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AN IMFLICIT-FUNCTION THEOREM FOR GENERALIZED
VARIATIONAL INEQUALITIES

%*
Stephen M. Robinson

I« Introduction. In this paper we shall study the behavior of
solutions of the inclusion
0 ¢ f(x) + T(x) , {1.1)
where f 1is a continuously Frechet differentiable function from an open
set NCR" into R" and T is a maximal monotone operator from
R" into itself (recall that an operator T is monotone if for each

(xl’wl)’ (x,,w,) ingraph T one has

2 2

P Y

(x1 - %
where (¢, ,*) denotes the inner product, and maximal monotone if its
graph is not properly contained in that of any other monotone operator).
We shall be particularly interested in conditions which, when imposed
on f and 1, will ensure that the set of solutions to (1.1) remains
nonempty and is well behaved (in a sense to be defined) when f is
subjected to small perturbations. To introduce these perturbations, we
shall make use of a topological space P and a function f:P XN - R"

so that we can replace (1.1) by

0 € f(p, x) + T(x) , (1.2)

*
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and study the set of x which solve (1.2) as p varies near a base
value Py

A particular case of (1.2) of special interest for applications is that
in which T is taken to be the operator buc, where for a closed convex
set C R" one defines the indicator function be of 'C . by

g, xe C
+,.  x§gC,

and where 3 denotes the subdifferential operator [16, §23]. This yields

the so-called variational inequality

0¢ fp,x) + 6¢C(x) " (1. 3)

which expresses analytically the geometric idea that f(p, Xx) 1is an
inward normal to C at x.

Many problems from mathematical programming, complementarity,
mathematical economics and other fields can be represented in the form (1. 3):
for example, the nonlinear complementarity problem

F(x) € K*
x €K (1.4)
(x,F(x)) = 0
where F : R - an, K is a nonempty polyhedral convex cone in IRn.
and K* t= {ye RrR" | (y,k) > 0 Yk ¢ K}, can be written as

0 € F(x) + 6¢K(x) :




Further information on nonlinear complementarity problems (often with

K = IRr:, the non-negative orthant) may be found in, e.g., [ 2], [ 3], [8],

[9]. The Kuhn-Tucker necessary conditions for mathematical programming

[ 7] form a special case of (1.4); e.g., for the problem
minimize  6(y)

subject to g(y) < 0

nA

h(y) = 0

where 0, g and h are differentiable function from R" into R, r?

and er respectively, one has the Kuhn-Tucker conditions

i

0'(y) + ug'(y) + vh'(y) = 0

gly) <0

nA

h(y) = 0

u 0

nv

(u,g(y)

0 ,

and these can be written in the form (1.4) by taking n =m + q +r,

K = lRmleiler, x = (y,u,v) and

[0'(y) + ug'(y) + vh'(y)]"
F(x) = -g(y)
-h(y)
There are also important applications of (1. 3) to economic equilibrium

problems [ 5], [18], [19], among others. It is of interest to note that

in most of the applications mentioned one finds that C is a polyhedral

(1.5)




convex set, and we shall see that particularly strong results can be
obtained for such problems.

The organization of this paper is as follows: in the next section
we shall state an implicit-function theorem (Theorem 1) for systems of
the form (1.2); we then specialize this result to the case in which T
has a certain polyhedrality property and obtain a form (Theorem 2)
which is useful in applications. In the remainder of Section 2 we shall
give the proof of Theorem 1. In Section 3 we shall prove Theorem 2,
after having established some necessary results about polyhedral sets
and functions. Finally, in Section 4 we shall apply these results to
prove implementability and quadratic convergence of a general Newton

algorithm for computational solution of variational inequalities.

2. Main results. Before stating the main theorem, we require a
preliminary definition dealing with a certain continuity property of multi-

valued functions (or multifunctions, as we shall call them).

DEFINITION: Let X and Y be normed linear spaces. A multi-

function F : X =Y is upper Lipschitzian with modulus , or U.L.()),

at a point Xy € X with respect to a set VC X, if foreach v e V one has

F(v) © F(xo) v - X, “BY ;

where BY is the unit ball in Y. We say F is locally U.L.(\) at X, if it

i U.L.(\) at X with respect to some neighborhood of Xy

s e




This property is close to the Lipschitz continuity for multifunctions
defined by Rockafellar [17, $3], except that we do not require F(xo)
to be a singleton; in the problems we shall consider F(xo) will often
be multivalued.

Our principal result is the following theorem, in which we use f‘2
to denote the partial Fréchet derivative, with respect to the second
argument, of a function of two variables; B denotes the unit ball in R"
with respect to the Euclidean norm, which is used throughout the remainder

of the pap=r.

