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AN J M } L I ( ; I T - I U N C I I O N  TH RJ REM FOR GENER Ali ZED

VI\RIA T IONAL INEQUALIT I ES

*Stephe n M. Robinson

I .  i n t r oduc t io n .  In th i s  paper we shall s tudy the beh avi ’,r of

s o l u t R nS of the inclus ion

0 1( x) + T(x) (1 .1)

where i is a cont inuously  Fr~ chet differe ntiable function fro m an open

set N C 1R’~’ into and T is a maximal monotone operator fro m

into itself (recall that an operator T is rnonotone if for each

(x 1. w1) . ( x2 . w2 ) in graph T one has

— x 2, w1 
— w 2~ > 0

where ~~~~ , 
‘ denotes the inner product , and maximal  monotone if its

gr aph is not properly ~onta ined in that of any other monotone operator) .

We shall be p ar t i cu l a r ly  interested in conditions which , when imposed

on i and I , viill ensure that the set of solutions to (1. 1) remains

nonempty ~n i  is well behaved ~in a sense to be defined) when 1 is

subjected to small  per turb at io ns .  To introduce these perturbations , we

shall  make use of a topologi il space P and a function f : P X N -.

so th at we can replace (1.1)  by

0 €  f(p, x) + T(x) , (1.2 )

Sponsored in part by the Unite d States Army under Contract No. DAAG29 -75-C-
0024 , and In part by the Nation al Science Foundation under Grant No.
DC R74 -20  584.
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st ~ , ~~ ~~ ‘ t o f x wh ich  s( ,lve ( 1. 2) ~s p varies near d

v ~IUt

A p ~sc of ( 1. 2 )  o f special in terest for ap p l i c at i c n s  is tr~

in whicn  F is t aken  to be the u p f r i t o r  where for a close~ convex

set C ~~_ IRn one defines the in i t cator  func t ion  of C by

( 0 , x t C
~ (x) :=

~~ 
x~~~C ,

and where ‘i denote s the subdifferent ial  operator [16 , §2 3 ] .  This yields

the so-called va riational inequali ty

0 € f p , x) + a~,
0 x) , ( 1 .3)

which expresses analytically the geometric idea that f (p ,  x) is an

inward normal  to C at x .

Many problems fro m mathemat ica l  programming,  complementarity,

mathemat ica l  economics and other fields can be represented in the form ( 1. 3) :

fo r exa mple , the nonlinear complementarity problem

*F( x) € K

x~~ K ( 1 . 4 )

= 0

wh ere P : 1R~ 
. 1R~, K is a nonempty polyhedral convex cone in 1R~ ,

and K : ( y €  I~~! ç y k ’~ > 0 ~k ~ K), can be written as

0 ~ F(x) ~ ~~~~~
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I’ u r t h t ’r i n to rma t io n on nonlinear  complement ar i ty  problems (of ten  with

K IR°. the no n-negative orthant)  may be found in , e.g . , I 2 ] ,  [ 3 ] ,  [ 8 ) ,

q ]~ The Kuhn-Tucker necessary condition s for mathematical  programming

[ 7 J  form ~ special case of ( 1. 4);  e .g . , for the problem

minimize 0(y)

subject to g(y) < 0 (1.5)

h(y) 0

where 0, g and h are differentiable function from ~ m 
Into ~~~

, 
~ q

and respectively, one has the Kuhn-Tucker conditions

0’(y) + ug ’(y) + vh’(y) = 0

g(y)<0

h(y) = 0

u~~ 0

(u ,g (y ) ) 0

and these can be written in the form ( 1. 4) by taking n = m + q + r ,

K -~ ~ m 
~ X lRr 

X (y , u , v) and

T[e’(y ) + ug ’(y) + vh ’(y) J

F(x) = -g(y)

-h(y)

There are also important applications of (1. 3) to economtc equilibrium

problems [5], [18], [19], among others. It is of interest to note that

in most of the applications mentioned one finds that C is a polyhedral
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convex set , and we shall see that  part icular ly strong results can be

obt ained for such problems.

The organizat ion of this paper is as follows : in the next section

we sha l l  state an i m p l i c i t - f u n c t i o n  theorem (Theorem 1) for systems of

the torm ( I.  ~) ; we the n specialize this result to the case in which T

has a certain polyhedrality property and obtain a for m ( Theorem 2)

which is useful  in applications . In the remainder of Section 2 we shall

g ive the proo f of Theorem 1. In Section 3 we shall prove Theorem 2 ,

after having established some necessary results about polyhedral sets

and funct ions .  Finally, in Section 4 we shall, apply the se results to

prove implementabi l ity  and qua dratic convergence of a general Newton

algorithm for computational solution of variational inequalities.

I
2. Main results.  Be fore stating the main theorem , we require a

pre l iminary  definition dealing with a certain continuity property of multi-

valued functions (or multifunctions, as we shall call them).

DEFINITION: Let X and I be normed linear spaces. A multi-

function F : X -.1 is upper Lip schitz ian with mp duli~~ \ , or

at a point x0 X with respect to a se t V C X, if for each v € V one has

F(v) C. F(x 0) + ~~ liv - x0 j l B1 ,

where B1 Is the unit ball in Y. We say F is loca1~v U. L. (X )  at x0 if I t

IS U. L . R )  at  x~1 with respect to some neighborhood of x0 .

-4—
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Th i s  ~ ~~~~~~ :y is ~ s :~ ~~~ L ips  hi  t .< on t i nu i t y  for mu l t i func t i ons

I 17 . ~ 3 ~~, excc ’p t t ha t  we do not require 1( x 0)

:~. ~e Io~~n.’to n ; in  ~ho pro~ 1t ms we shall consider I t  x0 ) will often

~1iLi iV d1Uo~~.

