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Subject: Bounds for Truncation Error in Sampling Expansions
of Finite Energy Band-Limited Signals

< r= pUr)

: -Pi(r zom
Abstract o ( £ Qg o

\
An upper bogp& 8 establigh®d for the magnitude of the truncation

error 1ncurred}/vwh nh a read-valued, finite energy signal which is band-

A
limited to (-ﬂr)

Shannon sampling series expansion. The sampling expansion is associated

(o <r<l) is approximated by 2N+l terms from its

with the ban [-n,u], and consequently involves samples taken at the

integer points. 'i‘he bound ob
Q?\ ) ?'-)

where E i{s the signal energy. This bound is of the same asymptotic

form as the bounds derived by Yao and Thomas Mﬁown%

bound derived here is tighter than the Yao-Thomas bound for values of r

tained is of the form

= KOE/N [ somee w0t \OFE,

near unity, and is tighter than the bound obtained by Brown for all value

of r.

The attached paper is being submitted for publication in the IEEE

Transactions on Information Theory.
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I. Introduction
It is well known that a band-limited function having finite

2 energy can be represented exactly for all times by an infinite
series involving samples of the function. Several authors [}] ~
[?] have obtained bounds on the truncation error that occurs when
the function is approximated by a finite number of terms from

the sampling theorem expansion, rather than the infinite series.

In this paper another bound is derived which represents an improve-
ment over the previous bounds.

In the analysis that follows, we will consider real-valued, band-
limited functions with finite energy. Without loss of generality,
we can assume that the function is band-limited to ( =-n,n). That

is, the function has a representation of the form.

4
i |
4
3
L |
4
4

1 iot
f(t) = o SH F(m)e do (=00 <t< 00) (1)
-x

where F(w) is a complex-valued function having the property that

. 2 00
* j‘ \F(m)\ do = 2n S fz(t)dt = 21E < oo. (2)
3 “x %00

By the Shannon sampling theorem, f(t) also has the representation

i? 3 sinn(t-n
! £(t) = z #(n) SL02LE0) (~00<t<00) . 3

b | =00
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The problem that will concern us here is to estimate the
truncation error incurred when f(t) is represented by a finite
number of terms, rather than the infinite series given by (3).

We will define the truncation error by

N
ek (©) = £(t) Z g MEER . (wgeg®m @
N

It is known [3]that for this class of functions, the magnitude

of the truncation error is bounded by

1/2
4] < o (1)

Thus, the truncation error goes to zero asymptotically like N-llz
as N=> oo.

Yao and Thomas {1] examined the bounds on the truncation error
when the additional assumption was made that F(w) vanishes in

(=%, =nr) and (nr,n), where o < r < 1. That is, they considered

the case where

r
£(t) = -;—ﬂ J‘( r(w)e““ dw, (o<r<l (5)
nr

and the truncation error is defined by (4), involving samples

taken at the integer points. Hence, the signal is sampled faster
‘than required for reconstruction by the sampling theorem. Using a
contour integral to represent the truncation error and then applying
known results concerning the growth of the entire function £(z) in

the complex z-plane, Yao and Thomas obtained a bound of the form

RIS P i g
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Thus, by introducing the guardband (or equivalently, by sampling
in excess of the Shannon rate), Yao and Thomas obtained a bound
which behaves asymptotically like N-l for large N.

Brown [?] also examined this class of functions, and using only
results from real variable theory , .obtained a bo;nd with the same

asymptotic behavior as the Yao-Thomas bound. The bound obtained

by Brown is an improvement on the Yao-Thomas bound for values of r
near ﬁnity; that is, for samples taken nearly at the Shannon rate. :

In this report, a bound is obtained which is an improvement ;n i
the b?und obtained by Brown for all values of r, the guard-band coefficient. i

Like the analysis used by Brown, only real variable results are used, !

and no application is made of the rather deep results concerning the

theory of entire functions.