THEOREM 1: Let P be a topological space, N an open set in R"

and T a maximal monotone operator frocm ]Rn into itself. Let f b

n .
a continuous function from P X N into R such that f2 is continuous

on P XN. Let Py € P; suppose that there are a nonempty, bounded

subset X of N and numbers X\ and n >0 such that for each xoexo,

0
- (fo +T)-'1 is U.L.(\) at O with respectto nB, where
0
i) (LL. +T) (0) = X., and
xo e

iii) fz(po,xo) is positive semidefinite.

Then there exist a number 6 >0 and a neighborhood U(po) such
that with

{xe X_ +6Bloe f(p,x) + T(x)}, peU
0
Z(p) :=
?, p*, 8]
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one has:

1) £ is upper semicontinuous from U to an,

e’

and
3) For each &> 0, for some neighborhood Ue(po) and for each p - U
¢ # Z(p) © Z(py) + (A +€)ay(p)B,
where

ay(p) = max{ l£(p, x) - f(pgy, X) [ 1x e

Note that if P is actually a normed linear space and if f(p, x)
is Lipschitzian in p uniformly over x € XO, then for some constant u
and each p € Ue we have

Z(p) € Z(py) + (x + e)ullp - pylIB,

so that £ is locally U.L. [(x +¢&)u] at Po-

We next state a specializaticn of Theorem 1 to the case in which T
has a certain additional property, described in the following definition.

DEFINITION 2: A multifunction Q : R" = R™ is polyhedral if its
graph is the union of a finite (possibly empty) collection of polyhedral
convex sets (called components).

Here we use "polyhedral convex set" as in [16, §19].

THEOREM 2: Let P and N be as in Theorem I, andlet f :P XN = R"
with f and fz continuous on P X N. Let T be a polyhedral, maximal




s S n
monotone operator from IR into R,

and suppose that there are an

n Xn positive semidefinite matrix A and a point a € an such that with

X, 1= {x ¢ R0 - Ax + a + T(x)}

one has

a. X0 is a nonempty, bounded subset of

N, and
b. For each X, € XO’ foo(') 2 A(") + a.
Then the conclusions of Theorem 1 hold; the number \ can be take: to be

a local upper Lipschitz modulus at 0 for [A(:) +a + T(- )]-l, and

this number exists without further assumptions.

We shall prove in Section 3 that if ¢ is a polyhedral convex

function on an (i.e., one whose epigraph is a polyhedral convex set)

which never takes the value -%, then 8¢ is a polyhedral multifunction
in the sense of Definition 2. In this case it is well known that 0d¢ is
also maximal monotone [ 16, Cor. 31.5.2], so the result in Theorem 2
is valid for T = d¢.

In particular, Theorem 2 may be applied to the

variational inequality (1. 3), for the case in which C

is a polyhedral
convex set, by taking ¢ = ¢

c One thus obtains an implicit-function

theorem for (1. 3); by specializing further to the case P := an, Py = 0,

and f(p,x) := f(x) - p, one obtains an "inverse-function" theorem
dealing with inclusions of the type

p e f(x) + 8y (x),

for p near O.

This result, incidentally, provides a convenient tool

d ma
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for verifying that the operator (f + u\_.(-‘) is ""Lipschitz continuous at 0,"
in the sense required in [17, §3].

PROOYF OF THEOREM 1l: Denote by dom G the effective domain

of a multifunction G :i.e., the set {xIG(x)# ¢ /. Choose any X, ¢ XO;

by (iii), f)(po, xo) is positive semidefinite, so fo is a maximal
- 0
monotone operator. As T is also maximal monotone (hence nonempty)

and as the effective domain of Lf  is all of an, we have from [15]

0
that the operator Q(xo) = fo + T is maximal monotone; hence so is
0
its inverse. By (ii), Q(xo)—l(o) = Xo, a bounded set, and as by (i)
Q(x )_1 is locally U.L.(\) at 0, we find that it is locally bounded

0

there; in fact, it must be locally bounded at every point of int nB, since
the image of some ball around such a point will be contained in the image
of nB, which in turn is contained in the bounded set Xo + AnB. But
then from [14, Th. 1] we have that int nB cannot contain any boundary
point of dom Q(xo)_l; however, as int nB meets dom Q(xo)_ (at 0)
and is connected we finally conclude that int nB C int dom Q(xo)-l. Thus,
for each y with ”y” < n the set Q(xo)-l(y) is nonempty and bounded;
it is also closed and convex by maximal monotonicity, hence compact.
In particular, X0 is a compact convex set.