Our p r i n c i p i l r e su l t  is the following theore m , in whi ch we use f 2
to .~e n ot c  th i ’ p~i r t i a l  Frechet derivative , with respect to the second

a r g u m e n t , c~~~i~~ u nction of two variables ;  B denotes the unit  ball in 1R~

wi th  respect to the Euc lidean norm , which is used throughout the remainder

of the p~ ip  r .

THEOREM I: Let P be a topological space. N an open set in IR~

ari d T a maximal  mono tone operator fro m IR~ into itself. Let t be

a cont inuous  function from P x N into IR~ su ch th at f 2 is continuous

on P ) N .  Let p0 ~ P; suppose that there are a mempty .  bounded

subset  X0 of N and number s ~ > 0 such that for each x0 ~ X0,

i )  ( Lf + T) 1 is U . L . ( X )  ~~ 0 with respect to 1B, where
0

Lf ( ’ )  := f ( p 0, x0) + f 2 (p 0, x0
) [ ( . )  - x0 J

i i )  ( L f  + T) 1
(0) = X0, and

i i i )  f 2 (p 0 , x0 ) is positive semidefinite.

Then there exist a num ber 6 > 0 and a neighborhooJ U(p 0) such

that  wi th

({x E X0 + a B b E f(p,x) T(x) ) , p~ U

p~~~U

-5-
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one has:

1) 2~ is upper sernicont inuous from U to

2) ~ (p 0) X0,

~~~

3) For each c> 0, for some neighborhood U(p
0) and for each p

~~ 
.� 21(p) C 21(p

0
) + (K + e )cw0(p)B

where

a
0
(p) := max { ll f(p, x ) —  f(p 0, x ) f l l x € X 0 }

Note that If P Is actually a formed linear space and If f (p ,  x)

Is Lipschltz lan in p uniformly over x € X0, then for some constant p.

and each p € U~ we have

L(p) C Z(p0) + ( X  + E)p . J J p — p 0 ilB ,

so that 21 is locally U.L.  [ ( x  + e)p.) at p
0
.

We next state a specialIzatIon of Theorem I to the case in which I

has a certain additional property, described in the following definition .

DEFINITION 2: A multifunction Q : IR’~ - Rm is polyhedral If its

graph is the union of a finite (possibly empty) collection of polyhedral

convex sets (called components).

Here we use “polyhedral convex set” as in [16, §19 1.

THEOREM 2: j~~ P ~~~ N be as in Theorem 1, gri d let f P x N —

with f ~~~~~ f2 continuous on P X N. Let T be p polyhedrp l, maximal
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monotone operator fro m IR’~ into ]R~ , and suppose that there are ar i

n X n posi t ive semidefini te  matrix A and a point a € 1R0 such that with

X0 := {x ~ n~ 0 Ax + a ~ T(x) )

one has

~i. X0 is a nonempty,  bounded subset  of N , and

b. For each x 0 X0. Lf ( ‘ )  E A ( )  + a .
0

Then the conclusions of Theorem 1 hold ; the number  \ can be take ;1 to be

a local upper Lip schitz modulus at 0 ~~ 
[ A ( S )  + a + T ( ’ ) ) 1, ~~~~~

this number exi sts wi thout further assumptions.

We shall prove in Section 3 tha t  if ~‘ is a polyhedral convex

function on 1R~ (i .e. , one whose ep ig raph is a polyhedral convex set)

which never takes the value -
~~~~~, then &q’ is a polyhedral multi functiori

in the sense of DefinitIon 2. In this case it is well known that a4~ is

also maximal  monotone [16 , Cor. 31. ~~~. 2 ] ,  so the result  in Theorem 2

is valid for T = a çi’ . In part icular , Theore m 2 may be applied to the

vari ational inequality (1. 3), fo r the case in which C is a polyhedral

conve x set , by t aking q’ = q~~. One thus obtains an implicit -fLnction

theorem for ( 1. 3); by specializing further to the case P := ~~~, p0 : 0 ,

a nd f (p ,  x) := f i x) - p, one obtains an ‘ inverse-function ’ theore m

dea ling with Inclusions of the type

• p f(x) +

for p near  0 . ThIs result , incidental ly,  provides a convenient tool

H
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~or verif ying t h d t  th ~ operato r U 
~~~~~~~~~ 

is L ip sch it z conflnuous at 0 ,

4
in the  sense r e q u i r e ’. in 117 . ~ 3]

I ROOF ~~F THEO REM 1: Denote by dom G the e f fe c t i v e  domain

ot a mu ftifunction C : i.e. , the set {xiG(x)~ ~ }. Choos e a n y x0 X0 ;

by ti t i . i ,~ p 0. x 0) is po sitive semidefini te , so Lf i s a maximal
x0

monotone epera tor . As T is also maximal monotone (hence nonempty)

~-in I as the eff ective domain of Lf~ 
is all of IRn , we h ave from [F~J

0
t h a t  the operator Q(x

0) := Lf + T is maximal monotone ; hence so is

I
xo

its inverse.  By (ii), Q(x0
) (0) = X0, a boun ded set , and as by ( i )

i s locally U . L . ( X )  at 0 , we fi nd that it is locally bounded

there ; in fac t , it must  be locally bou nded at every point of tnt riB , since

the image of some ball around such a point will be contained in the image

of ~B , which in turn is contained in the bounded set X0 ÷ X q B .  But

the n from [14 , Th. I ]  we have that m t  riB cannot contain any boundary

poi nt of dom Q x 0 ) 1; however , as m t  ~B meets dom Q(x 0) I (at 0)

anr :  is connected we f inal ly  conclude that m t  riB C tnt dorn Q(x
0)

1. Thus ,

for each y wi th fly fi ~ r~ the set Q(x0 )~~(y) is nonempty and bounded;

it is also closed and convex by maximal monotonicity , hence compact.

In par t icular . X0 is a com pact convex set.

Define , for two subsets A and C of and a point

x . 1R~. d(x,C) in f~ fix 
- cl i  Ic c~ C)  and d [A , C1 sup{d[ a , C] Ia A ) ,

where the supremum and inf imum of ~ are de fined to be -
~~~ and +~~

respectively. Denote by the projection fro m onto X0 ; n is

well known to be nonexpansive, hence ~~, fortlori continuous.

