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ABSTRACT

This paper which is based on the technique published by Joel N.
Franklin ives a method for generating digitally a time series with a
given power spectral density function . A computer program to carry out
this method was written for the Control Data Corporation 3200 computer,
and the program was tried on some specific example problems . Then for
each of these examples, the power spectral density function of the gen-

I erated time series was compared with the specified, theoretical power
spectral density function .
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I. INTRODUCTION

A stationery Gaussian random process, x(t), is called a

t ime series ~f t represents discrete values of time. The collection

of ftnctions of time x(t) = x
r
(t) is called a random process if r is

a random variable ranging over some measure space, R. The process is

called Gaussian if, for every finite collection of times t 1 < -- - < t~ ,

L the random variables x(t
1), --- , x(t1~

) have a multivariate Gaussian

- distribution. The process is called stationary if, for any increment

~t, the random variables x(t~+E~t) have the same joint distribution as the

I . 1
I random variables x(t

~
).

A common method for obtaining a time series is to record on

magnetic tape the amplitude of a physical quantity, such as the pressure

I waves in a large body of water, the atmosphere, or the earth or the waves

on the surface of a large body of water. This analog data can be thought

I of’ as a time series which can be either analyzed by means of an analog

computer or converted into digital data and then analyzed by means of

I a digital computer. This method for obtaining a time series can be time

consuming and the conditions which are necessary to obtain a time series

with specified statistical properties are often difficult to achieve ;

therefore, a method is desired for computing numerically a time series

- 
with given statistical properties.

I This paper surynnarizes a technique, proposed by Joel N. Franklin
2
,

for comput ing a stat ionary Gaussian random proce ss with a given power

1•
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2

spectral density function . It also cor~ ains a computer program for the

Control Data 3200 computer which applies thi s technique in computing a

I specified stationary Gaussian random process along with four example

problems which have been tried on this program.

I A. Applications

The method given in this paper can be used to generate a

stationary Gaussian statistical process with a specified power spectral

I density function which satisfies the conditions (1.8). Forms for the

power spectral density function of many statistical processes can be

found in the literature ; for example, the general form for the power

spectral -lensity function of low frequency atmospheric tur’ouier~ce is

- given by Bendat.3 Problem four in Chapter III gives a specific example

[ cf such a power spectral density function.

As stated previously, a tine series can be obtained by recording

I the amplitude of a statistical process, such as a pressure wave, at

- regular time intervals. However, when a time series ts obtained in the

field, the time series which is recorded on magnetic tape, called the

- 
I total time series, is a combination of the time series obtained fr’m the

signal and the time series obtained from the noise . A signal is a

t detectable physical quantity or impulse by which messages or information

can be t ransmit ted , and noise is an unwanted detectable physical quantity

• or impulse which exists either by itself or in interference with a

specified scgnal. Now if the power spectral density function of either

of the three time series mentioned above is known and satisfies the

conditions ( i . 8), a stationary Gaussian random process , which has the

- same powe r spectral density function as the time ser ies obtained from

the physical wav e , can be generated digitally.

, j  -
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A problem of much interest is the study of detecting a ~er ~uwr

signal in various noise backgrounds. By the method given in th~.s paper

a time series can be generated which has the same power spectral density

function as the time series obtained from a specified noise background.

For example, suppose the time series of a noise-free signal of the

infrasound (pressure waves having a frequency lower than about 16 cycles

per second) produced by a thunderstorm is obtained. Then t h s  time series

I 
can be viewed under ~ny specified background conditions if the power

spectral density function of the time series of the specified noise back-

[ ground is known. This can be accomplished by combining these two time

series with the use of either the digital or analog facilities of a

computer. The magnitude of the time series of the signal can be varied

I 
in relation to the magnitude of the time series of the noise , and by this

method , the time series of the infrasound produced by a thunderstorm at

a specified distance with a specified background can be simulated. The

power spectral density functions of these total time series can be used

in developing methods for detecting and tracking thunderstorms by giving

examples of the power spectral densities of the infrasound produced by

thunderstorms at various distances with various backgrounds.

The ability to obtain a time series for a given power spectral

density function could also be useful in the advancement of the theory

I of optimum linear prediction and filtering. This theory is used in

f designing engineering systems which either project into the future by

information obtained in the past or recover desired signals which have

been di storted by random noise disturbances. These systems can be applied

to communication , meteorological forecasting, and economic analysis.

I A specific example is the technique of combining two independently

I

,
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obtained sets of related perturted messages to obtair . an improved estimate

- of the message.~

I 
The Last application to be mentioned is the study of smoothing

techniques such as the hanning and hamming Here it is of interest

I to learn how the minor lobes of a power spectral density function are

I 
affected by the major lobe when these smoothing techniques ace applied.

This can be done by constructing time series for which the distances be-

[ 
tween the major and minor lobes of their power spectral density functions

vary. The relative size of these lobes can also be varied along with the

I dist ance between them ; therefore the effect of a smoothirg technique on a

given power spectral density function can be studied.

B. Summary of Method

The method under consideration for computing a stationary

Gaussian random process is the method proposed by Joel N. Franklin.

[ In order to compute such a random process by this method, either the

I 
autocorrelation function, which is defined in terms of the expected value

- L.perator, or the power spectral density function must be known.

f The expected value operator E is defined as

N

E[x.] = ilm i ~~ x. (1.1)• 1 1 
~~~~~~i=1.

if the limi t exists. For a finite sequence x
1, 

the operation u r n  is

neglected. Throughout this paper it is assumed that E(x( t 1
)]~ 0 for each

I time series x ( t ) .

The autocorrelat i~ n funct ion is defined as

I R(t 1, t 2) E {x( t1)x( t 2)]  ( 1.2)

which Ia written as

R(T)  E lx ( t ) x ( t - T ) )  ( 1.3)

) 
_ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

_ _  _ _  
_ _ _ _ _ _ _ _ _ _ _  

_ _ _  _ _ _
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if x(t) is a stationary process.

1.. The power spectral density function for a stationary process is

defined as

V(c~) =J R(T) e~~~
T
dT (i.~~)

I if the integral  exists .

The Fourier transform indicated by (i.~4) can generally be inverted;

therefor’ .. if v(u~) is known and can be inverted, R(T) can be found. Since

it is m~re natural to work with the power spectral density function and

since v(~ ) and B(T) are generally interchangeable, this method is designed
I to construct a stationary Gaussian random process from a given power spec-

• tral density function. Even though V(c~e) and R(T) are interchangeable, small

perturbations in V(w) may cause great changes in R(T). This case is illus-

trated by example problem four in Chapter III.

Franklin attacks the problem by considering the linear trans-

I . form at ion

J x( t )  f  g(t-s)v(s)ds . ( 1.5)

He then sets V equal to the Dirac delta function; therefore g(t) is the

response of a f i l ter  to a delta function input. It is shown by Davenport

I and Root 7 that the power spectral density functions v~(w) and v~(w) of

x ( t )  and v( t ) ,  respectively, are re lated by

1. V (w) = I G(w) 1
2 v~ (w) , (1.6)

where G(w) is the Fourier transform of g ( t) .

1 Now if a random process v(t), known as white noise which has the

( property that V
~
(w)=L, is obtained, ( 1.6) becomes

F

