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ABSTRACT

‘
~~~~ A comprehensive survey of steady-state , porous flow , free boundary

(unconfined flow) problems is given. The problems are described and
the numerical and analytical approaches which have been used are
summarized. Attention is drawn to Unsolve d problems , and open ~uest1ons~~
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A SURVEY OF STEADY-STATE POROUS FLOW FREE BOUNDARY PROBLEMS

Coh n W. Cryer

0. Introduction

A free boundary problem (FBP; plural FBPS) is a (steady-state)

boundary value problem involving differential equations on domains parts

of whose boundaries , the free boundaries (PB; plural PBS) are unknown and

must  be determined as part of the solution. On such FBS the boundary

conditions needed for a fixed boundary value problem (a problem for which

the boundaries are known ) are supplemented by an additional boundary

condition .

FBPS arise In porous flow problems when the porous medium Is

occupied by two fluids separated by a sharp interface (the PB). The

most common FBPS involve water/air interfaces , but water/water vapor ,

oil/water , oil/gas , and salt water/fresh water interfaces are also often

considered.

The following terminology is often used in porous flow FBPS: FBS

are called free surfaces or phreptic lines or depression curves -or water

tables or lines of seepage or floating boundaries or unknown boundaries:

FBPS are called unconfined flow problems: the porous medium is ?alled

an aquife r.

Sponsored by the United States Army under Contract No. DAAG29 -75-C— 0024
and the National Science Foundation under Grant No. DCR75-03838 .
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Porous flow FBPS have important applications in the fields of soil

mechanics , irrigation , ground water hydrology (the contro l and use of

water resources) , petroleum engineering, and industrial filtration.

Basic texts on porous flow prob lems include those of Muskat [19 37

and Bear [ 1972) .  More specialized tests include : Polubarinova - Kochina

1962] ,  Harr [ 1962 ] (mathematical techniques); Scheidegger [ 1960 , 1963 J ,

Childs [ 1969] ,  Kirkham and Powers [ 1972]  (soil physics); Todd [ 1959 ]

(ground water hydrology); Carman [1956 ] ,  R. E. Collins [196 1 ] (gas flow);

Luthin [ 1 9 5 7 ] ,  van Schilfgaarde [1974]  (drainage engineering); Muskat  [ 1 9 4 9 1,

Pirson [ 1958 ] (petroleum engineering); Hagan , Haise , and Edminster [ 1967 ]

(irrigation); Rem son , Hornberger , and Molz [ 1 9 7 1 ) ,  OcJen , Zienkiewicz ,

Gallagher , and Taylor [1974 ]  (numerical methods). The survey paper

of Boersma , Klrkham , Norum , Ziemer , Guitj ens , Davidson , and Luthin [ 1971 1
draws attention to important recent developments .

Basic j ournals include :

Advances in Hydroscience ,

I. Geophysical Research,

J. Hydraulics Division, Amer . Soc . Civil Engineers ,

J. Irrigation and Drainage Division , Amer . Soc . Civil Engineers ,

I. Society Petroleum Engineers, Amer. Institute Mechanical Engineers ,

J . Soil Sciunce ,

Wa ter Resources Research.
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Despite the considerable literature on the subject , there is no

comprehensive survey of porous flow FBP S. In the present survey we

describe and classify all the porous flow FBPS which have , to our knowledge ,

been considered in the literature . It is hoped that this will reduce

duplication of effo rt and also draw attention to interesting problems which

have been neglected.

In porous flow FBPS it is assumed that  the flow is saturated, that

is , that a particular portion of the porous medium is either saturated with

a fluid or contains none , so that there are sharp interfaces between the

regions occupied by different fluids.  In the context of water/air problems

the assumption that the flow is saturated means that a portion of the porous

medium is wet or dry but never moist. Porous flow FBI ’S are thus an

approximation to partially saturated flow problems in which the amount of

fluid in a particular portion of the porous medium can vary between none

and the maximum amount possible. When possible we draw attention to

the solutions of partially saturated flow problems which corre spond to

particular porous flow FBI’S, because by comparing such solutions one can

check the validity of the assumption of saturated flow.

The present survey Is one of a series of surveys on FBI’S which we

are writing . Othe r surveys of the series of particular relevance to porous

flow FBPS will be those dealing with trial free boundary methods and with
I

variational inequalities.

—3-
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The remainder of this introduction is organized as follows : In

sectio n 0 .1  we give a simple exam ple of a porous flow FBI ’; in section 0 . 2

we discuss terminology; in section 0. 3 we briefl y describe some numerical

arid analyt ica l  technique s which are mentioned in the remainder of the

si rvey .

0.1. An example

The problem of seepage through an earth dam (see Figure 1) illustrate s

how porous flow FBPS arise.
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FIgure 1: Seepage throu gh a simp le rectangular dam
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In this problem water fro m an upstream reservoir (or head water) seeps

thro ugh a rectangular earth dam to a lower reservoir (or tail water) . The

water only flows through the region ~ and the remainder of the dam

remai ns dry. The air/water interface is denoted by F. It is assumed

tha t the dam is so long that the flow is two—dimensional.

I f Darcy ’s law holds (see section 1.1) then the flow is described

by a velocity potential 4, which is related to the hydr aulic head h by

( 1)

whe re the constant K is the hydraulic conductivity. In view of ( 1 )  it is

immaterial  whether the problem is formulated in term s of 4’ or h; here , we

usually use h . The hydraulic head satisfies Laplace ’s equation (see section 1.1):

h + h  = 0 , in ~~~~. (2)
Xx yy

The boundary conditions are (see section 2):

h H , on AB (interface with water at rest)

= 0, on BC (Impervious boundary)

h = h d, on CD (interface with water at rest) , (3)

h = y, on DE (Interface with air)

-

~~~~~ 

= 0, on EA (streamline)

If F were known then equatIon (2) with boundary conditions (3)

would suffice to determine h. Since F is not known we have a FBP

and an extra condition is required on F . This extra condition is:

h y, on EA (interface with air) . ( 4 )

H 
_ _ _ _  _ _  _ _  

_ _ _ _
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Thi s FBP is discussed further In section 3. 1. 1. 1.

0 . 2 .  Terminology

As illustrated by the example in section 0. 1 , a porous flow FBI ’

has the following structure:

~7u = 0 , in £~ ,

~ u = 0 , in a~, (1)

C u = 0 , on F ,

where u is the solution and where c7 represents the linear or nonlinear

elliptic dif ferent ia l  equation(s) which must be satisfied by u on the

open set ~
‘. ~ represents the linear or nonlinear boundary conditions which

must  be satisfied on the boundary 8~ of £~. If afl were completely

kno wn then the first two equations of ( 1) would define u completely.

However , pa rt of Bf~, namely the FB F, is unknown and C represents

the additional linear or nonlinear boundary conditic~i imposed on F .

