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Abstract

' The spplication of ;he Karhunen-Loeve expansion to signel anelysis problems
involves eigenvector /Jnd eigenvalue celculations. Practical questions which
arise are how many eigenvectors should one calculate and how meny semple weve-
forms must one obtein to determine these eigenvectors with & specified accurscy.

The answers to these engineering questions are the concern of this paper.
In addition, a rapid algorithm for numericelly celculating the eigenvectors

and eigenvalues of an eutocorrelation metrix is presented which is applicable

mainly to signal analysis problems. \
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1. Introduction

The Kerhunen-Loeve expansion is well established &s a means of representing
a rendom process in signal analysis. The application of the expension is
conceptually straightforward. We obtein N sample waveforms x.k(t), k=l,...,N,
te(0,T], and time samplz each at n points, tys 2=ly.00,m, tLE[O,T]. We then

calculate the asutocorrelstion matrix, S, whose element, s 4’ i

, ¥
- ¥, 5 ) ) o

s!.m

L, m=l,...,N.
Denote the fth element of the ith eigenvector of S by ¢i(t "). Then the
Karhunen-Loeve expension for xk(t z) is
x(t,) = El et F1(ty)s (2)
Kel, .o s,N,
2=1,...,0,
where
n
Chy = zEJ. x (t,) 2, (¢,), (3)
kel c..,N,
i=l,...,n.
Although the expansion of (2) is an exact representetion of xk(tl)'s with n
eigenvectors, an spproximetion cen be obtained by selecting & smaller number
of eigenvectors. The mean square error of the approximetion is the summetion

of the eigenvalues, x 's, whose eigenvectors are not selected.

n
€ - i i le {"k(*‘z) g "1(%)}

- A (4)

1£I 1
Thus, the central problem in the Karhunen-Loeve expansions is to celculate

Ao B T LA 4V Ay A e — S o T s s o S e
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the eigenvectors and eigenvalues and to select the eigenvectors with the larger
eigenvaelues as the important besis functions to represent a given process.
Although this procedure is streightforward, we face engineering problems
especlally when waveforms are analyzed, mainly because the number of sempling
points, n, becomes very large in signal analysis.

This paper is concerned with solving those engineering problems such es

(1) how meny semples, N, are needed to estimate the eigenvalues end
eigenvectors with a specified accuracy,

(2) how meny sempling points, n, should be selected to chaeracterize the
process properly.

The quick evaluation of N and n is appreciated especially when n is large
such that many eigenvalues end eigenvectors should be calculated.

In eddition to the above, this paper offers e program for rapid eigenvector-
eigenvalue calculation which has been developed in relation with the above study.
The basic approech of this program is to celculate 2n dimensional eigenvalues snd
eigenvectors from n dimensional eigenvalues and eigenvectors, es the Fast
Fourier Transform does for Fourier transforms. The computation time of the

program is about three times faster then conventionel progrems .
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envectors and eigenvalues of a perturbed metrix

In this section we derive first order approximetions for the eigenvectors
and eigenvalues of a perturbed matrix in terms of tipse of the non-perturbed
matrix. These approximations are used in the anslysis which follows.

Let S_ be a real, symmetric (nxn) metrix end let dS be & reel, symmetric

perturbstion matrix. Let ¢1 and )‘i’ i=l,...,n, be the eigenvectors end eigen-

values, respectively, of So' Assume that the xi's are distinct. We wvish to

obtain a first order approximetion of the eigenvectors and eigenvalues of S,

in terms of ;Ji's and xi's vhere |
S=8 +as . (5) |
o ;
These mey be obtained by retailning the terms of first order or lower of the 4
equation :
(s, + as)(g, +ag,) = (A, + @ )(g, +ag,), (6)

S8y =249 - (1)
The resulting equetion is
8,40, + dsg, T \,dg, + A\, . (8)

To calculate d\,, we premultiply equetion (8) vy 9!': and, since ¢fso =
xiﬂ'f and ﬂ'ng = b“, we have

We can write dgi es a linear combination of the @ J's as follows:

n

by = Fie0,. (11)

If we premultiply equation (8) by ﬂ'g and rearrange, we heve for ifj
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k=

. #yasg
b = .
1j g h

To determine bii we impose a first order normalizetion condition on ﬁi + dﬂi S

(12)

i.e., we require 1
= |lg |17 + 2 glog,
=1+2 gfaﬁi, (13)
and it follows that ’
gag, = v, To. (1%)
Noting ﬂfsopi = ); and gfsogd = 0 for i#j, we summerize this section es
follows:
A +an Tasg, (15) |
and . |
T |4
T 1
T:L_-Ax- 14] "
NoEL ' (16) |




3. Estimation of eigenvectors and eigenvelues

The estimation of eigenvectors end eigenvalues is made from the seample

autocorrelation metrix, S. Therefore, the estimator output is & random variable

R e

with its mean and variance. The varience is very much a function of thec number
of samples, and approaches zero with infinite number of samples. In this section,
the variances of estimated eigenvalues and eigenvectors will be discussed. The
purpose of this discussion is to find the necessary number of samples to achieve

a specified accuracy for the estimation of eigenvectors and eigenvalues.