-8-
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H
~ s i t ~~; ntin U it~ iii I compactness , ene ca n show th at  the funct ion

:= m ax~ i t  ( p 0. x) - f 2 ( p 0 . ir x ) ) il I x~ X0 + 6 B )

is wel l  : ‘ ! t n , J ~~r smal l  6 , and is on t inuo ij s i t  0 with ft 0) = 0.

Thus , we I J f l  choose a pos i t ive  6 small  enough that  the set X~ : X
0 + &B

is contain ed in N , cin~1 such that \~~ 6) <. and b f t ó )  < fri . it is not

d i t f i c u l t  to show that f or this fixed 6 the funct ion

(p
6 (p ) := max~ iI I(p, x) - f (p 0, x) Jl i~ ~ X5

}

is well defi ned for all p e F, and is continuous at p0 wit h a6 (p 0 ) 0.

Thus , we ca n choose a neighborhood L ( p 0) such that for each p € U .

~ 6 (p)  <
~~ ~ and \a 6(p) ~ 8. N~ w choose any p ‘~ U . and define a

mu l t i func t ion  F from X . into JR” by

F ( x) := Q(~ (x))
1
[ Lf ~~~(x)  - f( p , x) I

I: x t .  my point of X 6, we have

Lf 
)

( x) - f( p, x) II ii f (  p , x) - f( p0, x ) II + II f(  p0, x) - Lf / ) (x) l b . (2.1)

Now de f ine  ( for this fixed x) a funct ion of one real variable T by

g t T )  := f (p 0, TX + (1 - T )~~~(X ))  - Lf ~~~~~(Tx  + (1 - T )T r ( X ) )

We fin~i t h a t

~f(p  , x) - Lf (x) li lig(1) - g(0) j j < sup {II g ’ ( T ) j I I O < T  < 1).0 Tr(x) -

However , for T 1 0, 1],

q ’(T) 

~~~~~~ 
— f2(p0, TT(x))j[x — ir (x ) J

—9-
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whor e X := TX + 1 - T)rr~X). We have by properties of the pr o)ect ion

p 1 tha t  ~r > ~ i i~t x), so

f 2(p~~, x )  - 12 (p 0 , ~ x ) )  h f ) 
~~~~~~ 

) - 
~~~~ >~~

) .

since x 
~. 

X . .  Hence
T

IiI(p 0, x) - Lf ~~~~(x )  ft ~~~ ( lix - x) II 
~~~

.

As il f( p, x~ - f c p 0, x ) f i  ~ 6
(p ) , we have from (2 .1 )  and ( 2 . 2 )

II LI ~~ (x) - f (p , x) II < (~~(p ) + f t 8 )  lix - ~(x )  (~~~~~ . 3)

1 1
T i .

Hence , by our previous rem ark s F (x )  is a nonempty  compa t convex set

for each x € . Also , u s ing  ( 1),  ( i i )  a nd (2 .  3) we have for x € X 8.

d{ F (x), X d[ Q(~~x)) 1[ Lf (x) f(p, x) 
~ , 

Q(~~ x 0)p 0
< K ti Lf (x) - f(p, x) 11 ( 2 .  4 i
— T r ( x )

< \~~ (p )  + \ f t F ) i l x  - ~(x) li < 8 +~~ L =

so F carries X into i t s e l f .  We havep 6

graph F = ( (x ,y ) i Lf 
. ix) - f (p , x) ~ Lf (y) + T ( y ) 1p rr( x)

{(x , y ) i 0  f( p, x) + f 2 p0. ~t x ) ) ( y  - x) + T(y) }

Usi ng the c on t inu i t y  of ~~, f , . and ir , together with the fact that T

is clo sed (by maxi r i a l  monotoni i t y ) ,  one can show without d i f f i cu l ty

that graph F is closed in X 6 X X 6 . We can thus apply the Kakut an i

fixed-point theore m to conclude that  there is some x X~ wit h

x € F ( x ); that is ,p p p

-10-



Lf (x ) — f (p  x ) .
~ Lf (x ) T x,~‘x ) p ‘ 71(x )  p p

so

0 ‘~ f (p , x )  -i T(x )

and thus  x ~ (p ) , which i s there fore nonempty.  We have

graph �~ {(p,x) € U Xx
6 1 0 € f(p,x) + T (x)}

this is closed in U x X6 by joint continuity of f and closure of T.

However , the range of 21 is contained in the compact set X 6 ; thus

by [10 , Lemma 4 .4 J  21 is actually upper semicontinuous from U to X 6 .

If x0 ~ X0 the n by ( i i )  one has 0 ~ L f ( x0 ) + T(x
0
) = f ( p 0, x0 ) + 1(x0),

so x0 € 21(p0) and thus 21 (p0 ) D X0 . On the other hand , if x € 21(p
0
)

the n X ’ : X 6 and 0 f (p 0, x) + T( x) ; therefore

Lf ( ) (x) — f(p 0, x) ta Lf ( ) (x) + T(x)

so tha t x ~ F ( x).  As x - X 6, we have fro m ( 2 . 4 )  with p = p
0 that

[ J  < d [F~ (x),X0J < \ I I Lf ( ) (x) - f(p 0, x) bl

But from (2 .  3) with p = p0, we find that

bi Ll 
M

(x) - f(p0, x) ll < p ( 6 ) i I x  - ir(x) li =

Thus

d [x , X0 J \ P ( 6 ) d [ x , X0 J < ~~d[x,X~ ]

implying that x € X0 since X0 is closed. Thus we actually have E(p 0 ) = X
0

.