In (1 )  it is to be understood that the open set f’ may consist of
m

the union of several domains , i~ = U 
~~~

, in which case the first equation
i= l

of ( 1) is equivalent to

c l u o in ~~~,, l < i < r n .
I. I — —

The oper ators Q’~ may or may not be the same .

The domains will be called free domains (FD; plural, FDS).

When it is necessary the number of domains will be indicated by saying

that the problem is an rn-domain FBI’. When m = 1 we set c2 
~ ~

‘l’ ~
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U sing this terminology, we may describe the example in Section 0. 1

as a 1-domain FBP with FD ~ and FB F .

Most of the porous flow FBPS which have been considered are

1 -domain FBPS. A two-domain FBP would arise , for example , in a coastal

region in which porous flow of fresh water occurred in a region and

porous flow of salt water occurred in a region I~2~ 
the F B being the salt

water/f resh water Interface .

It is u sually neither possible nor necessary to classi fy  the boundary

conditions on the FB into “conventional boundary conditions ” and “supple-

mentary boundary conditions ”, and the division of the boundary conditions

on F into those represented by ~ and that  represented by C’ is an

arbitrary deci sion.

The FB F is defined to be that part of a~ whose “shape ” is

unknown; the remainder of aJ~ will be called the fixed boundary . Points at

which the FB intersects the fixed boundary will be called points of detach-

ment. If the location of a point of detachment is prescribed it is said

to be fixe d; otherwise it is said to be free. We illustrate these definitions

by considering Figure 1 of section 0. 1. The point A is known so that

A is a fixed point of detachment. The point E is not known so that E

is a free point of detachment. The PB is EA; although the length of DE is

not known its shape is known so that DL is part of the fixed boundary
)

and not part of the FB.

— 7 —



In figures , fhe  notation of Figure 1 will be used: FBS will be

denoted by broken lines , fi xed p oints of detachment by solid circles ,

a nd free points of detachment by open circles , while the FD ~ wi ll be

denoted by hatchi ng.

The PB F must  usually satisf y certain restraints which we call

the a uxiliary re straints.  The auxiliary restraints arise in several ways:

(i)  In some FBI ’S the boundary operator C involves an unknown

consta nt. In such FBPS it is often the case that the position

or slope of one endpoint of F must be prescribed or

sat is fy  an additional condition. FBI’S of this type arise ,

for example , when certain porous flow FBI’S are reformulated

using the Baiocchi transformation (Balocchl , Comincioli ,

Magenes , and Pozzi [ 1 9 7 3 1) .

( i i )  It is usual ly  assumed that the solution u satisfies certain

smoothness conditions. For example , in the example of

section 0. 1 it is assumed that the flow velocity at A is

finite . It is often a consequence of such assumptions that

the slope of ~ at Its endpoints is either uniquely determined

or limited to a finite number of values; see section 2 . 2. 1.

( i i i )  F mus t  of course sat isfy “obvious ” restraints such as that

it should not intersect itself. While obvious in the physical

co-ordinates such restraints become less obvious in trans—

formed co-ordinates.

—8—
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( iv )  In some cases the solution of a FBP is not unique and

‘ auxil iary restraints mus t  be imposed in order to eliminate

undesirable solutions. For example , Hamel [1938 , p. 4 3 ]

shows that the problem of seepage from a canal has two

solutions , one of which is physically unacceptable because

the fluid pressure is unbounded.

0. 3. Brief summary of some analytical and numerical methods

In the remainder of this survey, re ference will be made to some

analytical and numerical methods. Here we provide a brief description

of these methods . See also Magene s [ 1 9 7 2 ] .

The Hodograph Method

There is only one general method for obta ining explicit solutions

of FBI’S, namely the hodograph method (and variants thereof) . The hodo-

graph method relies heavily upon conformal mapping and is essentially

restricted to FBPS for which:

(i) The governing diffe rential equation for h ~ is Laplace ’s

equation in the plane ,

~ 
+
~~ 

0, in ~~~~~.xx yy

(ii) The fixed boundary, a~-r , is polygonal .

(iii) The boundary conditions are such that there are two distinct

conformal maps of ~ onto domains of known shape . In

particular , let 4~ be the complex conjug ate of ~ so that

p -9-
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1 (z )  = 4’(x + iy) + i4~(x + iy) is an analytic function of

z x + iy .  Let w(z) = df(z)/dz. Let and i~ denote

the Images of the FD ~ in the I and w planes , respec-

tiv ely. If the boundary conditions satisfied by h 4, are such

that  and are known , then the fact that d f/d z = w

together with the fact that the conformal mapping of onto

~ ca n be obtained makes it possible to solve the FBPw

analyt ically .

The hodograph method has been extensively used with great ingenui ty

to obtain analytic solutions. Harr [ 1962 ] ,  Polubar lnova - Kochine [1962]

and Bear [1972 1  describe some of the extraordinary complicated FBPS

which ha ve been solved.

Solution in auxiliary planes

In many cases it Is convenient to consider a FBI ’ in an auxiliary

plane. Thus , with the notation used to describe the hodograph method ,

one may consider the FBI ’ in the f-plane (or 44k-plane) or the w-plane

(or hodograph plane) and then solve numerically using finite difference s

or other methods.

Variational inequalities

An exciting recent discovery due to Baiocchi [ 1971)  has been that

many porous flow FBI’S can be refo rmulated as variational inequalities.

In the case of the example of section 0.1 , let

w(x,y) = f [h(x,t) — tjdt
y

-10-
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where

— Ih (x , y), if (x, y) i~h(x,y)
L y , otherwise

Let I? be the rectangle ABCF (see Figure 1 of section 0.1) and

let g be defi ned on the boundary ~12 of 12 as foll ows:

g = (H - y) 2/2 , on AB ,

= H2/2 + (h~ - H
2
)x/2!, on BC

= (h
d 

- y)
2
/2, on CD ,

= 0 , on DEFA .

It can be shown that w solves the problem: Minimize  the integral

1(v) = 
~
j - ff (v~ + V + 2v)dxdy

among the class of functions v which are defined and non-negative on

Il and equal to g on alL This problem is one of several equivalent

formulations of variational inequalities.

The use of variational inequalities has led to pro found results .

Further details will be found in the papers of Baiocchi listed in the bibliography.

Variational inequalities can be solved numerically by several methods includ in g

finite difference s and finite elements .

Trial free bound ary methods

We repeat the basic FBP:

~7u = 0 , in £ ,

& u = 0 , on a~~.

Cu= 0, on ~~~~~ .

—11 —
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One appr oach to solving this FBP numerically is to generate a sequence

of trial FB S and approximate solutions u~~ as follows:

Step O. Guess an initial trial FB , r ~~ say.

Step I. Given let ~(k) be the corresponding domain. Compute

a n approximation , u~~ say, to the solution ~
(k) of the problem

= 0, in ~(k)

= 0, on

Step 2. Given F~~~ and u~~ comput e a new tr ial FB by

re quiring that c~u (k) should be approximately equal to zero on

( k + i )  - , (k) (k +1 )
F ; i.e. -‘ move the boundary” from F to F

Following Birkho ff [ 1 9 6 1 )  we will call this me thod , and variations thereof ,

a trial free boundary method. ( Previously, we have called methods of this

type “move-the-boundary” methods (Cryer [l 9 7 0 a 1) ,  but Birkhof f’ s

ter minology is better.)

In Step ~ the computation of the approximate solution ~
(k) require s

the numerical solution of a fixed boundary value problem , which can be

done using any standard method. We then speak of a t r ial free boun dary

method using finite element s, a trial free boundary method using finite

diffe rences , etc .

Cryer [ 197 0a j  gives a general discussion of trial free boundary

methods.

4- 
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Time-dependent methods

Porous flow FBI’S have often been solved b~ numerically solving

a time-dependent porous flow problem and letting the time become very

large , so that steady-state is approached. We call such methods time-

dependent methods , and qua l i fy  them by indicating the numerical method

used to solve the time-dependent problem.

— 13—
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1 .  The Governing Equations

Most of the 1BPS considered In the literature concern the flow

subject to Darcy ’s law of an incompressible he avy f luid through an

isotropic h nn ogeneous medium , and the reader should assume that th is

case is being considered unless it is explicitly stated otherwise. The

governing equations for thi s special case are given in section 1.1.

There are minor but extremely irritating differences of notat io n

in the literature . The following notation will be used here :

co - ordinate vector

x x1 a nd y = x2 plane co-ordinates

r and y or x and y cylindrical co-ordinates

q fluid velocity

u and v velocity component s

p density of fluid

p fluid pressure

p = 0 atmospheric pressure

g gravity acceleration (along negative y -axis)

gravity vector

+ velocity potential

stream function (in saturated flow)

p/y p/p g suction (in unsaturated flow)

k ~ K/p g permeability

—l *—
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k (k 1~
) ~~~~~ p ermeabil i ty tensor

K kpg/1L hydr ~ ullc conductivity

K (K 1~) ~~~~~ hydraul ic  conductivity tensor

dynamic  viscosity

h = y + J ~~~ 
hydraul ic  head (or piezometric head ) ;

this is often denoted by ~ or ~

moisture content

= pg specific weight of water

It is difficult to formulate the governi~ng equations for porous

flow for several reasons :

(1) The flow of a fluid through a porous medium , for example the

flow of water through soil , Is an extremely complex matter.  The ground

consists of layers of soil resting on layers of rock , and Is certainly not

homogeneous . Furthermore , the different layers are often not isotropic.

(To mention but one of the many possible causes of ani sotropy , if a layer

of soil has been formed by sedimentation then flat particles tend to be

oriented with their longest dimensions parallel to the layer. ) At the

microscopic level soil consists of a large number of soil particles of

different sizes and shapes , the interstices between the particles being

filled with water and air. As water flows through soil it is subject to

electrica l and chemical processes which are not fully understood . For

a detailed discussion of soil ph ysics see Childs J969] , Boar [ 1972]

X irkham and Powers [ 1972) .

—1 ‘—
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( i i) It i~; di f f i c u l t  to p crf (~1m acc u~ at e exper iments  for porous flow

problems. It is , fo r example , a n o n — t r i v i a l  mat ter  to obtain repre~ cntat ive

and reproducible soil samples .  Seveoi l years ago we were directly

involved in some porous flow exper iments  and were surprised at the

bulk of the probe which was used to measure the pore water pressure

p. In the FBI ’S discussed in this chapter the FB is shown as a smooth

curve . In contrast , experimentally observed FBS are often rather

irregular. We have seen this in the laboratory , and it can , for example ,

also be seen in the figures in the fundamental  work of L. Casagrande

[1932 , 1934] on the flow through dams.

(iii) The theory of porous flow Is not supported by an underlying theory

in the way that , say , the theory of heat conduction is supported by the

theory of thermod ynamics .

(iv) There have been many attempts to derive the global (macroscopic)

governing equations by making assumptions about the local (microscopic)

equations and the structure of the porous medium (Bear [1972 , p. 161] ,

Scheidegger [1963 , p. 641]). In the simplest model it is assumed that

the porous medium consists of a large number of circular capillary tubes

and that the fluid is a Newtonian f luid.  Much more complicated models

have been considered; Scheidegger [1966] gives a very readable concise

review and Bear [ 1972 , p. 161) gives more details and describes recent

work. It seems fair  to say , however , that while these models provide

— insight  none of them is completely sat i s fac tory .

-16-



As a iesult of the difficulties mentioned above there i~ agreement

about the governing equations for l inear isotropic homogeneous saturated

flow , but there is not universal agreement about the correct generalizations

of these equations to more complicated flows.

The great majority of the porous flow FBPS which have been

considered in the literature are for linear isotropic homogeneous saturated

flow . Recently, however , some nonlinear , anisotropic , or inhomogeneous

FBPS have been solved (numerically); we believe that such FBPS will be

increasingly studied and therefore discuss their governing equations.

1 . 1. Lin ear incompressible saturated dow in an i~ ctropic

homogeneous medium

The f irs t  basic equation is the equation of continuity

div ~ = 0

The equation of continuity permits the Introduction of a stream function

~4, in plane and axially symmetric problems:

( I’) u = ~~~, v= - 4i~ ,

(A) U = ~ ~4i , v -

The second basic equation expresses Darcy ’s law that the flow

velocity is proportional to the gradient of the hydraulic head:

— 1 7 —



9. = -K grad h

where the scalar constant K is the hydraulic conductivity of the medium.

Equivalently ,

- 
JL grad(p+ pgy ) = - gr ad(p -f pgy)

where the scalar constant k = ~K/p g is the permeability.

It follows from Darcy ’ s law that the function

-Kh - (p+ pgy)

is a velocity p ot e ia ia l :

grad 4 ’ ,

( P) u = 4 ) ~ , ~~~~~~

(A) u = 4 ~~, V = 4 , .

In the literature , the negative velocity potential (or specific discharge

potent ial) is often used.

It follows immediately that in plane and axially symmstr ic problems:

(P) 4, + 4, = 0 ,xx yy

(A) 
~
, +~

!
~~ ~~~xx x x yy

(F)

(A) 4i - -
~4 +4 , = 0 .xx x x yy

These equations form the basis of most work on porous flow FBPS .

-l



1 . 2. LInear compressible anlsptro pic saturated flow

There are three basic equations: the equation of con t inu i ty ;  the

equation of state; and Darcy ’ s law.

The equation of continuity Is

div(p9.) = 0.

As in fluid mechanics the equation of continuity permits the introduction

of a stream function 4, in plane and axially symmetric problems:

(F) Pu = 4 , ,  pv

(A) pu~~~~ 4 , ,  p v = - 14 , .

The equation of state expresses the density p as a function of

the pressure p. To a very good approximation , water is incompressible .

However , when studying the flow of gases through soil , as is necessary

when considering natura l gas wells , compressibility must be taken into

account . The equation of state is usually taken to be of the form

(Muskat [l 937 J )

m~~ pp = p ( p ) = p 0
p e

where p 0, m , and ~3 are constants. Particular cases are:

— 1 9 —
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Liqu ids , iucon pto ~; : ib lC: : m 0 , iS 0

Liquids , compr essible : m = 0 , P > 0 ,

Gases , i so therma l :  m 1, P 0 ,

Gases , adiabatic : m > 1 , ~3 = 0.

The l ine ar  form of Darcy ’ s law which is most often used is

(Scheideg cjc ’r [ l ’)63, p. 636), Bear [1972, p. 124. 136)).

= -K(x ) grad h

where

h = y +~~~f 
-

~~~~~~~g p (P )

and K(~~) is a symmetri c tensor , the hydraulic conducti vity ~~~~~~

[K 11 
K
12 

K
13

K(x ) = K 21 
K 22 K

23

[K 31 
K 32 K

33

In plane problems K must be of the form

[K 11 (~~ K iz (x)1
I ,

L K 21 (~ ) K 22
(x)J

with K
12 = K

21
.

-20— 
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it should be observed that  there Is appar en t ly  no fundam enta l

phy s.cn~ law which would require K(x) to he symmetr ic .  Fliiggc [ 1972 ,

p. 101) observes th at  he tried to find an example of a porous flow system

with unsynimet n ic  K(x ) but did not succeed . It may be remarked that in

the case of heat conduction the thermal conductivity ‘ play s a similar

role to that  of the hydraulic conductivity K in porous flow . It is a

consequence of the fact that entropy cannot decrease , that  the thermal

conductivity ~< is symmetric and positive semi-definite (Truesdell and

Toupin [1960 , p. 70 9 ] ,  Carslaw and Jaeger [19 59]).

It is of interest that inhomogeneity is sometimes desirable.

Kealy and Soderberg [1969 , p. 30] make the following recommendation

for mill-tailing dams: “Never construct homogeneous dams.  Zoned-type

construction must be used to control seepage water and consequently

increase stability ” .

