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Abst ra ct

The application of the Karhunen-Loeve e~qansion to signal analysis problems

involves eigenvector ,Jnd eigenvalue calculations • Practical questions which

arise axe how msny eigerivectors should ona calculate and how msny sample wave-

forms must ona obtain to determine these etgenvectors with a specified accuracy .

I The answers to these engineering questions are the concern of this paper.

In addition , a rapid algorithm for numerically calculating the eigenveetors

end elgenvalues of an autocorrelation metrix is presented which Is applicable

meinly to signal analysis problems.
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1 • Introduction

The Karhunen-Loeve expa nsion is well established as a means of representing

a random process in signal analysis. The application of the expansion is

conceptua LLy straightforward . We obtain N sample waveforms xk (t), k=l , .. .,N,

t~ [O,P], end time sample each at n points, tLs ~~L,..., n, t L E [O ,T) .  We then

calculate the autocorrelation metrix, 3, whose element , s~~, Is

= N k-i 
xk(tL ) Xk(tm)~ 

(1)

L, m”l,...,n.

1~ note the tth element of the ith elgenvector of S by Ø1(t 1) .  Then the

Karhunen-Loeve expansion for xk(tL ) is

x~(t ) ~ C 0 (t ), (2 )

where

Cki L—1. 
xk(tL ) Oj(t L ),

kul , ... , N,

iiiil,...,n.

Although the expansion of (2) is an exact representation of xk(tj )’s with n

eigenvectors, an approximetion can be obtained by selectin g a smeller number

of eigenvector a . The mean square error of the appro,d.nmtion is the sumnmtion

of the elgenvalues, X.~’s, whose eigenvecto rs are not selected .

N n 2
• 

~~ {x ~p~~ - z c~~ Oj(tL)}
• k—i L21 lEt

— E ) l I  
(
~
)

S i~I i

Thus , the central problem in the Karhunen-Loeve expenalons is to calculate

a. k. - 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -~----~~ —~~~~~~~~-— ‘ - - ~~ ~~‘- -—- ,- ~ --.~~~~ —- —-•--- --- - ~~~~~~~~~. . . - — —.-—.
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the eigenvectors and eigenva].ues and to select the eigenvectors with the larger

eigerrvalues as the important basis functions to represent a given process .

Although th is procedure is straightforward, we face engineering problems

especially when waveforms axe analyzed , sminly because the number of sampling

points, n, becomes very large in signal ana lysis

This paper is concerned with solving those engineering problems such ~ s

(1) how me~ r samples, N, me needed to eatinmte the elgenvalues end

eigenvectore with a specified accura cy,

(2) how mer~r sampling points , n, should be selected to characterize the -:

process properly.

The quick evaluation of N and n is appreciate d especially when n is large

such that meny eigenvalues end eigenvectora should be calcu lated

• 
In addition to the above, this paper offers a program for rapid elgenv ector-

eigenvalue calculation which has been developed in relation with the above study .

The basic appro ach of this program is to calculate 2n dimensional eigenvalues end

elgenvectors from n dimensional eigenvalues and eigenvectors, as the P~st

Fourier Transform does for Fourier transfo rms • The comput ation time of the

program is about three tines faster than conventional programs.

I
S.

I ~~~~~~~~~~~~~ - - . ~ 
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2. Eig~nvectors and ei~envaluas of a perturbed mat rix

In this section we derive first order approximations for the elgenvectors

and elgenvalues of a perturbed matrix in terms of th~se of the non-perturbed

matrix. These approximations axe used in the ana lysis which follows .

let S0 be a real, synm~tric (nxn ) matrix end let dS be a reel, symmetric

perturbation matrix. Let and X~, 1.1, . . .,n, be the eigenvecto rs and eigen-

values , respective ly, of 8~ . Assume that the X1 ’s are distinct . We wish to

obtain a first order approxin~tion of the eigenvecto rs and elgenvalues of S,

In terms of and ~~~~ where

S S = S + d S  (~)
These amy be obtained by retaining the terms of first order or lower of the

equation

+ ds)(Ø~ + dØ1) = (x~ + d~~)(Ø1 + dØ1), (6)

where

s0Ø~ = “~
0i

The re sulting equation is

+ dSØ~ ~~X~dO1 + d~~Ø1. (8)