Define, for two subsets A and C of Rn and a point
x ¢ R, d[x,C] = inf{ lx - clllce €} and d[A,C] = sup{dla,C] la ¢ A},
where the supremum and infimum of @ are defined to be -© and +®

n :
respectively. Denote by = the projection from R onto Xo; n is

well known to be nonexpansive, hence a fortiori continuous.




Using continuity and compactness, one can show that the function

A BY s= mad “fz(po.x) (Po.n(x))” [x ¢ X0 + 6B}

- [Z
is well defined for small 6, and is continuous at 0 with pB(0) = 0.
Thus, we can choose a positive & small enough that the set X6 := X0 + 6B

is contained in N, and such that \p(6) < 4 and 6p(6) < Eln- It is not

2z
difficult to show that for this fixed & the function

a;(p) := max{ l&(p, %) - £(py, ) | | € X, )
is well defined for all p € P, and is continuous at Py with aé(po) = 1.

Thus, we can choose a neighborhood L(po) such that for each p e U,

a(,)(,p) <‘é‘ n and .\ab(p) :% 6. Now choose any p < U, and define a

multifunction Fp from Xb into an by
Fx) = Qn()(Le () - £(p, %)) -

If x 1is any point of X6, we have

f Lfﬂ(x)(x) - f(p, x) [ < “f(p, X) - f(po,x) Il + “f(po,x) - Lf"<x)(x) § (2.1)

Now define (for this fixed x) a function of one real variable by

9(7) 1= Ry, T% + (1= Thn(x) = LE (7 + (1= T)a(x) -

We find that

Iitpgy %) = LE (Il = lla(1) - 9(0) | < sup{llg'()llfo <= <1} .

However, for 7« [0,1],

g'(t) = [fz(Po,xT) = fz(pov TI'(X))][X sy W(X)] ’




where X =Tx4 (I - 7)w(x). We have by properties of the projection

that Tr(XT) = n(x), so

AL : et
I£,pgs %) = £x00 mGN I = He(py, %) = £, By, wix )l < pit)

since X € X.. Hence

“f(po,x) - LE (%) < o) llx - ni) |l

As | f(p, x) - f(po,x) f < a&(p), we have from (2.1) and (2. 2)

(p) + A8 Ix - w(x) |

0

A
R

i LE (o(%) = f(p, ) [l

A
NI»—-

1
'1+§n=n-

Hence, by our previous remarks Fp(x) 1S @ nonempty compact convex set

for each x ¢ X(,. Also, using (i), (ii) and (2. 3) we have for x ¢ Xb’

dlF 0, X ] = dl Qntx) [ Le, (30 - £(p, ¥)], QUwx) (0]

HnA

X ”Lfn<x>"" - f(p, x) |l
6= & .

N —

< \a,(p) + ABE) HIx = m(x) || < 316 +

so Fp carries X@ into itself. We have

graph Fp {(x,y) ILf"(K)(x) - f(p, x) € Lf”(x)()’) + T(y)}

{(x,y)]0 € f(p, x) + £,(pgs TX)(y = x) + T(y)} .

h

Using the continuity of f, fz’ and w, together with the fact that T
is closed (by maximal monotonicity), one can show without difficulty

that graph Fp is closed in )((J X Xé. We can thus apply the Kakutani

fixed-point theorem to conclude that there is some xp € Xé with

x_€F (%) thatis,
p P P

-4}
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Lf"(X )(xp) - f(p,xp) € Lf"(x )

(x ) + Tx ),
- o) P P

S0

0 ¢ f(p, xp) 1 T(xp)

and thus xp ¢ Z(p), which is therefore nonempty. We have

graph X = {(p,x) € UXX_ [0€ f(p,x) + T(x)} ;

this is closed in U X X6 by joint continuity of f and closure of T.

However, the range of Z is contained in the compact set Xb; thus

by [10, Lemma 4.4] Z is actually upper semicontinuous from U to Xa.
If X, € X0 then by (ii) one has 0 ¢ LfXO(xo) - T(xo) = f(po,xo) + T(xo),

SO X € Z(po) and thus E(po) DX On the other hand, if x ¢ Z(po)

0 0’
then x « X6 and 0 ¢ f(po,x) + T(x); therefore

Lfn(x)(x) - f(po, X) € Lfﬂ(x)(x) + T(x)

so that x € Fp (%), As xe€ X6’ we have from (2.4) with p = Py that
0

dlx, X, ) < dlF, (), X ] < a0 = fpg, 0 -

0
But from (2.3) with p = Py We find that
Huﬂmu%%mymH§B®Mx-ﬂmﬂ=mwdmxa-
Thus
1
implying that x ¢ X0 since XO is closed. Thus we actually have Z(po) = XO.