1. 3. Nonlinear saturated flow

The governing equations discussed above assumed th at there was

a linear relationship (Darcy ’s law) between the gradient of the piE ’zomctnic

head , grad h , and the velocity ~~~~. However , it has been found experimentally

that the relationship between grad h and ~ is nonlinear when the flow rate

is very low or very hig h. The various nonlinear generalizations of Darcy ’ s

law are described below.

— a j  —
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1. 3. 1. Low speed flow

It has been found that  there is very l i t t l e  flow when J = ~grad h i

is less than a constant  J 0 , the thresho) d~~ r n d i e n t .  This may he thought of

as being due to Intermolecular  a t t ract ive fo rces  which ore negligible at

hi gher flow rates.

Various modifications of Darcy ’s law have been suggested. Many of

the modifications are of the form

10 , if J < J 0

L -KF( J 0/1) grad h , if 1 >
~~0’

where F(t) is a given function. Among the suggestions for F(t) we

mention:

F(t) l - t , (Irmay; see Bear [ 1972 , p. 127]) ,

F(t) = (l -t) 2 
- ~ t[ (l ..t)3/2 arc tanth (l ..t)l/2 - ln t - (l~ t)] ,

(Kovacs [1969])

For further references see Bear [ 197 2 , p. 128] .

The concept of a threshold gradient introduces a new FB namely

the FB separating the region of flow where J < from the region of flow

where J > J
~

. So far as we are aware , this FBP has not been considered

in the literature .

—22—
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1. ~~ . 2. High ~pc ’ f low

At ~ogh h o w  z a t e s  it Is found tha t  the f 1o~’.’ rat e is less t hj n  tha t

predicted by Darcy ’ s law . This can be attributed to the onset of

turbulence which causes increased energy losses.
F-

The most general genera l iza t ion of Darcy ’s law is that of

Eng e lund :

gr ad h = -F( )
~

where F(t) is a give n func t ion .  Scheidegger [1960] ,  Ahmed and

Sunada 11969) , and Bear [ 197 2 , p. 182) summarize  the various choices for

F(t) which have been suggested . Almost all the proposed functions are of

the form

F(t )  = a + b~
m l  (Forchheimer)

where a , b , and m are constants.

An important application of the nonlinear versions of Darcy ’s law

arises in connection with porous flow through rockfill dams , that is dams

built with rock s rather than soil. The flow through rockfill dams is

apparently more turbulent  than the flow through corresponding earth dams ,

and it is necessary to use a nonlinear law. Fenton [ l9 7 2 a ]  has used

F(t)  b~m l  
,

with m = 1 , 2 , and 1.86. Vo lke r [ 1969J has used

-23 -
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F t l )  . 31 .) I 11. ~ 21 t

and

1’(t) = 8.89 3 t ’

Volker  obta~nod the values of the p arameters by f i t t ing to experimental

data using least-square s , and he observes th at both forms of F ( t )  fitted

the data accurately.

An interes t ing result  of Volker ’ s work is that the form of the FB

does not depend very much upon the choice of F(t), but that the nonlinear

equations give much more accurate results for the discharge through the

dam , (Volker [1969, p. 2108 and p. 2110]).

Hamel [1934 , p. 156) discusses modifications to handle infinite

speeds at points of discontinuity .

1. 3. ~~~. Slip ilow

In low pressure gas flow it is found that the flow rates are higher

than theoretically predicted. This is called the slip phenomenon or

Kllnkenberg effect.

Klinkenbcrg has suggested that (Bear [1972 , p. 128))

k
g 

= k1(1 4 b(k1)/p)

where kg ari d k 1 are the permeabilities to gas and liquids , respectively.

If the pressure p varies substantially then this implies that k g varies ,

but we do not know whether this has been taken into account in the

literature .

—2 ’~—
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1. s . 1~art ia 1ly ~-atur ate i flow

In th e d iscuss ion above f the f low of water through soil two

assump t ions  were ma li ’: ( 1) the f low is saturated , that  i s , the soil is

either wet or dry ; ( i i )  the motion of the air in the dry soil Is negligible.

In certain c i rcumstances these assumpt ions  are not reasonable , and it is

necessary tn consider the movement of water and air through the soil.

In the general case of multi - phase flow the porous medium contains

m f luids  which flow through the medium ; this is discussed in section 1 . 5 .

An important  special case of two-phase flow is unsatura ted flow which is

often considered in the water/air flow problems of irrigation . In unsaturated

flow problems the motion of the air is neglected , but allowance is made for

the presence of air.

Unsaturated flow Involves the introduction of a new varIable 0 ,

the volume of water per unit volume of soil . For s teady-state  unsaturated

flow of water the governing equations are (Braester , Daga n , Neuman and

Zaslavsky [ 1971 , p .  14]) :

div ~ 0 ,

- 

~~= - K grad h ,

h y + p/p g = y + p/’y

where , in distinction to the case of saturated flow , K is a function of

the present and past states of the flow.
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It has been found e x p e n i r i e n t u l i y  tha t  K is a highly  nonlinear

f un c t i~ n which exhib 1t ~; hys te res i s  and the re la t ionships  between K ,

0 , and ~ = p~~ have been stated in several ways .  (E. E. Miller ~~~

Kiute [ 19(7) , Broester , Dagan , t ” Jeum an , and Zas lav sky  [ 1971)).

In the ap p l i o a t l ( -n s  of interest  to us , K and 0 have been expressed

a s fun ct i - n -~ of the pressure p. For p > p = 0 K and 0 have been

assumed to be constant .  For p < 0 expressions of the form

K
0

+ 1
(I)

0
~V

+ 1

have been used , where 1%, O 0~ 
A , and B , are constants.

In partially saturated flows there is no water/air FB: as can be

seen from equation ( 1) , the water content is never zero . However , the

length of seepage surfaces is unknown because seepage occurs ordy when

the pressure p is positive (see section 2. 1).

A simplification in partially saturated flow which is sometimes

made Is that the region of unsaturated f low Is confined to a narrow zone

above the water table (p = 0) called the capillary fringe (Bear [ 1972;

pp. 259 , 262 , and 480 ]) .  The term “capillary fringe ” is used because the

fringe is thought of as being produced by capillary forces (in analogy with

the rise of a liquid in a capillary tub e) .  In saturated/capillary flow the

following assumptions are made:

-2 6—
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there a~ e th re e  r eg i ons  — the ~atuiated re gi on , the capi l l ir y

f i .. ( 11Ofl , and the  d ry r e i i o n .

The gnve~ rim ; eq u a t i - o i s  a re the same in the c a p i l l a r y  o ’j ~c r  end

the saturated region.  The dry /capillary i nterface is a lB . The

additional condition on F is that

p -P c

where the constant PC is the capillary pressure .

Bear [1972 , p. 259 ] states that  when a capillary fr ing e is used ,

the completely saturated region extends to the capillary/d ry interface .

It seems to us that this approach can lead to confu sion because although

the governing equations are the same in the saturated region and the

capillary region the boundary conditions are different  (see section 2 . 1 ) .

When comparing saturated flows with partially saturated flows or

saturated/capillary flows , it  is reasonable to compare the water/air FR In

th e saturated flow with the wate r table , tha t is , the curve p 0 , in the

other flows .

It is reasonable to assume (although not proved ) that as the

constants A and B in equation (1) te nd to ~ the solutions of the

part ia l ly  saturated flow problem will converge to the solution of

the corresponding saturated flow problem. Thus , partially unsaturated

flows provide a mean~ for approxim at ing saturated flow FBPS by nonlinear

—27 —
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f ixed bou n d ary  Vr 1IUC pr ( })lOIfls. This approach is related to the idea

of app rox ima t ing  ‘~a r r a t i n n a l  I r i c qua l i t l e s  by nonl inear  f ix ed boundary

value problem s .

For fu r ther  i n fo rma t ion  about uns atu ra ted  flow the reader should

consult Broester , Dagan , Neuman , and Zaslavsky [ 1971) . Freeze [ 1971)

gives a ger. er al d iscussion of the numerical solution of the three -

dimensional  p artial ly saturated problems. In addit ion we draw attention

to some work on the numerical solution of t ime-dep endent  unsaturated

flows which is not quoted by Braester et al : Am erm an [1969) ,

Carroll [1969) . -

See also : Rub in [1968) , Verma and Brutsaert [ 19701, Jur y [ 1973 1.

1. ~~ . ~~u lt i -phase porous flow

In r n u l t i - j~hase  porous flow the porous medium contains  m > 2

flu ld . For example , in oil r eservoirs the simultaneous flow of oil , gas ,

and water is encountered . In irrigation probl ems , the water available to

plants  Is in the form of water vapour , so that the two-phase water/water-

vapour problem is of interest  (see E. E. Miller and Kiute [ i 9 6 7 J ) .

For a general discussion ‘e Bear [ 1972 , chapter 9 ) .  For numerical

solutions see Startzman [1969 1.
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1 . 6. Electrokinetic porous flow

The subject of electro}:i netic porous flow Is concerned with the

flow of a fluid in a porou s medium under the influence of the hydrodynamic

and electric fields.

In plane problems the governing equations are as follows :

v =- k ~~~~+ k  ~~x hx 8x ex 8x ’
(1)

v = k  ~~~ + k  ~~y hy ay ey ay

j = Gx X 3 x  px 8X ’
(2)

= Gy y a Y  py 8y ’

av
+ 0ax ay

ai ai
—~~~- + __y. 

=ax ay

Here , v and v are the velocity components of the fluid j and jx y , x y

are the current densities , h Is the hydraulic head , E is the electric

intensity and k , k k , k , G , G , p p , are constants.hx by ’ ox ey x y x ’ y

Equations (1) are a modification of Darcy ’ s law , equations (2) are

a modification of Ohm ’s law , and equations (3)  express the conservation

of mass and current.
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The above equations are give n by Lcwl~ and Garner [ 1972] who give

fur the r  re feren ces .  Lewis and Garner solve a fixed boundary c lectr ok in et ic

porous flow problem using f ini te  elements. Lewis and I l un iphes on  [ 1973]

solve a t ime-dependent electrokinetic porous flow well probl em; see

secti ’n 3 . 4 . 1 . 1 .

7.  Hant roots

The flow of water to plant  roots is of importan ce in  agriculture ;

indeed , it is the main  purpose of irrigation to provide an adequate flow of

wat er.

Two approaches have been used to apply the theory of porous flow

to water uptake by roots (E . E. Miller and Klute [1967 , p. 23 9 ] ) :

(i) Root system model

The plant roots are assumed to be distributed continuously

throughout the soil and the uptake of water Is treated by replacing the

equation of continuity by a modified equation

div g~+ G = 0 ,

where G is negative and represent s the uptake of water by the roots

per unit volume of soil.
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(i i)  Single-root  model

The details of the flow about a single root are examined. It is

customary to a ssume that  the root is cylindrical , and that the water

flows throu gh the root wall at a given rate . The boundary condition

is thus

-K grad h constant ,

on the r o ’ wall  x a.

It appears  tha t  very l i t t le work has been done on this  i n t eoo~t I n ~

probl em. The two appro aches described above are rather rudimentary .

