors , Eq. (3.1 3) is used to

find the value of which should be paired with Vt11 for time-differencing

purposes . Equation (3.15) then gives the error in the measured time differ-.1
ence.

The above procedure may be used to calculate the errur produced by

::-~ the differences between R and R ,, and between R d~~~Ü R .. f a ll ot~.?rLi L~. Ti T~
quantities match , Eq. (3.13) becomes

R~~~ V R R
= V [

~~
-
~- (~~~

— - -
~~~

-
~
- - 1) + ~~~~

-
~~

- ~l]~~ (3.16)
~~~5 . ~ Li Ml Ti ‘ T2

:~ 
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:::.: (3.17)

~~~~~~~ R 1 = 5 O c~ = R 1
~~~~~~ 

L I

~~~~~~~ Vo = 14. 2 volts ,

5-~~ \ .5 .
5
.

- _ S 
~

p 
Table 3.1 gives the value of 6V for different values of ~L , 1ST, and V M I S  In

general 1SV decreases as VM] decreases , and i s a max imum for a g i ven val ue of

when 1SL and 6T are of different sign.

~~~~
S .  Given ÔV , ôte is found from Eq. (3.15). The slope M of the trace

will vary from problem to problem , but in general the slope increases as the -

voltage decreases due to the non-linearity of the circuit. Thus for positions

near the tip of the wedge the time error 5te is smaller for two reasons : ~V

is decreasing and ~~ is increasing.

For a typ i cal problem the slope is about .5 vol ts/microsecond at the

beginning of the shorting history , increasing to 1.5 volts/microsecond. For

the stated error lim it of .002 ohms difference between RL1 and RL2 and

be tween RT1 an d RT2~ the maximum 5t would be about .3 nanoseconds in this

case. This would be a one percent error if the tota l time taken for the

:~ : free surface to cross the distance between the wires  - - e r e  only 30 nanoseconds.

-~~~~~ Typicall y this time has been closer to 250 to 500 -~a nosecon d s , ~~ t h a t  Ôt e ~

• truly negli g ible. In fact , even if ~L and ~T ~.-:ere .01 o~ms , 3te v5e (.d be
S -

S

onl y about 1.6 nanoseconds. Thu s the error creat ed by t h e  c 1 V ~~n Tis’~~tch

in the load and termination res is tan~.e is neg li gible.

•
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:~ TABLE 3.1. Error produced by mismatch in
.5

~~~~ load and term i nation res i stance

I 
_ _ _ _ _ _ _ _ _ _

_ __________________
- 

6L(ohms ) 1ST(ohns) VM1 (volts) VM2 (volts) 6V(volts)

—45._S-S

• .002 .002 4 3.999930142 - .000069857

-.002 .002 4 4.000160002 .000160002

- .002 - .002 4 4.00006986 .000069860

.002 - .002 4 3.999840002 -.000159997

-.002 .002 3 3.000120002 .00012002

-.002 .002 2 2.000080002 .000080002

- .002 .002 1 1.000040001 .000040001
S. -

-.002 .002 .5 .500020000 .000020000

~~~~~~ 

~~~ .01 4 4.00080069 .000300067
_ _ _ _ _ _ _  _ _ _ _  _ _ _ _ _  _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  

. 5

• _ _ _ _ _

- 
_ _ _ _  _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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~:: The load and termination resistances are permanent , so care can be

~~~ taken to find pa irs of precision resistors that match very closely. The wi re

~~ 
res istances , however , are determined by the length of resistance wire stretched -~~~ v--~

4~~~’4~~4

:~:~: 
across the steps in the target and the resistance per unit length of the wi re.

~~ 
The targets must be carefully bu ilt in order to insure that the lengths of

~~~~~~~ 

the two wires are as close as possible. The grounded steps must be carefully ~~~~~~ s - 5

~~ 
pai nted with conducting paint to establish the ground points for the wires so

:~~

‘- : that the two wire lengths L and L and the two gap distances G and G match

as closely as possible.
;_ _ ‘ -- -

5
-
. 

- -
S

2 ~

‘ The wi res come from the same spool and thus the rtsistances per unit

- ~ 
length differ only by non-un iformities in dimension and composition of the

~~~~~
_ 

wire produced during its manufacture . The resistance per unit length of the
‘

~
:
~~

5::: two wires is therefore probabl y the most closely matching quantity of the two
- - 

5
- /

~~ 
c i rcu its. In fac t the error in thi s quan tity is probably less than errors

.4~~~
5s
. 

which would be produced in measurements of the length and resistance of pieces

4~~~~: 
of w i re in order to measure the resis tance per unit ‘l ength.

:~~ There -is also the question of the change in the resistance per unit 
____

j
~ length of the wires as they are stretched across the steps and the tension

.~S in them increases. The wires are not ti ghtened to the po i nt where plastic

yield ing occurs , and both wires should have roughly the same amount of ten-

- •  sion in them , so this effect should not cause difficulty . In addition , the

resistance of a wire was monitored as the tension was changed , and no con-
:5

,
4
1.

5

sistent change was noticed . Therefore the resistances per unit length of the

two wires will be taken as equal .

Equation (3.13) may be used to determine the e f ’ -:t o F d i f  1l ’ n c e s  in

the gap distances G1 and G2 and in the wire lengths L1 qnd L2. The length of

the wi re may be replaced by its resistance divide d by its resistance per unit

uo ‘5.
45 -

5 5 5-45~~- 5
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’

:~ 
length . Thus the anal ys i s w i ll give the allowabl e error in both the gap

& _
‘ S _

~ 
- distances and the init ial resistances of the two wires. Defining

- I

~~ 
A L E  G1 - G 2 + L 2 - L 1 (3 18)

-: -~ and tak i ng all other quan titi es to match exac tly, Eq. (3.13) becomes

~~
~-~: 

R/K R i
_~~~~_ 

VM2 V0 [ R / K  ~~ 

~~~!::S + l] (3.19)

- :~: i~L +  L T :.:.:.:‘-.,

~~ 

~~— -~~- - l

~~: If L2-L1 is equal to zero, t~L i s equ a l to G1 -G2, and Eq. (3.19) gives the

~~~~ erro r resul ti ng from differences in the gap distances only. Al so , if G1 -G2

:. is equal to zero , ~L is equal to L2-L 1, an d Eq. (3.19) gives the error result-

:~1~ ing from di fferences in wi re le ngths only. Thus the single pa rameter t~L can

I be used to determine the effect of errors in gap distances only, the errors •1.:

~_ i in wire lengths only, or comb inations of the two . Differences in wire lengths ~ 
:

•::-~ 
will result in differences of the init ia l wire resistances , so this analysis

.‘~ 
gives the effects of mismatches in the initial resistances of the wi res. -

Table 3.2 gives values of 1SV for given values of aL. Al so given is the dif-

ference in resistance AR which ~L would correspond to if AL were due purely

• to differences in resistances of the wires. Thus , if is taken equal to 82,

E~L = tSR/K (3.20)

• where the resistance per unit length K of the wi re is taken as 6 .48 ohms per

centimeter . The other quantities in Eq. (3.19) are given as follows :
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~~ TABLE 3.2. Error produced by mismatch in
:::

::. gap distance or in itia l resistance
b.:- - .

1.5- -’~ _________________________________ ________________________________ __________________________ _________________ _______5~_ _ 5— - 55--— - —  _______________ -- - 5-———- — —55-—-

-::~ 
AL(centimeters ) .~R(ohms) V~11 (vol ts) VM2(vol ts) oV(volts)

~i: .01 ~0648 4 4.003434 .003434
SI 

.001 .00648 4 4.0003438 .0003438
- 

5 5 5
5

555

-:~: .000~1 .000648 4 4.00003438 .00003438

::~ .005 .03240 4 4.001718 .001718
‘5 _

_ _

S
a

—s_ _ 

.005 .03240 3 3.0030047 .0030047
~~~~

T~..
5 

.005 .03240 2 2.004648 .004648

:•~ .005 .03240 1 1.006649 .006649 
_ _ _

.005 .03240 .5 .5077825 .0077825 7:.

.005 .03240 .1 .108753827 .003753827

005 .03240 l0~~ .01003027 .009003027

.005 .03240 io 6 .01003027 .00900556

.005 .03240 l0 20 .009003562 .009005562

0005 003240 io 20 000901585 000931585

.001 .00648 l0 20 .001802942 .001802942
.
~.0~ .0648 10 ‘- .017983 .017938

- S

-20.00416 02696 10 .007493987 .0074~i~d7

.00416 .02696 4 4.00142~~79 .001429479
S. -

- .4.

•

- :
~~S 5

JS~~
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~~~~5—~~ 5” 5

~ 5 : .
S~S. _

__

?~~ RL 
_ 50 ohms

*4 RT 50 ohms (3.21)

~_i•_ V0 = 14.2 volts

~:I There are several general features which may be noted from Table 3.2.

S

~~: 
:-:‘ For a gi ven ~L , ~V increases as V~1 decreases. The maximum value of Vt11 is

::~~~ 
about four volts for the case considered. The minimum value of V~1 is

a greater than zero and is determined by the length of wire which extends past
- 

the tip of the wedge , for the resistance in that portion of the wi re is never

~.:.‘
•:: shorted . However , for the cases consi’1ered in Tabl e 3.2, 6V increases by

L~~~~
•5 a factor of approximatel y fi ve as V~1 decreases from four volts essentially
5~~5~ I

~~ 
to zero volts . However , the slope of thc trace increases as V~1 decreases.

~.:T:~ In the experi !~ents to date it has increased from about .5 volts/microsecond ~~~~~~~~~

to about 1.5 volts/microsecond . Therefore , fro~ Eq. (3.15), the ti~ e error
~~~4 

Ite would increase bj a factor o~ a~ )ut 1 7 a~ ~ ~ dropped from four vo 1t~
1 to zr-re vol t~.

~ 

The last t~.o rows in Tabl e 3.2 g ive ~n exarpie for a specific case .

~: If the tinie taken fcr the fr~-~ sjrfac~ to cross the- wires ~‘ere of the order

of .500 rni cru -~ec nds , a value of .005 microseconds for ~t would represent p 
--

e

• a one percent error. Since the error is largest ~hen V.~ a;~p~--a3ch es zero ,

and the s1o~e of the trace is about 1 .5 volt s/~ ic r -oscc~-rd at this po irt ,

a value of .00 75 vo l ts  for ~V would correspond to a one pc rce~ t error .

The next to last row in Table 3.2 shows that this would be produced by a

-

~~ 
difference of .0fl416 cm betweer G~ and G~,. ~r a difference of .027 oh~s

S
. 

I ~s

between thc initial resistances of the two wi r€- s .  The last r a w  shows that

when i s ec~u u1 te four volts , --V is about 1.4 millivolts for those

5, 
‘55
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~~~ 
errors in G or L. Therefore , with the aid of this ana lysis , it is possible

‘
‘5
- -.

~ :~~:‘t to assemble the target , trigger the 3CR in the current supp ly circuit ,

~~
- ~ measure the difference between the voltages across the two wi res with a

~~~
~~ 

di fferential ampl i fier , and determ i ne whet her the error whi ch w il l be

4~ 

caused by a misma tch in the components is wi thin the desired error bounds.

~~~~

- : 
In the above case , if the differen tial amplifier shows a difference of less

-:- 
- than 1.4 mill ivol ts , the error will be less than one percent.

~~~ A second source of error in the circuit anal ysis is the assumption

_

~~~-~~I 

that the voltage V0 
across the resistance network is constant. The vol tage

f

~~~~:_~~~ 
V0 is produced by the discharge of the capacitor across th~ resistance net-

• 
:-~ 

work , and thus is con ti nuousl y c hang i ng. S ince V~41 is measured a t time t
.~~~~ S S. 5 -

~~~ 

and VM2 is measured at time t + 5t , V0 does not have the same value a t th e
~~ 5-

_
~~S~~ time of each measurement. If in Eq. (3.12) the voltages are written as

.

~

4 funct ions of time , and it i s assumed tha t all other components matc h exac tly,

the equa ti on reduces to :~~~

‘

:

V ( t) V(t + 5t)

.4. . 
v~,1(t) 

= 
v~~~(t 

+T~ T 
(3.22)

where t is the time at which the meas urement of occurs , and t + 6t is

• the time at which the measurement of V occurs . Thus the voltage V whichM2
should be comoared to V for purposes of time diffe rencing is

-
55

,
-.

- Ml . 4.

:.:-
~~
‘:-Y5

V (t + ~t)
= ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ (3.23)

0

The circuit of Fig. 3~9 ~av be solv -i to yield v0 ( t )  if ~1 (t )  an d R2(t) are

:~ :-~:.:- known . However , an estimate of the error can be obtained as follows . The

differential equation describing capacitor discharge is 5°

72
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(3 24)

j  which has the solution for constant R 

.

~~ ~~

::~~ V = V0exp(- RC ~ (3.25) :::.~~~
:
~~

;~:: 
where V0 is the vol tage at time to and C is the capacitance. Unti l the first 

____

~~~~~~ 

shorting occurs R has the constant value Rmax wh ich is the tota l res i stance

-~:~~ : of the network in Fig. 3.6 when R1 and R2 have their maximum values. If the

S load and termination resistances are 50 ohms , and the i niti al res i stance of

: each wi re is 33 ohms , then Rmax i s equal to 34.94 ohms . Tak i ng the time to
S 1. at wh i ch di sc har ge star ts as time zero , the vol tage across the network is
~~:k

~~~ 
given by 

____

•:~~:

:~~ 
V(t) = ~~~~~~~~~~ t < t1, (3.26)

~
- -~: 

max 
:.: :

~~~

I up to the time t1 at which shorting f ir s t occurs . At this time the resistances

:~

s

~
:

1 
of the w i res w ill beg in to decrease and the volt age across the network will

.i
::: begin to drop more rapidly. However , the minimum volt a~2 obtainabl e would

occur if the resistance of both wires dropped suddenl y to zero at time t1

and stayed there . In this case the vol tage across the network would be gi ven

by

45!- -t1 -(-t - t1 ) —
55

V( t )  = VOexp (~
5—_--.—

~
-)exp(—---R C > t1 (3.27)

where ~~~ i s the total res i s tance of the ne twork when bo th R1 and R2 are

equal to zero. If the load and termination resistances are 50 ohms , then

is equal to 25 ohms . :~~~~~:.l

~ 
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The max imum value the voltage could have is for that case in which

~~~ the wi res do not short but maintain their maximum resistance. This case is

~~~~ 
described by Eq. (3.26). Therefore the true valu e of the voltage across the

:~:~: 
resistance network at any time t greater than t1 is bracketed between

~~~~ 
Vmax(t) = V0exp(~- -.~---~-) (3.28)

max S ~~

~55
45~~ and

~-
~~~~~~~~ 

-St

1 
-(t t1 )

~~ 

Vmin (t) = VOexP( R C )ex P( R~~~C ~ (3.29)

From Eq. (3.23)

.

~ 
V ( t + ~~t)

~~ 

6v = VM1 
_ VM2 VM1 [l - —

~~V
-;-(~rY~~

] (3.30)

:~~
: An estimate of oV which is always greater than ~V is

~~ V . (t + 5~t)

~_ _i 45 V ’ = v~1[l 
_ 

~~a~
Tt
~1~~ 

(3.31)

::~ The voltage error is always less than
.

~~~~

.S
- 

(t - t )(R . - R )  
- 

~~ ~-t
.:;::. ~

V I  = VMl [1 - ~~~~~~~~~~~~~~~~~~~~~~~ 
_
,,- *

~__  )] (3 .32)
5
-
~~~~ 

Tn i n ma x
‘r
~~~_ S5

.45

The term in brackets r Eq. (3.32) incr~a - es ~is t -t .~ incr 4-ises. HL ,-4’evrr ,
•

experiments usually last onl y about t uc e nicrcseconds af~ er tn fus~ short-

:~:-.: 
ing occurs . If t-t 1 is taken as f i ve  nlcrosecon* . then for -t nq’~al ~

microseconds , the term in brackets is equal to .00015. ~y the end of the

experiment V~11 is very small , but even if it wenc equal to its m adr - j
~’ v a lue

1 ‘s V

. ~~~~ ~~~~~ ~~~~~~~~~ ~~~~ 4jd’ ~~~~~d~~J~~ j  .~ ~ 
. ~.. - ~~~~~~~~~~~
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~~~

~~ o~ 4 vol ts , ÔV ’ would have a value of .0006. Even at a minimum trace slope
~~~ :-:~:
~:-:~ of .5 vol ts/microseconds , this corresponds to an error of less than .3 per-

~~~~ 
cent in the value of ~t . Therefore the error i ntroduced by decay of vol tage

:~: 
across the res i s tance network i s negli gi ble.

5
45

5
5 5- .

~~
-

- . 
5
-
.
.

.
~~~~~~~ 

3 4 2 Oscilloscope Irregular ities

:‘:~: 
Once the target is built so that the components match and the initial .::~

:
~1

~ :: vol tages across the two wires have been checked wi th a differential amp lifier

j .  and found to match within the desired limits , the errors produced by the

-

~ 

-

- 

- 

el ectronic circuitry consisting of the wi res and current supply are bounded .

S. 
Howeve r, the signal must pass through the oscilloscope before data traces are

?~. 
recor ded , and tiis may produce errors also. It is possibl e that the osc illo—

\~‘‘.4 - :

~~ 
scope may be the largest source o~ error , and the source whose errors are the

~~~~~~ - -
S

~:*;~: most difficul t to analyze and estimu t~~.,

~~ 
In order to reduce the da ta it is assumed that the time bases and

:~: vertical gains car. be calibrated so that any given point on the screen corres-

•~:~ ponds to the same time and the same volta~e for both traces. Because of non-
45 

-
5 _

~~ 
linearities and irregu larities in the oscilloscope this is certainly not the

55 5 5 5
::~:-~ case , although the amount of error will of course vary from oscilloscope to

~‘:-~
~~ oscilloscope . All that can be done is to use very careful calibration pro-

r~ i-.:: cedures to insure that equal vertical def lections correspond to equal voltages

~~~~~~~~ 

for both traces and that the measured time bet~.een points on the two traces

~~~ 
is actuall y equal to the real time difference between the two a-i - -”- ts.

~~~~~~~ 
The time bases can be calibrated by use of a timir r~ m a r k ~~~~~~~~~~~~~~

and these calibration points can be used to reduce the dat-i . Voltage call-

bration li nes may also be used . In fact the dz ta traces the~-:se1ves ~ay t’a

used as partial volt Iiqr calibrations. 0ice the in iti ~~ voi t~c;es ~~‘ -s s the

two wires have been found to ma tch ~ith in a satisfactory error , the gains of

75
5
.. 
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~~

~ : 
the two vertical amp lif iri -.s may be set so that when the b~se lines of the two

~~~~ i traces are superimposed , the initial level s will also be superimposed .

~~
‘5 

However , gains and basel ines may drift after they have been set, and the

C,
.- baselines and initial levels may not be superimposed on the data record .

:~:
~
S:5 If this is the case the data can be adjusted according ly.
~~

~~ 
If it is known from dif feren tial ampli f ier measurements that the

:: initial voltages across the two wi res are essentially equal , but ne ither

~~~~
- the baselines nor the initial level s are superimposed on the data trace ,

~~~~
- the data can be adjusted by assuming that the baseline positions and vertical

~ 
amplifier gains were not set correctly. Fi gure 3.20 gives an example of a T~~~

5
.

- 
S ~ 5 5 ~ 5

- - record in which neither the baselines nor the initial trace levels are c-
~~~ ‘ S S

r-~ 
superimposed. It is obvious that the baseline positions are incorrect , and

E~: if the distances HI and H2 from each baseline to the corresponding initial

~ 
trace level are not equal , then the gains of the amplifiers are also incor- ~

S .~ 

rect. In order to determine Hi and H2 , it i s necessar y to hav e a means of

-
~~~~ 

determining which basel i ne belongs to which data trace.

~ 
In reducing the data the position of each point on the data trace

~ 
is assi gned an X and V coor di na te by means of a m ic roscope wi th a travefl ing

~ 
stage. The stage and photograph are moved unti l the microscope cross-hairs

-:~::: are cen tered on a point on the trace , and the X and Y coord i r.ites of that ~~

~~ 
point are read from the calibrated micro i neters which drive the stage. Thus

~~
. the origin of the X-Y coordinate systena is arbit rary . These coo rdinates are

~ 

utilized in Fig 3 2’ The V coordinate is in the direction of val ta ge ~

~ displacement , and the X coord i nate is in the direction of time d iEpl ac~ment.

The baselines Bi and B2 have Y coordinates YB) a~vi Y82. aud 
tIs e in iti a l trace

l evels have Y coordina tes ‘(11 and Y12. The data traces are given by X-Y
- I

coordinate pairs represented as Yl (~ ) and Y2(X). If the baselines and

76 :.:::~~:~
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:i _-~1
i ni t 1a l 1 evels were sn~L iiiyosed , ait~ 

r- J uc~ ~on ~iou1d c rslst of d~~~r’ 1ning

:~ - the X coordina tes of “a~~ pairs with eqL~ 1 Y coord i nates, such as points

~~~ 
/
~ 
and B in Fi g. 3.20. and USi;’g tim ing mark cufl brati 55n -; to dete rr~n n ne a t4me

-::
i~~~
: interval from these two X coordinates . ::~~:~:.:

:::~
.* If basel ines and n n i tia l l~~- l s  ar -c not sup . i mposed , the trace ftr 5

•
5~~~~S~ 5

S -
S.- 

the wire which shorts first , Y)~ .*), can be t&~ -~n u~ ~crr-ert , and the second

:~ 
trace , Y2(X), (5dfl be adjus h~d to the form that ~t -~u~~d have- if its b~se iin e

~ and gain were the same as those for trace Yl (1~ . This adjusted trace is

~~~~
S 

represented by the dotted lin e Y 1 (x )  in Fig. J.?0. In order te construc t

~~~~~~ 

trace Y24 (X) it is necessary to kiev ; how the ga in of the s~:ond ~~i d~~~C varies

~•: with vertica l pOsl tion. The s i~1u)e st 
r ;rocedure ; .~ ~ assum~ tr~ t it is

- ‘Sr p

~ 
~cn s~ ant , so that voltage is a linear function of t~e Y coo ’dinate. :f this

~~ i s so , then Y2’(X) can be ~erera ted from ~2(X)  D/ sibtracting ttn d i st - .r~ce

i:~ between the baselines from e~cc ~ c e d i n e t e  of Y2~~), and mul~ ip1y ing the
-

~ I 
d~fference between the resulting - :c - c- -Jinete and ?B1 L~v a constan t so that H2

~~~~ 

bfl rr~ CS equal to Hi . Al~ e~ca t i -~ely, 12 ’ ( X )  cai~ be thouGht ~) i as a 1inear

~ t r~~- rurma t ion of Y2 ( ~~) of tF!C fo~~

~: Y 2 ’ ( t ~) = .~1?(x) ~ b (3.33)

~ 
wh-are a and b are determined from the r~q-a i r~~antu t~-~ t Y2’(X’ ~ ~~s ~i1

[ S  -
S

~~ ~*ehen Y2(X) equals Y12 , .-~nd Y2 ~X) a’~ua1s 181 when .~~ c-~- a1 s ?. ~~e

resulting transfu ’ aution is
‘5-

_
S 

~~~~~~ -:..
~_ 5 S 5•.S 5_ N

- VI ) - - - . , -~~. - . 
____• Y~ ( A )  - - - - - - -. i~ ( X )  -- 

~~~ 
) -~ 4k , (3.i~)5- 

- 5 . - -,
,S

5
. - - 

- 
S. -

The procrdur - ~o ~n u~ - -ui wne - ~~ case net an~ 1 t i  a 1 ~c- -e~ -ire

not superv’ -osed is to lin e point s of l~(ut1 V T ( ~ra es on ~ruces i’i ( ) an i  P

‘(2 ’(X), represe ited by points A and C jr Fjt . 3~~U. - ow-eve’ - , it is not
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~::~-: necessary to construct curve Y24 (X). Equation (3.34) can be inverted to

_
~_~T~: give Y2(X) as a function of y2’(X). This yields the po i n t  0 in Fig . 3.20

~~ on curve Y2(X) which corresponds to point C on curve \‘2 (X). Thus if point

A in Fig. 3.20 has coordinate Yl , the time interval is not determined by

-
_ 

the X coord in ates of po ints A and B, but by the X coordinates of points A 
. S

~:i and D, where point D on curve Y2(X) has the V coordinate Y2 , where

: - - - - - Y2 = 
~~~~~~~~~~~~~~~~~~~ 

(Yl - YB1) + YB2 (3.35)

1 5 5 5

~ - The above analysis may also be used to determ ine the magnitude of error pro -

~~~ 
duced by differences in baseline levels and initial vol tage level s that are

~~~ 

too small to be detected. For instance , when attempting to set the baselines

:
i
~~~~ 

~ that they are superimposed , the two traces merge into a sing le one ni th .~c
.

Si*~ 
a greater thickness , and it is difficult to estimate the settina at which

~~~~ ~ they are truly superimpose -i . One estimate is tha t it would be possible to 
-
.
5

4. 
- 55 

superimpose the two onl y to within 10 percent of a trace width. This value

-

‘~~~~~ 

could then be used for the distance between the two ~~te~ines and fcr the

:-
~
- difference between the distances H1 and H2 in Fi g. 3.20. E:~uation (3.35)

~~ 
could then be used to determine how far the point 0 vic-uld he from point B ,

~
i
i~~~~ 

and the error in the time interva l ~t could then be deter~iined , given the

~~ slope of the trace.
S :~

-
~~

~~ The error in ot will depend on the trace tt ckr.ess and the slope of

‘
~
:-

~:~ 
the trace. Values for these and other quantities ~ey he taken from a

~ : representative shot in order to est imate the mignit’ ide of the error in v c1 - .ed . 5
5

55

5

I :-
~:~1:: The trace thickness for shot number 75-080 was .22 millimeters and the distance

L
::; between baselines and initial levels was about 30 nil lime ters. Assuming a

~~~~~ 
di f f e r r -~~c~’ of . 022 miii i c o t e r ~ between the base 1 m a  leve ls  and h ete- e~~~n the

S

~~ 
distances f~l and H2 ,the naxin~um diffoni ’nce between ‘(2 and Vi from Eq. (3.35)

:-. 79
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~~~:~~~
:L is .037 millimeters whe (1 is at t~tc -third s of its ;~sxii’ ~ value. The

~~
_ :•_ -T :-

~ :~

~I 
trace drops 16 mi l li nn et~c~ in three -icr n sc~c r.ds so the overage slono ~s

~ -
~ :- - ~.3 mil l imeters per m ic~osecond . Thus , the errc- r in t~-e t i m e  interval ôt is
~.: .. --

S

~ 
6.9 nanoseconds. The ti ’~e taken for the free surface tt cross the Jistan c e

-
~:~-:~ 

S 
~ 
:.

~
-:~; between the wires is .~ 9 microseconds , so t~~ ma~ i~- -~m ~~ror that could be

::::~ produced by di~ fercnces too sctull to detect bo tv~cen has eiin e~ and io~ti al

~:: le-iels is a~out 1 .2 onrct-nt.
. -,

3.4.3 ~.nire Ininou larit i es
s~

~~~~~~~ The next source of e rro r  to b~ co r n i d~ :ed ir -~ - 1 v e ~ t he - ;ay i” w hich
~~~~~~~~ 

_ • 55

_
,. S

~~ 
the  ai res a~ ~ in t~~l l€ ~ ii ~~c tn ~~ t ~ri ~ ‘ T  id /1  ~ I ~ ~ ~sis~a ce pe~

~~~~

:~~-~~ 

ur

5

i-it lengt h of t~ e~ - ilre an~ the es t a b  i Sh: ient. of the nound Pc-m t On the

-:--:-~ ~/ ) ! ‘~~~~ were deal t wi ~r ~ri sect io n ~~~. 
-
~ Lr~~ rs n’~ ~ 1 a i so Le prc d O Ce -J f

- 
U- --e ~iires are not s t r une pa r-a l le l  to che rear s 1 e f ~ :o Of the wo - f t, e ~ ~r i~

~~ 
they do not run para 1e1 to the sid e~- of Un ~~~~~

:~:: Figur 3. 2 1 CO f l~ i~ ers t~ e C 3 C 0  in ei ich t h e  ‘..i ~as ~o ~c t  ru~ paral 1 ci
-
~ 

5
5 
~ 5

5

:~~-:~ to the sides of the wed ge. The fi gure s how ~he ~•s C L 1~ O see n fm ~ di r~ ct 1 y above

S.’ 
and m e  t ’;o resistance .-ii res urde- r- ne :ch. in s~ cod of - e i i i ; pa r-a~ i~~1 t~- tn~

~~~ sides of the ooJ gc and ~or ::na i to i ts eris , th :  ~‘fl ret c - u ke an-: 1~~s ~ un ~~ ~~

~~~~ 
5~~5

~:~: 
respectivn l y -

.-: Ith the s ides - T h u s  ~-,- hLn to e CCr ~~ e ) it on t e i r~ t wi~ ~

~~~~~~~~ 

reaches wedge coord inate  ~: .- h i  iii I s a I .t nc~ ~
) 

~ ‘ t~~n h i gh one of Y -
~

1:.:::: wedge , the leIu~Lh of w i re  ~nor~ e~t ou~ ~ no : ~~- ~~- i i .  . .- -
~2 r-e :~

~~ 
0 ’ - 1Jj’~L~~~~’ 

~ ~3 35)

:~::~ The a ;~;u r c ~ t v c d a e  coor di n-a t~ 0 1 ~h e ~ L~~. ~ ~ ~ - - - ..S
~5~~~~~~ *4  

5 .

:-
~~~ 

the ext r - t  leieth of w i no S - h iC h has b t c o  shcir~~d out . -t n-

•

~~~~~~~ 

A ~ ~ D(sec 
-
~~ 

- 1 ) (2~ 3 7 )
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:~Since the contact on the firs t wire appears to be at XA although

it is actually at x, the indjcated time of arrival of the contact point at

is in error by .the amount of time taken for the contact point to travel

from x to XA . If the average vel ocity of the contact point during the time

• taken to travel this interval is V~1, then the error in arriva l time at XA is

D(sec e — 1)
e4, = 

1 (3. 38)
‘Cl

:~~-:~

This error is a max imum at the tip of the wedge where 0 is at a maximum . It

also depends on the velocity of the contact point along the wi re. This will

depend on the wedge angle , wedqe material , and projectile velocity, but it

must always be greater than the wave velocity in the wire. Equation (3.38)

can be solved for 81 to determine how far the wi res may be out of paral l el

to the sides of the wedge if a given error bound is to be preserved .

_____ 
181 = arcost 

~ ~+ l] (3.39)

If the time in terval required for the free surface to cross the

distance between the two wires is one-half microsecond , a one percent error

woul d be fi ve nanoseconds. Assuming the wedge leng th is 1.75 inches or

4.445 centimeters , and the velocity of the contact point is one centimeter

• per m icrosecond , the ang le 01 is .047 rac~ians or 2.7 degrees. The amount

by which the wire i s out of paralle l to the sid es of the wedge i s not a very

crit ical factor.
‘~~.1

• The wire may also be strung out of parallel to the ~.cdge free surface.

Figure 3.22 illustrates this situation. There is ~ erto - prc d~c2d ~hich is

similar to that cause d by the wi res bein g out of pa ra l lel to the sides of the

wedge . In Fi g. 3.22 wire 1 is assumed to be parallel to the wedge free
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Fig. 3.22. Error due to wires being out of parallel to wedge free
surface
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surface and offset a dis tance 0
~ 

from it, but it actuall y makes an angle 01 :~:~jwith its assumed position. When the contact point would be at wedge

coordinate x, a distance D from the high end of the wedge, if the wire were

in the correct position , the actual l ength of wire that has been shorted is

0,. The distance D’ is found by use of the law of sines . If the free sur-

face makes an angle a with its original position , then

0 = 
sin(01 + ct) (3.40) ____

I
The apparent contact point coordinate is then XA, where

~~~~~ ~~~~~

XA X ( 0 0) (3 41) 
_ _

The time of arrival of the contact point at X~ is in error by the amount of
~~~time taken for the contact point to travel from XA to X. If the average

velocity of the contact point during this tim: is VC1, the error in time is

— 

sin(e ÷ a) (3.42)
1 

____

L

I
Equation (3.42) may be solved for 0 to find the amount by which the wires1

3 may be out of parallel to the free surface if a given error bound is to be

ma intained .

r Sif l a0 = a + arcs lnL ] (3.43) •
~1 e

~1V~i1 — 0

The free surface defl ection ~ing le a depends on the wedge ang le , ~~c~e mate-

rial , and projectile veloc ity, but it appears to be rouc~l y the s a .  as the

wedge angle. Taki ng c~ to be five degrees , the con tact poin t veloc i ty to be

one centimeter per microsecond , a one percent error in time to be five nano-
.
-
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.
.‘ ~~S

84
.-.