2 The sutocorrelation matrix, S, is defined by
1 s = B{xx'} , (17)

vhere X is a n dimensional sample vector.

In practice, however, S is not known & priori. Rather, we are given a
set of N sample vectors, X,,...,X;, which we use, as follows, to calculate

the sample autocorreletion matrix:

; N
a i 3 T
i  ELI o

Let ¢1 and ).1, i=l,...,n, be the eigenvectors and eigenvelues respectively

of S and similarly define 3‘1 and ii for §. Just as 8 is an estimate of S,
’31 and ii are estimates of ¢i and ).1.
‘ The stetistics of the eigenvectors and eigenvelues of e matrix of rendom
’ variables have been studied previously.[1],[2] The general approech is to
calculete the distribution of § and from this find the distribution of the
eigenvectors and eigenvelues.

However, since S§TS for N sufficiently large,we may use the approximations

| (15) end (16) to express Bi and ii’ i.e.,

n




N D R B eraecses s o

, E ~B=
Ry = o750, (20) |
g : 1 R ok E
H ¢
. ( ﬁ 15 §
0 1=§ . §
First, we consider the meen value of the estimetes. From (17) and (18), ‘
E(9;30,) = #iE(S)g,
“ g?sgj
= *1513 d (22)
It follows from (19), (20) and (21) that
E[ai} o gi’ (23)
and :
E[ii} = A (24)

Thus the estimates are seen to be unbiased. The mean square errors of ii and
ﬁi are given by

021 4 2((R; - 2% = 365) -2

T B((g80,)%) - 12, (25)

% n
2, J=1
JAM
| n E{(80,)%)
2 : : : z ——1—% .
| ; J=1 (xi - AJ)
k- ] JH
{ The expectations of (25) end (26) cen be obtained from the moment generating

(26)




functions of the samples, @#s shown in the Appendix.

(A) Gaussian Cases

For the special case where the xk's come from a gaussian distribution
with mean vector M and autocorrelation matrix S, (25) and (26) become, from

(A10) of the Appendix,

2 ~ b
% =202 - ., (27)
i

0'2 :%le —-‘l——(i . A—i)f; ; (28)
L e
where
By = ﬂgM (1=1,2,..o0), (29)

Equations (27) and (28) indicate that meen square estimation error is the product
of 1/N and some coefficient which is independent of N. These coefficients sre
determined by S and M.

Much simpler expressions are available as upper bounds of o% and

A
i
o? by droppirg out the  terms as follows:
gi
c? 5% li or of /Xi 5% ’ (30)
A A
; i i
n AR n AL/A
gy " o=l (g - 2y) 3= (1 = Ay/A )
JH IH

The equalities of (30) end (31) hold when g =0 for ell i's.

Equation (30) shows that af /Ai is simply bounded by 2/N regerdless of i
A

i
ond n. On the other hand, from (31), c? depends on i end n es well as 1/N.
g
i
y, of (41) is & function of n=1 ).J/ki'a (J=1,2,.e.,n: Jj#l). However, y; is




roughly determined by a single or a few terms whose XJ/Ai's are close to one.
This property will be discussed in detail for the following example.

(B) Exemple: stationary process
Let x(t), t€[0,T], be a stationary, Geussien random process with

R(7) = E{x(t)x(t-7)}
- exp{-a]-ru. (32)
If x(t) is time sampled at t = %, 2=1,...,n,the S becomes a metrix whose

element, s om’ is

Sym = exp{-a|2-n|T/n},
L,m=l,...,n,
where
p = exp{-aT}. (2k)

Suppose thet the product of is such that p << 1. Then the eigenvalues of S
are given approximately by

A\, T K §(i/1), (35)
where §(*) is the spectral density of x(t) end K is a constant. Then, since

the spectral demsity of (32) is 220 az , the ratios of adjacent eigenvalues
w +
are approximately
4 A o 20 o + 12/7%

Ay o+ (1 + 1)2/1 : 20

yo RasET
1+ (1 +1)%/Pr°

These ratlios are independent of n and approach 1 as i becomes large. It can

be shown, also, that for large i, of is independent of oT, and hence p, and

¢1
varies essentially as 12.

