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ABSTRACT

This dd(“,‘.e,\"' apeles
-Uo—huve—epphedl\a Nearly Free Electron Model (NFEM) combined

wvith a local pseudopotential approximation to the analysis of the high
temperature transport properties of single crystal Zinc. Within this
framevork, W obtains qualitative agreement with the
experimental observations of three anisotropic effects: self-
electromigration, Hall effect, and diffusion thermoelectric power, K
The electromigration of a weak scattering impurity in a Bloch
electron gas is reconsidered while taking into account the conduction
electron screening in the Hartree approximation. Our formal expression
for the driving force depends explicitly on the dielectric matrix, and

reduces to previously derived formulas in the appropriste limits, An

*
approximate evaluation of the formulas yields values for za and Z: in

good ‘agreement with experiment. Anisotropic relaxation times, resulting
from the observed phonon dispersion curves, tend to favor mass transport
in the basal plane,

The Hall effect is analyzed in terms of a model Fermi surface
based upon the standard 2-UPW (Orthogonalized Plane Wave) approximation.
The effect of : dependence of the relaxation times is found to be
negligible in the calculation of R, » but is probadly important for
R, - As temperature increases, the changing c/a ratio and decreesing
band gaps, as affected by the Debye-Waller factor, combine to reduce
the values of the Hall constants. Our predictioms for R" and RJ.
appear to agree quite satisfactorily with values extrapolated from

measurements at lower temperatures.




vii

We simplify the Fermi surface model further in our treatment
of thermoelectric power. As in the noble metals, the shape of the form
factor results in a positive contribution. Anisotropy in our calculated
values of S. and S & is due primarily to distortion of the Fermi surface.

Our predicted values appear reasonable in light of available experimental

data at lower temperatures.
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PART I

INTRODUCTION

A. Historical Review

1. General Transport Theory

The classical theory of electron transport in metals was
developed by Drudel and Lorent22 in terms of a relaxation time that
represented the mean time between collisions. Sommerfeld3 reformulated
the problem in a quantum mechanical framework. He used Fermi-Dirac
statistics for the electrons, but he retained the concept of a simple
relaxation time to describe the effect of collision processes.

More recent transport theory has been based upon the lineerized
Boltzmann equa.tionh (Eq. 1.1), which describes the balance at steady
state between the effects of the applied electric field .ﬁ and conduction

electron scattering,
o - L < 4
-Gy F - f E(k)-smﬂw&.m% , (1.1)

Here g(f) represents the steady state deviation of the electron ‘
distributidn from the the Fermi-Dirac function, £ wW(k,¥) is

proportional to the transition probability from state k to X, and € aad

¥ are the electron energy and velocity. The relaxation time approximation

consists of taking the function g(X) to ve of the form
a0, »
g(k) = ~GgleETV(E) (1.2)

vhere again V(f) is the electron velocity. In the case of free electrons;

> <
i.e., for a spherical Fermi surface and W(k,X} depending only on |k-X| ,

’ that a constant relaxation time exists in

it can rigorously be shown

e
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variational procedure.

N

the form
’
-11; = I[l-cos ok ,ﬁ] w&,i').%f-, :
Fermi Surface
This model satisfactorily describes the resistivity of the monovalent

(1.3)

metals, but does rather poorly with the multivalents. Obviously, it
cannot hope to deal with anisotropies in non-cubic systems, the problem
to which the present work is directed.

Several workers have attempted to modify Eq. (1.3) in some
physically reasonable way?'ll For example, ciaeve® used Eq. (1.3) to
define a'f-dependent "relaxation time." Truant and Carbottell later used
the same formula to calculate a relaxation time for Zn, ignoring tne
anisotropic structure of the material. Such approxizations met with
limited success, but they can result in considerable error, even in the
relatively simple noble metal systems}a

One possible approach is to avoid the direct solution of
Eq. (1.1), solving directly instead for the resistivity using a

13 This technique hat been applied with varying

degrees of success to many metals}h-lé However, as pointed out by
Robinson anmd Dow}7 variational ratios (e.g. for the resistivity) which
explicitly take anisotropy into account do not simplify sufficiently to
appear advantageous. Also, the presence of anisotropy significantly
increases the ambiguity and uncertainty inherent in tne choice of trial
functions.

A general method of attacking Eq. (1.1) is to define g(X) in

terms of a vector mean free path 'i(g)}e i.e.,

g(k) = -(§$3>e'ﬁ-¥m . (1.4)
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Taylor19

'{. It is also possible to imtroduce a modified "relaxation time"20 by

discussed the solution of Eq. (l.1l) directly for the vector

the relation

E =TI®) (1.5)

where 5’ is in general a second rank tensor. The three independent
quantities determined by the Boltzmann equation can be taken to be the
diagonal components of %5 referred to its principal axes. Chan and

Huntington21'22 used this approach, combined with a Nearly Free Electron

Model (NFEM) based upon the pseudopotential concept23-2h

to investigate
the conductivity anisotropy in single crystal Zn. The Chan, Huntington
calculation explained how large elastic and Fermi surface anisotropies
in Zn combine to result in & nearly isotropic conductivity tensor?s'eé
The success of this calculation suggested using a similar model to
investigate other transport parameter anisotrcpies.

2. Driving Force for Electromigration

One of the transport phenomena sensitive to anisotropies in
the metal system is the driving force for electromigration, or mass
transport In a metal carrying a high electric current density. The
force itself 1is derived from the measured drift velocity through the
Nernst-Einstein relation, and is usually expressed in terms of an
effective charge relating it to the applied electric field. The total
force on the diffusing atom has two parts, the electrostatic force of

the applied electric field, and the "electron-wind" force, due to

collisions between the atom and the current-carrying electrons. We
shall be dealing primarily with the second contribution, that due to

the streaming charge carriers.

A%,
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The early theories of F1k527 and Huntington and Grone28

determine the wind force by calculating the momentum transfer by the
electrons per unit time as they are scattered by the atom. Bosvieux
and Friede129 noted that the electron current induces a dipolar-like
distortion in the screening cloud associated with the diffusing atom,

30

resulting in a net electrostatic force. Later, Sorbelle™ extended

this viewpoint to a more realistic model of a metal within the framework
of pseudopotential theory. A somewhat related transport-theory based

screening calculation was performed by Das and Peierls?l More recently,

32-34

a number of calculations have been performed using Kubo's linear

response formalism?5 All of these viewpoints lead essentially to the
same conclusions concerning the wind force in the FEM; i.e., that the
force depends on the specific resistivity of the diffusing atom and on
the number of electrons per atom.

In order to treat anisotropic effects realistically, the theory
must be extended to include band structure effects. The first efforts
in this direction were made by Fiks36'37 and by Feit and Huntingtcn?a
In both of _these theories, the diffusing atom was considered to be in
an extended plane wave state, an assumption which appears to be more
appropriate for a free particle; e.g., & neutron. In addition, ueither
treatment dealt with the complications arising from screening in a Bloch
electr&h gas. No quantitative evaluations of band structure effects in
electromigration have been published.

We are especially interested in the effective charge of Zn

since it is one of the materials in which single crystal measurement539

have been made. In this work, Routbort found that the driving force was
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about half as effective along the hexagonal axis as perpendicular to
it. 1In light of the nearly isotropic conductivity of Zn, these results
vere initially puzzling?a which stimulated the work of Chan and
Huntington22 as well as the present work.
3. Hall Effect

The transport properties of a solid may be profoundly altered
by the application of a magnetic field. Analysis of these effects
requires inclusion of an additional term in the Boltzmann equation for
the distribution function g(X) (see PART III). In the relaxation time
approximation, Jones and Zenerko proposed a solution for g(ﬁ) as an
expansion in powers of the magnetic field?i In the weak field limit,
the resulting expression for the Hall coefficient in cubic materiels is
quite sensitive to the shape of the Fermi surface, involving the second
derivatives of the electron energy (first derivatives of electron

velocity) with respect to wavevector X. ZImnnhl

applied this model to
a calculation of the Hall effect in the noble metals. Using what he
called an "eight-cone model" to account for distortions of the Fermi
surface frgp sphericity, he obtained quite satisfactory agreement with
experiment.

18

?rice and Tuylorl9

have shown how to extend the method of
Jones and Zener to anisotropic materials in terms of the vector mean

free p;th,‘{. In this case, the Hall coefficient involves the derivatives
of X with respect to k. Calculations using the above model have not

yet been carried out for the hexagonal metals,

Experimental measurements of the Hall coefficients in Zn and

Cd single crystals were made by Lare, et. 11?2 in 1964 and more recently
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by Yonemitsu and '].‘a.ka.ha.shi,:3 They reveal a large anisotropy and

indicate the predominance of "hole-like" carriers, while both the a

and c-axis values tend to decrease with increasingz temperature. On

the other hand, the electromigration experiments sugzest "negative

charge carriers"; thus, there is no clear, simple correlation between

the electromigration results and the Hall constants?g Recent calculations
by Cowley and stringeru‘ using the Plane Faced Energy Surface (PFES)

methodhs-hé

achieved rough agreement with experimental values at room
temperature,

k, Themmoelectric Power

The usual derivation of the expression for the thermoelectric

47

pover of a metal ' is easily generalized to anisotroric metals (see PART

IV) and gives the same result

"%‘g’r 1 28
8 = [?m 5 , W)
€=Cp

where &(€) is the electrical conductivity of a metal whose Fermi energy
is €g . Comparison of the theory with experiment is complicated by the
effect of "phonon drag"l:swhich , however, disappears at high temperatures
and will be-neglected here., Taking e as a negative quantity, one finds
from the formula that a free-electron metal should have a negative
thermopower. As is well known, however, the thermopower of Li as well
as all three noble metals is positive in sign.

zmnl‘l’ 49

attempted to resolve this paradox for the noble
metals by considering the effect of Fermi surface distortion, but was
unsuccessful, ’rn.ylorlz later modified the model for Cu by including

additional band structure effects, but succeeded only in driving his

theoretical values farther away from the experimental values. A new
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line of thought was suggested by Robinson?o and developed to account
for the positive thermopower of L:I.:!'7 It is that a critical determinant
of transport properties in the simple metals is the shape of the form
factor (Fourier transform of the effective scattering pseudopotential)
resulting from interference between Coulomb attraction and core repulsion
potentials. Subsequent calculations for the noble metals’t~”3 have
quantitatively verified Robinson's qualitative observations.