Now take any € > 0; find 6&: € (0,6] such that for o€ [0, 6&:]

one has \p(o) < 'Zl'e/(x + €). One can show that the function




) := max{ /f.(p, x) - 7 Ixe X. 4§ i i
Vip) 1axy z(p,\) tz(po x)N ¥ )\0 )CB} is well defined on P

and is continuous at Py choose a neighborhood Ue(po) U 8o
that if p = Uc we have Z(p) Z(po) + beB and \vy(p) < zle/(.\ +e).
Now choose any p ¢ Ue and any x ¢ X(p). Using (2.4) and the fact

that x « Fp(x}, we have

nA

dl %, Z(py)] < dl Fp(X),Xol

DA

X ”Lf"(x)(x) i f(p) X) "

A Ih(x) = h(x(x)) | + xllh(m(x)) |

A

+x 1£(py, x) - LE ) I,

where h(x) := f(p, x) - f(po,x). If we define, as before, x_i= Tx + (I = 7)m(x),

we have
Ih(x) - h(a(x) || < ix - n(x) l sup{ ”h'(xT) llo<t<1}.
But h'(x ) = f,(p,x.) = £,(Pg,x,), sO
In(x) = n(e(x) < y(p) x = () I .
Thus, using (2.2), (2.5) and the fact that [lh(n(x)) |l < ay(p), we have

dl %, Z(py)] <y ¥p) 1x = n(x) | +xay(p) + \B(E) lx - m(x) |l

HA

HA

[e/ O +€)]llx = n(x) [ +xay(p) -

But ix - mx)il = df x,Z(py)], soif \ >0 we obtain

[% /0 + e)]dl %, Z(py)] < Nay(p)

and thus

dl %, Z(py)] < (A + €)ay(p) .

(2.5)

(2.6)

et s AT S =i s
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On the other hand, if \ = 0 then (2.5) implies that d[x,ZJ(pO)] =0,
in which case (2.6) holds trivially. In either case, therefore,

E(p) - Zlpy) + (X + e)ay(p)B,
which completes the proof.
In order to apply Theorem |, one has to be able to verify the
uniform upper Lipschitz continuity of the multifunctions Q(xo)-1 for X, € XO'
As this may not always be easy to do, it is of interest to avoid this
requirement by employing Theorem 2 in those cases to which it is applic-

able. We shall therefore proceed to establish, in the next secticn,

results about polyhedral multifunctions which will allow us to prove Theorem 2.

3. Polyhedral multifunctions. We have already defined the class

of polyhedral multifunctions, and it is clear from the definition that such
a multifunction is always closed. Our goal here is to show that it is in
fact locally upper Lipschitzian at each point with a uniform modulus; to
do this we require several lemmas.

LEMMAl: Let P:R" - R™ be anonempt dral multifuncti

and let Gi’ I < i<k, beits components. Let Xq € dom P, and

define o := {i {xo € "x(Gi)}’ where T is the canonical projection of
R” x R" on R". Then there exists a neighborhood U(xo) such that

(UxR™) N graph PC U G, -
ied
PROOF: For each i, both {xo}x R" and G1 are nonempty

+
polyhedral convex sets in Rn ! If 149 they do not meet, and thus

-]13-
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by [ 16, Cor. 19. 3. 3] they can be strongly separated. In particular, then,

there is some neighborhood Ui(x) such that (Ui X Rm) n Ul = & . Let

>

Ui i U,; this U is a neighborhood of X, because the number of
idJ
components is finite. Clearly,
k
(UxR") Ngraph PC (U G)\(U G)< U G,
T A T ikt T

and this completes the proof.

Lemma 1 tells us that if xe€ U and y e P(x), then (x,y) belongs
to a component Gi which also contains (xo, yo) for some Yg € P(xo).
In addition to this information, we also need an extension of a basic
theorem of Hoffman [ 4] about linear inequalities.

LEMMA 2 (Generalized Hoffman Theorem): Let G be a nonempty

polyhedral convex set in R” x R™. Let L and . be the canonical
projections of R" x R" onto R and R™. For z:= (x,y) € nx(G) X .-y(G)
define

d_(z,G) := min{llx - x|l [(x,y) - G}

and

d (z,G) := min{ lly - ;” |(;,y)» G}.

Then there exist §&,n such that for each z ¢ vrx(G) X ny(G)

dx(Z,G)g ndy(z,G): dy(z,G)

nA

gdx(z, G) .