To calculate d~~, we premultiply equation (8) by and, since Ø~S0 =

and Ø~OJ ~~~ 
we have

dX1~~~Ø~dSØ1. (9)

We can write dØ1 
n
85 ~ linear combination of the Oj ’S as follows :

H: dØ1 — ~ b~~O ,  (10)
i-i i i

where

b1~~i i Ø~dØ1. (u)

If we premultip],y equation (8) by and rearrange, we have for i~j



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — 
~~~~~~~~~~~~~~~~~~~~ -. —

~~~ . (12)

To determine b~1 we impose a first order nor malizatio n condition on + dØ1,

i.e., we require

~IOi + dØ1~ I2 = 1

io~. 112 + 2

= l + 2 Ø

~

dØ1, (13) H
and it fo1l~ is that

Ø~dØ1 = b~1 ~ 0. (lii.)

Noting Ø
~
S

~
Ø

~ 
= and Ø~3~Ø~ = 0 for ~~~~ we summarize this section as

follows :

+ dA~ ~~~~~ 
(i~)

and

~ (16)

0 i_i .

(

- ---S - --  ~~~~~~~~~~ --~~~~~~ •--~~~ ——~ 
- - -~~~~~~~~~~~~~
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3. Estimation of eigenvectors ~nd eigenva1ues

The estimation of eigenveetora and elgenvalues is made from the sample

autocorrelation matri x, S. Therefore , the estimator output is a random v~ir1eb le

with its mean and variance • The variance is very much a function of the number

of samples, and approaches zero with Infinite nwnber of samples . In this section ,

the variances of estimate d eigenvalues and eigenveetors will be discussed. The

purpose of this discussion is to find the necessary number of samples to achieve

a specified accuracy for the estimation of elgenvectors and eigenvalues .

The autocorrelation matrix , 5, is defined by

S = E ( X X ~~~, (17)

where X is a n dimensional sample vector .

In practice, however, S is not known a priori . Rather, we are given a

set of N sample vectors , L1, .. .,L1~, which we use , as follows, to calculate

the sample autocorrelation matrix:

E X~Xk . (18)
k=].

Let and )~~, 1=1, . . .,n, be the eigenvectore and eigenvalues respectively

of S and similarly define and for ~~. Just as ~ is an estimate of S,

and are estimates of and X1 .

The statistics of the eigenvectora and eigerrv-alues of a matrix of random

variables have been studied previously . [1], [21 The general approach is to
*calculate the distribution of S and from this find the distribution of the

eigenvectors and eigenvalues.

• However, since S ~ S for N sufficient ly large, we may use the approximations

(it ,) end (16) to express and £~, i.e.,

— + Z b1~Ø~, (19)

— —a -. . —~~~ ~~-——• -~~ —, •--— -- -. ~~~~~~~~~~~~~~~~~~~~~~~
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~ ~ 0~0~’ (20)

i=1, . ,~~~~

where

r 0 ~Oj
H I ,~ — A

-5 - i i  j
b
ij f l  

(21)

o i=j .

First, we consider the mean value of the estimates . ~~om (17) and (18) ,

E(O~~0~} =0 ~EC~} 0~

= 0 ~S0j

= (22)

It follows from (19), (20) and (21) that

E(Ø1) = 01) (23)

and

E(~13 = (214. )

Thus the estimates are seen to be unbiased. The amen square errors of X .  and

are given by

~ E ((X1 - ~~)
2) = E(X~) -xi

~~E((Ø~~Ø1)2 3 - , (25)

0~ ~~Er l I~1 - 0 1II2 ) = E E(b~ I
i-i
j~i

n E((O
T
~Ø )2)

(26)
• j= xi _ x j

j~i

The expectations of (25) end (26) can be obtained from the moment generating

A . .  -. ; á — .s .~~~~ . .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-
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functions of the samples , as shown in the Appendix.