Measurements 54,55

for Zn and Cd also show positive values of
the thermopower, as well as a large anisotropy between a and c-axis
values. To date, however, no calculations, such as the above describted
work on the noble metals, have been carried out for anisotropic materials.

B. Introduction %o the Problem

As pointed out recently by H\.u'cl,56 the study of low field

galvanomagnetic effects in anisotropic metals is presently & somewhat
neglected subject. Much of the existing data is either quite old or,
in many cases, incomplete in terms of temperature dependence. On the
theoretical side, complications arising from the anisotropic structure
and from electron band effects have largely discouraged quantitative
investigations, It is the aim of the work presernted here to take a
more compre.hensive look into the transport properties of Zn than has
heretofore been attempted.

. The model used here for the Fermi surface and electron
wavefunctions is consistent with that used by Chan and Huntington in
their investigation of the high temperature conductivity. It is a 2-OFW

model, similar to that employed by Ziman'l for the noble metals, in

which the effects of the most important Brillouin Zone discontinuities
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are accounted for, one pair at a time. While this is a highly approxirate
model, and perhaps more appropriate for the simpler noble metals, we
feel it retains the essential band structure effects in the hexagonal
metals. In addition, we assume throughout the existence of a local
pseudopotential form factor (see APPENDIX A) determined semi-empirically
from a prescription given by Stark and Fa.licov?7 In light of these and
other approximations invoked during the course of the following
calculations, the results presented here are not expected to produce
exact agreement with experiment; in fact, high temperature measurements
of the Hall effect and thermoelectric power are incomplete. Instead,
we hope to present a consistent, semi-quantitative picture of the
essential physical considerations resulting in transport parameter
anisotropy.

PART II concerns the driving force for electromigration.
First, the general theory of band structure effects in electromigration
is reconsidered by combining, to & certain extent, the approaches of
Fe1t38 and Sorbello?o The effects of band structure on electron
screening are explicitly taken into account using the "dielectric
natrix” fomalism.ss 299 Several simplifying approximations are made
and model calculations are carried out for Zn. In PART III, the two
independent Hall constants of Zn are calculated and compared with
o:perlxl;ent. The temperature dependence of these coefficients is also
analyzed in terms of changing Fermi surface-Brillouin Zone wall
interactions. In PART IV, the anisotropy in thermoelectric power
coefficients is calculated. Finally, a discussion of all the results

presented in PARTS II-IV is given in PART V.
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PART II
DRIVING FORCE FOR ELECTROMIGRATION

A. General Theory

The driving force on a diffusing ion in the presence of high
electric current derives from two possible sources. The first is due
to the electrostatic interaction of the ion with the external field and
the second is due to the interaction with the charge carriers. In this
treatment, we split the total effective charge, z', into

g" - BT 5 (2.1)

vhere ze is the effective electrostatic charge and Zw is the momentum
transfer or electron wind charge. (It should be pointed out that
although this separation has been the starting point of most discussions

of electromigration, it is mot essential. Some recent investigatorso--S'

- have preferred to deal directly with the total driving force from first

principles via a linear response formalism.) In the next section, we

. present a few remarks concerning ze, and then z' will be considered in

detail.

1. Efectrostatic Force

A controversial question in the theory concerns the extent
to which the direct force of the applied field is screened by the
conduction electron gas. In the models of Hunt:lngtonso and otherssl’ 61
there is no appreciable screening of the external field and the full
electrostatic force ZeE, where Z is the ionic valence, is felt. On

the other hand, Bosvieux and rriedeleg maintain that for interstitial

ions the direct field force is totally screened out. Recently, however,
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Shem claims to have shown that the Bosvieux-Friedel argument is wrong,
basing his results on a quantum field theoretic treatment of the
problenm, I.a.uchmez-6'2 argues that significant local screening may be
present, tracing the source to what he calls "spatial conductivity

63 64,65 ynile 1t 1s
u?h'%
67

modulation” - and "residual resistivity dipoles.”
generally conceded that the effects suggested by Landauer are re
the magnitude of these ei;fects remains uncertain. Bibby and Youdelis
attempted to answer the question experimentally, looking at the
electromigration of carbon and nitrogen in the Hall field perpendicular
to the current direction. These authors concluded that the full
electrostatic force corresponding to the nominal ionic valence was
present. A recent, as yet unpublished, c:<:mnmn:|.¢ert.:Lo::;s8 suggests that
the controversy has not yet been fully resolved. Nevertheless, in
comparing our calculations to experiment, we will subscribe to the view
that the full electrostatic force is exerted by the extermal field.

2. Force on a Diffusing Atom in a Drifting Gas of Bloch Electrons

We calculate here the effects of the electric current on an
atom diffusing in a crystal lattice. Let § represent the coordinate of
the diffusing particle. From the relationship between a coordinate and
its canon:l.cully conjugate momentum we write

, L - -(fl%%'f) . (2.2)
vhere f represents the exact wavefunction of the system and H is the
total Hamiltonian. We proceed now in the spirit of the Born-Oppenheimer
Wtion?i.e., the migrating ion is considered to be a very heavy
classical particle interacting with a quantum mechanical electron gas.

At each point along its diffusion path, the ion is taken to be fixed in

10
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position as it interacts with the electrons. For such a classical
particle, we may identify %g—’- as a force on the particle and write

Eq. (2.2) as
¥- -<Q|:_; p BOEE (2.3)

We are interested only in the current dependent electron driving force

on the ion, so in Eq. (2.3) we replace H by U, the electron defect
interaction potential. (In the case of interstitial diffusion, U
may be a single point ion potential. For diffusion by the vacancy
mechanism, U must include the potential of the jumping ion as well as
the "semi-vacancies" at either end of the diffusion pat.h.)38 Distortion
of the lattice due to the presence of the defect will be neglected.

Our starting point then is
» du
F-<ORE 6
R
If we separate Q into a product of electron and defect parts in which

the positions of the ions are fixed, and take the electron wavefunction

to be a product of one electron functions, we arrive at
¥ =D @ ¢ve|duls .
A % )< ve 2 g (2.5)

prey
In Eq. (2.5), f(k) represents the electron distribution function in the

presence of the applied electric field. It of course must te perturbed
from the Fermi-Dirac function fo in order to reflect the presence of
current. In what follows, we will assume that £(X) is & known function,
having been determined from an independent solution of the Boltzmann
equation in the high temperature range. In our numerical computations,
the sctual solution of Chan and Huntington - for the electron mean free

path X (see APPENDIX C) will be used,
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For an isolated interstitial, take U to be of the form
u r-ﬁ), b3 being the electron coordinate, 'ﬁ the coordinate of the
diffusing ion, keeping in mind that u denotes an unscreened potential.
(In the case of diffusion by the vacancy mechanism, we would take
U=u@R) - u@R) - u@FR) |, (2.6)
?‘1 and ?!2 denoting the positions of the semi-vacancies. We will return

to this point later.) Fourier expand u as follows:

u(f‘-ﬁ) o %u(t’;)eﬁ;‘ (1.‘-§) . (2.7a)
vhere
u(3) =ifu(§)e'ia';d§ . (2.7v)

(L is the crystal volume.) Using Eq. (2.7), we arrive at

g%' g %a’u(«i)e"’ FR (2.8)

Note that Eq. (2.8) is valid in either the vacancy or interstitial case.

Substituting in Eq. (2.5) gives
e ; % r(®)1T u(&e'ia'ﬁ(vgleiz‘? Vk’) X (2.9)

We now have to calculate the one-electron wavefunctions V?
38

At this point in his development, Feit” replaced U everywhere by a
screened potential, screened as it would be in the absence of current
in a free electron gas. He then calculated the electron wavefunctions
¥ using perturbation theory, neglecting any other contributions to

screening. We depart from that approach here and proceed as in

Borbeno?o treating U as a bare unscreened potential in Eq. (2.5),
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but accounting for the electron-electron interactions by calculating
the ¥'s self-consistently (in the Hartree approximation) to first

order in the defect potential. Unlike the Sorbello treatment, we assume
a veak, local potential for the ions, and treat the case of Bloch

electrons. Our zero-order wavefunctions therefore will have a spatially

varying part of the form
$® - Fog@el EOT (2:10)

where the sum is, in general, over the set of all reciprocal lattice

vectors. Using first order scattering theory:{o we can write the

wavefunction Vf arising from the electron-defect interaction as
-9+ 2 [$22< Pl 4> o

T e®) -e® + 10
In Eq. (2.11), the potential W must be self-consistently determined.