~~~~~~ — I



6

V(w) = v(~) = G(w) 
2 ( 1.7)

It is shown by Davenport and Root
8 
that if

o v(w)~~,v(~) = v(-u), and v(w)-.o as u-~±oo, (1. 8)

and that if v(~) can be represented as a rational function (i.e., the

quotient of two polynomials) in o, then for reaL U), v(w) can be represented

by
2

- v(u) = 
~~~~~~~~~~~ 

, ( 1.9)

[ where P and Q are polynomials with real coefficients and of degree m and n,

respectively, m~n, and the zeros of Q~(~ ) lie in the half-plane Re ~(O. Now

- by (1.7) and ( 1.9) ,  an obvious choice for G(w) is

I 
G(w) = ~~~~~~~~~~~~ , (1.10)

and if D is the differential operator, d/dt, we have

I x(t) = 

~~~ ~~~ 
( )

The specified time series x(t) is found by first f~ r~di~ ,z a steady-state

solution to the differential equation

I 
Q(D)q(t) = v(t) , (1.12)

for all real t and then combining the derivatives cf T(~~) of order Less

than n by

x(t) = P(D)cp(t) . (1.13)

I The first step in finding a solution ~~t) to the differential

I 
equation (1.12) is to generate a completely equidistributed sequence Vn

which is also a “white sequence .” This sequence is to be used as the

I digital representation of a white noise source.

- 
A “white sequence” is defined to be a sequence for which

R(T)=Ofo r v *O  . (1.114)

A sequence V is said to be equidistributed by k’s if k is a

positive integer and if for every set of k intervals (a.~ b~)~ 1 1 , ----, Ic,

4 _____________________________ 
_ _ _  _ _ _ _

_____ _  
~ ~~~~~~~ ~~~~T~~~~~ • ~~~~~~~~~~~~~~~~~~~~ 
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7

where 0 ~ a1< b. ~ 1,

1 ~~~(b~ _a
1) as N , (1.15)

I a~~~ v .< b .  i=l
I i ~~~~

(i=l,---,k)
n=l,--- ,N

and a sequence equidistributed by k’s for all k is called a completely

equidistributed sequence .

Let the notation (cp ) denote the fractional part of ~. It is

shown by Franklin that for almost every 9 > 1, (9”)is a completely equi-

distributed sequence9; furthermore he suggests that the sequence

where 9 is a transcendental number greater than one, be used as the required

“white sequence .” For example , if 9 2.72, V
1 

(2. 72) = .72,

V
2 

(2.72~) = .39814, etc.

j Because of computational difficulties which Limit the length of

I 
v for a given 9 > 1, several different sequences, ~~~~~~~~ ~~~~

(n O,i,2,---), may be needed for a single application . These sequences

I 
should be interlaced by

(1) (2) Cs)v = v v = v ~~~ v v n = 0 -- (1.16)
ns+l n ris+2 ri ns+s n

I to form the required “white sequence.” A few of these difficulties will be

pointed out in Chapter II, Section A.

Now that an equidistributed sequence V has been constructed on

the range 0 ~ V < 1, a sequence w , which will be called the w-sequence, of

independent samples from the Gaussian distribution with mean 0 and van-

I ance I can be constructed by the method of Box and Muller.
10 

This method

is given by the two formulas,

= (-2 ln ‘
~2n-l~ 

cos 2nv~~
(1.17)

I w2 = (-2 In v~~~ 1)~ sin for n=1,2,3, ---
- 

•
,

, [
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Now that the “white sequence , ” V~~ and the w-:equence , w , have

L been defined, the next step in finding a solution to the differential

E 
equation (1.12) is to consider the given power spectral density function

V(u~ , which must be a rational function satisfying the conditions (1.8),

I and th e given t ime incr ement ~t at which samples of the specified time

series are to be calculated.

The equation (1.12) can be represented as

j a1
q~~~(t) + a2

p~~
_1)

(t )  + --- + a~41~(t) = v(t) for -oo<t<~o (1.18)

where a
1
=l and a., 1~i~n+l, are the real coefficients of the polynomial Q..

( The vector s

z (t) q(t)
1

z2(t) 
q ’(t)

z ( t )  = = • , t = 0,~~t , 2At , ---- (1.19 )

I
z (t)

must be found in order to compute the specified time series by the equation

(1.13). The vector z satisfies thf differential equation

dz(t) = A z(t) + f(t) , -~~~ < t < (1.20)

I where

~

A = . 

. 

(1.21)

• 1  
. . .

0 0 0 . . l

-a -a -a- -an+l n n- 2

_ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ 
• • 

.
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9

and

- 0

1 
0

r(t) = (1.22)

V (t)

1 
In order to find z(0), the solution vector (m

1,
m
2
, -- , rn ) must

first be found to the set of n linear equations in n unknowns given by

(1)
k l ~~~ (1)q-l a~ 2(q l)+k

m =~~~
2
k=~, --, n-i (1.23)

~ l~q~ (n+k-l) 12

The elements of this solution vector are then placed into the matrix M by

j 0, i+j odd
- m. . = ,. ~(j—i)/2 (1.214)

ij  ~—l ~ m . .
• ( j +i)/2 , i+j even

I. for l i, j
11 .

t The formulas ( 1.23 ) and (1.214) are proved by Franklin. M is the positive

definite moment matrix for the vector ( t )  for all time t , including t = 0.

Since M is a positive definite, real, symmetric matrix, there exists a

lower-triangular matrix T with positive elements on the main diagonal such

f ~~
12

th a t M = T T .

Now it becomes necessary to define the sequence of n-dimensional

vectors,

1

; 

w~°~ = • , ~~~~ = . 
j 2) = • , --- (1.25)

i w W
2 

W
3~~

‘I
- p • • • • • • - - .—---- -

~ 
— ,•- •——.-- •;-

~
..•, ,- -• -. — •— — r W ,-  - • • r

• - - • - - --—-—— ,~~ - . •-~~-• - •  • -~~--~~ • •• - •

• -
~~~, 

•
~

•
~ 
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10

whose elements are the ~ i~~rnent s of the v—sequence, and z(0) is determined

by 

z(0) T ~
(o) 

. (1.26)

Franklir ~~•ws that if z(kt~t) is known, the following steps are

I needed to compute z((k+l)&). z(0) has been computed in equation (1.26);

therefore, it is used as the starting value and z((k+1)At) is found by

induction . The first step in finding z((k+l)~t) is to compute the matrix

exp(
~
tA) with elements e.js 1 ~ i~ ~ 

n.

It then becomes necessary to solve the set of simultaneous

I equations 

n b. =e e • , i<n or j<n

( ~~~
(a.k~k. 

+ a
~k~

L .k) ~
i3

=e~
fl

_~~
1 

i=n and 
(1.27)

k=1 nn nn

I where ~i.. are the unknowns and a.~ are the elements of A for 1 ~ i,j ~ n.

The elements l.A • 
are also the elements of the symmetric moment matrix M

13 rI therefore~~1~ = 
~~
. It also can be seen that = b~~ ; therefore, the

I n
2 
equations in n

2 
unknowns represented by (1.27) can be reduced to the

-~n(n+l) equations in *n(n+l) unknowns,

a
~~

Mi~ 
+ a~~~~J 

+
~~~

ajk~ik +~~~
a
~k~k~ = (1.28)

• k~j k>j k~i k~i

• foi 1~~~j~~~i~~~n.