II Analysis
Consider a real-valued function, with a representation given
by (1). Defining the truncation error by (4) and using the represen-

tation for £(t) given in (3), we have

n(t=n) #(t-n)

00 N
e;(t) _ Z £(n) sinn(t-n) _ Z £(n) sinn(t-n)
N

«00
a sinn(t-n)
\%' Bm) x(ten) . ; (6)

Note that for t=k, where k is an integer, .
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f ; inn(k-n)
e“(t) = f(n) 8 n:(k_::) :
|n|> N
o, lk‘ < N

£00 , il n
In what follows, we will assume 't‘< N, and that t is not equal to

an integer. From (6) we have that

e:(t) o si:nt -ln-tf
,n') N
Thus,
f innt f
\‘n“)\ < |@ :>-_ JF.‘-Q?EI‘
ln|> N

PRI

Using the Schwarz inequality,

3 ‘,
‘G;(t)| - ai:u f2(31/2 z " 1/2 ,

(n-t)?
k(>N [n}> N

F
o A
% aine 1/2 1 1/2

5 ™ |
~00 J 'nl> 'N(ﬂ't) ] . : ‘1

0o 0 : 1

But E fz(n) = L fz(t)dt = E, from [3] , and (8) j
-oo 3

E 1 & 1 < 1 é :
—2 - — 2 \
o[> N (n=t) % ey * % ABEE) ‘
0 o o

< vl S 1
- "!: (x+t)2 dx + g (x_t)z dx

N
'2- tz . o " (9)

AR Sl oo I ke 5
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Substituting (8) and (9) into (7), we have

1/2
(t)l |’1nﬂt| ZNE
°n n2 2 . : (10)

t

This result, which is a slight generalization of a result
derived earlier by Balahrishman [3], provides a bound for the
magnitude of the truncation error, in terms of the energy of the
band-limited signal, which goes to zero asymptotically like

N-1/2

as N goes to infinity.

We now make the additional assumption that f(t) is band-
limited to (-nr, =wr) with o<r<l. Then, f(t) has the representa=-
tion given by (5). Defining the truncation error by (4) and using

the representation for £(t) given by (5), we find

nr N
N(t) - ____ j\ F(o) [imt i Z ion siz}tét r):)]dw (11)

-n -N

Expanding eimt in a Fourier series on (-7,n), we obtain

00
iot _ E ion sinn(t-n) i
e x(t-0) . (-t <» <7)
~00
Using the Dirichlet integral [4] ’
N
i ion ginn(t-n)
Ty(®) 2 n(t-n)
- _;7 f ungmzzgu- ®) Jdut du. 12)
m

sin
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But < :
: L : iot ’ L
3 sin(M2) (u-w) 1ot , _e sin(¥2) (u=w) 4.
2xn u= 2n u=
sin 2 ) ; sin 2
-5 pes e"- ot -x (13)

Substituting (12) and (13) into (11) we obtain

/

{' 3\
sin(M2) (u-0)| 1ot _ iut du} av  (14)

kix sin u;m) L

fr P n 1

w® = 3

We will now restrict our attention to t in the range
[—N, N] . As noted earlier, the truncation error is zero for t
equal to an integer and thus, without loss of generality, we can
assime that'
t=m+ b (15)
where m is an integer such that
= N<m<N (16)

and

N

o< b < : an

Then,

eiwt _eiut i e1(:«.-'-1:)(:.; r ei(ml-b)u

2
o L) o {1 - efn(e) [ toGre) ] :

But
2 0 2
[ﬂ’g;-m[] F {co b(‘lzm) > 1 it b(u;m)]

= ]=2 un2 gLu_;_g_}_).* 21 sin 2-(%7-92-)4:03 _b_an_w;)

.
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Thus,

‘1 ot _eiuc _ei(m-l-b) o l_eim(u- o) +2eim(u- o) sinz b(tzs- W)

PRI YCSFS S YCSPS) ae)
Substituting (18) into (14) and making the change of variable y = 9—;9
in the integration over u, we obtain
r
3 £ 1 i
' ex(t) = 53 5 F(w) e (""'b)“’[xl +I,-1 13] do, (19)
2 o =%y
, where e s
1 1 .% 2 sin(2Ml)y (1 . eiz"‘y) 4. (20)
taeay 7
3 2
=
; 1,= (72 sin (@uD)y e!™ o1n’ by ay (21)
1 sin y
. -(w)
1 2
= @
2 12my 2
and 13 = sin(2MDy e sin by cos by dy. (22)
sin y
-(4w)
2