(A) Gaussian Cases

For the special case where the X.~’s come from a gaussian distribution

with amen vector M and autocorrelatian matrix S, (25) and (26) become, from

(Alo) of the Appendix,

2 — ’ 2 2 ~i.= ~~ 
(x~ — ~ ), (27)

2 2
~~ 

ii X 4 X , — ~~~~
~~~~~—~~~~~~‘ ~~~~.‘ . .‘ 82

j~i

where

= Ø~M (i=l,2,...,n). (29)

Equations (27) and (28) indicate that mean square estimation error is the product

of 1/N and scam coefficient which is independent of N. These coefficients are

determined by S and M.

Much simpler expressions are available as upper bounds of and
2cy~ by droppi ng out the ~ terms as foJJ.ows:
01

<~ j X~ or cy~~/X~ ~~ 
, (30)

~ 
x .i 

— 

x~/x~ 
2 =~~~~~)‘~~. (

~ -)— N •
~~~~ (x1 - ~~)2 N j~~ (1 - x 41x1)

j4i j~i

The equalities of (30) and (31) hold when = 0 for eli. l’s.

Equation (30 ) shows that c~ /X~ is simply bounded by 2/N regardless of I

and n • (~~i the other hand, from (31), a~ depends on 1 and n as we.Li as 1’N.
01

of (ji) Is a function or n—i x~/x1’a (j=l,2,...,n: ~ i).  However, •y1 i~

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •&) — 5 . -— • —-
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roughly determine d by a single or a few terms whose X ,/X 1 ~ are close to one .

This property will be discussed in detai l for the following e~~nxp1e

(B) Exez~p1e: stationary process

Let x(t) , tE [0,T], be a stationary, Gaussian random process with

R(t) = E(x(t)x(t -T))

= exp[-aI~r~~. (32)

If x(t) is time sampled at t = ~~~, £=l, . . . , n, the S becomes a matrix whose

element , s~~ , is

= exp[-ajL-in~T/n3,

1 2—mi/n— p  , ( _ _ j )

L,m=l, . • ., n,

where

p = exp[—~ r~ . (-4~.)

Suppose that the product cIT is such that p << 1. Then the eigenvalues of S

are given approximately by

K $(i/T), (~~)
where $ ( )  is the spectral density of x(t ) and K is a constant . Then , since

the spectral density of (32 ) is , the ratios of adjacent eigenva lues

are approximately

i ± 1 
_ _ _ _ _ _ _ _ _ _ _ _ _ _  

+ 121T2 
6

+ (1 + i) /T2 2a

= 1 -  ( l±2 i) J a Y

These ratios are independent of n and approa ch 1 as I beccams large . It can

be shown, also, that for large 1, is Independent of cIT, end hence p, and
01

varie s essential ly as i2 .

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -~~ •~~
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The error coefficients, y1, 1=1, . . .,n, of (31), for the matrix S of (~ 3)

are plotte d as a function of n in ~ gure 1. We see that each becomes constant

as n increases beyond 1. Figure 2 shows these steady state ‘values of as a

function of I for various values of p. For i > 14. we see that increases

linearly with i on the logarithmic plot and is fairly insensitive to p. This

result is consistent with our approximate theory.

The number of samples required so as to estimate the eigerrvector s accurately

depends on the number of elgenvectors and hence the clisEnsion. In this example,

for a given accuracy the number of samples, N, required increases as n2.

_ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ 5.•~~~
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• Determining the number of eigenvectors to calculate

In this section , discussion will be given for determining the sampling

interva l or how many eigenvectors should be calculated for a process in a given

time region.

~~gure 3(e ) shows a waveform x(t).. If we sample the waveform at four

sampling points t2, t~, t6 and t8, we have subsequently four eigerxvalues as

shown in Figure 3(b). Doubling the sampling points from four to eight as shown

by the dotted lines in Figure 3(a), we change the previous four eigenvalues

and add another four elgenvalues as shown by the dotted lines in Figure 3(b).

If four sampling points are enough, the doubling of the sampling points must

generate only very small new eigenvalues .

Thus, the basic approach of this paper to check whether we have enough

sampling points or not is to calculate the summation of the eigenvalue s which

are generated by doubling the sampling points.