Now take any £ > 0; find 6 (0, 6 J such that for ~ ~~. [0, o~
one has x~~~) < c/ (K + t ) .  One can show that the function

-11-
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n i a x {  ,: r
, p, x) — t )~p0 , x) lj x X0 

4 6 B )  is well  def ined on P

~ s ~on t i n u ou s  at  p0~ choose a neighborhood U ( p 0) C U so

t h a t  i t  p U Wu hav e 21 (p) 21 (p
0
) + 6 B  and \~~

(p )  c/R  e) .

N ew choose any p U and any  x 21~p ) .  Using ( 2 . 4 )  and the fact

t h a t  x F ~ we have

lj x , 21 (p0 )]  c d[ F (x) , X0 ]

< K ii Lf (x ) (x) -

< K Jlh(x) — h(71(x)) II + XI(h( ir (x)) II
+ K lif( p0, x) — Lf ( ) (x) Ii , ( 2 .  5)

whe re h(x)  := f (p , x ) — f (p 0, x) . If we define, as before, xT := TX + (I —

ye have

Ii h ( x) — h(71(x)) Ii < lix — 71(x) jisup{ Ij h ’ (x ) ii 0 < T <

But h’(x ) = f
2(p,x71

) — f
2
(p0,x), so

II h(x) - h(ir(x)) II < ‘y(p) lix - n(x) II

Thus , u s ing 2 . 2 ) ,  (2.  ~) an d the f act th a t f l h (v r (x ) ) ll ~ ~0(p), we have

d [x . 21( p0 ) J  < \ y(p) lix — 71(x) ii ~~0(p) + \ ~~~~ (8 )Il x — 7T(X) li

+ c)J lix — 11(x) II + Xa0(p)

But l i x  - 
~rx)~i d [x ,21(p0

)), so il \ >0 we obtain

4 £ ) J d [ X , 2 1 (p
0

) I  <

r i n I  th us

d [ x , 21(p0 ) J  ~ (K + £)a
0
(p) . (2.6)

-12-
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On ~n ~n er  han  ~. i t  \ 0 then ~ ~) impl ies  tha t  d( x , 2 1 ( p0 ) J  0 ,

in wh i ch  case ( 2 . 6 )  holds t r i v i a l l y .  In either case , therefore ,

21 p ) 21( p0 ) (\

which compl ete s the p roof.

In order to apply Theorem 1, one has to be able to ver i fy  the

u niform upper L ipschi tz con t inu i t y  of the m u l t i f u n c t i o n s  Q(x 0 ) ’ for x0 X0 .

As this  m a y  not always be easy to do, i t  is of interest  to avoid this

requirement  oy employing Theorem 2 in those cases to which it is applic-

able . We shall there fore proceed to establish , in the next section ,

results about  polyhedral mu lt i func t ions  which will allow us to prove Theorem 2 .

3. Po l yhedral mu lt i func t ions .  We have already def ined the class

of po lyhed ral mu l t i func t ions , and it is clear from the definition that such

a m u l t i fu n c t i o n  is always closed. Our goal here is to show that it is in

f a c t loca l ly  upper Lipsch itz ian  at each point with a uniform modulus;  to

io t h i s  we require  sever 11 lemmas .

LE M MA 1: Let P : IR’~’ ~ m be a nonempty polyhedral mu lt i func t ion

Ti n i le t  G , i~~~ i < k , be it s compo~~ nts. .~~ x 0~~~dom P,~~~~~

Jef i ne J : (‘1x 0 € 7 1 ( G ) ) ,  where is th~ canonical proj ection of

x fl.~m ~~ ~ n Then there exists a neighborhood U(x 0 ) such that

( U >< fi~m ) fl graph P C  U G1 .
1€~9

PROOF: For each 1, both (x
0
} ~ and G , are nonempty

pol~ he l ra l  convex sets in ~ n + m  
~ i 3 they do not meet , and thus

-13—
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by 1 U . t or.  19. 3. 3 1  they can U. ’ s t rongly  s e p a r a t e : .  In pa~~i r u l i: . then ,

t h e i  is some neighborh ood U .( x) such tha t  ( U  ~ ~~1fl ) fl - Let

U :=  fl U . ; thi s U is a neighborhood of x0 because :nc n u r n H e r  ot
i 4 . )

components is f in i t e . Clearly,

k
(U x 11km ) fl graph P C  (U G )\ (  U C . )  U G .

i 1  i~~3 ‘ i~~3

and this  completes the proof.

Lemma I tells us that i f  x € U and y P(x) , then (x , y) belongs

to a component G . which also contains (x 0, y0 ) for some y0 P(x 0 ).

In additi on to this informati on , we also need an extension of a basic

theore m of Hoffman [ 4 ]  about linear inequali t ies.

LEMMA 2 (Generalized Hoffman  Theorem): Let G be a nonem p ty

polyhedral convex set in X JR~~. Let ~ and 11 be the canonical

proi~ ctions of JR x JR onto JR and JR . j~~ z := (x ,y )  
~ 

Tr
~~

G) x ~y ( G )

define

d~ (z , G) := m i n (  li x — X I I  (x , y )  G)

and

d y ( Z ~ G) := m in{  ‘b y - y li I(x, y) G ) .

Then there exist 
~ , r~ such that  for each z € 11 (G) >( ~~ ( G)

d ( z , G) < i1d ( z , C); d ( z , G) <

PROOF : As G is p olyhedral, we ca n represent it in the form

G {(x, y) i JR~ ~ JRm Ax By ‘~ c)

—1-4 —
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Lf ( x ) — f (p , x ) 1.1 (x ) ‘ T(x )
71(x ) p p ~(x )  p p

so

0 ‘~ 1(p , x )  T x )

a nd thus  x ‘ 21 p) ,  which i s there fore nonempty.  We have

gr aph 21 = {(p , x) . U X X 6 l o e f (p .  x) + T ( x ) )

thi s is closed in U x X c by joi nt cont inui ty  of f and closure of 1.