•
-
. .
.-.

p

~~~ ~~ 
;: ~ ____________________________________



seconds, and D to be i ts maximum value , the angle 0, is .0056 degrees or

.000098 radians. Thus it is much more critical that the wire be parallel

to the wedge free surface than to the sides of the wedge. In fact, for the

case considered , the wi re should only be out of pa rallel by 4.4 microns over

the wedge leng th of 4.4 centimeters to maintain a one percent error bound .

If the wires are out of parallel or sag or tilt with respect to the

wedge free surface , there is also an error produced because of the fact that
-

~~~~~~~

the dis tance D~-D, between the wires is not constant. Equation (3.1) shows :~~~
-
~-

I that this will also affect the value of the measured free surface velocity.

If the distance between the wi res is .02 inches or .0508 centimeters , then
• . • .the distance 02

_O
l should not vary by more than five microns in order to

• maintain a one percent error bound.

3•4.4 Tilt S

Another source of error to be considered is the possibility of mis- ~~~~~~~

ali gnment between the projectile impact face and the wedge free surface.

Given ideal conditions , these two surfaces should l ie i n parallel planes so

that the line of contact between the projecti le and wedge imp act surfaces

is parallel to the end of the wedge and thus intersects the sides of the wedge

~~at 90 degree angles. The l i ne of contact between the shock front and the wedge

‘~ 

free surface should also be norma l to the side of the wedge. The contact

points on two wires placed side by side and having the same offset from the

wedge free surface shoul d then always be at the same wedge coordinate. Any

rel ative tilt between the projectile impact face and wedge rear surface 
r

:~ would mean that the lines of contact would not be normal to the side of the
Y

wedge , and the coordinates of the contact points on wi res with ecual offsets

would not be equal . This situation would obviously have an effect on the

measured free surface velocity . :;~
I
_

A
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There are several possibl e causes of tilt in the axperiment. The :~-±
Impact face of the projectile may not be normal to the projectile axis. The

projectile Is allowed a limited amount of play in the barrel , so that its

S 

axis may not always be parallel to the axi s of the barrel . The target holder

may be misaligned so that the plane in which the target is mounted is not

normal to the gun barrel . The wedge mounting surface and target mounti ng

surface in the target may not lie in parallel planes. Finally, the wedge :.
( S ~~

itself may be improperly constructed so that the plane determined by the

normal to the impact face and the side of the wedge is not perpend icular to

the wedge free surface.

In order to calculate the effect of tilt in the ger ’eral case , it

would be necessary ~o solve the complete three-dimensional flow problem . It

is possible to estimate the effect of tilt by considering only the case of a

hydrodynamic , no-rate-effects material wi th no phase transitions , and -by

ignoring wave interactions wi th material boundaries. Under these conditions

it can be assumed that there is no curvature to the shock front or to the

deflected wedge free surface. The shock front in the wedge will then lie

in a single plane , as will the wedge free surface.

The case to be considered will be that of a wedge-projectile impact

in which the projectile impact face is ~ot parallel to the wedge free sur-

~~~~~ 
face. There will be no irregularity i n the wedge i tself , so tha t the plane

determined by the side of the wedge and the norma l to the wedge impact sur-

face will be normal t the wedge free surface. The orientation of the
•

coordinate system which will be used to describe the probl em is shown in

Fig. 3.23. The Y axis is parallel to the side of the wedge free surface ,

the X ax is is parallel to the end of the wedge, and the Z axis is normal

to the wedge free surface . Thus the unit normal to the wedge impact surface ,
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lies in the YZ plane. The negative of the unit normal to the projectile 4A

impact face is designated n~. Thus n~ points into the body of the projectile

instead of away from it. This is done for simplicity in illustrating the

two unit vectors. For the zero tilt Lase n~ would l ie along the Z axis. ::.~~~.

If lay in the YZ plane , the contact line between projectile and wedge A

-~~ 
~
- 

would be normal to the side of the wedge, and the only effect of the ti lt :~ :
would be to effectively change the wedge angle a by the magnitude of the tilt

angle 5 . The tilt angl e is probabl y less than the uncerta inty in a , so

this case is of no interest. n will be taken to lie in the XZ plane. This
S 

p

should be the case which will have the greatest effect on the measured free

surface velocity.

• The normal s to the wedge and projectile impact faces are

(3.44)

flp = sin s i  +~~~~ ~

where i, j , and k are unit normals along the X , Y, and Z axes. The l ine

of contact between wedge and projectile impact faces will be the line of

intersection between the planes with unit normals n and n . Therefore the
P W

line of intersection is parallel to the cross product of and n~. The

vector along the line of contact , is given by

-Sifl ci COS 5 1 - S i n  5 (OS ci 3 + S~ fl a Sin 5 ¼ ( 46)

will lie in the r~~ ie of the shock front , as shown ~n Fig. 3.23. n~ is a

unit vector which lies along the intersection of the plane of the shock front :~:~
and the p lane fnrmed by the s i de of the wedge , which is the YZ plane. Thus

and determine the plane of the shock front. If the orientation of

in the YZ plane were known , the plane of the shock front would be determined .
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A

Let the angle in the YZ plane between n1 and the wedge impact surface be

designated s, as shown in Fig. 3.23. Let the point at which n1 intersects

the wedge impact surface be A , and the po int at which it intersects the wedge
A

free surface be B. Figure 3.24 shows a side view of the wedge at times t

and t + ot. Since the projectile tilt is al l in the XZ plane , intersect ions

of the projecti le impact plane and the YZ plane are parallel to the V axis.

Since the projectile has velocity V
P 

in the negative Z direction , the

distance between the intersections at times t and t + St is V1,St• The

veloc ity of point A is the distance 0A moved by point A in time ~t divided

by st

VA 
= 

5 n
1
~ 

(3 A 4 7)

Likewise, the velocity of point B is distance DB in Fig. 3.24

divided by ot

V sin e
- ________________ 48V B 
- 

sin ~ s i n ( o - a) 
.

These velocities are independent of the tilt angle s, and are the same

veloc ities these points would have in the zero tilt case.

Since n. is in the YZ plane and makes angle 0-a wi th the V axis ,

• it is given by

= -cos(o -~~) 3 -  sin(e -~~) ~ (3.49)
1

N -

• The norma l to the shock front , n , is perpendicular to both n and n . , so i t1

lies along their cross-product It is given by

n~ ~~~~ + n j  + n k  (3.50 )

~! : • .:.::: ::.:.~ .
..:::~ .:..::

A. A.
, d• •, . • • .

_ 
A~
I
%

.)A
%
J\. ~~ • A . f A l~~~

A
A~~~. A ~~~~~~

A A,
F

~~~~~. 
5#. . . . • • 5

•
A • A • . A . A ~~~~~~~~ - . - .~~~..• .

~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~ - 

.~ .,-
,.I.

.
\ - ____ - -

, r .5



— —-— --— --—---— - —-—--

~~~~~~~~
------- - - — - A - . - - -  - -

-‘
-
—-‘c-

l—
-~
-? +

i— ,—
0 0

.~~~E
A. ~.. :~-:.

-
~

A. A.
A, a ~

11 1
/

A, Q_ Q_ / N.
~; 

. -
‘

• ~~~~~~~
-.‘ I~~~- 1-- _ _

> c~.(/ 
M

a~j j  -~~c
-
. / /  )~~ 4.,

‘A 
II 0-.-

S ~f ~~~~
-~~ 

_ _

“c c c
~~~1I i 

_ _

/ 1’
~ ’.. ~ Q

At
I C
/ ol— P.,IS.-Q) -.- ,-•~~~.

I ~‘ 0
/ ‘ >, ..~

-
-~~~-:

i ~0 ....

(I) I
- — I _ _

-5—

r-4~~~~~ —~
s.

1

p_ A

90

S ~~~~ 
~~~~ W 4 4 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :~ :- .-:- - -:---: ---~-.-:-- -:- .-: ~- T - .~”

- . . . . ‘ : :~~~~~~~~~-

d’ ~‘ ~ A ~~~~~~~~~~~~~~~~~~~ ~~~~ 
‘~ - 

A. A.

~~~~~ J ~~~~~~~ ,
.
~~~~ 1~~ 1%&~?iV_ ~~~~ 

~~~~~~~~~~~~~~~~ 
,,



where

= sin is cos a sin(e - ci) + sin a sin 6 cos(o — ci) (3.51)
- .5

‘
~sy 

= -sin a cos is sin(e — ci) (3.52)

= sin cos is cos(e - ci) (3.53)

Given it is possible to find the vector flf which is parallel to the con-

tact line between the shock front and the wedge free surface. This line ,

shown in Fig. 3.24 lies in the XY plane and is the intersection of the shock

plane and the wedge free surface, or XV plane. flf is given by the cross-

product of the normals to these two planes

h f 
= _fl

~y 
I + 

~~ 
3 (3.54 ) :~

:~~
The angle y between the X axis and flf is

—n
= arctan( 

n2 
(3.55)

Equations (3.51), (3.52), (3.54), and (3.55) give

= arctan ~S1fl is cos a sin(e - )
~~ + sin ~ sin is cos(o - c x) j  (3 56)sin ~ cos is s i n (e  —

This is the quantity of interest in the problem. Since points A and B have

: the same velocities they would have in the zero tilt case, all points on the

contact line between the shock and the free surface have the same V component :~,
of velocity they would have if the tilt were zero. The difference is that

this l ine makes an angle y with the V axis , whereas y woul d be zero if the

tilt were zero. In fact Eq. (3.56) gives a value of zero for y when is is

equal to zero. The only unknown in the probl em is the angle e. The ana lysis

in Chapter 2 gives the value of a for the zero-tilt case. Since is is very
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small, a should be very c’ose to the no-tilt value , In order to estimate

the effect of tilt on the probl em, this value of a will be used .

Figure 3.25 illustrates the effect the angle y will have on the

resistance wi re records. The contact point on one wire will always trail

its zero tilt position relative to the contact point on the other wi re by

the distance H, given by
~~

hU

H = L t a n y (3.57 )

where L is the distance between the two wi res in the X di rection. For the

I no-rate-effects case being considered , the contact points should sweep along ~~~~ ~

the wires with the velocity ‘/ wi th which the contact line between the shock

and free surface moves in the Y direction. From Eqs. (3.48) and (3.57)

the error in time produced by this lag is

A . ’

= 
L tan ‘~~ sin t~ sin (e - a)e

~ V s in  a (3.58 )
p

The effect of tnis time error can be reduced by reducing the distance

between the wires in the V direction.
cc .’

The methods of Chapter 2 yield a value of 36 degrees for a when a

.
~~~ five degree aluminum wedge is impacted by an alumin um projectile wi th a

• velocity of .09 centimeters per microsecond . If the tilt ang le S is assumed

to be one mi ll iradian , Eq. (3.56) yields a value of 13 mi lliradians for ‘

~~~
.

If L is taken as .3175 centimeters , the error in time from Eq. (3.58) is

___ 3.5 nanoseconds. This would constitute a .7 percent error if the time taken

for the free surface to cross the wi res was .5 microseconds.

eAS.
::.:

‘ .5 ”—
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Fig. 3.25. Top view of wedge and resistance wires showing effect
of tilt
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3.4~5 Read ing Er rors

The last source of error to be considered is that involved with read-

ing the photographic records with the microscope. When viewed under the
A1. 1

microscope, the photographic images of the oscilloscope traces do not appear

:~‘ ~ as sharp lines. They are broad bands with edges that are not well defined .

The intensity of the trace is not constant, and the thickness appears to vary.

In order to determine the coordinates of a point on the trace it is necessary :

to center the cross hairs on the center of the trace, and the exact position

of this is largely a matter of judgment. The coordina tes of a given setting

of the stage are given to .001 millimeters , but it is not in general possibl e

to determine the coordinates of a given point on the trace to wi thin thi s 
A

f accuracy. If the coordinates of the point are read , the stage moved and

then moved back so that the coordinates of the point can be reread , the num-

bers do not agree in the last decimal place. The standard deviation in the
- A S 

. . - . .scatter of multiple readings of the coordinates of a given point may be as

muc h as .005 millimeters . Of course, this figure depends on severa~ fac tors

such as the given point being read and the individual taking the readings .

Given that there is some error in the coordinates of any given point ,

It is desirabl e to know how this error affects the results. It may have a

large effect in the determination of the free surface velocit ” , since differ-
-

ences are taken between points that are relatively close together, thereby

magnifying the error. In fact, although a plot of the coordinates of points
-
~~~

-:

on two traces which ~~ fai rly close together may appear smooth , a plot of

the differences between the points is relativel y rough.

The best way to deter~ine the magnitude of errors generated in the

process of reading the records wi th the microscope is to read the entire

record twice and compa re the results. This was done for one of the dual-beam

‘5
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oscilloscope records obtained in a resistance wire experiment. The results,

which are shown in Chapter 4 wi th other data taken, indicate that there is

at most a one percent error produced by reading the records. -:
~
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~~~~~4. EXPERIMENTAL RESULTS

The objective of this work is the development of a method for per-

forming and interpreting shock wave experiments in two—dimensional strain

using a light gas gun. Since the work is developmental , the techniques

themselves are the results rather than the data produced by the techniques. 
____

Therefore the experiments performed using the measurement technique were

not done to investigate some particular physical phenomenon , but to investi-

gate the measurement technique i tself. The demonstration that a measurement 
____

•
technique is useful requ i res not only a presentation of the theory behind it ,

5
-
.
- - ‘S.

--

but also evidence that the theory is workabl e in practice and that physically

meaningful results can be produced . Thus , as ideas for the technique were ____

developed , shots were done to test the effectiveness of these ideas. Not

all of these shots were successful in producing the information desired ,

but they were all useful in furthering the development of the technique.

Refinement of the technique conti nued in this fashion until an end result

was reached that was felt to be workable , repeatable , and capable of pro-

ducing meaningfu l data . This is not meant to imp ly that the present tech- 
-

nique is to be accepted as the final stage of development in two-dimensional

measurement techniques and that no further refinement needs to be done.

This is just the fi—~ . step, and much work remains to irrprove the accLracy 
~~~~~~~~~~

and resolution of two-dimensional techni ques . :~k~
The data that will be presented in this chapter will not include

- •

all the develoocnenta ) shots that lead to the present technique . Only the
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final results using the finished technique will be shown , The purpose of
P •~A

these final shots was two-fold. First , it had to be demonstrated that the 
____

technique was workable and that the results could be repeated. Second, it
—:~ had to be demonstrated that physically meaningfu l results could be obtained
A S

that could be compared to the predictions of the computer code. This would

not only provide a test of the experimental method , but would also provide

an evaluation of the code. The criteria for choosing the design parameters

: of the final shots were based on these two objectives.

Table 4.1 gives the design parameters for the final six shots. The :‘~z~
shot numbers do not have any relation to the number of shots fired in this

series of experiments . Shots 79, 80, and 81 were done to demonstrate the

• A .  . - . . .repeatability of the method . This required building three targets which

were as similar to one another as possible. In order that the three wedges

be as similar as possible , the wedge material was chosen to be 6061-T6

-- 
aluminum , which is easily machinabl e and whose properties are well known .

4 
The projectiles are machined from 6061-T6 aluminum , so this also meant that

the projectile and wedge would be the same material. The projectile veloc i ty

was to be .09 centimeters per microsecond for all three shots , but this

:::~ turned out to be the least repeatabl e part of the experiment. As can be

seen in Tabl e 4.1 , shots 79 and 81 were wi thin .5% of one another at about
• .088 centimeters per microsecond , but shot 80 was about 4.5% lower than these

two.

Figures 4.1 , 4.2 , and 4.3 show the dual-beam oscilloscope records
• obtained from these shots. As can be seen from the figures , the initial

levels of the traces did not always matcn , even though the initial voltages

were known to match to wi thin a few hundredths of a percent. Since the
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mi smatch in the initial level s was larger than this , the data adjustment
.I4~~4. . A Adescribed in Section 3.4.2 was made. .‘,.

~~~~~~

The traces are very smooth and even , without any visible signs of

noise. They continue decreasing smoothly up to the point at which the con-

tact l ine between projectile and wedge has moved to the tip of the wedge. .-:-~~

At this time the projectile impacts the wedge mounting surface described

in Section 3.3 and waves begin to propagate through the target, which may

cause the signals to break up. By this time the contact point has moved

close to the tip of the wedge. The voltage at which the si gnal quits

represents the voltage across that part of the wi re which extends beyond

the tip of the wedge.

Fi gures 4.4 , 4.5, and 4.6 show the reduced data from shots 79, 80,

and 81. These records of free surface velocity as a function of wedge posi-

I . -  tion include both the curve for which the adjustment of Section 3.4.2 was

made and that for which it was not made. Depending on the positions of the

~: ‘~basel ines and initial level s the adjusted values may be larger or smaller

than the unadjusted values . In all three of these shots the baseline l evels

were super imposed , bu t the initial level of the second trace , which corres-

ponds to the wire with the larger offset, was grea ter than that of the f i rs t :~~
trace. This means that the adjusted free surface velocity is larger than the

unadjusted , so in Figs. 4.4, 45 , and 4.6 the top li ne gi ves the correc ted

values of free surface veloc ity as a function of position. The wedge co-

ordinate is defined so that it iS zero at the tip of the wedge.
•

All three records show the same general type of behavior. There is

an increase in veloc i ty at the beg inning, which corresponds to points nea r

the hi gh end of the wedge. Later comparisons with the computer code will
•

show that this initial increase is due to rarefac tions generated at the hi gh
, 
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end of the wedge. This surface is free to move away from the wedge, and the

resulting rarefactions decay the shock so that the free surface velocity is

lower at this end of the wedge. The contact line between projectile and

wedge along wi th the attached shocks moves faster than the rarefactions from

the end, and by the time this region has outrun the rarefactions the free
- surface velocity has attained its steady-state value. The reduced data show

that this steady-state value is attained in the region of wedge coord inate

3.2 centimeters to 3.4 centimeters. Since the wedge length is 4.45 centi-

meters , this shows that only the first 1 to 1.2 centimeters of the wedge are

affected by the rarefactions from the end , and the rest of the wedge is

described by the steady flow picture given in Section 1.2.1.

It may be noticed that the record does not extend to the maximum

wedge coordinate, which corresponds to the high end of the wedge. This is

also due to the rarefactions from the hi gh end of the wedge. Because of

.
~,., these rarefactions the wedge free surface is concave upward in the region

of large wedge coordi nate, and the point on the free surface which first

contacts the wire is not the point which was originally at the hi gh end of

the wedge. Thus, the discontinuities in vol tage seen in Figs. 4.1 , 4.2, and

4.3 would be present even if the wi re did not extend beyond the hi gh end of

the wedge. For thi s reason the records begin at a wedge coordinate smaller

than the maximum value.

The reduced data show that the measured free surface velocity is not

comp letely constant even after it has attained its steady state value. The

roughness in the record is attributed to scatter in the data and not to any

physi cal changes in the sign of the acceleration of the free surface. A corn-
-
-:~~pari son of the three reduced records shows no apparent pattern to these

changes ,.
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The repeatability of the measurement technique is shown by Fig. 4.7
- 

“ in which the adj usted curves of measured free surface velocity versus wedge

- position for shots 79, 80, and 81 are plotted on the same graph. Table 4.1

shows that shot 80 had the lowest measured projectile veloc ity ond that 81

had the highest. The measured free surface velocities for the shots show

this same order. Shots 79 and 81 had the same projectile velocity to within

less than 1%. The adjusted measured free surface velocity curves for these

~ two shots show a maximum deviation of about 5% in the region about 3.2 centi-

meters from the tip of the wedge, and the curves overlap in the region close

to the tip. The average deviation between the two curves i s at most 2% to

3%. The projectile velocity of shot 80 was about 5% l ower than the projectile 
____

S

velocity of shots 79 and 81 , and the curve of measured free surface velocity

for this shot is also about 5% l ower than the curve for those shots.

p The comparisons between measured free surface velocity and measured

projectile velocity for these three shots show that repeatability of the

techn ique is very good . This comparison is not meant to impl y tha t the free

surface veloc i ty i s l inear l y related to the projectile veloc i ty in general . 
____

The shots were as similar in all respects as possibl e, and it was hoped that

the projectile velocities would be the same on all three in order to facili-

tate a comparison. However , it is not possibl e to control the projectile p
SI. velocity with that much accuracy . Because of this the comparison is not as

:~ 
straightforward as could be hoped. However , if all else is held constant ,

the free surface veThLi ty does increase wi th increasing projectile ve 1 ocity . 
_____

The results of these three shots show that even with the small disparities

in projectile velocity , the repeatability i s good enough th at there are no

anomalous resul ts in which a smaller projectile velocity yields a larger  free

-: surface veloc i ty. Furthermore , the methods of Chapter 2 indicate that for

A?
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the case considered, the percentage change in the free surface velocity

should roughly equal the percentage change in projectile velocity as the

latter varies between .088 and .084 centimeters per microsecond. Taken

together, these facts indicate that the technique is repeatable to within

3% to 4%.

The purpose of the next three shots was to obtain some data that

could be compared to the computer code calculations. The data from the first

three shots could also be compared to the code, but the 6061 -16 aluminum

was not expected to show any detectable rate-dependent effects. The con-

stancy of the free surface velocity as a function of wedge position in the

steady-state region bears thi s out. Wedge materials for the next three shots

were therefore chosen for their expected rate-dependent behavior. The mate- —
~~~~p - - ‘A

. - . • - 
:-.~irials chosen were iron and KC1 . Iron undergoes a solid-solid phase tr~nsi-

tion from body-centered-cubic structure to hexagonal-close-pac ked at a pres-

sure of about 130 kilobars at room temperature.~~ KC1 undergoes a solid-

solid phase transition from NaC1 structure to CsC1 structure at about 20

kilobars at room temperature.52 Therefore if these materials are shocked

past their transition points , a two-wave structure will develop. Figures

48, 4.9, and 4.10 show the adjusted curves of free surface velocity versus

wedge position for shots 82, 83, and 84. The difference between these data

and those for aluminum is readily apparent. While the aluminum data show
~~~~~~~~~

a constant free surface velocity in the steady-state region, the free surface

velocity increases toward the tip of the wedge in both the i ron and KC1

wedges. This can be compared to a run of the computer code which includes

phase- transitions. The i rregularities at the end of the records of shots 82
a. ,’.

and 83 represent signal breakup due to the projectile impacting the target

~~~
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past the tip of the wedge , and It is not felt that they represent actual

changes In wedge free surface ve loc ity .

In order to determine the effects of data trace reading error des-
S.

-
:.. cribed in Section 3.4.5, the record for shot 81 was completely reread.

FIgure 4.11 sh ows the adjusted curve of free surface veloc ity versus wedge

position for both the first and second readings . The closenes s of the two

curves Indicates that reading error is less than 1%.
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5 FINITE DIFFERENCE CODE 
‘C

5-
’ The second objective of this work is the development of a finite- ‘s’ .’

di fference computer code to be used to analyze the two-dimensional strain

experiment. This chapter describes the basic code, which includes material

strength but not stress relaxation or phase transitions. The addition of

these capabilities to the basic framework of this chapter will be described

In the next two chapters. The simpl e equation of state described here Is
--

modified when phase transitions are added . As stated In Section 1.2.3, the
S

code is Lagrangian In that it refers to a mesh which is fixed in the material

and moves with it , so that a given mesh point always refers to the same mate-

rIal point. The basic code is similar to the two—dimensiona l Lagrangian 
• 

A-

code b ody.37 
~~~~~~

5.1 Governing Equations

As previously stated, the code refers to a Lagrangian mesh which is 
~~~
..

fixed in and moves wi th the material . The mesh points are identi fied by

their Lagrangian coordinates j and k. The spatial positions of the mesh

points are given in terms of the X and Y coordinates of an Eulerian coordi-

nate system fixed in space The equation of motion

(51) S

where ~ is the particle veloc i ty, ~ i s the Cauchy stress tensor ref~rred to

the Eulerlan coordinate system , 7 is the Eule;ian gradient operator , and

d/dt is the convective derivative .54

• - -

- 55~~~_’ 
-
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•

(5.2)

The convective derivative gives the change in a quantity as seen by an 7.

observer moving w ith the flow. This need not be evaluated by the use of the

right-hand side 0f Eq. (5.2) but merely by taking the time derivative of a

quantity while holding the Lagrangian coordinates constant.

In component form the equation of motion in two dimensions becomes

pd*/dt = + a~ /ay (5.3)

pd~/dt = aa
~~

/ax + ~ayjaY (5.4)

where x and $“ are the convective derivatives of x and y. Conservation of

mass is implicit in the Lagrang ian form because the mass contained wi thin each

mesh is constant.

The equation of state will be elastic-plastic. Hooke ’s law in

Incremental form is -
~~~~~

da~ = A d~ + 2~
j dc1. (5.5)

.- where d~ is the di1atation ,~~ is the strain tensor , 6.. is the Kronecker 
:~

‘
A
.,. 1,) .

A~

‘A 
A s

delta , and A and 
~~ 

are the Lame constants. :~
•

Introducing the stress and strain deviators

S~ = 

~ij 
- am 6i,j (5.6)

and
5.

de1~ &j j
; dcm ~~ 

‘
:~~ 

(5 7) 1

d ~~~‘ s ’ A  
1 ‘A - ,,“s ‘5. ,,. A. -

- 
,,~ 

~
‘ ‘) % ‘ A  

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
A-A

~~A- 
A-
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.~~~~~ where

am 
= (a

~~ 
+ ayy + (5.8)

= (dcx + ~~~ + dc
~~

)/3 = dt~/3 
= dV/3V (5.9)

Hook&s law may be written

dS 1~ +dom tS~~ ~ A d~ + 2ii(de1~ +d c 6
~~

) (5.10)

Equating the deviator parts,

- -s-:

dS1~ = 2~ de1~ = 2u(d~1~ - dV/3V) (5.11)

If these changes occu r in time dt ,

~ij 
= 2u(~~ ~~ij 

V/3V) (5.12)

where the velocity strains55 are defined as

= (1/2)(a~~/ax~ + ak~ /ax 1) (5.13)

By definition the sum of the diagonal elements of the strain deviator tensor

is equal to zero; in two-dimensional strain V/V is equal to the sum of ~
and iyy A

A constitutive equation must satisfy the criterion of frame-indiffer-

ence ,56 which means it should be correct for coordinate transformations in which

distance and time intervals are unchanged ,including rigid body ‘notion. If

S~ is the ordinary Lagrangian derivative, Eq. (5.12) is not frame-indifferent

under rigid body motion. Considering the x component,

- 
5xx = - V/3V) (5.14)
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S

For a rigid body rotation both and V/V are zero, implying 
~~ 

is zero. :-~j

~ However, for rigid body rotations the magnitude of the force S • n acting on

a face with unit no rmal n Is unchanged , but the individual components 
~~~~

etc. related to an Eulerian coordinate system fixed in space are changed .

Thus , i-f the body under consideration rotates rigidly through some angle a

about the z—axts , the total change in S x i s not zero , even though the right—x
hand side of the above equation is zero. Tensors transform under rotation

according to the rule57

= a1~
a
~r~
S
~ 

(5.15)

where repeated subscripts imply summation.

For rotation about a z-axis through the infinitesimal angle ~~, :~
-

5- ’
AS.

1 c~ 0

A = lI a~~I I = i 
o) 

(5.16)

0 0 1

ThusA .
’.

= ~~ + 2S
~? 

(5.17)

S;y = Syy - 2Sxya (5.18)

S,~y 
= Sxy + (Syy - S

~~
)cz (5.19)

Just as the strain is the synvnetric part of the velocity gradient

tensor, the rotation is the anti -syrmietric part. Thus the veloc ity strain
A-s

tensor is given in Eq. (5.13) and the rate of rotation or vorticity tensor55

is

V = ( l / 2 ) ( a ~ ./ a x .  - a~ ./ax .) (5.20)ij 1 J 3 1 :-
118
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Therefore , the rat2 of rigid body rotation in the x-y plane is :~

= (1/2)(ak/ay - aj ’/~x ) (5.21 )
:~

In time .St the angle through which the body rotates is a = V st. So :~A...c-. xy
S 

- -

or 

S
~~
(t + 6t) = S~~

(t) + 2S
~~ 

V,~, ~t (5.22)

I 

[Sxx (t + ~t) 
_ s

~~
(t)]/6t = 2s

~~ 
v~~ 

,

(5.23)

In the limit the contribution to S due purely to rigid body rotation isxx

S,~ 2S,~y V~ , ~ )

A
-)

-
~~~~ The ful l set of frame-indifferent equations including changes in S due both

to distortion of the mesh ~nd rotation of the mesh is

p .

S = S (~k/~y - a~/ax) + ~~~ - V/3V) (5.25)
A
—

- 
xx x,y x

Syy =-.S~~
(ak/aY - aj ’/ ax ) + 2Ii(~yy - V/3V) (5.26)

~xy 
= (l/2)(Syy 

- s~~)(a~/ay - a,~/ ax ) + 2UE
~xy 

(5.27)

The Von Pli ses yield condition5 is

(5.28)

where J2=(1/2)S. .S. - i~ the second invariant of the stress devia tor tensor,TJ iJ

and Is the yield strength in simple tension.

In two—dimensiona l strain 
~~~ 

and are the onl y non-zero strain

components. Then, from Eq. (5.11), Sxx~ S , S,~ , and S~ are the only non-zero
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stress deviators , and

= (l/2)(S
~x 

+ S~,,, + S~~ + 2S~~) (5.29)

By defini tion S. =0, so
11

~~

Szz = _ (S~~ + Sxx ) (5.30)

~5~5
’

and

2 2  2j  = s  + s  + s  + s  S (5.31)2 xx yy xy xx yy

In Eq. (5.12) the deviator stress should be related only to the

elastic part of the deviator strain. If the material is completely elastic

the elastic strain is the total strain. However, in plasticity theory , the

deviator strain is normally decomposed into elastic and plastic parts . ‘~~,

Elastic-plastic theory is inplemented here by performing the calculation in

Eq. (5.25), (5.26), and (5.27) as though the material were completely elastic

by using the total strain in the equations . The Von Mises yield criterion is

then applied to determine whether the material behavior is elastic or plastic.

If the inequaility in Eq. (5.28) is sati sfied , the material is elastic; if not,

it  is p lastic. Plotted in princ i pal stress deviator space , the equality in

Eq. (5.28 ) defines a sphere centered on the or igin. The fac t that the sum of

the principa l stress deviators must vanish requires all obta i nabl e points in

this space to lie on a plane through the origin. The intersection of this

plane wi th the sphere described by the yield criterion is a circle. If the

material state is such that the point defined By S1, S2. and S3 lies wi thin

this circle , the ma terial is elastic; if the point is outside the circle , it

is plastic. Plastic flow is described by assuming that the stress deviators
I

are maintained at the elastic limit. Thus if at any time Eqs. (5.25), (5.26),

120
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and (5,27) give a point which lies outside the yield circle , the material is

assumed to -flow plastically and the stress state is moved normally back to the

yield surface. This l imits the stress component associated with the plastic -
~~~~

stra-In.~~

The stress state is moved normally back to the yield surface by

multiplying each of the principal stress deviators by the same constant, so-

that the equality in Eq. (5.28) is satisfied. However, it is not necessary
A - A-

‘A
- - - S’

s

~~ to compute the principa l stress deviators in order to do this. The princ ipal

stress deviators are obtained from the components of the stress deviator

tensor in a representation wi th respect to any other set of axes by a trans-

formation of the type described by Eq. (5.15). The princ i pal stress deviators

are a linear combination of any other set of non-principal stress deviators.

Thus, multipl ying all non-principal stress deviators by a given constant is

equivalent to mult iplying the pr inci pal stress dev iators by that constant.

Therefore elastic-plastic behavior is impl emented by calculating the stress

deviators from Eq. (5.25), (5.26), and (5.27) us ing the total strain. If

Eq. (5.28 ) is violated , each stress deviato r is mul tiplied by the same con-

stant so that the equality holds in Eq. (5.28).

The increase in internal energy produced by adding an amount of heat ‘:

dQ to unit mass and doing work dW on it is

dE = dQ +dW (5.32)

A •’~5 In the present case
S

:~~. 

dE = dQ (5.33)

In terms of stress deviators and P,
S

dE = dQ + VS
~~

dc1~ 
- VP(dV/V ) (5.34)

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 
5-

A’. A- A - A -
I - - ‘ S • - - - - - h ’.. - .- - .‘ - - - .~~ - - ~ -h . ~~~ A - _ - , - . .

‘A L ~‘ ‘A ‘A .—~~ 
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.-‘.~1

- It is assumed that there is no transfer of heat to or from the mass
~/

‘
~~~~~ e1~ nent, dQ=0. If the above amount of work is done in time dt, then

E = VS1~~jJ - VP(V/V)

= V(SxxLxx +Syy~yy 
+ 2Sxy~xy 

- PV/V) (5.35)

The ecpiation of state for the mean pressure will start from the
60general equation

• S

P = P H + p r (E_ E
H) (5.36)

where the subscript H refers to quanti ties on the 1-lugoniot. If the Hugoniot

is represented by an equation of the form

= C0 + su~ (5.37)

then

: ~H ~
p0C~~/(l 

- 5~)2 (5.38)

0 and

EH 
= 

~H~
’2
~0 

(5.39)

where

n = 1 — p
0

/p (5.40) ::

If it is ass~aned that p r p 0r0 coflStant , then

P = p0C~~/(1 
- Sn) 2 + p

0
r
0 
[E - C~~

2/2(l - sn)2)

= p0Cgn(l 
— r’0n/2)/ (l - S~ )2 + p0F0E (5.41)

- 
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•
The bulk sound speed is given by

5.