SR e R S
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The error coefficients, y,, i=l,...,n, of (31), for the matrix £ of (=3

are plotted as a function of n in Figure 1. We see that each vs becomes constant

as n increases beyond i. Figure 2 shows these steady state values of «, as a

i
function of i for various velues of p. For i > L we see that ¥4 increases

linearly with i on the logerithmic plot and is fairly insensitive to p. This

result is consistent with our approximate theory.

The number of samples required so as to estimate the eigenvectors sccurstely

depends on the number of eigenvectors and hence the dimension. In this example,

for a given accuracy the number of samples, N, required incresses &s nz.
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4. Determining the number of eigenvectors to calculate

In this section, discussion will be given for determining the sampling
interval or how meny eigenvectors should be calculated for a process in a given
time region.

Figure 3(a) shows a waveform x(t). If we sample the waveform et four
sempling points 1;2, th’ t6 and tB’ we have subsequently four eigenvalues es
shown in Figure 3(b). Doubling the sampling points from four to eight &s shown
by the dotted lines in Figure 3(e), we change the previous four eigenvalues
and add another four eigenvalues as shown by the dotted lines in Figure z(b).
If four sampling points are enough, the doubling of the sampling points must
generate only very small new eigenvalues.

Thus, the basic approach of this peper to check whether we have enough
sampling points or not is to celculate the sumation of the eigenvalues which
are generated by doubling the sampling points.

Suppose the process is sampled &t n points in [0,T]. Then the weve vector
is
rx(f.z)

@ - *('fu) (27)

\ x(;'Zn)

and the autocorrelation matrix is
T
s? - E[X%" ]
[B{x(t, )x(t,,)}] (38)

- [R(tZi’tZJ)] ’

where [a i j] is a matrix whose ij element is a If the sampling rate is

3’
doubled, the wave vector and autocorrelation metrix become respectively

B R e S




sl i S

% (x(tz) ~

4 .

2 S

2n

: x2n = x(tl) - [ﬁ » (39)

5 Lx(tzn-l )’ ; ..

and

192}
U}

2n E{xz"xz"T}

[R(tp55t55)1 [R(tpgstp5)]

[R(tps10tp5)] [R(E,; 15%,54)]

ISl n

" (%0)
: R

L 21 22

where S;_ll is the seme as S" of (38). The order of x(tz)'s is given as (39)

only for simplifying discussion. Replacing the order of x(t ’)'s as x(tl),

x(tz) 5.+ does not change the essential points of the discussion.

o un n
If n is large, then s;ll, 81,0 S, 8nd S, of (40) all become close to

each other. Then, Szn can be approximated by

1 n n
. 8., 8
i M el (41)
3 sn Sn
> b i | |

Assume that the eigenvectors of S;_’l, ;J;_’ , have been calculated. The eigenvector

matrix and the eigenvalue matrix of Sgn are then




.

o

£ B

-

where

Qn = [ﬂ;t coe ﬂ::] . (m")

2n

By (15), the eigenvalues of S°° can be epproximstely evaluated by using

the eigenvectors of S0 y 6 . These are the diagonal terms of

T
GZn ~ Q2n SZn §2n
nT nT n n n n
gl @ | 8]y s, |[¢" @
=2 T T
n n n n n n
g -8 A 5 -3
n n
G G
11
% sk 1 (45)
n n
Go1 G2
where
G =% 4s"T(sn +87, +8, +8))8" (46)
5 S 5 My T Bt i
G, =2 Q“T(sn -8 +8h -8 )" (47)
e " 2 11 T Pz T Vay < it s 7
1 nT n n
Gy =5 ¥ (Syy + 8y, = Sy - Spp)4 (43)
T
l.n ,.n n n n,.n -
Gpp =2 & (S)y = Spp = Sy + szz)§ ; (49)
If Slz’ 821 end 322 are all close to S].‘l.’ 1 of (46) becomes close to 27", end

0‘2‘2 of (49) becomes close to 0. Thus, the diegonal terms of Gil ere the n
eigenvalues which we had for n sampling points end are modified by doubling
the sampling points. On the other hand, the diagonal terms of ng are the
new eigenvalues which are generated by doubling the sampliné points.

