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Subject: Bounds for Truncation Error in Sampltng Expansions
of Finite Energy Band-Limited Signals

Abstract: _P (r) ~~~~~~~~~~ ~~~~~~~~~~

An upper bound/(establi d for the magnitude of the truncation

error incurred , vh n a r -valued, finite energy signal which is band-

limited to < < ~r (o <r<1) is approximated by 211+1 terms from its

Shannon sampling series expansion. The sampling expansion is associated

with the ban4~~~~~~ , and consequently involves samples taken at the

integer points. The bound obtained is of the form 
-

E1EEt
~~::y~ 

K(~~/’r4 (sQ~*~c !~0~~ OI~~)

where E is the signal energy. This ound is of the same asymptotic

form as the bounds derived by Tao and ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

bound derived here is tighter than the Tao-Thomas bound for values of r

near unity, and is tighter than the bound obtained by Brown for all value

• 

o f r  I i

The attached paper is being submitted for publication in the IEEE fi
Transactions on Information Theory.
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I. Introduction

It is well known that a band-limited function having finite

energy can be represented exactly for all times by an infinite

series involving samples of the function. Several authors ~i] ,

[2~ have obtained bounds on the truncation error tha t occurs when

the function is approximated by a finite number of terms from

the sampling theorem expansion, rather than the infinite series.

In this paper another bound is derived which represents an improve-

ment over the previous bounds.

In the analysis tha t follows, we will consider real—valued, band-

limited functions with finite energy. Without loss of generality,

we can assume tha t the function is band-limited to ( ~~~~~ That

is, the function has a representation of the form.

ic
~
t

— f(t) — F(ci~)e dcz~ (—oo <t< oo) (1)
— x

where F(w) is a complex-valued function having the property that

L ~F( D )~ dci~ — 2n f
2
(t~ 1t — 2xE < oo. (2)

By the Shannon sampling theorem, f(t) also has the representation

f(t) — f(n) sinx(t-n) (-oo(t<oo) . (3)

__________________________________________________________ ______________________________ 
~~~~~~~~~~~~~~~~~~~~ S~~~~ .t 4  -~~~ &-- -  ~~~~~~~~
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The problem that will concern us here is to estimate the

truncation error incurred when f(t)  is represented by a finite

number of terms, rather than the infinite series given by (3).

We will define the truncation error by

e
!~ 

(t) ~ f ( t )  -

~~~~~~ 

f(n) . (-1! < t <N) (4)

It is known [3]that for this class of functions, the magnitude

of the truncation error is bounded by

f E 1/2
leN (t) < K(t) (14)

Thus, the truncation error goes to zero asymptotically like N ”2

as 114’ 00. F
Tao and Thomas [i] examined the bounds ~n the truncation error

when the additional assumption was made that P(w) vanishes in

(-u , -xr) and (xr,x), where o < r < 1. That is, they considered

the case where

r
f(t) — 

~~ 

p(~~)5il~t dcc , (o < r < 1) (5)

and the truncation error is defined by (4) , involving samples

taken at the integer points. Hence, the signal is sampled faster

than required for reconstruction by the sampling theorem. Using a

contour integra l to represent the truncation error and then applying =

known results concerning the growth of the entire function f(s) in

the compl.x s-plane , Tao and Thomas obtained a bound of the form 

—-“ .—~a.——--- - - —~--— - - - - -~~-- ---
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t~ (t ) I < . ‘15’

Thus, by introducing the guardband (or equivalently, by sampling

in excess of the Shannon rate), Tao and Thomas obtained a bound

which behaves asymptotically like N ’ for large N.

Brown [~2] also examined this class of functions, and using only

results from real variable theory , obtained a bound with the same

asymptotic behavior as the Tao-Thomas bound. The bound obtained

by Brown is an improvement on the Tao-Thomas bound for values of r

near unity ; that is, for samples taken nearly at the Shannon rate.