Cb 
= (aP/ap)

~ 
(5.42)

where S denotes entropy. Differentiating the expression for P,

C~ 
= (p0C0/p)

2 (1 — r0n + sTl)/ (l - sri )~ + p
0r0P/p

2 (5.43) 
-

The elastic sound speed is

= (K + 4i.~/3)/ p .  
- 
(5.44)

while the bul k sound speed is

C~ = K/p (5.45)

A,.

K and 
~ 
are related by ‘5

‘S. 

~ = 3(1 - 2v)K/2(l + v) (5.46)

where v is Poisson ’ s ratio. Then

= 3(1 - 2v )pC~/ 2( 1 + v)  (5.47) p1

S 

Putting in ~ and K, the expression for C~ becomes

C~ = 3(1 - ~,)C~/(1 + ‘~)) (5.48)

is thus known as a function of P and p, and ~i and C~ are found from the

above equations , assur ,i ig that Poisson ’~ rati o is constan t.

Shocks are handle d in the program by use of the Von Neumann and

:~~ Richtrneyer method of artificial viscosity .61 This involves replacing P by P+q

where q is the artificial viscosity . The inclusion nf this term spreads the

shock over a few meshes , so that shock: become regions where quantities are

S 
S • S ~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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-
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S
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‘.

~
‘-

‘
-

changing rapidly, rather than discont inuities , allowing the di fference equa-

tions to describe the situation. The artificial viscosity will be the same as

• - that used in  TOODY
A’.,

q = pAB~(V /V) 2 
- pA

~
B2CL(V/V), V/V < 0 (5.49a)

= 0, V/V > 0 (5.49b)

where A is the mesh area , incl uded so that the constants B1 and B2 are dimen-

~~ sionless.

5.2 Recapitulation

The equations to be used in the program are :

l. = ~~ - (P + q) (5.50a)

1 2. = ~~ 
- (P + q) (5.50b)

I = S~ , (5.50c)

4. p d5/dt = aa
~~
/
~
x + aa~~/ay (5.3)

5. p dS’/dt = 
~~~~~ + ~~~/3y (5.4)

6. = ak/ax (5,51a)

7. = a$’/~y (5.51b) :~

• 8. = (l/2)(~$’/~x + a5c/~y) 
- (5.51c)

9. V/V ac/ax + a$’,’aY (5.52) -:

10. C~ = (p 0C0/p) 2 (1 - + S~)/(l - sn) 3 + p0r0P/p 2 (5.43)

11.  p = 3(1  - 2v)pCb/2(l + v) (5.47)

~2. = S
~~

(a
~
/
~Y 

- ~$‘/Dx) + ~~~ - V/3V) (5.25)

13. Sr,, =-S~~(~*/3y 
- ~$‘/~x) + 2p(~~ - V/3V) (5.26)
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::::-
14. S~3, = (l/2)(S~~ - S

~~
)(

~~I~
y - ~9/~x) .i- (5.27)

15. J2 = S~ + S~~ + S~y + SxxSyy (5.31 )

16. If > Yg/3, S~ 
= S~ 

1Y~/3J2 (5.53) 
-

‘.

2 217. C1 
= 3(1 - ‘v)Cb/(l + v) (5.48)

18. q pAB~ ( V/ V) 2 
- PA ½B2C1(V/V) ,  ~/V < 0 (5.49a)

• .1A •

:~. ~~~~~~~~~ (5.49b)

19. E = 

~~~~~~ 
+ ~~~~ + ~~~~~ - (P + q)V/VJ (5.54)

20. P p0C~n(l - r0ri/2)/(l 
- Sri )

2 + p0r0E (5.41)

• 5.3 Difference Equations

The finite difference scheme to be used was developed by Mark W i l k i n s  
-

~~~~~~

and is used in  HEMP 38 and TOODY. It is based on the identity

f dA x V~p = ~~ d1 (5.55)
A J C

- -S.

whe re ~ is a scalar function defined over an area A enclosed by the curve C.

Taking a small area in the x-y plane , as shown in Fig. 5.1 ,

dA = kdA (5.56)

where k is the unit vector in the z direction and dP~ is the area enclosed by

curve C. If the area is small enough , the left-hand integrand may be taken as

constant and equal t~ its value at the point x ,y. Thus

fdA X V : ~ dA(k x v~ )

= dA(- ~/~y + j~-~/~x) (5.~ 7)
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So

dA(-ia~/ay + j3~p/~x) = 
if~ dx ‘- jf~ dy (5.58 )

where I and j are unit vectors in the x and y directions. Therefore approxi-

mate formulas for the partial derivatives are

a’p/ax 
£‘
~dy/dA (5.59a)

a’~’/~y (5.59b)

Material points are identified by means of Lagrangian coordinates j

5 and k. In the Lagrangian coord i nate system the material is represented by an

- - unchanging rectangular mesh formed by intersecting lines of constant j and

constant k , as shown in Fig. 5.2.

Spatial coord inates of the Lagrangian point j,k are given in terms .‘~,,

of the coordinates x and y of an Euler ian coordinate system fixed in space .

Thus Xj k is the Eulerian x position of the Lagrangian point j ,k , and -~‘j,k is

its y position. Plotting positions of each of the Lagrangian points j,k in the

Eulerian x,y system as in Fig. 5.3 produces a mesh that defi nes the shape of

the materia l .

S
_A 

Equa tions (5.59a) and (5.59b) approximatin g the partial derivatives

may be applied to the quadrilaterals for~ed in the E-j ler ian SyStJ r m by the

intersections of lines of constant j and k. If -. is some function defined ‘

S in the j,k plane, as in Fi g. 5, 4 , 
~j ,k wil l  denote t~e value of at the posi- ‘

~~~

tio l of the Lagr angian mesh p o i n t  j , k. For c~rIver ,ie1c2 o~ notatior ~, ~:hen 2
referring to Fig . 5.4 the position of j,k wil l  be denoted by point 1 , j ,k-l

by point 2, j-1 ,k-l by point 3 , an d  j-1 ,k by point 4. Ii ~ were cons tan t

A’

~~~~ 

~~~~~~~~~~~~~ 

~~~~~~~ 

j 
~~~~~~~~~~~~~~~~
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Fig. 5.2. Lagrangian coordinate system ::
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along each of thel ine segments 17, 2~~~

’

, ~~T, 4T, then -

j l ~idY 
= *17~’2 - y1) + ~p (y 3 - y2)

+ ~p ( y 4 - y3) + 
~
p41_(y1 - y4 ) (5.60)

- A’

where q, is the constant value of q along the line segment 17, y1 is the y
12

5
, position of point 1 , etc. Taking ~j , = + p2)/2, etc., then

12

5 ~dy = [(
~~~~~ 

- ~3
)(y2 - y4) + 

~~ 
- 

~4)(y3 
- y1)]/2 (5.61)

1234

NowJ ~pdy/A 2 4 ‘is the partial derivative of ip wi th respect to x within the
1234

quadrilateral defined by points 1234 in Fig. 5.4. For convenience of notation

this quadrilateral will be referred to as . The formula defines the partial

der ivat i ve at some po int x ,y wi thin Q . Quantities defined within a mesh

quadr ilateral are assumed constant throughout it. Therefore the formula for

the partial derivative of ~ with respect to x in quadrilatera l CD -is

~ /~) d =  [(
~~~~~ 

- 
~~3

)(y
2 

- y4) + 
~~ 

- 

~4)(Y3 
- ~1 )]/2A ® 

(5.62)

Similarly

- 

~3)(x2 
- x4) + 

~~ 
- 

~4) (x 3 
- xi )]/2A@ 

(5.63)

where A
® 

is the area of quadrilateral ® . This defines derivative values - . ‘-

wi thin the mesh quadrilateral i n  terms of q u a n t i t i e s  kno~-iri at the mesh points.

However , the derivatives of som e quantities are reouir e-d ~t th o m-~-~sh ooints

instead of the mesh centers , For these cases Eq. (5.60) will be used . For

exam p le , if the derivative of some quantity -
~ is required at  p o i n t  1 in Fig.

‘
~

-

ESA
•
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5.4, Eq. (5.60) is applied to the quadrilateral defined by the points 2, 4, 5,

and 6. Since the line segments ~2, ~~
4”
, etc. pass through the mesh centers,

respective mean values of ~ along these line segments are ~~ etc .

:-:~ A straightforward application of Eq. (5.60) yields :~::~

= E
~® (~i2 

- 

~‘6
) + i1~®

(y4 - y2 ) + - y4 )

~~SS  ‘ - ‘
S

+ *© ~‘~“6 - y5 )]/A2456 (5.64 )

Similarly

9~/ay I =_ C
~®

(x2 - x 6) + *© (x 4 - x 2 ) + ~~~~~ - x4)

-~ 
- + *~~(x6 - x5)]/A2456 (5.65 )

where A2456 is the area of the quadrilateral defined by points 2 , 4 , 5 , and 6

in Fig. 5.4.

To implement Eqs. (5.62) and (5.65) in the code, the shorthand nota-

tion of Fig. 5.4 must be replaced by notation us i ng the general j,k indices.

Mesh points have integral j ,k indices , and mesh centers have half-integral

:~~

‘ 

indices . For example , quadrilateral © has the indices j -’4~,k+½. To avoid

half-integers , quantities defined at mesh centers will be given the index of

the mesh point wi th the next highest j,k value , as indicated by the arrows in

Fig. 5.4. Thus mesh c1j  has index j,k, (,~~~~ 
has j,k+l , ® j+l ,k+1 , and ®

-
~~~ j+1 ,k. Even though quantities known at mesh centers will have integra l space

indices , they will be understood to be defined at the mesh centers. Table 5.1

l i s t s  q u a n t i t i e s  known at mesh centers along with those known at mesh points.

Wi th this convention Eqs. (5.62) and (5.63) become

-
S...
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TABLE 5.1. Space centering scheme

I

Mesh points Mesh centers 5 ,

i,~,x,y ~~~~~~~~~~~~~

•5 A

I

I
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a*/axt - k 
= 

~~~~ 
- 
~j-i ,k-l ~ ‘~

‘j ,k-l - 
~~~~~ 

c
A~1

+ 
~ j,k-i 

- 

~j-l ,k~~ j-1 ,k-l Yj,k)]/2Aj,k (5.66)

~~
‘
~
‘‘
J,k 
“
~~‘j,k — ‘~

‘j—1 ,k—l j k—l 
- xj..i ,k)

+ 
~~~~~ k-i 

- 

~-~1 ~~~~~ k-i 
- 

~~~~‘ k /’2A
~ k 

(5.67) :~1‘ ‘ J,

:~“A Equation (5 .66) may be used to derive a formula for the area of the mesh center

with index j,k. Setting ~‘=x in Eq. (5 .66 )

Aj k  = [(x j k  
- x~~i k-l~~~j k-l ~J-i ,k~

+ (x . k 1 — X ’  
~ ~~~ 1 k 1 

— 
~‘~‘‘ kfh’2 (5.68 ) 7— ‘ ‘ — 

~~~‘ :-~

Density is required in many of the equa tions , which means tha t a mesh

volume must be defined . The mesh may be thought of as three-d imensional , with

no motion allowed in the z-direction . Choosing unit length for mesh parallele-

4. pipeds in the z-direction makes mesh volume numericall y equal to mesh area in

the x-y plane , and mesh volume and mesh area become interchangeable.

Using j,k indexing, Eqs. (5.64) arid (5.G5) become

• k 
= 

~~j+1 ,k ~
‘j,k-l - 

~~~~~ 
+ 

~j,k ~ j -l ,k - 

~‘j,k-1~

+ 
~j ,k+l ~‘j ,k+l - 

~‘j -l ,k~ 
+ 
~j+1 ,k+l 

(YJ+1 ,k 
- Yj k+1~~

I
~~ k (5 69)

j k~~~~
i+l

~
k (xj k l  - xj+1 k~ 

+ 
~j,k ~ j-l ,k 

- Xj k l )

+ •‘~‘j k+l (x j k÷l 
- xj_1 ,k) + 

~j+l ,k+i 
(xj+l k - X ,j k+1 )]

~
’Aj k (5.70)

A ,

I

where A
~~k is the area of the quadrilateral defined by po ints 2, 4 , 5, and 6
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‘ - ‘ S

In Fig. 5.4. Figure 5.4 shows that A~ k contains one-half the area of each of

the 4 mesh centers surrounding point j,k. Thus

A
~,k 

= [Aj k  + Aj ,k+l + A~÷1 k+1 + Aj÷l kJ/2 (5.71)

Time indices wi ll be denoted by superscripts. Thu s t~ is time at the

time step, and 
~j ,k 

is the value of ~p at the ~
th time step and the posi-

tion of the mesh point j,k. L inear interpol ation is used to fi nd va lues  of -

~~~~

‘-
“A

I quantities at half-integral times:

= 
~~~~~~~~~~~~ 

+ 
~~~~~ 

(5.72)

Time derivatives are centered at integral time values

= 
(~~~~~~~~~~~ 

- i (t n+½ 
- t~~

½ (5.73)

S -~

S However

t~~½ - ~ ‘-½ = (t~~
1 + t~ - t~ - t~~

’)/2

= (t n÷
~ - t

n_ i
),2 (5 74)

Substituting Eqs, (5.69), (5.70), and (5.73) into Eqs. (5.3) and (5.4) yiel ds

S —

5c~~ = + (t~~
1 

- t”~~) 
~~

XX
j +l k ~

‘j,k-1 
- -~
‘j+1 ,k)

+ °xx J k  ~ j -l ,k - 

~
‘
~,k-1~ 

+ axx j k+l ~‘j ,k+i - 

~
‘j-1 ,k~

+ xxj+l ,k+i ~ j+l ,k — 
~‘j,k+1~ 

- 
~
XYj+1 k 

(x j k l  - xj+l k)

S 

~~~~~
-S:

~~~~~~~~~~~~~ ~

~~~~~~~~~~ 1 1



‘?
•5

-ca: -

!:~:-~
~~~~~~ 

(x j ...l,k - xJ,k_ l ) - °XYj k+i 
(X j k+1 - x

J ...l k)

,J+1 ,k+1 ~ j+l ,k xj k+lfl /2(PA )jk (5,75)

= + (t~”~ - t~~
1) 

~
°XY~+l ,k ~

‘j,k-l 
- 

~~~~~

~~xy. k ~ j-1 ,k 
- 

~~~~~~ 
+ °xy. k+l ~ j,k+1 

- 
~J-l ,k~

+ °xy
3~1~~~1 ~~~~~ 

- 

~‘j,k+1~ 
- 

~~j+1 ,k 
(xJ,k l  - xJ+l k)

- 

~~~~ 
(x j _ l ,k - xj,k..l) - 

~
‘
~
‘j ,k+1 

(xj k+l — xj_i ,k)

— 
~
‘j+1 ,k+i 

(xj+l ,k - xj k ÷ if l /2(PA ) j,k (5.76)

where , from Eq. (5.71)

(PA’)
~~k 

= 

~j,k = ( M ) j,k = [Mj,k + Mj,k+l + F-1~~1 k+l ~ Mj+l k]/2 (5,77)

where M
i k  

is the constant mass of the mesh center with index j,k, equal to

its initial volume times initial density , and °flm 5r,m . k , k n m
a 3 ,  3,

Set t ing ~=x in Eq. (5.73)

= a x / a t  k = (x~~ - x~~~)/ (t~~’½ - t” 1½ ) (5.73) :::“.:~
:—:.~

Add ing 1/2 to each time i ndex ,

x~~ x~ + (t~~ 
- ~~~~~~ (5 79)

3 ,  3,  3 ,
Sim i l a r ly ,

+ (t~~ 
- ~fl )y~~ (5 80)
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Expressions for ak/ax , aWay, a$’/ax, and a$i/ay follow dire;tly from Eqs. :~~

(5.66) and (5.67) with appropriate substitutions for q,. Since no time deriva-

! tives are involved in these equations , all terms have the same time index .

So from Eqs. (5.51a), (5.5th), (5.51c), and (5.52),

.n+½ - •
~~~ 

n+~ -£xx 
— 

15 81j,k j,k
‘5 - -

A
I’

.n+½ 
= ~j ,/~y~n+½

(5.82)

.n+½ 
= (a k/ay  + a$~/ax)

n1
~~/2 ::::

‘A 
XYj ,k j,k (5.83)

S

(VIV)n+½ = (
~ + . )n+½

j,k xx yy ,j,k (5.84) :~
-
~

j  Density is given by

n+1 — n+1
0j ,k 

— Mi k /Vi k  (5.85)

Due to the dependence of ~ on C~ and thus on P, E , and S~~, the rest of

the differenced equations cannot be easily solved explici tly while keeping :~~
precise centering. ~ needs to be known at time ~~~ but since C~ is  not yet

+1 2
• known at time t~ , the old value of Gb must be used in the equation for ~

Thus
_

Sr _ ’

2 n ‘—~
-
~~= [3(1 — 2v)pCb/2(l +

j,k j ,k (5.86)

Differencing the stress deviator equation ,

xxjk 
= (S~~ - S ½)j k / (t~

4
~ 

- tt
~’~½) (5,87)
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. . .

~~ :~
~~~~~~~~ 

-

~~~~

~~ Stresses are needed at integral times in the equation of motion , so, adding 1/2

to time indices , -

(S~~’ - S~ )/(t~~
’1 

- t”) 
Sj,k j,k j,k

= (Sx W )‘
~~ 

+ ~~~~~ 
- V/ 3v) j ’~’½ (5.88) 

‘A

y xy j,k

where

Wxy 
= 2V

~~ 
(5.89)

and Vxy is defined in Eq. (5.21). Thus

S
~~~ k 

= S
~xjk 

+ (t~
’1 

- tn)[sxywxy + 2
~~ xx - V/3V)]~~~ (5.90)

Likewise

S
~~~ k 

= + ~~~~ - t~~
[_S xyWxy + ~~~~ - V/3V)]~~~ (5.91)

. 1 :  

x)
~j k 

= 

~~~~ 
+ (t’~

’1 
- t~)[(l/2)(S~~ - ~~~~~~ 

+ 2
~~xy

]
~
”
~ 

(5.92)

This set of equat ions  is not usable , since is not known , However , using

~
fl
~½ = (S?~ 

+ S?3)/2 - (5.93)

in all equations , and substituting Eqs. (5.90) and (5,91 ) in Eq. (5.92) there

:.:::-: resul ts an equation that can be solved explicitl y for ~~ . The result is :~

S~~ = {S~y(l 
- a~) + 2Atu

~xy 
+ a1 [S~~ 

- S~ + ttP (~yy 
- 

~xx~~
’0 + a~)(5.94)

where a1= L
~
tW
~~
/2 and a1 ~ ~~~ 

and are evaluated at t~
’½ . A l l  :~

quan tities are evaluated at the space point j,k , and ~t t n+l .~n.
‘U.

- ‘ A’
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A. - --
- S. -

With S~’~ known the other two equations are “ A “

I sn:l = s~ + ~tc (1f2}(S~~ + s~ ) -i- [2p(~ - ‘(/ 3V)) ’
~i} 

(5.95)X j,k j,k ~j,k ~j,k 
XYj,k XX 3,

- A
-A.. A ‘ A

~~ ,k 
= S;y 

, k 
+ ~ 

- (1/2) ~~~~~~~~~~~ 

k 
+ ~~~~ 

k ‘~~‘ 
, k 

+ [2~ (cyy 
- V/3V) (5 96)

Then

n+l 2 

“j,k 
= + + + (5.97)

If ‘~2 
> Y0/3, then

S~
”
~ = ~~~ 

~~ ~ (5.98)
~J,k 

r~J~~ j,k

while if < Y~/3 there is no change.

The artificial viscosity is

= -p
~~~~~ ~~~~ (V / V)~~~ [B~ V i k  V / V u k + B2CL~ k~ 

i f  0

= 0 if V/V > 0 (5.99)

This equat ion is not exactly centered , s i nce i t uses the va lu es of CL and V/V

at times t” and t~ ~~, respectively. In Eq. (5.9 9) :?:::

C~ = C~ /3 (T -T~7fl + (5.100)
j,k j,k

‘ - A

where C~ is obtained from Eq . (5 . 4 3 )  wi th 
~~, ~~, and P ev alu -~ted at time t~J , k

and posi tion j,k.

•
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Differencing the energy equa tion yields

E~~
1 = E ’1 + (t’~

1 - t a) V~~~[(S ~ +S ~ +2S ~~ )
~~~~ 

-

j,k j,k j,k XX XX yy yy xy xy j,k

:~
-;- — (p f l ’½ + q

fl’~~~~~~
) (V/V )~

i5
~~] (5.101 )

j ,k j,k j,k

Assume

~n+½ = (p fl+l + pfl
)/2 (5.102)

- 
qfl+½ 

= (qfl+l + q~
’
~)/2 (5.103)

an~ calculate p”
~ 

from Eq. (5.41):

= A3~ + p0r0E
’
~~ (5.104)

where

A3 
= [p0C~~(l -r0~/2)/(l 

- 5~~)
2
]~~~~ (5.105)
j,k

and fl+l 
= 1 - / fl+l 

(5.106)
j,k j,k

Equations (5.101 ) through (5,105) can be combined to give

A [E~ + b1 A t 
- (AtV/2V )~~~ (A~ + pfl + q~~ + q fl )V n

~~]
En’~

’l 
= ~j ,k ,~,k - - 

j,k j,k_j,k j,k (5.107 )
j,k (1 + Vp0r0AtV/2V )~~~j,k

where b [V(S ~ + S ~ + 2S • ~,] fl+!5 and A . t  = t~~
l _tr

~. ThenXX XX yy yy xy xy j,k
n+ifinall y, once Ej k  is known

= A + p 0r E~~
’1 (5.108 ) :~~

j.k 0 j,k
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~~~~~~
~~~~~~ A

~;
~~ Thus , at each mesh point , variables are calculated for the new time in
‘_

A
~
”%~

~~ 
the same order as they are considered above.

‘ _ _ _~~ 5.4 Program Descri~ption :
~

--
~~~ i

~~~~~~~~ 

- - —

~~~ 

~~ For each variable calculated , Table 5.2 shows the variables needed in

~~ 
the equation and the times at which they are needed. This table shows that 4 ’.

~~~~~~~ 

the old values of the 12 variables k,$’, x,y, v, M, S~~, S~,,, Syy~ E, P, and

q must be stored for each rnesi point in order to advance the calculation to the

- new time step. Values do not need to be stored for every time step, since in

each case , except for the variabl es x and y , the new value can replace the old

value at the time it is calculated . Values of x and y are needed at the old
S.’) . .time at mesh points surrounding the one being calculated . Referring again to

Fig. 5.4, the calculat ion starts at the first j line and proceeds alone all k

values for each j value. When the calculation has reached point 1 , wh ich has

the indices j,k in the f igure , all  points with a smaller j index have been

moved to the new time , as have al l  points ~‘,i th the same j  index and smaller k

index . Due to the index ing system which g ives mes h cen ter ~ij  the same index
as mesh point 1 in Fi g. 5.4 , the quan tities known at the mesh center ~~~ are

advanced to the new time at the same time as quantities known at the mesh

point 1. At the time mesh point 1 is being advanced to the new time , points

•~ 
2, 3, and 4 in Fig. 5.4 have alread y been advanced . However , t he values  of

x and y at the old time are needed at these points in Eqs. (5.81), (5.82). and

(5.83). Thus , the ol d values of x and y must be stored for the present and

preceding k lines.
5•

4~ .
~~;

The onl y other storage required is for material propert~~s. It wo uld
‘
~

.
-. -

-
‘

A’.
.

be possible to define different material properties for every point in the

mesh , and this is the upper limit or. the number of different materials allowed
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. TABLE 5.2. Quantities requ ired to advance calculation

to new t ime step
-A ’..

-
A
.
.).

. _ ‘5 _ _- — —-

~~~~~~~ 
-
~~~

Variable being Variabl e required
advanced

to new time Old time New time

x ~~~~~~~~~~~~~~

Y ~~~~~~~~~~~~~

cxx y,V

Cyy x,V y,x ,V

x ,y,V k ,~’,x,y,V

x ,y,V

V/V Cxx~Cyy
p V,p V

~ ,~~ ,~~ ~ ,~ ,~ ,~ ,~xy xx yy xy xy xx yy xy
S

XX ~~~~~ SXY
,W
XY ,:-’CXX

,V/V

yy yy’ xy xy’ xy ’ ‘ yy’ -~~
q V , P V/V , V

E E
~
Sxx~Sxy~Syy i ~~~~~~~~~~~~~~

P,q ,V ~~~~~~~~~~

P V ,E
S. . -

.

.A

~~
I

A ’ .
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:-~~ In the problemA However it is assumed that all meshes with the same k value
~
-?‘

~ ~ :- ‘ -~~ have the same material properties. Thus the k lines are the dividing lines

between materials. The user specifies the number of different regions desired
—

- A.

~~ 

and the k values of the dividing lines between them. Thus material properties

~~~ 
need to be stored only for each region. A

~~ 
At every mesh point the calculation requires values of variables at

~~~ the surrounding mesh points. At the outer boundaries of the material , the
,A.’,’

~~~~~ 
surrounding points do not exist on one side . This problem is handled by creat-

Ing one extra row of meshes outside the material boundary for which the..$~‘ 
(A .~~~S

quantities are not calculated but are set at the beginning f the program to ‘
~ -1

.
~
‘. 

-
-

A.
-
’
-

values that will cause the material boundary to behave in the proper manner.

S Since all boundaries in the problem under consideration are free surfaces,
‘A-

values of the variables M, S,~~, S , S>~ , E, P, and q are initially set toyy y
“A.zero in the boundary meshes and not recalculated. This allows the ma terial

boundary to behave as a free surface. Thus, as can be seen in Fi g. 5.5, if -1:---

there are N j l ines  and M k lines , the calculation proceeds from j=2 to j=N-1

and f~~m k=2 to k=M-l for quantities known at mesh points , and from j=~ to

j=N-l and k=3 to k=M-1 for quantities known at mesh centers . -

The boundary between projectile and wedge changes from two free sur—

faces before impact to a single material boundary after the point of contact

between projectile and wedge has passed the mesh in question. The k line

correspond ing to the impact surface 0f the wedge is spec i fied by the user and

is designated as MIMP The projectile is considered to extend from k=2 to

1 k=MIMP— l , and the target from k=MIMP to k=M-l , as seen in Fi g. 5,5. This

leaves one row of intermediate meshes between the two , wh i ch has the i ndex

k=MIMP . This intermediate mesh is used to simulate the effect of a projectile

striking a slanted surface. The line of contact between the projectile and
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:~ the wedge moves along the projectile face with velocity V
a
/tan ~~, where V~ is

~ projectile velocity and c~ is the angle of the wedge. Projectile and wedge ~~ 
-

have a length L which extends from j2 to j N-1 , thus giving each j mesh an

-~: initial width of L/(N-3),. As seen in Fig. 5.5,the contact point is assumed

~ 
to be at j=2, or x=0, at time t=O. Thus , the x position of the contact point 

_____

at time t is V~t/tanct. Dividing this distance by the width L/(N-3) of the j

: meshes gives the number of meshes that the contact point has passed at time t.
.
~
.
.

::~ Since the first mesh beyond j=2 has the i ndex 3, the contact point is , in _____

mesh coordinates, 3+V t(N-3)/Ltanc~ at time t. At the start of the probl em ,
‘
~
. 

p 
‘~~~- -~ c

~: 
the positions , volumes , and masses of all mesh points are set, the y velocity

- of points in the projectile is set to -V , and a l l  other quant iti es are set to _____

zero. Until the contact point reaches a certain mesh j1 the faces of the

projectile and wedge for j>j’ are free surfaces , so the mass of the inter-

mediate mesh is zero, and no calculations are carried out for k=MIMP , j>j ,

thus leaving the va l ues of all quantities zero, and causing the faces to be-

have as free surfaces. When the contact po int reaches mesh j ’ , the mass of

the mesh is set using i ts volume at that t ime , and ca lcu la t ions are carried

out in mesh j’ for that and a l l  succeedin g time steps. Stra i n i s produced

in the intermediate mesh as projectile and wedge come together , causing
I
’.

signals to propagate into the projectile and target. T he ma ter ial pro per ti es

for the intermediate mesh are determined by the material region in which that
‘~ -

k line is included. Its ma terial pro per ti es are normall y the sane as those

of the impactor.

The calcula tion need not proceed throug h the entire mesh at every time ,

- : since for ea rly times si gnals  w i l l  have no t been a bl e to p r o p a g a t e  i n t o  a l l

parts of the material and thus no activity will occur in those meshes not yet

reached , For the first time step, t he f u l l  c a l c u l a t ion goes onl y from meshes

~~~ A~~~ A.,~’.
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j=2 to j=5 (unless the wedge angle is zero, in which case it goes through the

~~ entire j mesh), and from k=MIMP-3 to k=IIIMP+3. However , the positions of all

~~ 
points of the moving projectile must be calculated at all time steps. Bounda-

~~ 

ries of the area of full calculation are expanded if the pressures at the

~
. 

~: present boundaries exceed a minimum value.

-P .  Stability of the finite difference method requires that ~t be such
~~

,
-
A ‘ . . . -

A

h.;. that ~x/t~t>C where ,~x i s the charac teris tic size of the mesh , and C is sound
~ :
:‘.-~; speed in the ma ter i a l .  Si nce s i gnals  can propagate only one mesh per time

U 
step, the above cr iter ion guaran tees tha t the numer ical pro paga ti on of s igna l s

~~~~~~~ ~..
- —

~

~~~ through the mesh will be abl e to keep pace with the physical signals. A strict
, ,

,

~~~~~ 
:~

-
~:

~~ 
stability analysis of the difference equations is much more complicated and

~~~~~~~ 

has not been done for the equations in this program. The time step used is
~~~

N
’.
.
-

~~

-

-

~~~~~ 

the same as tha t used i n T000Y. The quan tity

~ S 

‘ DIM = DMI (B2CL + B~D~1 j ’~/V~ -4- “
~2

CL + B~D~1 (V/V ) 2 + c~) (5.109)

:
‘
~ ~ is calculated for each mesh , where B and B are the same constants used in

p’.-: - 
1 2

;-:~-: the artificial viscosity , and D is the smallest distance be tween mesh po i n ts
~~ 

M -
~~ defining the mesh. The minimum DTM over all meshes is found , and the new time

‘ -
A
-i

’
- -

A
.
’

._ ‘.&
_ 

-

~.
‘ S.’.~~ is --- -A

~~~
~~~ -

Ad’’ - _
_ 5~.