However , the range of 21 is contained in the compact set X , ;  thus

by [10 , Lemma 4 4 ]  21 is actu ally upper semicontinuous fro m U to X~ .

If x0 € X0 then by ( i i )  one has 0 ~ Lf (x 0) + T(x 0 ) f ( p
0 , x0 ) + T(x 0 ),

so x0 € 21(p0) and thus 21( p0 ) D X0 . On the other hand , if x 21( p0 )

then x X 6 and 0 f (p 0, x) + 1(x) ; therefore

Lf
( )

( x) - f (p 0, x) ~ . Lf
( )

(x) + T(x)

so that x € F (x) .  As x .- X 6, we have fro m ( 2 . 4 )  with p = p0 that

X0 ] < d( F (x ) ,  X0 J < \ ii Lf~~~~( x) - f (p 0, x) II

But from ( 2 .  3) with p = p0, we r ind tha t

ll Lf ()(x) 
— f(p0, x)il < ft6)1~x — Ir( x ) H p(8 )d [ x , X0 J

Thus

d [x,X0J < \ p ( 6 ) d [x , X0 ) < ~~d [x,X0)

imply ing  tha t x € X
0 since X0 is closed. Thus we actually have ~ (p 0 ) X0 .

Now take any e > 0; find 6 (0, 6) such that for a ~ [ 0 , b~~)

one has X~~( u )  < £/ (\ + c ) .  One can show that the function

—1 1—
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I t  w i l l  no ot m t  n ’ . to • - S t  i d :  .~r some simpl e methods for

construct i ng po lyh ir a l ~. u l t i f u n c t i o n s  fr om other such func t ions .  To

beq in  ~‘.-i :ti , si nce ol yh i r a l i t y  A i S  i e f ined  in terms of gr aphs , i t  is

cl ear  t h a t  the  i nver se H any po lyh ’ar a l  m u l t i f u n c t i o n  is i t se l f  polyhedral.

lt is a l s o  easy  te show t h at if F is polyhedral and K JR , then \F ,

is p l y ~ . ral . The next r e s u l t  shows that the sum of two polyhedral

T a u l t i : u n c :ions is a l so polyhedral.

PROPOSITION 2: Let F and H be polyhedral mul t i func t ions  from

~~~ JR m Then F + H ~j polyhedral .

PROOF: If dom F fl dom H = ~ the n F + H is empty , hence

ce r t a in ly  polyhedral .  Otherwise , let G1, . . . , G~ be the components of F

an .I  ~~~~~~~~~~~ Jc~~ be those of H. Let P : =  ( ( i , j ) i i i ( G , ) 11 ~r ( K .) �

for ( i , 1) .
~ P let

C , ~~~ K :z  Hx , y + z) l(x, y) ~ G., (x, z) € K .

W~~~ note t ;ni t

G, ~~ K . = c[(c. ~ K~) ~ D( IR’~ >< JRm 
X J R

m fl

where C and D are l inear  t ransformations defined by

C : IT~ x JR m 
~ JR n >< jp

m 
-, ~ n ~ JRm ; C( x , y, v , w) := (x , y + w)

and

D : ~ ~ ~ m ~ n 
~ JR m 

~ ~ JRm~ D(x , y , w)  :- (x , y, x, w)

Hence C . .~ K is a nonempty polyhedral convex set. Now if (x , v) € graph

( F  • H) then V y z wi th  ( x , y )  graph F and (x , z) € graph H.

-17-
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For some i a nj  j ,  we have U.:. t’) ~
- I x , ~~ i r Ti ~. U

~~~~‘ th a t  l x , y : C . ~ K a n:l hence

gra nh F ÷ H) ‘ U c . ~ -

( i , j ) . P

On the other haci i . if ( x , v) belo ngs to the set on th e  r ight  t h or  f o r

sc’:: ,c m , j )  - ~~~, x , v) ~ C . ~ K .  Hence v y z with (x ,y )  C ~ r i :ph F

a n :  (x , z) I .. C graph H , so we have (x , v) ~ g r aph  F + H i . Thu.

gr aph (F  + H) U G. .~~ K ,

(i , j ) ~~p ~ I

and therefore F + H is polyhedral , as was to be shown.

We can now establ ish  Theorem 2 , us ing these results .

PR OOF OF T H E O R E M  2: We shall  prove that the hypotheses of

Theo rem 1 are sa t i s f ied ;  indeed , those list ed under ( i i )  and ( i i i )  are

certainly satisfied under the assumption s of Theorem 2 . To prove ( i ) ,  i t

s u i t  ices to show that the rnultifunction [A( . ) + a ~ Ti - ) is locally

upper Lipsch it ziar i at the or ig in ,  it is evident tha t  A ( )  a is po lyhe dr a l ,

whereas T is polyhedral by assumpt ion;  hence by Proposition 2

a + T( . )  is polyhedral , and thus so is its inverse. The upp er

Lip s h i t z i a n  property now follows fro m Proposition 1, and this  proves Theore m .1.

We conclude this  section by proving our earlier assertion that  if

is a polyhed ral convex function which never takes  the value - -‘ , then

a! is a polyhedral  m u l t i f u n c t i o n .  The proo f employs two p re l imina ry

lemrn i. -; , in which for y , z ~. IR n we use the notation I y. z to mean

RI — ‘)y K ziO < \ I).