The Bloch functions ¢ are the self-consistent eigenstates of the
crystal lattice potential. W therefore includes the defect potential,
as vell as the change in the screening potential of the conduction
electrons due to the presence of the defect. In order to determine tae
latter, we-need an expression for the total conduction electron charge
density, vt}ich may be written

a(®) = ; fENp ¥y - (2.12)

Fourier transforming Eq. (2.12) gives

a@®) = 2 f; iy e T (2.13)

We wish to obtain expressions in terms of the zero-order wavefunctions;

accordingly, we use the relation

el - S<rpl 8> <t (2.24)
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to revrite Eq. (2.13) in the fom

2@ = & 3 T <rgl $5< Bl F g . 29

Now, the perturbation expression in Eq. (2.11) can be used to evaluate
the matrix elements in Eq. (2.15). The results are

Cielbey - olbey - “’*4 |#22 .19

- ¢X) -ia

gl 5% vpy - <¢;|e-ﬂ-’| B>
3 <Bele T |90 > <Bo i | B>

G(ﬁ - ‘&7 P ) (2.17)

vhere the orthogonality of the Bloch functions («E'I’f> = 5(%-1) )

has been used. With Egs. (2.16) and (2.17), Eq. {(2.15) becomes

2@ =1 Te< poleTT] gy

Bl T B Boli| 82>
k‘f@ €M - e® -1

.n.

: oSl < dalh>
‘ E €(k) -¢B +ia " (2.18)

The first term on the right side of Eq. (2.18) represents the zero-order
chu-ge'density; i.e., the charge density in the absence of the impurity,
depending only on the Bloch vavefunctions ¢ « We need an expression for
the change in chu'ge. density due to the presence of the defect, which
comes from the remaining two terms. Calling this charge density An,

we get from Eq. (2.18) the expression

“_M',“_..?-.,‘“... S—— -

&
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an(®) = ﬁ%ﬂ&le'ﬁ.?l ¢g'> < ¢§‘M ¢1?> b (E;x%l&;‘d_?a * (2.19)

The function r('i) may be split into two parts as discussed in PART I;

i.e.,
0,
£(%) = £°(k) + e(® (2.20)
wvhere fo is the Fermi distribution function and g(‘lz) is the change

giving rise to the current. Making use of Eq. (2.20) and the following
relations:

£22®) = 2% ,
e - ek,
g(®) = -g(-k) ,

pr= ¢r -

1 a 1
€k) -¢®) + 10 ) - &®

Eq. (2.19) simplifies to

nd - 1 g'qﬁle-ia.:, Bo <ol | o>

20 (R »
. ‘(2) T - 21ng(1:)8[€(k)-€('1:ﬂ} . (2.21)

Next we explicitly divide the potential W into two parts,

- maE(ﬂ) - e(E')] .

W=U+av, , (2.22)

vhere AV' means the change in the screening potential due to the defect.

0
8

denotes that part of AV_ independent of the current, and Av: is the

AV. can be further broken up into AV + sz, where the superscript O

15
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current dependent part. With this notation,

Weue+avd+av® . (2.23)
8 8
Now write
Waeys Avg (2.24)

so that w° represents the defect potential screened as it would be in
the zero current case. (It will be instructive to write some of our
expressions in terms of this potential, which we may assume to be known
from the solution of the zero-order problem.)

Before proceeding, we can perform an iniermediate check by
comparing Eq. (2.21) with an expression derived by Stoddart, et. al. -
by an alternate formalism. They considered the charge distribution
around a weak scattering impurity in a stationary gas of Bloch electronms.
From Eq. (2.20), we get for the change in charge density in the zero

current case

n° e oe'ia'? "y ol d 20k (2.25)
- a%.<¢kl | <Pl ka g NS

vhich agrees with their equation (3.10).
?oisson'd equation (transformed) can nov be used to relate

An and Av..‘ Specifically,
2
Av'(K) - 5";3-“(‘&) i (2.26)

By combining Eqs. (2.26) and (2.21), we arrive at the following expression

for AV, @ :

_ bne® Lot F 200
o ?.Ef,};'qkl > <poli1#2) e® - e@
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- ._q_%r_l % ol -18:F| Bo> <P |i°| BDero [e(h)- -€®]] . (2.27)

(In the second termm on the right of Eg. (2.27), w° rather than W appears
since the term involving Avg and g(.l:) contains the product of two small

quantities.) From Eq. (2.27) we can write

i@ =@ - u@

g<¢‘| -ia-rl¢_">< l 0’¢s 20 gx) (2 28)

Eq. (2.28) relates the unscreened defect potential U to the defect
potential screened in the zero current case (w°). After considerable

algebra, Eq. (2.28) can be generalized as follows:

u(g-8) ~ w° q-G)
@ | - ' W°(5) (2.29)

u(&8) W (3+8)

L e i Bl ]

’i here can be interpreted as a "dielectric matrix" in analogy with the
free electron dielectric function 6(?1). Its rows and columns are
labeled by reciprocal lattice vectors and its elements are given by

Z 20°(%)

€f) - e¢®3T)

€33, &%) - 53§ - —K;-EI

(2.30)

LPelrt O Bo o > (Brazl E0F8
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where L, G, and H are reciprocal lattice vectors. In Eq. (2.30), we
have used the notation of Sham end Ziman.- In this notation, Eq. (2.29)

becomes
u@® - ;. €3, 3803 ; (2.298)

For notational simplicity, we write Eq. (2.29) in matrix-vector form:

T -0 : (2.31)
In this form, Eq. (2.31) formally resembles the scalar equation
U(K) = e(&)wo(‘&) which relates the screened and unscreened potentials
in the free electron case?3 The relationship between these potentials
in the presence of the crystal lattice (Bloch electrons) is, of course,
much more complicated.

In order to proceed, we assume that Egs. (2.29) can be

inverted and solved for the potentials Wo(cfﬁ), and formally write

Yo TN . (2.32)
To further simplify the later discussion, note that %es may be written

as follows:

- 'Xo’.?xx

e = DA » (2033)
= .
vhere I is the identity matrix, and D is a diagonal matrix whose

elements are given by

Bae

D(33,33) = X (2.34)
n'q+5|

~
The elements of A follow from Eq. (2.30). We now need an expression
for av5(3), which ve get from Eq. (2.27):

2 - 0
et - S5 S Bk <o | 93y

ek - e®
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18.2 : 2 (Bl T B> B0 B> D8 E()-€R] . (2.35)
q .ﬂ. E,X

Writing Eq. (2.35) in matrix form in analogy with Eq. (2.29), and using
Eq. (2.33), gives:

~ X~ ~x

Vi@ =DAAV @ - 2xi DB ;;6('5) (2.36)
or

~ e

Avg(a) = -2x16"1DB ;b(E) » (2.37)

A
where the matrix‘i' is given by

B(&E,3) - x’% s(h)s ) - BB Pgl e @) F Pe.2z)
’ <¢k+q+Ll ei(qm).r| ¢‘> (2.38)

Eq. (2.37) is the central result of this section; it represents the
distortion of the screening cloud around the defect in the preseuce
of the current. It is straightforward tc show that in the free electron

limit, Eq. (2.37) goes over into

av (’) l%’% %E_ WO % g('i)a&('ﬁ)-;(‘iﬁﬂ . (2.39)

vhich agrees with the expression derived by Sorbello'.?h

We are now ready to return to the expression for the force,
Eq. (2.9), substituting the results of the screening calculation. First,

revrite Eq. (2.9) replacing q by -3 in the summation:
- * > >
F o 2T DR e <igle g > (2.40)

The sum over k in Eq. (2.40) 1s just Mln(q), which was written out in
Eq. (2.18). The first term is just the charge denmsity in the absence

of the defect (arising from the unperturbed Bloch wavefunctions) and
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is not of interest here. We also get a contribution from Anoﬁ)
vhich is just the change in charge density in the zero current case,
evaluated in Eq. (2.25). This part of the force is not of interest
either; we want the current dependent part. This must come from the
current dependent change in the charge density, which we can get from
Eq. (2.37):

2
s = ave (3
a®(d) ﬁ-’fz @

-- —35—2"1 '0'4—,' €13, 30)D(%%, B8 (%L, 2O ()

bxe® K,I,M
2 -]l o o= >+t o o 0 -
= -aig-f—; € (Q,g+L)B(Q+L,8+M)W " (3+M) . (2.41)
> lCI*tl

Vo(?;'-#m may be expressed in terms of the unscreened potential as

follows:
VO3 - z e L(37,3uEd) (2.42)
Als0 we note that
2 &3 2
- F’.—zl—ge@’,&n) = "@1,2) (2.43)
q+

which follows from the definition in Eq. (2.30). Eq. (2.43) implies

~

that the same property holds true for z'l, vhich is proved as follows:
; €@ e @M - o9
13812 % o202 -1 -
é'—ﬁ-'ze (38, 3+0) €1(3T,%1) = 52

= = 180° €@ e ERD @D
- op7 130° @0
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Summing both sides over 'ﬁ glves
RIPe @& - 132 @ LD (2.4)
Using Eqs. (2.42) and (2.44) in (2.41) yields

an°@®) = -2nt ?t: B(&HL, M € BT L@ABDURD) (2.45)

At ]

Nov Eq. (2.45) may be substituted in Eq. (2.40) to give the complete
expression for the current dependent force:
¥ -2 ;zei“ % 3L, &M €M@ IOED) €@ L,ID) .

Ly (2.46)
Eq. (2.46) can be made more explicit by substituting forg from its
definition. Also, we can make the complete ‘ﬁ dependence of the
expression explicit by substituting for U(E-t-g), the defect potential.

