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IH1 •T~•I~~ d ( ~.A e .~ ‘~f1~’~~~
-W. kur e a~~1L~d a Nearly Free Electron Model (NFE M ) combined

with a local pseudopotenti a]. approximation to the analysis of the high

temperature transport properties of single crystal Zinc. Within this
I It

framework , ave- hw~a beta a’]a. tA obtaint qualitative agreement with the

I experimental, observ ations of three anisotropic effects : self-

electrua igra tion, Hal]. effect , and diffusion thermoelectric power.

The electro migration of a weak scattering impurity in a Bloch

i electron gas is reconsidered while taking into account the conduction
I electron screening in the Har’t re e approx imation. Our formal express ion

I for the driving force depends explicitly on the dielectric matrix, and

reduces to previously derived forrnilas In the appropriate li’!lits, An

I approximate evaluation of the formulas yields values for and

i good -agreement with experiment. Anisotrop ic relaxation t imes, resulting
I from the observed phonon dispersion curves, tend to favor mass transport

I in the basal plane.

~ ie Hall effect iS analyzed in terms of a model Fermi surface

I based upon the standard 2-uW (Orthogonalized. Plane Wave) approximation.

The effect of k dependence of the relaxation times is found to be

negligible in the calculation of R 11, but is probably important for

I As temperature increases, the changing c/a ratio and decreasing

band gaps, as affected by the Debye-WaLter factor, combine to reduce

- I the values of the Hall constants. Our predictions for R11 and

appear to agree quite satisfactorily with values extrapolated from

measurement s at lower temperatures.
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vii

We simplify the Fermi surface model further in our trea tment

I of thermoelectric power. As in the noble metals, the shape of the form

factor results in a positive contribution. Anisotropy in our calculatedI values of S~ and S~ is due primarily to distortion of the Fermi surface.

I Our predicted values appear reasonable in light of available experimental

data *t lower temperatures.
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. PART I

I
I A. Historica l. Review

1. General Transport Theory

The classical theory of electron transport in metals was

developed by Drude 1’ and Lorentz2 in terms of a relaxation time that

represented. the mean time between collisions. Sommerfeld reformulated.

I the problem in a quantum mechanical framework. He used. Fermi-Dirac

statistics for the electrons, but he retained the concept of a simple

1 relaxatIon time to describe the effect of collision processes.

I More recent transport theory has been based upon the lineari zed

Boltzmann equation~ (Eq. 1.1), which describes the balance at steady

I state between the effects of the applied electric field. and conduction

- electron scattering,1.. 
~~~~~~~~~~ ~~~~~~~~~~~~~~ (1.1)

Here g(~ ) represents the steady state deviatio n of the electron

i distr Ibuti ~’n from the the Fernzi-Dirac function, f0. w(~,Z is
proportional to the transition probability from state I to and I and

1 are the electron ener~ ’ and velocity. The relaxation time app roxination

consists of taki ng the function g(~ ) to oe of the for m

I g(~) — -(~~ -)e~.’r (t) , (1.2)

I where again ~(t) is the electron velocity. En the case of free electrons;

i.e. , for a spherical Fermi surface and w(~,I5 dependi ng only on I~
_
~~ ,

It can rigorously be shown5 that a constant relaxation time exists in

1

1, ’ 

- -

~~~~~~~~~~~~~
_ - - —-- — F 1 f l I D ’

- - 
-
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the form
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ • (1 3)I Fermi Surface

This model satisfactorily describes the resistivity of the monovalentI metals, but does rather poorly with the multivalents. Obviously, it

1 cannot hope to deal. with anisotropies in non-cubic systems, the problem

to which the present work is directed.

I Several workers have at tempted to modify Eq. (1.3) in some
6-1]. 10physically reasonable way. For example, Gieever used Eq. (1.3) toI define a ~ -dependent “relaxation time.” Truant and Car botte 11 later used

I the same formula to calculate a relaxation t ime for Zn , ignori ng tne

anleotropic structure of the material . Such approximatio ns met with

limited success, but they can result In considerable error, even in the

relativei..y simple noble ~aeta]. systems~’
2

I 
- One possible approach is to avoid the direct solution of

I Eq. (1.1), solving directly instead for the resistivity using a
1 13variational procedure . This techni que has been applied. with varying
I l1i~l6degrees of success to many metals. However , as pointed out by

I~binson and DOW~~ variational, ratios (e.g. for the resistivity) which1 explicitly take anisotropy into account do not simulify sufficient ly to

I appear advantageous. Also, the presence of anisotropy significant ly

increases the &nbiguity and uncertainty inherent in the choice of trial

I functions.

A genera]. method of attacking Eq. (1.1) Is to define g(I) inI terms of a vector mean free path ‘~.(~
)f8 i.e. ,

r 

g(’~) 
- -(~~ —) e1.t(~~ . (i.~)

H I

1r~-T 
~~~~

- — — 
-
- -~~~ 

—,-‘ -~~-
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Taylor19 discussed the solution of Eq. (1.1) directly for the vector

I ~. It is also possible to Introduce a modified “relaxation t1me 20 by

the relation

II x(t) ‘ r v ( ~ ) (‘.5)

I where is in general a second rank tensor. The three independent

quantities determined, by the Boltzmann equation can be taken to be the

I diagonal. components of referred to its pri ncipal axes. Chan and.
21-22Huntington used this approa ch, combined with a Nearly Free Electron

I Model (NFEM) based upon the pseudop otent la]. concept 23_2
~ to invest igate

I the conductivity anisotropy in sin&le crystal. Zn. The Chan, Huntington

calculation explained how large elastic and. Fermi surface anisotropies

I 2 5”in Zn combine to result in a nearly isotropic conductivity tensor.

The success of this calculation suggested using a similar model to

I 
- investigate other transport para meter ani. sotrcp ies.

1 2. DrivIng Force for Electro~iigration

One of the transport phenomena sensitive to anisotropies in

I the metal system is the driving force for electromigration, or mass

I 
transport Th a metal. carryi ng a high electr ic curre nt density. The

force itself Is derived from the measured drift velocity through the

I Ner ust-Sinstein relation , and is usual ly expressed in terms of an

effective charge relating it to the applied electric field. The total.

I force on the diffusing atom has two parts , the electrostatic force of

the applied electric field, and the “electron-wind” force , due toC l collisions between the atom and the current-carrying electrons. We

I shall be dealing pri mari ly with the second contribution , that due to

the streaming charge carriers.

— — 
-_-q

~ 
— ~~~~‘~— ~~~~~

I ~~~-_. 
- ~-~~:-~~~: 

- — -
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The early theories of Fiks2~
’ and Huntington and Grone28

g 
determine the wind force by calculating the momentum transfer by the

- 

electrons per unit time as they are scattered by the atom. Bosvieux

I and Fried.el29 noted that the electron current induces a dipolar-like

distortion in the screening cloud associated with the diffusing atom,

I resulting in a net electrostatic force. Later , Sorbello3° extended

I this viewpoint to a more realistic model of a mete.]. within the framework

of pseu’Iopotentia], theory. A somewhat related transport-theory based

screeni ng calculation was performed by Das and Peierls~~’ More recent ly,
32-34a number of calculations have been performed using Kubo ’s linear

1 response formalism~
5 All of these viewpoints lead essentially to the

I same conclusions concerning the wind force in the F~4; i.e., that trie

force depends on the specific resistivity of the diffusing atom and on

the number of electrons per atom.

In order to treat anisotropic effects realistically, the theory

must be extended to include band structure effects. The first efforts

In this direction were made by Fiks3~
’37 and by Felt and Huntingtcn~

8

In both of these theories, the diffusing atom was considered to be in

1 an extended plane wave state, an assumption which appears to be more

I 
appropriate for ’ a free particle; e.g., a neutron. In addition , neither

treatment dealt with the complications arising from screening in a Bloch

I electron gas. No quantitative evaluations of band. structure effects in

electr omigration have been published.

• I We are especially interested in the effective charge of Zn

I 
since it is one of the materials in which single crysta l. measure ments 39

have been made. In this work , Eoutbort found that the driving force was

I
I

- ~~~~~~~~~ - - - -  - - . -~~~ ~~
- -• 

— -
~ 
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-H--
about half as effective along the hexagonal axis as perpendicular to

I It. In light of the near ly isotropic conductivity of Zn , these results

were initially puzzling~
8 which stimulated the work of Chan and

I Huntington22 as well as the present work.

3. Hall Effect

I The transport prop erties of a solid may be profoundly altered.

by the application of a magnetic field. Analysis of these effects

requires inclusion of an additions], term in the Boltzman n equation for

I the distribution function g(’
~) (see PARr III). In the relaxation time

approximation, Jones and. Zener~
10 proposed a solution for g(t) as an

I expansion in powers of the magnetic field it. In the weak field limit,

I the resulting expression for the Ha.ll coefficient in cubic materials is

quite sensitive to the shape of the Fermi surface, involving the second

( derivatives of the electron ener~~’ (first derivatives of electron

velocity) with respect to wavevector ~. Ziman4l applied. this model to

I a calculation of the Hall effect in the noble metals. Using what he

called an “eight-cone model” to account for distortions of the Fermi

B12X’f ace from sphericity, he obtained quite satisfactory agreement with

experiment.

PrIce~’
8 
.th Taylor19 have shown how to extend the method. of

I Jones and Zener to anisotropic materials in terms of the vector mean

free path, 1. In this case, the Hall coefficient involves the derivatives

of with respect to • Calculations using the above model have not

‘ I yet been carried out for the hexagonal metals.

~ cper1ment.l measurements of the Hail coefficients in Zn and

1 Cd single crystals were made by Lat~e, et. in 1964 and more recently

I

_ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J~
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• I by Yonemitsu and Takahash.t~~ They reveal a large anisotropy and

1 
indicate the predominance of “hole-like” carriers, while both the a

I and c-axis values tend to decrease with increas ing temperature. On

( the other hand , the electrcmigration experiments suggest Wnegative

charge carriers”; thus , there Is no clear , simple correlation between

I the electromigration results and the Hail constazits~
9 Recent calculations

by Cowley and Stringer~~ using the Plane Faced Energy Surface (PFES)

method4
~~

46 achieved rough agreement with experimental values at room

temperature. - 
-

4. Thermoelectric power

- 
The usual derivation of the expression for the the rmoelectric

power of a meta14
~ is easily generalized to anisotropic me tals (see PAI~

IV) and gives the sane result

1C~k~T r  1 ~o1
- 

— 3e I 6(e) ~i~’I 
‘ 

(1. )
L .Jt ’CF

where 6(e) is the electrical conductivity of a metal whose Fermi ener gy

is £F .  Comparison of the theo ry with experiment is complicated by the

effect of “phonon drag”~~vhich, however , disappears at high temperatures

and will be- neglected here. Taking e as a negative quantity, one fines

I fran the formula that a free-electron metal should have a negative

1 thexmopover. As is we].]. known, hwever, the thermopower of Li as veil

as all three noble meta ls is positive in sign.