Note that
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since m is an integer and the integrand is periodic with period n. Also,

sin (Ml)y is an even function and hence,

sin y
T
¢ 2 sin g2N+12 y
: 3w ! o (1L - cos 2m y) dy

b
=f2 sin (Wl)y 4. %{f§ sin[?ﬂJ@Bl:Ly dt +f2 sin [2(N-m)+1] y dy }
)

sin y sin y sin y

S LR (23)

The problem that concerns us now is to evaluate 12 and I,. The

>
approach used will be to show that for o< | b |5 %, -nr <o <7r and o<1,

_s_i_rf_ll_x is monotonic on [_(1‘1_‘9) ’ 1[:-9] and 222 hV gonhy is monotonic
sin y 2 2 sin y

on [—(%—‘-D), o] and also on Ea, -15-:2-9]. The second mean value theorem for

integrals is then used to evaluate 12 and 13.

2 = (D
E 2
- i sin (2N+1)y _i2my 2
I2 #in y e sin” by dy
2 (o
2
& 4
3
b | =0
. sinzb
= sin (2Ml)y cos 2my (=< ) dy
; sin y
it ﬂ+m)
] 2
20
o sin’b
+1 sin (2M+1) y sin 2my (_-i_x) dy.
P ) ki gt
oo i
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We are interested in ® in the interval [—nr, xr]. Hence,

- < --g- (l41) < - (-“-'2*—‘”-) < -g— (1-r) <0

and

M=
2

0 <§ (1-1) < < F (14r) < 7.

2
But it is shown in Appendix I that %‘i‘_n_.;.:l is monotone increasing on

2
(-7,7). Hence, %—31 is monotone increasing on I:-(-’%;(-D), ﬂ;m :l, and

by the second mean value theorem for integrals (4),

1
- sin’b(*5%) ,
1, = ———— sin (2N+1)y cos 2my dy
74

2 T+
i
- =
sinzb(%ﬂ) 2
el sin(2M+1)y cos 2my dy
sin(—i—)
By

2 1o 2
g sin"b( 2 ) f sin(2N+1)y sin 2my dy

sin(ﬂ;w) _(n-;w)

=

smzb("—;ﬂ)

2
o ——— f sin(2N+1)y sin 2my dy, 3 (24)
P

=
7 )

sin(

sl

EYRSS= N

S aite i M B s ks
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5121§N;1 ¥ e!®™ gin by cos by dy

2sin y

= sin(2N+1)y cos 2my (513—322) dy
(mbm ;

=)

sin 2by
sin(2N+1)y cos 2my ( 2sin y) dy

sin(2N+1)y sin 2my (E%E—th) dy
o sin y

=

sin(2N+1) y sin 2my (ﬂéﬂzfgxy) dy .
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It is shown in Appendix I that for b > o, !-’2%1:2:_!% > o and monotone

decreasing for -(3-;-“—)-) <y<o, and &in 2by > o and monotone increasing for

2sin y
0<y< ﬂ;m . Also, for b< o, _s_;%i_i_bg < o and monotone increasing for

- E'%.‘&) < y<o and %‘;—mﬂi < o and monotone decreasing for o < y < n;a) .

Thus, the Bonnet form of the second mean value theorem [4] can be applied, and

we find

sin 2b(’“2'°°) B3
13 W) St e s sin(2N+1)y cos 2 my dy
b

| T
, | 2sin( 3 ) = +m)
2
"7' o
sin 2b(1%-(-b—) 2
. + sin(2N+1)y cos 2 my dy
- 4 0
% 281n(T'-) B
3 4
] sin 2b("EL) Bs
4 +i - sin (2M+1)y sin 2my dy
28in () e,
‘ 1
=
sin 2b(";w) *
+1i e sin(2N+1)y sin 2 my dy, (25) ‘
28in( )
2 36
l where
74
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and o< Bg <