In our later computations, we will be interested in self-diffusion in

Zn single crystals (via the vacancy mechanism). Therefore, for U(E+5)

we use

u(33) = u(Eﬁ)E'i(&a)‘g- L @0)F e-1(3+6)-'§2] s (2.47)

which follows from Eqs. (2.6) and (2.7). Making these two substitutions
in Eq. (2.%6) results in

o2 5'8(1?)5[«?)-&(?)] gha% ol @7 g
< Mei(a*ﬁ)'?|¢r>e'1<€+r‘4’,q‘+6)u(q‘+6)e‘”(&i&)

»* ® <P
«u (Ds(@,E,R) ’ (2.48)
vhere we have collected the f dependence of the expression into the
tem

s@ED - AFAEDT_ AGDE | a@DT] | )
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For purposeé of comparison, it is instructive to consider
the form of Eq. (2.48) in the free electron limit. Taking the matrix
2 over into the scalar function @ , and replacing the Bloch functions
by plane waves we get

¥ - . EAZ g(®) b (K7-E) [wO (%) P (2,3, Do fe(®)- «(F)] . (2.50)

(Fe) h B

We take g(-l:) from Eq. (1.2), 7" having been determined from solving the
Boltzmann equation. Eq. (2.50) is apparently the sum of momentum
transfers h(f-i:') for transitions between states on the Fermi surface,
multiplied by the corresponding "Golden Rule" transition probability,
calculated using a screened potential W = u/g . For an isolated point
defect, it would be exactly that. For the vacancy case, the formula
is complicated by the appearance of the factor S, which accounts for
the more complex defect structure involved in vacancy diffusion.

Eq. (2.48), however, is not subject to such a simple
interpretation. Self-consistent screening of the potentials in the
Bloch electron gas is accounted for formally by the appearance of
elements of the inverse dielectric matrix. In simple tems, the
screening cloud surrounding the diffusing particle is distorted by the
presence of the lattice, even the zero current case, its distortion
depending on the position .I: of the particle relative to the perfect
lattice. This last point is worth some discussion, since in expressions
such as Eq. (2.29a), the ﬁ dependence of the screening is not explicit,

and perhaps not clear. (Assume for the moment an isolated point defect

to simplify the writing.) Recalling Eq. (2.7), Eq. (2.29a) becomes

“(‘)9.13.K - % €(E)M)V°@3)e-iﬁé) .qR' 3 (2.51)



and the -ﬁ dependence of the screening is explicit. Another point of
possible confusion remains. The phase factors in Eq. (2.51) appear to
depend on the choice of origin, which should otherwise be arbitrary.
However, from Eq. (2.30), the elements of 2 also depend on choice of
origin implicitly through the Bloch wavefunctions . In fact, starting
from Eq. (2.10), it is easily shown that a chenge of origin introduces
an exactly compensating phase factor in the elements of i. Once the
origin of coordinates is fixed, this arbitrariness in phase is removed
from the elements of ? and ’é’l, and simultaneously from Eq. (2.51).

The factor -1\3 in Eq. (2.48) also deserves some comment. It
apparently plays a role analogous to h(l?-'k") , or momentum transfer, in
the free electron case (Eq. (2.50)). From the form of the matrix
elements in Eq. (2.48), we see that in the summation 3 is restricted to
take on values of the form

TaT' =2+ F% (2.52)

vhere .I'I' is a reciprocal lattice vector. In terms of plane waves, this
is suggestive of simultaneous scettering by the defect and Bragg
reflectionby the crystal lattice, resulting ia a momentun transfer
f\(f-{'-ﬁ).. Strictly speaking, however, we know that the electron wind
force cannot be analyzed exactly in terms of momentum transfer on a
per collision basis, since the Bloch wavefunctions are not momentum
eigenstates.

B. Application to Zinc

1. The NFE Model

In applying Eq. (2.48), by far the most serious complications

arise in attexphing +o caleutste € and Wl. Bach edement of & izvolves
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suns over the Bloch states and energies as given by Eq. (2.30), and
3 has been the topic of considerable general discussion in the
litenture:ls Little attention has been paid to actual numerical
computations, particularly of off-diagonal terms. Some approximate
calculations relevant to insulators and semiconductors are discussed
by 81nh576 in his review article. For metals, directional effects in
screening have been largely ignored. In applying our NFE model to Zn,
ve will follow the latter course and replace 2 with the free electron
scalar form. We will, however, account for the Bloch nature of the
zero-order states explicit in the matrix elements in Eq. (2.43) with
a 2-0PW model. We should warn that the consistency of this procedure
is not clear; the directional effects being ignored are not estimable
in any ovvious way. Argumeats that they are small for a KFE uetal
would seem to apply equally well to the band structure effects being
retained. We will see that those which are included in the computations
do affect the quantitative results without significantly altering the
overall qualitative picture.

¥n Eq. (2.43), the above approximation results in the expression

¥ = - gg(t)a[«m-«ﬁ]%'q’ g <Pele %7 Ao
. LBl EDH S 0@C DAAH L (25)
0

v being a screened potential (wo = u/@ ). This formula is similar to

38 and Piks§7 except that it contains "cross temms"

those derived by Feit
of the form vo(!-tﬁ)vo‘@) » 'ﬁﬂ'. Such terms were absent from the above

mentioned formulas because the authors both assumed a plane wave state

for the diffusing particle, resulting in a sort of "pseudomomentum
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conservation” condition. As pointed out earlier, the diffusing atom
is treated here as a heavy, classical particle. The inclusion of
quantum effects in the diffusion process is beyond the scope of this
treatment.

In APPENDIX A, we describe the semi-empirical form factor
F(q) which will be substituted for the spherically symmetric ionic
potential W in Eq. (2.53). F(q) will also be used to construct our
Fermi surface model (see APPENDIX B), approximated by considering
distortions arising from one pair of Brillouin zone walls at a time.
The two plane wave wavefunctions consistent with this model have the
standard form

b - o™ T gt @D (2.54)

vhere @ and £ are given by

1/2
a(k) = %[1 + |7-u|/! (7=1)° + gz] » (2.558)
1/2

B(u) = t% le l7‘“|/’ (7_"‘)z + gz] ’ (2.55b)

and g is the parameter which determines the band gap splitting (see
APPENDIX B). In Egs. (2.55), 7'!(/22,. and u--k“/kF as in Fig. B.2. The
sign of B is the same as F(K) for u)7y and reverses for uy. This
fom for the wavefunctions allows explicit evaluation of the matrix
elenents in Eq. (2.53).

In APPENDIX C, the Chan, Runtingtom solution of the Boltzmann
equation is briefly discussed and their findings are summarized. We take

e® - EX@o[uD-¢] (2.56)
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A -'r;’c(k)v ) (2.57)

the subscripts referring to the direction of the applied electric field,
either in the basal plane (a) or along the hexagonal axis (c). The

: dependence of 7” in Eq. (2.57) turns out to be weak (see Fig. C.2);
therefore, we replace 7;, c(-k.) by the appropriate average also displayed
in Fig. C.2. This was the procedure followed by Chan and Huntington

in their conductivity calculations. The relevant numerical values are
<T;> = W7 x 1074 sec. and <7;> = .28 x 10”1 sec. The k
dependence of the velocity factor in Eq. (2.57) is included as prescribed

by our 2-0PW model of the Fermi surface. From APPENDIX B, we have

4
w0 2 2 [ e

vl(u) = ?mig-

vhere the subscripts relate to the reciprocal lattice vector which

>

defines the axis of cylindrical symmetry for each particular region.
The a and ¢ components or'\’u'e then obtained from v, and v, by a
ltxughtfo;urd coordinate transforaation.

We turn our attention now to the R dependent factor in Eq.
(2.53). Denote the direction of the applied field by the subscript i
(1 being either a or ¢ in our calculations). The effective force for

atomic migration; i.e., z‘i,elzi , 18 obtained from the R dependent force

by averaging over the diffusion path. That is,

Refp
l,:di = -11: Fealt ’ (2.58)

R

where £ = R - Kl 1s the vector vhich defines the diffusion jump, and




li is its component in the i direction. This result follows simply
from relating the increase (decrease) in the flow of atoms in a
particular direction to the lowering (raising) of the potential barrier
for diffusion. (For electromigration in the a direction in hcp Zn,

Bq. (2.58) is not precisely correct. The relation is complicated by
the fact that two types of crystallographically different diffusion
Jumps, one entirely in the basal plane, and one plane to plane (primarily
in the ¢ direction), contribute to the diffusion coefficient and to the
effective charge. We will ignore this latter contribution when
calculating z:. The estimated error involved in this approximation

is less than 5 per cent.) Take the origin of coordinates at the point

R=R. Using Eas. (2.53), (2.56), and (2.57) in (2.58) gives

= 2 ZT B [eB-g]s (B-e1] 2 )
R L R T R

Ji(q.m,ﬁ)da

1 COSG

» (2- 59)

vhere ve have introduced the notation 1 = Leos 9‘ Of course, if
the applied field is in the direction of the diffusion jump, then
G&- (‘)1 and cose"i- 1. We need only consider the real part of
the integral in Eq. (2.59) since all of the other quantities are real

in our model. This can be explicitly evaluated using the following

i-& o - éﬂ'l . (2.60)

result:
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Eq. (2.60), together with the definition of S(3,M,R) in Eq. (2.49),

‘ results in
m[l ﬁ(l?q’,ﬁ,ﬁ)an] = s@%D
A 0 e
. 5in ﬁ-I £ sin('cf-I) - sin(ﬁ-I) + sin[(:f‘l?i);] (2.61)
'Jir.. s 1 it

* -
In the free electron limit, M = O and Eq. (2.61) reduces to
As e 2sin(Sdl
83,34) - 1 - 2ein(a)
a- L
as it ahcmldzu
2. Calculations and Results

, »
For the purpose of numerical computation, the sums over x’
B
and k in Eq. (2.59) can be transformed into integrals in the usual |
way; the delta functions resulting in two surface integrals over the

~ Fermi surface. The result is

- 2
z: =C f ﬁivi(-k.) Z ( Q)g <¢z|e-ih'-?| k> <¢‘;'Ie1(q+m).rl ¢g>
§,M cos 9" i

F.S. F.S. l
o2 Aee? as as’/ 1

® ,:. ’1 anmm—  ~ea— ’ 2.62

> F(q)F(la+M1)s(q,M )vm e (2.62)

vhere C -_(13/1&5";2. (.{10 is the atomic volume.) The explicit forz

of the matrix elements can be seen by substituting from Eq. (2.10) for

the Bloch functions P The result is
(K/-E:37-8)
1 . * -» * -
%, - cf ﬁ'v (k) Z - ———— 8z (k)ag, (R)ag, (K)ap(%)
F.8. F.S. e sy ™ 92,1 g
PEEAET )P @R DRI B3T RN .;‘é.; . (2.63)

v(k) v

AL gl
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Using the 2-OPW wavefunctions defined by Egqs. (2.54) and (2.55), the
four-fold sum in Eq. (2.63) over reciprocal lattice vectors gives
rise to 16 possible termms involving appropriate products of the functions
a(u), B(K), a(u’), and B(u’). Each of the sixteen integrations must
be performed separately in the full calculation.