In this report, a bound is obtained which is an improvement on

the bound obtained by Brown for all values of r, the guard-band coefficient.

Like the analysis used by Brown, only real variable results are used,

and no application is made of the rather deep results concerning the

theory of entire functions.

II Analysis

Consider a real-valued function, with a representation given

by (1). Defining the truncation error by (4) and using the represen-

— 

- 
tation for f(t) given in (3) , we have

e~(t) — f(n) 
8~~~~t~ Tt) 

- f(n) sinx(t-n)

— f(n) sin’~(t-n)

14N 
x(t—n) . (6)

Note that f o r  t k , where k is an integer ,

— ~~~~~~~~~~~ 
-________ 

-
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e~ (t) — 

‘

~~~~

‘
f(n) sinn(k ’n)

InI> N

N

— 

t
(k) , N.

In what follows, we will assume It~< N,. and tha t t is not equal to

an integer. From (6) we have that

e~ (t) — - ~~~~

Thus,

< Isin~t~ ______

lnI> N
Using the Schwarz inequality,

< ~~~~~~~~~~~~~~~~~~~~~~ ~~~~
] 

1/2

J
< 

L_.i~~I~~1 f
2(n~~

l/2
~

’ 

1]  

1/2

But
~~~~~

f
2(n) — f2(t)dt — E , from [3] ~ and (8)

(n. t) 2 — 
~~~ (n+t) 2 + 

~ r (n-t) 2

• < 
(x+t ) 2

~~~’ 
+ (x-t) 2 dx

T B2-~~ . 

-
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Substituting (8) and (9) into (7), we have

- 
1/2

f I Isinicti I 2NE 1eNcti ~ x L~t~i . 
. (10)

This result, which is a slight generalization of a result

derived earlier by Balahrishman ~3], provides a bound for the

magnitude of the truncation error , in terms of the energy of the

band-limited signal , which goes to zero asymptotically like

as N goes to infinity.

We now make the additional ansuanption that f( t)  is band-

limited to (-ar , icr) with o<rZl . Then, f( t) has the representa-

tion given by (5). Defining the truncation error by (4) and using

] the representation for f(t) given by (5), we find

e~ (t) — F(cn) 
[e~~

3t 
- ~~~~ 

siflic(t_n)]dw (11)

Expanding ~~~~ in a Fourier series on (-n ,x),  we obtain

eiO) t 
— 

‘
~~~~~ et~~Tt ~~~~~~~~~ 

. ~~~ <CD <ic)

Using the Dirichiet integral \4 ] ,

TN (cn ) — ~~~~~

— j. sin(N+~)(u- cr ) eiut du. (12)

—x i (U~~O)
2

______________________________________________ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~ — — • ~~~ 

- -
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But 
I 

- 

X 1
1 sin(N+ i(u-CD) ico t d e1

~~~ ~

‘ 

sin(N+~)(u- co) d

~ 
(u_w) 

e U — 

~~~~ ‘L sin(11;~~
) 

U

— a  (13)

Su6stituting (12) and (13) into (11) we obtain

e~ (t) u’+~ ~ rc D) t f ~ 
5 ( t1 (u1j 0~~[e

10) t _euil
t]du)dw (14)

We will now restrict our attention to t in the range

1~-N, N ] . As noted earlier, the truncation error is zero for t

equal to an integer and thus, without loss of generality, we can

-

~~ 

- assume that
t m + b  (15)

where in is an integer such that 
-

-N < m < N  (16)
C

and

1
o<~~b~ <~~ (17)

Then,

e~~
0t _e~

Ut 
— e~~~~ ’~~ - ei(n*b)u

~~~~~~~~ 
- e °~~ 

~~ ib(u_ co) ]2j  
. 

-

But 

- 
b(u;co) 

+ t sin b(u;cDi]
2

— 1—2 sin2 b(u-CD)+ 2i ~~~ 
b(u- ct)~ b(u- cn)

2 2 2 .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ —~ ~~ - ~~~~~~~~~~~~~ ~~~~•-—~~~~~~~~~~ ~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~
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Thus,

•
ic ot  _eul

~
t —e CD{i.eim(u_ co) +2eim cn)[sin2 b(u-~p)

~ 
b(u-co) 