~~ 

t
n+1 

= tn + Mm {DTM , 1 .1 (~
n t~~

’)} (5.110)

~:~: Inpu t data required to define the problem include the number ~~ of j
-

~~~~-~~

‘

l ines , number M of k l i nes , val ue of the wedg e impac t surface l i ne M IMP ,
I

length of the wedge , heig ht of either side of the wedge , projectile velocity ,

art i f i c i al v i scos ity coeff ic i en ts B 1 and B2, and material properties for the

~~~~~~~ reg ions defined. Material properties required are density , Po i sson ’ s ratio ,
o

yield strength in simple tension , coefficients C0 an d s in the U5-tJ~ Hugoniot
r

“s—S..
“- “ A ’

.
-
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, : relation -

vs 
= Co + Sup, (5.111)

~~:~ - 
~~~

- 
-

,• A .4_ , A’

~~~~~~~~ 
and the Grune isen parameter. ~~ 

- 

-

:~~
~~~ The program prints out the definition of the problem and values of the

A. . 
‘
~2 variables stored in arrays for each mesh point at whatever cycle interval

,‘.~
-
::; 

the user specifies. After the last time step, all arrays plus other informa-

-‘A. ‘~/ tion needed to define the problem are written on tape. This information can

-.~~ ) 
thus be recovered at a later time to restart the program at the last time step

:~~ and run it farther, eliminating the need for running the first part of the

problem again. This information is al so accessible to other programs and can

be analyzed or processed to gain further understanding of the probl em. The

.~~.. program also writes the position and veloc ity of each mesh point on the wedge

free surface on tape at each time step. This can be accessed by a program

A’
~’.J 

which uses thi s information to simulate the resistance wi re records. Details

of the auxiliary programs and results of the computer runs will be given in

Chapter 8.
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~:;~: 6. INCLUSION OF RATE EFFECTS
-
~~~~

- .~:

~~ ::~
•

-
~~: The computer code presented in Chapter 5 has an elastic-perfectly

~! plastic equation of state. The yield stress in simple tension used in the
I
~~~~ - 

A

~~ 
Von Mises yield condition is assumed to be constant. This treatment produces

%-
~

,
A’

:-~~ a cusp in the Hugoniot of the material . If the material is shocked to a final

* pressure between points A and B in Fig. 6.1, the singl e wave breaks up into
AS~

_
.~ .

‘.
w
’.I 62 . . . . .

::~
.:‘ two waves. The first is an elasti c wave wi th ampl i tude 

~A ’ 
and the second

-

,

~~~~~

‘ is a plastic wave. This elastic-perfectly plastic theory has been successful

~~ 
in describing much material behavior. However, experimental observations

~~ 
indicate that many materials can be better described if strain-rate effects

~~ 
are included .63 The behavior described by the inclusion of strain-rate effects

‘ in the theory includes overshoot and decay of the elastic precursor,64 and

~~~ 
spreading of the plastic wave.65 This chapter describes the inclusion of

:~; :~.
-

~~ strain-rate effects in the present code.

As in Eq. (5.12), deviator stress rate is related to the elastic part

of the deviator strain rate

-

• S . .  = ~~~~ (6.1)‘U 13

Plasticity theory assumes that the total strain rate is the sum of the elastic
.
~
- - •

and plastic strain rates
I

t _ e pe1~ e1~ + ei~ 
(6.2)

where ~.
e is the elastic strain rate and is the plastic strain rate.66
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13 13
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-

I

~~~~~~~r-::.~-~
~~~ Equat ion (6.1 ) becomes
~~~~~~~ 

.;.

S.
A ,.

~ 
. A t ~

~~ 
S.. = 2~(e . - eY) (6.3)

A 
13 ij ii

~~ 
where the total deviatoric strain-rate tensor is given by Eq. (5.13). Equa-

~~~~~

. tion (6.3) should include the rigid body rotation terms given in Eqs. (5.25),

~~~~~i (5.26), and (5.27). However, those terms are not affected by the results of_
~

_ _‘_ _ i A*

.5A

~

:- ~ 
this section and will be left out for simplicity of presentation . It will be

~~ understood that the rigid body rotation terms are to be added to the equations

:--~~ presented here in order to retain frame-indifference.

:::: The strain rate-dependent behavior of the model is dictated by the
-

A- ~ 
.
~~~~

~c:;;~ form chosen for eY. In fact, If e)? -is assumed to be some general function

~~ 
of stress and strain and thei r derivatives

~~ A :~:

~~ ~~ = 

~~~~~~~~~~ 
(6.4)

::~- -: where F1~ is termed the relaxation function , then Eq. (6.3) becomes

~:~~; 
~ii 

= 2~ie~~ - ~~~~ (6.5)

ii
~ 

This equation describes general stress-relaxing materials , including viscous
•~: 67
~ 

effects as wel l as elastic-plastic materials. This equation is the basis

for the addition of rate effects to the code.
I

The crux of the problem is the relaxation function F13 . The probl em

is simpl er in one dimension since only the equation for the X component of

is required and thus only Fx is needed . Several phenomenological forms

have been used for Fx.
63’64’67’

~~
’69 However , probably the most physical

treatment of an elastic plastic model results when it is related to the results

of dislocation theory.7° This has been done for computer programs which

A-I:-.--: calculate motion in one dimension. In that case e~ is related to the .
~~~~X

~~~ :~~,
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5,

~~~ 
plastic shear strain rate j’- in the plane of the maximum resolved shear stress,

~ “r~C~:~:: and j
~ 
is given from dislocation theory.

~~~~~~ 

The general multidimensional case is shown in Fig. 6.2. As stated

:~~~~
‘ 

in Section 5.1, the state of the material is represented by a point in princi-

~~ 
pal stress deviator space. The condition that the trace of the stress deviator

~! 
be zero constrains the point to lie on a plane passing through the origin.

~~ This is the plane of Fig. 6.2. The circle is the intersection of the sphere

~~ 
described by the Von Mises yiel d condition , Eq. (5.28), wi th this plane.

I - 

Points inside the circle represent elastic behavior , and those outside repre-

:::~:
: sent plastic - . Suppose that during some time step the statc’ of the material as

~~ given from Eq. (5.25), (5.26), and (5.27) using the total strain rate goes

!-~- from point A to point B in Fig. 6.2. If the material were elastic-perfectly

::~: plastic , the stress state would be adjusted radially back to the yiel d sur-
A ..”

:1< . face at point C. This actually corresponds to a stress relaxing materi4l

I- A ~ 
which essentially relaxes itmiediately, so that the state always lies on the

~ yield surface and no relaxation can be detected. The opposite case would be
~~~- I

-
~~~~~ 

that of a perfectly elastic material which could sustain unlimited distortion.

~~1 . - ‘  . . .  ‘

~~ 
The material which is strain rate sensitive lies between these two extremes.

;~~
. In this case the material would relax , but not all the way back to the yield

~~-: surface. The relaxed state of the material would be some intermediate point

~~~

.

~~~~ 
D between poin ts B and C. Thus , the material would be seen to overshoot the

‘~:~
s’-: yield point toward the elastic stress B and then relax back. This process can

~~~

~~~~ 
be thought of either a’~ a l low ing the yield surface to be strain rate dependent ,

so that the material relaxes back to the instantaneous yield surface at D, or

as allowing the material to relax onl y partially back to the static yield

surface.
•‘t_t .
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Fig. 6.2. Geometric representation of Von :~:Mises yield cri terion in plane
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~:-~~‘~ Stress relaxation can be described phenomenologically by allowing the
~~~~

~~~~~~~~~ 

distance relaxed to be proportional to the distance between points B and C in

~~~ 
Fig. 6.2 divided by some characteristic relaxation time. Wi l kins72’73 suggests

~~ 
that the amount of relaxation be related to dislocation theory The amount of

~~
- -.

-
~
‘:- applied shear is given by the octahedral shear stress

~~~~ _ _ _ _

~~~ 
~~~~~~~~~~~~~~~~~ (6.6)

A~~~

~:-
‘s
:

~~ 

This is related to the second invariant 

:~~ 

the stress deviator tensor

~
-
~ : 

‘to =—
~\/.ç~i (6 .7)

c , , ,
S 73

-

~~

- -

~~~~ 

To is relaxed during the time interva l t~t by ii+~~t so that the relaxed state

~~ 
is given by

~: 
tR = t o

_ P
~~

t (6.8)

-~::~ where ~r is the plastic shear strain rate. The assumed isotropy of the mate- ‘

~ -:~—— ‘A’
-’ rial allows this formulation. In terms of J,-.,

~~ i2Y~~~fzIj
’

V—~-~ V~~ 
- ~r t  (6.9)

where J2 represents the state of the ma terial as calculated elasticall y from

Eqs. (5.25), (5.26), and (5.27), and J2R r:presents the relaxed state . Thus

-\i~
’. 1 •,

~
j— 

(6.10)

Thus each component of the stress deviator tensor is multi -pl i ed by the

constant C where
.

A
’A- ,c

~
4
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,:::~
~~~~~ 

A

S

lx’;

~~~~~~~~ 

~~~~~~ (6.11) 
::

-~~:: ~° that the resulting value 0f J2 Is

~~ 

or 

J~ 
= 

~~
, 
[(CS

1
)
2 + (CS )2 + (CS3)

2] (6 12)

~~~~~~~ 

- 
IJ~~= C

2J2

,,S.’.W. 

= 

~2R (6.13)

~~

‘:

~ 

which is the desired result. The state must not be relaxed past the point C

~~ In Fig. 6.2, so the minimum value of C is

~~~~ 
j ;i—

~~ 66 7 

Cm:L n ~~~~~ (6.14)

:~~: From dislocation theory ‘ 0 
:~

~~~~

~~~~ ‘ 
‘~ = bNW (6.15)

::.“::

~~~~~~~ 

where b is the Burgers vector , N the mobile dislocation density , and W the

S dislocation velocity . The form for W is taken to be -

;YA’

~: W = W0 exp(- D/t ff) (6.16)
-A S.

’
‘A ,
,‘,

I where D is a characteristic drag stress and -r ~ is the effective component
~~

.~~-: ‘ of shear stress above the yield value . In terms of J2

Teff :V’~~” 
j ’i’’(

o
/3 (6 17)

154
“p

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
::~~~~

:
~~ :~~~

‘ :::“ - 
— 

~~~~~~~~~~ ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~

__________________________________ A’- ~~~~~~~~~ - - 
A’ ‘A



5 ~ 5, A 

:~:~~
~~~~ 

- .. ‘ A -

~~~~~~~ 

S where the second term on the right hand side in Eq. (6.17) is t~ using the

-

~~~~- 

val:e of J2 at yield as given by the Von Mises yield criterion . The form for

/-1:4 - S

;~ 

N = 3~ 
[1 + (fN° - 1) exp(-czfy/b) (6.18)

.- where a and ‘f are constants, and N0 is the initial dislocation density. Thus
~:—: 

- :A.
~~~;

~~~~ 
— D

:~::: j t = bW0exp( /Zi~~ 
) 

~~
‘ [1 ~ ‘ (fN° - ‘

~ ) exp( -c&fy/b) J ( 6 . 1 9)

I ~~~~~~~~
:-

~~
A.:

- : -  Th is involves the plastic shear strain y , which is found fromr - 4~-

~~~

I

~~~ . . 

v =f :idt 

. - 

(6.20)

-
~
)‘-‘ This formalism must be finite-differenced to be included in the code.

A ~ ~

- :  Equations (5.25), (5.26), and (5.27) are used to calculate J as if the mate—

- - 
-~~ rial were totally elastic. Each component of the stress deviator tensor is
~~~ B

~, : then multiplied by the constant C in Eq. (6.11) to obtain the relaxed state.
~~

~~~; 
Since S1 . is eva l uated at integral times and mesh centers , the equa ti on for

p; S.)

-~ : the new devia tors should be

::;
k ~ +1 n + 1  n + l  “ ‘A

-
A.
,

I
~ , 

S
~j~jk 

= Cjk ~ij
1 j,k - 

(6.21)

~ 
However , not all quantities involved in C are known at time n+l . In keeping

wi th the time centering of the rest of the program , time differentiated

quantities are to be c~ fined at half -integral times. :t is also defined at
•

half-integral times as is ‘~~ . Therefore u, “i-, and ~t are not known a t t ime

n+1 . Thus the form to be taken for C is
-A

I
I
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‘~~

- A 

.5 

- A

-

~~~

S

~~~ 

:;-
~~

.:A1

k:~ n + ½ . n + ½  n + l  n

~~ ~~ 
+ 1 

= 1 ~
‘j,k ‘

~j ,k 
(t — t ) 

6 22 
:~~-:-

, j , k /2 jfl + l  A 
_ __

~ 
V 3 2 3 , k

~~~ . A . - -

~~~~ 

This is not correctly centered. The centered time di fferencing method of
-

~~~~ Chapter 5 givesp
~ 

n + l n
-
~~~ 

.n + ½ _ 1j,k ~j,k

~ 

‘
~j,k ~

n + 1 
_ 

~
n (6.23)

~ 

or 
~~~~~~~~

AA’ n -i- I n n + l  n . n+½
:::;:: 1j,k = ‘rJ,k + (t ~ ) 1j,k (6.24)

-:—
~ A.

~~w,

. From the definition of ‘~~ ,

—::
‘A - “ -A

’
-’
.

‘A’
-
. r -.

~ 
A
.~.;,?

,

-
- - A n + ~— ~ -D 1 o I 

~~ + ~‘A
-
. Sc.- . I, ~ =4bW exp(— ) 

~~
- [1 + (-fN - l)exp(-~fy/b)J? . 

1. 

2 (6.25) 
~~~A

- -. 3, ’.’ tS.,
° 

~~~ 
I 

J
3 ,I¼

~~ 

~\~/-~~~--~f t Y0/3

~~~~~ 

Thus the equation for A~~~~
”

~~~ also requires ~~~~~~ wh ich is unknown . However ,

£~
~~ 

~~~~ 
½ . ;: ~~~ 1 ~ 

~
‘j,k~ 

(6.26)

~~: -
~-:~

:~
: Combining Eqs. (6.24) and (6.26) yields -

I 
~

S

!~~‘ n + ½ n 1 , n + 1 n~ ,n + !~
:~ 

‘
~j ,k ~ 

‘
~j,k ~ ~~ ‘ 

- I 
~j ,k .

~~ 
Equation (6.27) is used for ~~~~~~~~~~ in Eq. (6.25) to obtain an equation in which

~~~~ the only unknown i s ~~~ This may be solved by iteration. Then ~~ is
~~
‘ .1~ 3,

.f~ known , and therefore C’1~~ from Eq. (6,22). There1orc the relaxed stress may

be calcula ted . Equation (6.24) is used to find 
~~~~ 

This quantit ’.’ mus t be

stored for each mesh point in order to be used in the calcuhtion at that mesh

point during the next time step. - ‘A~~.
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‘:-‘;.~ 7. INCLUSION OF PHASE TRANSITIONS :- ‘.:~
.‘:~~‘
~-:~~

~~~~~ This chapter describes the alterations to the main program of Chapter

~~~ 
5 that are necessary in order to include the calculation of phase transitions.

:~~ Al though the basic program includes material strength, the relations presented

~~ 
here will be based upon hydrostatic thermodynamics, so that the thermodynamic

~~ 
state of the material depends only on the mean pressure and not upon the

~~ 
deviator components of the stress tensor. Al though it is possibl e that shear

~~:: stresses may affect transition points and rates,74 the basic state of under-

~~~~~ 

standing involving these phenomena is not advanced enough to warrant the

.A.— added complications of non-hydrostatic thermodynamics. Thus, the procedures

.‘~%

~~1: presented here will replace only Eqs. (5.54) and (5,41 ) which calculate the

~~~.
~:

‘: 
energy and mean pressure. The sound speed calculation will also be different ,

~~ since 
~
q. (5,43) is based on the particular form of equation of state assumed

: :: in Chapter 5.

~1:~: 7.1 Calculation in a Mixed Phase. ,.‘.j -‘‘-I’

~ In order to advance the calculation to the next time step, the equa-

~~~~

. 

tion of state routine must provide the rne:n pressure for use in the equations
~~~

~~ 
of motion , given the total specific vol ume and the equation for conservation

S.’.; . . -
s:.::.: of energy . This is fairly straightforward for a singl e phase , and given the
A
I~ equation of state of Chapter 5 requires only Eqs. (5.54) and (5.41). The

followi ng describes the general procedure to be fol1o~ed for a mixed phase.

The physical assumptions of the mixed phase theory for solid -solid
75 76

• transitions have been given previously. ‘ Basicall y they are that pres-

sure and temperature are cornon to both phases , and that no surface energy
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~!

‘.~~~ \
, is associated with the interface between the phases. Under these assumptions ,

‘.
~~~
‘.

,
~~A. A A A - -

‘-A’- ’.
- the total specific volume may be written

~~~~~ 

S .- ’

~~~~~~ 

V (P ,T) = (1 - x) V1 (P,T) + XV2(P ,T) (7 . 1)
~~~~~~

~~~~~~~~ 

where V1 and V2 are speci fic volumes of the first and second phases respec-

~~~ :~:‘~~ 
tively. V is total specific volume 0-f the mixture and X is mass fraction of

~~~~~~~

:‘ ::-~ the second phase. Although X has been previousl y used to denote position , in
~T. - ~

‘
:

~~ A.
:- .

~ 
the remainder of this chapter it will denote the mass fraction of the second

‘ 
phase. Equation (7.1) fol lows directly from the assumption that the total

~:-~~

~~ 
volume of the mixture is equal to the sum of the total volumes of each phase,

~~~~~~

~~ using the definition of specific volume as volume per unit mass and X as the
S

_ 

A A ‘ .

~~~ 
mass of the second phase divided by the combined mass of both phases. Simi —

~:~~:- larly, the absence of any surface energy implies that the total interna l energy
~~:-~- ~1-;.

:
‘A — : of the mixture is equal to the sum of the total internal energies of each phase.

I Therefore, ‘
~~
“-

~A.i:~: 
::~

~4’~ 
E(P ,T)  = ( 1 - X) E

1

(P ,T) + XE2(P ,T) (7.2)

~J— where E is the speci fic internal energy , or interna l energy per unit mass ,
-
-- :.

~

~~~~~~~~ 

of the total mixture , and E1 and E2 are the specific internal energies of

each phase. From Eqs. (7.1) and (7.2)
S

1-.

dV (1 - X)dV1 + XdV 2 + (V2 
- V1 )dX (7.3)

dE = (1 - X)dE1 + XdE2 + (E 2 - E 1 )dX (7.4)
I

Expanding dV~ and dE 1 in terms :f P and 1,

dv. = ~~~ dP + —~‘-l dT (7.5)

rv-~~~.

“ -
‘

-A
” 

-
A... I’ -
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-

:~~ aE. 3E.

:~:~ 
dE 1 

= 
~~~j + 

~
-i

~

-1

~~ 
dl (7.6)

~~~~

~~~~

~~ 
From the definitions of the coefficient of therma l expansion ,

•:.:•‘- 3v . :-~:~‘-‘: - — 1 1
“

A — cs4 - 

~~~~~~~ 
(7.7)

.~:-: 
S Y~~~O I  p ~iI~

ii
~~ 

the isothermal compressibility ,

•
~~~

:
~~: 

- av.
-
.
..‘ 0 — — 1 1 1 7Q ~

~~ 
pi - v-:- ~ 

“ A u )

! 1 1

~
:
: 

and the specific heat per uni t mas: at constant pressure ,

‘:‘.:~
-‘ Pi ~T

S 
P

where ~ is the specific entropy of the ~th phase , Eqs. (7.5) and (7.6)

~:- - - become
~~: dV~ = ct~V1dT - ~~V~dP - (7.10)

A. dE 1 
= (C r1 

_ cL
1V 1P)dT + (81V 1P 

- c~1V 1T)dP (7 11)

~J If Eqs. (7.10) and (7.11) are used in Eqs . (7.3) and (7.4), and conserva ti on

of energy is used to replace dE and there i s no hea t exc hange between mass

elemen ts, the result after collecting terms in dT and dP is -

a1dT + a2dP + a3 = 0 (7.12)

- 

a4dT + a5dP ÷ a6 = 0 (7.13)

I
‘A_ lA

“ ‘ I
ç

• A. ’A

-
“c‘.‘

“
I,
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~t~EP~
’ ‘ ‘ - - - - - - - - - - - --

~~~~~~~~~

---- ----.-- - ‘—-.-- -- - - -

~~~~~~~ 
. A~ .

~~~~~ 

where

~:~
-
~:I a1 

= (1 - x) .~1V 1 
1. Xcz2V 2 (7.14)

-

‘
~~~

.

‘ 

a2 =41 - X)~1 V 1 - X~2V2 (7 15)

,~ 
a3 = (V 2 - V

1

)dX ~‘ dV (7.16)

~~ 
a4 

= (1 - X) (C
r1 cz 1v1P) + x(C~2 

_ a2V2P) (7,17)

~~

~~ :. 

a5 = (1 - X) (81V1 P 
- cz1V1T) + X (~2V2P - ci2V2T) (7.18)

~~ a6 = PdV + (E2 - E1 )dx (7.19)
A’A.~~ . -

‘ ‘
A

~~~~~~

~~

‘.-

~~~ Solving Eqs. (7.12) and (7.13) simultaneousl y for dT and dP,
ç:-’~ A

:~L:~ 
dT = (a6a2 

- a3a5)/D (7.20)

:~~:-~- 

dP = (a4a3 - a1a6)/D (7.21)

?:~: where 
I

~~~

~ : 
D = a1a5 - a4a2 (7.22)

~
I

A’d’. . ‘ -‘

~ 
If a1, 

~~ 
V.~, C1,~, and E1 are known as functions of P and I for i equal to

‘
,;.; 

1 and 2 , along w i th X , dx , and dv , Eqs. (7.20) and (7.21 ) become a set of

~‘:~ 
coupled differential equations in P and T to which the differencing scheme

~~ 
of Chapter 5 may be applied .

I If the changes occur in a time dT,

= (a 6a~ - a
3a5)/D (7,23)

= (a da - a a )/D (7.24)
v—i 3 1 6
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.‘
~~‘:

~~~~~

~~~ 
where a3 and a6 now become

“
~
‘-:~-~ .

I a3 
= (V2 - V1 )X - V (7.25)

~~~~~ 
‘A .

~~ 
a6 = PV + (E, - E1 )X (7.26)

:~~:

~! 
Using centered time dif-ferencing, Eqs. (7.23) and (7.24) become

‘s:’:
- ‘,

~
‘ ~A +1 ~I

:,
s

~
-::: T”! ~ = T’i ~, + (t’1~

’ - t’~) [(a~a~ - a.~a~ )/D]’~ ~, (7.27)..c-~-- , J , r. J,r~ u ~ ~ ~ 3, ’..

~~: 
P~~ = 

~j,k ~ 
(t~~

1 
- t~) [(a4a3 - a1a6

)/D]~~~ (7,28)

~~::t~; The quantities in brackets on the right hand side of Eqs . (7.27) and (7.28)

fl +!— n+~S depend on the values of P 2 and T . Taking

~
~~~~~~ ~

n
~½ ~~- (p fl+l + pfl ) (7.29)

~~ 
Tfl4½ = ~ (T n+~ + 1fl ) (7 30)

~~~
:—
~ Eqs. (7.27) and (7.28) become implicit equations for ~~~ and Tn+T wh ich may

~

A
Aj

~ 
be solved iterativel y.

-

~~~~~ 

This procedure is comp letely general in that it involves no dependence
~~~~

-
~~: ~~ equations of state or transformation ~iechan i sms , Since there are no approxi-

~~~ 
. A ‘ A . S A ~o mations made about the materials involved , its implement ation requires a large

~
~~ amount of thermodynamic information about both phases of the material being
~ :
k4:3 considered. The volume and its time derivative are calculated n a previous

~~~~~

- 

sec tion of the prog ram , and ~1~ (P ,T) and 2~ (P 1T) can be calcula ted if V~ (P~T)

:~:s: are known , so tha t the i nfo rma t ion requ i red i s V~ (P~T), C 1 (P ,T), E
~

(P ,T), X ,
‘er.’ A 

p
and X. The curves of volume , i nterna l energy , and spec ific heat for both

phases mus t be extended into the metastable r~�g ions throughout the entire P-I “~ ‘~i

plane so that ra te-dependent transformations may be allowed . The functional
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:~~ 
form s of X and X may be chosen to represent the transformation mechanism

~~ 
desired.

__ ,. It is possible to construct the thermodynamic potential for a system

:; by specifying less information than is required above ,78 so if all of the

:;~ above quantities are specified independently it is possible that the descrip-

-
~~~~~~~ 

tion will be thermodynamically inconsistent. Moreover, sufficient experimental

‘: ,~ data usually do not exist for any given material to specify all of the infor-
I~~~~ mation required . The best approach in most cases would therefore seem to be

.~ : 
to adopt an approximate model and use it to construct a thermodynamic potential

~.::: so that thermodynamic consistency is observed . Thi s will be done for a speci—
~~~ :~.

~~ fic example in the next section. This is done merely to illustrate the problem
S A’.’-

~z:~ and not to reconii~end the equation of state derived there. The purpose of this
~~~~~~~ ~- :
~~~~~~~ 

work is to include the capability for calculation of phase transitions into
‘
~~
-A:

~

~~ the wavecode, and the choice of a specific equation of state depends upon the

particular probl em to be studied . It is for this reason that the procedure

~~
~~ 

described in this section is kept as general as possible.

~~
:~:~

‘

~~~~ 

7.2 Equation of State __

Since the quantities required are all assumed to be functions of P

-: and 1, it would seem that the Gibbs energy would be the most logical thermo-
~~~~~~~

s;;: dynamic potential to construct. However, as will be seen, the assumptions 
‘ A.
.

~~~~~~~ 

which will be made make construction of the Helmho l tz energy calculationall y

~~ 
simpl er.

• The differential of the specific Helmholtz energy , which is the molar .~-

Helmhol tz energy divided by the molecular weight , is
-‘Z~‘

A.
- ,

‘P
dF = -SdT - PdV (7.31) A
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-: TI~ 
where S is specific entropy , and V is specific volume . F(T,V) can be obtained -

~~
:-

~~

~, : by integrating dF from a reference point F(T0,V0). Fi gure 7.1 shows two pos-

~~ 

sibl e paths of integration. Path 1 goes at constant temperature from (T0,V0)

~~~~ 
to (T0,V) and at constant vol ume from (T0,V) to (T,V). Along this path ,

t~~;~~ 
A A.- A’,

.~~: 

F(T ,V) - F(T0,V0) = _f~~P( T0,V)dV _ JT S(T,V)dT (7.32)

~:~: Path 2 goes at constant volume from (T0,V0) to (T,V0) and at constant temp-
-

-

,

~~~ 
erature from (T,V0) to (T ,V). Alon g path 2

~~ 

Now 

F(T ,V ) - F(T
0
,V
0
) 1~ 

s(Lv 0)dT -J~ 
P(T ,V)dV (7 33)

— :-:- dS = —
~~

-

~ 
dT + —v-f dV (7.34)

- :- - 
~~ V ~~ T.. -

-
.

-:--
-~ 

But

A
A’

_ ) .  

~s ~v

~~ ~
T
~’ v i:~

_ (7.35)

::~ and
.

~~~ DS _ a
:~ ~v T

_
~~

__ 
A

.:~;~4~A However , using the definition of the Gruneisen parameter ,
~~~~,

- 

r = (7.37)
v ~~

‘

~~~~ Eq. (7.34) becomes

dS = dl + -v -- dV (7.38)

Thus

~
‘
T C ( T ,V )

:-:. s(r ,v0) - S(T 0,v
0) J î~ ~2 dT (7.39) 

:-,:
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:~::: -

~~~
~~~

~~ 
~nd along path 1 

-

:~~ ri C (T,V ) 
V r(T~V) C~(T~V)

~~ 

S(T~V) - S (Tv, 3Vo
) i

~ 
~ ~ ° dT + 

~[~0 v 
- -_

~

- dV (7 .40)

~~~~~~

~~ 
Along path 1 the information required is P(T0,V), Cv (T ,V), and r(i,V).

~~

- 

Al ong path 2 the information requi red is P(T,V) and C (T,V ). Path 1 will be
, 

V 0

:~‘. 
chosen , and the approximations which will be made are

~ : CV (T ,V) = constant (7.41) ‘

I
,A” r (T, V) _ 

r (T0 , V0 )
~
--: V ~ ~ V (7.42) 

~~~
—“

A 
- 0

---
.-A-

~
.~::

:~: These are common approx imations.60’79’80 The constant C model is particularly
_,_ V
-

--
A A . 78 . ‘ ‘ 

- Ip,AdI_
S

- :- :  
good for solids above their Debye temperature . With these approximations

.
‘

~ 
the only information required to specify the Helmholtz energy is the isother-

P mal compression curve P(10,v). Denoting c(T0,V0) by r~ and using similar A, -
-~ ,~

::~ notation for the va l ues of other quantities in the reference state, Eq. (7.40)
‘
.
.~ ~~~A
’
, becomes

‘- ‘P

~

~ 

S = S0 + C
~ ~ 

~~ 
+ p0r0C~

(V - v0) (7 43)

~~~ 
S and thus the Helmhol tz potential is given by

~~

~ 

F(T ,V) = F0 ~‘f~ 
P( T0,V) dV - S0

(T - T0) - ~0r0C~ (V “ v0) (I _ T~)

~~ 

- C~ I Mi ~~~
— +  C

V
(T - T

~
) (7 ,44)

~: 
A’ 

.
. .5

A Murnaghan type of equation will be assumed for P(T0,V)

K VO r-, O’,n ,

‘
A’. 

P~T0,V, 
- 

~~~
— L

~’
v—’-) - (7 ,4 5)

::.-~
-.‘::~
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‘ A

.
-

,~~~ *- -

~~~~

~~ 
As long as n is not equal to 1

~~~~~~ J’::~ 
P(T 0,V)dV = ~9. 

~ ~ n 
(o)n ~ 

_ 

l - n ~ 
(7A46)

-: ~ Then 
.h:~-:~

:- ; K V nV

J! 
F(T ,V) = F0 

- 
~~~~~

- 
~~1 - n ~~~~ ~~ ~~~~ - S

0

(T - I)

::i

:

i~ 

_
~~

r0C~
(V - v0) (T _ 1)  _ C~, T Rfl~~ + Cv

(T _ T0) (7.47)

-! The pressure is given by 
A ,,,

. 

- -

A - K V
~~ 

P(V ,T) = ~~ = 

~:i
2-{ (

~
9-)

~ 
- 1] + p0

1-’0Cv (T - T
0

) (7.48)
~~~~~~ 

T
I

~~~~~~ Thus —A

~::~: P - p _r C v
(T _ T )  -1 /n

~
i_
~ 

V ( P ,T) = V0 [ ~~~~~~~~~ 
+ 1] (7.49)

- S:- -
- - Differentiating Eq. (7.49)

~~~ 8 

~; 
(~;
;
)
fl 

(7.50)

~~~ 

and from Eqs. (7.37) and (7.42),

= p~r0C~s (7.51)

The spec ific heats are related by

2,,
Cp = + (7 .5 2)

.
From Eqs. (7.51) and (7.52),

A’. = C~(1 + ~0 r 0 z VT)  (7 53)
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Finally, the energy is given by

. ,“ , E = F + TS (7.54 )!~::~- ‘ :- so, from Eqs. (7.43) and (7,47)
A-

-- ~~~

~~~ K 
~ 

V nV

~~ 

E = E0 - j;j2’ Ci ~ ~~ ~~~~~~~~~~~ 

- V - 
~ 
,.°~] + p0r0C~

T0(V - V0) + Cv (T _ T
~
) (7 55)

‘A -
.

’ where A
-
- - -

~:~:-:

~~ 

E0 F0 + T0S0 (7.56)

~~~~~~ 

Equations (7.49), (7.50), (7.51), (7.53), and (7A 55) prov ide V (P ,T),

~~: 
8(P,T), ~(P ,T), c~~P1n. and E(P,T). This provides the equation of state

~
_-c information for each phase to be used in Eqs. (7.20) and (7.21). It is still

‘A
~~~
’.

::~-:: necessary to determine the reference values of the variables in each phase
‘A:.’. A

~~~~ 
and to specify X and X .

~~~~
‘ 

Equation (7.55) gives the energy of a single phase in terms of P and I

~~: 
and the values of E and S in the reference state. The reference state

~~ 
0 0

~ : (P0,T0) will be taken to be zero pressure and room temperature. Then for each
A’

~~~~ 

phase V0~ 
is the value of V 1 at (P0,T0). For the first phase the values of

,
~~ 

E i and S 
~ 
may be taken to be zero. The values of E 2 and S 2 are then

~~~ 

d:termined and must be calculated .

S02 may be calculated by use of the Clapeyron equation ,78

A’ . 
— _____ l~7~~~~7~— — V 1

• 
L I

—A.-—. - - -

The procedure is to use Eq. (7.34) for the first phase to find th-: value of

S1 at the transition pressure at room temperature . Given the slope of the

phase line at T0, Eq. (7.49) and (7.57) give the value of S2 at the trans i t ion

167

S.~4A’~~A ,A’ ~~ ‘ A ’ c ’ A~ ’c ‘A~~~~~~ ~~~~~~~~~~ -:- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

‘A ‘A” 
~~~~~~~~~~~~~~~ ‘A ‘A 

‘ A. ‘
~ 

A.,

5< ,A
,jA.~~ ~~~~~~~~~~~ ~ 

L~~ 
~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

..A ~ I P A ~~~~’ ~~~ ~



- S

S 
-

~~~
.
~ I:.

~~ 
pressure at room temperature . Equation (7.43) may then be used for the second

~~ :w:
_ A phase to find the value of S02 at (P01T0). Thus the transition pressure and

~~ 
slope of the phase line must be known to find the reference values of entropy

~ : in the second phase.
~,-; A’.