Therefore, the summation of the new eigenvalues is calculated by

n
n n n n ”
tr G, = irl Mgy = tr(S -8,-8,; * szz), (s0)
T
where Qn can be eliminated from the calculation of trace because §n Qn =
4
" " -1




n
k5 ol AR

)
s 2117

n
2q.1 18 normalized by iEJ. ().21 + A

tr GO tr(s];

n
Z Ay 22

d

121()‘21 211)  WE(GHG,)  2tr(syesy,)

12 21 22)

Or, substituting (40) into (51),

n
E—]_ {R(tzi ’tai )-R(tai’tzi-l)-R(tai-l’ t21)+R(t2 i-1 ’t21-1) }

n
i§1{R(tzi’tzi)*n(tzi-l’tzi-l)}

If x(t) is a stationary process and if t = ;—ﬂ‘a,then equation (52) reduces

R(0) - R(-ZT-H

2r(0)
Equation (52) or (53) may be used to determine n by requiring g < € where €
is fixed by the analyst.

As an example, suppose R(t) = e'ltl, T=1, end we want to choose n so that

p" < 0.05. By equation (53)
1

1w 2n

~ 1
Tn
and so we should calculate n=5 eigenvectors.
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5. Repid eiggnvector-eggmlue calculation
In this section, a fast progrem is offered to cslculate eigenvectors and

elgenvalues in waveform enclysis. For convenience, we shell refer to = progren
which celculates eigenvectors and eigenvalues as an EIGEN progrem.

Equations (42) end (43) indicate thet 2n dimensional eigenvectors und
eigenvalues can be approximeted by using n dimensionsl eigenvectors snd eigen-
velues, particularly in signal anslysis where

and §,, of (40) become

Sz22 512 1
close to sll with large n. This is very much analogous to the Fest Fourier
Transform, where 2n frequency points can be exectly celculated from n frequency
points.

On the other hand, in most EIGEN progrems, an iterative procedure is used,

starting Q(l) and forming & sequence, {Q(n)} , such thet

3= 1m 3™ (s5)

N s ®

which satisfies

8158 = A . (56)
Furthermore, since s general purpose program can assume little sbout the structure
of S, é(l) is usually teken to be I. Naturally, if we select é(l) which is
close to § as the starting point, we mey reduce the number of iteretions.

The basic idea of the Fast EIGEN program of this paper is to combine
the above two facts. Thaet is,

(1) epproximete 2n dimensionsl eigenvectors snd eigenvelues by n dimensional
eigenvectors and eigenvalues, and

(2) use the epproximation as O(l).

In most cases where the computetion time becomes serious problem, n is
large so that the above approximetion becomes better.

A better spproximetion of the 2n dimensional eigenvectors than (42) is
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used for the Fast EIGEN program. This is

n n

2n 1 Ql Ql

] = 72' ’ (57)
"l
2 2

where
n n

S118y = H N (8)

n . n n =

Saals = 8, A, (59)

It is easily seen thet 8°" is an orthogonsl matrix. Then,

1 Ty 1 T
SR A CUSE LI RO S
an SQZn o ¥ (a))
1 T
5 (A -A+B-B") 2(A,+1,-B-B')
where
A ek e (61)
1712°2
The approximestion of (57) hes following two adventeges.
(1) Using two sets of n dimensionel eigenvectors, «p? and §g, the phase
lag informetion between x(t21)-wave:t‘orms and x(tZi_l) waveforms is taken into
account.

T
(2) In order to calculate 322 g2Ng2l

of (60) only n dimensionel mstrix
multiplication as (61) is required. The number of multiplicetions for this
calculetion is roughly estimated as 2n3.

When sll’ 812, S21 and 822 are all close to each other with sufficiently
large n, then 61 and 62, énd Al’ Az and B are slso close to each other. There-
fore, &znTSQZn of (60) is very close to a diegonel matrix. Sterting from this
matrix and 62n of (57), a convensionel EIGEN program such a&s Jacobi's method
can start to reduce the off-diagonal terms further [3].

Figure U4 shows how the Fast EIGEN program calculates 2" dimensional

eigenvectors and eigenvalues. Assuming 2™-8 for simple explanetion, the




procedure is es follows:

(1) Provide eight one dimensionsl eigenvectors, ell 1, and eigenvelues, s 2
(2=1,2,...,8).

(2) Approximete four two dimensionsl eigenvectors by (57), snd celculste
(60) for ell four cases. Combination should be made as (t,, t5), (tz, t6),
(t3, t7) and (tu, t8).

(3) Use the results of (60) end (57) as the initial condition and epply
the Jacobi's method. Four two dimensionsl eigenvectors and eigenvelues are
obteined.

(4) Repeat (2) and (3), increasing the dimension from two to four, &nd
from four to eight. The number of sets of eigenvectors and eigenvalues &re
reduced from four to two, and from two to one.