Suppose the process is sampled at n points in (0,T 1. Then the wave vcctor

is

x(t 2 )

= 
x(t 11 ) (37)

X(t2n)

and the eutoco rrelat ion matrix is

= LEft ]
= [E[x(t21)x(t2~fl] (38)

= (R(t 21~t2~ )3 ,
where [8

j j
] is a matrix whose ij element is e

~~
• If the sampling rate is

doubled, the wave vector and autoc or relation matrix become respective ly

~

-- - - —~~~~~ —-- • -rn ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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x(t2) ~- 
-

:
x(t2~)

~
2n 

x(t1) 
= ,

and

52n 
= Lfx2Y~~)

— 1~
(t2j~t2j )] (R(t 2~,t21_1)] 1

— 

L1R(t21_j,t2~ 1 [R(t 2j 1,t2~...1)]J

n
‘
~U ~l2

= (140)

~~~~~~
. ~22

where S~~ is the sama as Sn of (38) . The order of x(t ,) ’s is given as (39)

only for simplifying discussion. Replacing the order of x(t )‘s as x(t1),2
x(t0) , . . .  does not change the essential points of the discussion.

C-.

If n is large, then S~~, S~~, S~~ and S~2 of (leo) all become close to

each other. Then , 52n can be approximated by

~2n 
= 

5~~ ~11 1 . (l ii)

---1 11 L1)

- ~. Assume that the eigenvectors of S~~, Ø~, have been calculated • The eigenvector

matrix and the eigenvalue matrix of S~~ are then

H
n I I

‘ ~~ 
~~~~~~~~~ 

~nJ ~

A2
~ = r~ 

0] , (li.3)

Ii

~i — 5.
~
5.--- ___

~~~~~ _ 5 . _ _ __5._5. _ _~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ -
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where

= ... . (
~~~)n

By (].5), the eigenvalues of S2
~ can be approximately evaluated by using

the eigenvect ora of S~~, •
2rI

• These are the diagonal terms of

G2
~ ~2n 52n ~2n -

~ 
-

= ~ r~ <i. r~ ~ i.i ~
1.s
,
n _~n j 

~~~~ 
S~

1
2 ,J ~~~~ 

~~~

G’1 G~
= 

[a;~ a~] ’ 
(11.5)

-~~ where

= ~~ ~n (3fl 
+ + s

~1 
+ 5~2 )1n, (11.6)

= .~~ ~n~~~n 
- 

~~~~~ + 5~l - (47)

G21 = 
1 

•
nT

(8fl 
+ s~ - - s~2 )~’, (43)

G22 = 
1 ~n (5n 

- 

~~2 
- 

~~ 
+ 

~22~ 
(49)

If S~~, 
~2l and are all close to S~~, ~~~ of (11.6) becomes close to 2A~, and

G~2 of (
11.9) becomes close to 0. Thus , the diagonal terms of are thc n

eigenvaluea which we had for n sampling points end are modified by doubling

the sampling points . On the other hand, the diagona l terms of are the

new eigenvalues which are generated by doubli ng the sampling points .

Therefore, the summation of the new eigenvelues is calculated by

tr G~2 = 

~ 
~ tr (S~~ - - s~1 + 

~~~~~ 
(50)

where can be eliminated from the calculation of tr ace because •
fl

•
fl~~fl

T
I

11 - - ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5.~~~ ___~~~~~~~  - -~ - ~~~~~~~~~~~~~~~~~
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n n
If Z is normalized by ~ (X~~ + X,~ 1),

i=l i=:i. “ —

~~ ~~~~~~~ 

tr G~2 tr(S ~~-S~2-S~1+S~2 )
= = . (51)

~~~~~~~~~~~~~~ tr (G~1+G~2) 2tr(S ~1+6~2 )

Or, substituting (leo) into (51),

= 

z (R(t 21, t21)-R(t 21,t2~~1)-R (t 2~~1,t21)+R (t2~~1, t2 1 1 ))

z (R(t 21,t2~ )+R(t 21_1, t21_ 1))

If x(t) is a stationary process and if tk = ~~,then equation (52 ) reduces

to

R(O) - E~f)
— . (53)

2R(O)

Equation (52 )  or (53) may be used to determine n by requiring f3’~ < E where E

is fixed by the analyst .

As an example, suppos e R( w ) = e~~t t , T=l, and we wont to choose n so that

~~ < 0.05 . By equation (53)
1

* 

n l _ e 2
~

2

— .1 ( .4)

and so we should calculate n=5 eigenvectors. 

~~~~~-~ --~~~~~~
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I

5. Rapid eigenvector-eigenva lue calculati on

In this section , a fast pr ogram Is offere d to calculate eigenvector s and

eigenva lues in waveform anslysis. For convenience, we shel]. re fer to :~ program

wh ich calcu lates eigenvector s and eigenvalues as an EIGEN program.