I ~~~~~~~~ attempted to resolve this paradox for the noble

metals by considering the effect of Fermi surf ace distortion , but was

unsuccess ful. Ts~1or~~ later modified the model for Cu by includ ing

I additional band. structure effects , but succeeded only in driving his

• theoretical values farther away from the experimental values. A new

— 
- - -~~~*~A~IsUrTTL -~~ _ _  ~~~~-- - •— 

~~~~~~~~~~~~~~~~~~ 7”~~~ 
-•-- —-—---— — ,~~,..2 = —I d~~.
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50line of thought was su gested by Robinson, and developed to account

I for the positive thertnopower of Li~
7 It is that a critical determinant

of transport prop erties in the simple metals is the shape of the form

I factor (Fourier transform of the effective scattering pseud.opotentia].)

I 
resulting from interference between Coulomb attraction and. core repulsion

potentials. Subsequent calculations for the noble metals5
~~

53 have

quantitatively verified. Robinson’s qualitative observations.

Measurements ‘‘ for Zn and Cd also show positive values of

I the thennopower, as veil as a large anisotropy between a and c-axis

values. To date , however, no calculations, such as the above described

work on the noble metals, have been carried out for anisotro pic materials.

B. Introd uction to the problem

As pointed out recent ly by Hurd, the study of low field

I vanom agnetic effects in anisot ropic metals is present ly a somewhat

neglected subject. Much of the existing data is either quite old or ,

in many cases , incomplete in terms of temperature depe ndence. On the

1 theoretical side, complications arisin g from the an.tsotropic structure

end fran electron band effects have large ly discouraged quantitative

1 investigations . It is the aim of the work presented. here to take a

I more comprehensive look into the transport properties of Zn than has

heretofore been attem pte&

I The model used here for the Fermi surface and electron

wavefunctione is consistent with that used by Chan snd Huntington in

I their investi gation of the high temperature conductivity. It is a 2-OW

• I model, similar to that emplc~ed by Ziman4~ for the noble metals, in

which the effects of the most important Briilouin Zone discontin uities

I
— 

• g
, 1

— I ~~~~_. • _~~~ - • •~~ •~~~~~~ - •~L ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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I are accounted for’, one pair at a time . While this is a highly approximate

I model, and perhaps more appropriate for the simpler noble metals, we

fee]. it retains the essential band. structure effects in the hexagonal.

I metals. In addition, we ass~zne throughout the existence of a local

pseudopotentia]. form factor (see APPEND~~ A) determined semi-empirically

I fran a prescription given by Stark and. Fa1icov~
7 In light of these and

1 other approximations invoked during the course of the following

calculations, the results presented here are not expected to produce

I exact agreement with experiment; in fact, high temperature measurements

of the Hall effect and thermoelectric power are incomplete. Instead,

I we hope to present a consistent , semi-quantitative picture of the

I essential physical considerations resulting in transport parameter

anisotropy.

I PARE II concerns the driving force for electromigration.

First, the general theory of band structure effects in electr omigration

I is reconsidered by combining, to a certain extent, the approaches of

I Pelt38 and 5orbello~° The effects of band structure on electron

screening are explicitly taken into account using the “dielectric

I mstr’if tormaiiem?8’~~ Several simplifying approximations are made

end model calculations are carried out for Zn. In PA~~ III , the two

I Independent gall constants of Zn are calculated and compared with

I experiment. The temperature dependence of these coefficients is also

analyzed in terms of changing Fermi surface-Briilouin Zone wall

I interactions. In PARE IV, the anisotropy in thermoelectric power

coefficients is calculated. Finally, a discussion of *11 the results
. 1

I pressnted in PARTS II.IV is given in PARL’ V.

I

— - -~~~~~ ~~~~~ ~~$~~~~ 6Ø_~ JI~ _ _ _ _ _ _ _
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PA~~~II

DRIVI1&~ FORCE FOR ELE(~’ZRC?CGR&TION

i 
A. General Theory

The drivi ng force on a diffusing ion in the presence of high

I electric current derive s from two possible sources. The first is due

to the electrostat ic interaction of the ion with the external field end

I the second is due to the interaction with the charge carrie r ’s. In this

trea teent , we split the total. effective charge, Z~, into
1 

Z~ — Ze + Z~, , (2.1)

I where Ze is the effective electros tatic char ge ~~~ Z~, is the momentum

tran sfer or electron wind charge . (It should be pointed out that

I although this separation has been the starting point of most discussions

of electromigration, it is not essential , Sane recent investigat ors32_3~1

- have preferred to deal directly with the total driving force from first

J principles via a linear response formalism. ) In the next section , we

• present a few remarks concerning Z , and the n Z~ will be considered in

detail. 
e

1 1. Electrostatic Force

A controve rsial question in the theory concerns the extent

I to which the direct force of the applied field is screened by the

conduction electron gas. In the models of Huntington6
~ and others3

~’~~I there is no appreciable screeni ng of the external field and the full

electrostatic force Z E , where Z is the ionic valence , is felt. On

the other hand, Bosvieux snd Friedel29 maintai n that for interstitial

ions the direct field force is total ly screened out. Recently, however,

9

H 
_ _ _ _ _ _ _ _ _ _ _~ .. ~~~~~~ ~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~ _ _-~~~~~- --~~~~~~~~~ -~~~~~ -- - 
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Shem claims to have showu that the Bosvieux-Priedel arg~znent is wrong,

bssing his results on a quanttnn field theoretic treabuent of the

problem. Landauer argues that significant local screening may be

I present , tracing the source to what he calls “spatial conductivity

1 moãuistion”6~ and “residual resistivity dipoles.”~~’
6
~ While it is

1 generally conceded that the effects suggested by Landauer are

I the magnitude of these effects remains uncertain. Bibby and Youdelis6
~

attempted to answer the question experimentally, looking at the

J electronigration of carbon and nitrogen in the Hall field perpendicular

to the current direction. These authors concluded that the full

electrostatic force corresponding to the nominal ionic valence was

I present. A recent, as yet unpublished, coimnunication~~ suggests that

the controversy has not yet been fully resolved. Nevertheless, in

comparing our calculations to experiment, we will subscribe to the view

that the full electrostatic force is exerted by the external field.

2. Force on a Diffusing Atom in a Drifting Gas of Bloch Electrons

We calculate here the effects of the electric current on an

atan d.iffuling in a crystal lattice. Let represent the coordinate of

the diffusing particle. Fran the relationship between a coordinate and

its canonically conjugate momentum we write
I d~~~ > (2.2)

I where f represe nts the exact wavefunction of the system and H is the

I total H~~iltonisn. We proceed now in the spirit of the Born-Oppenheimer

apprcxisatio49i.e., the migrating ion is considered to be a very heavy

• I classical particle interacting with a qusnt~a mechanical electron gas.

At each point along its diffusion path, the ion is taken to be fixed in

— - 

— -i—-i-- ~L-~ ~~-~~~- 

- -~~ 
-

~~~~~~~~~~~~ 
-ri’ iI~



~~~~~~~

13.

position as it interacts with the electrons. For such a clasBical

particle, we may identify as a force on the particle and write

Eq. (2.2)as

I F = _ <
~~~~~~~~~~~~~~f> . (2.3)

I We are interested only in the current dependent electron driving force

on the ion, so in Eq. (2.3) we replace H by U, the electron defect

I interaction potential. (In the case of interstitial diffusion, U

I may be a single point ion potential. For ’ diffusion by the vacancy

mechanism, U must include the potential of the jumping ion as well as

I the “semi-vacancies” at either end of the diffusion path. )~
8 Distortion

of the lattice due to the presence of the defect will be neglected.

I Our starting point then is

I - -<j
~~~~ ~!> 

.

If we separate ~ into a product of electron and defect parts in which
I the positionL’ of the ions are fixed, and take the electron wavefunction

I to be a product of one electron functions , we arrive at

i 
— ~ - ~~~~~~~~~~~ (2.5)

In Eq. (2.5), f (t) represent s the electron distribution function in the

1 presence of the applied electric field.. It of course must be pertu rb ed

fran the Fermi-Dirac function f° in order to reflect the presence of

I current. In what follows, we will assume that t
~~
t) Is a known function,

having been determined from an independent solution of the Bolt,mann

equation in the high temperature range. In our numerical computations,

th . actual solution of Chan and Uuntington~~ for the electron mean free

puith t (see APPr XWIX C) will, be used.

~ 
__________
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For an Isolated Interstitial , take U to be of the form

I ~(c-I), ~ being the electron coordi nate, ~ the coordinate of the

diffusing ion, keeping in mind that u denotes an unscreened potential.

I (In the case of diffusion by the vacancy mechanism, we would take

i U - u(~-1) - u( .j~,) - u(~
_12) , (2.6)

and. B2 denoti ng the positions of the semi-vacancies. We will return

I to this point later. ) Fourier expand u as follows:

(2.7a)

where

I u~~~ _Afu~~)e 1
~~~c1t . (2.~~ )

1 • (,.A is the crystal volume. ) Using Eq. (2.7), we arrive at

I 
• — -i £~~ u(~)e~~’ ~~~~~ . (2.8)

I
Eote that Eq. (2.8) is valid in either the vacancy or interstitial case.

I Substituting in Eq. (2.5) gives

I - 
~~ 
If(t)i

~~
u
~~
)e (4r4e~~~94rr> • (2. 9)

We now have to calculate the one-electron wavefu nctions

At this point in his developnent , peit~
8 replaced U everywhere by a

I screened potential , screened as it would be in the absence of current

in a free electron gas. Me then calculated the electron wavefunctio ns

I ~ $ using perturbation theory, neglecting any othe r contributions to

- 
- screeni ng. We depart from that approach here and proceed as in

• I Sorbello~° treati ng U as a bare unscreened potential in Eq. (2.5) , 

~~~~~~~~~~~~~~~~~~~~~~~ .- , 
- 

~~~ ~~~~~ - -

- - — -ka~~~ i1~L~~ 
— 

-
~ 

- ~~~~~~~~~~~~~
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but accounting for the electron -electron interactions by calculating

I the Vs self-consistent ly (in the Hartree approximation ) to first

order in the defect potential. Unlike the Sorbello trea bnent , we assume

I a weak, local potential for the ions , and treat the case of Bloch

I electrons . Our zero- orde r vavefunctions therefore will have a spatially

varying part of the form

1 I (1~) = ~~~~~~~~~~~~~~~ , 
(2.10)

J where the sum Is , in general, over the set of all reciprocal lattice

vectors. Using first order scattering theor’3J 0 we can write the

j  vavefunction *~ arising fran the electron-defect interaction as

= I # ) + ~~ I >~~~~ < ~~~ I (2.11)I k

In Eq. (2.11), the potential W must be self-consIstently determined..

I The Bloch functions are the self-consistent eigenstates of the

crystal lattice potential . W therefore include s the defect potential ,

as well as the change in the screening potential of the conduction

I electrons due to the presence of the defect. In order to determine toe

latter, we—need an expression for the total conduction electron charge

1. density, which may be written

n(~ ) - ~~f(~ 4*~ . (2.12)

Fourier transformi ng Eq. (2.12) gives

I n(~ ) —À ~~~~~~~~ 
*~e

’
~~~ df . (2.13)

I We wish to obtain expressions in terms of the zero-orde r vavefunctio ns;

accordingly, we use the relation

• 1 <$el~~~ <*fsI#r)<#f I (2.x~)

I
,:~ I

- 
.. - 

• 

~~~~~~~~~~~~~~ -
-- ___

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ -_-~
--;-— -— - .—

~
— --—-—-.— .-— --————.--——-
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to rewrite Eq. (2.13) in the form

I n(~) -j 
~~ 

~~~~ <~~~ I �Ir)( Ie~~i*~s> .