-18-
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LEMMA 3: Ii C i~~ nonem pty. closed anJ  convex in w it h

y, z ~ , t h .n : s  o nh  x . ri [ y, z~ , a
~~

.
~~

( X )  C ~~4~
0

(y ) . Consequently,

U is c onS t an t  on the relative interior of any convex subse t  of C.

I ROOF: As x ~ r m [ y, zJ we can w r i t e  x : (1 — \)y \z, wi th

(0 , 1) .  Supp o :c x 
~ 

‘i
~

.
~
.(x) (wh ich  is nonempty  since x C);

i t c L m y  point in C. We have (1 - \)c K z C; thus

- \)c 4 \zJ - x~ < 0

But 1 ( 1  - \)c ‘ \zJ - x = 1 - \)[c - (1 - \) ‘(x - \z)] = (I - \)(c - y);

cnsequ . n t i y ,  (x *, c - y \ < 0 so x ac~~ y) .  Thus 
~~~~

To prove the secon d assert ion , let F be a convex subset of C. If F

is empty  or a si ngleton the result is immediate;  therefore suppose tha t  F

( i n  hence ri F) conta ins  more than one point: let x , y ri F with

i s  y. By ft. Th. ~.l], there ex ist x , y E  F and ~~~~ (0,1) such that

x = ~~l - \ ) x 4 \ y ,  y = ( l -~~ ) y ÷ ~~x .

But then x ri [~~, y J ,  so 
~~~~~ 

C ao
0
(y), and y ri[ç’,x J , so

~~~~~~~ ~~~~~~~~~ 
Thus a

~~
(x) d~i

0
(y), and so a4~ ( ’ )  is constant on

ri F , whic h complete s the proof.

We can now prove th a t aL4~ i s polyhedral for polyhedral C.

LL MMA 1: Let C be a nonempty polyhedral convex set in

Then 
~~~~~~ 

is a p olyhedral  mul t i func t i gn .

P ROO F’: By [ U , Th. 19 . 1 ] ,  C has  fi n i te ly  many  fact s ~~~~~~ Fm~

and by 116 , Th. 1 8 . 2 ]  the collection . fr i  F ) rn
1 i s a par t i t ion  of C. By

-19-
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t . e mnia  A , en each set n F’ the function dL
~L

.U ) has a constan t value ,

a set .\‘hich we will call P
1
. By 116 , Th. 2 3 .10 ) ,  P . is a nonempty

polyhedr al  convex set .  Thus ,

g raph 
~~~ 

U [r i  F. ) X

Now cons:  :er tn set

m
I : .~~~) (F x P .)

i 1

Clearly graph ~~~~ C r. On the other hand , su ppose that ( x , x )

tnen fo r some i , x F . and x P . . If x ri F . then (x , x ) ‘ graph

If x ~ ri F , then there is some z ~ x with z . ri F . (since ri F . �

Usi ng [l b , Th. ~. .l ] we can find y F . and K ~ c 0 , l) such that

z (1 - \ ) y  + \x .  But then z € ri [ y, x ] ,  an d by Lemma 3 we have

= C a
~~~

x). However, as f r i  F . ) ~~ 1 is a partition of C and

as x C (s ince  F . C C for each i) , there exists some I SUCh that

x ii F. . But then Bi
~c

(x) = P , and we have P . C P. As x .

we have x ,x )  .~ (ri F,) ~ P. C graph Hence

m
g raph I’ = U (F X P

1
)

1= 1

But each F , is a polyhedral convex set (as a face of C), so F1 x P

is polyhedral and is a polyhedral mult i funct ion .  This complete s

the proof of Lemma - 4 .

-20-



I RO POS1 l I O N  .: be a po lyhe dr a l  convex func t ion  from

int ~ (- -“, ‘J .  Then a t  is a polyhedral mu l t i func t ion .

PROOE ’ : If I 4- c then  a! JRn so we have the resu l t .  We

m a y  :n rc:or e  a s s u m e  tha t  f is proper , so t h a t  i ts  ep ig raph  ~
‘ is non—

empty . A c  shal l  t i r s t  prove t h a t  :or any proper convex func t ion  f , if

D is th e i in ~~ tr  t r a n s f o r m at i o n  from JR x JR IR” X JR to JR° x JR ”1

which  t akes  x . ~
,, y, ‘-

~
) in to  (x , y) ( i .  e. , projects onto the first  and

third of the spaces involved)  then

graph af  = D [  j r a ph  e 0 )  fl (JR n 
~ JR ~ x { - l } ) J  . (3 .1 )

F o r  the  ; r ~~ : , l e t  (x , x ) . graph  a f .  Then f (x )  < ~~, and

x , x i  - L~ x , t x ~ , x , - 1 ).  Let (y, 
~ ) ~ ~ ; then q > f ( y )  > f ( x )  + (x ,y  -

so that

((x , -1) , (y ,  i) - (x , f (x))~ 0

and hence (x , -U  
~ 

ao
e
(x , Ux)) , so

(x , f i x ) , x~ , -1) graph

This es tab l i shes  the i nclusion C ;  for the other direction let

(x , ~,, x ,-l) graph do.~, ; we will show that (x , x ’ ) gr aph ~f. Consider

any y r  JRn If f( y) ‘- -‘ then (y , f (y ) )  € ~~, so that

( x , -1), (y ,  f (y ) )  - (x , ~~ < 0

Thus , a... f i x) <

(x *,y . .x ) < f(y) ~~~~~< f (y) - f(x) ,

so t h a t

y) 1( x) ~x , y — x ’ 

-2 1-  -t
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But i t  1(y) • -‘ then the last inequality holus trivially, and so

(~~, x e graph a f .  This establishes ( 3 . 1 ) .