~~~ 
biu~~~)]) (18)

Substituting (18) into (14) and making the change of variable y —

in the integration over u , we obtain

4(t) — 

~~ ~ :r
F C D  e~~~~~~CD{i1 + 12 

- i 1
3] 

dw , (19)

• where

— 
1 sin(2~~1)~ (1. - e~~~~’1~ dy, (20)

sin y
2

12 — ~ 2 sin (2N+1)y e1~~~ sin
2 by dy (21)

a m y

—

2

and 13 ~j n(2N+l)y ~~~~~ sin by cos by dy (22)
sin y

_ _ _

2

Note that

*.CD
/ i2m~~Ii — I sin(2N+1)y (~1 - e ) dy

a m y  ~0’

___ 
—

2

/ 
~~~~~— ~ sin(2N+1)y ~1-e “ dy,

sin y ~~~~~.

U-~

___________________________________________________________
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since m Is an integer and the integrand is periodic with period it. Also,

sin (2N+l)y is an even function and hence,83.fl y

sin (211’i-l) y (1 - cos 2m y) dy

3/2 ~in (2N÷1)y ~~ - 1{f
sin [2(N÷m)+l]~~ ~~ ÷f

2 sin [2(N-m)÷l]y dy

= 0. (23 ) - -

The problem that concerns us now is to evaluate 12 and 13• The

• approach used will be to show that for 0< l b  1< .~~~, -icr <CD <itr and o<r<l,

~ is monotonic on [_ (i!±2?) !.1~] and sin t~
r cos by is monotonicsin y 2 ‘ 2 sin y

H r ic+CD 1 r n-~~1 =
~~ L-~—

~~ ’ oj and also on 
L°’ —

~
—]• The second mean value theorem for

integrals is then used to evaluate 12 and 13
S

12 — J sin
9 

~~~~ et2~~ sin
2 by dy

,fl+O3
‘2

sin (2~1+l)y cos 2my ) dy
Iic+ CD
‘2

+mf~~ sin (211+1) y sin 2my (stfl bY) dy.

(
*f (D

)2 -

_____________ —i-— -~ _~__ -_t__~ -__~~_ •—-- ~~___--•~~~~_______&•_ -——— .__a_ -. LU - ~~~~~~~~~~~~~~~~~~~~
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We are interested in a in the interval [_ icr , icr]. Hence,

-ic < -~~~ (l+r) <-  (
ic+CD) 

<- ~~ (1-r) <0

and

0 <~~ (l-r) < ~~~~~~ < ~ (l+r) < it .

But it is shown in Appendix I that is monotone increasing on

(-it ,it). Hence, is monotone increasing on [_(i~.iP ) ,  ~~~~ ], and
• by the second mean value theorem for integrals (4),

- sjn2t~~*tn) r~ -

• 12 — fl rj) J sin (2N+l)y cos 2my dy
- • ~~° ~ ~~~ 2

it- U)