The integrals appearing in (24) and (25) are evaluated in Appendix II,

and we obtain

Q+ {2)|sin brl 1 1
|1, - 113| < gy e i vals Teie baly (26
)

From (19) and (23),

nr
£y =L [ o)l g, a1 de.
k14
-nr

Applying the Schwarz inequality,

k. 1/2 1/2
& nr nr
£ 1 f 2 [ 2 ]
e (t)l < . [ lF(m)I dw:l f |12 -1 I3| dw . (27)
- -y
But
7 ‘ | 2 (1+Q)Lin bﬂl 1 1 -
I, - 1I;] do g 2 NromFl T 2N-2mbl
-nr
nr | 2
: (lsin bw 2+wcos bwl) i (28)
. cos —5 :
-Nr

Using the Schwarz inequality for sums,

( ‘sin bco‘ + ‘cos bw | )25 (Is:ln bm|2 + lcos bmlz) (1+1)

= 2 , for all real ® .
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- Hence, ,
| r r
: r (kin b '+ [cosbcnl)2 do < Zf sec? -‘-”2- do
nr -nr
’ cos o :
{ 2
= 8 tan -7% 4
and thus 2
nr 2 1/2
1 1 nr

!xr 12 - 113| do < 2 [(14-(2‘ sin bx T omEL + TN-2mil (tan 2 ) (29)
Also,
ki f F(o)|® do = 2xE. (30)
nr

Substituting (29) and (30) into (27), we obtain
1/2

(145 sin brrl s g

Ir
Z2.5)
<2 N4mrt1/2 N-mt1/2

‘ ,e§ (t),< (nEtan

A Lingm-c)a'- ,sin nt ‘

Recall that t = mtb, and note that ([sinbn

: so that

’ 112 ' /

el Lf (t)l < LﬂEtan 2 ) (1+\Iﬁ sin ﬂtj 1 + 1 » (31)
i N - % ) Mml/2 T N-mtl/2

where m 1is the nearest integer to t , and t| < N.

Equation (31) is our desired result. This bound, involving the
square-root of the signal energy, has the same asymptotic behavior as

the bounds derived earlier by Yao and Thomas [1] and Brown [2] . That

is, all three bounds are of the form
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'e: (t) f\r; K‘r,t)
: N

However, the functions K (r,t), are different for the three different

cases.

The bound obtained by Yao and Thomas is

f 2(r ) lsimttl 1
\GN (t)‘ < ( + N2) ’

(l-r)

where N, and N, are the number of samples to the left and to the right

1 2
of the sample nearest to t. In our notation.

N, =N - m and
= N + m.

Or,

N
b 2(rE)1/2 Isinm:
N (©) G
1~ (1-r)

1f we define Rl(r) as the ratio of the bound obtained here to the

1 1 )
/ + )

'\N-hn N-m

bound obtained by Yao and Thomas, we find

2
(7E tan 12(5) (AH2) fsin ne . " \
o Wm+i/2 * N-m+1f2)
Ry(x) = 1/2
2 (rE) lsin L tl (1 1
2 (1L-1) i!—-u-:
< OHD Qs {“ e \172
2 . tan 2 .

\




|
4
|
4
2!

]
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The ratio. Rl (r) for o < r <1 is shown in Figure 1.

Note' that
Um R (r) = % (—;%-—7)- 2.68, while
9o

1lim Rl (r) = o.

r9yl
Note also that for values of r > 0.73, the bourid on the truncation
error given here is tighter than the Yao-Thomas bound. That is,
for samples taken nearly at the Shannon rate, the bound obtained

here is an improvement on the Yao=Thomas bound.