I ~~en the solution to (1.28) has been found, the positive definite, real,

symmetric matrix Mr 
is known, and therefore a lower triangular matrix Tr

• 
I 

can be found such that M = T T

T , At , exp(AtA), z(0), and ~~~~~ k=l,2,---, are now known, and
the last ste p in evaluating z((k+1 )At) is carried out by

z((k+ 1)At ) = exp(AtA)z(kAt) + Trw(
~~~

1) 
(1.29)

for k = 0,1,2,---

___ — —.=----.-- 
— --• • • ••--- •- - ,‘- - .- --- - -• — , - •~~

._
~~w-,I 

~~~~~~~~~~ • • •~~~~~~~ •~~~~~~~~ ? ‘ 
- -  -______

— -~~~~~ - -  ~~~~~~~~~~~~~~~~~~~~
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No-v the solution ~(t) to tt~c equation (1.12) and its first (n-i)

derivatives are known . Equation (1.13) become s

x(t) = b
iZm+1( t )  + b

2Zm(t) 
+ --- + b ÷1z 1( t ) ,  t = 0,At,2At,--- ( 1.30)

where b
1 
� 0 and b., 1 ~ i ~ m+l, are the real coefficients of the poly-

I nomial P and. z~ ( t ),  1 ~ i ~ n, are the elements of the vector z(t) as

defined by (1.19). This completes the process since the specified time

I series x ( t )  has been obtained.

I

I

I

I

11

V ~~~~~~~~~~~~~~~ 
— — —.-.
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I-
II .  COMPUTER PROGRAMS

1 The method for calculating a time series with specified power

I spectral density function, as presented in Chapter I, is divided into

three separate programs. The first program, ISLASHO with subroutine

RAN DOM, generates a “white sequence” for a given 9 and buffers this

sequence out onto tape. The program CLLCNVRT, pronounced Call Convert,

with subroutine CONVERT then converts the “white sequence” into the

[ 
w-sequence by (1. 17). This w-sequence is then buffered out onto a

second tape which is the input tape to the program GAUSSIAN. GAUSSIAN

f then shapes the w-sequence into a time series with a given power spectral

density function. The power spectral density function is defined in this

- program by the coefficients of ~he polynomia ’ s P and Q, as defi ned by (1 .9) .

I 

This specified time series is buffered out onto a third tape . The same

v-sequence can be shaped into ar~ specified time series.

I A. Generating a “White Sequence”

The purpose of the program ISTASHO is to generate a “white

sequence ” as described in Chapter I , Section B.

For the purpose of this paper, the trarisceniental rlumtc!

greater than one was chosen to be e = 2.7l828l~33. The whit - sequence ,

( y
r = (e’~) for 1 ~ n ~ 14266, was then generated or the Control Data 320C

Computer.

I The following approach was t aken to the problem of generating

a “whit~- sequence .” The approach 11 ~ls to a description of the method

used.

For every n > 1, e
n can no longer be stored to full accuracy as

as an eleven digit , floating point number; therefore , this is obviously

not the approach to take .

• : 12

I I-

I 
• ____________ - •  - - -r

—- —-,--- - ---.- • - ••-- -•--

~~~~~~~ • — 
- - -
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it can be se~- n i ~~at~ about 17~40 digits are necessary tc~ store the

I 
integer part of e si nc e  log (e ) ~ 17140. Initially e is rounded to

n
nine digits; then for the assurance that the fractional part of e ,

I . . n .will not start repeating, e is saved with no round-off error. Since tre

pre sent approximation of e contains eight digits to the right of the decimal

I point, (e~~00) contains 32,000 digits, and therefore e~~
00 consists of

I 
approxim~ite1y 33,7140 digits. Now if these digits were stored in groups of

threes as fixed point numbers, e4°°° would require about 12,000 fixed point

numbers for storage. The storage capacity of the Control Data 3200 is about

32,000 214-bit words ; therefore, if two 12,000-word arrays are neede d for the

( multiplication, the machine still has t~ e capacit y to handle the program .

The largest fixed point number that can be stored in a 2 14-bit word

is ~~~~~~~~~~~ 8,388,000; therefore, all six-digit and most seven-digit integers

can be stored in one 214-bit word.

Now the properties that the Control Data 3200 can handle two

1 12,000, 214-bit word arrays and all six-digit integers can be storel in a

24-bit word will be used in the progr irn ISLASHO to raise any seven— , eight — ,

• or nine-digit n~stber to powers and save ~he fractional part . The two

( 12,000-word arrays, IX and. IY, are U 5 d  to store the products as three-digit,

fixed point numbers. These products should be thought of as nuinlers repre-

I seated in the base 1000. The notation used in e~~iations (2.1), ( 2.14), and

(2.7) is that of “long hand” multiplication .
I 

The number which is t be raised to pciweri.. is read into ISLASHO

as the three, three-digit, fixed point rn.nnbers, 1X3, 1X2, and IXI, with IXl

containing the three riEht-most digits. ~n the method used in ISLASHO, we

I first set ix( i)  = IXl , IX(2) 1X2 , ix(~ ) a 1X3, and L a 3

~ 