I Now, the perturbation expression in Eq. (2.11) can be used to evaluate

the matrix elements in Eq. (2.15). The results are

I <~4 ~
) (41 ?~

) + 
~~~~~~~~~~~~~~~ 

(2.16)

I and 

<~~Ie~ ’i$i) = <~Ie~~ I ~~‘>

I . +  (2.17)

1 where the orthogonality - of the Bloch functions ((Ø~ ,I#.., ) = b(~-~~ )

has been used. With Eqs. (2.16) end. (2.17), Eq. (2.15) becomes

I 
- 

n(s) =j ~ f (t )<~~1e~~~I #j ;’

1 1 

~ r(P) <~kle 1 ~~#)( ø~LW I S
~~~~~>

— 

~~~~~~~ ~ <~ j e~ ”1~I O~!~i<ø~I w L~~>I 
. 

+~j~~~f k 
t( k) - t(~) +ia (2.18)

I The first term on the right side of Eq. (2.1.8) represe nts the zero-order

- I charge density; i.e. , the char ge density in the absence of the impurity,

depending only on the Bloch vavefunctlons ~~. We need an expression for

I the ch~nge in charge density due to the prese nce of the defect, which

canes from the remaining two terms. Calling this charge density An,

I we get fran Eq. (2.18) the expression

~ 

- - 

•
~~~~ ~~~~~~~~~ 

‘
~~~~~

__ ___ __ _
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I
I an(t ~~~~~~~~~~~~~~~~~~~~ 1 4>< ~ 4wj ~~~~~~~ • (2.19)

I The function f(~ ) may be split into two parts as discussed in PART I;

i.e. ,
I f(~) — f0(~ ) + g(~ ) (2.20)

where f° is the Ferm i. distribu tion function and g~~) is the change

giving rise to the current. Making use of Eq. (2.20) and the following

I relations:

= f0(-~ ) ,I

I. 
•(1) ..

~~~
) + Ia - 

~~~~~~~~~ 

- ifl&[~(t) -

1 Eq. (2.19) simplifies to

an(t 
A~~~~,<~~~

e 1
~~~~I 4> <41w 1 ø~>

I 
. 

(2t
0
~~ 

- 2in8(~ )b[E(~ )_ E(~~
J 

. (2.21)

Next w~ explicitly divide the potential W into two parts,

I W — U + A V 5 , (2.22)

I where means the change in the screeni ng potential due to the defect.

AV5 can be further broken up into AV~ + £V , where the superscript 0

I denotes that part of AV5 independent of the current, and AV is the

-

~~ I
‘: ~

_ _ _ _ _ _ _ _ _ _  - -
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I
current dependent part. With this notation,

I W = U + + . (2.23)

Now write

I W° — U + ~IV° (2.2~)

I SO that W ret,resents the defect potential screened as it WOUld be in

the zero current case. (It will be instructive to write sane of our

I expressions in terms of this potential, which we may assume to be known

fran the solution of the zero-order problem. )

I Before proceeding, we can perform en intermediate check by

I comparing Eq. (2.21) with an expression derived by Stoddart , et.

by an alternate formalism. They considered the charg e distribution

1 around a week scattering impurity in a stationary gas of Bloch electrons .

7ran Eq. (2.20) , we get for the change in c~iarge density in the zerci

I current case

I An°(t ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2.25)

which agrees with their equation (3. 10).

Poisson’s equation (transformed) can now be used to relate

I An and AV5. Specifically,

I AV5(~) — ‘~~~An(~) . (2.26)

I By combining Eqs. (2.26) and (2.21), we arrive at the following expressio n

for AV5 (~)

I - #~Ie 1
~~I4Xø,IwIø~> )- t(~5I

I
:‘ 

• 
-‘~~~~l L ~~--_- . —- -~~~~~aL--- 

____ 1I1_ 1  - ~~~~
- - -~ --  ~~~~~~~~~~~~~ 
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I
j8g2e2 

~~~ <Ø. I e ~~•~ I %><~~ 1w °I g~~~5~~(~~~E(~~ . (2.27)- 

q2.fl. ~~~
(In the second term on the right of Eq. (2.27), W° rather than W appears

I since the term involving AV~ and g(~) contains the product of two small

quantities.) From Eq. (2.27) we can write

av~(~) = - u(~)
•0 .*~—io . r ’- _ _ _  - 

I ,><ft,I w0J ~~~~-~~
°
~~ (2.28)

I Eq. (2.28) relates the unscreened defect potential U to the defect

potential. screened in the zero current case (w0). After considerable

algebra, Eq. (2.28) can be generalized as follows:

] 

S

r.1 1 1 . 1I . ’ I I . ,
Iu (~-~)I I — Iw0(~..~)II u(~ ) I = I € 

w~(~) (2.29)

I S I I I~~ i[UC
~4)I I Iw 0(~4)I

S I  I
. ..i L L : j

I

here can be interpreted as a “dielectric matrix” in ana1o~ r with the

free electron dielectric function ~ (~). Its rows and columns are

I labeled by reciprocal lattice vectors and its elements are given by

1411e2 ; 2f0(~)

i (~~~4,~~~+1) = - 
e(

~
) - (t4+t)

. 
~~~~~~~~~~~~~~ 

(2.30)

‘) <~ 
I i( q+H~.r

••Ie ‘ ‘I k+q+ k+q÷L

— — — — - 
- ;;-:it~ WTT -~~ ~~~~~~~~~~~~~~~~~~~~ - - - ~ - — ~~ - U!)~~~ 

—

_ _ _ _ _ _ _ _ _ _  - - ~

- -
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I where L, G, and H are reciprocal lattice vectors. In Eq. (2.30), we

$ have used the notation of Sham end Ziman72 In this notation, Eq. (2.29)

becomes

I u(s) = ~~~~~~~~~~~~~~~~ . (2.29a)

I For notational simplicity, we write Eq. (2.29) in matrix-vector form:

I u(~ ) =
‘

~~~~~~

‘

(~~) (2.31)

In this form , Eq. (2.31) formally resembles the scalar equation

I u(~ ) - € (tw°(~ ) which relates the screened and unscreezied potentials

in the free electron case73 The relationshi p between these potentials

in the presence of the crystal lattice (Bloch electrons) is, of course,

I much more complicated..

In order to proceed, we assume that Eqs. (2.29) can be

I inverted and solved for the potentials w0(~+~ ), and formally write

w0(~ = ~~u(~) . (2. 32)
I

- 
To further simplify the later di scussion , note that I may be written

as follows :

I I = 1 — D A  , (2.33 )

where I is -the identity matrix, and D is a diagonal matrix whose

I elements are given by

- 

D(~4,~+~ ) 
~~~~~~~~~ 

. (2 .3k)

I The elements of A follow from Eq. (2.30). We now need an expression

for 4V (q), which we get fran Eq. (2.27):

! 
~~~ <~~

I . .iS
~~I ,>(ø~+v I~t) 

I(1)- €(Z

I - 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

-. - 

-- -———---

~~~~

-

~~~~ -



-

~

-.-.-

~

---- --- - - - . ~~~~~ --——-----~~~~~ - ---~ ----- - -- -- - ------ 

19

- 
i8,t2e2 

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ . (2.35)

I ~~~ ~,r

Writing Eq. (2.35) in matrix form in analo~ r with Eq. (2. 29) , and using

I Eq. (2.33), gives :

I 
or 

AvC (~) = ‘
~~~ Av~(~) - 2xi 3’~~~~~(~) (2.36)

I __ 
~~I AVc(~ ) = -2,ci 6 D B U (~~~) , (2.37)

J where the matrix B is given by

= g(t )5 1~
•(
~

)- E(
~4+t)]<~~I e~~ ~~ •~ I ø

~~4+t>

S <~+~+tIe ~~~ Ø~> . (2.38)

I Eq. (2.37) is the central result of this section; it represents the

distortion of the screening cloud around the defect in the preseuce

of the current. It is straightforward to show that in the free electron

limit, Eq. (2. 37) goes over into

~~~~~~ 

—

~~~~~~~~~~ 

w~k~) ~~~. g~~)b [€(~)_ ~~~4)] , (2.39)

which agrees with the expression derived by SorbelloTk

We are now ready to return to the expression for the force,

I Eq. (2. 9) , substituting the results of the screeni ng calculation. First ,

rewrite Eq. (2. 9) replacing ~~~ by -~~~ in the suunnation :

I - ~~
_j

~ u ( ~ )e*1~~~ f (1)< 1e l~~~ 1~p~~> . (2.i~o)

I The sun over in Eq. (2. li.0) is just .fln(q), which was written out in

I Eq (2.18). The first term is just the charge density in the absence

of the defect (arising fran the unperturbed Bloch wavefunctions) and

I

~
j

- *  
—

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ at 
~~~~~~~~~~~ 

_
-
~

- - -
~

-
~~~

-Ii_ ___
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is not of interest here. We also get a contribution from An°C~)

I which is just the change in charge density in the zero current case,

evaluated in Eq. (2.25). This part of the force is not of interest

I either; we want the current dependent part. This must come fran the

current dependent change in the charge density, which we can get fran
I Eq. (2.37) :

I An°(~ ) — !LJ~ A~f(~)

- - _ _ _ _

I 
— (2.41)

may be expressed in terms of the unscreened potential as
I 

- follows:

1 W°(~ f~~ ~~~~~~~~~~~~~~~~~~~ (2.42)

Also we note that

= 
£
*
(~~~~t~~~~) (2.43)I Iq+L~

which follows from the definition in Eq~’ (2.30). Eq. (2. 43) implies

I that the same property hOldS true for g -1, which is proved as follows :

I €(
~~

+
~t~~~~~~~) 

1
(~~~~~~~~~~+t) -

I :~~pII ~~~~~~~ £
*
(~~4,~~4) ~~~~~~~(~~4,~~+t) -

~ I ~ ~ 
~~~~~ 

~~~~~~~~~~~ 
~~.5l*(~4~~~) E l(~4,~+t)

I ~~~~,t 
s~+~I2 e l*(~+M)
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a
• Sunming both sides over M gives

I I~~ ,
2
€

=1
(~~,~~~~t) j~ +tf 2 E~._l*(~+t,~~ (2.411)

Using Eqs . (2. 42) and (2.111i.) in (2. 111) yields
I 

~~C(~) - -2,ci ~~~~B(~+~, 4) ~ ~~~~~~~~~~~ c~ 4)u(~+~ ) (2.45)

low Eq. (2.45) m a y  be substituted in Eq. (2.40) to give the complete

I expression for the current dependent force :

- 

- -2,i ~~~~~~~~ ~~~~ B(~+r,~~~ ) ~~~~~~~~~~~~ E_1*(~+~,~ )u*(~ ) .