+ 
,~ 

sin(2N+l)y cos 2my dy
sin( 2~~ 

J

2 n+co
—i sin b( 2 ~ / sin(2N+l)y sin 2my dy

8j ~~(
it+ CD

) ~~~~‘2

2 it- U) r2sin b ( )
+i 

~~~~~~~~~ 
I sin(2N+1)y sin 2my dy, - (24)

J

— ~~~~~~~~~~~~—~~~~~~ —— -~~~~~~~ - -  ——~ ~~~
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• where
- 

- (
it+U)

) 
~~ ~~ 

it;(j) 
and 

-

• 1t+ CD~~ ___

~~ ~~~ 2 ~

Also, 
it

13 — f ~j~~~~~1)~y 
et 2my 

sin by cos by dy

- • ‘ 2

= 

J

o 

cos 2my (
SIn 2bY) dy

+ 
J

2 

sin(2N+l)y cos 2my (
sin 2bY) dy

+i 
J

O 

sin(2~~1)y sin 2my ~~~~~~~ dy
,7(+ U)
‘2

- 

~~ 
j2 sin(2)1+l) y sin 2my (sin 2bY ) dy 

~- ~~~- •- -• - ~~-• - - -~~ ~- •••-- ~~~~~~ 
•4~
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It is shown in Appendix I that for b > o, sth 2by > o and monotone 
• =

decreasing for -(
~~~~

-) < y < o, and !~fl 2bY > o and monotone increasing for

~ < >, < . Also, for b < o, sth 2by < o and monotone increasing for

• _ (fl .C D
) < y < o and 

sin 2by 
< o and monotone decreasing for o < y < 

i t U )

Thus , the Bonnet form of the second mean value theorem [4] can be applied, and

we find

sin 2b(it~~
n) 5

13 — 
281 (

fl+U)
) I sin(2N+l)y cos 2 my

i t - U)

sin 2b(~~~~) r 2

• 
+ — sin(2N+l)y cos 2 my dy

2sin( 2~~ 
~‘

4

sin 2b(~~~~-) p5
+1 f sin (2N+l)y sin 2my dy

2sin( 
2

(fl
) ,It+U)

)‘2

sin 2b( it
~~0 ) r 2

j sin(2N+l)y sin 2 my dy, (25)
2sin( 

2
CD

) J

• where

- (—i----) 
~ P3 S

it- CD
O <~~ 4 < 2 

- • - - --~~~~~~~~~~ • - -- • -~~~~~~~~--- - -S
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and

The integrals appearing in (24) and (25) are evaluated in Appendix II,

and we obtain

112 - m131 < 
(1+ J~ )lsin bit t 

(
2N+~Im~.1 

+ 2N_2n*1) (lain bci I + ~~~ b w l )  (26)

~~ 2

From (19) and (23),

(t) 
~~ 

F(CD) e~~~~
b
~~ 

~~ 
-i 13) d~~.

Applying the Schvarz inequality,

icr 1/2 
icr 

1/2

• Ie~ (t )t ~ 2 [1 I F ( cn ) 12  d cl)] 112 - i 1312 d cn] . (27)

But

1xr 112 - i 13 
2 d cn < E1+1

~~

8mn bitl ______ + 2N_2n*1)] 

2

5 

(1sin bcDI + lcOs b c l ) l ) 2 
d~ (28)

cos —
-icr

Using the Schwarz inequality for sums,

( 1sin bcol + I cos bcn 1 )
2 < (lain b col 2  + Los b c n l 2 ) (1+1)

— 2 , for all real U) 

— -• - • •~~~ ----—-- •- -~~~~~~~~~ • — • • - - --- ---- • - ----- --~~~-- - - . --.— --•- - — -.——-— -~- - ---~~~ -~~~~- •---- ---~ • ______
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Hence ,

• jJ 
(lain bcn t + fco sb coI ) 2 d~ 2 sec2 -~~- dcn

icr 2 -icrCOS CD
2

icr
— 8 tan --~~,

and thus 2

• 
~: 

1~2 
- dcn < 2 [i+~rIsi~ ~~~~~~~~~~ + 2N_2m+ 1)(tatl ~~ )l/2] (29)

Also,

2F(CD) dU) — 21tE. (30)

- :  Substituting (29) and (30) into (27), we obtain

• 
14 (t)J< 

(i~Etan ~~~) jl+
~~3t 

sin bit1 

(

~~~~1/2 
+

Recall that t — m+b , and note that sinbit — in(m-t) it — sin itt

so that
1/2

L~ t) < &Etan 1) (l+’J~~fsin n~j 1 
+ — I , (31)

= 
rN — N-fm-f 1/2 N-mfl/2

where in is the nearest integer to t , and t < N.

Equation (31) is our desired result. This bound, involving the

square-root of the signal energy, has the same asymptotic behavior as

• the boun4s derived earlier by Yao and Thomas [~] and Brown [2] . That

is , all three bounds are of the form 