~~~~~~~~~~~
-
~~~~~~~

- - - -  --
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a id  then sta:r t the following procedure .

In step one we have

[ IX(L)  rx(~~) IX(2)
IXl (2.1)

I IY(L+i) I’{(L) .... IY(3) Iy (2)  IY( l )

IY( l )  is computed by

I IY(l) = R ( i x ( i) x r x i)  ; (2.2)

also let

I ICABRY
1 = i (ixL~) x  IXI )

I R (~~) is defined to be the remaind~ r ~f a/b , and I ( -

~J is t efined

to be the integral nuxyiber of times b divides a where a a I b ‘ir’ integers.

Then for 2~~~i~~~L,

let Iy(i) = R(T.) and ICABRY . = I(T.)

where

I IX(i) in + IcM~~y.I T = 
i-i

i 1000

I To terminate this step, set IY(L+1) = ICARRY
L 
and increase L by one .

In step two we have

• rx(L-1) • ix(~~) ix(2) Ix(l)
1X 2 (2.4)

IY(L+1) IY(L) IY(L—l) •.. IY(3) IY(2) I~(i)I where IY(i) has the same value ~s in step one, L-l has the same integer

( value as L in step one, and IY(2) = R(T2) ari d ICABRY
2 = 1(T2) for

T - 
ix(i) )< 1X2 + IY(~J 2

• 2 1000 .5

Let iY( i )  denote IY( i )  as computed in the previous step.

Let iy(i) = R(T.) and ICABBY , a

t 1 1 i

where
ix(i - l)  c 1X2 + I Y ( i )  + ICARRY .

T
i
a 

1000 
~ fo r 3 ~~~ i~~~ L . (2 .6)

I
-- 

— - - — -—-—— --- -—- ---—-- .
~~~~~

- 
~~~~~~~~~ • • • - —

j ~~~~
- ‘

~
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~
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Step two is also terminated by setting IY(L+i) = ICARPY
L 

aoi t hen ~rorear rg

L b y one.

In step three we have

IX(L-2) ix(3) Ix(2)  ix(i)
IX3 (2.7)

IY(L+l) IY(L) Iy(L-1) IY(L-2) i-
~i(~~) IY(2) IY(l)

where IY(l) and IY(2) remain invariant from step two, IY(3) = R(T3), and

ICARR Y
3 = 1(T3) whe re

T - 
Ix(l) x IX3 + I~~3T 

~2 83 1000 .

Let IY ( i )  = R(T.) and b ARRY. = I (T.)
w }ere 

IX(i-2) 1X3 + IY(i) +
T — ( 2 o ~i

_ 
1000 .-,

for~~~~~ i~~~ L.

To terminate step three we set
tACARRI , if ICARRY * 0

iY( L+ 
~) = not de~ined, if ICkRBYL = 0 , (2.10)

IL+l, if ICARRY � 0
L 
~~L, if ICAREYL ~ 

(2.11)

and t h e l L = L .

It can be 3een from equations (2 .1) through (2.9) that no fixed

2point number calculated by the above method. will be greater than 999 + 999+

999 = 999, 999 which is a six-digit number and can therefore be n ’j ” -, ted by

the Control Data 3200.

The II array is then placed into the IX array and eight, nine,

or ten correot digits (depending on where the theoretical decimal point

is located in re lation to the th i ’-e  digits of IX( i )  which contains the

theoretical decimal point ) after the ib e oretical decimal point are placed.

into the floating Doint X array. The X array therefore contains numbers

between zero and one ; this is the desired “whi te  sequence. ” The process ,

starting with st~~. one and cont inuing through the placing of a new number

Ii - 

1~~~! ~~~~~~~~~~~~~~ .~~~
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I into the X array, is r~ p at ~~d un t i l  L is ~ven a l  STOP < L ~ 12,000 whe re

ISTOP in an input parame e r .

( The entire IX array is placed on tape ~-fore ISLASHO terminates;

[ therefore, this calculation can later be continued. However , in orde r to

calculate many more than 14266 points in thi s “white sequence ” by this

I method, ISLASHO would have t o be modified such that part of the IX and IY

arrays could be stored. elsewhere than in the memory of the computer during

the calculation of each point of X because these two arrays w-~~~d soon c o t

grow the storage capacity of the o mputer. Also the longer these arrays

l~~-one , the time needed to calculate each point of’ X inc rease s until this

method. would no longer be practical . For example , v~ , 1 ~ n ~ 500, was

- c-mputed in about 145 seconds as compared with thirteen minutes needed to

t co~put~ the 500 point s, V~~, 350]. ~ n ~ 14000. It was noted that if t minutes

were reeded to compute a block of 500 points of v~ , approximately ( t  + 1.75)

minutes were needed to compute the next 500 points of v .  It therefore may

• ,, (1) (s)

I 
become necessary to generate several white sequences , V •.. V , for

different transcendental numbers and. then interlace these sequences by tho

method (1.16) to form the desired “white sequence.”

I

I , ’ 
_ _ _  _ _  _ _ _ _ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
_ _ _ _ _- • - ~~~~ • ~~-• — — — - -  • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~- —~-— - - — __________________

j~~~~r ~~~~~~~~~~~~~~ 
—- — - — - - -  -

- I ~~~~~~~~~- - — --- • --• • ~
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[ The h ~~~~~ is i l o  list •V input parameter s  no ~~1

ISLASHO . The :urnters in parentheses were the rj oiaber s  us-- d ‘cc f i nd

f o r 1 ri ~ ~+~66.

NO DF C the number of ciigits ~o the r ir h t  of t~ d~-c imal  p :in~

o f  the number which is to be raised to p~~er. (p).

~~~ TX2, IX 1 these t hree parameters each contain th ree  di ro i ts  of  ~h~-

number w h i o n  ~s to ~e rai sed tc pow i-~• (2.T182B~8~ was

J used; ~h~ re f r - , 1X3 = • 1X2 = 828, and TX I ~ - l83~I .

IF PRNT flQ = 1, the X array is buffered out onto t-ipe and p r ’ i i t o d  in

blocko of IBUF p o i n t s ,

0, the X array is only buffered c-j r on tape in L i c o k n

of IBtJF points. (i).

I IF PENT ~4F = ~~, hn~fer out onto tape aci pril ’ the ~ot ire IX array ~us~

I 
before the program terniina ’es,

= 0, on ly  buffe r out onto tape the  en t i r e  IX array (o~ .

I i$TOP the program t e o r n i n a t e s  wh en L is even and TSTOP ~
— L ~

12,000 . ISTO P should never ox c~-ed si x less 1hao ~~~~

I d.irn~ nsi~~n on tho IX and LI arrays ( 11993).

I BUF the number of points of ‘he “ wb i te  se~ uer ice , ” X a r t a ~ ,

that should be handled in one block . I BUF ~h c u ~ ct be an

von number and not exceed the dimens ion  of X which is

500 L r j the l is t ing. Also EBUF ~ 588 kf  the  subroutine

I SOLUTION in GAUSSIAN is not to be changed..

I
f

I

“I , — -  - 

_ _ _

• — - - • - .  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—‘p. 
~

p.- -
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( The output ta~ has the following form;

IBUF

( x(i) . . . .

I

IBUF

x(l) . . . . x(iBuF)

ICOUN T

I x( i)  . • . .

end-of-fi le

IDEC

1 ix (i) . . . .

I end-of-fi le

ICOUNT the number of points in the last block of the X array.

I ICOUNT ~ IBUF.

[ DEC the number of di gits in the decimal part of th e  i~~St

number in memory.

I L the number of three-digit numbers which compose the last

number in memory.

IX(l )  — IX(L) the last number in memory put on t ape as three-digit

numbers. ix(i) is the right most and. tX(L)  is the

the left most th:ee digits of ths number.

______ ____________________ ___________ _____ 

_____

.1_ f 
4

____  ____  
______________ ________ ~r7~~ 

-.r~
=------



I
1 19

- ‘ ‘ fl~~ t Oo w-se quence

The ~:~~y ~ irpcse ~f C LLCNVRT is to convert a “white sequence ”

I in to  t~~s w-se~ uer.ce ty ( 1.17) and place this w-sequence c.nto tape . This

pr:~ ra-c .s almost rivoal , but Lt simplifies the programming of the prc~~em.

~t can o--  seeo  ‘t y  ( 1 .17) why i~ is desired that an even riumb~ r of points

of t ’  wh~ t e •;--~ u ’n ~~ be plac ed on tape in each bLc~ k .  If the number of

poi nts in a c~o~k is odd., the last point in that  block will not be used by

I tr~e subroutine CON VERT in fo rming the w- soc~uer ioe .