Equations (112) and (113) indicate that 2n dimensional eigenvectors and

eigenvalues can be approximated by using n dimensional eigenvectors and elgen-

values, particularly in signal anai,ysis where S22, s12 and S21 of (40) become
-
: close to with large n • This is very much analogous to the ~~st Fourier

Transform, where 2n fre quency points can be exact ly calcula ted from n frequency

points.

On the other hand, in most EIGEN programs, on iterative procedure is used ,

starting ~(l) and forming a sequence, (~~1)
3, such that

-~~ 
= L~~ ~(n) (55)

which satisfies

= A . (~6)

Furthermore, since a general pux~pose program can assume little about the structu re

of 5, ~~1) is usua lly take n to be I. Naturally, if we select which is

close to ~ as the starting point, we may reduce the number of Ite ration s.

The basic idea of the Fast EIGEN program of this paper is to combine

the above two facts. That is,

(1) approximate 2n dimensiona l eigenvecto rs and eigenva lues by n dimensional

elgenvector a and elgenvalues, and

(2) use the appro ximation as

In most cases where the computation time becomes serious problem, n is

la rge so tha t the above approximation becomes better.

A better approximation of the 2n dimensional eigenvecto rs than (42 ) Is

• - -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
5. - -~ - - 5.5.
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used for the ~~st EIGEN program. This is

(n n
I~~ .t ~2n 1 I

~~~~[ n  n ‘

where 

= 1n Alii 1 1  -

5n n  n
22$2 —~~2 A2 ~59

It is easily seen that ~2n is an orthogonal matrix. Then,

— T ~ (A1+j~ +~~- B )  ~ (A1-i~-B+B)
~2n 512n (60)

~ 

(A
1
-A

2
+B- B

T

) ~ (A1+A2-B-BT)

where

B = • (61)

The approximation of (57) has following two advantages.

(i) Using two sets of n dimensional eigenvectors, ~~ and ~ , the phase
ing information between x(t

2i )_wavefortns and x(t2 1 1 ) waveforms is taken int o

-
~~~~ ~~ account.

(2) In order to calculate •~ ‘ s2
~~

2t
~ of (60) only n dimensiona l matrix

multiplication as (61) is required. The number of multiplications for this

calculation is roughly estimated as 2n3.

When 5L~ ~~~ S~~ and S22 are all close to each other with sufficiently

large n, then and 
~2’ 

and A1, J~ and B are also close to each other. There-

fore, ~2n Sf2~ of (60) is very close to a diagonal matrix. Starting from this

matrix and ,211 of ~~~ a convensionel EIGEN program such as Jacobi’s method

can start to reduce the off-diagonal terms further (3] .

Figure Ii. shows how the ftst EIGEN program calculates 2m dimensional

elgenvectore and eigenvalues . Assuming 2m m8 for simple explanation, the

— _____•
~~~5. - 5. — —~~--- ~~~~~~~ __  ~~~~_ • _ _rn5. _~~~~~ __ ~~ _• -~~~~-~~- - ~~~~~~~~-~ —--5..~~~~ —~ -~~~~~~~~
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procedure is as follows:

(1) Provide eight one dimensional eigenvectora, eli 1, end eigenve].ues,

(L=1,2,...,8).

(2) ApproxImate four two dimensional eigenvectors by (57), and calcul’.’te

(60) for all four cases . Combination should be made as (t1, t5
), (z

2, t6
),

(t3, t7) and (t4, t8).
(3) Use the results of (60) and (57) as the initial condition and cpply

r

the Jacobi’ s method. Four two dimensional eigenvecto rs and eigenvalues are

obtained.

(4) Repeat (2) and (3), increasing the dimension from two to four , and

from four to eight. The number of sets of eigenvectors and eigenva].ues arc

reduced from four to two, and from two to one

The computation time is rough ly estimated as follows: In the Jacob i’s

method, it has been reported that the computation time , T~, Is

T~~= l O u n 3, (62 )

where u is a multiplication time and n is the dimension . Assuming that

two sets of ff2 elgenvectors and eigenvalues are available, the computation

time of one set of n dimensional eigenvector s and eigenvalues, T~, is

Tn = O T j = l 0 6 u f l3
~ (63)

where 9 depends on the initial approximation. For simplicity, let us assume

that 0 Is constant . Thez~ the computation time of the Fast EIGEN program, T~~,

V is

= 20T2m + 23’r2n%-l + ... +

= 10 ~ u 2~~(i + 2 2 
+ 2~~ + ... + 2 (2

~~~~ )

3m ~
~~lO~~~u 2

_2 =~~~9 ( l O u 2 3m)
1—2

4
=- •

~

• O T ~~~ (611)

-- - -~~~~~~~~~ —— 5.