-

~t Once S02 is known , E02 may be found by equating the values of the

~~ 
Gibbs energy at the transition pressure and room temperature . The Gi bbs

~~ 
energy is gi ven by

~~

G = F + PV (7.58)

~ From Eqs. (7.47) and (7.49)

~~~ ~~~

— 
-

-
~~~~

- 

G = E0 - T
0

S

0

+ 
~~~~ 

~~~ ~ T0) + p0r0C~
V0

(T T~)

:~ - C
V 

T ~n ~~
— +  Cv

(T - T
~
)

~~ 

+ ;-
~

- 0 [P - p0r0C~
(T _ T )  4 

~ -] ~ 1/n (7 59)

~~: Then setting

~~ 

G1 (P 1,T0) = G2(PT,TO) (7.60)

~~ 
where 

~T 
is the transition pressure at T~ provides an equation in which the

S 
- - --‘A

::~
-. only unknown i s E02.

~~ 

Once the values of al l quantities in the reference state have been

~~ de term i ned , the onl y variables left undete rmined are X and X. These may be

determined by physical considerat ions of the nuc leati c’ n and growth of the
A’-

A A A  79 - - 
‘ 

-second phase , but the procedure here ‘.-, ill be to determine X by a relaxat ion :~~-~

law of the form 8~ 
- x

x = ~~~~~~ (7.61)
A

-~~~~~
A
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IA. 
where Xeq iS the equilibrium value of the mass fraction of the second phase, 

‘A

~‘;~; and -r is a characteristic relaxation time . X is then given by

~~ 

x = fXdT (7.62)

‘

~~~~~ 

The equilibr ium mass fraction is determined as follows . The phase

~~ 
line giving the values of pressure and temperature at which the two phases

_
A~1A _

7

.

~~: may coexist in equilibrium may be found by equating the Gibbs energies for

~ ‘-:
,
A
~~~

-
A the two phases. This gives

~~ 
G1 (P ,T) = G2

(P ,T) (7.63)

~~ 

Since all the constants in this equation have been determined , it may be

~v 
solved for P as a function of T. This is the phase line PT(T). ih i s implies

~~~~ - A~~A
A~~~.

A
’- ’  A • ‘ A ‘ . . .

~-:~ 
that when the system is in the mixed phase in equilibrium the pressure is a

A ,,
-

~::~ function of tempera ture alone. Thus , the three-d imensional equilibrium PVT

~
,:.w’ 

surface consists of the two surfaces given by Eq. (7.49) for each phase ,

‘
:~~ : connected by the surface described by the equation P=P1(T) in PVT space. If

:~ the system is in equilibrium , the state point must always be on this surface .

~ 
Figure 7.2 shows a constant I section of the equilibrium PVT surface. At

~ 
-: ~

-

~
,‘A temperature T’ the transition pressure is P (T’). The volumes of the two
iA ’ I

~~~ 
phases at this temperature and pressure are Vl (PT(T’))T’) and V2 (PT(T’),T ’).

i- A” 

If the temperature is T’ and the total volune i s great er than V 1
(P1(T’),T’),

E’:~ 
the equilibrium state point must be on curve OA , so the equilibrium mass frac-

~~ 
tion of the secon d p’l~se i s zero . S i m i larly, if T is equal to 1’ and V is

~ 
less than V2(PT(T’),T’), then Xeq is equal to 1. If T i s equal to 1’ and V

~ 
is bet~ieen V l (PT(T’),T’) and V2(P1(T’),T’), t~e state point is on curve AB ,

~ 
the system is in the mixed phase , and the mass fraction is given by Eq. (7.1).

S ‘~~‘Pr~—:: Therefore, given the phase line 
~T~

T
~ ’ 

the total specific volume V, and the

~~
~ 

~~~~~~~ 
;A- 

.

~~

- 

~ ~
- 

‘P ~ 

~ 
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temperature 1,

Xeq (V
~

T) = 0 V > V 1 (P1(T) ,T)
A. A’

A’~
’A , A’

~:~-
- V - V1 (P.s. tT) , Tj ~

~~~

-

~~-

-
- Xeq~ ’~

T) = 
V2(PT(T) ,T) - V 1 (P1(T) ,T) V2(P1(T),T) < V < Vl (PT(T),T) (7.64)

-
~::~:: 

Xeq (V
~

T) = I V < V2(PT(T) ,T)

~~: In practice Eq. (7.64) is insolubl e analytically for P as a function
-‘:~-~ of 1. The method for determining Xeq is to solve Eq. (7.64) numerical ly by

~~ Halley ’s method46 to find pairs of P and T which lie on the P1(T) curve.
.:-

~
~:~: Equation (7.49) is then used to find the specific volumes of the first and
A
’~AA

A,’A. 

second phases at each P-T point. Quadratic least squares fits are made to

::;‘~ these data, so that the curves Vl (PT(T),T) and V2(P1(T) ,T) are given by
:~~

~~ 
V1 (P1(T) ,T) = a0 + a1T + a2T

2 (7.65)

A. V2(PT(T),T) = b0 + b1T + b2T
2 (7 66)

~:: where the coefficients are determined by the least-squares fits.

A ’ 

Wi th Xeq de termined , X and X are determined by Eqs. (7.61) and (7.62).

~~ 
These two equations must be differenced . In keeping wi th the time differenc-

‘~~ ing of the rest of the code, X is defined at half-integra l times , and X is

~~ 
defined at integra l times, From Eq. (7,61),

-~ ‘
.A X”~~ - x~”½

‘
A
- 

A 

~~ 
eq .~~ j,k

:~~•‘ xl
~ ~ 

= ~~~~ (7.67)
-,~ -‘ j,k
~~w._
‘
-

-A .
- . A ..,Ai

~ 

x and X are related by

~:: X
~
-:’;’( = X

~~k + (t~i’I”I _ ~
n
) ~~~ (7.68)
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~:S:~:-:
~~ ; Defining

~~

, x
~
’:
~ 

= ;: (X
~’::( 

+ xJ k ) 
(7 69)

~~~ 
and using Eq. (7.68) :~

- ‘
:~

A’-),~~
A
~~ 

- A - -
’
--

~~ 

x~
’
~ = X

~~k 
‘
~

‘ 

~~
‘ (t’~

”1 - t”~) X~”~ (7.70)

~ - Using this in Eq. (7,67) and solving for ~~~:-~~ ~1~
-~~~~~~ x~’½ ~

n :~
,
~.:k:

_ S. .Ft eq4 
~
, j,k

A,-,A~-
A, 

~~ ~2 ~~~~ (7 71)
:~ 

,j,k 
~ ~~ ~(t”~ —tn) 

A

~ X
~::( 

is then found from Eq. (7.68) and is stored for each mesh point. The

-:~~:~ values of X and X are requ i red at half-integral times in Eqs. (7.27) and

~~~~~~~ 

(7.28) so Eq. (7.69) is used for ~~~ This completes the determination of

-~~
.‘A -  

~ all quantities required in Eqs. (7.27) and (7.28) to calculate the pressure
-. n+l-

- A
-
.
-’ at time t .

.
~~~~

-:
~

-
-~~ ~

-
~~

.-:-
~~ 

7.3 Sound Speed

~~ 
The sound speed given by Eq. (5.43) depends on the specific form of ..

~~~~

~~: 
the equation of state assumed in Eq. (5.36). In general , the bulk sound

:: speed is given by

?IA.-
‘-
~:~

A” c2 — V2 ~~1 772
~~ 

b W s 
A

‘A
,. In terms of quantities defined in Section 7.2, this becomes

~~~
I
,1-
~~ ’ 2

‘PS.”. C2 - [~- cz T,-l 17 73t
:::~ b V ~ ~~ ‘ •

A/A, ,-

~~~ This is easil y evalua ted if the material is not in the mixed phase , since in
S . ‘  . A

$-. that case all quantities on the right hand side of Eq. (7.73) refer onl y to

~~~ -
‘- A”

-
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a sing le phase . Thus , ~~, ~~, V , and C~ are equal to ~~, ~~

, ‘/~‘ and C~ ~

~: 
respectively for I equal to either 1 or 2,, However, if the material ‘is in :.‘-

~ 

the mixed phase, ~~, ~~, and C~, are not so clearly defined . For instance,

~ 
defining

: 1, 
— 

‘I 
aV 

A
. 

S

~~

~ 
~~

- v  i:r~ 
7.74) 

:~-: ,~::-

~ and using Eq. (7.1) for V results in a partial derivative of X in the expres-

: sion , This poses probl ems , since X would have to be determined from Eqs.
- I

(7.61) and (7.62). The procedure to be followed here will be to evaluate the -

T~ sound speed for the frozen mixture.82 This Is clearly not correct, but should

:~ not be too bad an approximation for l ong relaxation times. In any event, the
S 

I

! sound speed is required only in the expression for the artificial viscosity ,
A-S. 

Eq. (5.49), and in the time step criterion , Eq. (5.109). Therefore, it should
A, ‘- - - A - -

not affect the form of the solution. -

~ .

- 

If X is taken as constant, Eqs. (7.1) and (7.73) yield :
: 1 ~~ aVA ~ 

= 
V 
[(1 - X) 

~
y-)

~~ ~ 
X~’~?.I~ ] (7.75)

From Eq. (7.7) :, 
A~.

A.’ ,- A ’ A : A’

:

4 

ci ~ [( 1 - X)~1V1 + Xc12V2] (7.76)

Similarly

~ ~~~~~

~ 
B 

~~
j’ E (l — X )~ 1V 1 + x~2V2~ (7.77) 
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Cp = (1 

~~~~ ~ 

~~~ (7 78)
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Equations (7.76), (7.77), and (7.78) allow the sound speed to be deter~4~~: mined from Eq. (7,73), These equations also hold for the case in which the

I-~ material is in a pure phase.
Tk~; - ::—~.:-,

~~~ 7.4 Applications
-

~~~~~

-

-
- 

The calculational procedure for the mixed phase described in this

~~~A A’ chapter has been used for iron and KC1 to compare to the experiments described
~~~~~~

~:~: in Chapter 4. The values of the equation of state constants described in Sec- ~~~
.5~~~~’

0 tion 7.2 are given in Table 7.1. Results are given in Chapter 8.

~~A::i The wavecode described in this work is capable of handling elastic-
~~~~~

-

-
~~

:-
~
- plastic stress relaxing materials which undergo phase transitions. Of course,

~~~

.A. —
‘A
’ .

-

S 
it is not necessary to incl ude all these forms of behavior in any given cal-

.v~~—

:~~ culation . Appropriate choice of the equation of state constants allows what—

~~~ 
ever material description is desired, For instance , the hydrodynamic case

-.-“
~ a

p may be chosen by setting the yield strength to zero. The phase boundary is

~~ 
controll ed by the choice of the constants in Eqs. (7.65) and (7.66), and if

‘
~1~

_
~

~ 
desired these may be chosen so tha t the material does not undergo a phase

~ 
transition. The stress relaxation constants in Eq. (6,19) may be chosen to

~ 
give elastic-perfectly plastic or totally elastic behavior. Thus , it is pos-

~ ~ 
sibl e to choose whatever combination of material properties is desired .

~~~~

‘!-“: - 
One interesting problem is a phase transition occurring i n a ma ter i al ___

~~~ 
with strength . The thermodynamics describing the phase transitions are purel y

: ::-: hy drodynam ic, so it is not possible to consider directly the effects of stress
~~~~~ 

_

. deviators on the phase transition. However , it is possibl e to use the code to:
~::

-:-:
.-

:: study the effects of a phase transition on the elasti c properties of the mate-

:::~:,: rial . The elastic properties such as the yield strength and Poisson ’ s ratio
~ic~
~~
,1,’ 

are included in subroutines so that any functional form may be chosen for
-
~~

-
-:~~ 

A -I
A.

~::-.:.. them without alteration of the main code. This al lows the effects of a gi ven
,
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I

theory governing the elastic properties of the material during a phase transi-

tion to be determined. For instance , it is possible to allow material strength

up to the transition pressure, and assume that the phase transition annihilates
A’ 

:— ~ 
—

~~~~~

~ 
the stress deviators. The material could then either remain hydrostatic , or

~ the deviatoric components could again be allowed to build. Examination of

-‘ 
code runs based on such theories would hel p determine the validity of the

A. assumptions made .

In the study of phase transitions the interesting parameter to vary is

~ 
the relaxation time T used in Eq. (7.61). It must be noted that although Eq.

~: 
(7.71) seems to be valid as -t goes to zero, it appears that the procedure des-

,lA’•

~ 
cribed in Section 7.2 does not work for the equilibrium transition. The prob-

~ 
lern is that when X is equal to Xe and P is equal to PT(T), Eqs. (7.64) and

“
A q ‘ -:~

~ 
(7.1) become identical. Thus , if Eq. (7,64) is used for X in Eq. (7.1) and

A’-”A ;~~-‘:‘
~~

1 

the resulting equation is solved for V, it becomes indeterminant. Analyti -

cally Eqs (7 20) and (7 21) are two equations in the three unknown s P, T,

,
~:: 

and X , and Eq. (7.64) is redundant, In the numerical calculation the solution
-~
.

A. 
____

~ 
becomes oscillatory as -r becomes small compared to the time step. This ~ 

-

~

~: 
oscillation could also be produced by the fact that the sound speed calcula —

.~
.

~-: . ‘ . A 
~ 

. A . . . .
.
A, tion in Section 7.3 is incorrect in the mixed phase , producing an artificial

~
‘A

~ viscosity and time step that allow oscillations , However , it is expected

~:: that the correct calculation would give a smaller value of the sound speed
‘-
~: - . - 

:-:~-:::-~1~% than that given by Section 7.3. This would just decrease the ~rtificial
~~

.

~ 
viscosity and increase the time step , which is the opposite effect required 

_____

? 83:~: to stop oscillations. /\ndrews also notes the possibility of dIffic ulties
A’J_ “

A ~~~~~~~
-‘

A

:~: 
If the relaxation time is less than the time step.

A;’; A . . - - ‘I
. A correct calculation of the equ il .br i um transition can be made by

~~~~~
-

-

~~~~~~ : an alternate procedure. In this case Eq. (7.20) is divided by Eq. (7.21) to

~~:
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obtain dP/dT. This value is given along the phase line , since the phase line

P1(T) Is kn
own. The resulting equation Is then solved for dx, which is used

In Eq. (7.21) to solve for dP. This procedure has been used to calculate the

equilibrium transition without difficulty.
84
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8. CALCULATIONAL RESULTS

4
This chapter will present the results of some calculations done with

the wavecode described in Chapters 5, 6, and 7. A listing of this program is

given in Appendix B. Two types of calculations will be presented. The first
~~NI~

type is one-dimensional. These were done to compare to analytical solutions

so that it could be determined that the code was working correctly. The sec-

ond type of calculation utilizes the full two-dimensional capabilities of the

wavecode. These results can be comr)ared to the experimental results described

in Chapter 4, thus checking the accuracy of both the code and the experimenta l

technique. The plots presented in this chapter as wel l as those in Chapter 4

j  were done on the CalComp 663 pen plotter system auxiliary to the IBM 360/67

at Washington State University.

8.1 One-Dimensional Calculations

The one-dimensional calculations are done using the general wavecode

of Appendix B without Eqs. (5.75) and (5.79) which compute the X positions

and velocities of the mesh points. Thus there is no motion in the X direction

and the problem becomes one of one-dimensional strain in the V direction. For

the one-dimensional strain probl em and the equations of state given in Chap-

ters 5 and 7, it is possibl e to do an anal ytical calculation of the Hugoniots

of the materials. The method of calculating the Hugoniot is given in Appendix

C. The one-dimensional wavecode calculations are done for the problem of a

symetric impact, so that the particle velocity behind the shock is one-half

the projectile velocity. This allows the values of pressure , density , temp-

)18 
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ereture, and so forth behind the first shock as given by the wavecode to be

compared to the analytical values on the Hugoniot to see if the wavecode is

functioning properly.

FIgure 8.1 shows a plot of pressure versus position for the sytmietric

Impact of an iron flyer on an iron target. Both flyer and target are .45

centimeters thick, and there are 90 meshes In each. The projectile velocity

Is .025 centImeters/microsecond in the negative Y direction, and the Y coor- :~
dinate of the rear surface of the target is zero , so that the original impact ‘

occurred at .45 centimeters. Waves propagate into both the flyer and target.

In this run the yield strength of the iron is zero so the problem is hydro-

dynamic. Figure 8.1 shows the pressure profile as a function of Eulerlan posi-

tion coordinate .759 microseconds after Impact. The equation of state con-
3..’.

stants for the iron are those shown in Table 7.1. The Hugoniot calculation

for this problem yields a particle velocity of .0125 centimeters/microsecond,

a pressure of 47.4 kilobars , a specifi c volume of .124 cubic centimeters /gram,

:~ and a temperature of 314 degrees Kelvin behind the shock. The wavecode cal-

culation agrees excel lently with these figures, with a deviation of less than

.5% in any quantity.

Figure 8.2 shows the pressure profile for the same problem except that
V

• the iron is now considered to have a yield strength in simple tension of 10

kilobars. This figure was chosen in order to produce a large ampl itude elas- ~~
tic wave and not because it represents the actual yield strength of iron.

Poisson’s ratio is takei to be .29. The pressure plotted in Fig. 8.2 is the

V component of stress and not the mean pressure. The two-wave structure

generated by the inclusion of material strength is clearly visible. The

Hugoniot calculation for this problem yields a particle velocity of .0125

j  centimeters/microsecond, a V stress component of 50.9 kilobars , a specific

179
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volume of .124 cubic centimeters/gram, and a temperature of 316 degrees Kelvin

behind the second wave. The V stress component in the elastic precursor is

16.9 kilobars. The wavecode again shows excellent agreement with these values .

4 Figure 8.3 shows the evolution of the wavefront with time when stress

relaxation is included in the problem. The problem is again the impact of an

iron flyer on an iron target. The mesh length in the V direction is now .0005

centimeters. The yield strength is 10 kilobars, and the projectile velocity

is .025 centimeters/microsecond. The figure shows the V component of stress

at the wavefront in the target versus distance from the original impact line

at different times. The parameters behind the second wave are essentially the

same as those for the elastic-perfectly plastic case of Fig. 8.2, and the

overshoot and decay of the elastic precursor is imediately evident. The

values for the constantsrequired in Eq. (6.25) are those given by Wi l kins.73

Figure 8.4 shows the time evolution of the wavefront in a material

undergoing a phase transition. The situation is again the impact of an iron

flyer on an iron target, but the projectile velocity is .12 centimeters/micro-

second, so that the material undergoes the 130 kilobar a-c phase transition. .
~~~~~~~

The mesh length in the V direction is .005 centimeters. The yield strength

is set to zero, so that the material is hydrodynamic. The equation of state

constants for the first and second phases are those given in Table 7.1. The

constant r in Eq. (7.61) is .05 mIcroseconds. The Hugoniot calculati on for

this problem gives a value of .06 centimeters/microsecond for particle velo-

cIty, .109 cubic centimeters/gram for specific volume , 210 kilobars for the

V component of stress, and 392 degrees Kelvin for the temperature behind the

second wave. The wavecode gives excel l ent agreement with these values ,

and the decay of the first wave Is evident.
I
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8.2 Two-DimensIonal Calculation~ :~~~~
.- ‘The two-dimensional wavecode listed in Appendix B does not produce

plots or simulate any resistance wi re data . A two-dimensional calculation

is much more expensive and time-consuming than a one-d imensional calculation.
.
~~~A single wedge Impact problem run to completion can take more than two hours

of machine time. For this reason it Is not feasible to re-run the entire

problem every time a different plot or wire-shorting history is desired.

The procedure followed is to have the main program write the relevant infor-

j mation on tape and have auxiliary programs access this information to produce

the plots and data simul ations. At the end of every run the program writes

restart files on tape which consist of all the information necessary to ad-

vance the calculation to the next time step. Thus the restart files contain

the values of all the variables stored in arrays at each mesh point plus other

data such as the time and cycle number. These files can also be accessed by

auxiliary programs to produce plots of such things as the shape of the mesh
.
~

.•,

and the pressure profiles. Figures 8.5 through 8.8 are produced by an auxil-

iary program which accesses the data in the restart files .

Figure 8.5 shows the initial mesh positions for a typical wedge impact

problem. The plot is produced by drawing lines through the spatial positions
:V:•

of each of the mesh points . Thus the vertical lines have constant Lagrangian

coordinate j and the horizontal lines have constant Lagrangian coordinate k.
There are 110 meshes in the X direction and 10 meshes each in the projectile

and wedge in the V d~r..ction. No lines are drawn in the intermediate mesh
• zone between the projectile and wedge. The time is irnediately prior to

impact.

Figure 8.6 shows the mesh approximately four microseconds after impact.
•

The problem is that of an aluminum projectile striking an aluminum wedge. The
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projectile velocity is .088 centimeters/microsecond in the negative V direc-
• .tion. The projectile and wedge are both 4.44 centimeters long. The high end

of the wedge was originally .405 centimeters hi gh, and the tip was .017 centi-

meters high . The wedge angl e is approximately five degrees. There are 110

meshes in the X direction and 10 each in the projectile and wedge in the V

direction. There is no stress relaxation or phase transition in the probl em
.
.

b

~~~~

so the equation of state used is that of Chapter 5. The material is assumed

to have a yield strength of 10 kilobars . This value is chosen not from physi-

cal considerations but to demonstrate the effects of material strength. The

contact point between projectile and wedge has moved most of the way down the

wedge impact surface. The intermediate meshes are not drawn in order to
•

clearly distinguish between the projectile and wedge. The effects of rarefac-

tion from the initial impact point can be clearly seen in Fig. 8.6. The mate-

rial is moving to the left and the rarefactions result in curvature of the two

free surfaces near the initial impact side. This curvature of the free sur-

face results in the discontinuous jump seen in the shorting records, since the

first point on the wedge free surface to contact the wi re is not at the left

end of the wedge.

Figure 8.7 shows a velocity plot for the same probl em and time shown

in Fig. 8.6. This is produced by drawing a line at each mesh point in the

direction of the velocity vector of that point whose length is proportional to

the magnitude of the velocity . The wave structure in the material can be

clearly seen in a figure of this type. At the right end of the projectile

the mesh points all have the projectile velocity in the negative V direction.

The shock turning the flow can be clearly seen emanating from the contact point.

The region of uniform flow behind the shocks gets very small near the tip of

the wedge since the rarefaction from the wedge free surface is separated from
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the shock in the projectile by only the wedge thickness at this point. The

intersection of the shock in the projectile with the projectile free surface

results in a rare-faction which travels back to the wedge free surface and d is-

turbs the uniform region in the wedge behi nd the rare-faction from the wedge

free surface. The wires must be pl aced close enough to the wedge free surface

that they are contacted by the wedge free surface before the rarefaction from

the projectile free surface reaches it.

Figure 8.8 shows a two-dimensional projection of the three-dimensional

surface formed by plotting the mean pressure as a function of the Lagrangian

coordinates j and k. The problem is the same as that of Figs. 8.6 and 8.7.

The plot is produced using a three-dimensional perspective plotting routine

with .a hidden line feature which is availabl e on the IBM 360/67 system at

Washington State University . The pressure is a function of the Lagrangian

coordinates so that the wedge is rectangular rather than wedge shaped . The A.

I
figure includes both the projectile and wedge wi th the interface running

p ~~

lengthwise through the center of the figure . The projectile is in the fore-

ground and the wedge is behind . The high pressure region following the shocks

extends from the wedge free surface to the projectile free surface. The hi gh
• • - • . . • .

.
~~~~~ pressure region is thin in the opposite direction because of the rarefaction

from the wedge free surface. The intersection of the rare-factions from the
4’

two free surfaces produces a negative pressure region in the center of the

material. AlthoL’gh the material is elastic-plastic , there is no two wave

structure evident. h.s is because in-core storage limitations of the corn-
•

puter restrict the number of meshes allowed , and the mesh spacing is larger

than the separation of the two waves.

In order to simulate the experimenta l records, the main program writes
•

the positions and velocities of the mesh points on the wedge free surface on
P5.
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tape at every time step. This information is then accessed by an auxiliary

program which produces the simulated wire shorting histories . The wedge free

surface is originally at V coordinate zero , and moves in the negative V direc-

tion. Given a wi re offset D, the program searches through the positions of

the free surface mesh points at each time step to find the mesh point with

the largest j  coordinate which has cros sed the offset distance D during that

time step. The velocity of that point during the time step and its position

at the old time step are used to find the exact time and position at which the

point crossed the wire offset distance. This time and position are then used

as a point in the wire shorting history . To obtain the measured free surface

veloc ity interpolation is used between two shorting histories for different

1 wire offsets to find the difference between the times that the two contact

points were at the same wedge coordinate. Thus the simulated free surface
~ . 

-
~: velocity records are produced in the same way that the experimental records

are produced.

Figure 8.9 compares the calculated free surface velocity profile for

alumi num to that produced by shot 75-081. The two records agree ~xcept ional1y

wel l even in the curvature toward the thick end of the wedge. The calculation

is that of an aluminum proj ectile striking an aluminum wedge. The given pro-

jectile velocity was .083 centimeters /microsecond , and the calculation ran to

4.34 microseconds after impact. The yield strength of the aluminum was taken

as zero so that material was hydrodynamic. The equation of state used was

that in Chapter 5. The U5-U relation was U
~
= .538+l.337 U and the Gruneisen

• 
p p

parameter was 2.

Figure 8.10 shows the code calculation for the measured free surface

veloc ity in iron compared to the results of shot 75-082 . The agreement is
5

-

again exceptional. The calculation included the 130 k-ilobar phase transition

cC’
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In Iron using the equation of state constants given in Table 7.1, and the

yield strength of the iron was set to zero. The projectile was copper and

the projectile velocity was .068 centimeters/microsecond . The calculation
• •ran to 4.22 microseconds. The phase transition relaxation time was taken

as .18 microseconds .

FIgure 8.11 shows the code calculation of the free surface velocity

in potassium chloride compared to the results of shot 75-083. The two agree

in the slope of the line, but the code calculation predicts a velocity less

than that measured in the shot. This may be due to the fact that the potassium

chloride wedge was manufactured from a block made of potassium chloride pressed 
~~

j powder, and the porosity of the wedge may have had an effect on the experiment.

The code calculation included the 20 kiloba r phase transition and used the

equation of state constants given in Tabl e 7.1 , and the yield strength of the
- •  

potassium chloride was set to zero . The projectile vel ocity was taken as

.056 centimeters /microsecond , and the calculation ran to 4.75 microseconds

after Impact. The phase transition relaxation time was taken as .1 micro-

seconds .
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9. SUI*IARY

- .
- • 

The aim of this work was to develop a technique for performing and
- 

Interpreting shock wave experiments in two-dimensional strain using a light

• gas gun. This objective was accomplished. The experimental technique

devel oped detects the motion of the rear surface of a wedge impac ted by a

projectile by means of resistance wires strung parallel to and offset from

the wedge rear surface. As the rear surface shorts the wi re, the changing

resistance of the system provides a means of recording the position history

• of the contact point between the wedge free surface and the wi re . Using

two wires at different offsets allows the measurement of a free surface

velocity. Experiments done using the technique show that it is reproducible

and that it is capable of detecting rate effects and two-wave structure in

the wire. -

The analytical technique developed consists of a Lagrangian finite-

difference wavecode written specifically to handle wedge impact probl ems .

The code allows the treatment of material strength , stress relaxation , and

phase transitions. Compari son of code runs to probl ems amenable to analytic

• solutions shows that it provides the correct answers to those problems. The

code gives the full time dependent solution of the problem including all

interactions of waves with the boundaries of the problem and thus allows

• simulation of the experimental records. The excellent agreement between the
U.

experiments and the code calculations shows the reliability and utility of
-

~~~~ both.
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The initial moti vation for doing experiments in two-dimensional

strain using a gas gun was the study of phase transitions. It was fel t that

the two-dimensional experiment wi th its capability for maki ng measurements

over a continuous range of propagation distances in a singl e experiment would t’ 4
.

provide a quick survey technique for locating phase transitions in many differ-

ent materials. Such a technique would obviously provide a tremendous labor-

saving over the experimental program required to accompl ish the same objective

using one-dimensiona l experiments.

It is fel t that the measurement technique and analytical method

developed can be useful in a program of experiments designed to locate phase

transitions. The experimental method is not the final solution to the prob-

lems of accuracy and resolution. However , it has been shown to be capable

of detecting effects related to phase transitions. A quick survey technique
4

for locating phase transitions must be relatively fast and easy and does not

require tremendous resolution. Thus the measurement technique developed can

be useful in such a program and is a first step toward more sophisticated

two-dimensional instrumentation.

The finite-difference wavecode developed is a useful means of analyz-

ing and interpreting the experiments. It has the disadvantages that details

• of the wave structure which are smaller than the mesh spacing are lost , and

several runs using different relaxation times must be made in order to esti-

mate the relaxation rates of the transitions. Complete anal ytic solutions ‘~~~~

would be preferable, but the finite-difference method is far better than the

analytic solutions which can be -found for these types of problems .

Al though the techniques developed in this work will show iniiiediate

applicability in the study of phase transitions , the capability for performing

198
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! 
and anal yzing two-dimensiona l strain experiments using a light gas gun should
prove useful In other areas. The two-dimensional geometry may provide more
and different kinds of information than one-dimensiona l geometries and there-
fore is worthy of further study and development.
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APPENDIX A
S •1-

ANAL YTIC SOLUTION OF THE PROBLEM OF INTERSECTING FLOWS

The eight equations irs the eight variabl es shown in Fig. 2.9 are

1. q0 cos e = q1 cos(e -6) (A.1)

2. P1 = p0q0 sin o[q0 s in e — q1 sin( o — o)] (A .2)

3. q~ sin 8 = A + B[q0 sin o - q1 sln(e - .5)] (A.3)

:—:•, 4. q~’ cos e’ = q~ cos (e ’ - 6 ’)  (A.4)
•~~f1J

5~ P.j = p ’q ’ sin O’[q~ sin e’ — q-j sin(e’ — 6 ’ ) ]  (A.5)

6. sin 0’ = A ’ + B’[q~ sin 0’ — qj sin(0’ — 6 ’) ]  (A.6)

7. .5 + .5’ = (A.7)

8. P1 = P ~ (A.8)

From Eqs. (A.3) and (A.6)

“s q sIn 0 — A
q0 sin e - q1 sln( e - 6 )  = - o 

B (A .9)

q ’ sIn 8’ — A’
q~ sin 0’ — q~ sin(o ’ — 6 ’)  = B’ (A .10)

Using Eqs . (A.9) and (A.lO) in Eqs. (A. 2) and (A.6) and equating P1 and P~
yields the following function definition.

—1-,’-U -’.’
U.
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p., -~ -

q sine - A
- 

F(e ,e ’) = p
0q0 sin e( 

° 
B ~~~ 

-

q ’ sin 0 ’ - A ’ -- -

— ~~~ sin e ’( ° B* (A.ll) 
-

= 0  
-

I -

~~~~~~~Solving Eqs . (A .3) and (A.6) for .5 and 6 ’ , replacing q1 and qj using Eqs .

(A.l) and (A.4), and inserting the result in Eq. (A.7) yields a second
- . function definition

G(e, e ’) = 0 - arctan[t~~ ~ (B + q0 o -1)]

- a + &~ - arctan[ t~~,~ (B’ + , -,- - 1)] (A.l2)q0 sin o

• = 0  .‘r\”U

‘
II
’.4 .

Thus Eqs. (A.l) through (A.8) have been reduced to F(e, e ’)=O and G(e , e ’)=O.

The following program solves these two equations by Newton-Raphson iteratiors46

and yields the values of 0 , 6 , q1, P1, 0 ’ , 6 ’ , qj ,  P~ in Fig. 2.9.
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APPENDIX B

• PROGRAM LISTING

This appendix gives a listing of the two-dimensional wavecode des-

cri bed in Chapters 5, 6, and 7. The entire program is written as a subroutine

to a calling routine which does nothing more than create storage for the

variably dimensioned arrays in the rest of the program. This allows the

storage allocation to be the minimum amount required for each run, but does

not require the entire program to be recompiled each time the number of

meshes is changed. 
-

The subroutine called by the main program is WDGPT. This subroutine

initializes the val ues of the arrays and writes all required information on

tape. It also calls subroutine RITE which prints all arrays at a cycle
:-
~increment specified by the user . Subroutine WDGPT also calls subroutine

READIN which reads in the equation of state constants required for whatever

form of equation of state is to be used. Calculation of the variables

specified in Table 5.2 is done in subroutine CALC. Values of ~~~~ i 3 ,  ~~~
V 1, E.~, X , and X are passed to CALC from subroutine EQSTAT. This contains

the only equation of state dependent calculations done in the program.

.~~~~~ . Cosanunication between READIN and EQSTAT is by means of comon blocks, so

that the main part of the program does not have to be modifi ed to change the 9
equation of state. Subroutine RELF calculates the constant C in Eq. (6.21) H

and this subroutine also coninunicates with READIN by means of comon blocks
• . .so that the form of the stress relaxation is independent of the main program.