PROOF: As G 1is polyhedral, we can represent it in the form

G = {(x,y) ¢ IRnlemle+By§ cl,




Lfﬂ(xp)(xp) - f(P,xp) € Lfn(xp)(xp) tRxD

S0

0D¢cf
(p, xp) + T(Xp)

and thus xp ¢ Z(p), which is therefore nonempty. We have

graph Z = {(p,x) € UxX_ [0 ¢ f(p,x) + T(x)} ;

this is closed in U X X6 by joint continuity of f and closure of T.
However, the range of Z is contained in the compact set Xb; thus

by [10, Lemma 4.4] X is actually upper semicontinuous from U to X(,.
0

1f X, € XO then by (ii) one has 0 ¢ foo(xo) + T(xo) - f(po,xo) v T(xo),

so x_.¢€ Z(p.) and thus Z(po) =2 X_ . On the other hand, if x ¢ Z(p

0 0 0 )

0
then x « X6 and 0 ¢ f(po,x) + T(x); therefore

Lf"(x)(x) ~ f(po, X) € Lf“(x)(x) + T(x)

sothat XeF (%¥). As xe X
Po

dlx,Xy) < dlF

we have from (2.4) with p = p. that

o' 0

O(x),xol <l Lfﬂ(x)(x) - (P %) .

But from (2.3) with p = Pgr We find that

et () = fog, x) [ < B(8) 1x = w(x) | = p(8)dlx, X1 -

Thus

dlx, X, < NB(O)[x,Xo] < 3 dlx,X ],

implying that x ¢ X0 since )(0 is closed. Thus we actually have E(po) = XO.

Now take any € > 0; find 6£ € (0,6) such that for o ¢ [0, 6€]

one has \p(o) < %e/(\ + €). One can show that the function




It will be of interest to establish some simple methods for
constructing polyhedral multifunctions from other such functions. To
begin with, since polyhedrality was defined in terms of graphs, it is
clear that the inverse of any polyhedral multifunction is itself polyhedral.
It is also easy to show that if F is polyhedral and \¢ R, then \F
1s polyhedral. The next result shows that the sum of two polyhedral

multifunctions is also polyhedral.

PROPOSITION 2: Let F and H be polyhedral multifunctions from
"o m .
R into R . Then F + H is polyhedral.
PROOF: If dom F N dom H = ¢ then F + H is empty, hence
ILERRE Gk be the components of F
be those of H. Let p:= {(i,j)’rrx(Gi) n m(K) # ¢}

certainly polyhedral. Otherwise, let G

and let Kl....,K

for (i,j) =P let

f

Gi A K,‘ = {(x,y + z)l(x,y) € Gi’ (x,2) € Kj} !

We note that

G AK = ClG x K)N DIR" x R™ x R™)] ,

where C and D are linear transformations defined by
C:R'xR"xR"xR™ - R" lem; Clx,y,v,w) = (x,y + W)
and
D:R'xR"xR" « R" xR™ x R" me: D(x,y,w) := (x,y,X,wW) .
Hence Gi A Kj is a nonempty polyhedral convex set. Now if (x,v) ¢ graph

(F+H) then v = y+2z with (x,y) ¢ graph F and (x,z) ¢ graph H.

«]7-




For some i and j, we have (x,y) ¢ Gi’ (x, 2) K,’ and (i, )¢ p,
so that (x,y + 2) ¢ Gi e K), and hence

graph(F + H) ¢ &, Gi XK. .
(lij)' P :

On the other hand, if (x,v) belongs to the set on the right then for
some (i,j)ec @, (x,v) ¢ Gi A KJ. Hence v = y + 2z with (x,y) G] graph F
and (x,z) ¢ K) graph H, so we have (x,v) & graph(F + H). Thus

graph(F + H) = U Gi & 5,
(i,j)ep '

and therefore F + H is polyhedral, as was to be shown.

We can now establish Theorem 2, using these results.

PROOF OF THEOREM 2: We shall prove that the hypotheses of
Theorem 1 are satisfied; indeed, those listed under (ii) and (iii) are
certainly satisfied under the assumptions of Theorem 2. To prove {d); it
suffices to show that the multifunction [A(-) +a + T(- )]-l _is locally
upper Lipschitzian at the origin. It is evident that A(-) + a is polyhedral,
whereas T is polyhedral by assumption; hence by Proposition 2
A(*) +a+ T(-) is polyhedral, and thus so is its inverse. The upper
Lipschitzian property now follows from Proposition 1, and this proves Theorem 2.

We conclude this section by proving our earlier assertion that if f
is a polyhedral convex function which never takes the value -, then
of is a polyhedral multifunction. The proof employs two preliminary
lemmas, in which for vy, z ¢ R we use the notation [y, z] to mean

{-vy+xrzlo<n <1).