Eq. (2.46) can be made more explicit by substituti ng for from its

definitio n. Also, we can make the complete depende nce of the

I expression explicit by subst ituting for u(~+~), the defect potential.

In our later computations, we will be interested in self-diffus ion in

I Zn single crystals (via the vaca ncy mechanism). Therefore, for u(~~~)
we use

U(~~~ ) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ e~~
(
~~~

)
~c - e~~~~~~~~~~J , (2.117)

which follows from Eqs. (2.6) and (2.7). ~~.king these two substitutions

in Eq. (2.*6) results in

1--IL ~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~

. <Ø~4e~ 
(~~~~7) .~~ 

~ 
1(P I

~~~ ) ( 44) E ~l*C~+t~~)

•_.,_ ~~#.~u (4)S(4,G,R) , (2.48)

I where we have collected the 1 dependence of the expr ession into the

. I 8(t~~ ) 
S ~~~~~~~~~~~~~~~~~~~~~~~~~~ e ”~ 1~~~ç - ~~~~~~~~~~~~ . (2. 49)

I 
-- 

; r~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ VT rrft~~~~~~L~~~~~ij ft.~~~~~~~~
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For purposes of comparison , it is instru ctive to consider

I the form of Eq. (2.118) in the free electron limit. Taking the matrix

C over into the scalar function *, and. replacing the Bloch functions

I by plane waves we get

I 
(~~ 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2. 50)

I We take g(r) from Eq. (1.2), f having been determined fran solving the

Bo1t~’~m~nn equation. Eq. (2. 50) is apparently the sun of manentun

I transfers 
~ (~~~) 

for transitions between states on the Fermi surface,

i multiplied by the corresponding “Golden Rule” transition probability,

calculated using a screened potential v° = u/ . For an isolated point

defect, it would be exactly that . For the vacancy case, the formula

is complicated by the appearancc of the factor S, which accounts for

I the more complex defect structure involved in vacancy diffusion.

Eq. (2.48) , however, is not subject to such a simple

inter pretatio n. Self-consistent screening of the potentials in the

I Bloch electron gas is accounted for formal ly by the appearanc e of

elements of the inverse dielectric matr ix. In simple terms, the

I screening cloud. surrounding the diffus ing par ticle is distorted by the

I presence of the lattice, even the zero current case , its distortion

depending on the position of the particle relative to the perfect

)~ lattice. This last point is worth sane discussion, since in expressions

such as Eq. (2.2%), the dependence of the screening is not explicit,

and perhaps not clear. (Assume for the moment an isolated point defect

to simplify the writing.) Recalling Eq. (2.7), Eq. (2.2%) becomes

- ~~~~~~~~~~~~~~~~~~~~~~~~~ , (2. 51)

4 ’

__________ —
~~~~ — 

,. ~ -~~~
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sad the I dependence of the screeni ng is explicit . Another point of

I possible confusion remains. The phase factors in Eq. (2. 51) appear to

depend on the choice of origin , which should otherwise be arbitrary.

However , from Eq. (2.30), the elements of also depend on choice of

I origin implicitly through the Bloch vavefunctions 0. In fact, starting

fran Eq. (2.10), it is easily shown that a change of origin introduces

I an exact ly compensating phase factor in the elements of t. Once the

origin of coordinates is fixed, this arbitrariness in phase is removed

I fran the element s of and ~~~~~ and simultaneously fran Eq. (2. 51).

The factor _h~~ in Eq. (2.118) also deserve s some c~~~ent. It

apparenuy p].ays a role analogous to h(~-k’) , or momentum tr ansfer , in

I the free electron case (Eq. (2. 50)). Fran the form of the matrix

element s in Eq. (2.48), we see that in the summation is restricted to

take on value s of the form
—~~v •• ~~- k + N  , (2. 52)

where N is a reciprocal lattice vector. In terms of plane waves, this

is suggestive of simultaneous scatteri ng by the defect and. Bragg

reflection —by the crystal. lattice , resulti ng in a inanentun transfer

1 $~~~~ -~~
‘-i~). Strict ly speaking, however , we know that the electron wind

[ force cannot be analyze d exact ly in terms of moment um transfer on a

per coUision basis , since the Bloch vavefunctions are not momentum

I
3. Application to Zinc

I 1. ~~~~~~~~ bdel

In app lying Eq. (2.48), by far the most serious complications

arise in attem pting to calculate and t~~. Each element of involves

1
— I d.. - -

~~
-

~~ — ---- ___
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sums over the Bloch states and energies as given by Eq. (2.30) , and

I has been the topic of considerable general discussion in the

literature?5 Little attention has been paid to actual numerical

I c~~putations, particularly of off-diagonal terms. Some approximate

I calculations relevant to insulators and semiconductors are discussed
76by Sinha in his review art icle. For metals, directional effects in

I screening have been largely ignored. In applying our ~ ‘E model to Zn,

we will follow the latter course and replace with the free electron

I scale’ tons. We will, however, account for the Bloch nature of the

I zero-order states explicit in the matrix elements in Eq. (2.48) with

a 2-OW model. We should warn that the consisten cy of this procedure

I is not clear; the directional effects being ignored are not estimable

in any o~vioua way. Arguments that they are small for a I~ E Laetal

I would seem to apply equally well to the band structure effects being

I retai ned. We will see that those which are included in the computations

do affect the quantitative results without significantly altering the

overall qualitative picture.

!n Eq. (2.48), the above approx imation result s in the expression

- -~~~~~ ~~~~~~~~~~~~ ~ ~~~~ (e~~9 4~
. ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ , (2. 53 )

I V0 being a screened potential (w0 
- u/i ). This formula is similar to

I those derived by yeit~
8 and Fiks~

7 except that it contains “cross terms ”

of the form v~~ ,1)vO*(~), jt~ 5uch te~~ were absent fran the above

• I mentioned formulas because the authors both assumed a plane wave state

for the diffusing particle, resulting in a sort of “pseudAsomentun

I ~~~S
” 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -

~~~~~

-

~~~~~~~~~~~~~~ 
- - 

- 

-



7 - 

25

conservation” condition. As pointed out earlier , the diffusing atom

I is treated here as a heavy, classical particle. The inclusion of

quantum effects in the diffusion process is beyond. the scope of this

1 treataent.

1 In APPENDEC A, we describe the semi-empirical form factor

F(q) which will be substituted for the spherically symmetric ionic

I potential w° in Eq. (2. 53). 7(q) will also be used to construct our

Fermi surface model (see APPE~WDC B), approximated by considering

I distortions arising from one pair of Brillouin zone walls at a time.

The two plane wave wavefunctions consistent with this model have the

standard form

~~~~~~~~~~~~~~ ~(~4e~~~~~~~
’ , (2. 511)

where U and ~ are given by

__________ 1/2
a( i&) — ~ + V7 41l/~j’ (Y M)2 

+ g2] ~ (2.55.)

— ~~ [i. - I7_11I/t ~~~~~~ + g
2] . (2.55b )

and g is the parameter which dete rmines the band. gap splittin g (see

AWENDIX B). In Eqs. (2.55), yaR/2k~, and Ii.k0/k7 as in Fig. B.2. The

sige of ~ is the same as F(x) for ~ )7 and reverses for M <7. This

I form for the wavefunctions allows explicit evaluation of the matrix

I 
elements in Eq. (2. 53).

In APrsaufl C, the Chan, Huntington solution of the BoltTm.-nn

I .q~*tion is briefly discussed and their findings are sm~~~rized. We take

s(t) - .1.t(
~~~~

5(
~~~~ )-S] , (2.56)

H

I ~~~~~ 
_ _

- 
- 

-

~~~~~~~~~~~~~

-

~~~~
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~a,c — ‘ra,c(
~

) va,c(~ ) (2.57)

the subscripts referring to the direction of the applied electric field,

I 
either in the basal plane (a) or along the hexagonal axis (c). The

dependence of 9” in Eq. (2. 57) turns out to be weak (see Fig. C.2) ;

I therefore, we replace ?~,c(i~) by the appropriate average also displayed

in Fig. C.2. This was the procedure followed by Chan and Huntington

I in their conductivity calculations. The relevant numerical values are

i 
= .117 x lO~~~ sec. and <7 ’~~ ’ = .28 x 1O~~~ sec. The

dependence of the velocity factor in Eq. (2. 57) is included as prescribed

I by our 2-OW model of the Fermi surface. Fran APPENDIX B, we have

_ _ _  
2

i 
v~(~) ~~ in [1 - 2~ (IL)]

and

I 
in ‘

I where the subscripts relate to the reciprocal lattice vector which

defines the axis of cylindrical sy~ netry for each particular region.

I The a and c components of are then obtained from v1 and v~ by a

1 
straightforward coordinate txsnsfornat ion.

We turn our attention now to the dependent factor in Eq.

I (2. 53). Denote the direction of the applied field by the subscript i

(1 being either a or c in our calculations). The effective force for

I atomic migration; i.e. , Z~eE1 , is obtained fran the I dependent force

by averaging over the diffusion path. That is,

(2.58)

where 1 - 12 - is the vector which defines the diffusion jump, and

i . i~~’-
Z7 

~~~~~~~~~ - ~~~
‘ 

~~~~
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is its component in the i direction. This result follows simply

I from relating the increase (decrease) in the flow of atoms in a

particular direction to the lowering (raising ) of the potential barrier

I for diffusion. (For electran igra tion in the a direction in hcp Zn,

1 
Eq. (2.58) is not pre cisely correct. The relation is complicated by

the fact that two types of crystallogrsphicai.ly different diffusion

jumps, one entirely in the basal plane, and one plane to plane (primarily

in the c direction) , contribute to the diffusion coefficient and to the

I. effective char ga. We will ignore this latter contribution when

I 
calculating Z .  The estimated error involved in this approximation

is less than 5 per cent. ) Take the orig in of coord inates at the point

I B — ~~~. Using Eqs. (2. 53), (2.56), and (2. 57) in (2. 58) gives

- -2~

~~ <�~Ie~~~I 4><Ø~.4ei ~~~~~~ ~~)w
O(~+~ )w0~~~)

f~~~~~t~ )dR

I (2.59)

— 
cos

where we have introduced the notation 2~ .Rcos ~~~~ Of course, if

I 
the applied field is in the direction of the diffusion jump, then

(~~
. (

~~ 
and cos e1,~- 1. We need only consider the real, part of

I the Integra l in Eq. (2. 59) since .11 of the other quantities are real

in our model. Thu can be explicitly evaluated using the following

= I result:

( 1  
1 

* 
e~~~~~ 1 

. (2.60)