~~~~~~ •~~~~~~~ •• • ••~~~~~~~~~ • • — -~~~~~
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e (t) <~ JE 1C(r Lt)
- 

- N

• 
• 

However , the functions K (r,t), are different for the three different

cases. -

The bound obtained by Yao and Thomas is

\e~ (t)~ < 
2(rE)U2 tstnictl 

~ N + N2

• where N1 and N2 
are the number of samples to the left and to the right

of the sample nearest to t. In our notation .

N2 = N - m a n d

Or, 

N1 — N + ni. 

1 2• L~ (t) < 
2(rE) lsin~!j (I +

- 
(1-r) \N+m N-ni

)

If we define R1
(r) as the ratio of the bound obtained here to the

bound obtained by Yao and Thomas, we find

(icE tan (1+r~
) fin ictl ( 1 . 1

it
2 \ N+ni+172 + N-nH-1/2)

R1
(r) — 1/22 (rE) ~sin it t i (~• _ (1 - r) N+m 

+ N

< 
(l+4i5 (l-r) icr\1/2

2 ~ tan .

2)
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- The ratio. R1 (r) for o < r < 1 is shown in Figure 1.

• Note- that

if* R~(r) — it 
(~~T)

.1 2.68 , while

1
r+1

Note also that for values of r> 0.73, the bouitd on the truncation

error given here is tighter than the Yao-Thomas bound . That is ,

for samples taken nearly at the Shannon rate , the bound obtained

here is an improvement on the Yao-Thoaae bound.