The bound given by Brown in [2]1.

|t ©f < 2, Jotn x o e 552 (ha i
n 2

where Nl and N2 are the same as in the Yao-Thomas bound. Forming

the ratio of the bound obtained here to the bound obtained by

Browvn, we find

nr 1,2
(nE tan 2—) (lﬂ)sinﬂt,{ 1 1
Ry(r) = BL: ; \ Mmt1/2 T Nemb1/2
Az
‘2

1/2 1

* N-m

)

sin x tl (%E tan %E)

o

1+ 2
< == = 0.85.
al2
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Figure 2.1 Ratio Between Derived Truncation Error Bound and
Yao~Thomas Bound
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l!cncp, the bound obtained here is an improvement on the bound

obtained by Brown for all values of the guard-band coefficient, r.
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sinzlblz I' 1
Let g(y) = e » for =x <y & x, 0 <|b|]< 5. We want to

show that g(y) is monotone increasing on (-w,n). Note that g(y)

Ml ol e i ' i B B

is an odd function of y, and hence it is sufficient to consider
o<y<n, Also, g(y) >0 for a < y< « and g(0) = 0. Thus,

we only need to consider o < y < =x,

ke e Dt ORI e L it 0 M

g'(y) = 2_[b sin hJ_y coslbl 327 sin y - cos y sin2 Ibll
sin’y

.-';-1—“-2—]-1- 2,b,cos,b,ysiny-cosysin,b,y . 1

sinzy
i
ﬂ NWINFoE
Case 1: o<y§i. Then o < bly < |b E<Z’ and hence,
3
sin‘b|y>o cos'bly?o
' :
i siny > o cos y > o.
g (y) > 39-'-3-,1 Z'b sin y cos b,y -,b,ycosy ’

since sin lb 'y < 'b ,y. Thus,

g (> 9-13-'2—"-& Ibly[Zﬂ;‘—l cos ’b’y -cosy] . i

sin y

7
g_gblll sin 2
1 R b b B

cos 'bly-cocy

sin’y 2
>!.L'll.‘22.|! ,b,y cos’bly - cos y
i sin'y

> o0,
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since o <lb'y <y< and cos y is monotone decreasing

4]

n
Case 2: 'i< y < n, Then,

(ST

o< J-‘-’-l”— < Ibly <Ib'1r < -’21, and therefore

siny>o cos y<o

sin'bly >o0 cos'b’y > o.

g' (y) = .ﬂ‘l‘i’_ll Z,b,sin y cos'b,y - sin'b,y cos y
sin y

> o.

Hence, for o < y < =«, g'(y)>o and consequently g(y) is monotone
increasing on -1 < y < «,

Now consider

sin by cos by sin 2by
h(y) = sin y = 2 sin y

Note that h(y) is an even function of y, and therefore if h(y) is

monotone increasing for o < y < =, it will be monotone decreasing on
-x<y<o. Also, if h(y) is monotone increasing for b > o, it will
be monotone decreasing for b < o. Thus, it is sufficient to consider

o<y<~=x b>o.

h'(y) - 2b _cos 2by sin y - sin 2by cos y

2 sin’ y

Case 1: o< y< %.onby(%.

.
k)'b“_. & o D, e bl s ar e Lo o i il o e D " o o " N g

R-1018
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Note that h'(o) = 0, and hence it is sufficient to consider o < y < 2

A AR IS ST
.

| Bt
i ! 2b tan y - tan 2 by
R h (y) = % .
‘. sin y
i 3 2 tan y ==0 25y
: sin y x X
g But2tanycoseby>oforo<y<2, © < 2by <. Thus, we only
need consider 2b tan y - tan 2 by , and
‘ tan y tan 2 by
2b tan y - tan 2 by = 2 by Y - 5oy > o,
since _t_a.an.Z is monotone increasing on o < y <"é(' « Hence,
] ; T
h (y) > o for 0<y<3 .
i
1 -
% Case 2: %5y<ﬂ. Ifo<2by5%, then
|
; cos 2 by > o siny > o
. cos y<o sin 2 by > o , and thus
:5 i 2 b cos 2 by sin y - sin 2 by cos
- h (Y) " Y y2 M ¥
: 2 siny
4 ,
E >0 .
: For %<2by<ﬂ,%$y<ﬂ,wehavecos2by?_cosy,since