~~~

•~- 1 I.
1_ ~~~~~~~~~~~ 1~~~~Y-~~-~~i~~ *1iT — — - -  — —
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Eq. (2.60), together with the definition of ~~~~~~ in Eq. (2.119),

-1 results in

u ~~ ~~~~~~ 
~

- ______  - 
- sin6~1) + sinr(~+~).~ . (2.61)

In the free electron limit, 14 0 and Eq. (2.61) reduces to

= 1 - 2sin(~ 1)~

i q.L
I as it should7~
1 2. Calculations and Results
I •1For the purpose of numerical computation, the sums over k

I and in Eq. (2. 59) can be transformed into integrals in the usual

way; thc delta functions resulting in two surface integrals over the

I 
- 

Fermi surface. The result is

Z,
~ 
- Cfb

j
~~~vj (~ ) ~~ !!2t. _ <ø~Ie~~~I Ø~~~~< 

i(
~
+
~
).
~I 

~~~>7 8  7 3  tM cos t i
I 

. 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~ — , (2.62)
P —

1 where C - 4) 4116x5$i 2 
~~ is the atomic volume. ) The explicit form

of the matrix elements can be seen by substituting fran Eq. (2.10) for

the Bloch functions Ø~~
. The result is

I 
- cf J”i”i(

~
) 

~~~~~~~~~~~~~~~~~~~~ 

~

- 

~~~~ 
~~~~~a~,~~~a ,(t)e~~~)

P.S. 7.8. 
~~~~~~~~~~~~~~~~

. (2.63 )

S
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Using the 2-OW wavefunctions defined by Eqs. (2. 511) and (2. 55), the

I four-fold sum in Eq. (2.63 ) over reciprocal latti ce vectors gives

rise to 16 possible terms involving appropriate prod ucts of the functions

I - a(M) , ~~~z), 0(1~’), and ~~~z’). Each of the sixteen integrations must

be performed separately in the full calculation.

In performing the actual integrations using our model Fermi

surface, cylindrical symmetry in each region around the associated

reciprocal lattice vector (Fig. B.2) allows us to write

~~~=~~~k~,d#dkq()= ~~~d#dk 1 = d#dIL . (2.614)

Integration over each region is then carried out over the azimuthal

angle ~ fran 0 to 2~r , and over the appropriate limits of the variable
I 

~i. The integrations were done numerically using a four-dimensiona l

I 
trapezoidal rule. The interval sizes chosen for the numerical integration

correspond to dividing the M and it’ ~
‘ regions each into 1728 equal

I area subregions. Attempts to refine the mesh further ~ere found to be

impractical, in terms of computer time. The integration proced ure was

checked using a similar trial function and the known result wan reproduced

to within a per cent. Rigorous bounds on the error for the actual

integrand would be difficult to estimate. We feel confident, however,

I that the error was no more than a few per cent , certainly insignificant

I 
considering the approximate nature of the overa ll calculation.

The results of the calculation are displayed in Table 2.1.

I The calculated values represe nt the electron wind contrib ution to

the effective charge ; in order to compare with the experimentally

determined Z1
, the electrostatic contribut ion (in our model , Zex +2)

~

I ~~~ - 
- -

~~~~ 
-
~~ ~~~~~~~~~~~~ 

- -
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1 
3],

must be added. The calculations were carried out in stases, each

I feature of the model being introduced separately to assess its

quantitative effect. The firs t calculation was performed using a

spherical Fermi surface and 1-OW vavefunctions for the electrons.

In subsequent calculations , distortion of the Fermi surface and 2-OW

vavefunctions were added,. The experimental results of Routbort39

are also displayed in Table 2.1. A complete discussion of the results

is presented in PART V.

I I
1
I
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PART III

I LAM-FIELD HALL ~ ‘FEC’T

A. 3811 Effect in Anisotropic Materials

1 
1. The Boltzmann Ecuation

The Boltzinann equation in the presenc e of both an electric field
I -.

and a magnetic f ield H can be written

- ~ [~(~
‘) x ‘~~ 

. 
~~j 1(~~

) = f[Jt(
~

) 
~~~ w(t~~ d3k’, (3.1)

where is defined by

- f0(~
°) = -e [

~ 
...A(~)] ~f 

. (3.2)

We are assuming here quasi-elastic scattering between electrons on the

Fermi surface; the validity of this assumption traces to the fact that

the energy carried by the phonon responsible for electronic transitions

I in the high temperature regime is very small compared with the Ferm i

• ener gy carried by the electron. W(~ ,~ ) in Eq. (3.1) represents the

scattering probability when the state is known to be occupied and

to be unoccupied. Accordingly, W possesses the property

= . (3.3)

Price~
’8 suggested expanding r(~ ) (or equivalent1y,.A.(~) )

1 in powers of the magnetic field; i.e. ,
1 -: 

~~~~~~.-.
JL X + M + N 4 . . . , (3.4)

I where i~ is independent of H, M proportional to H, etc. Putting Eq.

(3.11) in Eq. (3.1), and equating terms with like powers of H gives

I ~~_5~~~-~~) w d 3k’ , (3.5a)

32
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a
, (3.5b)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , (3.5c)

etc.

In calculating the Hall effect to term~ linear in the magnetic field,

only Eqs. (3. 5a) and (3. 5b) need be considered. It appears then that

calculating the linear Hal]. effect involves solving two successive

integral equations; i.e. , first solving Eq. (3.5a) for t as in the

I conductivity analysis of Chan and Huntington~~ the n substituting this

result in Eq. (3. 5b) and solving for ~~. However, Price has shown that

in reality only Eq. (3.5a) need be solved (for the linear Hal], effect).

The reason for this is that we really do not need to explicit ly evaluate

the vector function ~~. We only need. to calculate its effect on the

- current density J; i. e., we need to calculate

- 
e~ -0 ..J~A(~

) 
~~~ 

~f0 
a~k

- 

~ [5~ 
~ d3k + J~ 

~ ~L. d3k .] (3.6)

As before , we assume the solution of Eq. (3. 5a) is known from previous

work. This allows us to calculate the first of the integra ls in Eq.

(3.6). Starting with Eq. (3.5b), we arrive at an expre ssion for the

seco~~ integral as follows. Multiplying both side s of Eq. (3. 5b) by

— , integrating over k , and rearranging on the left yields

!t.J
~~~

x
~~~~

)
~~~~~

_ d 3k = 

j~~~~~~~L W(t’~~~d3k d 3k’

w(t ,t5 d3k d3k’ . (3.7)

- ~
-. --~~riutir ~~~~~~~ -~.. - — - “~1rT~~~~~• - - 

-



3’

a -0 ,Interchanging k and I in the second integral, sad using Eq. (3 .3) ,

I
I 

!~~.J~~x V ~)t~!_d3k ~ j~~[f(~~~~~~~t~~!~) w d 3I i]d3k

I • (~~~~~L d ~k (3.8)
J

~~~ ~, 0J (The elastic scattering assumption allowed us to rep lace 
~~~~

‘- by
~t ~‘

- 
The right hand side of Eq. (3.8) is seen to be the integral, required

in Eq. (3.6). Thus the current for the linear Hail effect is given by
.0

~~~ ~~~~~ g~
0 

~

( ( v x  Vx) x~~.±~~ &’k , and depends only on the properties of X
tb J
calculated from Eq. (3.5a).

I 2. The Onsager Reciprocal Relations

In this section we write down some general results deriving

from the Onsager relations. They will be used in a later section in

appl~*ing our model of the Fermi surfac e. The Onsager relat ion~~ for

electri cal conduction in the presence of a magnetic field states that
I ~~~~~~IPI~

~ (u) 6(-H) , (3.9)

where is- the conductivity tensor and “°‘ denotes the transpose. In

order that our calculated results possess the required reciprocity,

Eqs. (3.5) and (3.9) require that ft ~~ — d3k be a ey~mnetric tensor,
0

- and that ~ ~~~~~
._ d3k be antisynunetric. The first condition follows

I imediately from Eqs. (3.5a) and (3.3). Using Eq. (3.8), we see that

the second condition requires that ~ 
.f (~ x ~~) ~ ~

L d3k be
I
U antisymnetric, or equivalently that j i’. ) (d~ x 

~~~~ ~ be satisymmetric.
P.S.

I 
(Ears d~ is the vector element of surface area on the Fermi surface.)

To see what is going on here, we write as a sum of d~’ada :

~~~~~~~~ ~

L _  _ _ _ _ _ _ _ _ _  ~~~~~

‘. 

— 

11I~ir -
~r’ - 

-‘—-
~~~~~~~~~~~~~~~~~~~ ~~~
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I
V~. - Za1 bi . (3.10)

I I

Using Eq. (3.10), the antisymmetry condition becomes

I 5 .  (di x ~~~~~~~ = ..j~~
. (d~Xz~~ c)

I or 

i .j ~~~~x.(~~~~) t +  d;~:ç~:~3 = . (3.11)

1 The quantity in is just ~ (~~); thus , the reciprocity condition

will be satisfied if

I 
~~~~~~x V ( ~~ ) = 0 . (3.12)

I P.S.

If the Permi surface is a msooth, continuous closed surface, Eq. (3.12)

I is shown to be true by dividing the surface in two parts , and applying

the generalized Stokes Theorem to each part. The two line inte&rals

I which result cancel exactly. For a surface cut by Briilouin zone walls,

I Stokes Theorem gives

$ix  V(~) = Zfd~
(
~ , (3.13)

I c c

where each—term in the sum is a line integral over the boundary curve

I of an open portion of the Fermi surface. The sum in Eq. (3.13) is seen

i 
to be zero by considering contributions from curves on opposite faces

of the BriUouin zone; since they are displaced by a reciprocal lattice

~ I vector, symmetry requires to be the same for corresponding points,

whereas the direction of integration is opposite (as dictated by proper

I application of Stokes Theorem). Thus our solutions will have the

I 
required Onsager symmetry, provided we use a continuous, smooth Fermi

surface, interrupted only by Brillouin zone di scontinu ities. Our 

~~~~~~~~~~~~ ir - iu1~~~r~ m ---— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I
model surface (APPENDIX B) does not meet that requirement, however.

I This point will be discussed in section 111.3.3.

3. ~ cpressions for the Hal], Coefficients

I The Rail constant as customarily defined is given by the

ratio of the transverse electric field to the product of the current

density (in the direction of the applied electric field) and the magnetic

I field. For example, if the experimental geometry is such that the

current is constrained to flow in the “y” direction, and the magnetic

field applied in the “z~ direction, then the Hall coefficient is given

by R - ~~~~~~
_ . (x ,y, and z form a right-handed coordinate system and

the sign of R is such that free electron conduction produces a negative

Hail coefficient. ) The Onsager relations allow at most three independent

Hall coefficients, depending only on the direction of the applied

magnetic field. For ~ in the x direction , one obtains using Eqs. (3.6)

and (3.9)

R(n~
) 

~~~~ 

= - H,~ ~~~ o~~ 5!yvz ~~ (3.llea)

I 
- 

~~~~ ~7
_
~ 

= H~6~~~6~~ SM ZVY ~~ (3.1l1b)

S milarly, EI BCE
Y
) - çk~ 1j 

- - R76~~o~5 fM~
v
~

- 

~~~~~~~ 

- ~~~~~~~~~~~~~~~~ (3.l5b)

‘* 
- H5 6~~6~, JMxvy

‘

~

— ! “
‘

.