The computetion time is roughly estimeted as follows: In the Jscobi's
method, it has been reported that the computation time, 'I‘J, is
T;=10u n3, (62)
vwhere u is a multiplication time and n is the dimension. Assuming that
two sets of n/2 eigenvectors and eigenvelues ere availeble, the computetion

time of one set of n dimensional eigenvectors and eigenvalues, T , is

n’

T, =6 7T, =100 un’, (63)
where ¢ depends on the initial approximestion. For simplicity, let us essume
E . that 6 is constant. Then, the computation time of the Fast EIGEN progrem, TFE"
E is

= 2°'1‘2m + zl'l'zm-l + see * 2m'l'1‘21

SR <

T

By et

-l -(2m-1))

10 gue1+2F 42"t 4 (io k2

wn
210 gu 2= = % o (10 u 23"
i 1.2 I
i B T

,»f 3 3 (6h)

=)
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Thus, T'm/'rJ is almost determined by 6.
For the Jacobi's method, 6 is determined experimentally. The computation
time is essentielly proportionel to the number of Jacobi iterations required

to achieve convergence to the desired accuracy. Thus by (63) 6 is given Ly

6 =

H‘bH

(65)

J
vhere In is the number of iterstions required to obtain Qn from 62/ o and §;/ .

and IJ is the number of iterations required conventionslly.l

Figure 5 shows curves of In and IJ for & matrix S whose i,,) element is
8y = yli=dl (66)
versus the matrix dimension for verious vaelues of v. The spacing between thec
Fast EIGEN and conventional curves on the semi-log plot is nearly constunt for
fixed v, end 6 varies between about 0.25 and 0.35.
Thus computation time can be reduced by the Fast EIGEN approach. The
significance of the time saving of course depends on the deteils of the

spplication.
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6. Summery

We have solved in part some of the engineering problems involved with the
application of the Karhunen-Loeve expension. In particulsr we have outlined
procedures for:

1. determining the number of time samples to teke from the waveform,

2. determining the number of sample waveforms required to accurately
determine the eigenvectors, and

3. reducing the computational effort in numerically determining the
eigenvectors.
These procedures in conjunction with & basic understanding of the Kerhunen-

Loeve expansion allow its straightforward implementation in communicetion &nd

pattern recognition systems.
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Appendix

Calculation of_r:_{gfégj)fl

Recall that § is given by

8-8,5, W o)

z
k=1

=2

and thus we have
N k1
2 S ) (Ao?.)
k=
where
T

Yy = X, . (4.3)

If both sides of (A.2) are squared and expectation is taken, the result is

E{(7;80,)%) = = z BIrrrr 7]

—}:
N k=l k
N
Z

+-N-z-k§l E{Y Yl; ¥, (L.4)

since the xk's are independent.
Now

E(YyY) = o] ElxX)a,
= A8y kel,eeu N (£.5)

and (A.4) may be re-written as

R 18
B((d(39,)%) = 55 206, + § BOYS) (8.)
The supercript on Y is dropped since the xk's are identicelly distributed. 'The

last term in (A.6) may be calculated if the moment generating function of X is

known. The joint moment genersting function of Y1 end Y 3 is

honsasaEn

-

e

SR
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= E{exp(tl¢£x + tzﬂgx)}

i
= Elexpl(t,0] + t,05)X])
where MX( .) is the moment genereting function of X. It follows then thet

L
3 Mil(tl,tz)‘

2.,2
atlbtz

i
M, (tl,tz)

— e B

atl

tl=ta=0
If X comes from a multivariete normel distribution with mean vector M
and autocorrelation metrix S, then
o TR el e
E{Y?YJ] = 2058, 5 + M - 2ugu] (A.5)

Combining (A.9) end (A.6) we have

a2 2 1.8 22
E[(ﬂisﬂj) } = A{B; 5 +'ﬁ(xiaij +Aghy - 2“1“3) 5 (A.10)

where ., is given by (29).
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FIGURE |. ERROR COEFFICIENTS FOR p=0.1.
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FIGURE 2. STEADY STATE VALUES OF THE
ERROR COEFFICIENTS.
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FIGURE 3. A TYPICAL WAVEFORM AND ITS EIGENVALUES.
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FIGURE 4. DIAGRAM OF THE RULE FOR COMBINING n-
DIMENSIONAL EIGENVECTORS TO CALCULATE
2n- DIMENSIONAL EIGENVECTORS.
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FIGURE 5. EXPERIMENTAL CURVES FOR DETERMINING
THE CONVERGENCE RATIO, 8.
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