The bound given by Brown in [2]is

I )e~ (e)J < 
~~~~ lain it (tan xr ) 1/2 

c~~~~~

.- +

- 
where N1 and N2 are the same as in the Yao-Thoma s bound . Forming

• the ratio of the bound obtained here to the bound obtained by

Brown , we find

I 1/2
1 (icE tan f~) (1+I T) sin it tI I i. - 1.

R2
(r) — N+mfl/2 + N_m+ l/2

~
Li isin it t (  (icE tafl .~!) (~~~ +j

I._ 
~

< ~

__
— 0.85.

Li • . ~~~~~ •~~ • • •—•——-••~~~~~~.. • 
- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ••_
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Hence, the bound obtained here is an improvement on the bound

obtained by Brown for all values of the guard-band coefficient, r.

F~
T

i - i  -

- —- - - ,- •-•—~• • -
~

- ••--—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~—.—- ——— • •~-——~~~—— -•-~ --- —•—•--------- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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APPENDIX I

Let g(y) — , for -it < y < 1, o <lbI~ f. We want to

show that g(y) is monotone increasing on (-n ,n). Note that g(y)

is an odd function of y, and hence it is sufficient to consider

o < y < it. Also, g(y) > o for d < y < it and g(o) — 0. Thus,

we only need to consider o < y < it .

g ’(y) 2tb l s in  Ibly c0SLLY sin ‘~~ - cos ~ sin2 Ib Iy
ain2y

— ~
inIb y 

~ 21b ( cos 1b I y sin y - cos y sin lb I Y I .
sin y L J

Case 1: o < y < • Then o < I b ly < 1b ~ <~~, and hence,

sin b y > o  cos b y > o

s i ny > o  c o s y > o .

g’(y) sin l~~lv 
[2 lb l ain y cos IbI y - lb I y cos y],sin y

since sin lb  ly  < b y. Thus ,

g’ (y) > sin ~b f ~ 1b I y [2 
sin 

~ cos lb l y  - cos y] •sin y

> ain fb ly 
lb y 

f2 
~~ 2 

~ l i~ ~ 
y - cos y~1sin y j

> 
1t1%l~iY jb I y ~~o. lb l y - Co. yJ •

a m y  L

>0~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ——-~~~~ -~~~~~- —~~~~~•- -- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - • A~~ ~~~
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since o <1b1y < y <~~ and cos y is monotone decreasing

~~ ~
].

Case 2: ~. < y < x . Then,

0< < Jb Iy <Jb J l (  <~~, and therefore

s i n y > o  - c os y < o

sin1b 1y > o coslbly > o.

g (~) — 
sinI~ Iy 2lblsin y cos lbIy - sinlbly cos 

yJa m y  
-

>0.

Hence , for o < y < it , g ’(y)>o and consequently g(y) is monotone

increasing on -it < y < it.

Now consider

h(y) — 
sin by cos by 

— 
sin 2by

sin y 2 sin y

Note that h(y) is an even function of y, and there fore if h(y) is

monotone increasing for o < y < it, it will be monotone decreasing on

—it < y < o. Also, if h(y) is monotone increasing for b > o, it will

be monotone decreasing for b < o. Thus, it is sufficient to consider

o < y < i c,b>o .

h ’(y) — 
2b cos 2by sin y - sin 2by co~~~

2 a m  y .

Case 1: o < y <  ~, o < 2 b y <~~~.

-- - - ~~~~~
- -•—- - -S ,

- • -~~~~ -~~~~~ - •
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Note that h ’(o) — o, and hence it is sufficient to consider o < y <

- 

h ’(y) — 
2b tan y 

- tan 2 by 
•

a m y
• 2b

But 2 tan i by > o for o < ~
‘ < - ~ ~ o < 2 by <~~~~. Thus, we only

need consider 2b tan y - tan 2 by , and.

2 b tan y - tan 2 by — 2 by [ta~~~ - 
tan 2by] > ~, = 

-

tan y it
• since is monotone increasing on o < y . Hence,

h ( y ) > o  for o < y < ~~~.

Case 2:~~~~~< y < i t . I f o < 2 b y < j , then

cos 2 by> o sin y> 0

con y < o sin 2 by> o , and thus =

~~
‘ , .

~ — 
2b cos 2 by sin y- sin 2 by cos y

- - ~y, — 
. 22 sin y

• > 0 .

For .
~ < 2 by < it , < y < it , we have con 2 by> con y , since

2 by < y , and hence,

h (y)>
C08 1

2 
[2b s i n y_ s mn 2 by

2 ain y L

2by cos y J i n y 
- 

sin 2j~y
2 .i n2 y 1 y  2 b y . 

• 
-• 

~~~~~~—~~~ • - —--———•—•-••‘~~~ ‘—--•~~~~~~~~~~~~~ • • • •
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a

• But S~~ ~~b1 > Sifl , since 2 by < y and is monotone decreasing - -

•

on o < y < it. Also, con y < o , and thus,

h (y)>o ,for~~~ < y<it .

We have shown that h (y) > o for a < y < it 
, and consequently h(y)

is monotone increasing on o < y < it for b > o

a

— 

.

I
I

~~~~~~ 
- - •

~~~~~~~~~~~~~
• -

~~~~~~~~~•-•- 
-
~~~~~~•- -~~~~~~~~ 

- 
~~~~~~~~~~~~~ •- i--•—

• •• • — - -~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
--- - — ~~~~~~~~~~~~ - -S -~~~~~~~~ -~~~~ 
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Appendix II

We wish to evaluate 112 - 131 $ where 12 and 13 are given by (24) and

(25).

1

b 

sin(2~~l)y con 2 my dy = 

~ f [sin(2N+2mfl)Y + sin(2N-2m~l)y di]a a

- 
- 

1 5 cos(2N+2nw1) b - cos(2N+2ini-1) a
2 2N÷2mi- l

- 

+ 
cos(2N—2ni.i-1) b — cos(2N-2m4.1) a

2N-2m~-1

Also,

f sin(2r~ i)y sin 2 = 

~ 
{ sin~~~-2mf l) b - s i n ( 2 N - 2 m f 1~a

sin(2N+2nwl)b - sin(2N÷2m÷1)a
2N+2m~-1

Using these ~ntegra1s and simplifying by means of elementary trigonometric

identities, we find that

1 Jsin b it sin b U) sin(N÷n*~ )it
2 - 

2 cos~~ ( 
21’~+2m*1

+ ~~
-cos bit cos bwj ~~ (2N+2m+1)~ 1 + i sin (2N+2m+1)~ 2 j

2 N+2mf 1

+ 
sin bit sin b (~ sin (N-m+Z)it[ie

m-
~~

’
~~J

2 N-2ni+l

cos bit cog bti~ ~~ (2N-2ni4-1)p 1 + I sin (2N _ 2m+19z1J

• 
- 2N—2 m4 l 