The pr~~~rom ~~yVI~T has one input parameter, iF PRI NT .

- 
IF PRINT = ~~, print and b uf f e r  out the w-sequence onto tape ,

I 

= 0, only buffer out the w-sequence onto tape .

The out put tape has the following form :

I
w(i) .... w(i I$rF)

I
I

I BUF

w(i) . . .  W(J .  BUF)

end-o~
’-file .

I - I BUF same as on input tape .

w(i) ... w(i BUF) a block of w-sequence points.

II

~ I

-- - — -•  - ~~~~~ • 
- - - —

—p-u __ _ _- -—— - —- — •—— —.,‘•-——.—
~~~

- ._w— - z~i. •T’ - • -
• -~~~---~~ -- -

•‘
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C. Constructing a Specified Time Series

The program GAUSSIAN shapes the input w-sequence into a time

I series x(t) with a given power spectral density function and a given

sampling time interval . The power spectral density function must be

def ined by the real numbers ~~ 1 ~ i ~ n + 1, and. b., 1 ~ i ~ m+l for

2 b
1(~~ )

m÷ ~~~ + b~ (i~W) + bm+i 2

t v~’u) = = (2.12)
fl

a
1

( iw) + •.. + a (ico) + a
÷1

I whe re m < n, w is reai , and the zeros of a + . . .  + a ~ + a lie in1 n n-f l

the halfplane R~ (~~) < 0. It should be noted that each of the n-dimensional

f vectors in (1.25) is used to construct one point of the specified

time series; therefore, if the w-sequence consists of J points, the

specified time series will contain J/n points.

The numbers a. ,  1 ~ i ~ n-’- i , are read into the vector SA; the

I-
numbers b . ,  I ~ i ~ m+l, are read into the vector SB; and the time interval

I 

t~t is read into DT.

Subroutine FIND B places the numbers, a., 1 ~ i ~ n+l, into a

o n o 4 ant ., n x n matrix B and constructs the n-dimensional constant vector

Co . ..., 0, -~ ] by (1.23).

The subroutine GAUSS P then finds the solution vector [m
1, ~~~~ 

m ]

by means of Gaussian elimination with partial pivoting .13 Since the deter-

minant of the input matrix can be found by simply computing the product of

L the element s on the main diagonal and multiplying this product by the proper

1 sign after  the input matrix has been reduced to upper triangular form, the
- 

determinant of the input matrix is always calculated 1cc GAUSS P and printed

out by the program GAUSZIIAN as a guide to the reliability of the solution

vector.

I-

~~~~~~~~~ 

__________  _ _ _ _ _

4.’ 
- 

_ _ _ _ _ _1——
~~
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The subroutine FIND CM places in., 1 ~ i ~ n, into the positive

t definite moment matrix M whose elements, i n . j~ 1 ~ i, j ~ n, have been

I 

found by (1.214). Then as stated in Chapter I, Sect ion B, a lower trian-

gular matrix T must be found such that

[ M = T T.* (2.13 )

Since M is a positive definite, real, symmetric matrix, the

I desired lower triangular matrix T can be found by Crout factorization.

Let t . be the elements of T and in . . be the elements of M. It is known
1 13 13

that t.~ = 0 for j > i; therefore, only t.. for j ~ i need to be computed.

Then by (2.13)

m . .  =~~~ t. t. (2.l~)~~ ik jk
k= 1

I can be obtained. It is then suggested that t . ,  for j ~ i, be computed in

the following order:

ij = Il, 21, ~~~~ nl; 22, 32, ~~~ n2; ...; nfl.

By this order,

I t -m ~~ll
_ 

ii

is computed f i rs t , and the other elements in the f i r3t  column are ~ iven

by 

= t~~ m .1 for i = 2, ‘~~~~~~, n . (2 .16)

I If the preceding columns k < j have been computed , the diagonal element

-
• can be computed by

t.j = 
( m u  

-
~~~~~~~ 

t
~~~

k )

~~~~ 
. (2.17)

k=l

(1
-_± — 

_ _ _ _ _  ~:~~~~~‘ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~4~~:

.— —_-- -~ ,-z~r -
~~~

-
~ ~ —‘- 

~~~
- — —.-— —— —~~~~~~~~—-~ -

- ‘ “~~~~ 
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Now the element s below the diagonal can be computed. by

I 

1 
= 

~~ 
in1j 

- ~~~ t3~ (2 18)
k=1

for i = j+l, - where j < n. This method of Crout factorization is

carried out in the subr~ut ine T T STAR.

The matrix exp(AtA), where A has the form as shown in (1.21) and.

is constructed. by the subroutine MAKE A, is computed by the subroutine

EXP ADT. This exponential matrix is defined by

exp(AtA) = I + A + 
~~2 

A
2 + .. + 

~~k 
Ak + ... (2.19)

( which is the same as

exp(AtA) = I + (
~
) A [i] + (

~) 
A [~ A]

( 2 . 20)

+ (
~
) Aft~~1~ : A~~~] +

The method of summation given by (2.20),  where the (k-l)~~ term is multi-

I plied by (At/k) A and then added to the previous sum, is used to calculate

exp(AtA) in EXP A DT.

The summation terminates when the condition that b..< 
h~~ 

max

I 

(Ia
~~ J < io’.

~
12
~ I ~ i ~ n and ani is an element of A) holds for every

1 ~ i, j ~ n, where b.~ are the elements of B —j
~
— A for k ~ 1. The

( 

maximum of the above set was taken instead of the minimum so that the computer

would not set ~ equal to some very small floating point numbers whichchk

I should actually be zero. However , if all ~~~ are approximately the same

in magnitude, no problem should arise. If a .  vary greatly in magnitude ,

it may become necessary to define a floating point zero and change the sub-

I routine to check for the minimum value of ((a .( 1 ~ i ~ n).I ni

- l  
~~~~

t 

________ 

_ _ _ _

_____

~;
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Let a~ be the elements of A where

(2.21)

I Now since AXB = BxA , the matrix multiplication for (2.21) can be defi ned by

a. . = b. -, 1 ~ i ~ n-l, 1 ~ 
j ~ n13 i-~l, 3 (2.22)

a = b  anl nri nI,
and a zb  +b  a , l~~~j~~~n-lri, j+l  nJ nn n ,j+1
This is the method of matrix multiplication used in EXPADT .

Now subroutine BIGSET constructs the ~ n(n+l) equations in the

same number of unknowns by (1. 28) where the for 1 
~ 
j ~ i ~ n are

defined by (1. 27). The unknowns p .., 1 � j ~ i ~ n, can be wri t ten in the

I form of an noi lower triangular matrix L, and a one-to-one mapping f can

be defined which map s the elements on and below the main diagonal of L onto

( an ~-dimensiona 1 vector v where ~ n (n + l) .  This vector is then the

-

~ 

vector of unknowns associat ed wi th the x constant matrix defined by

- 

(1.28). After the value of v has been found by GAUSS F, an inverse mapping

can be defined to take the elements of v back into L. L can then he made

or - t O )  the desired real symmetric matrix M
r 
by replacing the zeroo above the

main diagonal with the corresponding elements below the diagonal.

Let f:L -. v be the mappingI p
11

- [ p
21 lA 2 2 .

[ f :  I 
•

.

• •

. (2 .23)
- 

( 
~nl ~n2~

f ~~1l’ ~À 21, • 

~ni ’ ~n2 ’ $À 33 
...; 

~
Ànr)

= (v1,v,., . . ., vA)

I
- ~~~~- -- ~~~~~~~~~~~ - —— - • - -—~-— ;=_ -- ‘  —‘- --- -  - --