A more sophist icated appro ach  would require an unders tandin g of the

m e ch an i s m  of water absorpt ion by roots , and Slatyor [1960] is a good

start ing p - a n t  for a study of the l i terature  on this subject (see also

H a g a r i , lia i se , and E dm inster  [ 1967 , section V I ] ) .
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2. 3t. u :~~~~~~~~ :l :i t L u s

2. 1 .  ~r u ~~:ary - i lt ion : :  Fixe J t~ou ndar ie~

The rni ~~’ comm a f i xed boundary conditions ir e given immediate ly

below and are i l lus t ra ted  in Figure 1 for the case of water seeping through

an earth d a m .  U n l e s s  otherwise stated , satur ated  f low is considered.

i-~~~erLt. ~j .%4~ a.. •1

i~~t± 
1~~~~~~~ 

~~~&vJ ep 4 ( t  & ~.—

—

...~~~~~~~ 

~~~ 

‘
- b-  

-

— — — - 
t~ cact ~., ~ ~ L 

~~
~~~~~ 

-. —

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

PrLa ,.d._ o~~ ~~~~~~ —

— -. .- — — — -. — .- — .-. ~~~
. 
-~ .— — .— -.- — — — — — —. — — — —

~.vv~)’erif ou~ ~~ dar~

Figure 1: Common boundn !y conditions in porous flow

(1) Impervious boundary

An impervious boundary arises at the surface of the rock layer or

re ta ining wall. No flow occurs across the boundary and the boundary

condition is:

If Darcy ’ s law holds then

k grad h . n = 0.
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In ~~t c h i em s  for whi ch a velocity potential 4 exists , we have

~~
,n al-i

and in problems for which a stream function 4 exists , we have

constant

These boundary conditions hold for saturated , partly saturated , and

saturated/capillary flow.

(ii) Interface With fluid at rest

If the fluid at rest is denoted by a subscript 2 , then since It is

at rest the hydrostatic head is constant ,

h 2 = y + ‘ f  = constant . (1)

This is an implicit equation which can be solved for the pressure p 2,

- p 2 = p 2(y ) .

At the interface the pressures must be equal so that the boundary

condition is

p = p1 p 2 (y) ,

or , equivalently ,

— 3 3— 
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h = h 1 = y 4 ~~~J

where a subscript  1 , or no subscript , denotes the f luid in motion .

So far  as we are aware , boundary cono ”ion s of this  gener al ity

havc not been considered in the l i terature .

The constant  h 2 is usual ly  determined from a given value of

p 2 (v ) .  In particular , if the fluid 2 has an interface with air at a height

y = H then

h = H + 1f dp 
= H .2 g 0

Three special cases have been considered:

( i i ) (a )  Interface with gas

At a gas i nterface p 2(p) Is so small that the condition

h 2 = constant may be approximated to high accuracy by the

condition p 2 consta nt .

The most common gas interface Is with air for which we

have -

so that the boundary condition becomes

p = 0 ,

~1.
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or , equl v al e ’Ti t l y ,

h~~~y.

( i i ) ( b )  In te r f ace  bct.’,cen incom~pressib1e liquids

If both fluids are incompressible then

h 2 y -f p2/p 2q ,

so that

or , equivale ntly ,

p 2h = y ~ — (h2 - y ) .

( i i) ( c )  Water interface with reservoirs, wells, head waters ,
or tail waters

This Is a special case of (b) above with p 1 p 2 = p so

tha t

p pg(h 2 - y ) ,

or , equivalent ly,

h = h2

: ~~~~~~~~~~~~~~~~~ -
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( i i i )  ~ er’fl -The a U t I a r e

When a FR approaches a fi xed imperm eable boundary or a downstream

tailwater it cannot intersect them.  Ins te ad , a seepage surface forms

(see Figure 1). On a seepage surface the fluid is in contact with the a i r

so that , as in ( i i ) ( a )  above , we have

p =  0 ,

or , equivale ntly,

h = y .

in partially ~cn.urat ed flow seepage surface occurs when the pressure

p is gr eater than atmospheric pressure , so that the length of the seepage

surfa ce is unkno wn a-priori (see Freeze 19 7 1u J ) .

(lv) Exposed capillary surface or unsaturated surfacL

In a region of unsaturated flow , or in a capillary fringe , -
~~~ pre~~ ure

p is less than atmospheric and it is usually assumed that the fluid cannot tiow

across an exposed sur face. Such exposed surfaces are thus usua l ly  treated

a s being equivalent to impervious boundarie s and the boundary condition is

~~~~~~ 
= 0.

For equivalent form s see (I) above .

(v) Prescribed heads

In certain problems , notably problems involving flow toward s

wells , it is assumed that the head h is a given function on part of the

boundary : usu a lly h is assumed to be constant .
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(vi)  Pr e: ;cr~~ a i  [low r ate

Sometimes the flow rate g . ii is prescribed on part of the boundary .

An interest ing example arises In the study of the absorption of water by

plant root s; Gardner has analysed this problem on the assumpt ion that  the root

absorbs moisture at a constant rate (see E. E. Miller and Klute [1967 , p. 238J ) .

(vii ) Drains

The pressure p is usually prescribed at a drain . In most

problems p = p = 0.

(viii) Semi~ pervious boundaries

If two porous media are separated by a thin layer of semi-porous

material , then it is often assumed that

a . n = ( h - h )

where h1 and h 2 denote the heads in the two media. See Bear [ 1972 ,

p . 216] and Hantush [ 1964] .

The asymptoti c rehavior of the solution at the Intersection of -

different boun daries is ~onsidereu by Kravtchenko , Je Saint-Marc , and

Bareli [l 9 ~~5 J ,  Polubarinova—Kochina [ 1962 , p. 27 6 ] .

—37 —

- - ~~~~~~~~~~~~~~~~~~~~ -



In conclusion we observe that inf in i te  flow velocities occur In

the following ci i cumst anco s  (Mu ska t  [1937 , p. 291] , Bear [ 197 2 , p. 289 ] ) :

(a) At the point of intersection of a seepage surface with a water - table .

(b) When the Interface with an upstream or downstream reservoir has

a corner with interior angle (in the flow domain) greater than i’r .

(c) When impervious boundaries , seepage surfaces , or capillary exposed

surfaces have corners .

So far as we are aware , only Harnel [1934 , p. 156] has explicitly considered

the errors caused by assuming the validity of Darcy ’ s law at all flow

velocities. The va rious high speed flow formulas discussed in section

1. 3. 2 automatIcally prevent Infinite velocities.

2 . 2 .  Boundar y conditions: FBS

It is possible to conceive of very complicated porous flow FBI’S.

For example , one could consider the breaking of an earth dam due to excess

pore water pressure , in which case the darn faces would be FBS. However ,

so far as we are aware , the porous flow FBI’S which have been treated in

the literature involve only fluid interface FBS between two fluids denoted

by the superscript I for i 1, 2. Two basic boundary conditions are

imposed , namely continuity of flow and continuity of pressure:

(I) Continuity of Flow

The following cases arise: -

(a) No flow. The usual condition at a fluid interface is

-38-
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that there should be no flow across the Interface . The

boundary conditions are thus the same as for an Imparv ious

boundary (see section 2 . 1)  namely:

(i) 
- n 0 , for i 1, 2.

If Darcy ’s law holds then

grad h (i) 
- = 0 , for I = 1, 2.

If velocity potentials cf,W exist then

= 0 , for I = 1, 2

and if stream functions 4~
1) exist then

4,
(1) 

= c~
1
~ = constant , for 1 1, 2.

(b ) Accretion. It is sometimes assumed that there Is

accretion on the FB , and this is expressed by the condition

(1)9. ! 1 i~! a ,  (I)

where N is a specified flow. Usually N is of the form

where denotes the unit vector in the positive y

direction , N > 0 corresponds to positive accretion
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(such as rainfall  or Irrigation) and N < 0 corresponds to

negative accretion (such as evaporation) . (Bear [1972 ,

p. 256]) .

The form of (1) is somewhat arbitrary . One might perhaps assume

that in evaporation the rate of evaporation is proportional to the exposed

area so that (1) is replaced by

9 . . f l - N > 0 .

However , the boundary condition (1) is generally accepted .

Pozz i [ 197 ta , p. 24 1 considers evap orat ion from a clam and

observes that the problem may not be well-posed If the rate of

evapor ation (us ing  ( 1)) Is too large.

(ii) Continuity of pressure

The second condition at a fluid interface is that the pressure

should be continuous ,

( 1) (2)
p = p

The following cases arise:

(a ; Interface with a fluid at rest

This is discussed in detail in section 2. 1. The most

common cases are :

(a) Water/air interface for which
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(1) 
~ = 0 ;water a

or equivalently ,

~~~ = y .

(~ ) Fresh water/salt water interface for whIch

(1)
~ fw

- y) ,

or , equivalently ,

1 p
h~~~~~h = y + ~~~~~~(h - y )

fw p swfw

where the salt water hy draulic head h is a constant .
SW

(‘i’) Capillary fringe

A capillary fringe is an approximation to partially

saturated flow (see section 1 - 4). It is assumed

that the air/water interface occurs not when the pressure

is zero but when the pressure is equal to -p where

0 is a constant , the capillary pressure .

It is sometimes posstble to combi ne the above equations in a

useful way. Consider the conditions at an air/water interface with

accretion , namely

— 4 1 —
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h = y ,  ( 3)

(4) -

Bear [ 1972 , p. 257] shows that If Darcy ’s law is of the form

K11 o \  -

.