-

~~~~- ~~~~~~~~~~~~~~~~ — ~~~~~— . —•-~--~~~•--~~ ,- ,~~~~~~ —~~~~ - •- ~~~~~~~~~~~~~~~~~~~~~~~~ —— ——— - - __--__ -s_ - _ •
~~

__ _  —— - 
~~~~~~~~~~~~ •~~~ -~~~~~~~~~ —•— -
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— — 1 sin bit con b~ sin ~~~~~~~~~~~~~~~~~~~~~~
3 c2~f 2 N+2m4-1

2 cos 2 -

+ 
sin bit con b tj) sin (N~n .1/2)i e~ 

l/2) cn] 
•

• 2 N-2mf-1

- 
[sin bit cos b~n + cos bit sin bcn ]

r L 
2

I cos (2N+2n*1)~3 + I sin(2N+2m+1)~ 5 con (2N—2m1-1)~ 3 — 
I sin (2N—2in+1)~5

2N+2m+1 + 2N-2m1-1

sin bit con b n  - con bit sin btn
+ 

2 
X

Icon (2N+2m+1)~4 + I sin (2N+2mI-l)~ 6 con (2N-2m+1)~~ - I sin (2N-2m+1)~ 6
2N-4-2m+l + 2N—2m4- j

Forming 1
2 

- iI
3~ 

collecting terms and taking magnitude, we get

1:1 fr2 
- ii3~ < 

1 
2~~2~~1 [Lain 

b itl +2 (1- con bit cog

2 cos 2~~
- 

~- 
+ ~~ Jsin bit cos b n + cos bit sin bw

+ ‘4 Jam bit cos bu - cos bit sin 
bu !]

+ 2N_ 2m-fl 
{
~sin bit sin bwI ~~~~ (1-con bit cos b~~)

+IsLn bit con bw I . +~tilsth bit C08 bU) + COS bit sin bcn 1 •

+4 J a m  bit con b o  - cos bit sin b (r I] .

— ____ - - —- .~~~~ • ••_ _ __ _ •_•_• • _ — ••~~ • • ~•_•-S~ ~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ •  ~~~~~~~~~~~~~~~~~~~ i S i __ ___ 4 -
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But lain bit 1 — 1sin bit I [sin2lb~~l + cos 2lb~ J 

- 
=

~ k~ bnl{sin 
bu + lcc~ bwIJ

— sin bit sin bcn + sin bit cos bu

Also,

lain bit cos b n + cos bit sin ba = b(n4w — sin

and Is~
1
~ 

bit cos btn - con bit sin bcri I — 

~~~ 
b(it_ ci )l .. sinlbl (lt_w).

Or,

j am bit con b n  + cos bit sin b~~ 
~~ 

bit con bw - con bit sin bw~

= 2 sin bit ~cos b~~

Also ,

I - cog bit con bu < 1 - con2 bit= sin2 bit.

Making use of these thequalitities, we find

JIfiI3J 
< (1+ 2)1:in bitj 

f2N_ 2mf1 
+~~~~~~~~~~~~

1j 
~sin b~~ + (co s bcD)].

which is our desired result.

- -- - - 
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