I - — - - — - -~~~~~~— — — -.~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~ - - - — - —~~~-~~~~~~ ~~ -~~~~~~ - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - _______________
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- 

~~~~ 
= H~ 6~~o~~ J

’ 4~vx ~ (3.16b)

where C - 1
~ic
3
~~/e

2 and 
~~~~~~~ 

is proportional to the conductivity

in the absence of a magnetic field. (All of the integrations in Eqs.

(3.].4)-(3.16) are over the Fermi surface. ) The expres sions in the

minerators of Eqs . (3.l11)_ (3 .l6) can be evaluated in terms of the

vector function ), and its derivatives by making use of Eq. (3.8).

Peking the appropriate substitutions , we arrive at our final expressions

for the three independent Hail constants:

= e Ô ~~ 6~~ J
~ (vj  ~~~~~~~~~ - V~~~ ~~ ) ~~~ 

(3.17 )

where e is taken to be the (negative ) electroni c charge, and i,j ,k

rep resent a permutation of the variables x,y, and z. (The two

expressions for R( H i) generated by interch~iig t ng j  and k in Eq. (3.17)

are of cours e equal as a result of the Onsager relation. )

B. Application to Zinc

1. General Formulas

As before , we take — and substitute into Eq. (3.17)

to get

3 Ii
E(R ) - I ii’ 1” (v .—~~ - v .....~ )v ~!

~ ej ~~v2
~~!. j .v2~~!~~~~

k j j~~~ k~~~ ~ V

.J ’v~vk (v~~
_ _ _ v

k
__) 7

4 __] . (3.16)

The second integral in Eq. (3.18) contains (
~ 

x ?)~ , and thus involves

-
~~~~~~

- 
~~~~~~~~ - - -—  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - i
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non-uniformities in ‘1” from point to point on the Fermi surface (since

I is perpendicular to the surface). For R( R~), only the directional

derivatives of 7 along oitits parallel to the basal plane enter.

I - However, the Chan, Huntington calculationsfl~
81

~ demonstrated that this

variation is alight in general, justifying its neglect here. For

R(H~
) (or R(a~) ) the situation is not quite so clear. In these cases

the variation of 1’ with i, as shown in Pig. C.2, is involved. The

I 
deviations Of?’ from C’~.

) still appear small, though not so clear ly

negligible as in the first case. From a practical point of view, it

is doubtful whether the calculated data are accurate enough to justify

inferring values of the derivatives of ?~‘ on a point by point basis.

I Bavertheles s, using the dat a of Fig. C.2 and a spherical Fermi surface

corrected for the missing area (see Fig. ~i.2), a rough estimate of the

second integral in Eq. (3.18) was calculated. The calculation proved

I to be a fairly sensitive one, owing to close cancellation between regions

Of positive and negative ~!. The calculated estimate was roughly

( 20 per cent of the contribution from the first integral, and of the

ssme sigu. In what follows, the contributions from are not included.

I For Zn, hexagonAL syTmnetry reduces the number of indep endent

I Ball constants to two, one with the magnetic field in the c direction ,

and th~ other with the magnetic field in the basal plane. Choosing

our a-axis along the hexad symmetry axis, we need to consider R( H~)

and either R(H~) or R(g
7
). We make the following definitions:

— B(H~) and R~,— R(H
7
). Fr an Eq. (3.18) , we arrive at the following

expressions (with ),~ - (~~~) 
vi, ) :

- ~~~~~~~ - ~~~~~~ - — 
-. mi—r uiiim~.~~

— ~~

“ -I-—- -- 

-



a
I (v —~~- v  —.~4v ~!

I - ~~J ‘~~k~ 
X

~~~~~k 

y 
(3.] 9a)

1,2~~!. (~2~~~j x v j y v
I 

— (x*e y) (3.l~~)

1
I J ( vx !_ v

z
__

~)vx~~~
I (3.20s)
F C

I — (x s+a) (3.2~~)

where the notation ( x .  y) means interchange the variables x and y in

I the preceding expression. Eqs. (3.19) and (3.20) are the starting

points for our numerical computations.

In performing the required calculations for our Fermi surface

I model, we encounter a difficulty suggested in section III.A.2. The

Onsager relations require that our model yield the same results

whether the a or b versions of the above equations are used. By

I 
symmetry considerations alone, it is easily seen that Eqs. (3.l~~.)

and (3.l9~~ will give the same result. However, expressions (3.20a)

I and (3.2~~) do not, in general, give the same result. The problem

arises because we have introduced artificial boundaries in our model

I .  surface; the free surface area is divided up into cylindrically

I symaetric regions about the appropriate reciprocal lattice vectors.

There is a certain amount of arbitrariness in the relative size of

I these regions. we can, at least in our model for Zn, remove this

arbitrariness by selecting our boundaries so that the Onsager relations

I are satisfied. The required condition fran Eq. (3.13 ) is, in general,

- - - - ~~~~~~~~~~~~~~~~~~~
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a
~~~

. 1.. ..
i ~~~ J dk (‘a’) = 0 . (3.21)
I C C

The particular component of the triad of interest here is the j i k
I component; the condition we need to satis fy in order that Eqs . (3.20a)

I and (3.2~~) give the same result is

~~~ fd kv v  = 0 . (3.22)

The sum over the curves C representing intersections with Brillouin

I zones gives zero (as was previously argued), which leaves the line

integrals over the artificial boundaries introduced.. The limits of

I integration in each x2gion were varied (actually, symmetry and the

I 
requirement of constancy of free Fermi surface area reduced the

number of variable parameter s to one ) until the sum in Eq. (3.22)

I was forced to zero. This determined the limits of integration used

in the final calculations.

2. Calculations at ~ Temperature (650 K)

In calculating the Hall constants the following procedure

was used. In each cylindrically symmetric region , the tensor

1 . x V ~~ was calculated with the z-axis chosen along

the axis of symmetry. This made diagonal and also simplified
I •0the expressions for v. These are given explicitly in APPENDDC B.

I Then a strsightforvard similarity transformation was used to transform

the result to a coordinate system with a-axis in the c direction. The

I c ialated tensor .fc x fV~~ ~~ proved to be antisymmetric,

which verified the procedure described in the previous section for

I selecting the limits of integration. The integrals in the denominators

I
I

______  
- — -- -- —

~~~~~~ 
— - 
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I
of Eqs. (3.19) and (3.20) were calculated in a similar manner.

I The high temperature Fermi surface parameters relevant to

our model are shown in Table B.l. The calculated results, in units
I of m3/coul., are

1 B 11 - +8.2 X 10~~~
= -1.3 X lO~~~

By comparison, the free electron value for Zn is about -~l.75 x lO~~~.

The values are shown in Fig. 3.1, along with several experimentally

determine d. values.

3. Temperature Dependence

Of course, a complete temperature analysis would require

resolving the Boltzmann equati on for t(~) at anothe r temperature or

set of temperatures. Short of this , if we choose anothe r temperature

and again make the approximat ion that = <i~) v1 at this new

1 tespe~ature, r again disappears from our expressions for B0 and

- R~. These expressions depend only on the size and shape of the Fermi

I surface whose temperature dependence can be handled approximate ly

withi n our model. 400 K was chosen as the temperature for a second
I set of calculations, and the relevant lattice and. Fermi surface

I parameters were recalculated. A comparison between these values and

those given in APPE~IDDC B for 650 K is given in Table 3.1. The values

of c and a were recalculated using the the rmal expansion data of

Gilder and W~1 lMIILlt.80 In addition to ch&ngfng the c/a ratio, increasing

the temperature tend.e to decrease the Debye-Wailer factors8
~ (e~2V) and

thus decreases the band gaps respons ible for Fermi surface distortion.

The results of the calculations at ~eOO K are also shown in Fig. 3.1.

I - _~~~~~~~~~~ - ~~~~~~~ - - -  J
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The available experimental data for the Hall effect in Zn

I single crystals extend only to about 300 K. However, polycryatafline

data~~’~~ for both Zn and Cd decrease approximately linear ly with

I - temperature in the region beyond 300 K. In addition, single crystal

measurements for both and in Cd8
~ show a roughly linear

decrease with temperature in this range; all of which suggests a

linear extrapolation of the experimental data. in Fig. 3.1 for Zn. Our

calculated values , also shown in Fig. 3.1, would apparently agree quite

well w~ t ~~ reasonable extrapolation.

1
I

•1,~
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PARE IV

I T~~R~4JELECTRIC POWER

A. General Theory

In the presence of a temperature gradient , the Bo1t~~~.nn

- equation for the conduction electrons becomes (again assuming qua~1-

f elastic scatteri ng)

. [e~ - - tF)~
..
~f.•.J =

~_J$~
[g(

~
) - g(r)j w(~ ,~ ) d.3k’ . (4.1)

Extending the mean free path formalism, one may define by

g(~ ) — (- 
~~~~~

._) [e~ - (€ _ €~~)!~!] . . (4.2)

Substitution of Eq. (li.2 ) in (11.1) results in the simpler tons of the

I Boltzmann equation,

I (
~

) = j~C~
(
~

) - 
~~~(~~j  

w(~’,t~ d
3
~
’ . (4.3)

In anisotropic materials, the absolute the rmoelectric power (TEl ) is

I defined by
— Ki — Sj (~~T) i , (4. 4)

where the subscript i denotes the direction of the temperature gradient.

I In terms of ~~~, the resulti ng expression for Si becomes

,c2k~T ___I 8i 3e [6it.) ]€ = t f 
, (4.5)

where 6~(t) is given by 

. (4.6)

— 

- 
- - ~~~~~~~ — — — - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
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I
In Eq. (4.6), the integration is over a surface of constant ener gy

£. Eq. (11 .5) is to be inte rpreted as follows. It means that one

should calculate the conductivity as a function of the hypothetical

height , E , of the Fermi level , and. then evaluate the derivative of

6(s) with respect to E at the actual Fermi energy , 5. The variation

of 6 with energy will depend on the change in the numbers of electrons

available for conduction, as well as the change of the mean free path

of each electron as its ene rgy changes.

With ~~~~~~~~~~~~~ , Eq. ( 11 .6)  becomes

6 = ~~~~~~~ ~~! 
_!3. <rj .>5v~ ~~~ 

..! <i~.> x~ , (4.7)

where = , and <> denotes the appropriate average value.
Substituting Eq. (4.7) in (11.5)  gives

= 

n~k~T ~~ + 5 ~~~~ 1 . (4.8)i 3e5 Lxi ~ cr1> 
~~ J€= EF

Eq. (11.8) is the form in which the TEP is often analyzed. Since e

is negative, the factor preceding the dimensionless quantities in

brackets is negat ive and. typical ly of the order of one microvolt per

degree K. The first term in the brackets in Eq. (4 .8), call it s11 ,

involves only the geometry of the Ferm i. surface , and has the value

3/2 in the FE24. I~~oring the second term for the moment, this would

predict a negative TEP . In his analysis of the noble metals, Ziman4l

showed that the effect of Fermi surface anisotropy was to reduce

but not enough to drive it negative and account for the positive value s

of TEP observed experimentally. The experimental results were only

a -
,_ -~- _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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understood after a careful analysis of the term involving (7), which

I we shall hereafter call

I B. Application to Zinc

1. Fermi Surface Model

I In our TEP calculations for Zn, we chose a simplified model

Fermi surface illustrated in Fig. 11.1. The surface is spherical , and

I l-OIiJ electron vavefunctions are used. throughout. The missing area

(APPENDIX B) was accounted for approximately by multiplying cacti element
t of surface area by P(i~L) , where P(i~) is given by

I ( 1 ,

p(i&) =~~~~ 1- ~ , 1LmaX> I ~~I~~~1nin (4.9)

I 
~h. 

1 
~ ‘~~

1<
~m1n

I and
I. 

7 - M- COS Q
cos Ø = 

101 101 (4 .10)

I m 
~

being the angle between the reciprocal lattice vectors 
~~ 

(see
I Eqs . (4.15)) and the c—axis. In equations (11.9) and. (11.10), the

I quantities 
~~~~ and will of course depend on ~, the

hypothetical Ferm i level in Eq. (11.8). This approximate treat ~nent of

I the missing area assumes it to be uniformly distr ibuted in the direction.