In performing the actual integrations using our model Fermi
surface, cylindricel symmetry in each region around the associated
reciprocal lattice vector (Fig. B.2) allows us to write

;‘é = % deﬁd.k"(i) = ﬁ;;‘dfdk“ = ::F; afan & (2.6%)

Integration over each region is then carried out over the azimuthal

angle ¢ from O to 2x, and over the appropriate limits of the variable

Mo The integrations were done numerically using a four-dimensional

trapezoidal rule. The interval sizes chosen for the numerical integration
' correspond to dividing the uf and u’ ¢' regions each into 1728 equal

area subregions. Attempts to refine the mesh further were found to be

impractical in terms of computer time. The integration procedure was

checked using a similar trial function and the known result was reproduced

to within a_ per cent. Rigorous bounds on the error for the actual

integrand would be difficult to estimate. We feel confident, however,

that the error was no more than a few per cent, certainly insignificant

cm:ldet":lng the approximate nature of the overall calculation.

The results of the calculation are displayed in Table 2.1.
The calculated values represent the electron wind contribution to

the effective charge; in order to compare with the experimentally

%
determined Z , the electrostatic contribution (in our model, 2= +2)
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' must be added. The calculations were carried out in stages, each

feature of the model being introduced separately to assess its

it 3

quantitative effect. The first calculation was performed using a
spherical Fermi surface and 1-OPW wavefunctions for the electroms.
In subsequent calculations, distortion of the Fermi surface and 2-0PW
wavefunctions were added. The experimental results of Routbor:3 2
are also displayed in Table 2.1. A complete discussion of the results

is presented in PART V.
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PART III

LOW-FIELD HALL EFFECT

A. Hall Effect in Anisotropic Materials

l. The Boltzmann Equation

The Béltzma.nn equation in the presence of both an electric field 'f

and a magnetic field -ﬁ can be written
-
ORHOEE: 'VE].L?) - [[Aa -./{m] W& &, ()
vhere.l('i) is defined by

£®) - £°F) = -e ['E’ -.K.(‘i)] -:-:3 ; (3.2)

We are assunming here quasi-elastic scattering between electrons on the
Fermi surface; the validity of this assumption traces to the fact that
the energy carried by the phonon responsible for electronic transitions
in the high temperature regime is very small compared with the Fermi
energy carried by the electron. W(I,m in Eq. (3.1) represents the
scattering probability when the state 1 is known to be occupied and 'l:'

to be unoccupied, Accordingly, W possesses the property

Wk - w@o . o
Px-:l.ce]'8 suggested expanding f('lg) (or equivalently,.A.(i:) )
in powers of the magnetic field; i.e.,
_K_='£+a‘a+¥+... ; (3.4)

- » -
vhere X 1s independent of H, M proportional to H, etc. Putting Eq.

(3.4) in Eq. (3.1), and equating terms with like powers of } gives

v -f(i -Hwakd (3. 58)
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-%vx}?-?]{zﬁﬁ-:{l)wd3k' ’ (3.5b)

i h'ﬁﬁ]ﬁ:ﬁﬁ-?«’)wéf ; (3.5¢)
h

etc.
In calculating the Hall effect to terms linear in the magnetic field,
only Egs. (3.5a) and (3.5b) need be considered. It appears then that
calculating the linear Hall effect involves solving two successive
integral equations; i.e., first solving Eq. (3.5a) for ) as in the
conductivity analysis of Chan and Hum::l.ngt:on?2 then substituting this
result in Eq. (3.5b) and solving for . However, Price has shown that
in reality only Eq. (3.58) need be solved (for the linear Hall effect).
The reason for this is that we really do not need to explicitly evaluate
the vector function -ﬁ. We only need to calculate its effect on the

-
current density J; i.e., we need to calculate

3 &= —3- f_x_(k) v(k) & d.3k

2 0
P o SRR J‘ﬁ"éf—d:“k 4 06
- o [J ¥ 36 i ™ 50

As before, we assume the solution of Eq. (3.5a) is known from previous
work. This allows us to calculate the first of the integrals in Eq.

(3.6). - starting with Eq. (3.5b), we arrive at an expression for the

second integral as follows. Multiplying both sides of Eq. (3.5b) by
0

X -:-f— , integrating over .k', and rearranging on the left yields
€

0 0
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Interchanging .k. and ¥’ in the second integral, and using Eq. (3.3),

ve get
25 (6]
et (3T 3 - f[ﬂiaL-”af)wd3'] a3k
h o€
fﬁ i R (3.8)
d€
(The elasti N
c scattering assumption allowed us to replace S-‘— by -BT )

The right hand side of Eq. (3.8) is seen to be the integral required
in Eq. (3.6). Thus the current for the linear Hall effect is given by
- F- f(v x Vx) 7\ d3k , and depends only on the properties of 4
enqu.a.ted from Eq. (3.5a).

2. The Onsager Reciprocal Relations

In this section we write down some general results deriving

~ from the Onsager relations. They will be used in a later section in

applying our model of the Fermi surface. The Onsager relation-n for

electrical conduction in the presence of a magnetic field states that
- 8 (3.9)

where 3 is the conductivity temsor and v denotes the transpose. Ia

order that our calculated results poasess the required reciprocity,

Eqs. (3.5) end (3 9) require tha.tﬁ V — d3k be a symmetric tensor,

and that fﬁ f d3k be n.ntisymmetric. The first condition follows

immediately rrcm Eqs. (3.5a) and (3.3). Using Eq. (3.8), see that

the second condition requires that 'I: B j-(v ek) ). k be

antisymmetric, or equivalently that H e !st x 3).) ? be antisymmetric.

(Here d'§ is the vector element of surface area on the Fermi surface.)

To see what is going on here, wewritewasasm of dyads:
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po_ -
V- 2 g, . (3.10)
i
Using Eq. (3.10), the antisymmetry condition becomes

Ji-@:335% - fi. @ 32535
P.s. oe

or
->
a8 x{(V'i)'i + Zi’i'{'ﬁi} .3 (3.11)
eSe i
The quantity in {} is Jjust 36):) ; thus, the reciprocity condition

will be satisfied if

Sx V) =0 . (3.12)

If the Fermi surface is a smooth, continuous closed surface, Eg. (3.12)
is shown to be true by dividing the surface in two parts, and applying

the generalized Stokes Theorem to each part. The two line integrals

- which result cancel exactly. For a surface cut by Brillouin zone walls,

Stokes Theorem gives

fd’§x v - 2 fa o g (3.13)

ccC

vhere each-term in the sum is a line integral over the boundary curve
of an open portion of the Fermi surface. The sum in Eq. (3.13) is seen
to be zero by considering contributions from curves on opposite faces
of the Brillouin zone; since they are displaced by a reciprocal lattice
vector, symmetry requires K to be the same for corresponding points,
whereas the direction of integration is opposite (as dictated by proper
application of Stokes Theorem)., Thus our solutions will have the
required Onsager symmetry, provided we use a continuous, smooth Fermi
surface, interrupted only by Brillouin zone discontinuities. Our
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model surface (APPENDIX B) does not meet that requirement, however.
This point will be discussed in section III.B.3.

3. Expressions for the Hall Coefficients

The Hall constant as customarily defined is given by the
ratio of the transverse electric field to the product of the curreat
density (in the direction of the applied electric field) and the magnetic
field. For example, if the experimental geometry is such that the
current is constrained to flow in the "y" direction, and the magnetic
field applied in the "z" direction, then the Hall coefficient is given
by R = ;.—;%: « (x,y, and z form a right-handed coordinate system and
the sign of R is such that free electron conduction produces & negative
Hall coefficient.) The Onsager relations allow at most three independent
Hall coefficients, depending only on the direction of the applied
magnetic field. For ‘I: in the x direction, one obtains using Eqs. (3.6)
and (3.9)

R(Hx) = JEZ = - —11-3—— M X 9% (3.1ka)
yux J z=0 %& Yy Yzz Y
> -EE c ds
= = MV e olkb
z Jy-o szyyszz “z oY y )
Similarly,

- ﬁyT:-x—s:; MV, -d—s (3.158)
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= -Ex = c Mv a5 (3.16b)
Jyxz A Hz Zxxzw Yyx v
X

vhere C = ’msﬁ /e2 and 6118 hivi-d—f is proportional to the conductivity
in the absence of a magnetic field. (All of the integrations in Egs.
(3.14)-(3.16) are over the Fen;xi surface.) The expressions in the
oumerators of Eqs. (3.14)-(3.16) can be evaluated in terms of the

vector function : and its derivatives by making use of Eq. (3.8).