~~
.—-

~
,-

~~
-- -  - -  -—----- _ _ _
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When p .  - is under consideration, all n element s in the first i-i

I columns plus the upper i-l elements in the column less the upper trian-

I gular set of zero element F have been mapped. into v; therefore, it can intui-

tively be seen that for p
~~, I ~ 

j ~ i ~ n, and vk, 1 ~ k ~ n, the mapping

I f can be defined. by

k = i + n (i-I) - [j
2
-~ j (j+i)] (2.2k)

1 which reduce s t o

I Ic = I + ( j - l ) ( 2 n -j ) / 2  . (2 .25)

it must be shown that f, as defined by (2.2 14.) ,  is the mapping

I indicated by (i.2~). Let f(~1..) = (vIc) be denoted by f ( i ,j )  = k for

I ~ ~ i ~ n and 1 ~ k ~ n. Therefor~c show that if 1 ~ 
j  = j  ~~ n - 1 and.

I I - i = 1, or if i = n, 1 ~ 
j ~ n-l, and T = j = j+ l, then k-k = f(i,j)-f(i,j)

= 1.

Case I:

I Let 1 
~ 

j  = j  ~ n-I and i-i = 1; this implies that

it-k = f(T ,5) 
- f(i,j)

= T + (5-l)(2n -3)/2-i-(j-l)(2n-j)/2

I Case ll :

[ Let i=n, 1 5 j ~ n-i , and. i=j  = j+ l ;  this imp lies that

k-k = f(i, 5) - f(i,j)

( = T + (5-I)(2n-5)/2 - i

j+ l + ( j + l - l ) (2 r A -j -L ) / 2

I -n - ( j- l) ( 2 n-j ) / 2

= j+ l + ( 2nj -j 2-j ) / 2

-n - (2nj-j
2
-2n+j)/2

= 1.

I
- - _ _ _ _ _  

a’



2~

Therefore I is the mapping indicated by (2~ 23). This mapping is

I defined in the subroutine INDEX which is used. by BIGSET. It is obvious

‘ 

that f is one-to-one, and, therefore f 1 
exists. is defined by

t aking the elements of the solution vector v in orci~r from left to

I right and placing them into the lower triangular matrix L in column order.

TTSTAR is then called to find the lower triangular matrix T such

I that Mr 
= T T *.

I Now that Tr) exp(AtA), 
and. T have been computed and he vectors

w~
’
~ for k = 0,1,2, ... can be constructed. from the w-sequence, z(0) can

I be computed by (1.26) and. the sequence of vectors z(1cL~t) for k 1,2,•.. can

be computed by ( i . 29) .  The input vector SB is also known ; therefore , the

I specified time series, x(t) for t = 0, At, 2At, ..., can be computed by

I (1.30). This process is carried out in the subroutine SOLUTION. This

completes the construction of the specified time series.

I The card input to GAUSSIAN is of two types, problem data and

flags. The sole purpose of the flags is to control the flow of the program.

I The flag NOSKIP is read once and only once each time the program is

I 
compiled; all other input parameters must ‘be read anew for each time series

that is to be generated.

I The following is the list of problem data:

N n in equation (2.12) . N is also used. as a flag

I in that GAUSSIAN terminates if N = 0; this is

to be used for normal exit.

M in in equation (2.12).

SA ( l ) , . . . , SA( N+l) a1, ‘.
, a~~1 

in equation (2.12).

SB(l) ,~~~. , SB( M+l) bi, . ‘.
, b~~ l in equation ( 2 .12) .

-

- I DT i~t, time interval at which samples of the time

series are to be calculated.

- ___ - - 

- 

‘
~

— 
I
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The following is th e list of flags:

iIOSKIP the number of end-of-files (ie., previously

I computed time series) which must be skipped. on

the output tape before the fir~t time series is

I computed, and. then buffered out onto this output

tape .

ISTOP the number of points of the time series which

I are to be buffered out onto the output tape in

each block (except for the last block which

I col)tains the remaining p i n t s) .  11 is necessary

that ISTOP ~ 56O~4 .

I IPOWEF T used when factoring the matrix M.

IPOWE R TR used when fact oring the nat: ix M . I~~WER T
r

and IP0WER TB are called IPOWEB in the su~ routine

TTSTAR. The check , “is Im~ ( < 10-IPOWER ? “

is made before in. .  is used. as a divisor in TTSTARr 11

I where i n . .  are diagonal element s of M or M
11 r

• I 
IPOWERB used when solving the set of equations (1.23).

IPOWERC used, whe n solving the set of equations (1.28).

I IPOWERB and IPOWERC are called IPOWER in the sub-

routine GAUSS P. The check, “is I a~ J < b _POWER
?,

”

is made before a.. is used as a divisor in GAIJSSP
11

where a . .  are the diagonal element s of the constant
ii.

matrix under consideration.

[ 
tFT associated with IFOWEFT.

IFTR assoc iated with IPOWER TR.

- IFB associated with IPOWERB.

- - I
IT _ :~~____ _ _
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IFC asscciated witn IPO WERC . Let IF Uetot e any of the

a t -  -‘~~- four f~ag . If IF = 1 and a zero divisor

t has been detected by its I~~WER, a diagnostic will

be given , but the calculation of thi s time series

I will ontinue . However, if IF = 0 and a zero divi-

sor has been detected, o diagnostic will be given,

but the ~rogra~ w 1 ~ go to the next time series.

I IF N PRINT 1 print the number of pc~ nts which are in -the f:1-

lowing h ock of time sertes points .

I -, 0, not p rint the n~~Lbe x- ~ f p • ints.

IF X PRINT print the computed t or ;~e series in blocks of

ISTOP points.

= 0, tic- riot print t o e  time series points.

The iat a dock to GAUSSIAN must be stacked as fo llows :

I NO SKIP (Format i~ )

N , M (Fort, tt 2I1~)
- 

sA( 1),.. . , ~‘A n - + - i )  (Furna ILF2O .6) b peated

- I sB(l),•”, SB(M+l) (Format ~Fc~
;.6) for each

DT (Format F20.6) time series

ISTOP, IPOWEFT, IPOWERTR, J P OW ERB, IPOWERC to be

I 

(Format 7 [ L ~) generated.

IFNPRINT , IFXPRINT , IFT , Tfl R , IFB , IF~[ (Fo ‘mat 611)

[ 
(Blank card. : flags normal ex it .)

The problem data are printed and labelled. The Intermediate

matrices and vecto rs, which are found by the various subroutines are printed

-, ,

I,,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

--
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unlabelled as tLe~j are cal oc~ated.