2: Solution of the Bolt~ nanxi Equatio nI 22Following Chan and Huntington , we write - ?~1v~ ~
I which it follows that

•
• v (k) v (k)

7 (k)” = (4 u)
t J~11(t) - v~(~)] ~~~~~ a3i~’ ~

(•
~)

-
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I 1~9

~1V~~ Strictly speaki ng, Lq. (11.11) actually represents the first term in

I an iterat ive expansion for ?~j~ However , subsequent terms were shcvn

to be very small , and we shall therefore use Eq. (k .u) for in

I this calculation. What is needed then is a solution for and 1’

I as a function of the hypothetical Fermi level, E.  In the actual

calculation , the ener gy derivatives were estimated by calculating

?
~,
(tat

~
) and 

~
‘=S + with £ taken to be .002.

We next describe an explicit form for the scatteri ng kerne l

the basic transition probability from state to t We use

the rigid ion” model~~ for the electron phonon interaction, along

with a local pseudopotentia]. approximation. The optical phonon

I branches are accounted for by using the double (or Jones ) zone (Fig.

B.l) for ~ e phonon celii. Although this has a complex shape, It Is

not too far fran spherical ; we therefore replace the actual phonon

cells by Debye spheres . The experimental phonon dispersion curves

and. our analytic fits to these curves are described in APPEND IX C

end illustra ted in Figs . C.l and C.2 respectively.

The contribution of norma]. phonon processes (L1) to the

integral I(~) is given by

I i~ (~~ — CJ
”

dS’ (4)~
-
~~— F2(q) , (11.12)
WqL

I .. •,
where q - k - k is the phonon wave vector, F(q) the pseud opotenti a.].

form factor, the (longitu dinal) phonon frequency , and
T

C — 2 2 (11.13)

I

i

i
’ 

_ 
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In Eq. (11.13), k~ is the Fermi wavevector , n the number of ions per

unit cell (2 for Zn), N the number of cells per unit volume, and M
•1

I 
is the ioni c mass. The domain of Integration over k implicit in Eq.

(4.12) is determined by the intersection of the Debye and Fermi spheres,

I and is illustrated in Fig. 11 , 2(a) . The contribution of mnklapp processes

is given by

I cfds1[_(~~+~~))j  J 2 (~ ,~ ) F~(~+~ ) 4 , (4.14)

J where + = 
~~

‘
_ ~ and Is a reciprocal lattice vector. S~ is the

structure factor for defined in the usual ~ay by

n-i

I 
S~~~— ! e  , (4.i~)

where specifies the position of each atom within the unit cell.

I J2(t~) is defined by

= 

. (~
‘ + 

~~))  
2 

+ 
( 1 ?g X 

~ 
) 2 

, (11.16)

°~qL CDqT -

I being a unit vector in the ~ direction , and means the polarization

is tra nsverse and lying in the ~~~~ plane. The geometry for umklapp

I scatteri ng and the domain of integration for Eq. (11.111) are schematically

illustrated in Fig. 4.2(b) .
I 3. Calculations

I In computing the tmklapp integrals, contributions from four

types of RLV ‘s were considered. With the z direction along the crystal

1 c-axis , the components of the 1a~V’s considered are

ç: ~~~ (0,0,tl) ,

.1

— ~~~~~~~~~~~~~~~~~~~~~~~ — I - . . _. - .  —~~~-_ -~~ -
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~~~~~~~~~~~~~~
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Fig. 4.2 Geometry for Normal and Umklapp
I Scattering

H”., 
_ _ _ _I ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~~~

- 

~~~

- 
_ _ _ _ _ _ _



-_— -- - ~---— ;.-—- — _ _  _ _  _ _ _ _ _ _

52

___ ____ _ _  
.JT + i 

_ _ _Q2 . ~~~~
_ ( t -T.~~

_
~~~~

O) ~~~-_ (O, 1, 0) 
‘

1.0 
(11.17)

Q
3 -Q2 +~~ Ql

I
(
~ 

these 32 LV ’s, 18 give non-zero contributions. The surface

integrations were performed numerically, a~d the area elements used

were roughl y 1/8,000 of the tote.]. Fermi sphere area.

The first set of calculatio ns was performed using the model

form factor described in APPENDIX A (dotted line in Fig. *.l). The

calculated values of 1”a and ‘r are plotted vs. i.t in Fig. ~&.3. (We

should point out that a singularit y in the scattering kernel occurs

near ~a - .8, as I reaches the BriUou.tn zone . This type of singularit y

is known to be a. result of thc F~ 4; it does not occur when the proper

Bloch wavefunctio ns are used. The plotted results represent a smooth

continuati on over the singularity. ) The comparable results fran Ref.

22 are shown in Fig. C 3. Results of the calculations for 5a and
are given in Table 4.1, along with values of the dimensionless

quantities S~ and 
~2• Results of a second set of calculations using

the semi-empirical form factor (APPENDIX A) are also given in Table

ii’.].. Fig. 11.4 displays the theoretical values and the experimental

result . of Rowe and Schroeder.55

The experimental data for Zn single crystals are quite sparse,

extending only to about roan temperature. As in the Hall effect , a

str aight line extrapolation to high temperature is again suggested by

the available polycrystaill-ne data.~ Based on this assumption , our

I
‘a
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I
calculations appear to agree qualitatively with experiment. The

contributions of the individual terms s
~ ~~~ ~2 will be discussed

in the next section.

I

I
I

II
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PARI’ V

DISCUSSION AND CONCLUSIONS

This work has dealt with the calculation of the high temperature

transport parameters of single crystal Zn. Zn is a divalent metal , but

has small band gaps; consequently, we have employed a 2-OPJ NF~4

(Arr~rIDDC B). Fermi surf ace experiments indicate that the third band

butterflies” in Zn are unoccupied. This is consistent with our model

(missing area) which predicts that they remain unoccupied , even at high

temperature. We have also used a local pseud opotentia.l approximation ,

which, as discussed in APPEND IX A, is adequate for the calculation of

transport properties. Such a model is able to account for the high

temperature conductivity of zn;~ our calculations have demonstrated

its applicability to a variety of other transport phen omena. Cd exhibits

similar transport property anisotropy, so that much of the discussion

below applies qualitatively to Cd as well.

A. Driving Force for Electrotnigration

~n PA~I II .A. , we have reconsidered band structure effects in

alectr oinigration by calculating the driving force on a weak scatteri ng

Impurity in a drifting gas of Bloch electrons. Our approach differs

from previous trea’bnents in that we explicitly include directional

effects in conduction electr on screening via a self-consistent calculation

of the scattered electron wavefunctions. As a result , our formal

expression for the driving force, Eq. (2.48) , depends explicitly on

the dielectric matrix. Although we have introduced in a formal way,

in our numerical computations we have not gone beyond the approximation

57
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I
of treating £ as a scaler. In this limit , our formula reduces to those

of Felt and Fiks , except for the restriction they impose by treati ng

the migrating atom as if it were In a plane wave state. In the limit

of vanishing lattice potential , Eq. (2. 48) agrees with the result of

Sorbel].o.

The agreement between our calculated values and experiment

must be considere d quite good, even though the predicted ani&otropy

is somewhat low. There is, unfortunately, a certain amount of arbitrariness

in some of the factors which contribute to the computed values of

First, although we calculate Z 1,, in orde r to compare with experiment

we assume that Z~ = +2, corresponding to the full electrostatic force

being present. Although we feel this is essentially correct , it remains

a somewhat controversial question. second, the values of are

taken fran an independent solution of the Bolt~wrn equation. However,

since they are approximately consistent with the experimental, conductivity,

they might alternatively be considered as empirically dete rm ined para ~iete rs.

In fact, closer agreement with the experimental anisotropy would have

been obtained if the relaxation times had been fitted to the actual.

experimental conductivity values. Finally, the calculated values of

are of course dependent on choice of pseudo potential form factor. The

use of the model form factor (dotted line in Fig. A.l), for example ,

yields values roughly 30~1eO per cent gre ater than those shown in Table 2.1.

Despite the qualifications discussed in the previous paragraph,

severe.], unambiguous conclusions emerge frotn the numerical computations.

Quite clear ly, the azLtsotropy in effective charge is due primarily to

the snisotropy in relaxation times. UnlIke the conductivity calculation ,

I 
_ _ _  _ _ _ _ _- - - - -~~~~~~~~~~~ - p r - -  
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where Fermi surface distortion compensates the anisotropic relaxation

times quite closely, only a slight compensation occurs in the electron

wind force. We find that zJz~ = 1.35, compared to 1.65.

This confirms the suggestion of Chan and Huntington22 based on rough

estimates of the wind forces.

Table 2.1 also points out the m~-gnitude of the various band

structure effects which we have considered. The effect of the missing

Fermi. sur face area is quite drastic since the wind force formula

involves two integr ations over the Fermi surface. Another result of

Fermi surface distortion is the vanishing norma], component of electron

velocity (and mean free path) at a zone boundary; this tends to reduce

transport perpendicular to the zone boundary. There is also the fact

that Bloch waves are not momentum eigenfuncti~n~, so that a Riven

scattering event does not give rise to a well defined momentt~ transfer.

In terms of free electrons , an electron m ay be simultaneously scattered

by the defect and Bragg reflected.. We find that this also tends to

decrease the effectiv e charge.

We should also comment on the effect of defect structure in

the case of vacancy diffusion. Although the full calculations were not

repeated for an isolated point defect , some preliminary calculations

indicate that the effective charge for the vacancy case is rough ly 30

1 per cent lower than for the interstitial, case.