Making the appropriate substitutions, we arrive at our final expressions

for the three independent Hall constants:

3 d S
R(H,) = . (¢, =2t = v ..}:k;) X = (3.17)
i e ZJJ é]!k . k akd J v

vhere e is taken to be the (negative) electronic charge, and i,J,k
represent a permutation of the variables x,y, and z. (The two
expressions for R(Hi) generated by interchanging j and k in Eq. (3.17)
are of course equal as a result of the Onsager relation.)

B. Application to Zinc

1. General Formulas

As before, ve take A, = ‘rkvk and substitute into Eq. (3.17)

to get
3 dv ov
R(g,) 3 Ty oy =, B
as , 2 4s E 4
e Js v ﬁka v e J
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pon-uniformities in 7° from point to point on the Fermi surface (since
¥ 1s perpendicular to the surfece). For R(H,), only the directional
derivatives of 7° along orbits parallel to the basal plane enter.

22,81 demonstrated that this

However, the Chan, Huntington calculations

variation is slight in general, Jjustifying its neglect here. For

R(a‘) (or R(%) ) the situation is not quite so clear., In these cases

the variation of 7° with u, as shown in Fig. C.2, is involved. The

deviations of 7 from <£7°” still appear small, though not so clearly

negligible as in the first case. From a practical point of view, it

is doubtful whether the calculated data are accurate enough to Jjustify

inferring values of the derivatives of 7 on a point by point basis.

Nevertheless, using the data of Fig. C.2 and a spherical Fermi surface

corrected for the missing area (see Fig. 4.2), a rough estimate of the

second integral in Eq. (3.18) was calculated. The calculation proved

to be a fairly sensitive one, owing to close cancellation between regions

of positive and negative :—T o« The calculated estimate was roughly

20 per cent of the contrib\’:tion from the first integral, and of the

sume sign.™ In what follows, the contributions from .V.‘I' are not included.
For Zn, hexagonal symmetry reduces the number of independent

Hall constants to two, one with the magnetic field in the ¢ direction,

and the other with the magnetic field in the basal plane. Choosing

our z-axis along the hexad symmetry axis, we need to consider R(Hz)

and either R(&‘) or R(ny). We make the following definitioms:

Ry = a(n’) and R, = R(%). From Eq. (3.18), we arrive at the following

expressions (with A= <1"1) Vi) :
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A4 ;)v—x' -V X v E
3 Y 3k X YV
R, = x Y (3.198)
Tes [is
x v y v
= (xeo y) (3.1)
v
3ﬁ'x$' V2 akz) xgv
T MT 2 :s 2xds )
f'x v 'fvz v
= (xu:) (3'2°b)

vhere the notation (xe®y) means interchange the variables x and y in
the preceding expression. Eqgs. (3.19) and (3.20) are the starting
points for our numerical computations.

In performing the required calculations for ocur Fermi surface
model, we encounter a difficulty suggested in section III.A.2. The
Onsager relations require that our model yield the same results
whether the a or b versions of the above equations are used. By
symmetry considerations alone, it is easily seen that Eqs. (3.1%a)
and (3.1%) will give the same result. However, expressions (3.20a)
and (3.20b) do not, in general, give the same result. The problem
arises beca.use ve have introduced artificial boundaries in our model
surface; the free surface area is divided up into cylindrically
aynetz:ic regions about the appropriate reciprocal lattice vectors.
There is a certain amount of arbitrariness in the relative size of
these regions. We can, at least in our model for Zn, remove this

arbitrariness by selecting our boundaries so that the Onsager relations

are satisfied. The required condition from Eq. (3.13) is, in general,




<

EB o TP ;
AP

piy (3.21)
c C

AANAN
The particular component of the triad of interest here is the j i k
camponent; the condition we need to satisfy in order that Egqs. (3.20a)

and (3.20b) give the same result is

Z cdkyvxvz N . (3.22)

The sum over the curves C representing intersections with Brillouin
zones gives zero (as was previously argued) » which leaves the line
integrals over the artificial boundaries introduced. The limits of
integration in each 12gion were varied (actually, symmetry and the
requirement of constancy of free Fermmi surface area reduced the
oumber of variable parameters to one) until the sum in Eq. (3.22)
was forced to zero. This determined the limits of integration used
in the final calculations.

2. Calculations at High Temperature (650 K)

In calculating the Hall constants the following procedure

wvas used. _In each cylindrically symmetric region, the temsor

} . f(w’? x 3\7)79‘% was calculated with the z-axis chosen along

the axis of symmetry. This made W diagonal and also simplified

the expressions for V. These are glven explicitly in APPENDIX B.
Then ..ltnighttom.rd similarity transformation was used to transform
the result to a coordinate system with z-axis in the ¢ direction. The
calculated tensor N -f(? x f?)? -d% proved to be antisymmetric,
vhich verified the procedure described in the previous section for

selecting the limits of integration. The integrals in the denominators
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of Eqs. (3.19) and (3.20) were calculated in a similar manner.

The high temperature Fermi surface parameters relevant to
our model are shown in Table B.l. The calculated results, in units
of n3/coul. , are

Ry = +8.2 x 107

=11
R.I. = .1,3 x 10 .

By comparison, the free electron value for Zn is about =4.75 x 10”21,
The values are shown in Fig. 3.1, along with several experimentally
determined values.

3. Temperature Dependence

Of course, a complete temperature analysis would require
resolving the Boltzmann equation for .)t(‘l:) at another temperature or
set of temperatures. Short of this, if we choose another temperature
and again make the approximation that A, = <?‘1>v1 at this new
temperature, 7~ again disappears from our expressions for Ry and
Rl' These expressions depend only on the size and shape of the Fermi
surface whose temperature dependence can be handled approximately
within our model. U400 K was chosen as the temperature for a second
set of calculations, and the relevant lattice and Fermmi surface
parameters were recalculated. A comparison between these values and
those given in APPENDIX B for 650 K is given in Table 3.1l. The values
of ¢ and a were recalculated using the thermal expansion data of

Gilder and w..l.lm.rk.ao

In addition to changing the c/a ratio, increasing
the temperature tends to decrease the Debye-Waller ruewrsas (e'a') end
thus decreases the band gaps responsible for Fermmi surface distortion.

The results of the calculations at 400 X are also shown in Fig. 3.1.
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The available experimental data for the Hall effect in Zn

single crystals extend only to about 300 K. However, polycrystalline

dstash »86 for both Zn and Cd decrease approximately linearly with

temperature in the region beyond 300 XK. In addition, single crystal

measurements for both R“ and R " in Cd87

decrease with temperature in this range; all of which suggests a

show a roughly linear

linear extrapolation of the experimental data in Fig. 3.1 for 2Zz. Our
calculated values, also shown in Fig. 3.1, would apparently agree quite

well wit 11y reasonable extrapolation.
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PART IV
THERMOELECTRIC POWER

A. General Theory

In the presence of a temperature gradient, the Boltzmann
equation for the conduction electrons becomes (again assuming quasi-
elastic scattering)

arO - -> e P - 4 .
(-2, 7 -[eE - (e -eﬁ?] = [[e® - &®)] wE® & . (b.1)
d€ .

Extending the mean free path formalism, one may define')t by
0
- of [ > V1l -
g(x) = (- —66) eE - (€ -eF)_.-T T P (%.2)

Substitution of Eq. (%4.2) in (4.1) results in the simpler form of the

Boltzmann equation,

O (R e (v.3)
In anisotropic materials, the absolute thermoelectric power (TEl) is
defined by
g =5, (¥m), (b )
where the subscript i denotes the direction of the temperature gradient.

In terms of ‘):, the resulting expression for Si becomes

5 xzki'r 1 661

S, = —
b § 50 ail.s de e-ep ’ (h-5)
vhere & 1(&) is given by
2 ds
o, (€) = i.;jxivi F"r-l . (4.6)
k5
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In Eq. (4.6), the integration is over a surface of constant emergy
€. Eq. (4.5) is to be interpreted as follows. It means that one
should calculate the conductivity as a function of the hypothetical
height, € , of the Fermi level, and then evaluate the derivative of

&(€) with respect to € at the actual Fermi energy, € The variation

F.
of & with energy will depend on the change in the numbers of electrons
available for conduction, as well as the change of the mean free path

of each electron as its energy changes.

With A =')"vi % Eq. (4.6) becomes

1—[ Zd‘S,: = <1‘>‘5-2£S;-:r<7’>x ) (%.7)

vwhere X vi -7 , and <D denotes the appropriate average value.

g .=
Substituting Eq. (4.7) in (4.5) gives

sz-r €, 3, € <>

S ; 4.8
1 T FG I, T e Bk ey
oy

Eq. (4.8) is the form in which the TEP is often analyzed. Since e
is negative, the factor preceding the dimensiocnless quantities in
bra.ckgts 1; negative and typically of the order of one microvolt per
degree K. The first term in the brackets in Eq. (%4.8), call it S14 2
involves only the geometry of the Fermi surface, and has the value
3/2 in ‘the FEM. Ignoring the second term for the moment, this would
predict a negative TEP. 1In his analysis of the noble metals, Zimankl
showed that the effect of Fermi surface anisotropy was to reduce 8y
but not enough to drive it negative and account for the positive values

of TEP observed experimentally. The experimental results were only

LSS TR, VR LA oS
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understood after a careful analysis of the term involving 7>, which
we shall hereafter call Sye

B. égplication to Zinc

1. Fermi Surface Model

In our TEP calculations for Zn, we chose a simplified model
Fermi surface illustrated in Fig. 4.1. The surface is spherical, and
1-OPW electron wavefunctions are used throughout. The missing aree
(APPENDIX B) was accounted for approximately by multiplying each element

of surface area by P(u), where P(u) is given by

1, ‘“|>5‘w
6
P(h) =< 1-2@ , w >lu>u, (4.9)
s S |“|<“m1n

Yiop = M cos 9101
? sin 6101

>
9101 being the angle between the reciprocal lattice vectors Q3 (see

cos ¢m = » (4.10)

Eqs. (4.15)) and the c-axis. In equations (4.9) and (4.10), the
quantities w ., M . , and 7,01 Vi1l of course depend on € , the
hypothetical Fermi level in Eq. (4.8). This approximate treatment of

the missing area assumes it to be uniformly distributed in the ‘ direction.