T .
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LEMMA 3: If C 12 nonempty, closed and convex in R with

y,z ¢ C, then for each x ¢ rily, z], a¢c(x) & aq;c(y). Consequently,

oy, {*) 1s constant on the relative interior of any convex subset of C.

PROOF: As x e rily,z] we can write x = (1 = \)y +\2z, with
X\ € (0,1). Suppose x*l én;,C(x) (which is nonempty since x - C);
let ¢ be any pointin C. We have (l - \)c +\z < C; thus
(x*,[(l -\)c +\z] - x) <0.

But [(1-x)c+xz] -x=(1-\)[c-(-1) 1(x-kz)] = {1 =x}c~¥)h

consequently, (x ,c-y)<0 so x € 9y

< C(y). Thus ai,c(x) & ag,c(y).

To prove the second assertion, let F be a convex subsetof C. If F

is empty or a singleton the result is immediate; therefore suppose that F

(and hence ri F) contains more than one point: let X,y ¢ ri F with

x #y. By[l6, Th. 6.1], there exist ;t,;/ e F and \,pc (0,1) such that
x = (1 - \)X +\y, Y:(l-p);'+ux~

But then x ¢ ri[ﬁ,y], SO 8¢dx) atbc(y), and y ¢ ri[?,x], so

a.x,c(y) o.pc(x). Thus a¢c(x) = a¢c(y), and so 8y.(') is constant on

ri F, which completes the proof.

We can now prove that 8¢C is polyhedral for polyhedral C.

LEMMA 4: Let C be a nonempty polyhedral convex set in RrR".
Then au‘»c is a polyhedral multifunction.

PROOF: By [16, Th. 19.1], C has finitely many faces Fl, s rm,

and by [ 16, Th. 18.2] the collection - {ri F‘}:n:l is a partition of C. By

SRS,




Lemma 3, on each set ri Fi the function au,c(-) has a constant value,
a set which we will call Pi' By [16, Th. 23.10], Pi is a nonempty

polyhedral convex set. Thus,

m
graph Qe = [ (ri Fi’ xPil =
i=1
Now consider the set
m
Cea LS (PAR).
i i
i=1

Clearly graph 0l . On the other hand, suppose that (x,x"') el

C
>k *
then for some 1, X« Fi and x ¢ Pi' H.oxer Fi then (x,x ) < graph aq,c.

If x4¢ri Fi’ then there is some 2z # x with 2z ¢ ri Fi (since ri Fi £0).
Using (16, Th. 6.1] we can find vy« Fi and X\ € (0,1) such that
z=(1-)\)y +\x. Butthen ze¢ rily,x], and by Lemma 3 we have
o

as xe C (since Fi ~ C for each i), there exists some j such that

(z) C a¢C(x), However, as {ri Fi}?lzl is a partition of C and

x £ ri Fj. But then 8¢C(x) - Pj and we have Pi C Pj' As x ¢ Pi’
we have (x, x:':) e rd Fj) X Pj ~ graph a.;,c. Hence
m
D L X ‘
graph aq,c o (Fi Pi)
i=1
But each Fi is a polyhedral convex set (as a face of C), so F1 X P_l

is polyhedral and 8¢ _, is a polyhedral multifunction. This completes

C

the proof of Lemma 4.

-20-
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PROPOSITION

w
.

Let f be a polyhedral convex function from

R into (-=,+=]. Then df is a polyhedral multifunction.

i

PROOF: If f= +» then af= R so we have the result. We
may therefore assume that f is proper, so that its epigraph € is non-
empty. We shall first prove that for any proper convex function f, if
D is the lincar transformation from R'XRXR'XR to R" x R"
which takes (x,§,y,n) into (x,y) (i.e., projects onto the first and
third of the spaces involved) then
graph of = D| (graph oy,) N (K" X Rx R x {-1})] . (3.1)

For the proof, let (x, x*) < graph 9f. Then f(x) <+®, and
tx,x*) = e f(x),x:x, -1). Let (y,n) € é€; then n > f(y) > f(x) + (x*,y - xY,
so that

(x"y =), (y,m) = (%, £(x)) < 0,
and hence (x:l:, -1) = 8u€(x, fix)) 50

(x, f(x), x*, -1) ¢ graph aque .