B. Hall Effect

At 650 K , our calculated value for is rough ly 1.5 times

the free electron value for Zn in magnitude, and opposite in sign. This

large positive value is due to the regions of negat ive curvature in the

_____ - - -~ - r ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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I
“monster” section of the Fermi. surface, i.e., to the region between

horizontal (002 ) Brillouin zone planes. In our model, this region is

strongly distorted. by the slanting (101) zone planes. Fig. B. 2

indicates the reversal of curvature below the BZ intersections. The

free electron-like “lens” (polar caps), on the other hand , has positive

curvature and contribute s toward a negative Hal]. constant . Compensation

between regions of opposite curvature result in a small , negative value

for R~, .

As discussed in PARE III , our numerical values depend on the

somewhat arbitrary division of the free Fermi surface area into regions

(Fig. B.3). Although our choice of boundaries based on the Onsager

symmetry requ irement s seems physical ly reasonable , it would be more

aatisfying to have a model without thi s degree of ar bitr ariae sb. The

- R i, calculation turned out, in fact , to be quite sensitive to the precise

choice of boundaries owing to close cance llation between positive and

negative contributions . The R 11 calculation , however , proved to be

nearly independent of this choice. The sa~ue conclusion can be drawn

concerning the neglect of the V’r term In Eq. (3.18). For R~~, the

close cancellation between “curvature” contributions shows that the Vr
term is quantitatively important for R ,L . On the other hand, our analysis

shows that it is negligible for

We have explained the temperature dependence of the Hal].

effect within our model in terms of changing Fermi surface-Brillouin

zone wall inter actions, as suggested by Stringer, et. al.8~ for Cd.

The changing c/a ratio (Table 3.1) shifts the zone planes with respect

to the Fermi sphere. For example , y~~~ decrea ses with temperature ,

I
i i

-— -~ -~~~~ 
-- — 
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increasing the relat ive size of the free electron—like “lens”. The

dominant temperature dependence in our model derives from the reduction

In band gaps . Quite simply, increasing the temperature reduces Fermi

surface distortion thro ugh the band gap parameter g, drivin g the Hall

conetants in the negative direction . These effects appear adequate to

explain the observed temperature dependence (Fig. 3.1), &lthough we

cannot rule out com~.letely the effect of temperature dependent

anisotropic relaxation times , particularly for

C. Thermoelectric Power

Our calculated values of vs. i~ provide a good check on

the model and method of computation used in this section. Fig. 4.3 is

in quali tative agreement with Fig. C.3 from Ref. 22; the lower avera ge

values obtained here being due to the simpl ified model ~e used. Hoscvcr,

since we are interested primarily in the ener~~r derivatives of the

relaxation times, and not on their actual values, this disagre ement

does not appear seri ous .
~ <1-I)We find , and consequent ly 

~2i’ to be negative , contributing

toward a pobitive thermopower. As in the noble metals , t~iis is due

primarily to the fact that the forts factor has its first node at a

vavenumber less than 2k~,, so that the scattering cross section (depending

on ~2) becomes a minimum at thi s point and then increases again beyond

the node. This results in an increase in back sci’~ttering (1ar~e values
•, ~~~Iof I k -k I ) probability as ener ~~- increases; such processes dominate

the resistivity in the high temperature (~‘mk1App ) regime. As migh t

be expected, this term proved to be very sensitive to the exact shape

of the form factor used..

~rp~~ qr— ’— ~~~~~~ — - - - - -
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I
Our model (Fig. 4.1) obviously provides only a very rough

I treat~nent of the effects of Fermi surface distortion, since it includes

I only the missing area correction. As the Fermi surface expands outward

- (i.e. , € increases) against the slanting Brillouin zone planes, the

I &nount of missing area is increased, and the integrals X~ corr espondingly

reduced. The missing area is concentrated nearer the basal plane, as

I reflecte d in the anisotropy in the parameter s~ (Table 4.i). An independent

calculation of only the 5
]. terms, but taking full Fer mi surface distortion

I into account using the 2-OW model surface of APPENDEC B, yielded

I s~~ — -5.4 end 51c = ~~~ These values are in rough agreement with

those in Table 4.1, the differences pointing out the approximate nature

J of the models and the sensitivity of the calculation. Nevertheless,

the 8], factor does qualitatively account for the experimentally observed

snisotropy in Si,. Also, the sums of the s~ and 
~2 factors result in

I values of Sa and S~ which appear consistent with experimental values

at lower temperatures (Fig. 4.4).

I

I
I i

I I

I
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APPENDDC A

DISCUSSION OF FORM FACTOR

I The pseudopotential method in the theory of simple metals

I is discussed in detail by Rarrison~
4 His formulation Is based on the

Orthogonallzed Plane Wave (oFw) method in which the basis functions

I for expansion are plane waves whose projections onto the core states

have been eLiminated to insure orthogonality between core and conduction

I states. Imping the core proje ction operators Into the potential

provides a repulsive term , cancelling part of the coulomb attraction

term. The resulting pseudopotentia]. Is weak (ai].oving the use of first

orde r perturbat ion theo ry) though non-local; i.e. , its matrix elements
.. -0~ .• ‘•1a between states k and k in general depend on k and k, and oot Just ‘n

q — - t i.  In the calcu lation of transport properties, however, we

- 
are interested only in scattering on a constant ene r~~’- shell, and the

error Introduced by treating the effective potential as local is small.

The solid line in Pig. A.l shows the form factor for Zn

calculated ~ a semi-empirical method. The scheme involves interpolat ion

I between points determined by Stark and Fal.icov57 from their analysIs

of low temperature Fermi surface measurements, I.e. , d.c Haas-van Alphen
I effect data. Calculation of the core repulsion cont rib ution to the

I pseudopotentiel is also described in Ref. 57. A recent form factor

calculation by Greenfield and Wiser agrees quite veil with the values

I which we used. In ntsnerical computation, we used the analytic expressIon

1 7(q) - A + c sin2(Dq/%) , (A.].)
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with A - -2.49 rydbergs, B — 1.85, C — .0116 rydbergs, and D - 2.03.

I The analytic form f It the semi-empirical values to within about • 01

rydb ergs. Also shown in Fig. A. 1 is the model form factor used by

Chan and Huntington~~ in the calculatIons described In APPENDI X C.

I This is given by the functional form

I ~~~~~~~~~~ 

- ~~~~~~~~ (A.2)

with 7
~ 
a -.34 ryd bergs.

I
1
I
I

I
I
I
I
I
I
1
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F(q) (Rydbergs )
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Arr~r4DDC B
TE1~4I SURFACE ?.VD~~

I The Fermi surface of Zn is distorted by three sets of

Briilouin zone plane s whose RLV ‘s are the vectors 
~~~
‘ ~2 and of

I Eqs. (4.17). (We switch to the notation ~~ , reserving for electron

I phonon ~mk~~Lpp. ) The amount of distortion caused by each plane is

determined by the coupling strength parameter, g = k~j  F(KW E~K (see

Eq. (B.l) ). The relevant g values for Zn at 650 K are gIven below.

i 

lll(k,) 
_ _ _

I X.~ 1.596 .023

I ~2 i.7110 .001
1

3 

1.914 .0117

Table B.], : Coupl ing Strength Parameters

The tabu lated values include a correctio n for the Debye-Wailer tactor ~~

I vb.tch effectively reduces the band gaps with temperature. The table

reveals two Important points. First , the waven uxaber s of the BrIllouin

I zone planes that intersect the Fermi sphe re fall in the region where

the form f ctor (Fig. A.l) is relative ly small; i.e. , the region where

cancel lation between Coulomb attraction and core repulsion terms in

I the pseudopotential is close. This results in small, band gaps and a

JD~E band structure. Second, the K2 RLV falls very near the zero of

1 7(q) . We will therefore ignore the distortion caused by this set of

I planes , which results in considerable simplification.

Pig. B.1(a) shows the Jones (or second BrillouIzi) zone for

I Zn, and Fig. B.1(b ) depicts the intersections of the Fermi sphere with

1 70
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(a) Jones Zone

I
I

(b) Fermi Sphere Intersections

I
Fig. B.1 Intersect ion of Fermi Sphere With Jones Zone
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the plane s determined by the sets of vectors K~, and 1(
3. We treat the 

-
effects of distortion of one pair of planes at a t ime, as Illustrate d

in Fig. B.2. In thi s 2-0FW model, the equation

(k ) + 2~~~ y~ i) ±[çi_~~ )
2 

+ g2]~~
} 

(B.].)

I 
gives the electron ener ~~r near the Kth zone . The plus sign In Eq. B.l

goes with &)~‘. Differentiation gives the electron velocity near the

Xth zone :

~ii - ___ - - 
2 
] 

~~~~ (B.2)

L (7-IL) + g  )

I ~~ ~~ F 

~~~ 
- 

k~ IL (y -u I 
2 

(B.3)

+ g

I 
___

i
i.. m~~ 

(B.4)

Eq. (B.l) also reveals that for the slantIng, or 1(3 RLV ~s, the ~‘alue5 of

I , and g are such that the region corresponding to ‘~~ y Is not occupied.

This results in a considerable amount of missing free area from the

Fermi surface, as illustrated by the shaded areas in Fig. 3.3. Fig.

3.3 also illustrates the division of the surface into regions in which

the effect of a single pair of plane s is considered. In the computations,

I each of the regions bounded by dotted lines was approximated by a region

of equal area, but cylindrically symmetric about the appropriate RLV.

I
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c-axis

(a) Side View

I

I (b) Top View

I
Fig. B.3: Division of Fermi Surfc ’ce Into Regions



A.PPENDD( C

SOUYI’ION OF THE B0LT~MflJ~N E~UP~TION

We present here a si.mmary of the Chan and Euntington~~
solution of the Boltzmann equation (Eq. (4.3) ) for the vector mean

free path ~ . Briefly, they write each component of ~ in the form

= r~v 1~ , and then develop an iterative scheme for the relaxation

time ‘r1. The transition probability ~~~~~ is dominated by the

electron-phonon interaction in the high temperature regime. Experimental

phonon dispersion curves are shown in Fig. C.].. These are used to

derive an approximate set of dispe rsion curves , each applicable to

umklapp processes involving a particular RLV. (Normal processes are

handled similarly.) These fitted dispersion curve s are shown in. Fig.

C.2.

Results for and. <1~)  (corresponding to the field

being applied parallel and perpendicular to the c-axis, respectively)

are shown In Fig. C.3. The phonon dispersion curves show that acoustic

velocities are lower for modes polarized perpendicular to the basal

plane . As a result, the electro n scatteri ng is greater for the ux~ lapp

processes parallel to the c-axis, and the relaxation time Is thus

shorter for conduction in the c direction. However , dis tortion of the

Fermi sphere and the resulting missing area discussed in APPEND DC B

has a greater effect on conduction in the a direction. The Fermi

surface distorti on compensates quite closely the elastic anisotropy,

giving a near ly isotropic conductivity in good agreement with experiment.
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