More than one t tr t t  series can be shapea from he same w-~ equer.ce

I each time GAUSSIAN is - - -~mp i led.. This input tape which contains the

w-sequence mu-~-t ic c-f the same format as defined for the output tape from

I CLLCNVBT. Each block of the w-sequence should not exceed ~~88 pc-~ nt s .

I GAUSSIAN terminates when and only when either N a 0 or a parity error has

been detected on either the input or output tape.

I The output tape has the following form:

IS TO P

I x( l )  . . . .

I

I
ISTOP

x(i) . . . . x(itsTo~)

IPRINT

x( l)  . . . . x( iPRr~T)
end-of-file

I ISTOP

x ( l )  . . . . x(ISTOP)

IFRINT

x( i)  . . . x( IPBIN’r )

en d-of - f i l e .

I
__________________ 

___
t, J

_ _ _- - —~_ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~ - 

I 

~~~~~~~~~~~~~
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I

x array of time series p~~t ~s.

- lF -FlN ~ number t im~ series p coir t  s ~r. t~h~~ las~ bloc .

I
I
I
I
I
I
I
I
I
I
I
I

I
-

- II
II

. 1
-~ L~~~~~: - ~- ±‘
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-‘

~~ 
- ;-~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I ~~I 

____ 
________________________________________________ ___________



F

III .  “WHITE SEQUENCE, w-SEQ.UENCE, AND EXAMPL E TIME SERIES

A sp~ctraL analysis program similar to the program SPEC T, as

I 

found in a report by Ellis and Boston,15 is used to find the autocorre-

lation function and power spectral density function of the “white sequence”

1 generated by ISLASHO and four example time series generated by GAUSSIAN.

I 
The autocorrelation function is defined. by (1.3) and. the power spectral

density function is defined by (l.1
~). In SPECT the time T in (1.3) and

I (l. 1~) is taken at regular intervals AT, and therefore

= LtN~ , 1=0,1,2, ~~~ (3.1)

I where l is called the lag number. For practical applications on the corn-

I 
puter, i- can only take on finite values and the sequences considered will

only have a finite number of points; therefore a finite number of ags

I will be taken in SPECT. The maximum lag number will generally be about

ten percent of the number of points in the given se~juerice.

I A. “White Sequencet’

The condlt~on (i.i~4) ~ttnt .~o that the autocorrelat ion function

of a “white sequence” must be zero for all  but the zeroth lag. The

“white sequence” under consid.erati cri is (e~ J , I S n S 426( . it  ~s aLso

stated in Chapter I, S ction B, that the power spectral density f un ct i on

I - of v must be tur~t~~arr~ . The p 1 t s  of the autocorrelation function andn

t t i € -  power spectral ~iensity fu,iction of v as compitod by SPECT for f im -~

interval ~~ T = .1 sec. and 1 = 200 1a~s are shown in Figures 1 and 2,

respectively. It can be seen from these two plots that the sequence

(e~ J is a good numerical approximat ion U a “white sequence.”

I
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B. w-Sequence

I A short program, which is not l isted, was wri t ten  to find the

I mean and the variance of the w-sequence. Let the mean te m = E(w1) and.

the variance be defined ~~ N

1 2 1 ~~~ 2
= 

~ 
(w.-m) , (3 .2)

i— 1

I where w., 1 ~ i S N , are the N points of the w-sequence. It .s stated in

Chapter I that the w-sequence, as constructed by (1.17), should haie mean

I 0 and variance 1. The nUmeric& w-sequence constructed from {er
~ by

I CLLC NVRT was found to have m - .029 and ~
2 

~~~~~~~

C.  Four Example Time Series

I Four example problems are now to be considered,. The fclbowing

three steps are taken in the consideration of these examples:

1 (1) Given the constant coefficiecto of the polynomials

I P(jw) and Q(ja~) of the theoretical power spectral density

function V (u~) as given by (2.12) and a time interval

I AT, GAUSSIAN is used tc shape a time series with this

power spectral density function .

1 (2) A log-log plot of the theoretical power speetrat d~:i~ i - - y

I 
function as a function of frequency f, is made where

f = and w is the angular velocity given in radians/sec.

( 

(3) The actual autocorrelation function and power spectral

density function are then calculated by SPECT; the auto-

f correlation function is plotted linearly against t ime

- while the power spectral density function is plotted
- ( against frequency on a log-log plot.

I 

Only the power spectral density function is considered in the first

three exam ples; howeve r , both the autocorrelation and the power spectral

(
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density functior.s for example four are given by Pich ie l6 
and will c~ erefore

be considered.

I lr. all cases the theoretical and actual log-log plots of the

I power spectral density functions were found to have approximately the  same

shape; however, for each example, th e two curve s were found to d i f fe r by

I some arbitrary constant. If the magnitude of the point s of the power

spectral density function is specified and not just  the shape,

I the specified time series can be obtained by multiplying each point of the

I original time series by the square root of the constant whose logarithm

is the difference between the theoretical and the actual curves.

It can be seen by ( 1.3) that if each point of the time series

x(t) is multipled by a scale factor s, then for every r, the autocorre-

I - .  . .  . .  2 . 2ooit~on function is multiplied, by s . Since the constant s can be removed

I 
from the integral in (1. 14) ,  the power spectial density funct ion is also

- . 2
multiplied by s

I Let t. and a. be corresponding points on the theoretical and

actual power spectral density curves, respectively, and if there exists

‘ 
an S > 0 such that for every i where t . and a. are defined,,

i 1

2
log S = log t . - log a., then . = s a. . The converse is also true .

I i 1 1 1

Therefore the speci f ied .  magnitude of the power spectral density funct ion

I can be obtained by multiplying each point of the ti ~e series by the scale

factor s. This scale factor may have physical units.

1 
In FIgures 3 through 6 the crooked continuous curve is the

- - 
actual power spectral density function as computed. by SPECT and the

I. smooth dotted curve is a multiple of the theoretical curve which gives

an approximate f i t  to the points of the actual power spectral density

function.

— 
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I
1.
~ The hI - rotical h o w - c  -p . -~-~ r o L  density t~~r - t  t o n  of ox jo - - on€

is g i ven to be

I = 
9w 1 

( 3 . 3 )

W - & .L) + 2 5

I which has zeros at the points (i ,i/3) and (D ,-1/3) and p les a~ t h e  points

r, r, - r, and -r where r = (2 , 1 ) .  Therefore for all real w, The oon-dltfc- n

1 0 < ~ holds . Also for reai w, the conditions V,(w) = V1(~w) an-I

~ hold ; therefore the ‘three conditions, as stated in (~~~~ . 8) ,  exist

I which insure that V
1
(w) can be represented in the form c-f (2.12). fp~

I ically, V1
(w) can be represented as 

2
= ~(iw) + 1

I 1 (iw)

where ~
2 

+ 2~ + 5 has zeros at (-1 ,2) and (-l ,-2). Both of t-besc zeros

I lie in the halfplane Re ~ < 0.