9 = -  ~~grad h
0 K22 J

then (3) and (4) lead to the equation

K11 (

~~~2 
+ K

22~~~ 
K zz + N )  2 

(K 2~~~~N)2 K
22 - (5)

Mauersberger [1965a ] shows that if N = 0 and Daicy ’s law Is of

the form

= -K grad h

then (3) and (4 ) lead to

grad h - K grad h - 
~y - ~ grad h = 0 , (6)

and also Mauersberger asserts that (3) and (4) are equivalent to (3) and

(6). We believe that this assertion of Mauersberger can be rigorously

Justified with the use of the maximum principle .
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2 . 2 . 1 - i- . in t .  u t Uet ach i ;cid

Tt l)(’h ~vior of u I~~ ! rd r a p~ i ~ t of (letachlnc’nt is d i scus sed  by

M u sL~t 1937 . p . 287 ] , A. ( a s a g r a n - l e  [ 1 9 4 0 , p. 302 ] ,  l-larr I l9~ 2 , p. ~ j

and Rear [ l ~ 72 , p. 28 -1 1 -

The a n a l y sis of the point of d :t a  ~‘h m c r ~t was f i r s t  s y s t e m a t i c - i N ,-

lnv ~~; t i q a t &  by A. Casag rande [1940 1.  There are a number of subtle d I f f i u1 t i~

and in the 1~ter i turc the results  of Casagr ande are often quoted wi thout

pr i f , r t - ’i - ~~- : c t -  being made to Casagra nde ’ s paper .  This is not en t i r i J y

sat l sf rc ’t ry since Casagrande used an engineering approach . The be: ;t

t reatment in t b -  l i terature is th at  of Bear [ 197 2 , p . 284] who makes sy s t ema t i c

use of the hodogra ph plane .

In the Figures below we show graphical ly various possible con-

figuratIons for l inear homogeneous isotropic saturated flDw ; we believe

that these are c )rrect but , (as explained at the end of this  section)

we a re not entirel y sat isf ied with all the j us t i f i ca t ions  which have been

advanced in the literature . For clarity , the curvature of the FB is

neglected in the Figures.  The flow velocity and slope of the FB at

the point of separation are denoted by q and ~3, respectively. The

slope ~ can usually be found fro m the condition that  the flow velocity

must  be finite at the point of detachment .
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Figure 4: Possible effects with accretion (a) intersection with downstream
water-table. (b) Intersection with downstream wall
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The aht ve l’i ;no s do riot exh aus t  d i t  th e p O s s i h L l i t i . - S .  if i c e r e t i

is pi e scnt ( n c j i t i V e  or p s i t iv e)  th en  sl igh t  rnodJicat io i c; at 1 igw OS 1 , 2 ,

a nd 3 are necessary ; see Bear [ l ) 7 ~~, p. 285 and p. 289 ] .

The asym ptoti c behaviour of the F8 near a point of ie t a . :hn- ent

J i~~LUS~~e.i by Kr avtchenko , de Saint -Marc , and Boreli [ i i 5 5J ,  J .  M . Taylor

[ 1 971 1  and Aitchi s-on [ 1 9 7 2 1 .

We now consider sonic of the shortcomings of the a rgumen t s  assc -i t - -~

with the geo~~ctr ie s shown in Figure s 1 to 4:

(i) One a rgument  used to j u s t i f y  the existence of seepage surfaces is

that if a seepage surface did not exist then the l B  would intersect

the water-table and inf ini te  velocities would occur (Muska t  [19 37 ,

p. 289] , Bear [1972 , p . 2 60 1).  However , the introduction ci a

seepage surface does not pre~ c.nt in f in i te  velocities , because the

flow velocity is infini te  at the intersection of a seep~ ge surface  w i t h

a water table (Bear [ 1972 , p. 287] , Muska t  [19 37 , p. 291 1) .

(11) It Is assumed that , in the absence of accretion , a FR slopes down-

wards in the direction of flow. That Is , if the f low is in the

positive x-direction and the FB is the curve y = y(x)  then

dy/dx < 0. Thi s Is of course a reasonable assumpt ion  but the proof

(using the maximum principl e)  is seldom given (see Shaw and

Southwell [1941 , p. 1 s ] ) .  This assumption is used to exclude

certain geometries:
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( a )  To ( -:~p 1ai i i  \-., l l y  t h~~r~ j S  1 ~i ’ v . i n ~ r In - s t - p  qa c r f a c e

but not an up~ t i c - n  st ’ p mu surface  (Be ar [ ~97 2 , p . 260 1 )

Ib )  To c’xcluc : the p- s s i lj i l i t y  t h a t  at an - - ,‘c rh~i n g i n cj  Interface

with an upst re - in i  water  - tal ) l - ( I ’ i  q u a -  l~ ) the FR is normal

to the interface , th at  is , ~ -

(ii i)  The a r g u m e n t s  for the cxi~~tuf lce  of a v ert i -~ 1 seepage surface at

an overhanging i n t n r f u c e  with a downstream water -t ab le  (Figure Zc)

are rather involved . The arguments  of Bear [ 1972 , p. 260] do not

hold In this case. Muska t  [1937 , p. 290] states that he cannot

j us t i fy  the existence of the seepage su:face mathematically except

In the case when there is no downstream water.

In conclusion we observe that we believe that the behavior shown

in the above Fi gures is correct . However a clear statement of the mathematical

assumpt ions  Involved is desirable. Our criticisms are not jus t  a demand

for “proofs of obvious facts ” . When FBPS are solved numerically , it Is

necessary to ensure that extraneous solutions are excluded. The t r ia l -

free-boundary method has been found to be a remarkably

stable method for solving porous flow FBPS. We are aware of only one

instance when the t r i a l - f r ee - boundary method was found to be unstable and

this oceurrea when ~~. L. Taylor and 3rown [ 1967 1 attacke .~ a problem

involv in g an overhanging Interface with a downstream reservoir . We believe

that the instabil i ty reported by Taylor and Brown is directly linked to the

mathematical d iff icult ies  mentioned in remark ( i i i )  above .
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i. Seepage

There are two basic types  of seep age i ro h iem:  seepage from

sources (reservoirs , ponds , chan nels , canals  , i n f ~lcrat 1on di tches) ;

seepage towards sink s (wells , drainage di tches , downstream reservoirs ,

tail waters) .  These probl ems can be combi ned In various ways , and

the geometry can be further complicated by the introduction of impervious

barriers , etc. We classify the problems as follows : flow through dams ,

flow from channels , flow to drainage ditches , flow toward s wells. This

classification is purely one of convenience , and severa l authors have

developed computer programs which can handle more than one type of

problem.

R. L . Taylor [1966] gives a general program for solving plane

and axisymmetric porous flow problems with general geometry . Two

applications of this program (flow through an inhomogeneous trapezoidal

dam , and flow to a well) are given by R. L. Tay lor and Brown [1967] .  A

later version of this program is given by Keal y and Busch [ 1971] .

Neuman [1972] gIves a general progr ari  for solving plane and

axisymmetric saturated-unsaturated porou s flow problems.

3. 1. Seepage throu~ n aams

In many par ts  of  the worlJ , Jams  are constructed tro m earth or ,

less frequently, rock. Figures 1 and 2 i l lustrate some , but not all , of

the various possibilities.
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The m aterial in this  section is sub J i v i ~ e-i as fo llows: s~- ~p 1e

rectangular  Jams , simple t rapezoidal dams , polygonal Jams , a n :

othe r ~eome tries .

i. 1 - 1. Seepage through simp le rectangular damsI.
The geometry is shcwn in Figure 1.
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Figure 1: Seepage through a simple recta ngular  darn

The case of a homogeneous dam with constant pressure (atmospheric~) on

the FB has been considered by many authors and serves as a model

p~~~lem for seepage through dams.  This section Is therefore divided
)

into two subsections: the first subsection consider s the model problem ;

and the second subsection considers generalizations.
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i . I. I .  I . S~~~ a-j e Ui r ou gn ~i np 1e rec tangu l ar  Jams:  the m odel prob lem

The q ’-  n a - t r y  Is shuWfl  in Figure 1 of sect Ion 3. 1 . 1 -
In the  ~~-~ - - r - ~~~~~, which is considered here , It is assumed that  the

d i r :  in  h lnc c ;- ’n eou s and that  the pressure on the FB is constant

(a t rn -aph c ’r ic

The in- del pr - P h - r n  can be solved analytically using the hodograph

method , and there are three distinct derivations in the literature .

The f i rs t  analytical solution of the model problem was given

by Davison in 1932 , and was repeated by Davison [1936 , p. 89 7 ] .

The second analyt ical solution was given by Harnel [1934] ; this

solution is described by Muskat  [19 37 , p. 303] and Bear [1972 , p. 398] .

As is usual in the hodogra~ h method , l iamel’ s solution contains a number

of parameters . Hamel carefully analyzed his solution and proved

(Hamel [1934 , p. 147]) that the paramet-ers could be chosen so that h/H

assumes  any value between 0 and 1 and 1/H assumes any value

less than ~~~~. In other words , Hamel proved that a solution exists for

all H > 0, h < H, I > 0.

Hamel and Gunther [1935] and Muskat [1935] have evaluated

Hamel ’s solution for several values of the parameters. This work is

discussed by Musket  [1937 , p. 309 ] and the rasults are quoted in

Table I below.
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l i m e  t h i R l a m m I y t i c a l  n du t ion  of the m odel prob lem l~ yi V e fl  by

l e l  ub 5 a iii  v ~~ chi i  [ Ja(, ~ , ~~
. ~~; 1] . This n lu t i o n  gives the geometrical

d i m n m r s i ir i : ;  ft - ] t i b i i i n  V I  -~~~~-h i i i a  1 12 ( 2 , p. 2 89] ) ,

r~~~ 
~L :~Jsth 2

~ ’L dW , (1)
0 ‘ui - a - (I l - a) s ln ‘I’

- ~/z 
R~ i~ (~~~ )s in 2

’P 1d’i ’
- .1 / 2 , (2 )

O 1f3-c ~l ( 1 -~~) sir m ‘I’

A

~
— j~ K( ’-i- si n ‘I ’)sin ‘I’ d”I’h~~~C~~a j  

~~~~~~~~~ 2 20 t/(l .a sin ‘I ’)(j3-a sin W)

in te rms 1 parameters  a , ~3 , C. Here , k denotes the complete

elliptic integral  of the first kind ,

K(~ ) K (N ~~) = f  fl 2 (~ )
0 ~~~~~~~ sin ~‘

The height of the seepage surface is (Polubarinova - Kochina [1962 , p. 289 1) ,

h = h + ~ 

¶/2 K(cos~~~) sin W cos ~ d’~
0 J(l-a1 sin 2 

~
I I ) (1

~ 13l sin 2
~I’)

where a’1 1 - a , p1 = 1 - P. The Fi3 is given in parametric form

(Polubar inova - Kochina [1962 , p. 29 0 ] ) ,
ft.

K(s in ‘l ’)sin ‘I’ d’~’x _ t - C j 1~~ 2 2 (6)
0 ~./(l-a sin ‘I ’)(l-~ sin ‘I’)

~ 2K(cos ‘I ’)s ln’I’ d’I’y = h +h + c f — 7  2 2 —S 0 “I ( l-a  sin W ) ( l -~ sin ‘l~)

for 0 < ‘Ii’ < 1T/2. Polubarinova - Kochina [ 1962 , p . 290] evaluates

these formulas  for various values of the par ameters a , ~ , C.
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There ~rr e two misp r in t s  in P olub arinova -Kochina [ 1962 , p . 2139] :

the term In the denomina tor  of (2)  Is given as ( n - a ’)  - ( l -P )  sin 2 
‘1’; the

ran g e of in tegr at ion  of (5)  Is given as [0 , 1], . Also , in the integrals for

1 , H , and h given by Polubarinova-Kochin a ( 1962 , p . 288] , the term

r, In the denominator  should be ‘J~~~
.

In addition to the three analytical solutions described above ,

the model problem has been solved approximately by many authors.

The results are summarized in Table 1 below .