This establishes the inclusion C; for the other direction let
(x, g,x*,-l) - graph 6¢8; we will show that (x, x*) ¢ graph 9f. Consider
any yc R®. If f(y) <+® then (v, f(y)) € &, so that

(% =1), (y, £(y) = (x,€)) < 0 .
Thus, as f(x) < §,

(x'yy - x) < fly) - § < f(y) - f(x),

so that

3
fly) > f(x) + (X ,y-x) -




But if f(y) = +« then the last inequality holds trivially, and so
(x,x ) € graph af. This establishes (3.1).
Now if f is polyhedral then by definition € is a polyhedral convex

set; hence by Lemma 4 graph dy_ is the union of finitely many polyhedral

&
convex sets, say P,...,P . Denote by F the set R' xR xR x (=1},
1 > 'm
also obviously polyhedral convex. Using (3.1), we have
m
graph of = D[ (. Pi) N F)
f=]
m
= Df U (Pi NrFrj

i=1

m

U [D(p, N F)],
) i

i=1

and since D(Pi N F) is polyhedral for each i, we see that 9f is a

polyhedral multifunction. This proves Proposition 3.

4. An _application: Newton's method for variational inequalities.

We shall analyze here an algorithm for solving variational inequalities
over polyhedral convex sets. To specify precisely the form of the variational
inequalities with which we shall deal, we take X, to be a point in an,
U a neighborhood of x,, and f a (Frechet) differentiable function from
: n+m m
U into R . We let A be a linear transformation from IR into
n+m

+
R , and take a to be a point in XK' snd Ca nonempty polyhedral

+
convex set in IRn m. We shall consider the variational inequality

-22-




0 « f(x)+Ay+a+bwdx,y). (4.1)

Of course, we could have m = 0, so that A does not appear (we

could, alternatively, have n = 0, but then the algorithm we will discuss

is of no interest as the problem is already linear). To solve (4.1), we

propose to use an algorithm which generalizes the well-known Newton

method for solving systems of nonlinear equations [11]. In that method,

one proceeds by selecting a trial solution, linearizing the nonlinear

function whose zero one is trying to find, then solving the resulting

system. Thus, one retains the form of the system (equations) but substitutes

the linearized function for the original nonlinear one.

The algorithm we propose is based upon the point of view that

variational inequalities generalize equations (which correspond to the

case in which C is the whole space). Thus, in (4.1) we replace f(x)

by its linearization
o ' -
fok(x) : f(xk) + f(xk)(x xk)

about a point x ¢ U,

K and try to solve the linear variational irequality

0¢Lf (x)+Ay +a+ 0(x,Y), (4.2)
X, C

thereby retaining the original form of the problem as a variational inequality

but replacing the nonlinear function f by its linearization about xk.

This prescription raises obvious questions, such as whether the

sub-problems (4.2) will even be solvable and, if they are, whether the

«23
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solutions will converge, to what, and how quickly. We shall prove

here that if the initial point XO is chosen close enough to a solution

of (4.1) having certain desirable properties, and if the succeeding points
are chosen [rom a certain neighborhood, then the sub-problems (4. 2)
will be solvable and the sequence of points will converge quadratically
to the solution set of (4.1). The result is stated precisely in the next
theorem, in which we use the notation

m+n|°€

S(w) := {(x,y) e R Lf, (x) + Ay + a + a4 (x,¥)} .

C

THEOREM 3: Let x,, U,C, f, A and a be as defined above.

Suppose that f' is Lipschitzian with modulus L on U, that [f'(x*) Al

is positive semidefinite, and that for some nonempty compact convex set

Yy ¢ R"

LC R, S(x) = {x,) XY,

Then for any € >0 there exist 6 >0 and p >0 such that for
each xe€ x,+ pB one has, with S, := S(x,) *+ 6B,

O

, 2
¢ #8(x) NS, C8(x)+ 30 +eLlx-x I,

where \ 1 u Lipschitz m r hedral multifunction

M(z) = {(x,y)|z € LE_(x)+ Ay +a + 3y (x,y)} .
%

We remark that \ must exist (by Proposition 1).
m
PROOF: We shall apply Theorem 2 with P := U, N := R" xR",
P, = X;;,, XO - {X;:_} X Y* i S(x*)’ T:= a‘l‘c’ and
f(p, (x,y)) := pr(x) +Ay +a.