-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~-- ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — 
-
~~~~

-;

-17-

Thus, ¶5~/T~ is almost determined by B.

For the JacObi ’s method, 0 is determine d experimentally. The computation

time is essentially proportional to the number of Jacobi iterations required

to tichieve convergence to the desired accuracy. Thus by (63) 0 is given by

I
- - ° = ?  (65)

where I~ is the number of iterations required to obtain ~~ m ~~ 2 end

and I
~
, is the number of iterations required conventionally.1

Figure 5 shows curves of and I,~ for a matrix S whose i,.3 element is

5ij = ~Ii—i !
versus the matrix dimension for various values of v. The spacing between the

Fast EIGBN end conventional curves on the semi-log plot is nearly const~int Cor

fi,m~d v, and 9 varIes between about O.2~ and 0.35.

Thus computation time can be reduced by the Fast BIGEN approach. The

r significance of the time saving of course depends on the details of the

application .

-j
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6. ~~~~~
We have solved In pert s~~~ of the engineering problems involved with the

application of the Icarhunen-Loeve expansion. In particular we have outlined

procedures for :

1. determining the number of time samples to take from the waveform,

2. determining the number of sample waveforms required to accurately

determine the eigenvectors, end

3. reducing the computational effort in numerically determining the

eigcnvectors .

These procedures in conjunction with a basic understanding of the ICerhunen-

Loeve expansion allow its straightforward implementation in communication and

pattern recognition systems .

- 
--~~ - ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- --—~ -~~
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Appendix

Calculation of

Recall that S is given by

*

~ 
~
T k=l 

(1.l)

and thus we have

Ø Ø  ~ ~~~~ (A.2)
k=l ‘~

where

— ~~~~~~~~~ . (A.3)

If both sides of (A.2) are squared and expectation is taken, the result is

=L ~ ~ E[y~y~y~
’Y~

’)
N2 k=l k’=]. ~

=~~ — E Z
N2 k=l k’=i

N 2 2
+ E E(Y~ ~ ) , (k.li)

L ~r i ~=i

since the Xx’s ore independent .

E(Y~T~] = Ø’
~ E(X~X~1Ø~

= ~~~~ k=l,...,N. (A .5)

and (A .4) may be re-written as

= !!jj~ )~bij + ~ E(Y~Y~) . (A .c )
The supercrlpt on Y Is dropped since the Xk’s are identically distributed. The

last term In (A .6~ may be calculated If the moment generating function of’ X is

known. The joint moment generating function of and is 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -~~ -~- - -  ----------- —-__ _ . _ ._ .__ _ __ . a_~
_ -~~~~~~~~~ _.-~ ~~~~~~~~~~~~ - -. ~~~~~~~~~~~ 
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I
M1~(t1,t2) = Etexp(t1Ø~X + t2Ø~x))

E~exp((t1Ø~ + t~Ø~)x3 }
= Mx(t1øi + t2Ø~), (A . 7)

- where ~~~~ is the moment generati ng function of X. It follows then that

-~~ ~
4Mii (ti~t2~

J 

—

~t 
-
~t 2
1 2 

~~~~~~~
= 

1 2

~~M~~(t1~t2) —
.

- 1  
_
4

____ —J
~tl

-
~~ 1 2

If X comes from a multivariate normal distribution with mean vector 14

and autocorrelation matrix 3, then

E[Y~Y~) = 2X~~j j  + X
1

X~~ — ~~~~~ . (i~.~ )

Combining (A .9) and (A. 6) we have

E((Ø~SØ.)
2
3 = + ~(x~&1. + — 24~i.~ ) , (A.lO)

where is given by (29).
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