SPEED Is an alternate entry to EQSTATE which provides 
~~~~ 

Cr1, a~, and V ,~
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for use in the sound speed calculation of Eq. (7.72). GNUF is an alternate

entry to RELF which calc ul ates the value of Poisson ’s ratio.

~~
U

‘I
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I. IM PL IC IT REAL *8 1 A— I- ,C—Z )
2. DIM ENSION X1113 .24),Y1113 ,24),XD (113 ,24) ,Y01113,24), •

1~

F 3. LSX i11 3 ,2~~) , S Y ( L 1 3 , 2 4 ) , !XY l 1 13 ,2 4 ) ,T N( t 1 3 ,24 I , V I 1 1 3 ,24 ) ,
4. Z T ( 113 ,24 ) , P ( 1 1 3 ,2 4 ) , C ( 1 13 , 2 4 ) , PX(2 4 ) , PY( 24 ) .OY(241,  :~5. 30X 124 ) ,X P ’ F111 3 ,2 ” ) , G 1113 , 24 )

• 6. CALL W O G P T ( X , Y , X C , Y O , S X , S Y ,SXY . TM,V, T,P ,Q,PX, PY ,
7. 10X ,O~ ,xMF,G ,i13 ,24
S. STOP

• 9. END
- U 10. SUBROUTINE W D G P T ( X , Y , X C , Y D , S X , S Y , SX Y , T M ,V ,T ,P ,Q, PX, PY,OX,OY ,

11. • IXNF,G ,NJ ,M K )
12. IMP LICI T PEAL*8 IA—14 .C—Z)
13. • DIMENSION X (N J ,MK ) ,Y(NJ , MK), XO (NJ ,M K),YO(NJ ,MKI,XL (5) ,
14. ISXINJ , M K ) , S Y ( N J , M K ) , S X Y ( N J , M K ) , T M ( N J , M K ) , V ( NJ , Mk ) , RO( 5),
15. 21(MJ , 5,P1NJ, M K I, C 1~~J,Mx1, Px (~~~I , Pv(P’~ ),CytM ~ ),CflI5),
16. 3OX (MK ) .FMT3 (8),G (I~J,PK), TI3l5),TL5 (5 ),

-
~ -~ 17. 40 X ( 4 ) , D Y ( 4 ) , T I 1 (  5) ,T 12 ( 5 ) ,T  135 5),TI4 (5P , T 15 (5 , , T I6(5hxM r( NJ, MK),

18. 5T17 (5) ,TIa (5) ,T1c(5),Tlo(5) , T L I ( 5 1 ,T L 2 ( 5 ) , F MT I ( e ) , F MT2 (8 I , S ( 5 I
19. COMM CN FMTL .FM T2 ,NCCL
20. COMMON /MONST/ AL,B1,P 2,OT ,EX ,EY ,H1 ,p4 R ,PJ ,Cfl,TL,VD ,VO,vD ,KEQ,TRM IJ,
21. - IEXY , S~ O, SXO,TjV ,V ~ P ,b ,XY. R I~O P-t,RHGO ,5XYO,CB2 ,OT ANA L ,QPN ,OPM,Bt2 ,
22. 2PTEST ,OTM,MA GN O ,MAGM. ,JF ,KF ,kS.KSP ,M IM P ,NM 1 ,MP q~

5 23. COMMCN /PROBV/ TEfrPO,TC ,T1~M ,J ,K,M ,N,NTRL
.4 24. COMMO N /M P5MAL /RO,CC ,S ,KL,NR

25. COMM ON /TJNY ~ TN ,MC
26. 10 FORMA TI2I3 ,5011 .4 ,213) 

•

27. 15 FORMA T I3 I3 ,2D 11.4 )
28. • 20 ~O RM A TU X , ’A NU M ER !C IL SCLUT ION OF THE FLOW E CUATION S’ ,
29. 1’ IN T~IO DI M ENS ICNS FCR TIE’!’ PRGBLEM CF A WEDG E ’,FT.3,
30. 2’ CENTIMETEPS LONG hIT I~ A LE FT HEIGHT CF’ .F6.3./

- 31. 3’ CENTIM ETERS ANC R1C-)-T )~EiG HT’,F6.3,’ CEN T1METERS ’,
32. 4’ IMPACTED BY A PROJECT ILE ’)
33. 21 FORMAT S’ WITH A VELOC ITY CF ’,F6.3,’ CM /MI CRO SEC.’,
34• ~ ‘ THE MESH S iZE IS ’ ,14, ’ BY ’ ,13, ’ . THE ’ ! ’  T IM E L IMIT IS’,
35, 2F6.2,’ M ICR C SECON OS, A~ O THE CYCLE LIMIT IS’ ,14, ’ CYCLES. ’)

.4 36. 25 FORMAT S ’  THE F IRST TI M E STE P 1 5 ’ ,Fo.3, ’ M ICROSECONDS. ’ ,
37, 1’ THE ART IFICIAL VI SCCSITY’/’ COEFFICIE N TS ARE ’,F6.3,

• 38. 2’ AND’ ,F6.3,’. PRII.TCLU T IS EVE RY ’ ,14, ’ CYCLES. TEST’/
39. 3 PRESSU R E FCR A C V A~,CII’G CALC I S ’ ,09.2,’ MB. IM PACT IS AT ~~ ‘,13,
40. 4 ’ . FLVER ’ / ’  T H1C K1~UE SS IS’ j F6e 3~~’ CM. INITIAL TEMPERATUR E’ ,
41. 1’ 1S ,F5.0, ’ DEGR EES ’ )

• 42. 35 FO RMA T I8A 8 )
43. 36 FO R MA T( 3A 8 , 4A 4 )
44. 70 FORM AT ( l ’  THIS PRCGRAM IS A R E START.  THE LAST ’ ,• 45. 1’ CYCLE W AS’ ,1 4,’. TIM E STARTING TIME IS’,F6.3,

• 46. 2’ MI CF.CSEC ONDS ’/)
47. DATA Til/’ ‘ ,‘ X P’,’C SIT ’ ,’ION ‘ ,‘ ‘I 

-

‘~ 
-~~ 48. OATA TI2l’ ‘ ,‘ Y P’ , ’ OSI T ’ , ’ ION ‘,‘ ‘I

49. DATA T13/’ 
• 

‘,‘CEIL ’ ,’ VO L’ ,’UME ‘ , ‘ 1
50. DATA T14/’. ‘.‘ X V’ ,’ELOC ’,’ITY ‘,• ‘I
51. DATA TI5/’ ‘ ,‘ V ‘~‘ .‘ EL O C ’ , ’ 1T V ‘ ,‘ ‘F

* 

- 52. DATA T161’ ,‘CELL ’ ,’ f~A S ’,’5 ‘,‘ ‘I
53. DATA Till’ X S’,’TRE S’ ,’S DE’,’vIAT ’,’OR ‘F

• 54. CA TA Tie /a Y S’,’TPES ’ ,’S DE’ ,’V IAT’ ,’OR ‘F
55. DATA 119/’ XY ‘,‘ST RE ’ ,’SS C’,’EVIA’ ,’TOR ‘I
56. DA TA T101’ ‘,‘TE P~~’,’ER A T ’ ,’URE ‘ ,‘ ‘F
57. DATA Til/’ ‘‘‘ PR ’ ,’ESSU’ ,’RE ‘~~‘ ‘I
58. DATA T12/’ ‘.‘ V I ’ .’SCOS ’ ,’ITY ‘,‘ ‘I - 

• 
-

DATA T1 31’ M ’,’ASS ‘,‘FRAC’ ,’TION’ ,’ I,
• •

s’~~ ’ ~‘~‘TI S  ‘rA ~~U’~~~~A r 
~

- i. -- -

COPY M~~t~1-.E iu i- ’-~, ~~~
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• U.

60. DATA 715/’ P’,’LA ST ’,’IC S’,’TRAI ’,’N ‘F
61. REAO (5 ,tU)N ,P,Tt ,VP ,TP’&X,FTS,TE NPO -

62. REAO (5,1O)NC M ,NCP,HL,)4R,PTEST ,FT
63. REAOI 5 ,L5 )IP STR T ,NCCL .M IMF ,P1,82
64. REAO (5,351 (F$Tt (i),J.1,B) • U

65. REAo (5 ,351(Fp ’Tz (I),1—1 ,8) •

66. PE1015 ,35UFMT 3t1),Ia1 ,8) - -

67. WRITE (6,ZC)TL,W L ,HR
68. ~.RITE ( 6,2l)VP ,N,P,TMAA,N CM
69. bF.ITEIb ,25)FTS ,B1,82 ,I~CP ,PTEST ,MI MP ,FT ,TEMP0
TO. CALt . REAC IN
71. Bt2~81**2
72. DPN-N
73. DPP—M
74. NM 1—N— i -

75. $ML M— t
76. DTA NAL *( HL—H R)/T L
77. - A L—D A TA N( OTA P~AL I
78. MARK L -
79. IFIU TANA L •GT. i,D—5 )GC Ic 1100

.4 . 80. MAR K—U
Si. OTLN AL .VP *FTS* (OPN—3.CO) 113.C0*TL*DPN$
82. 1100 IF ( IRS T RT .EO. Li GC TC 1600
83. 00 1110 Ial ,NR
84. IF (KL (1) .GT. MIM P ) CC TO 1120
85. 1110 CONTINUE
86. 1120 NRP—I •

81. 00 1 130 t.1,NR
88. • IF( KL ( 1)  .GT. MIUP41) GO TO 1135
89. 1130 CONTINUE
90. 1 135 NRT I
91. A~ROI N PT )*S(NP T)—R C INRP )*$IP%R P )
92. B .R0%NRT) .COIN~T ,RC (?FPI.(CC1NRPP ,2.DO*S1NRP).VP )
93. C~ VP *RC (NFP)*ICC (NRP) ,~,P*S (IRP)) -
94. IFU .EQ. 0.CO)GO TO 1140
95. TlVaI—B ,DSQPTlB* *2—4.CO*A ~C))/2.OO*A
96. GO TO 1150 • -~~~

97. 1140 TIV—C/8
98. 1150 DC 1500 J 1,N -

99. NTRL—1
100. OPJ J
101. CD 1200 K—I,M
102. OPKzK
103. X (J ,K)~~FX (OPN,D PM ,OPJ ,CPK, TL ,AL ,~4L,I-4 R ,T1V ,V P ,J,K,N.M ,MIMP ,FT,H4RK )
104. Y( J,KJ xFV(DF N ,CP M ,C PJ,CPK,TL,AL .h1 ,fr4R.TIV ,V P ,J,I(,PI,M,NIM P ,FT,MARK )
105. XD (J ,K)— PxO (OPN ,CPM,CP J ,OPK ,TL,AL ,HL,HR,IIV,VP ,J ,K,N ,
106. 1M .MIPP,FT,a ’AR ’ ()
107. YO (J ,K)=FYO (DFN ,DPM ,CFJ,OP k ,TL ,AL ,HL .HR .TIV ,V P ,J,Pc,N,

is ioe. IM,M IMP, FT ,MARK )
109. 1200 cONTINUE

1-.- 110. V (J,t)—0.D0
F.-’ LII. 00 1400 K.1,P

112. IFIK—1 .E0. KL4N TRL )P N ’IRL NT RI.+l •E. 113. T(J,K) TE$PQ
114. *~ FIJ,~~

)-
~~.O0

115. G S J . K ) ’ O . D O
Li 11 6. SXIJ,K).0.O0

117. SY (J . K )—O. DO - - -
118. SXY(J,K ) .0 .Q0 •

119. P(J, K).Q.OQ

~ COPY ~V 
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4.4

-l• 120. 0(J ,K)-O .CO
121. IF (J .EQ. I .OR . K .EC. 1) GO TO 13 60
122. V (J,K )= 11 X (J—L , K)—x( J , K— 1))~~lY (J, K l-- Y (J—l, K-—L )).( X(J,K )

-
- 123. 1— X (J— l ,K— LII ’IY (J, K— t )—YI J— L,KlH/ Z.OO

124. IF(J .EQ. 2 .OR. K .EC. 2 .CR . J .EO. N .OP .
125. 1K .EQ. H .O R. K .EO. )

~IMP) CC TO 1350
126. 1300 TM (J ,K)aV (J, K3 *RC (PTR11
127. GO TO 1400
128. 1350 IF(K .EQ. ~I IM P .AND. J .NE. 2 •AND . J .NE. N
129. 1.AND. M A R K  .EQ. 0) CC TO 1300
130. 1360 TM( J,K)=O .OO
131. 1400 CONTINUE
132. 1500 CONTINUE -

~ -133 . r4C.O .4

134 KS MA X O ( 2, H I MP — 3 )  U

0 135. KF M I N O I M — I , M IM P+ 3 )
136. J F= M I N O IN — 1 ,5
137. - IF(M L PK .EG. O ) JF —N — 1
138. TO ’O .DO
139. TN MzO.C0
140. TN — FTS
141. MAG~4U— 2
142. IF IMA R K .EQ. O)MAG P ’UaK.l
143. GO TO 2000
144. 1600 REA D(1O ,FM T3HS X (J ,K),Jz I ,N ),I( I,M)
145. READ (j0 ,FM T3)( (Y (J ,K ),J .I ,N),K.l ,M )
146. REA D t10 ,FMT3 )((X O (J ,K),J .L ,~~),~ z1,M )

- - 147. REA O (10 ,FMT 3 I ( (YD I J , K 1 ,J.1 ,M,K zI ,M)
148 . R EA D S  1 O , F M T 3 ) U S X( J , K ) - ,J = I , N ) ,K . L ,M )

149 . R E A O ( I O , F M T 3 ) I ( S Y ( J , ~~) , J = j ,P . ) , K .L,M )
150. R E A D ( I O , F M T 3 I ( I S X Y ( J , K ) , J z 1 , NI , I= 1 ,M )
151. R E A D ( 1 Q , F M T 3 P ( ( T M ( J , K I , J a 1 , N ) , K — l , M)
152. R E A O ( 1 O , F M I 3 ) ( ( V I J , K ) ,4 z t , Nt , K . t , M )
153. R EA D I 1 O . F M T 3 U ( T ( J , x 1 . J . 1 , N ) , k — 1 , M)
154. REAO (1O ,FM T3 )( (P (J,K ), J.1,N) ,Ka1 ,M)
155. REAO(I0 ,FMT 3 3(IQIJ,KI ,J~ t ,N),K*L,MI
156. REA D (lO ,FM T3 )((XM F( J , K),J~~1,N ),Kz1 ,M)
157. REA D (1Q, FM T3 )((G(J ,k),J=I N ),K—1 ,M)
158. REA O ( 1O ,FM T 3 I l P X t K ’,,~~’IIK),K*1, M)
159. REA D (IO ,3 ~~)TN,TC ,Tt~.M, M C ,KS ,KF,JF
160. WRITEI 6 ,70)MC ,TN
161. REhIN D [0
162. MAG NIJs M INO( ID INT IVP *TC* (DPN—3.CO I/ (TL *DTANA L I )+3,N—1)
163. 2000 CALL CA LC (X ,Y ,XD,YC ,SX,$Y , SXY ,IM ,V ,1,P,Q ,PX,PY ,DX ,OV,
164. IXMF ,G ,NJ ,PK )
165. h R I T E ( 1 2 , F M T 3 ) ( X ( J , M w l I , J s 1 , N )
166 , W R I T E ( 1 2 , F M T 3 ) ( y ( J , W M I ) , J . I , K )
167. hRITE ( 12 ,FMI 3 ) ( x O ( J , M k 1 ) , J = 1 , N I

• 168. • b R I T E ( 1 2 , F I - ’ T 3 ) IV O ( J , M M I ) , J 1,N) 
~1169. W R I T E ( 1 2 , 3 6 ) T N

170 . IFIMOD IM C , K CP P .NE. 0 .ANO. MC .GT. ‘10) GO TO 2870
171. CAL L PITE (X ,TIj ,2 ,JF ,K5, KF, N , M )
172. CALL P I T E f Y , T I 2 , 2 , J F ,K S , K F , I~,M) -

173. CALL RI TE( x C ,T14 ,2 ,JF ,~ 5, Kf,K,M)
~~~~ 174. CALL RI TE (YO,T I5 ,2 ,JF ,~ S, KF ,K ,M)

175. CALL RI TE (v .TI3 ,3,JF ,w~ P ,KF ,N,M )
176. CALL RI TE (T .’ ,116 ,3,JF ,KSP , KF,N , M
177 . CALL R I T E I S X , T 1 7 , 3 , J F . K S P ,KF ,N, M)
178. CALL P ITE (SY , T18 ,3 ,JF .X SP ,KF ,K, M)
179. CALL R I TE (SX Y ,TLc ,3 ,JF ,K S PUK F ,N ,M)
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180. CALL R ITE (T,T10,3,JF ,KSP ,I(F ,N ,M)

~~~ 181. CALL R!TE (P ,T1I ,3,JF , K5P .KF,N, M)
182. CALL RITE (0,T12 ,3 ,JF ,~~5P K F ,N,M )
183. CALL RI TE (X’4F,T13,3 ,JF , ISP, KF ,N,M)
184. CALL PITE IG, T15. 3 ,JF,$ 5- ’,KF .N,M)
185. 2870 IF ITN .&T. IMA X .CR . MC .GE. NCMI GO TO 2900
186. TNM .TO
187. TO-TN
lee. TN— TN eDMINL (DTM ,1. 100’(TC— TKM))
189 . GO TO 2000
190. 2900 REWI ND 12
191. IFSMC D(M C,N CP ) .E0. 0) GO IC 3000
192. CALL PI TE (X,T I1,2 ,JF ,KS , KF ,K,M)
193. CA LL R I T E E Y ,TI2 ,2 ,J F ,~~S,KF , I~,M)
194. CALL RI TE (xO ,T14 ,2 ,JF ,IS,KF ,N,Mi
195. CALL P I T E ( Y D , T I 5 , 2 , J F ,IS, K F , K ,Mi
196. CAL L . ~ I T E ( V , T I 3 , 3 , J F ,K 5p, K F ,N ,M)
197. CALL FI TE (TU ,T1 6,3 .JF ,KSP ,KF .N,M)
198. CALL RITE S ,TI7 ,3 ,JF ,~ SP ,KF ,P~,MI
199. CALL RJTE (SY, T I8 ,3 ,.J F ,~~SP ,KF,N,M)
200 . CALL R I T E ( S ~ Y , T I9 , 3 ,J f , KSP ,KF ,N, MI
201. C ALL PITE( 1,T IO~ 3 ,JF ,KSP ,KF,N ,M )
202. CALL RI TE (P .TL1 ,3 ,JF ,K SP , K F ,N,M)
203. CALL F t T E ( o , T L 2 , 3 , J e ,~ SP ,~ R ,N. M)
204. CALL R L T E ( XW F ,113,3 ,JF ,X SP ,K F , N , M)
205. CALL P!TE(G,TI5,3 ,JF ,~~~~,K~~,N ,M )
206. 30OO W P I T E (L 1 ,P ’T 3) l 5 x( J ,$),J~~L ,~~),K.1 ,M)
207. W R I TEl 1 1 , F ’~T3I(( J, i I, J ~~1,~~),Kz1,M)
208. ~R 1T E f 1 1 , FM T3 ) (t~~D I J , X ) ,J.1,NJ,K z ),M) •
209. W PI T E (I1 ,FM T3)l (v01 J , K ), J .I ,N ),Kz1, M3
210. WRI TE (1l ,FM T3)((5)~(J,K ,J= l ,N) ,K z 1 ,M)

____ 211. W R I TE U 1 . F M T 3 ) I ( S Y I J , K),J .1 ,N) ,Kzj,M )
212. M~ i T E I 1 1 , FM T3 )I1S X Y( J , K), Jz1 ,N) ,K~ 1 ,M)
213. W R 2 T E I 1 l ,F M1 3 ) (IT~- I J , K ) , J ~~1 ,M ,K—1 ,M)
214. WR I T E ( ) l , fM T 3 l I ( V (J , w), J= 1 ,~~1 ,K=1, M)
215. W R I T E 1 1 1 , F M T 3 j u T S J ,~~~,J= I ,~~~,x.l ,M 

.4

- a 216. W~ I i F (t 1 ,FU ~T 3 ) ( S P 1 J , U.), J= l ,?~) ,K=1, M)217.
218. I T E ( 1L , F M T J I 1 ( X ~ F (.J ,~c ), J= 1,N ), KaI, M 3
219. W P I T E ( t 1 , F 3 ) ( ( G L , K I .J = 1 ,~~I, K — 1 , M )
220. U RI T E (1i ,FM T 3 ) f P X( ,), P~~(V), X = L, M )
221. .RITE ( 11 ,36 )TN,T C ,TKP ,P C ,XS, KF ,JF
222. REW INC . 11

-22 3. RETURN
224. END - 

.4

225. SUB R OUTINE PITE (Q ,A,J S ,JF,KS ,KF ,N,M1
226. IMPLICIT ~EA 1*P U—~- ,C—LI
227. DI M EN S ION Q(N, M) ,~.(5), KK(t 5I,~ M T 1 (8 ),FMT 2 t8 )
228. COMM CN FMT [,FW T2 ,KCCL
229. COMMCN /TINY( TN, MC -
230. 10 FO PMAT( ~~[x, h 1I M E = ’ ,F~~.3, ’ ‘-‘ICRCSEC. ’,3x ,5A 4,’ CYCLE— ’,13)
231. NI .( (KF— KS+ L)/N CC L) ,I
232. N U M S M O C ( K F — K 5 + L , N C C L )
233. WRI TE (6 , ’O)TN,A, MC
234. 00 ZOOc •~~ I,P41
235. LIM SPI CCL

• 236. IFSI .EQ. NI )LIW =P~UM
237. IF (L IM .E0. 0) GO IC 2C00
238. 00 1000 L~~1 ,LI M
239. KKIL) — L 4 (1-—1 ) *NCCL +K S—1
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240. 1000 CONTINUE
241. W RI TEI6 ,FM T I )(K K( L ),L—1 ,L IM)

- • 242. Ofl 1500 J JS .J F
243. hR!TES6 ,F M T2)J ,IQ (J ,1.L t—tI*NCCL+K S—1l ,L.1.L INI
244. 1500 CONTI NUE
245. 2000 CONTI NUE
246 . RETURN Ca
247. END
248. SUBROUTINE CALC SX, Y ,XD,YD ,Sx ,SY,SKY .TM ,V,T,P ,C, PX .PY,0x,Ov , -

~
U’ -

~~ 249. IXM F, C,N J .MKI
250 . IMPL ICIT REAL ~ 8 (A —H ,C— l )
251~ C U-’E NS !GN Xt P. J ,W K), ’V( ”J.~’K ) ,X C (N ,~,M V 3 , YO(NJ ,MK% ,KLI5I,
252. LSxS NJ, M~ ),SY (NJ ,M ,S~ Y (N J,~~ ) .TM INJ , frK), V 1NJ .MK).PQ(5),
253. 2TIN J.PK1 . P J , u xl,C 1NJ ,M K), Px(~~K . PY K),0Y I~hI.4~),C0(5). 

U
,

254. 3ox ( ),Fh ’T3I e ),clK J,~- x) ,rL’( 5 ) ,rI 5 L 5 ),
255. 4DX (4i ,CY(4 ), TI1(5),T I2 (5 ),T! 3 (5).Tt4t5S ,TI 5 (5) .TI61S ) ,XM ~ 1NJ ,MK) ,
256. 5TZ7 (5),T %~~(5J,T j9(5 ), T 1Q(~~),11 1 (5),TL2 (5),FM Tj(8),FMT2(8) ,5 (5)
257. CCMM Gt~ FP1I[, FMT 2 , f~.CC L
258. COM MON /M G ?~S TF A L ,E1 ,~~2 ,D T,EX ,EY ,H1,I4R ,PJ,O0,TL ,VO .VO ,VP ,XE Q ,TRMIJ ,
259. 1EXV ,SYO ,SXC , T tV , V N P ,~~~~,~~~CP- .PHCG ,5XYC,CB2 ,CT ANAL,O PN,DPM,B12,
260. 2PTEST .OIH ,M A G N O , M AGMJ,J F ,KF ,KS, K SP .MIM P ,NM1 ,MML

I0~ 261. COMMOl~ F P R G E V F  TE~~P0 ,TC ,T KM ,J,K ,M ,N ,NTRL .
262. COW PCP. /MPSM ~ L/R~~,CC,S, Kt.,N~

. 263. COMMO N /IINV / TN ,MC
264. 50 FOR~ A T 1 F ’  Cy CL E ’ , I 4 ,5 ~~, ’ T I M E ’ ,D16.g .5X , ’ OE 1TA T’ ,016.9, - - J

265. 15X , T I U E CG~ T~ C-LLIP.G MESII ’.21 4./’ MIN IMUM MESH POINT ‘~~266 . 2 SEPAI- AT ION ’,C1 6.9,’ AT ‘~ESI- ’,2I4,’ BETW EEN PC!NTS’,
Z6~~. 312 ,’ AN D ’ ,tZ l’ CCNIA C I P~~’,I4.’ JF’,14) , p.’
268. 60 FO~~U lAT(l 2 I3 ,5I~.X,D16.5))
269. 2000 OT~~~1OCO00.OO
270. TS D.DT M
271. KSP— ~ S+1
272. KFLL—O Ut

273. KFLU O
274 . JF L O
275. MC MC+1
276. OT IN—TO
277. MA~ NC.MAGMj
278. M AG NU .MINO (ICI~~T (VFITN SlDPN— 3.DO )/ tT L SCT A NA L ) )+3 .N—1)
279. JF~ M IN C (N_ I, M A X O (J F, M4G U’4U,2))
280. 00 2800 J 2,N MI
28 1. NTR L— [
282 . OPJ —J :
283 . DO 2150 K 1 , M
284. IF SJ .E Q. 2) CD TO 2050
285. OY IK )= P Y I K )
286. CXI K )— PX (K )
287. GO TO 2100
288 . 2050 O Y ( K ) z v S [ , K )
289 . O X ( K ) ~~X ( I , K )
290. 2100 PXIK -X J,k
291. PV (K).Y( J ,K)
292. 2150 CC ’1TI~4UE• 293. 00 2700 K— 2 ,KF

• 
294. IF (K— l .EQ. KL ( TRL ) )P ’TR L~ I4TR L .-1

-n— , 295. IFIK .GT. MI M P_ L .~~U’C. J •CT. JF ) CD TO 2800
296. CC~~~S SY ( J . 1 , K , I ) — P ( J . 1 . s. 1 ) — c SJ . 1 . k .1 P ) S ( X (J . t , ac )— X I J , k . 1 1)

297. PA= TM IJ .1 ,K ) ,T~~tJ. P~)4I~ (J , !(,t).IM (J ,1 ,K,1)
298. YO (J, K)— YD1 J ,K) .l T N — T  )e(S~~ItJ .I. I~ ) ‘ I P Y ( K — L ) —
299. 1YlJ .1 ,K~~~~s x Y I J , K I .C Y 1 KI— PYIK— L)I. Sxv CJ ,K.u s 1YI J ,
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300. 2 K ’ - Ij — O Y I K ) ) , SX Y L J 4 1 , X . t ) S IV IJ . 1 , K ) — y ( J , K , 1 ) ) —
301. 3 (SY (J .I,K)~~FIJ.1.K) _ CI J .L ,K)).( PX(K_ 1)~ x (J,1,K))_
302. 4 ( S Y L J , K I — Pl J , K ) — Q 1 J , K ) 1 * ( C X I K ) . p x ( K — l j ) - . (S Y(J , K. I )~~
303.
304. y(J,K )— Y (J , K) .YO(J ,K)*C T
305. IF IK .1.T. K$) CC TC 27C0  •

306. I F SJ  .GT. JF I GO TO 27C0
• 307. CC .SXY (J.1,K+ 1)*IX (J ,1 ,K)—X( J ,K ,1))

308. XO (J ,Kl.XD(J , K1. (TN— TNPI . (ISX( J #i, K )—PIJ ,1 ,x )—0(J.1,
309. 1K )l* (PY(K—1)—VL J .t ,K)).( SXS J ,KI--P(J ,K)—0SJ,k) ).S0Y(K)
310. 2—PY IK—1 + t S x J ,K .1 - P S J , ~~. L ) — c I J , k +L * S Y t J ,x .1 —

—.4 
311. 3OV IK ))+SSX (J .1 ,K .I)— Q (J+L, KsL)—Q CJ ,1, K.1))* (V(J.t,k)
312. 4 — Y ( J , K + 1 I ) — 5 X V l J + I , K 3 e ( P X ( ( - - 1 ) — ~ tJ ’ 1 ,i c i ) — S X Y ( J , K I *
313. 5 ( O X ( K I — P X ( K — 1 ) ) — S X Y ( J , K 4 1 ) * IX ( J , K~~ 1 ) — O x S K ) ) — C C ) / R A
314. IF (DABS( XD (J ,K)) .11. 1.O—2C )XD (J ,K)—O.0O
315. XS J ,K)aX (J ,K)+XD( J,K )SCT

P
316. 2155 IF (J .EQ. 2 .OR . K .LE. KS )C -O TO 2700

• 317. VO—V (J,K )
318. V (J,K I .tIX( J—1 ,K)—X (J,K— 1))* (y (J ,K)—y (J—1 ,K— 1)).IxIJ ,K) •

319. 1—X (J— t ,K— 1)) ’ (Y (J ,K—1 )—Y (J— I ,K)I)/2.DO
320. IFIK .NE. M I M P) GO TC 2165

-
~~~~~ 321. IF(J .GT. M ACN’)) GO TC 2700

322. IF (J .GT. M ACNO ) GO IC 2 160
323. GO TO 2165

• 324. 2160 TM (J,K) zV SJ ,k)*ROIN TR L I
325. RHCO= PC(N TRL )
326. GO TO 2170
327. 2165 P HCO~~TM( J, K )/VO
328. 2170 PHON— T ~~t J , K ) / V t J , K )
329. VN P= (VC +V S J ,K))/2 .O0
330. VNP 4~4 .00*VNP

~~ 331. EX ((XC (J— 1 , K)— XO(J, K—l 1)* (’v(J ,K).PY (K)—Y5J~ t.K—t)—
332. IOV ( K — 1 J ) 4 S X C (J,K)--X C (J—L, K— t I)stY (J ,K— 1 )+PY (k—I1—

-
~ 

-
‘ 

333. 2Y (J—l ,~’)—G Y (K)))/V~~~4
334. !F (DAES (EX) .LT. 1.O—2C)E~~~C.DO
335. EY~— ((VD( J—I ,N)—v D ( J , K— 1 )) * (XL J ,K)+ Px IK)—x( J—I , IC-—j)—

A
f ’