-24~
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We note that if y_ -« Y then f_(p

5Py (%, y,)) = ['(x,) A], which is

positive semidefinite by hypothesis; also

fPyy (X0 ¥, ) + £ (pgs (X y M (%, ¥) = (%, 7,)]
= [f'(x,) Al(x,y) + [f(x,) - f'(x )x, +a],

so that the constancy assumption (b) of Theorem 2 holds, whereas

assumption (a) holds by hypothesis. Applying Theorem 2, we conclude
that there exist 6 >0 and p >0 such that for any x'e x_ + pB, the set
E(xY) 2= {ix, ¥) e S(x*) + 68]0 & fo,(x) + Ay + a + i-)@c(x, y)}

1s nonempty and is contained in S(x*) + (N + e)ao(x')B. However,

1]

ay(x') = max{[(Lf (x) + Ay + a) - R it -+ ) Hix, y) € X3}

"

I Lf (x,) - foﬁix*) = lf(x,) - f(x) - f(x)(x, - x') |

and a standard bounding technique using the Lipschitz continuity of f'
2
shows that this quantity is bounded above by —Zl. L“x' s X, ” . Thus

¢+ S(x') NS, C S(x,)+ -;-(\ +e)Lllx - x*ll2

B
6 b - !

which completes the proof of Theorem 3.

Theorem 3 shows that if we choose Xy with “xo - x*“ <p and

o 4= Elm + e)L:ixo - e | <1, then select (XI’Y) from S(xo) n S;» we have

1

d[(xl,yl),S(x*)] < %(x + e)L”xo - X “2 < a“xo - x*“ <p-

sk

If L =20 ot Xy = X, we are finished; otherwise, we have

1 1 2 2
7 (A +€)L“x1 - x*:'l < [E()‘ +t:)L||xO - x*”] =g <&,

adbe




so that xl satisfies the same assumptions as did Xy Accordingly

S(x,) is nonempty, and selecting (x

1 (X oy yk+l) from S(xk) n S',) for

k =1,2,... we find by an easy induction that the sequence Hx%l’ yP‘l
exists and satisfies

k+l
_lL-lu('Z ) ;

dl ( S(x,)] < EI(X + E)L“xk - |2 <2\ teg)

Xt Vst
Hence the sequence {d| (xk, yk), S(x*)]} converges to zero, and the
convergence is R-quadratic in the sense of [11].

The requirement that ( be chosen from 86 may be

41 Vi)
difficult or impossible to implement computationally. It can, however,
be avoided by placing more assumptions on the functions appearing in
the problem. For example, if f and A are such that one knows that
the solution set of each sub-problem (4.2) is connected, then Sé can
be eliminated since, in Theorem 1, the upper semicontinuity of £ and
the fact that }.‘(po) = XO imply that for p near p0 the solution set
of 0¢ f(p,x) + aq,c(x) either lies entirely in X6 or is disconnected.

At this point, the algorithm we have presented has to be regarded
as an exercise in constructive real analysis rather than as an effective
computational device, since large-scale testing of its effectiveness on
real problems has not yet been carried out. However, in one special case
some experience is available: for the nonlinear programming problem (1.5)

the method proposed here reduces to that of Wilson [ 20], for which some

computational results were reported in [1]. These were comparatively

) 1
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unpromising, perhaps because Wilson's code used an early simplex
algorithm for solving the quadratic programming problems to which the
sub-problems (4.2) reduce in the case he considered. Later computational
investigation of a method similar to Wilson's produced much more promising
solution times [12], and analytic investigation proved the convergence
to be quadratic under certain regularity assumptions [13].

Actually, Wilson proposed in a manuscript [ 21] a method for solving
the following problem, which extends the usual nonlinear complementarity

problem:

]

H(x,y) = 0

x,y>0

"

(x,y) = 0

(to recover the nonlinear complementarity problem, take H(x,y) := F(x) - y).

His idea was to partition the variables into basic and nonbasic sets,
then solve a system of linear equations obtained by linearizing H with
respect to the basic variables while holding the nonbasic variables
constant at zero. In case this procedure resulted in negative basic vari-
ables, he proposed to use a pivoting strategy to eliminate the negative
variable from the basis. His procedure seems very close to what would
be done by the algorithm proposed above when applied to a nonlinear
complementarity problem; however, the author is unaware of any formal

analysis of the convergence and rate of convergence of Wilson's proposed

method.

A S



Finally, Kuhn [ 6] reported work of Saigal (privately communicated)
on the use of vector labelings in pivotal algorithms for computing fixed
points; according to Kuhn, Saigal had shown how the use of such
techniques could lead to quadratic approximations in simplicial-subdivision
techniques. This work may be related to the algorithm we present here.
Aided note. The work of Saigal, mentioned above, appears in a
manuscript entitled, "On the convergence rate of algorithms for solving
equations that are based on methods of complementary pivoting, '' a copy
of which was kindly fumished to the author by Dr. Saigal. It deals with
the problem of finding a fixed point of a Lipschitz continuously differentiable
function f 3 an - IRn. Thus, it appears to be directly related to the
work presented here only for the case in which T(x) is identically zero:
1.e., the case of conventional systems of nonlinear equations, for which

our algorithm reduces to the standard Newton method.
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