Now if f is polyhedral then by def in i t ion  F is a polyhedral convex

set; hence by Lemma 4 graph is the union of f in i te l y many polyhedral

con vex sets , say P1, . . 
~ ~m ’ Denote by F the set JR° X JR X IR”1 x 1-1),

also obviously polyhedral convex. Using ( 3 . 1) , we ha ve
m

graph Bf  D[ (~~) P .) q 
~j

i - i

m
= D[ U (P . fl F) )

i = l

m
= U [ D ( P . fl F) ]

i = 1  1

and since D(P . fl F) is polyhedral for each i , we see that d f  is a

polyhedral mul t i funct ion . This proves Proposition 3.

1. An applic ation: Newton ’s method for variational inequali t ies.

We shall analyze here an algorithm !or solving variational inequalit ies

ove r polyhedral convex sets. To specify precisely the form of the variational

inequalities with which we shall deal , we take x . to be a point in lRn ,

U a neighborhood of x~ , and I a ( Frechet) differentiable function fro m

U into lRx
~~

m . We let A be a linear t ransformation fro m IR
m i nto

and take a to be a point In li~
1
~

+m and C a nonempty polyhedral

convex se t In 1~r’1fm~ We shall cons ider the variational inequality

— U —



0~ f( x) Ay a - f  a
~ c.t

(X ,y ) . ( . 4 1)

Of course,  we could have m 0 , so tha t  A does not appear (we

could , a l t e rna t ive ly ,  h a ve n = 0 , but then the algor i thm we w i l l  d i s c u s s

is of no in te res t  as the problem is already linear) . To solve ( 4 . 1 ) ,  we

propose to use an a lgor i thm which general izes  the wel l -known Newton

method tor  solving sys tems of nonl inear  equat ions [ 1 1 ] .  In tha t  method ,

one proceeds by selecting a t rial solution , l inearizing the nonlinear

funct io n whose zero one is trying to find , then solving the resulting

system . Th us , one retains the form of the system (equat ions)  but subs t i tu tes

the li nearized func t ion  for the original nonlinear one .

The algorithm we propose is based upon the point of view that

var ia t io nal inequal i t ies  generalize equations (which correspond to the

c - i s o  i n which C is the whole space). Thus , in (4.1) we replace f( x)

~..y i t s  li ne arm m i t  ion

Lf (x) := f(x
k
) f t ( x

k )(x - x
k
)

d o u t  a point x k ~ U , and try to solve the linear variational i requa lity

0 € LI (x) + Ay + a + a~~ (x ,y )  , ( 4 . 2 )
k

thereby ret a in ing  the original form of the problem as a variat ional  inequality

but  replacing the nonlinear  function f by its l inearization about X
k

.

This presc ription raises obviou s questions , such as whether the

sub-problems (4 . 2) will even be solvable and , if they are , whether the

- 2 3 —
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solution s .‘. m l l  ;on v r : - , to w h i t . and how q u i c k l y .  We shal l  prove

here t h a t  i t  tnc in i t i a l  p o int  x 0 is chose n close enough to a solution

ot 1, 4 .  1) hj v i ~i :  c - :  t i m  d e s i r i L l i  properties , and if the succee l ing points

are chosen from a certain neighborhood , then the s u b — p r o L l r m s  ( 4 . 2 )

;t l l  :~~~.
- so lv e Ic an . .: the sequence of points will converge quadrat ical ly

to the s ( I l c t :cc : s t  of (4 .  1). The resul t  is stated precisely in the next

th e or :!, , in which we use the notat ion

S( w )  := f (x,y) € JRm + n 1 0  € Lf~~
(x) + A y  + a +

THEOREM 3: 
~~~ 

X .:~ U , C , f , A and a be as defined above.

Suppose tha t  t ’ is Lipschi tz ian wi th  modulu s L ~~ U , that [ f’(x . ; )  A)

is posi t ive  semiclef ini te .  and that  for some nonempty compact convex set

~ JRm 
~ ~~ = { x X

Then for any £ > 0 there exist ô > 0 
~~~~ 

p > 0 such tnat for

each x x~, p B one has , with S~ 
. S(x.) +

~ � S( x ) fl S 6 C S x , )  f ~~~~(\ + c )L ] I x - x 11 2B

where \ is a local upper Lipschitz modulus for the polyhedral mul t i funct ion

M ( z )  : ((x , y)Iz € Lf (x) + Ay + a + a~~ (x , y)}

We remark that K must exist (by Proposition 1).