Author (Method) H I h

Hamel and Gunther - 32 1 ± - 009 . 1 585±~. 002 . 08 1 ± . 005 . 20 5* . 007
[1935] (Evaluation
of Hamel ’ s solution)

Muskat [19 3 5] (see .3223 . 1619 .0842 . 2067
Muskat [ 19 37 , p . 314]) .6695 .4439 . 1579 .3598
(Evaluation of Hamel ’ s .67204 .329 3 0 .4300
solution) .8715 .4843 0 .5 192

Polubarl nova - Kochina Many re suits plotted graphically
[1962 , p. 292]
(Evaluation of solution)

Breiten6der [ 1942 , p. 56] 1.49 1.08 0 .74
(Graphical methods In
hodograph plane)

Wyckoff and Reed [1935 , - 322 - 1 57 
- 083 . 206

p 398] (trial free .68 * .61 * 0 .29 *
ary method ; analog )

Shaw and Southwell 24 16 4 12.7 5
[i941 , p . 9 1 (see Southwell
[19 46 , p. 207 1) (trial
free boundary method ;
finite differences)

McNown , Hsu , and Yih 1 2/3 0 .43
[19 ss , p . 668] (trial free (2 4 )  (16) (0) (10 . 32)
boundary method ; finite
differences)
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F i r w e n :  re and P erry 24 16 4 1 2. 268 D ) I [ ( 1 ( a t

[ 1968 , p . 10 66 1 (t r i a l  free 12. 192 i n i t i a l
boundar y method ; f in i t e  12. 213 guesses
di f f e r e a c e n )

Herbert dfl - l Pu sh ton  32 16 4 20 .8
[1966 1 (t r i a l  f re e
bounda ry m~ t h c d ;
res i s tance  netw r k )

j .  M. ‘ruyl -)r [ l97 1 p. ~( , 1 2/3 0 . 5268 (i~x =f l / 2 4
p . 57 , p . 65] and (24) (16)  (0) ( 1 2 . 64)
Aitchison [ 1972 ] 1 2/3 1/6 .5330 (~~x - H 1 24 )
(tr ial  free boundary (24)  ( 1 6 )  (4) (12 . 79)
method ; f i n i t e  1 2/3 1/6 .5314  (~~x~ H/48 )
diffe rences) (24) (16)  (4) (1 2 .7~~)

Comincioli , Guerri , .322 . 162  .0 84 - 20611 (M et l -n d
and VolpI [ 1971] - 20684 (Method M 2 )
(trial free boundary 24 16 4 12 .892  (Method M 1)
method ; finite 12. 368 (MCt h Od M 2 1
differences)

Szabo and McCaig 19.7 26 . 56 1.3 5 .3  See France
[1968] ( t ime — et al . [1971]
dependent ; finite
differences

Herbert [1968] 16 16 0 7~~3*
(Time-dependent ;
resistance network )

France , Parekh , Peters , 19.7  26 . 56 1.3 5 3 *
and Taylor [ l97l~ 16 16 0 6.8~(time-dependent ;
fi nite elements~
Comincioli , Guerri , . 32 2 .1 62 .084 . 2364 (~~x :-U/ l5)
and Volpi [ 1971] . 2043 (~~x~ H/ 3 0)
(variat ional  inequal i t ies ;  • 2 150 (~~x= 1-1/60)
f in i te  d i f fe rences )  24 16 4 14.4 (~~x= !1/3 O)
Kea ly and Busch [1971 , 6 5 1 2 .6
p. 9] ( t r i a l  - free— bound ary
method : f i n i t e  e l em ents )
(Also Kea1y~~nd Willi ams
f 1971 , p . 1-is]

Table 1: NurnerlciI :;nlutlnns for the mode1~~~~~j em
Ls ..t~xLJ~ ~~exp L~n .ttory_cnminen t~~
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A n u m b - t  of exp l ana to ry  comments  mus t  bc m mdc reg arding Table 1:

( 1) The values  m i r k e - i  by an a s ter i sk  have been es t imated

by u s fro m graphs .

(ii) The values in br ackets  have been scaled by us from the

re sults in the previous line and rounded to four

sig nificant  figure s for easy comparison .

(l i i)  The results obtained us ing  variational inequalities are

not strictly comparable to the other results because a

different  formulat ion Is used . The value of h shown
- S
In Table 1 is obtained using the first  y-coordinate for

which the solution vanishes on the y grid-line adjacent

to the downstream face of the dam.  The results given here

were obtained using a modified version of the program of

Comincioll , Guerri , and Volpi [1971] .

In addition to the results shown in Table 1, both J. M. Taylor [1971]

and Muskat  [1935] give the solutions for other values of the parameters and

unpublished solutions h ive  been obtained by Symm [ 197 5] (trial free

boundary method with integral equations) and Ferriss [1972] (brute force trans-

formation to a rectangular  doma in ) .
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The c ~‘a lua t i a of the solutions of iTamel and Polubarinova —

Kochina is a d i f f i cu l t  task by h and  but relatively sImple on a computer.

It is therefore u n f o r t u n at e  that  this work has  been overlooked and that

many authors have  computed numerical solutions for the m odel problem

without compar ing  their results with the exact solutions. In Table 1

several problems occur frequently . For comparison we give in Table 2

the corresponding values obtained by us by evaluating formulas (1) to (5) .

The integrals  were evaluated using a double-precision version of the CADRE

subroutine of de Boor [1971]. The values of a and ~3 were found using a

single-pre cision version of the metho d of Brown [1969 ] applied to the equations

I H
I H

r (8)

h f  - h = O ,

where I , H , and h are given by equations (1) to (3) and where 1
r ’ 

Hr~

and h r 
denote the desired values of 1 , H , and h , respectively . The

solutions given In Table 2 are believed to be correct to the number of

decimals shown. We are grateful to Julia Gray for her help with the

programming .

11 L P.
24 16 4 l~~.7 132  .095 126 .465367

24 16 o 12. 5674 0 .4 16089

. 3 2 2  . 1 62  . 0 8 4 . 20 4 4 6 0  . 0 9 8 554  . 199823

Table 2: An.Jy~icnl evaluation (or th~ model probl em
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We now consider the a n a l y s i s  of the model p !obiem.

It was found by Charni  [19 51] that the flow Q through the dam

is given exact~y by the form ula

Q = k(H 2 
- h 2 )/21 , (9)

where k denotes the permeability. Formula (9) is derived by

Polubar i nova - Kochina 1 1962 , p. 282) and Bear [ 1972 , p . 367] -

Formula (9) is also obtained by using the Dupuit - Forchheimer approxima-

tion ( see Bear [ 19 7 2 , p. 366) ) .  Many authors have solved the model

problem numerically ,  computed the flow 0, and remarked how accurate

the Dupuit - Forchheimer approximation (9) is , not realizing that is in

fact  exact.

There are several proofs of existence and uniqueness.

Hamel [1934] proved existence by analysing in detail the analytic

solution obtained using the hodograph method . Both Hamel [1934 ,
p. 147 ] and Davison [19 36 , p. 882) indicated that they believed

that the solution was unique , but they were unable to prove this.

Miranda [ 1969] proves existence and uniqueness using conformal

mapping techniques. Baioccht [ 1971] showed that the problem

could be reformulated as a variational inequality , and proved existence

and uniqueness; for a more detailed description of this work see

Baiocchi [ 1972] , Batocchi , Comincioli , Magerie s , and Pozzi [ 1973].
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It 15 al so possible to prove severa l r e su l t s  about the 18.

Davison [1 9 ~(~ J used the m a x i m u m  pr~nc ip ie to prove a number of

q ua l i t a t i ve  prop ei t ie s  of the ~B. Shaw and Southwe l l  f l~~ 1, p . Is)

— 

use the m a x i m u m  principle to prove that  the FB is monotonical ly

ee rea~ ing . M i r - nda [ 19(-~ , ~~~. 7~ ] ,  ~ai occhi [ ~972 , p . 1 2 ’~

and Baiocchi . Comiricioli , Magenes , and Pozzi [ 1973 , p . 32] prove

that the FB is analy t ic .  J. M.  Tay lor [ 1971] (see also Aitchison [ 1972])

obta ins  an expansion for the FB in the neIghbourhood of the seepage

face ; this  is a special case of the results ol Polubar inova -Koch i na

[1962 , p. 276) and Kravtchenko , de Saint Marc , and Boreli [19 5 5) .

3 . 1 . 1 . 2 .  Seepage thro ugh simple rectangular dams:  the general case

The geometry is shown in l’igure 1 of section 3. 1. 1.

The following generalizations of the model problem have been

considered:

Evaporation

Davison and Roscnhead [1940 , p. 352] derive an analytic

solution for the case when there is no seepage face. Pozzl [ 1974 , p. 14;

l974a , p. 16] derives an analytic solution in three special cases , for all

of which there is no seepage face.

Pozzi 1 1974] reformulates the problem as a variational inequality

and proves existence and uniqueness theorems. Pozzi [1974a , p. 6]

proves that  the FB is analytic . Pozzi [ 1974a ] also gives numerical results

obtained by solving the variational inequality using finite differences.

— 5 9-
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Infi l trat ion

Pozzi [ l974a , p. 24] obtaIns some non-existence results which

lead him to question the correctness of the problem.

Variable permeabi~~ y

Outmans [ 1964] obtains the flow Q for horizontally or vertically

stratified dams.

Baiocchl , Comincloll , Magenes , and Pozzi [ 197 3] prove existence

and uniqueness for horizontall y or vertically stratified dams.

Bend [ 1973 , 1974] usuS  variat ional  inequali t ies to prove existence

and uniqueness  for the case

k exp(f(x) + g (y ) ) .

3. 1. 2. Seepage through simp le trap ezoidal dams

The geometry is shown in Figure 1 in which a , ~, H, h , and either

I or -

~~~~ 

must be specified . Unless otherwise indicated we consider

the case of a homogeneous isotropic material .
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Figure 1: Seepage through a simpl e trapezoidal darn

The case of a trapezoidal dam is more complicated mathematically

than the case of a horizontal recta ngular darn because the discharge Q is

not known .

For the case ~3 90 0 Baiocchi , Comincioli , Magenes , and Pozzi

[1973 , p. 73] prove that there exists at most one solution , and Comincloli

[1974) proves that there exists a solution and also describes a convergent

numerical method. So far as we know , the existence of solutions for

\ 90° is not known.
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Numerical  solutions have been obtained in the following cases:

Author (Methodl H 5 I h

Wyckoff and Reed •39 * 1.42* - 0 300 30° - 26 *

[1935 , p. 400 ) 54* 1.43” 0 450 450 .25 *
(trial free boundary
method ; analog )

Yang [1949 , p . 48) 3 10 - 0 450 45
0 75

*Heinrich and Desoyer 8 44 1? 0 - - 3
[ 19 58 ]  (time-dependent;
fi nite diffe rences)

W . D . L .  FInn [1967 ] ( trial 4 7 7 5  - 0 450 60° 2. 125 *

free boundary method ;
finite elements)

-112 -112 *
Fra nce , Parekh , 12 42 - 0 tan (~~) tan (j~) 2 .4
Peters , and Taylor
[1971 , p. 177) (time-
dependent ; f inite
elements) -

Fenton [1972 a] and Parkln 1 - . 5 5 330 330 75*

[1971] (trial free boundary 1 - . 5 - 5 45~ 450 75*

method; finite elements)

Balocchi , Comincioli , 1 3 - 2 0 450 90~
Guerri , and Volpi
[1973 , p . 57) (varia-
tIonal inequalities;
finite differences)

Comincioli [ i974b) various 90°
(variational and
quasi - variational
inequalities;
finite differences)

*Est imated by us fro m graphs.

Table 1. Numerical solutions for a simple trapezoidal dam
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Fenton [ 1~~72 a  l is ts  his  p r ogram and giVe S results  for many

values of the par -u  - - t - r - ; .  L~~ ’ work: ,f Fento n [ 1) 72 a 1 and P arki n  [1971]

i s for the general  i i  ai l in c ’ai  w F (t )  :- at m 1 (see section 1. 3. 2) ,

but , for con sis tency , the r e su l t s  quoted above are fur the linear case

m = 1.

Freeze [197 1aj uses a t ime-dependent  method with f in i te

differences to solve severa l probl ems of flow through non-homogeneous

trap ezoidal dams .  Freeze considers sa tura ted-unsatura ted flow , hut

he compare s his results with those for saturated flow .

Pettibone and Kealy [1971] use the trial free boundary method

with finite elements for flow through an inhomogeneous trap ezoidal darn

(a mil l- tai l ing dam ) .

In addition , Welnig and Shields [1936) , A. Casagra nde [1940 ,

p. 313] , and Neu m an and Witherspoon [ l970 , p . 895] have obtained

approximate solutions , but the numerical values of the geometrical

parameters are not given.

3. 1. 3. Seepage throug h polygonal dams

There is an immense  num ber  of poss ibi l i t ies .  The fol lowing problem s

have been considered:

Cut -of f  wal ls

A cu t—o ff  wall Is a wai l  ( u sua l l y  sloping and imperv ious) built  to

cut of f the flow. Vo lke r  11969] has used the t r i a l  free boundary method
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with f in i te  elements to solve the problem of nonl inear  flow through a

po lygonal  d~ m with cu t —  o t f  wall (Figure 1).

= -
-

~~~~~~~~~~~~~~~

--

~~ ~~~~~~~~~~~~~~~~~~~~~~~

Figure 1. Flow with impervious cut-off  wall
(based on Volker [1969 , p. 210 9])

Toe Dr~ lns -

Harr [ 1962 , p. 223] gives the analytic il solution for a

trapezoidal dam with toe drain (Figure 2).