2. Solution of the Boltzmann Equation

2
Following Chan and Hm:ti.ngi:on‘,’2 we write A= ‘P’iv g from

which it follows that
X K
AL = gis . aw

j[vi():) - vi(?)-] w(I,'ﬁ‘) a3 I(z)
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Fig. 4.1. Fermi Surface Model (TEP Calculation)
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Strictly speaking, Iq. (4.11) actually represents the first temm in
an iterative expansion for ‘T'i. However, subsequent terms were shown
to be very small, and we shall therefore use Eq. (4.11) for 1"1 in
this calculation. What is needed then is a solution for T‘ and T,
as a function of the hypothetical Fermi level, €. 1In the actual
calculation, the energy derivatives were estimated by calculating
1'1(¢ng) and ‘r'i(¢=QF + A!F), with A taken to be .002,

We next describe an explicit form for the scattering kermel
W(E,?), the vasic transition probability from state X to . We use
the "rigid ion" model82 for the electron phonon interaction, along
with a local pseudopotential approximation. The optical phonon
branches are accounted for by using the double (or Jomes) zone (Fig.

B.1l) for iae phonon cells, Although this has a complex shape, it is

. not too far from spherical; we therefore replece the actual phonon

cells by Debye spheres. The experimental phonon dispersion curves
and our analytic fits to these curves are described in APPENDIX C
and illustrated in Figs. C.l and C.2 respectively.
The contribution of normel phonon processes (IN) to the
-
integral I(k) is given by
r) /, - q2 2
1'-'( = Cc|as (-Q)i—wz-l" (q) ’ (4.12)
¥ qL
& P
where q = k - k is the phonon wave vector, F(q) the pseudopotential

fom factor, w oL the (longitudinal) phonon frequency, and

B E;ﬁ’;mﬁ . (.13)
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In Eq. (%.13), k, 1s the Fermi wavevector, n the mumber of ions per

unit cell (2 for Zn), N the number of cells per unit volume, and M

is the ionic mass., The domain of integration over -l:'implicit in Eq.
(k.12) 1s determined by the intersection of the Debye and Fermi spheres,
and is illustrated in Fig. 4.2(a). The contribution of umklapp processes

is given by

> 2 2,»® 2
I,(k) = cfds'[.(z;;&)] 1 T @Y @Y s, (4.14)
@ P <« > -
vhere q + Q = k - k and Q is a reciprocal lattice vector. S-Qﬁ is the
structure factor for a defined in the usual way by

n-1 P &
iQer
8§ = %2 P i (%.15)
m:

where ?m specifies the position of each atom within the unit cell.
72(3,3) is defined by
2 - 9, .2
Jz..-o [?q'(g*a)] ('GQXQI)
(Q:Q) = o) b

r J
@1 W

(%.16)

‘e’q being a unit vector in the .c; direction, and qu means the polarization
is transverse and lying in the ?1-'0., plene. The geometry for wmklapp
scattering and the domain of integration for Eq. (4.1l4) are schematically
illustrated in Fig. 4.2(b).
3., Sulgulaticns
In computing the umklapp integrals, contributions from four
types of RLV's were considered. With the z direction along the crystal

c-axis, the components of the RIV's considered are

:1 : -h-";- (0,0,%1) »
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07 these 32 RIV's, 18 give non-zero contributions. The surface
integrations were performed numerically, and the area elements used
were roughly 1/8,000 of the total Fermi sphere area.

The first set of calculations was performed using the model
form factor described in APPENDIX A (dotted line in Fig. A.l). The
calculated values of T" and T:: are plotted vs. W in Fig. 4.3, (We
should point out that a singularity in the scattering kermel occurs
pear u = .8, as % reaches the Brillouin zone. This type of singularity

i{s knowr tc be a result of the FEM; it does not occur when the proper

. Bloch wavefunctions are used. The plotted results represent a smooth

continuation over the singularity.) The comparable results from Ref.
22 are shown in Fig. C.3. Results of the TEP calculations for sa and
8, are given in Table 4.1, along with values of the dimensionless
quantities‘sl and s,. Results of a second set of calculations usiang
the semi-empiricel form factor (AFPENDIX A) are also given in Table
b,1., Fig. 4.4 displays the theoretical values and the experimental
results of Rowe and Schroeder. 5
The experimental data for Zn single crystals are quite sparse,
extending only to about room temperature. As in the Hall effect, a
straight line extrapolation to high tempersture is again suggested by

the available polycrystalline d‘u?* Based on this assumption, our
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calculations appear to agree qualitatively with experiment. The

contributions of the individual terms s

in the next section.

1

and 32 will be discussed
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PART V

DISCUSSION AND CONCLUSIONS

This work has dealt with the calculation of the high temperature
transport parsmeters of single crystal Zn. Zn is a divalent metal, but
has small band gaps; consequently, we have employed a 2-OPW NFEM
(APPENDIX B). Fermi surface experiments indicate that the third band
"butterflies" in Zn are unoccupied. This is consistent with our model
(missing area) which predicts that they remain unoccupied, even at high
temperature. We have also used a local pseudopotential approximation,
vhich, as discussed in APPENDIX A, is adequate for the calculation of
transport properties. Such a model is able to account for the high
temperature conductivity of Zn;22 our calculations have demonstrated
its applicability to a variety of other trensport phenomena. Cd exhibits
similar transport property anisotropy, so that much of the discussion

below applies qualitatively to Cd as well.

A. Driving Force for Electromigration

In PART II.A., we have reconsidered band structure effects in
electromigr.ation by calculating the driving forcej on a weak scattering
impurity in a drifting gas of Bloch electromns. Our approach differs |
from previous treatments in that we explicitly include directional 1
effects in conduction electron screening via & self-ccnsistent calculation |
of the scattered electron wavefunctions. As a result, cur formal
expression for the driving force, Eq. (2.48), depends explicitly on
the dielectric matrix. Although we have introduced 2 in a formal way,

in our numerical computations we have not gone beyond the approximation

P e R AR e R e aatliane (U
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of treating € as a scalar. In this iimit, our formula reduces to those

of Feit and Fiks, except for the restriction they impose by treating
the migrating atom as if it were in a plane wave state. In the limit
of vanishing lattice potential, Eq. (2.48) agrees with the result of
Sorbello.
The agreement between our calculated values and experiment
must be considered quite good, even though the predicted anisotrcpy
is somewhat low. There is, unfortunately, a certain amount of arbitrariness
in some of the factors which contribute to the computed values of Zt
First, although we calculate Zv, in order to compare with experiment
we assume that Ze = +2, corresponding to the full electrostatic force
being present. Although we feel this is essentially correct, it remains
& somewhat controversial guestion. Second, the values of £ ‘r'i> are
taken from an independent solution of the Boltzmann equation. However,
since they are approximately consistent with the experimental conductivity,
they might alternmatively be considered as empirically determined parameters.
In fact, closer agreement with the experimental anisotropy would have
been obtained if the relaxation times had been fitted to the actual
experimental conductivity values. Finally, the calculated values of
zv are of course dependent on choice of pseudopotential form factor. The
use of the model form factor (dotted line in Fig. A.l), for example,
yields values roughly 30-40 per cent greater than those shown in Table 2.1.
Despite the qualifications discussed in the previous paragraph,
several unambiguous conclusions emerge from the numerical computations.
Quite clearly, the anisotropy in effective charge is d.ue‘ primarily to

the anisotropy in relaxation times. Unlike the conductivity calculation,




where Fermi surface distortion compensates the anisotropic relaxation
times quite closely, only a slight compensation occurs in the electron
vind force. We find that Z_/2° = 1.35, compared to <7, > /<T%> = 1.65.
This confirms the suggestion of Chan and Huntington22 based on rough
estimates of the wind forces.

Table 2.1 also points out the magnitude of the variocus band
structure effects which we have considered. The effect of the missing
Fermi surface area is quite drastic since the wind force formula
involves two integrations over the Fermi surface. Another result of
Fermi surface distortion is the vanishing normal component of electron
velocity (and mean free path) at a zone boundary; this tends to reduce
transport perpendicular to the zone boundary. There is also the fact
that Bloch waves are not momentum eigenfunctions, so that a given
scattering event does not give rise to a well defined momentum transfer.
In terms of free electrons, an electron may be simultaneously scattered
by the defect and Bragg reflected. We find that this also tends to
decreese the effective charge.

We should also comment on the effect of defect structure in
the case of vacancy diffusion. Although the full calculations were not
repeated for an isolated point defect, some preliminary calculations
indicate that the effective charge for the vacancy case is roughly 30
per cent lower than for the interstitial case.

B. Hall Effect

At 650 K, our calculated value for R, is roughly 1.5 times

the free electron value for Zn in masnitude, and opposite in sign. This

large positive value is due to the regions of negative curvature in the

e ge T R T OO 06 O A R

59



T

S O . e

"monster" section of the Fermi surface, i.e., to the region between
horizontal (002) Brillouin zone planes. In our model, this region is
strongly distorted by the slanting (10l) zone planes. Fig. B.2
indicates the reversal of curvature belcw the BZ intersections. The
free electron-like "lens" (polar caps), on the other hand, has positive
curvature and contributes toward a negative Hall constant. Compensation
between regions of opposite curvature result in a small, negative value
for RJ_.