2 by <y , and hence,

' ]
| h(Y)ng 2b sin y - sin 2 by
i 2 siny

P —

& 2by cos y |[sin _ 8in 2 by
2 y 2 by .
- 2 gin" y
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But _g_i%zx 2> ii%—x » since 2 by < y and 5%—-! is monotone decreasing

ono<y<n. Also, cos y < o, and thus,

L}
h(y) >0, for 5<y<n,

ol a

1
We have shown that h (y) > o for o < y < n , and consequently h(y)

is monotone increasing ono<y<mn forb>o .
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@ o Appendix II
3
l
; We wish to evaluate |12 - 13 s Where 12 and I3 are given by (24) and
(25).
b b
f sin(2M+1)y cos 2 my dy = % f [sin(2N+2m+l)y + sin(2N-2m+l)y dy]
a a
_ .1 )cos(PM2m+l) b - cos(2M+2ml) a
2 2N+2m+ 1
‘, . s cos(2N=2m+1) b - cos(2N-2m+l) a
& 2N=-2m+1
{ Also,
: b
1 ON=2 - Ne
! f Bl 1)y sin 2 w4y = _;._{ sin(2N. Ml2Ll?]-2rm~ISin(2V 2m+1)a
a
- _ Ein(2M+2mrl)b - sin(2N+2m+l)a
2N+2m-1 =

Using these integrals and simplifying by means of elementary trigonometric

identities, we find that

1
1 . =
1 {sin b 1 sin by sin(i+m2)x [e-l(N+I'M-2)'m:|

2 3 sos (% 2N+2m+1

& lijl.._cos br cos bu)] [cos (2W+2m+1)By + 1 sin (2N+2m+1)$2'i
2 N+2mtl

1 A ol
+ sin bn sin bw sin (N-mt+ n[ie 1(N “"’2').“’

PR e e

2 N-2m+l
1 4 [1- cos brn cos bug [cos (2N-2m+1)81 + { sin (2N-2m!-1)pJ
+ = .

- 2N=-2m+1
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1 R 1 _ sin bnt cos bw sin (N-ml/Z)n[ie-i(wuz)m

1 3 ® 2 NM2m+l 3
o 2 cos 2 : ' :

sin bt cos bw sin (N-m+l/2)x [.ie
2 N-2mtl

1 (N-m+1/2) m]

+

sin bwt cos bw + cos bn sin bw X
2 b

cos (21‘%-1-2m-l-1)83 + i sin(2t‘¥-l-2m-i-1)85 cos (2N-2m-i-l)|33 - i sin (2N-2m+1)85 l ‘
PN 2mt L i IN-2mt1 s

sin bt cos bw - cos bn sin bw
2

it s R s O i i RO S I s s AN e b 55

+ X

cos (2M2mH1)B, + 1 sin (2M2mtl)B,  cos (2N-2mkl)B, - 1 sin (2N-zm+1)36§
2N+l = 2N-2m¥ 1 :

|
-

Forming 12 - 113, collecting terms and taking magnitude, we get

1 1
® / 2M2mt+l
2 cos 2

|12 - 1I3| < 'sin bn|+2 (1- cos bt cos bw)

+£§ sin bn cos bw + cos bxn sin bwl

sin bt cos bw - cos bx sin bw’

(U 1

+ Nl ’sin brt sin bw’ -IJ?' (l-cos bn cos bw)

+|sin b cos bwl. +{—§_,sin_bn cos bw .+ cos bn sin bw

+£-§. llin bt cos bw = cos bn sin bu,'] ¥
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But 'sin bn, sin bn [sinZ’bu), + cosz,me] —
sin b [sin bo ’ + Icos bm’]

sin bn sin bw l 4+ | sin bn cos bw | .

cos bw = cos bn sin bw

cos bw + cos bn sin bw , = ,sin b (4m , = sin’bl(ﬂﬂn),

= | sin b(n-w),= sin,b’(n-w).

cos bw + cos bx sin bw ,+ 'sin bt cos bw- cos bn sin bw
= 2|sin bn | cos bw
Also,
2 2
1l - cos bt cos bw < 1= cos b= sin  bn,

Making use of these inequalitities, we find

4 (1+ 2) lsin bx l 1 * 1
I, 1l13, - ® 2N~ 2mt 1 2N-2m+1J

Isin bu)l + [cos bml >
2 cos 7 L

which is our desired result.
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