I’ - -

i /  T:~I--- -- -. -

I 
- 

- 

-

_ _

L 1r~~

Figure 2. Trapezoidal dam with toe drain
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Jeppson [1966 , p. 12; 1968] has used finite differences in the

44~-p1ane to solve the problem of Figure 2 for several values of H , L,

and a. Jeppson compares his results with the graphical results of

A. Casagrande [1940 ] and the analytical results .

Shaw and Southwell [1941] used the trial tree boundary method

with finite differences to solve two problems of a trapezoidal dam with toe

drain on a porous layer (Figure ) •  In the first problem the material was

isotropic ~~I I J  hQIl1O~Jene0U S (Figure 1a);  on the second problem there was

a sublayer  of d i f f e ren t  per meabi l i ty .  (Figure 3h). Neu man  and Withcrspoo n

[ 1970 , p. 896] u~ e the t r i a l—free -boundary  method with f ini te  elements to

solve a similar  problem.
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(aJ Homageneous layers
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(b) Two 1~ yer3

~~~ure 3: Trapezoidal dams with toe drains on perviou s
layers (based on bkiaw and Southws ll [1941, p. 4] )
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Trapezoidal dams with rock toes

A trapezoidal dam with rock toe is shown in Figure 4.

_ /
/~~~\

-

C -

Figure 4. A trapezoidal dam with a rock toe

Harr [ 1962 , p. 210] gives the analyt ical solution for the case

when there is no seepage face.

Numerical solutions for the case when there is a seepage face

have been obtained by: R. L. Taylor and Brown [ 1967] (trial free boundary

method with finite elements); Neuman and Witherspoon [ 1970] (trial free

boundary method with finite elements) ; and Neuman and Witherspoon [197 1a]

(time-dependent method with finite elements. )

Mi l l - ta i l ing  dams

Mill- tai l ing dams are dams whIch are built to contain industrial

eff luents .  Kealy and Soderberg [ 1969) give a general survey of the design

-66- 

_~~~~~~_d• —



problem s assoc iated  with m i l l — t a i l in g  dams.  The most  I m p o t - n t  aspect is

the s t ab i l i t y  of the d~ ms. I n s t a b i l i t y  can lead to d i sa s t e r s  such as at  Ah erfa ri

in Wales in which a school was buried . The location of the ro subs ta  ntthl ly  n f f u c ; t

the stabili ty characteristics of a dam (Kealy and Wil l iams [1971 , p . 153) .

Kealy and Busch [1971 ] (see also Ke aly and Wibicos s [1971 , p. 152 ) )

use the tr ial  free boundary method with f ini te  e lements  to solve anisotrop ic

non—homogeneous m i l l — t a i l i n g  dam proble m s (Figure 5 ) .

Figure 5. A typical  m i l l - t a i l i n g  darn (based on
Kea ly and Busch [ 197 1 , p. 16] )

An  interest ing feature of these pr oblem is that sometimes the FB is concave

(as in Figure 5). This is in agreement with observations (Kealy and Busch

( 1971 , p. 6 and p. 25).
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Sh 1)!Le~.

The problem of a dam with sheetpi les introduces interest ing

additi on~d ma thema t i ca l  and numeric al  d i f f i cu l t i e s  because the upstream

point of de tachment  is free. (See Figure 6).

Baiocchi , Comincioli , Magenes , and Pozzi [ 1973 , p. 4 6] prove

existence and uniqueness  for a rectangular  dam (Figure  6). So far as we

are aware , there are no numerical solutions.

-

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

—~~~~~~~~~~

-

-  
- 

~~~~~~~~~~~~~~ - - -

~~~~~~~~~~ 
-

~~~~~~~~~~~~ 
- - —

~~~~~~~~

FIgure 6. Rectangular  dam with sheetplle

Harr [ 1962 , p. 1761 gives the analytic solution for a dam with

sheetpile wall arid toe drain (Figure 7).
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shc~et pile
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F1g~ire 7. Dam with sheet pile and toe drain

W. D. L. Finn [ 1967 , p. 46] uses the trial free boundary method

with finite elements to solve the problem of a trapezoidal dam with two

sheetpiles. Malone and Frarizetti [1969 ] give experimental results Lor

a particular dam , the Kainj t darn in Niger.

Trapezoidal -Jams with slopin,g bases

The geometry is shown In Figure 8.
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Figure 8. Trapezoidal dam on a sloping base

Baiocchi , Comincioli , Magenes and Pozzi [ 1973 , p. 76) use

variational inequalities to prove uniqueness for the case ~ = ~r /2, and

Baiocchi , Comincioll , Guerri , and Volpl [ 1973, p. 65) give numerical

results for the case a = = ,r/2 .

For the case ~ = iT/2 , Comincioli ( 1974a] proves existence

and uniqueness using a modification of the method - of variational

inequalities. Comincioli also gives som e numerical results .

Harr [ 1962 , p. 208] gives an exact analytic solution for the case

-70-
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(~~I l o d l ~L l  -~ u - : ol ( I a l a ,

Dav i so n [ l ) 3 i a ]  con :;idei the flow t l i ’ouy h  cJ ( nerd l polygonal

darns [ Figure 9).

N

/ 5-

/- 
- N

- - — / — N ~ -

Figure 9: A general polygonal dam

Three-dimensional  dams

Freeze [197 Ia] uses the time—dependent method with finite

differences to solve a problem of flow tirough a three-dimensional

pol yhedron.

Three-dimensional problems have frequently been solved using

electrol ytic tanks (Bear [19 7 2 , p. 702) , Polubarinova-Kochina [ 1962 ,

p. 463) .
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3~. 1 . 4 .  Seepage throug h dams with ~eneraI ~;eornet ry

The tol lowinq probl ems have been considered :

Herbert and Ru shton [ 1966 , p . 68) use the trial free boundary

method with  resistance networks for the seepage through a dam with

parabolic upstr eam face and drain (Figure 1). They compare their  results

with the exact solution of Kozeny .

— ‘
.5.
’

— —_- I  —
-- p
’

— :  — — I - ~
_-~~ \— — — I - — . —

— — _

~~~~~~~~
,,_

_ — —

—
— — —- I — —— — - i  —

Figure 1: Dam with parabolic upstream face and drain
(based on Herbert and Rushton [1966 , p. 68 J )

Volker [ 1969] uses the trial free boundary method with finite

elements to solve the problem of nonlinear flow through a ”trapezoidal”

dam with a slightl y curved downstream face .

Baiocchi [ 1974) has shown how the problem of flow through a

dam of general cross-section (Figure 2) can be reformulated as a quasi-

vari ational inequality. Comincioli [1974b J  applies this method to

obtain numerical solutions; Cominctoll gives numerical results for a

trapezoidal dam but points out that the method can be applied to a wide

range c~ f problems.
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Figure 2: A dam with Qeneral crpss-~ ectIOfl

3 .2 .  Seepage from channels

There is no standard terminology , and channels are also called

inf i l t r at ion ditches, canals ,  streams, or pond s (axisymmetric) .

It Is worth mentioning (Garg and Chawla [ 1970 , p. 1261) ) that the

anal ys is  of seepage losses from channels is an important problem . In

some Irrigation systems in India so much water is lost from the channels

bringing water to the fields that less than half the water originally available

is delivered to the fields . Not only Is that Inefficient , but the ground

alongside the channels becomes water-logged which creates additional

diff icult ies.  Hagan , Haise , and Edminster [1967 , chapter 1] give a very

interesting account of the irrigation systems of ancient civilizations.

Harr [1962 , cha pter ~~] and Polubarinova -KOchirl a [ 1962 , chapter 51

give useful summaries of the available analytical solutions.
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One minor point which does , however , deserve comment concerns

the behavior of the FB at a point of detachment in the case of a cap illary

fringe . In the literature the FB is often shown normal to the channel

surface as at point A in Figure 1 (Polubarinova -Kochina [1962 , p. 1601 ,

Bruch [1969 , p. 1404)) . However , consideration of the flow in the hodograph

plane (Bruch [1969 , p. 14051 , Bear [ 1972 , p. 28 5] ) shows that the FB

is horizontal as at point B in Figure 1.

Figure 1: Behavior of the FB for a capillary fringe

3. 2. 1. Single channel into half—p lane

The geometry is shown in Figure 1; water seeps from a channel

into the surrounding soil . -
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Figure 1: Seepage fro m a single channel into a ha l f -p l ane

The case which has been considered most frequently is the case

of a channel of trapezoidal cross-section (FIgure 2).

p 

-

~~~~~~~

• 
I —  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

: 

-

Figure 2: Seepage from a ~~ane t rapezo i d a l  channel  into a
half  ~pjj !ne (with capi l lary fr in gej .
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Special ca ‘ .~ InClU( 11’

(I) Symmetr ic  t r apezoid al  channe l :  a

(i i) Tr iangula r  channel:  b - 0

(iii) Symmetr ic  t r i angular  channel: a ~ and b = 0

(iv) Vertical slit: = ~3 - ir/2 and b = 0.

Wedernikow [1937)  obtained the analyt ical  solution for a symmetric

trapezoidal channel (includi ng rect angular , t r ian gular , and slit channels

as special cases);  see Harr [ 1962 , chapter 9 ) ,  Polubarl nova-Kochina

[1962 , page 1491. Later , Wedernikow [19401 obtained the analytical

solution for a symmetric trapezoidal channel In the case of a capillary

fringe ; see Polubar lnova-Koch ina (1962 , p. 160) .

There are a number of exact analytical solutions for channels with

a curved “almost t r iangular ” cross-section ( Herr [1962 , p. 231] ) .

Hamel [1938 ] gives a series solution for the case when the chdnnel

surface Is of the form

x =

~~~ 

8n cos (2n+l) w , y = b~ + 

n~0 
a~ sln(2n+l)~

Hamel [19 38 , p. 43) points out that it is necessary for u niqueness

to assume that the pressure is bounded at infi nity .