As discussed in PART III, our numerical values depend on the
somewhat arbitrary division of the free Fermi surface area into regions
(Fig. B.3). Although our choice of boundaries based on the Onsager
symmetry requirements seems physically reasonable, it would be more
satisfying to have a model without this degree of arbitrariness. Tue
R, calculation turned out, in fact, to be quite sensitive to the precise
choice of boundaries owing to close cancellation between positive and
negative contributions. The R, calculation, however, proved to be
nearly independent of this choice. The same conclusion can be drawn
concerning—the neglect of the air tem in Eq. (3.18). For R, , the
close cancellation between "curvature'contributions shows that the 61"
termm is quantitatively important for RJ_. On the other hand, our analysis
shows that it is negligible for R" .

We have explained the temperature dependence of the Hall
effect within our model in terms of changing Fermi surface-Brillouin

87 for Cd.

zone wall interactions, as suggested by Stringer, et. al.
The changing c/a ratio (Table 3.1) shifts the zone planes with respect

to the Fermmi sphere. For example, 7002 decreases with temperature,
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increasing the relative size of the free electron-like "lens". The
dominant temperature dependence in our model derives from the reduction
in band gaps . Quite simply, increasing the temperature reduces Fermi
surface distortion through the band gap parameter g, driving the Hall
constants in the negative direction. These effects appear adequate to

explain the observed temperature dependence (Fig. 3.1), although we

.cannot rule out completely the effect of temperature dependent

anisotropic relaxation times, particularly for R ).

C. Thermoelectric Power

Our calculated values of ‘ri vs. M provide a good check on
the model and method of computation used in this section. Fig. 4.3 is
in qualitative agreement with Fig. C.3 from Ref., 22; the lower average
values obtained here being due to the simplified model we used. However,
since we are interested primarily in the energy derivatives of the
relaxation times, and not on their actual values, this disagreement

does not appear serious.
AT >

€
toward a pSsitive thermopower. As in the noble metals, this is due

We find

primarily to the fact that the form factor has its first node at a
wavenumber less than 2KF, so that the scattering cross section (depending
on F2) becomes a minimum at this point and then increases again beyond
the node. This results in an increase in back scattering (largze values
of |%°-%l) probability as energy increases; such processes dominate
the resistivity in the high temperature (umklapp) regime. As might

be expected, this term proved to be very sensitive to the exact shape

of the form factor used.

, and consequently 8540 to be negative, contributing
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Our model (Fig. 4.1) obviously provides only a very rough
treatment of the effects of Fermi surface distortion, since it includes
only the missing area correction. As the Fermi surface expands outward
(i.e., € increases) against the slanting Brillouin zone planes, the
amount of missing area is increased, and the integrals xi correspondingly
reduced. The missing area is concentrated nearer the basal plane, as
reflected in the anisotropy in the parameter 5, (Table 4.1). An independent

calculation of only the s, terms, but taking full Fermi surface distortion

1l
into account using the 2-OPW model surface of APPENDIX B, yielded

810 = -5.4 and By ™ +.37. These values are in rough agreement with
those in Table 4,1, the differences pointing out the approximate nature
of the models and the sensitivity of the calculation. Nevertheless,

the s, fector does qualitatively acccunt for the experimentally observed

1l

anisotropy in S Also, the sums of the s, and 8, factors result in

1* 1
values of Ss and sc which appear consistent with experimental values

at lower temperatures (Fig. 4.4).
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APPENDIX A

DISCUSSION OF FORM FACTOR

The pseudopotential method in the theory of simple metals
is discussed in detail by Ha.rrison?u His formulation is based on the
Orthogonalized Plane Wave (OFW) method ir which the basis functions
for expansion are plane waves whose projections onto the core states
have been eliminated to insure orthogonality between core and conduction
states. Lumping the core projection operators into the potential
provides a repulsive term, cancelling part of the coulomb attraction
term. The resulting pseudopotential is weak (allowing the use of first
order perturbation theory) though non-local; i.e., its matrix elements
between states ; and 'it'in general depend on -1: and -l:,' and opot Just on
q= If - 'l:'l « In the calculation of transport properties, however, we
are interested only in scattering on a constant energy shell, and the
error introduced by treating the effective potential as local is small.
The solid line in Fig. A.1 shows the form factor for Zn83
calculated by a semi-empirical method. The scheme involves interpolation
between points determined by Stark and Falicov57 from their analysis
of low tanp;erature Fermi surface measurements, i.e., de Haas-van Alphen
effect data. Calculation of the core repulsion contribution to the
pseudopotential is also described in Ref. 57. A recent form factor
calculation by Greenfield and vusc.-rek agrees quite well with the values

which we used. In numerical computation, we used the analytic expression

+ Clina(Dq/kr) : (A.1)
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with A = -2,49 rydbergs, B = 1.85, C = .046 rydbergs, and D = 2,03.
The analytic form fit the semi-empirical values to within about .0l
rydbergs. Also shown in Fig. A.l is the model form factor used by
Chan and Hum:ingi'.ou22 in the calculations described in APPENDIX C.

This is given by the functional form
2 2
F(a) = Fo(1 - a°/2.9 k) ,

vith F, = -.34 rydbergs.

(A.2)
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Fig. A.l. Form Factors for Zn
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APPENDIX B
FERMI SURFACE MODEL

The Fermi surface of Zn is distorted by three sets of
>
Brillouin zone planes whose RLV's are the vectors Ql, 32 and 33 of
-
b
phonon umklapp.) The amount of distortion caused by each plane is

Egs. (4.17). (We switch to the notation K., reserving 8 for electron

determined by the coupling strength parameter, g = kFIF(x)Ve l-‘K (see
Eq.(B.1l) ). The relevant g values for Zn at 650 K are given below.

’ IRl
K 1L 596 .023
K, 1.7 .001
K, Lo Lokt

Teble B.1 : Courling Strength Parameters
The tabulated values include a correction for the Debye-Waller factor,
vhich effectively reduces the band gaps with temperature. The table
reveals two important points. First, the wavenumbers of the Brillouin
zcne planes that intersect the Fermi sphere fall in the region where
the form factor (Fig. A.l) is relatively small; i.e., the region where
cancellation between Coulomb attraction and core repulsion terms in
the pseudopotential is close. This results in small band gaps and a
NFE band structure. Second, the K, RLV falls very near the zero of
F(q). We will therefore ignore the distortion caused by this set of
planes, which results in considerable simplification.

Fig. B.1(a) shows the Jones (or second Brillouin) zone for

Zn, and Fig. B.1(b) depicts the intersections of the Fermi sphere with

70
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(a) Jones Zone

(b) Fermi Sphere Intersections

Fig. B.1. Intersection of Fermi Sphere With Jones Zone
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the planes determined by the sets of vectors Kl and -1?3. We treat the
effects of distortion of ome pair of planes at a time, as illustrated

in Fig. B.2. 1In this 2-0PW model, the equation

3 1
% = (%) + 27{(7-u) t[(7-u)2+82]2} (B.1)

gives the electron energy near the Kth zone. The plus sign in Eq. B.l
goes With u»y. Differentiation gives the electron velocity near the

Kth zone:

hKF o Ly=ul (3.2)

' =
. m J(7-u)2 . g

cp_ _ﬁ l-l[l 262(“ﬂ mkf' “l7'u| . (3.3)
(7-w° + &
h
V* = ?Q o (Boh)

Eq.(B.1l) also reveals that for the slanting, or K3 RLV's, the ~‘alues of

y and g are such that the region corresponding to up»y is not occupied.
This results in a considerable amount of missing free area from the

Fermi surface, as illustrated by the shaded areas in Fig. B.3. Fig.

B.3 also illustrates the division of the surface into regions in which
the effect of a single pair of planes is considered. In the computationms,
each of the regions bounded by dotted lines was approximated by a region

of equal area, but cylindrically symmetric about the appropriate RLV.

T BRI = e St T — R—— P, gusw - ’
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APPENDIX C

SOLUTION OF THE BOLTZMANN EQUATION

We present here a summary of the Chan and Huntington22
solution of the Boltzmann equation (Eq. (4.3) ) for the vector mean
free path 3: Briefly, they write each component of X in the form
xi =‘T&v1 , and then develop an iterative scheme for the relaxation
time 7. The transition probability W(E,X) is dominated by the
electron-phonon interaction in the high temperature regime. Experimental
phonon dispersion curves are shown in Fig. C.l. These are used to
derive an approximate set of dispersiom curves, each applicable to
umklapp processes involving a particular RLV. (Normal processes are
handled similarly.) These fitted dispersion curves are shown in Fig.
c.2. ;

Results for <‘r‘c » and <7‘;) (corresponding to the T field
being applied parallel and perpendicular to the c-axis, respectively)
are shown in Fig. C.3. The phonon dispersion curves show that acoustic
velocities are lower for modes polarized perpendicular to the basal
plane. As a result, the electron scattering is greater for the umklapp
processes pérallel to the c-axis, and the relaxation time is thus
shorter for conduction in the ¢ direction. However, distortion of the
Fermj. sbhere and the resulting missing area discussed in APPENDIX B
has a greater effect on conduction in the a direction. The Fermi

surface distortion compensates quite closely the elastic anisotropy,

glving a nearly isotropic conductivity in good agreement with experiment.
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Fig.C.I. Experimental Phonon Dispersion Curves
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Fig. C.2: Phonon Dispersion Curves (Analytic Fits)
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Fig. C.2: (continued)
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