PROOF: We shall apply Theorem 2 with P :~ - U , N := ~

x , .= x )  X Y
~ 

SIx .) , T : 
~~~ 

and

f ( p , ( x ,y)) := Lf (x) + Ay + a

— 2 4 -
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\Vc n~ t o t n t  i t  v . ~ om en t , (p n , ( x , y . ) )  [ ‘ ~ < )  A ] ,  which is

p e . ; i t m  ye scm m i e  m i t e  by ; iy p ot h e s i s ;  also

:i ~ o . ( :  .y , )) f ) p0,(x ,y.))[ x,y) - (x  , y , ) j

= [ t  ‘(x l A I X  ~i)  + [ l i x  ) — f ’ (  x ...)x ... + a

so tha t  th e  Co n s t a n c y  ass U;::)tiofl ~b) of Theorem 2 holds , whereas

assumption (a) nol ds  by hypothesis .  Applying Theorem .? , we conclude

t h a t  there ex i s t  ~ > 0 and f > 0 such tha t  for any  x ’ E X~: + p B , the set

( ( x ,y )  S~x ,)  i O B j O  Lf , ( x) + Ay ~ a +

is n o n e m p t y  and i s  contained in Six ...) - (~~ 
+ e)a 0(x ’)B. However ,

m ax{  ~(L f , ( x )  Ay a)  - (Lf 
, 
~x) Ay a) II (x , y) X

0
)

Lf i x )  - LI l x )  = l f ( x ) - f i x ’) - f ’ (x ’)(x - x ’) IIx l - x -‘ .,. *

a n t  a St  m n a a r  i L u n d i n g  t echn ique  using the L i p s c h it z  con t inu i t y  of P

shows tha t  th is  q u a n t i t y  is bounded above by ~~~ L o x ’ - x~, iV. Thus

S(x ’) fl S~ C S(x , )  ( \  + c ) L I I x ’ - x~~
j 2 B

which  complete s the proo t of Theorem 3.

Theorem 3 show s t h . m t  i f  we choose x0 with  j I x 0 
- x , p an d

a := (~~~
. c ) L J x 0 

- x
~ 1 

< 1, then select (x 1, y1) from S(x 0 ) “1 S6, we have

- . i [ 1 x 1 , y 1
) , S m x ) ]  ~~( \  ~ c)L ~l x 0 

- x~,I~
2 

a~~x0 
- x

~~I ~ p

I f L 0 or x0 = X , : , we are f inished;  otherwise , we have

£ ) L j I X 1 
- x

~ Jl [ I(\ c)L11 x0 
- x~~I j ]

2 2
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So t h a t  :- s a t i : t i e S  t h .  s am - as .~ .m p t i o i i5  i5 i id  x . Ac :cm~ tingly1 0
S i x

1
) is non ‘n p t y ,  in se! -~- t m n q  I X ] ~k l~ 

from Si x k ) ~1 S6 for

k 1 , ~~, . . . we f i n d  by an easy i n d u c t i o n  t h at  the sequence  ~~~~~~~ 

~~
exists a n - i  sa t i s f i e s

.1 1 ( x~~~. 
~k+1~’ S(x . ) J  ~ (~ c ) L i ~x~ - 

2 
21 \ + c) ’L Y ~ 

1
)

Hence the sequence f d [ (x k , y k ) , S(x ) J }  converges to zero , and the

- unvergence is R—qu adra t ic  in the sense of [ i i ) .

The requireme nt that  i X k +l, ~k+l~ 
be chosen fro m S6 m ay be

d i f ; i .:u l t  or impossible to implement computat ional ly.  It can , however ,

be avoided by placi ng more assum ptions on the functions appearing in

the pro blem - l o r  example , if f and A are such that one knows that

the solution set of each sub—problem 1,4. 2 ) is connected , then S6 can

be elimi nated since , in Theorem 1, the upper semicontinuity of �~ and

the fact  tha t  ~~ p0 ) = X
0 imply  that  for p near p0 the solution set

of 0 £ H p. x) + am~6
(x) e ither lies entirely in X 6 or is disconnecte L: .

At this point, the algorithm we have presented has to be regarded

as an exercise in constructive real analysis  rather than as an effect ive

computational device , since large-scale testing of its effect iveness  on

real problems has not yet been carried out.  However , i n one special case

some experience is available:  for the nonlinear programming problem (1 . s)

the method proposed here reduces to that of Wilson [ 2 0 ) ,  for ~~i ich  some

comput ational results were reported in [ 1 ] .  These were comparat ively

I
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unpromis ing , perhaps because Wilson ’s cod e used an ear ly s implex

algorithm for solving the qu adra t i c  programming problems to which the

sub-problems (4.2) reduce in th e  case he consid er e I L~ ter comput ~ t ion~ l

invest i gat ion of a metho d s imi l a r  to Wilson ’s pro duced m u c h  more p romis ing

solution t ime s [ 1 2 ] ,  and an a ly t i c  i n v e s t m j m t i on  provec the convergence

to be quadratic un - J&- r  cer ta in  r e g u l a r i t y  a ssumpt ions  [ 1 3 ) .

Actual ly ,  Wilson prc pc -~~-u in a manusc r ip t  [21 )  a method for solving

the followi ng problem , which ext end s the usual  nonlinear com plementarity

problem:

H(x ,y) 0

x , y > 0

~x,y) o
Ito recover the nonlinear complementarity problem , take H x , y) : F(x) - y) .

His m ica w i . - to par t i t ion the var i ables  into basic and nonbasic sets,

then solve a syste m of linear equations obtained by l inearizing H with

r -spect t I ~~ the ba sic variables while holding the nonbasic variables

constant  at  zero . In case this procedur e resulted in negative basic van-

ib les , he proposed to use a pi voting strategy to eliminate the negative

va riable from the basis.  His procedure seems very close to what would

be done by the algorithm pro posed above when applied to a nonlinear

complementarity problem; however , the author is unaware of any formal

analysis of the convergence and rate of conver gence of Wilson ’s prop osed

method.
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t n ul l ~ , Kuhn t )  rep~-r t  work c - I  Saigal (p r iva te l y  comm unicated)

en the us~ 0! - : -  ~- t u f  l a l e l m n g s  in pivotal a lgor i thms  for comput ing fixed

po i n t s ;  ~‘L u r d in q  to Kuhn , Sa iga l  had shown how the use of such

tc crin:que s cou ld  lead to quadrat ic  approximations in simplicial-subdivision

to hn i . . : m. . - s .  This work m ay be related to the algorithm we present here .

A . : . . The wo~l: of Saigal , men t ioned  above , appears in a

r m a n u s c r m c t  en t i t l e  I , On the convergence rate of a lgor i thms for solving

equat ions  tr~a t  are based on methods of complementary pivoting,  “ a copy

o: which  was k ind l y  fu rn i s hed  to the author by Dr. Sa i ga l .  It deals with

th~- p r o - m i e m of f i n d i n g  a fixed po int of a Lipschit z cont inuous l y  d i f f e ren t i ab le

function : IR° -* ~~~~~
. Thus , i t  appears to be directly related to the

work presented here only for the case in which T(x) is identical ly zero :

i . e. , the c a s e  of conventional systems of nonlinear equations , for which

our a lgor i thm reduces to the standard Newton method.

4
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