~ 
336. 1OX (k—1)). (YC (J ,KI —Y 3 (J—L ,K— I))*( X 14, K— L )#PX (K—t )—X( J—t ,

-
~~~ 337. • 2 K ) — O X S K ) ) ) I V N P 4

338. IFID A 8 S I~~Y ) .1.1. 1 .D—2C )EY= 0.DO
339. A=— ((X C( J—i , K)— X OC J,k— j ) ).(X( J, K).Px (K)— x (J— I.K— j )—
340. 1OX (K— t )).(X C (J , k ) — X C ( J — 1 , K — f l I * (x ( J , sc-— 1I.Px K—L)—XU— 1 ,

• 34~~ 2KI—C X (K UI /V ~P4
342 . IF (DABS (A ) .LT . l.O 2C)A*0.CO
343. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
344. 1OV (K— I ))+(Y CL J . K )—Y 0( J—1,K—1)) s (Y (J ,K—1)a ~PY( ,~—L I—YtJ ~~1,
345. 2K )—O Y I K ) ) )/vNP4
346. !F(D A~’S(BI .LT . L.O—2C IB~ O .C0

• 3-47. EXY .IA.8)/2.D0
348. IXV— A— B
349. VD -EX +EY
350. SxO= Sxt J ,s )
351. S X Y O — S X Y ( J , k )

-~~ 352 . SY O SY ( J , K ) u353. XM zXMP( ,
354. CALL ~~CE L ( X M ,V L ,V 2 .~ TL ,BT 2 ,AL 1 , AL 2 ,CPL ,CP2 ,~~(J,K), T (J ,xI1

• 355. RHCN =~-C S NTR1 )
356. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 

-
357. AL PHA . ON *S (1. ’~C _ M 4 P * L L1.V l+Y M * .~L2 SV 2 )
358. C R—S 1 .c0—x ’~)’C PI+x’- ’C c2 -r.
359. C 6 2 . 1 . C O /( B E TA * R I- - N — S T ( J , k I/ C P I . A L P H A* *Z I

~~1

COPY AVAJI ADLE TO ~ C r~S
PERMIT FULLY LEGL~LE ~h~A
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360. GNU .GNUF (X .Y , XO ,YD .SX ,!Y ,SXY ,TM ,V ,T,
361. 1P ,Q,PX,PV, CX ,OY ,X M F .G ,KJ ,MW.) N

362. TRMUx3 .OO *U .D0—2.COSCPU) s (PMOC ,RHON )
363. 1SC02/(2 .CO*l1.DO +GP U) ) -‘y
364. SXY (J ,K)s(SXyO’1 [.D0—(tT .~.x~~/2.D3)s.2)+DT sLTRMusEXY . -2-
365. 1wXYsS2 .D0 .(SYO—SxC ).TR. .usC1 .€Y_ Ex 1,4.D0~~~/S1.D0.
366. 2(DT*hXV /2.OO)**2) 5

367. IF (DAB S(SX Y(J ,K I )  .LT. 1.O—2015xY 1J ,kI— Q .0O
368. SX5 J ,K ).SXO ,D T *55 SXVI J ,K) ,Sx ~ O)*hXy/2.DO ,TR MU* (EX—vD/3.D0))
369. IF5OA ~ S I SXIJ , K)) .LT. 1.D—2C )SX( J .K)*0.D0
370. SY (J ,K)*SYO+DT*S .SSXY (J .K) .SXYC )*WXY !2.OO#TRMU*(ET—V 013 .00))
371. I F S D A B S ( S Y S J , K ) I  . LT .  l . D — 2 0 1 5 V ( J , K 1 — 0 . D 0
372. PJ . S X(J . K I* * 2 .Sy ( J . K ) . S2 4 ~~XV I J , K ) . ’ 2 , -SXIJ , w~) .SY5J , K )
373. C .RELF1 X ,Y,XO,Y O, SX ,SY ,SX~~,1M .V ,T.
374 . LP ,Q , PX , P Y , C X , O Y ,X M F , G , K J , M K 1
375. SXCJ ,K *S X C J I K S C
376. SYIJ .K )— SY(J ,K)*C •

377. SXY IJ .K ) SXYIJ,K)*C
378. 2175 G0— Q SJ ,K I
379. IF (V (J ,K) .11. 0.00 .OR . C82 .LT. 0.00 ) GO TO 2850
380. 0(J ,KI——VOS (TM( J ,K)$812*DABS(VO$ ,RHON*8 2*DSQRTI3 .D 0$
381. 1(I.DO—GPIU )*C82*V (J , K)/S L .D0 .CNU))1
382. IFS D A B S (O IJ , K) ) .11. 1.D—2 0)CSJ ,K)— 0.D0
383 . IF(VD .GT. O . O O ) Q ( J , K ) . O .OO

• 384. SP V N P— V N P / T P( J , K )
385. S Pv-1 .CO/ RHON a
386. T O L D — T ( J , K )

-2.-’ 387. PO L D — P ( J , K
388. X M O — X M F ( J . K )
389 . DO 21 60 1~~1,9
390. - P M A V — P S J , K )
391. PHPz ( P(J , K ) . PG1Q 1/2 .CQ
392. T N P .S T (J , k ) . T O L O 1/ 2 . O 0
393. CALL E O S T A T I  XH ,X ~ Pp P,XtJP, V 1NP, V 2N P ,3TLN P ,BT2ND ,A1NP ,A2N P ,CQ1,
394 . 1CD2 ,E1,E2, TNP , PND ,SP ~,Pt P ,XMO ,T (J,K),SPV )
395 . AIN P -AIN P *v IN P
396. A2NP .A 2N P$V 2N P
397. A T 1N P~~PT 1PU P.V 1NP
398 . B T 2 N Ps B T 2 N P* V 2 N P
399. At — ( !.CO-~~~~PI.A1 Nc 4XWK P*A2~~P
400. A 2u~~S1.DO ~~X M N P ) s 8 T L N P~~XM N P *8 T 2N P
401. A 3— IV 2N P—V1F’.P) *X C ”—V’ F’V~ /T~~IJ ,Kl
402. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
403. A5~ (1. OO _ XM ~.P)*(B T1U. P *POPP_ .i1N P S T~J C )+XM N P* (8T2PU D *PNP_ A2N D~ 1NP)
404. A 6 a S E 2 — E L ) . X D M — V ’ ~P s I l S X I J , .~~x C ) . E X , l $ Y ) J , ~. ) , SY O 1 . E Y .
405. 12.OO *(SXY( J ,K)#SXY O )~~ExY— I PP-P .2 .DO ,G (J ,XI’Q3)SVD)/ (?.DO*TM( J ,K 1 )
406. O~ A 1*A 5—A 4*A2

• 407. T ( J , K ) a 1 C L O — D T ’ ( A 3 ’ A I — ~~~s A 2 ) ,
408. F(J , k ) — P C L O - - - D T * ( A 1 $ A t — A 4 * A 3 ) / 0
409 . I F) P IJ , K)  .EC. 0.DO)CC TO 2180
410. I F S O A B S S ( P ( J , K ) ~~P M A V ) / P ( J , K ) )  .17. 1.0—3) GO Ta 2190
411. 2180 CONT INUE
412. 2190 X M F S ! , K I . X M
413. 2195 CALL SPFE’~(XM ,V L , V 2 , P 7 1 ,f l T 2 ,4L1, AL 2 ,C P1,C~~2,P (J ,K ),T (J,K$
4 14. PETA RI’)~ ((I.D0 X~~) p T I~~.L. V4’BT2*V2)i i  415. AL PHA .P,HO~~SIU.O0_ x~~I~~A Lt *v L ,xU. AL 2 SV 2 )
416. CPa(1.C0~ XM) *CD 14X~~*C P 2
417. CB2 .1.DO ISBEIA*RP ~C N.— (I(J , K)/ CP ) *ALPP ,A S*2I .4.

41~~ CX (1)~~X IJ, K)
419. 0X5 2 1— X5 J ,K— L1

COPY AVA $~~ Tfl ~~~ ~~~~PE lT FLW . . ~~~~~ ~ u- ~~~ft - ~~~~~~~~~~~
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~~~~UhuI _ n-Uru . 4 W t~W W _  U’ W~~~~~’”  U W . 4  JU~~~ f l’  anWfl ~~’ 
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420. O X ( 3 1 — X I J — 1 . I(-- 1) -
~~~

421. D X t 4 ) a ~~)J— L, Kb
422. D Y I I ) — Y I J , P()
423. DY 2 .V S J , K — I I
624. D Y I 3 ) . V S J — 1 , k— 1) 4
425. 0 Y 14 ) . Y S J — 1 , K)

426. OM-L00000 .OO
427. DO 2300 1.2.4
428. 00 2200 L—t, 4
429. D.DSOPT I (DX II—1)--DX IL))**2.S DYII—1)— OYIL ))**2)
430. IF L O .GE. OH) GO TO 22C0
431. 04— D
432 . PIP1 I—1
433 . NP2 L
434 . 2200 CONTINUE
435. 2300 CONT INU E ‘-1
436. IF (DM .GE . TS0) GO YC 2350
437. TSO DM
438. NPLS—N PI C439 . NPZ S—P4PZ .4
440 . JSO J
441.
442 . GNU— GN UF (X , Y , X 0 , V C , 5X ,!V ,S XY . T M ,V ,T ,
443 . IP ,Q, PX , PY , OX , OY . X P F,C ,~~J, M K )
444 . 2350 I F S V ( J , K )  .LT. 0.00 .CP. C82 .17. 0.00) GO TO 2850
445 . Cs D S Q FT ( 3 . D C ~~U.C0—G~~U) ~~C B Z / ( I . D 0 . G N U ) )
446. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
447. 1**2).C**2II
448. IPIOCT .GE. 0TH) CC TC 2360
449. 0TH-DOT

U 450. JSTS .J
451 . K5T5 ~ K
452 . 2360 IFIK .EQ. KS.2)  CC TC 2400

• 453 . IF CK  .EQ.  K F— I )  GO TC 2500
454 . IF(J .E3. JF —2 )  GO TC 2600
455 . I’,Q TO 27CC
456. 2600 I F ( P (J , K )  .67. P T E S T ) K F L U I
457. GO TO 2700
458. 2500 IF (P SJ,K ) .GT. PTE ST )KFLL I •‘

~~
459. CO TO 27CC -~~

460. 2600 IF S~~IJ, K) .01. PTEST) .1F1 1
461. 2700 CONTINUE

.,/ ~- 462. 2800 COM TZ KUE
463. GO TC 2860
464. 2850 MC .NCM ,NCP
465 . W R I TE (6 , b Q ) J , K , FX ,EY ,A ,B, T R MU, PJ ,C92
466. 2860 ~R !TE( 6,5O )M C ,TN,OTM ,JST~~.KSTS ,TSD,JS0,KSD ,NP1S ,NP2S ,MAGNU,JF

• 467. 2870 IF(~~FLU .EQ. 1)K S -MA ~~C (2,KS— 1 )
468. IF(KFLI. .EO. 1) KP = M I~~C IM—1 ,KF + 1 )

-
~~~~ 469. IFS JFL .RC. 1) JF .MIKCIN—1.JF .1)
‘‘N 470. RETURN U

471. END
472. SUBR ~ UT IP IE EC S TA T1XF ~,x~ ND ,XC ~~,V1 ,V2,BT [,BT2,ALI, AL2 ,CP j,
473. 1CP2 ,E 1 ,E2 ,T , P ,V .~~M C ,TEPP ~4 ,V Kt —474. IMPLIC I T PEAL ~ 8 (A— P’ ,C—fl

• .475. D IM E~.S10N V 055 ,21 ,CKCSS ,2),CN( 5 ,2),G0(5,2),CV IS.2),E 0l5 ,21 ,
476. 1AO(5,2), 4L (5 .2I ,~~2L5 ,2 ),COS5.2 ) ,SI5 ,2 ) ,B St 5,2 ) ,W~~5 (5,2),OS (5,2),
477. 2PS (5 ,2) ,CNOSf5, 2) ,AL FS~ 5 ,Z),GNu(5.2),YOS (5 ,2),T*,I(5)
478. COMM ON /MPLRG ~ / v C ,CK0,Dh ,00,CV ,E O ,AQ ,AL ,42,CO ,5,55 ,WOS ,
479. 10S,f-S ,CNOS ,ALFS,GNU .,05.TAIJ

• p.-~r~ ~~~

~: COPY
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480. CO MM CN /TINY~ TW ,PC
481. COMM CN /PROBV/ TO ,TC ,TKN ,J , K ,M .N ,NR
482. DT.TN—T O
483. IF (TAU(NR ) .EO. 0.00) 00 13 3000
484. VA .AO(~~R ,L).A t t N P ,L ) sT.a 2SN P ,1).Tss2
485. V8 .A O iKR ,2)~~A t( N R .2)*T+A 2SU P ,2)*T**2
486. XE Q-1 .DO
487. !FSV .CE. VA) GO TO 1000
488. IF(V .LE. V8 ) GD TO 2000
489. X E O a IV— V A )/ (VB— VA I
490. GO TO 2000

‘p. 491. 1000 XEQ— 0.DO
492. 2000 ADM. I XEQ—X M O )/(TAU (N R ) ,OT /2 .O0) 4’.

493. X M XM C .OT*XCM
494. IF ( XM .17. 0.O0)XM O.DC
495. If (XU .61. L.OO IXM. L .OO
496. GO TO 3500
497. 3000 V A~~A 0UpR , 1).AI ( !tP, 1)ITE M PN.A 2 (KR ,1 )*TEMP N SS2
498. V ?~*&uIhR,2 ).A[ IKR ,2)STEM PN+ ~~2 (NR,2)*IEMp P~**2

-e 499. XM. l .O0 -~~~~

500. I P IV P U ’  .GE. V A )  CC TC 3100
501. L F ( V N  .I.E. V O )  CC TO 3200
502. XM— (VN—VA ) / (V8 —VA I
503. GO TO 3200
504. 3100 XM O .D0
505. 3200 XDM-(XM—X”O) /D T
506. 3500 XMNP.IXMI -XM O) /2 .D0
507. 4000 DO 5000 1 1.2 — - U’

508. I F ( X M N P  .EQ. 1.00 .AKC. I .EC. 1) GO TO ~O0O
509. RO .L .OO /vO(KR ,1)
510. * a S P — P O ’ G 0 . . 1 ) ’ C V ( N ~~. I ) I ( T — T O ) ) * O N ( N S , I ) / 0 K 0 ( N R , t )
511. V a ( S A + 1 . D C ) * * ( — 1 . 0 O / C P S N ~~, I ) I )/ R O
512. BT*1I~~0*V )**CN ( P~P ,I)) ,C KO (~~P ,I)
513. AL sRO* G 0(NR ,I )*CV SN R ,1)SBT
514. A .TSCV -.~ . . I b * R T* V S I R C* C 0 U ~R ,1 ) )*$2
515. C P .CV S N R , Z I* ( 1 .C0 , A )
516. A .V *([.OO/ (BT.DK0(rc .T))—1 .CO) +CMNP,I) .fv—v 3 (NR ,I )I
517. 8*—DKOSNP ,I  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -U

51 8. E—EO (tj.,I1.B .RO .GOCNP,I)~~Cv INp ,1 )sTOs(V—vo(’q,!))
519. IFS! .EQ. 2 .ANO. X MPUP •NE. 1.03) GO TO 6003
520. Vt—V
521. BTI.BT
522. &Lt.&L
5 23. C PL— CP •

524. ELs E
525. IF (XMNP .EQ . 0.00) CC TO 6000
526. 5000 CONTINUE
527. 6000 V2 sV
528. BT2sBT

• 529. A L2 AL
530. C22—CP
531. E2.E
532. RETUR N
5 33. EN TRV SPEED (XM ,V1,V2 ,BTL ,!12, AL I ,Lt2 ,Cp 1 ,Cp2, p ,T)
534. 00 7000 I~~1,2
535. LF (XM .EQ. I.C0 .A?~O. I .EC. 1* GO TO 7000
536. R0 .1 .L’0/V0 (NM,1)
531. A . (P—ROs G0(NR ,I) .Cv I ,I). T~ T O ) *D N S N R ,I)IDK0(N* ,1)
538. V . A + 1 . C O I * * t — L . 0 C I C P ~SN ~~,1) ) ) / R O
539. eT—S RO sv~~ .CNu.P ,I) I,CKoCN q ,I)

r ’ “

• ~~~ ~“U’ - 
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540. AL RO* GO SNR ,I).CV (NR ,1)*BT
541. A .T * C V ( N R . I I * B T eV * ( R Q * C O S K R , t ) ) * * 2
542 . CP CV~~Pift , E ) * ( 1 . DO4 - * )
543 . • I F S !  .10. 2 .AND . XM .P~E. 1.tO ) GO TO 8000
544. V 1 V
345. 811—ST
546. A L 1 A1
547. CPI—CP
548. IF (XM .10. 0.001 GO TC 8000
549. 7000 CO N T I N U E  

•

-P
5 .. 550. 8000 V 2 V

351. BTZ BT
552. £L2.A1

553. CP2—CP
554. RETURN

•-
~~~ 355. END

356. SUØRCU TINE R E A D I N  .4
.,

557. IMPLICI T  REAL *8 (A—I-’ .C—ZI -

5 58. DIM ENSION VO (5.2) , D K O ( 5 , 2 1 , C N L 5 , 2 1 ,0 0 ( 5 , 2 ) , C V ( 5 , 2 ) , E0 ( 5 , 2 ) , K L ( 5 ) ,
559. 1 A 0 ( 5 , 2 ) , & L ( 5 . 2 ) , 4 2 ( 5 . 2 h C 0 1 5 . 2 ) , S 1 5 , 2 ) , 8 5 5 5 , 2 ) , W ) S 15 ,2 1 ,DS(5 ,2 1,
560. 2 RS ( 5 ,2 ) ,O N Q S (5 , 2 ) ,4 1 F S5 5 , 2) ,G N U ( 5 ,2 ) ,Y O S (5 ,2 ) . R 0p 1 5 1 ,C O P(5 ) , SP (5 )
561. 3 ,TA US 5)
562. CO MMON FM PLP GE I V0 ,OK0 ,DN,00 ,CV ,E0 ,A0 ,A1,A2,C 0,S,BS ,tdOS,
563. tDS ,FS ,DMOS,AL F S,GN t~,YC5 ,T AU
564. COM MO N /M PS MA L/ RO P ,COP ,SP,KL ,NR
565. 10 FORM A T 12 013 ) 4

566. 20 FORM ATS ’ THERE ARE’ , 13,’ REG IC 4S. DIV IO ING LINES ARE AT K — ‘,9!41
567. 30 FORMAT 6OI2.5
568. 40 FQRMA T (3 9X, ’ R 5 G I C p ’, T~~i’33X ,’PHASE 1’ .8X , 1PHA SE 2’)

U’ 4. 569. 50 F O R M A T S ’  S P E C I F I C  V CL L , P~E’ ,T~~1 ,2(012.S ,3X) / ’ EULK MODULUS ’5 570. 1 ,T31 ,2 (D 12 .5.3X1 /’ EJ L L K M CC LIUS DER I V A T I V E ’
571. 2 .T31 ,2(D12.5,3 X )/’ G R L N E i S E P ~ PA~ A METEF. ’
572. 3 ,T31,2j012 .5,3 X1 / ’ CV SPEC IFIC HEA T’ ,131,2 (D12.5,3X)
573~ 4 F’ SIP ENER GY’ ,131,2 Ct2.5 ,3z))
574. 60 FO R M A T S ’  ZERCTH I CCEFF CF TRAN S V . .4

.

575. L,T31,2 (012.5,3A )/’ FIR ST I CCEFF CF TRANS V’
576. 2,T31,2 (312.5,3X )/’ SECCNO I C~DEFF CF TRAP~S V ’
577. 3,T31,2(012.5,3X)/’ SCIND SrEEO’ ,T31,21C12 .S,3X )F’ US—up CDNST’’
578. 4,131,2 (012.5,3X)/’ SLRGE~~S ‘.ECT0~~’,T3t,2(D12.5,3* )J
579. 70 FO~ M 4T(’ MA X DISICCA T ION V EL O CIT Y ’
580. 1,131,2 (012.5,3x1/’ C~-A~~A CT~~~IS TI C rc~,c SIQESS’
581. 2 ,T 3 1 , 2(0 12 .5 ,3 X) I ’  D ISIC CATION CONST tI’
582. 3 ,13 1 ,21D 12. 5 ,3X IF ’ l~~IT I .~L. C I S L .OC I .T ION D E N S IT Y ’
583. 4 ,T31 ,2 D12.5 ,3 X )~~’ D ISIO C A T I C ’  CCNS T *2’
584. 5 ,131 ,25D12 .5 ,3X)/’ PC ISS !CN ’,I H ’,’S PATIO’
5 85. 6 ,T3L,2 (312 .5,3X )/ ’ YEII. 0 ST FE~~GT-l ’,T3j,2(D12. 5,3X))
586. 80 FOR M A T S ’  PI~~5E T q A ~~5 1 7 f r ~~ R E L A X A T I O N  T t ~~E ’ ,T46,Dl2.5’
587. READ(5,1o )NR ,(kL (I) ,f .I,NR )
588. W RITE(6, 2 0)N P ,(KL (1),t :L ,NR)
589. DO 1000 L— L . NR 

U

590. DO 500 1=1 ,2
591. RE AD(5,30)VO (L,I),DKO(L ,lI,C- .(L,t),GO (L ,1 hCV (L,I),E0S1,I),
592. 140 (1 ,1) .4111 ,1 ) ,A 2 (L , I 1,00 (1 ,1) ,S(L, LI ,BS( L .  .1 I,W 0S (L,l I,DS (L, I),
593. 2 FS SL ,13 ,O~~C StL ,I ),4LFSIt.t ),GNUIL,I ) ,Y0Sl L ,fl
594. 500 CONTINuL

• 595. PEAD(5 ,3OITA U( (.)
596. WRIT(( 6 ,4011
591. WR !TE (6,50)(V0(1,fl,1=),2),IC’ (OIL,l),I=l,2), (ON(t,T),I= !,2),
598. 1(0011. ,!)~ 1=1 ,2 ) , (CV II , I), I • 1,2 ) .5 EO I L, 11 .1—1 ,2 )
~~~ wR11116, 6O)IA OI L, 1 ) ,1 .1 ,2) ,iAL(L , !) .!=1,2 ),SA211 .,1),I—1,21 , I

-‘-9’

• ¶\ rr~ 
• -
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600. I S C O (L • I), 1.1,2) ,(S ( L, 1 ) ,1 1,2), (85(1, ~1 , 1.1,21
601. W RI TE(6 ,701 (hO SlL ,I ), ! 1 ,2 ) , (DSLL ,I),I j.2), (FS(1,!),I.t,2),
602 . 1( DN O SSI , I ) ,X l ,2 3 , ( A LFS ( L , !) , Is 1,2) ,(G NU(L,I) ,I.L,2 1, --2:
603. 2 (Y OS ( 1, I ) , I=1,2 1
604. WRI TE( 6 ,8O J TAU( 1) -

~~~.

605. RO P (L )—1.O 0/V O (L ,L)
606. COPSL)=CO(L, 1)
607. SP (L1=S(L,1)
608. 1000 CONTINUE
609. RETURN - -

.4
!

610. END
611. OOU~ Lt PRECIS ION FU P~C TICN RE IF (X ,Y ,X0, YD,5X ,SY,SXY, TM,V ,T,
612. lP ,Q,PX ,PY ,CX,CY ,XM F ,G,I~J, W K )  :~613. iMPLICIT RE AL*O SA —H ,C—Z )
614. DIMENSION X IN J , P ’K ),y(P J , M K ) ,xD(N J ,MK), yD (N J ,M K ) ,
615. LSX(N J ,MK I,SY(NJ ,H K l ,S X S~.J. I-~~),T M(t. J .MK) ,v5MJ ,M k),
616. 2T SN J ,HK 1, P(NJ , M K l ,~~tN J , M K I , FX SMK ), PY SHK ),OV (MK),
617. 30X (M k ) ,XMF SN J , M K I , GU % J ,MK)
618. DI MEN SION VO l5, 2 ),DX0l ~~,2),C M(5 ,2),GO(5 ,2) ,Cv (5,2),EO(5 ,2),
619. 1A055,2),A 1 (5,21,42 (5,21,CO(5 ,2),S (5 ,2),55(5 ,2),WOS(5 .2),DS (5,2),
620. 2F5(5,2),ONOS (5 ,2), ALFS (5,2 J,GNU (5,2 ),VOS( 5 ,2),TAU (51
621. COMMON /MPLPGE/ V0,DKC,DN ,00,CV,EO,AO,A1,A2,C0,S,8S,wOS,
622. LDS.FS ,DNO S .hLP S ,GPs L.,’YOS,T*tj
623. COHft’t.~N /MON ST/ A L ,P1,e2 ,OT ,Ex ,EY,HL ,HR ,PJ ,QO, TL ,VD,V fl,V P,~~EQ,TRMtJ,

• 624. tEXY,5Y O ,SXO ,11 V ,VNP ,)—X ~~,R W0r - .,RN CO, 5XV O ,CB2 .DTANAL ,DPN ,DPM ,812,
625. 2PTEST ,OTM ,M A GN Q .MAGN U ,JF ,KF ,KS,KS?, M !MP ,NM1, MM I
626. ‘ COMMON /TINV / TN, MC

- - 627. COMM ON 1PR38V / T0,TC,TN M,J,K ,M ,N,NR
628. YOs(1.DO .XM F L J ,K)I*Y05Uj ~~,II 4X M F (J ,k)*YO~~SNR.2 )
629. IFSYO .EO. 0.00) CC IC 20C0
630. B=S1 .D0—XMFSJ,() )‘?S(~.R ,I ),x~’F (J,K)*R5(N~~,2)
631. w0= (l.C0—xM F (J,K .bO r ,L )4x ~ F (J, P-~lswOS (NR,21
632. D.(1.D0— XM F( J ,K 1I *DS(NF ,L) ,X M F (J ,K )*OS (NR ,2)
633. F.(1.D0_XMF (J,~~))*FS (KP,1),xuF(J,K) .FS (NR ,2l
634. DNO= (1.DO—XMF(J,K))*DI~CS (KP ,1 )+XMF(J,K)*DNOS(NR ,2)

- -Ui-. - 635. A IF= (1 .0O—XM F(J ,K11* A L FS (KR,L) ,XMF (J,K ISA LFS(NR,2 ) -

636. Y0232Y0**2/3.D0
637. 900 IF (PJ .11. Y023 ) GO IC 1000
638. IF(DNO .€0. 0.00) CC IC 1000
639. IF (F .EQ. 0.C0) GO IC 3000
640. 0OLD .G(J,K~ .~~~

641. CC .B*W 0*DEXP (—0/(OSORT (PJ)—YO/DSQR T (3 .D0)))FF
642 . DO S50 1=1,3
643 . G0=CC* ( 1 .DO .( F* N0~~1. C O )* D E X P (_ A L F * F* ( G O L O , .50O* OT*G(f l /B ) 1

• 644. 950 CONTINUE
645. GIJ ,K )=G CLD +OT *GO -U -
646. RELc .twAxL(1 .oo—T~~’~u .cosOT/(2 .oo*osoRTSpJ) ),DsQRTLyo23/p J))
647. RETURN •

648. 1000 RELF=1.Do
649. RETURN
650. 2000 RELF O.D0
651. RETURN • 

- •

652. 3000 PELF OSQ R T SY O 23 /PJ )
653. RETURN
654. ENTRY G t-4U F1X ,Y ,X O,Y0 ,S~~, SY ,S XY ,TM ,V, T,
655. 1p,Q,Px ,pv .cx ,ov ,xMF ,G,~~J, M i i
656 . CP-4UF s( 1 .D0—XMF( J ,K) ) GNU INR ,1 ) ,XM F (J ,K) *GNU (NR.2)
657. RETURN
658. END
659. DOUBLE PRECISION FUN CTION FX (DPN, OPM ,CPJ ,DPK ,TL ,AL ,H1,

-~

• 
•

con ~~
pi p~~r ~2 -“ ~~~~~~~
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rn
~~ 660. jMR,T !V ,VP ,J,K ,N,P ,~~I MF .FT,M~ RK)

661. IMP LIC IT REAL* 8 (A— l- ,C—Z ) ‘

662. FXx$ IDPJ— 2.&O )/ICPY-I—3. tO))*IL
663. RETURN
664. EN TRY FY(CPN ,CP M ,CPJ ,CP K ,1t..L1.HL ,
665. 1)-IP ,T1v,VP ,J,K ,N,M ,MI PP ,FT,M*Rk)
666. D !sM IM P

- 
— - 667. IF(K—M!MP )L000,2000 ,20C3

I 
668. 1000 FY .H1*(L.OO/(0PM ~ D J—t.C0 ).1.OO),FT*lDj—t.DO_DPK)/5D I~~3.D0)

P 669. RETURN • :-~-
670. 2000 Fy ( o p M — t . o O — o p K I * ( ( I - . R - - f4L ) *Sop J ~2.Co) I IDp p. e- .3 .Do)4 -ML) /
671. L (DPM—01—1 .D0I - .4:-

672. RETU RN
673. ENTR Y FxO(ar pd,O PP’,CPJ ,CP K ,1L, AL,)-41,
674. 1HR ,TIV ,VP ,J , K ,N , M ,M1 MF ,FT ,M AR K %

j  675. FXO.O.O0
676. RETURN

- 677. ENTRY FVQ (CPN ,DPM,CPJ ,CP~~,TL,AL,HL ,

U’ 
678. 1H~~,T IV ,V P ,.j,X ,N , M ,M1 MF, FT .M~~ K)
679. IF(K_M IMP)3000,4000, 5CCO.~4•__ 
680. 3000 FYO z—VP

- - 681. RETURN
682. 4000 FYO =—T IV
683. IF (MAPK .NE. 0)FYD—0.00
684. RETUR N

• 685. 5000 F YQ=O .D0 
-U
-
..

686. RETURN
687. END
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:: APPENDIX C

- ANALYTIC CALCULATION OF HUGONIOT

The jump conditions for a shock moving into a state denoted by A 2”::

are
- . -
-.

1) Mass

:1: p(D -u ) = PA (D - UA) (C.1)

• 2) Momentum

- 

~XA = 
~A~° 

- UA )( U - UA) (C.2)

3) Energy or Ranki ne Hugoniot Rel ation

E - EA =
~~

.(P x + P~~) (V A 
- V) (C.3)

where is the component of stress in the direction of motion. Combining 
- “ U ’

-

( C . 1 )  and (C .2) yields
:~ (U  — U )2

~X~~~ XA VA
_ V  (C.4)

and using this in Eq. (C-3) yields
—U.

-

E - E A = P xA (V A~~~
V) +

~~
- (U - U A)

2 (C.5)

:~ The equations of state used in this work are of the general form
U’.., • 

-i- • - .4

E = f (V)  + (C.6)

• o0r0
—U”-

- U’ 5’
U’

2 16
.#.~C

- - - • - 
. - - . a -  - - - - - - U’ - — - - - . - . - - - - - - -
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where P is the mean pressure , which is related to P
~< in one-dimensional

strain by

P A P x + B  (C.7)

86
~ ~~ —.. where

1) A = 1, B = 0

if the material is hydrodyrtamic (C.8)
,,__
,. ‘

-
- -

1I r V  
—— 3() - ii)’ 
-

if the material is elastic (C.9) r

-2Y
3) A = 1 , B =

if the mater ia l  is p lastic (C. 1O)

Using Eqs. (C.4) and (C.6), Eq. (C.5) can be solved for (U - U )

(U - UA)
2 = 

EA + PXA (V A 
- v: - f (V) - 

~0 0  (CJ1)

~o o  A

Thus given V and the state ahead o-f the shock , U and then an d E can be
found. This can be used to find the Hugoniot if there is a two-wave ~truc-

ture involved .

~~~ The computational method of Section 7.1 can be used to calc ulate :~
the Hugoniot incrementall y for an arbitrary equation of state . This was
done for the equation of state in Eq. (C 6) and matched the anal ytic solution

exactl y.

:-~:

217

•  
-- -.. -- -

.
- ‘

-
- -- . -

~~~~~~~~~~~
‘

- .— .— /~~ 
-.

~~~~~~ -.4- -._.% -- .4 .
.— 

- ~~~d -  -- . . -
~ 

.
~~~~~ 

- . .4 - - .4 .U’ .• . 4  
- -• ‘ -- 

_
- .

_ - _ _ - _
~~~~~~~~~~~~._‘_ J.

__
._- — -- -- --.- -

. .
~~~~ - -—.4 ~~ 1 ‘ ~~~~ ~~ 

‘
~~~
. .d~~ ~.F -U- 

‘— -.4-- 
.4
’ ‘ -s-?’ ‘ ‘U’ .. -a-j 

~~ 
~~~~~

- -.
~~~~ 

- 
-U. •U. 

~p 

~~~~~~~~~~~~~~~ 

‘U’ 
-.4.- 5~’.-~~ -IJ~ 5 5 U ’U’~~ ‘_ 

— _ _ _ _ _ _ _ _ _



________________________________________________________________________________ 
- - - -

r-
~-

4— i.

-
‘U’--
;--

REFERENCES

1. G. R. Fowles , G. E. Duvall , J. Asay, P. Bellamy , F. Feistmann , 0. Grady, 
____T. Michaels, and R. Mi tchel l , Rev. Sci . Instrum. 41 , 984 (1970).

2. G. E. Duvall , “Kinetics of Shock-Induced Phase Transitions ,” Army Mate- :~:rials and Mechanics Research Center Semi-Annual Report (July, 1973).
U’ 

3. G. E, Du val l , “Kinetics of Shock-Induced Phase Transit ions ,” Army Mate- ‘
U’

•rials and Mechanics Research Center Annual Report (September, 1974).

4. D. B. Hayes, “Experimen tal Determination of Phase Transformation Rates in
Shocked Potassium Chlo r ide ,” Ph.D. Thesis , Washington State University ,
Pullman , 1973.

.4 ’ 5. Y. Hon e, “The Kinetics of Phase Change in Solids by Shock Wave Compres—
s ion,” Ph.D. Thesis , Washington State University , Pullman , 1966.

6. G. E. Duvall , “Shock Waves in Condensed F~edia ,” in Physics of High Energy -
. ~~

Density (Academic Press , Inc ., New York , 1971).

7. R. Courant and K. 0. Friedrichs , ~~personic Flow and Shock Waves (Inter-science Publishers , Inc ., , New York , 1948) .

8. G. R . Fowles , “Experimental Technique and Instrumentation ,” in Dynamic
Response of Materials to Intense Impulsive Loading, edited by P. C.
Chou and A. K. Hopkins (Air Force liaterials Laboratory , 1972), p. 405 .

9. A series of papers was published by G. E. Duvall and J. 0. Erkman between
1955 and 1960 as technical  reports from Poulter Laboratories, Stanford ~3~JResearch Institute , Menlo Park, California.

10. L. M. Barker and R. E. Hollenbach , J. Appi . Phys . 43 , 4669 (1972).

11. G. E. Ingram and R. A. Graham , “Quartz Gauge Technique for Impact Experi-
ments ,” presented at the Fifth Symposium on Detonation , 1970.

12. 0. J. Edwards , J. 0. Erkman , and S. J. Jacobs , “The Electromagnetic Veloc - 
-

ity Gage and Applications to the Measurement of Particle Velocity in
P*’iA ,” Naval Ordnance Laboratory Report NOLIR 70-79 (July, 1970).

13. G. E. Duval l , J. Appi . Phys. 45, 3439 (1974). :-: :-:
14. 0. R. Curran , J. Appi . Phys . 32 , 1811 (1961). :~:
15. S. Katz, D. G. Doran, and 0. R. Curran , J. Appi . Phys. 30, 563 (1959).

218

- - -  - ~~‘~ ‘~~ ‘ ‘ ‘r  — ‘ ~~:-~~
;- - “ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~5 P~ 

~ 
U’I
~

U’ -4.~
U’ .~ 

.‘ ~ .ç\ U’.. U’
.
-

.-U-. ,,5 5 ’ .- .4 5 U’.- ‘.
~~ ‘ 

-.4

p U’
~~~~~~~~ --U. I U’ U’. ‘.. U’- % . S s  ~~~~~ .. ‘.4 ‘.4

.t’2.,, ’. ~~~~~~~~~~~~~~~ - .- -. -. .~- .~~~ . - r ‘2 ~- ~.1 ~ ~~ ~~,. ~~~~‘ ~~~~~



:~~~
—

16. B. R. Breed and D. Venable , J , Appl . Phys. 39, 3222 (1968).

17. R. H. Warnes , J. Appi , Phys . 38, 4629 (1967).

18. J. M. Walsh , R. G. Shreffler , and F. J. Wi llig, J. Appi . Phys. 24 , 349
:-~~ (1953).
:~ 19. L. M. Barker and R. E. Hollenbach, Rev . Sc Instrum. 35 , 742 (1964).