I 
The theor &~ Lcal  power spectral density funct i on  of example two

is given to be

I 
~~~~ 

= 6 
- ~~~2 + ~~69 (~~. 5)

I w + 114w + 149w + 3 6

I 
The numerator of ~~ (w )  hac z~rns at the points r, ~~~, -r, an -i -r where

r = (6,1), and the denominator of ~2(w) is greater titan zero fu ~ a l t  real

I w; therefore, for all real w, the condition 0 < V2(w) < holds . Also It- c

other two conditions i~~ (1.8) hold ; therefore v2(w) an be ~-ep rostnte -i , as

I indicated in (2.12),  by

V2(w) = 
(.)2 + 2(iw) + 37 2 

(~~.6)
I (~~~)3 + 6(iw) + ll(iw) + 6

I 

where ~ + n~ + ll~ + 6 has zeros at (~ l,0), (-2,0), and (-~ ,O). All

these zeros lie in the halfplane Re ~ < 0.

I 
The theoretical power spectral density function of exampLe three

j (

_ _ _ _  - 
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I

( is given to be
- 

14O~J)2 + i
V2(w) = 6 . ( 3 . 7 )

I ) 
~~~ + l 1~w + 49w~~~~~ + 5 6

v
3
(w) has zeros at the points (0, ~~~~) and (0 , - 

~J
). The denominator of

I t h i s  x a m p U  is the same as in example two . It can be seen , as in examples

one and two- , t -t a t V
5

( w) can be represented by

I 20 (iw)+l
u V (w) = 2 . (~,.o)

(iw) + 6(iw) + ll(iw) + 6

I E xarnp ~~ four is an example problem which appears as channel 4 in

-
~ a report by R i ch i e) 7  The theoretical  power spectral densit y function is

given to be

I v4(w) = 
2 

~~~~~ c
2

) 
2 2 2

~~ + 2(k -c )w + (k + C )

I where A = 2159.2, k = .658, and c = 2.71. Since A, c, and k are positive

and k > c , the conditions (1.8) hold for real ~~. Therefore, v4(w) can be

t represented as

b (iw )+b 
2

= 2 (5.10)
a
1

(i w ) + a2( iw) + a
3

where b
1 75.210999197, b2 53.72iY~56S7,a1 = 1.0, a2 = l.31c~ ar rL

= ~~~~~~~~~

( 
Both zeros of a

1~
2 

+ a
2~ 

+ a
3 

lie in the halfplane Re~ <0 since

a1 
> 0, a > -o~ and a

3 
> 0. This fact can be shown by letting x = Re~ and

y = Im~ and then assuming that there exists a ~ with x ~ 0 such that

I 

a1~
2 
÷ a

2~ 
+ a

3 
= 0. This complex equation is equivalent to the following

- two real equations :

a
1(x

2
-y
2
) + a2x+a3 

0 (3.11)

and

2a
1
xy + a2y = 0 . (3.12)

_ _ _  
~~~~~~~~~~ ~~~~~
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[ 
By (5.12), y = O since x ~ 0. Then by (3.11), a1

(x
2
-y
2
) + a2

x+a
5
*O

which is a contradiction ; therefore both zeros of a1~
2 

+ a2~ 
+ a

3 
lie in the

I halfplane Re~ < 0.

I 
The actual power spectral density function of the t ime  series

generated by GAUSSIAN for this example was found to differ from the theoret-

I ical power spectral density function only by a multiplicative constant;

however, the theoretical autocorrelation function given by Richie
1 

and the

I actual autocorrelation function differed greatly. This illustrates the fact,

as pointed out previously, that small perturbations in V(w) may result in

I great changes of R(~~). These two autocorrelation functions are shown in

I 

Figure 7, and the power spectrai. density functions are shown in Figure 6.

The degree and coefficients of the polynomials P and ~~, which are

I used, as input parameters t o  GAUSSIAN, can be taken from equations (~~.4),

I 
(3 . 6), (5 . 8), and (5.10). These parameters, along with the time intervals

used in ge nerat ing a time series for each of these examples , are also given

in Table 1.

I
I
I
I
I
I

I ., I
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APPENDIX

i i~ addition to the “white sequence,’ (e1) , 1 ~ i � 4266, discussed

in t~ e text of this paper, seven other “white sequences” have been generated

I by ISLASHO . These eight “white sequences ” have been permanently stored on

‘ 
magnetic tape ; this ta~e is labeled. Tape B.

The eight “white sequences ” (in the order in which tney are stored

I on Tape B) are:

= (~~1
)~~ 1 ~ i ~ 4004; 6 = 9.63778431 log

10
N

I = (~~
1
), ~ S i 5 4010; e = 1.27323954

I (&i , 1 ~ i 
� 4006; e = 3.01+800610 0.2(r.uniber of cm/ft)

v~~ = 1 ~ I ~ 4006; 9 = 1. 46459189

I 
= Ce 1) , 1, � ‘ 11006; 6 = 4.97149872

= 1 ~ i ~ 4266; 9 = 2.71828183 e

I = [~~1
) , 1 ~ i ~ 4oo8; e = 2.30258509 1/N

I ~
ç8
~ = (0i), 1 ~ i ~ 4006; 6 = 5.72957795 o. (i8O/~ ) .

~n ~
c1) and ~~~~~~~~~~~ def ine N = log10e.

I

I-
F

-

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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(8)IDEC

L~
8
~

ix~
8
~(i) - - - IX~

8
~ (L~

8
~ )

end-of-file

end-of-fi le .

Here IDEC , L, and i x (i)  are defined the sam e as in the sect ion of

the text on ISLASHO .

The “white sequence ” ~c1) on Tape B can be used as direct input

to GAUSSLPIN. In order to use ~ 2 ~ i 5 8, as input to GAUSSIAN, either

I the specified “white sequence ” must first be placed on an auxiliary tape or

GAUSSIAN must be modified to skip over previous “white sequences.”

The f irst 1+ooo point s of each of the eight above “white sequences”

I have been interlaced by the scheme

( 1) ( 2) (8)
V
8(1 1 )÷ 1

V
1 ~ V

8(1.1 )÷ 2
V
1 

-

I for 1 ~ i ~ 4ooo. This 32,000 point “white sequence” has also been stored

I permanently on a second magnetic tape which is labeled Tape C.

Tape C has the format :

~oo

v
i 

- . . . V
500

I

I 
~~~~~~~~ 

- V ,2 000

end-of-file

end-of-file -

I’ Tape C can be used directly as Input to GAUSSIAN .

I
-
p 
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—
Tape b has ~t~e following format :

I 
500

I ( I )  (i)
V
1 

- - V
500

I

I 500
(1) (i)

V
3,01

. . . V1+000

1 11

(1) (i)

I 
“400l 

- V 1+oo1+
end—of-file

I 
IDEC(1)

I 
~~~

[ IX (1) ( 1). . • -

end-of-file

500
(8) (8)

L 
V
1 

• - V
500

500

II (8) (8)
V
3501

. - V
4000

j 6

(8) (8)
I 

V11001
. • V11006

I end-of-file
-
I

I -

- ‘I -
I-- 
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