20. J. 0. Erkman , “Shock Waves Obliquely Incident on a Free Surface,” Poulter
Laboratories Technical Report 004-55 (1955).

21. J. Pearson and J. S. Rinehart , J. Acoust. Soc. Am. 25, 217 (1953).

22. W. Herrman , “Basic Response Phenomenology and Anal ytical Techniques ,”
Sandia Laboratories Report SC-R-68-1784 (August , 1968). 

U
—.

23. J. H. Giese , “A Bibliography for the Numerical Solution of Partial Differ-
ential Equations ,” Ballistic Research Laboratories Report BRL MR 1991
(July, 1969).

24. W. Herrman and 0. L. Hicks , “Numerical Analysis Methods ,” in Metallurgical
- Effects at High Strain Rates, edited by R. W. Rohde , B. M. Butcher ,

— 
U~~ J. R. Holland , and C. H. Karnes (Plenum Publ ishing Corp., New York ,

1973), p. 57.
U”

25. 0. C, Zienkiewicz , The Finite El ement Method in Engineering Sciences
(McGraw-Hill , New York , 1971).

26. R. Karpp , “The Method of Characteristics ,” in Dynamic Response of Materials ç.
to Intense Impulsive Loading, edited by P. C. Chou and A . K. Hopkins
(Air Force r-laterials Laboratory , 1972), p. 283.

27. N. E. Hoskin , “Solution by Characteristics of the Equations of One-
Dimensional Unsteady Flow ,’ in Methods in Computational Physics, edited
by B. Alder , S. Fernbach , and M. Rotenburg (Academic Press, New York ,
1964), Vol . 3, p. 265.

28. R. T. Walsh , “Fini te Difference Methods ,” in Dynami c Response of Materials
It . to Intense Impulsive Loading, edited by P. C. Chou and A. K. Hopkins
13~~~~~ 

(Air Force Materials Laboratory, 1972), p. 363.
I.- —

~
.

29. R. Karpp, p. 339

30. W. 0. Schulz , “Two Dimensional Lagrang ian Hydrodynamic Difference Equa-
tions ,” in Methods in Compu tational Physics, edited by B. Alder , S.
Fernbach , and M. Rotenburg (Academic Press , New York. 1964, Vol . 3 ,
p. 1.

31. L. 0. Berthoif , L. D. Buxton , B. J. Thorne , R. K. Byers , A. L. Stevens ,
and S. L. Thompson, J. Appi . Phys . 46, 3776 (1975).

S
K

U’.’-

219

• -  
. 

- U’ 4 . -  - .
~ 4 ?J.

~~~~~~~ ~::-~~~~~~ 1- : . :~~ :
-‘ 

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~



_ _ _ _ _ _ _  -

32. W. F. Noh , “Cel : A Time-Dependent , Two-Space-Dimensiona l , Coupled
Eulerian-Lagrange Code,” in Methods in Computational Physics , edited :—~by B. Alder , S. Fernbach , and M. Rotenburg (Academic Press, New York ,
1964), Vol . 3, p. 117.

33. R. M. Frank and R. B. Lazarus , “Mixed Eulerian Lagrangian Method ,” in
Methods in Computational Physics, edited by B. Al der, S. Fernbach , and
M. Rotenburg (Academic Press, New York, 1964), Vol . 3, p. 47.

- 

34. F. H. Harlow , “The Particle-in-Cel l Computing Method for Fluid Dynamics ,”
in Methods in Computationa l Physics, edited by B. Alder , S. Fernbach ,
and M. Rotenburg (Academic Press, New Yor k, 1964), Vol . 3 , p. 319.

35. J. L. Baylor , M. P. Bieniek , and J. P. Wright , “Tranal : A 3-D Finite
Element Code for Transient Nonlinear Analysis ,” Weid linger Associates
Fina l Report DNA 350l F (June, 1 974).

36. S. L. Thompson , “CSQ - A Two Dimensional Hydrodynamic Program wi th Energy
Flow and Material Strength,” Sandia Laboratories Report SAND74-0122
(August , 1974).

• 37. L. D. Berthoif and S. E. Benzley , “b ody II. A Computer Program for Two-
Dimensiona l Wave Propagation ,” Sandia Laboratories Report SC-RR-68-4l
(November , 1968).

38. M. L. Wilkins , “Calculation of Elastic-Plastic Flow ,” Lawrence Radiation
Laboratory Report UCRL-7322 (January , 1969) .

39. L. M. Barker, “SWAP-9: An Improved Stress-Wave Analyzing Program,” Sandia
Laboratories Report SC-RR-69-233 (August , 1969).

‘t -40. B. M. Butcher , A Computer Program , STRATE, for the Study of Strain-Rate
Sensitive Stress Wave Propagation , Part 1,” Sandia Laboratories Report
SC—RR-65-298 (September, 1966).

41. G. E. Duvall and J. 0. Erkman, “Limiting Conditions for Stabl e Flow in
Plane Impact ,” Poulter Laboratories Report (unpublished).

U’
~1J

42. J. Von Neumann, “Theory of Shock Waves ,” Office of Scientific Research and
S Development Report No. 1140 (January , 1943).

43. G. E. Duvall and G. R. Fowles , “Shock Waves ,” in High Pressure Phys ics and
Chemistry, edited by R. S. Bradl ey (Aca demic Press , New York , 1963).

44. G. E. Duvall , “Shock Waves in Solids ,” in Shock Metamorphism of Natural ‘

~~~~

• Materials, edited by B. M. French and N. M. Short (Mono Book Corpora-
tion, Baltimo re, Maryland, 1968).

45. J. 0. Erkman , “Oblique Shock Variabl es for Flow at the Extreme Angle in
Metals ,” Poulter Laboratories Report 030-56 (August, 1 956).

• 46. A. Ralston , A First Course in Numerical Anal ysis (McGraw—Hill , New York ,
1965) , p. 348.

-~-1::~220 1
S

\ ‘. .-r~;..-’ -.‘--....-- —.• ‘. .. ~~~~~~. 
- - ~~~~~~~ . :- ~~~~~~~~~ 

~- ~~~~~~~~~~~~~~~~~~~~ . ~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ‘.U’ . .  ‘ U ’ .’ ~~~~~~~~~~~~~~~~~~~~~~

~~~~ s~~~~~_ p 4. . - $ ‘-.~~. ., i. . ‘- 
- 

~
. .

~
‘— - S

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ 5 .4- -- ~~(
~~ t ’ x~c~A.4~ ~~~~~~~ 

- . -
~~~ ~~~~~ ~~~~ . ~~~~~~~~~~~~~~ - -p-. ~~~ ..~ -~~~ ~ . U’

... .:—- z ~~~~~~~~ 
U-



47. 1. M. Barker , “Determination of Shock Wave and Particle Velocities from
Slanted Resistor Data ,” Sandia Laboratories Report SC-461 1(RR) (May,
1961).

48. L. M. Barker , “Measurement of Free Surface Motion by the Slanted Resistor
Technique ,” Sandia Laboratories Report SCDR 78-61 (May, 1961).

49. V. Beers , Introduction to the Theory of Errors (Addison-Wesley Publishing
Co., Reading , Massachusetts , 1953), p. 34. -~~~~~

50. F. W. Sears and M. W. Zemansky , University Physics (Addison-Wesley Pub-
lishing Co., Reading, Massachtisetts, 1964), p. 662.

51. H. K. Mao , W. A. Bassett , and 1. Takahashi , J. Appi . Phys . 38 , 272 (1962).

52. S. N. Vaidya and G. C. Kennedy , J. Phys. Chem. Solids 32 , 951 (1971).

53. W. Band , Introduction to Mathematical Physics (0. Von Nostrand Co., Inc. ,
Princeton, New Jersey , 1959), p. 70.

54. Ibid., p. 29.

55. G. E. Mase, Schaum ’s Outl ine 0f Theory and Problems of Continuum Mechan-
ics (McGraw-Hill , New York , 1970), p. 112.

56. W. Herrrnann and J. W. Nunziato , “Nonlinear Constitutive Equations ,” in
Dynamic Response of Materials to Intense Impulsive Load i,~~~ edi ted by
P. C. Chou and H. K. Hopkins (Air Force Materials Laboratory , 1972),
p. 130 .

57. W. Band, p. 27.

58. P. C. Chou , “Discontinuous Stress Waves ,” in Dynamic Response of Materials
to Intense Impu lsive Load ing, ed ited by P. C. Chou and A. K. Hopkins
(Air Force Materials Laboratory , 1972), p. 66.

59. M. L. Wilkins , “Calcula tion of Elastic-Plastic Flow,” in Methods in Compu-
tational Physics, ed i ted by B. Alder , S. Fernbach , and M. Rotenburg
(Academic Press, New York , 1964 ) , Vol . 3, p. 216.

60. R. G. McQueen , S. P. Marsh , J. W. Tay lor , J. N. Fritz , and J. W. Carter,
“The Equation of State of Solids from Shock Wave Studies ,” in High
Velocity Impact Phenomena, edited by R. Kinslow (Academi c Press , New
York , 1970), p. 294 .

61. J. Von Neumann &na R. D. Richtmyer , J. Appi . Phys. 21 , 232 (1950).

62. W. Band and G. E. Duvall , Am. J. Phys . 29 , 780 (1961).

63. W. Herrmann , R. J. Lawrence , and D. S. Mason , “Effect of Strain Hardening -S
and Strain Rate in Elastic-Plast ic Wave Propagation ,” Sandia Labora-
tories Report SC-DC-69-1964 (May, 1971).

221

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



64. G. E. Duvall , “Propagation of Plane Shock Waves in a Stress-Relaxing
Medium ,” in Stress Waves in Anelastic Solids , edited by H. Kolsky and . -

W. Prager (Springer-Verlag, Berlin , 1964), p. 20.

65. J. N. Johnson and 1. M. Barker, “Dislocation Dynamics and Steady Plastic
Wave Profiles in 6061-16 Al uminum ,” Sandia Laboratories Report (unpub-
lished). U

’

66. J. N. Johnson , “Shock Waves in Stress-Relaxing Solids ,” Ph.D. Thesis,
Washington State University, Pullma n (1966).

:~ 67. R. J. Lawrence , “A General Viscoelastic Constitutive Relation for Use in
Wave Propagation Calculations ,” Sandia Laboratories Report SC-RR-72
0114 February , 1972).

68. W. Herrmann , “Development of a High Strain Rate Constitutive Equation for
606l-T6 Al uminum ,” Sandia Laboratories Report SLA-73 0897 (January,
1974).

69. R. E. Swanson and C. L. Mader , “One-Dimensiona l Elastic-Plastic Caicula-
tions Involving Strain-Hardening and Strain-Rate Effects for Al uminum ,”
Los Alamos Laboratories Report LA-5831 (May, 1975).

70. J. W. Taylor , J. Appi . Phys . 36, 3146 (1965).

71. J. N. Johnson and W. Band, J. Appi . Phys . 38, 1578 (1967).

72. M. L. Wilkins , “The Calculation of Elastic-Viscous-Plastic Effects in
Materials,” Lawrence Radiation Laboratory Report UCRL-72639 (August ,
1970). 

-

73. M. L. Wilkins , “Calculations of the Dynamic Strength of a Material ,” in
Behaviour of Dense Media under High Dynamic Pressures (Dunad, Paris
and Gordon and Breac h, New York, 1968), p. 269.

74. M. S. Paterson , Rev . Geophys . Space Phys . 11, 355 (1973).

75. V. Hon e and G. E. Duva ll , “Shock Waves and the Kinetics of Solid-Solid
Trans iti ons ,” WSU-SDL 68-06 (November, 1968).

76. D. J. Andrews , J. Comput. Phys. 7, 310 (1971).

:-~ 
77. H. B. Callen , Thermodynamics (John Wiley & Sons , Inc., New York , 1960) .

78. E. A. Desloge , Thermal Physics (Holt , Rinehart & Winston , Inc., New York,
• 1968).

79. J. N. Johnson , “Considerations for the Calculations of Shock-Induced Phase
Transformatio ns in Solids ,” Sandia Laboratories Report SC-RR-72 0626
(Septembe r, 1972).

80. M. Cowperthwalte , Mi. J. Phys . 34, 1025 (1966) .

222

S _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~



81. 6. E. Duvall , G. R. Fowles , and V. Hon e, “Equations of State in Solids ,”
WSU-SDL 67-01 (February, 1967).

82. G. E. Duvall and S. M. Taylor, Jr., J. Comp. Mater. 5, 130 (1971).

83. D. J. Andrews , “Equation of State of the Al pha and Epsilon Phases of Iron ,”
Ph.D. Thesis , Washington State Univers ity, Pullman (1970).

84. C. T. Tung, G. E. Duvall , S. fi. Taylor, Jr. , and D. P. Dandeka r, “Equation
- - of Sta te in Solids ,” W SU—SDL 70-02 (March , 1970).

85. Users Guide, Washington State Univers ity Computing Center, Second Edition ,
March 1, 1971.

86. 6. E. Duvall , “Shock Waves and Equations of State,” in Dynamic Response of
Materials to Intense Impulsive Loading, edited by P. C. Chou and A. K.
Hopkins LAi r Force Materials Laboratory, 1972), p. 95.

•

•

• U’..
-U’

223

S

~1\.. :;~
-:-: ~~~~~~~ 

U’

.:c:~;~~~~ ~~~ 1U- 
- 

~~~~~~



~~~~

-

~~~~~

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~

DISTRIBUTION LIST

Of fice of Secretary of Defense
Office of the Director of Defense Research and Engineering
ATTN: Mr. J. Persh, Staff Specialist for Materials 1

and Structure s
The Pentagon
Washington, D. C. 20301

Commander
U. S. Army Material CotnmRml
ATTN: AMCRD—TT, Dr. R. Zentner 1

5001 Eisenhower Avenue
Alexandria, VA 22333

Ballistic Missile Defense Progr am Office
ABMDA/W (Provisional)
ATTN: DACS—BMT, Mr. C. McLain 1

DACS-BMT, Mr. V. Kupelian 1
Commonwealth Bldg., Room 1100
1300 Wilson Blvd.
Arlington, VA 22209

Director
Ballis tic Missile Defense Advanced Technology Center
ATTh: ATC—M, Mr. N. Whitfield 1

ATC-M, Dr. D. Harmon 1
ATC—X, Mr. W. Davis 1

P. 0. Box 1500
Huntsville , AL 35807

Commander
Ballistic Missile Defense Systems Command
ATTN : B~~ SC—TEN , Mr. N. J. Hurst 1
P. 0. Box 1500
Huntsville, AL 35807

S
Director
Defense Nuclear Agency
ATTN : SPAS , Mr. J. F. Moulton, Jr. 1

SPAS , Mr. M. Rubenstein 1

• Washington, D. C. 20305

~~~~~~~~ 
; ‘ ‘

~~~~~~~~
-

~~~~~.~~~~~

- ) .~..14./
% its’ ~~~ ~~~~ ‘ -.~ ~~~~~~ ~~~~~~~~~~~~~ ‘s~ -‘.,,.‘t 1’ ~~

“ 
~
. 4~c” ~~~~~~~~ ..

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
.,.



,— - ‘-U’--—- -,. ~~—.~~-v — ~~~—-—~~-.. - -— .4, —  — —--—~~~
—-— —— — —— —.-—

~~
—-——— —

- 2 -

Office of Chief of Research Development and Acquisition
Department of the Army
ATTN: DAMA—CSS, Dr. J. Bryant 1
Washington, D. C. 20310

Director
Army Ballistic Research Laboratory
ATTN: Mr. J. Meszaros 1

Dr. E. Bloore 1
Dr.G. L. Noss 1

Aberdeen Proving Ground, MD 21005

Commander
U. S. Army Missile Command
ATTN: Dr. R. Rhodes 1

Dr. S. Smith 1
Huntsville, AL 35809

~ ~~~ Commander
Harry Diamond Laboratories
ATTN : AIOcDO—RBF , Dr. R. Oswald 1

AMXDO—NP, Dr. F. Wimenitz 1
• 2800 Powder Mill. Road

Adeiphi, MD 20783

- - Commander
Picatinny Arsenal
ATTN: Mr. M. Al len 1

Mr. M. Weinstein 1
Mr. B. Frank 1

Dover , NJ 07801

Commander
U. S. Army Combat Development Command
ATTN : Technical Library 1 ~I1
Institute of Nuclear Studies
Fort Bliss , D~ 79916

.

~~

Commander
Air Force Materials Laborat ory

• Air Force Systems Command
ATTh : LNE/Maj or H. Keck 1

LNC/Dr. D. Schmidt 1
Wright—Patterson Air Force Base, OH 45433

~1

~~~ _ _ _ _ _ _ _ _

r
• .. .- -

. ..~ ~~ - ~~ - . ~~ ~~~~~~~~~ - ‘
-
-.4

- - ..
.- 

- 
~~~~~~~~~~ 

U. ~~~? ~~~~~~~ .~~~~.. 
.
~~~



___________ ___________________________________________________________ - - - - - -

,% _ ~~U

- 3 -

~~
Depar tment of the Navy
Naval Ordnance Systems Command .-.

~$ATTN: OBD—0333l, Mr. M. Kinna 1
Washington , D. C. 20360

Commander
Naval Surface Weapons Center
ATTN: Mr. L. Gowen 1

Mr. F. Koubek 1
Silver Springs, MD 20910 

~~
Los Alamos Scientific Laboratory
ATTh : GMX—6, Dr. J. W. Taylor 1
P. 0. Box 1663
Los Alamos , NM 87544

Space and Missile Systems Organizat ion
ATTh: RSSE/Major L. Hudak 1

Major J. McCormack 1
P. 0. Box 92960
World Way Postal Center

$ Los Angeles , CA 90009 ____

Sandia Laboratories 
~ATTN: Dr. D. Munson 1

Dr. W. Herrmann 1
Dr. L. D. Berthoif 1
Dr. B. Butcher 1
Dr. J. Lipkin 1

P.  0. Box 5800
Albuquerque , NM 87115

Aerospace Corporation
ATTN: Dr. R. Cooper 1

Dr. W. Barry 1
P. 0. Box 92957
Los Angeles , CA 90009

AVCO Corporation 
-

4 Government Products Group
AflN: Dr. W. Reinecke 1

Mr. P. Rolincik - 1
201 Lowell Street
Wilmington, MA 01997

4 ~~~~~~~~

- J,~ U’. .‘:
~‘ 

.çC c~’ 
~~~~~~~~~~~~~~~~~~~~~~~ 

- ..•-N - 
~
. .- — 

~ 
- U.,. U.

U’- ‘ •.U:.~ UU,. ~ . r , ‘U’....U’ . ~~~~~~~~ U’.<.U~~ ~~ S ~.
• 

% . ‘ ..
.
. .

.
-
..
.
.
•..
. .4 ..

.
-
--

-
.
..
.
.• •

- 
- -

• . ~~~~~~~~~~~ 
•
~ 

•
~

.. 
~~~ “~~~‘ &. ~~~~~ ~

.. 
~
. r~i~ -~ ~

‘ 
‘~~~~ ~~~~



____________ -

Bell Telephone Laboratories, Inc.
ATTN : Mr. E. G. Denigris 1

Mr. M. F. Stevens 1
Murray Hill, NJ 07871

Effec ts Technology , Inc.
ATTN: Dr. R. Wengler - 1

Mr. E . Steele - 1
P. 0. Box 30400
Santa Barbara, CA 93105

Fiber Materials, Inc.
- - ATTN: Mr. Maurice Subilia, Jr. 1

Mr. L. Landers 1
Biddeford Indistrial Park
Biddeford , ME 04005

General Electric Company
Valley Forge Space Technology
ATTN : Mr . K. Hall 1

Mr. R. Sullivan 1
Mr. .J. Brazel 1

P. 0. Box 8555
Philadelphia, PA 19101

Kaman Sciences Corporation
ATTN : Mr. F. Shelton 1
P. 0. Box 4763
Colorado Springs , CO 80933

Ktech
ATTN : Dr. B. Keller 1 :~Mr. N. H. Froula 1
911 Pennsylvania Avenue , N. E.
Albuquerque , MM 87110

Lockheed Missiles and Space Company
U ATTN: Mr. D. Asp inwall 1

P. 0. Box 504
Sunnyvale , CA 94088

•

:5

I

i-:” . ~-r,r. ~~~~~~~~~~~~~~~~~~~~~~~ -.
-

•
• •.~~~~~~

-:
~~~~~~~~;-.:‘- - -• ~ ~~~ ~~~~~~~~~~~~~~~~~~~~

N.) ., , .,. ~~~ rN U’P~~~ ç ., S

U. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ ~~~~~ 
.
~~~ ~~~~ - ~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~. ~~~~~~~~~~ ~~~~~~~



Martin Marietta Aerospace
ATTN : Mr. J. Potts 1

Mr. L . Kinnaird 1
Mr. A. Ossin 1

P. 0. Box 5837
Orlando , FL 32805

McDonnell Douglas Corporation
ATTN : Dr. H. Hurwicz 1 U’ -

5301 Bolsa Avenue
Huntington Beach , CA 92647

Prototype Development Associates , Inc.
ATTN: Dr. J. I. Slaughter 1

Mr. J. Schutzler 1
1740 Garry Avenue, Suite 201
Santa Ana, CA 92705

R & D Associates
ATTN: Dr. A. Field 1

• 525 Wilshire Blvd.
Sant a Monica , CA 90025

Southwest Research Institute
ATTN: Mr. A. Wenzel 1
8500 Culebra Road
San Antonio , TX 78206

Stanford Research Institute
ATTN : Dr. D. Curran 1

Dr. L . Seaman 1
U”333 Ravenawood Avenue

Menlo Park , CA 90250 —

TRW Systems Group
ATTN : Mr. D. Gamble 1
One Space Park
Redondo Beach , CA 90278

Defense Doc~m~entation Center 2
Cameron Station , Bldg. 5
5010 Duke Station
Alexandria, VA 22314

5 %
i)~i~1
5

-~ ‘.
-.~~

-. -
.
-.. •% .~~ ~ . ..~~

-
.

•. .~~ 
-
~. ~~ .. :• .

..-.
- . .
.. • - -.- .-.-~-~~~.-. 

.
• 
- . .

-
.
-
..-.

. . - .,- .•- .• 
.
. . .. .

~~~~
. -

~~~ .~~~~:• . :. ‘.-.
~. 

-.‘. 
U •~~ • • ~~~~~ ~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
:~:::~:

~~~~~~~~~~ ~~ ~~ 
‘~~ .? -. ~ .., .

~~~~~ ~~ ~~. ‘~~~‘ç~Z~~~ ‘... - ~~ 
... ..

.
- ~



! .
_
~
. 

~~~

‘U’..’-

- 6 -

Director
Army Materials and Mechanics Research Center
ATTN: ANXMR—H, Mr. J. Dignam 1

MOcMR—H , Mr. L. Aronin 1
AMXMR—H , Dr. S. C. Chou 1
AM~~ R—H , Dr. D. Dandekar 1
A~OG~ —B, Major L. Abramson 1
ANX~~—AP 1
AMNMR—PL 2
AMXMR-PR 1

Watertown , MA 02172

Stanford University
Department of Applied Mechanics
ATTN : Prof. E. H. Lee 1
Stanford, CA 94305 .~~~~~

Terra Tek, Inc.
ATTN : Dr. A. H. Jones 1
420 Wakara Way
University Research Park

• Salt Lake City , UT 84108

Commander
Watervliet Arsenal
SARWV—RR—ME , Dr. T. E. Davidson 1• Wate nil iet , NY 12189

I

‘
-

.4

... U”..

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 

:J . 4 U ‘-:- :-‘.~-~:- ‘~-i . -
.~~

-: - ~~~~~ ~:-:~~ : - - .
U P  ~~~~~~~~~~~~ ‘U’ 

•\
~
•‘~ ~\•~~~

~~ ~~~~~~ 
d,j~i,~d U” N ..~ 

~~~~~~ 

( S.’. ~ 5 5 U, •U• ‘ U. •~ 
-U’ ‘U’

~~~~~ 
‘j~~ ~ ~~~~~~~~~~ ‘-3.’~ ~~r ’ ~~~~



C t C ~~~~~~~~~ t
— .,- •O t .1 - u~ — — -u s. s- u ..’ c= U I 1- 3 U . L UJ  - 4 K C m 1 - C  £. 4 U • - -

2 0

•1 UI

.‘~~ 
.... E ,.. ~~~~~~~~~~~~~~~~~~ ‘~‘~ il ~~~“ ~~ o~~

’ ” ’
~~~~~~ 

“‘ III
U’ ,—, ~~~4fls C U._~~~~ * C W ~~~~ L V U ’~~~~ W~~~~ C U .  ~~~. S W. ,  C UU..~~~~ UC C 4U . L.0 3 W 0 O U U ~~ E u C og i .  U.) C  0 ~~~ W 0 U U ’ . , C E

~c ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ SD 
~~~~~~ 9~~U. U o =~~~~~= C

U’” ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 51~~~ r U ’ C W . Ufl C OL. 4J U’~ UI. fl 4.~4U r U - C W . — 4i U . O 1 - 4 JU’ U’.- fl . J W
—. U . > W C O I. W  , W C ’  — ~~~ C > W C 0’ S U . O —  .- CU C -C U . — . —
-. 1-

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ’J -J

~

~~~~ ~~~~~~ -z~~’ ~‘5~0. ‘0-.. +~ 0 U  0-U U 0. — U’ 0 — U. t~ 1.• = U. 1- v i  ~ Di 0~ a 1- 1- C  U. ~~ 0. 4-’

~ ~~ ..~~~ ~~• S.. 
~~~~~~~~~ •~~~~~~ 0U’ , U’ ~~~~~~~~— U. F’. C 1-0  0’ U’ U. - ‘U’ U. U ~1 ‘4~’ U. P. (/1 U. 0 U flU U 4.1 Cr Vi U fl

~~~~~~ E Y ~~~~~~~~.- 
C~~~,

C C O  ~~~~~~~~~~~~~ s —- .  E~~~~~~ 0~~~- 
~~~~~~~~~~~~~ ~~~~

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ 
‘
~~

-
U~~~~~~~~~~~~~~~~~~~ U. C U .  C U’- O D U C 4- 0’U0~~~~ Vi 0.C C U’

s_
_ U U + J  ~~~~~~~~~~~~~~~~ 4 U C O U - f l~~~~~~~C 

~~~C ...~~ U Q J 4 -J  U- .— .- 4J C O UV  — U .

~~~~~~ U.~~~~ 0. Z ” COi P.~~~~~~ D ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
.
~~~ O~~-~~~

_

~~~~ ~
- C a W C ~~~~ W~O’0.~ -5~~ i -~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .-f

~~~~~~~~~~ .~~~~~~~‘ U J U U ’ t~~~ a~~~~~~~~~~~~~~~~~
.
~~~

C C U  ~~~~~~~~~~ . 1 t U  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• U’ •~~~~~~J~~~~ .~~ ~~~~~~~~~ U ’ U L U ’ 0. ~~~~~~~~~~~~~~~~~ .~~ ~~~~~~~~~~~~~~~~— 0 ..- gU’ ‘fl C 4.. U ’ W  C C  C C C  — 0 • .— fl,— O C #’  4-I OU .10 C C
•~~~~~~~ .U 3 U’ • 1.~ •,4 O U ’ 1 - C U) U’ U1 O

~~~~~~~~~~~~~ .aa~ ’° ~~~~~~~~~~~~ . g~~~~~~ U0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~

- 

~~~ 1 - U •~~~~~~ 

~
~~~~~~o~~o ~. 

0 a 0 0.~~
C C C  Z O U C IU’ I’— .141 0 - C U  U.)

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ U’ U. U’U’~~~~~~~ 4 0 ’ C~ O 0 1 -~~ ~C •~‘.

~~~ ~~~~~~~~~~~~~~~~~~~~~~~ .-~~~.5— .1 V_ . C U  C~~~ 
Ufl — V i a.. U’ U’ - . U U 0 C 0 - U

. S .  fl~~~~ U’J.—’ C ’..’ U. ~~~ U . U’  C~~~~ E X S 0 ? 1 - C U’ 4~U U ’ U ..’C W U’
~~~ U~~~ ~ C U . 0 U U’ C~~~ U U . 0~~~~ 1. i 0 U C  O U ’ U . O U V U ’ C E U U . O O U . ,i

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~U ’ U C U.~~~~~~~~~~~~~ C C ’ W ” ’  

U’.- U. 
~
, U’ U.

• 
..J fl~~~~~E EU ’ U’1. U~~~~ f l C I .~~~~

U -J

! 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~ ~~~~0’~~~~~~ U’
U’

O U .~~~~~~~~~~ U’ .
~11- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 9 . ~ L1.- ~~~~~~~~~~~~~~~~ ~~
~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ 2~~~~;~’;I~ ~U’- 0- .~ ~~~~ V i g. l l-~~~~ 0 . J _ 4.D UUU’ U’U 0. 5- .1 ~~~

..- o~ - ‘ 0 U’ O .~~~~V ’ 0 . C_~~0 U ’ U ’ U0.
1-) 1-’ 

~~~~~~~~ ~~~~~~~~~~~~~ Q~~~~~ fl 
0 1 U . UO 4 - ,r ... U. U ’ . O U I U

:5 ~~ VUJ ,~~ ~~1 ~~~~~~~~~~~ ~ UU U’ ~~~~~
~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~ t o

I~N Vi, 

~~~ ~~~~~~~~~~~~~~~~~~~ 
WO O .  

~~ 
U2 C~~ E ..‘oc -

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
S.

~~~~~~~~~~~~~~~~~~~~~~ ~~ U’~~~~~~~~~~~~~~~~~~ U.’0~~~~’ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~J
~~~~ . .~~~ u , C . O ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Z .~~~~~~~1 - i U 0 . 0  

~~~~~~~~~~~~~~~~~~~~~~~ 
U
.’U U ’ V i .~~ ,-. C~~~~Vfl U U C V i~~~~~

•

~~~~~~~~~~~~~~~~~~~ 
~:.

-
~-: -:~ -: •

•.
.

•
•

4•,U’v.. 
‘ ‘ ‘.0- /  .“ ~ ...,~. •e~,/~ ~~~~~~ 

- 
¼~

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ ‘~
‘
~
‘(‘

~ ~~~~ ~~~~~~~ .- •~ .r 
~~~~~~~~~~~~~~~~~~~~~~~~ 

‘ 1 U ’,~~~~~~~. I



4

I 
-

FILMED

DTIC



—

‘ii. -

-

~~~~~

- .4
.4-

~~~~ ~~~~~~~~~

~~~~~~~~~~~ 
-.

3_I.

.
~ w.,‘. .‘ .—.U’Li-’. ..J-

• S
.4

.
~~~— . ~~~~~~~~
~~~~~~~~~~~

• • S

•~~~~~~~~~~

,

- . . . ... .
.
.~ -

. .:~.:
., F A ”J.JI .~~