So far  as we are aware , there are : (I ) no numerical solutions;

(i i) no ana ly t i c  solutions ~or pl ane unsy inmetr ic  trapezoidal channels;

(ii i)  no ana ly t ic  solutions for ax i symmetr i c problems.  There are of course

numerical solutions for flow into a f ini te  layer (see section 3. 2. z).
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3 . 2 . 2 .  Single channel into f ini t e  layer

The geometry is shown In Figure 1 for a trapezoidal channel:

water seeps from the channel  i nto the surrounding soil of f ini te  depth ;

at depth D there is a drain or pcrvious layer.

/ /
\~ - : : / ~~~/ — \ 5- - /

I - _
.&— b ---’- --

_ 
- ~ 

Figure 1: Seepag~e from c h a n n e l  in to  f ini te  layer

We consider the plane and axially symmetric cases separately .

The case of a plane symmetr ’c tr i-3ngular channel has been

considered by several workers. Bruch and Street [1967] give an

analytical solution and find that it compare s well with experimental

results for a = 450 H = 4 , D = 46; Bruch and Sainz [1972] use an

interactive computer terminal to evaluate thi s solution. Jeppson [ 1968 a]

uses f ini te  d i f ferences  In the 44 -plane and compares his results with
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those of Bruch and Street [1967 1 for the case a 45°, H = 9 , D 51;

Bruch and Sainz [1972] plot their results (see Figure 2) and compare them

with those of Jeppson (not shown) . Jeppson [l968a] also give s results

for several other values of the parameters .

= .~/
‘_~ ‘

—

5-—
-5--

—

~~~~~ 

_

t

-.5-

~1 —
-5--

Figure 2: Seepage from a triangular channel for
a = 45°. H 9. D 51 (based on Bruch
and Sainz [1972 , p. 5221).

Plane symmetri c trapezoidal channel problems have been solved

for a variety of governing equations by Jeppson using finite differences

in the 44~-p1ane:
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R eference Gove rn ing _E ju~ t ion s

Jepp son [ l’J68 aJ Homogeneous , iso t ropic .

Jeppson [ 1969 a] Isotropic , k - Ax + By + C.

Jepp son [196 8h] Two soil layers  1 and 2 with constant
permeabili ty tensors .

k W 0 k~
2
~ 0

~

‘ =
~~~: k U) ’  

K 2
~~~~ x 

k (2))

If the interface between the layers is not
horizont -j i then we must  have

k~~ /k W = k~
2
~/k~

2
~x y x y

Jepp son and Nelson [1970) Partially saturated flow with

Ik o/(P/po ) a 
+ b , if ~ <

k =(
if ~~~~~

Jepp son [l968c] has  considered axisymmetr ic  probl ems. Jeppson

uses finite differences In the axially symmetric 44-pla ne and allows the

permeability to depend linearly upon the depth y.  The channels are not

specified but app ear as part of the solution. In the problems solved the

channels are approximately trapezoidal , and Jeppson [ l968c , p. 127 9~]

asserts that  the solution for a channel of prescribed shape could be

obtained by an iterative procedure . Neuman and Wltherspoon [ 1970) use

the trial free boundary method with finite elements to solve the same probl em

and compare their  results with those of Jeppson.
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3. ~~. 3. Seepage from multiple channels

B ruch 1)  ha :~ ~p) icd the hodoj i  ap !i m et l t o ( 1  to the problem

of a periodic ar ray  of p~ra ~ie1 (p l ane )  s ym m e t r i c  t i i an r j u l a r  chann els

with a capil lary fringe underlain by a drainage layer at f ini te  dupth

(Figure 1). We are not aware of any numerical  solutions. 

—
5- 

-

~~~~~~~~ --~~~~~~~~~~

FIgure 1: Seepage from periodic triangular channels

Drainage

The objectives of agricultural drainage are :

(1) The orderly removal of water that is excess to economic crop

production.

(Ii) The establishment and mairi t3nance of a proper salt balance

in the soi l , since under certain conditions , and especially in

arid countries , inadequate drainage can cause excessive con-

centrations of salt.
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The importance of drainage is indicated by the fact that it is

believed that inadequate drainage contributed significantly to the decline

of many early civilizations and is a threat to many present irrigation

schemes (H agan , Haise , and Edminster [1967 , p. 98 8]) .

Basic references on drainage Include Luthin [19 5 7 ) ,  van

Schilfgaarde [1970 , 1974) .

Drainage FBPS consist of combinations of the following components:

(a) Sources: Surface water applied either by rainfall or sprinkler;

artesian water rising from underground ; canals;  “foreign water ”

flowing from a catchment area.

(b) Si nks: Open ditches; mole drains (unlined); tile drains (lined).

In the case of drains it is u3ual to treat the drains as line sinks;

however , drains of finite cross-section are sometimes

considered . Tile drains are lined ~“ith a porous material  which

introduces an additional resistance to flow (usually neglected) .

Geometry : The two basic geometries are shown Ir~ rigures 1 and 2.

In Figure 1 a series of parallel drains is fed by a uniform rainfall .

In the case of line sinks , infinite depth , with or without a capillary

fringe an analyt ical  solution can be obtained by the hodogra ph method

(see Childs [19 59] , van Schllfgeerde ( 1970 , p . 6 5 ] ) .  The case

of line sinks in soil of uniform depth (as in Figure 1) has been solved

approximately using infinite series by Kirkham [19661, and List [1964]

gives another approximate solution.
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Childs has used the tr ial-free-boundary method with conducting

paper to study several parallel drain problems for soil of uniform depth :

Childs [1943] consIders circular drains of finite diameter ; Childs [1945]

considers (a ) the effect of slits made to observe the water table , (b) the

relative efficacy of flooded and empty drains , (c) the effect of putting a

drain at the bottom of a ditch and filling in , (d) the role of the capillary

fringe ; Childs [l945a]  considers the validity of the assumption that the

flow of rainwater is uniform across the FB. Van Deernter [ 19 5 0 ]  solved

several parallel drain problems using the trial free boundary metho i with

fi nite diffe rences.

Figure 2 shows a drain across a sloping bed down which “foreign

water ” flows at a steady rate . Childs [1946] uses the trial-free-bou ndary

method with conducting paper to study this problem for both tile drains

and open ditches.
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Figure 1: Parallel ø.rains in 5011 cLuniform deDth
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Figure 2: Foreign water dra in ing down a slope

We conclude with some remarks:

(i) Drainage problems involving drainage Into ditches are equivalent

to d ’ r n  problem s (see section 3 .1 ) .  Problems involving ditches

arc also considered in section 3. 2.

(ii) Drainage FBPS have been relatively little studied in comparison

with problems such as porous dam FBPS , and there is scope for

further work such as the appl ication of variational inequalities.

~~. 4. Seepage tow ards wells or ditches

Wells p l ay  an Important role in the use of water. The books of

Harr [1962 , chapter 10] and Polub arinov a-Kochina [1962 , chapter 9J

provide much information , and Hantush [ 1964 ] gives a lengthy survey.

Wells also play an important  role in the recovery of oil and gas ,

but these problems involve two fluids and are discussed in section 4.
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1. Seepa-~e tuwa rJ~ a ~inç1e well

If the  ~vell extend s to the bottom of the porou s a q u i f e r  i t  i~ said

to be f u l l y t r a t i r ~~; otherwise , it Is said to be ~~ia 1j~~pçnetr .~t in g .

These two types of wells  are considered separately below.

~~~. 4 .  1 . 1. Seepage towards a single fully penetrating well

The geometry is as shown in F igure  1. Water  seeps toward s a

well of radius r .  The water  is pumped out at the steady rate so that  the

height of the water  in the well remains h~~. The height  of the seepage

surface is h .  The catchment  area of the well is of radius re and height

h . The quant i ty  h - h is called the draw- ’ lown.e e 5

The bound ary  condit ions on two of the boundaries require c o m m e n t :

(1) Th e water draw n fro m the well mus t be bal an ced by a flow

into the region at the outer boundary r = r .  It is usu~.l to assume

that h = h at r = r ;  this  is equivalent to assuming that the

catchment area is surrounded by water so that the well is the axially

symmetric equivalent  of flow through a rectangular dam.

(Ii) At  the well face r = r it is usual ly  assumed th at h = h
~ if

y < h and h y if y >  h .  However , wells are often lined by

a porous material  which reduces the flow , and Hall [ 1955 , p. 30]

al l ows for this by setting h = y + hma,~ on the seepage face where

h is a positive constant.max -

The subsections below consider the homogeneous and Inhomogeneous

cases , respectively.
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3. 4. 1. 1.  ; .  Fully penetrating well: homogeneous isotropic case

h ere we consider a single ful ly  penetrating well in a homogeneous

isotropic medium with permeability k.  The geometry is shown In Figure 1

of section 3. 4 . 1 . 1 .

It can be shown using the method of Integral relations that the

rate of flow is given exactly by (Polubarinova -Kochina [ 1962 , p. 283] ,

Hantush [1964 , p . 362) , Bear [ 1972 , p . 368]) :

= k(h - h )/ ln(r /r ) . (1)

Hantush [1964 , p. 36 2] states that this formula agrees with experimental

results to within 2%.

The existence and uniqueness of flow toward s a well has been

studied by Mauersberger [196 5c] . A variational principle has been derived

by Mauer sberger [l965b] .

Numerical solutions have been obtained by ma ny authors and k

are summarized in Table 1 below.

Author (Method) r r I’m h hw e w e s
Babbitt and Caldwell
[19 48 , p . 27 ] (tr ial- .08 3 1 .0 .05875 . 2 3 5  .1128
free-boundary ;analog) and eleven other cases

Yang [ 1949] (trial- 20 2 , 020 400 1 , 600 1 , 24 0 ± 5
free-boundary; 100 4 , 100 800 1 , 600 1 , 060 ± 5
finite differences) 20 4,020 1 ,200 1 ,600 1 ,320 ± 10

20 4 , 020 800 1 , 600 1 , 195 ± 10
20 4 , 0 20 400 1 , 600 1 , 1 3 5 ±  10
20 4 , 020 0 1 , 600 1 , 1 1 5 ±  10

-86-

‘5
. 

-‘--5— —~~



Author  (M  ‘th nd ) r r h h h
W W C

i3oultoj i  1) .~ J J a~~J 5() 6 , 400 3, 200 6 . 760 5, 72 5
J . A. Mur r ay  [ i ~ 6 o J  20 1) 10, -iOU 3 , 200 7 , 165 5 , 4 7 5
( t r i a l - t r ee—boundary ;  200 10, 400 0 ‘1 ‘2 0 5 , 153
Irni te  t i f f e r e n c e E )  1 , 000 16 , 000 0 4 ,000 1 , 500

*Kashef , Toulnukhan , 100 4 , 100 8 00 1 , 6 00 1 , 040
and l’ idu!  [ 19 ~~~~~~ P . 7 3 ]
(trial free boundary ;
f in i t e  di f ferences) .  See
ai~~ o Kashef [ i 9 3 ~~}.

H. Schmidt [1956) 1 ,000 30,000 10,000 8,000 8 , 152
(time-dependent ; 1 ,000 30,000 10,000 6,000 6,695
finite differences) 1 ,000 30,000 10,000 4,000 5,711

1 , 000 30, 000 10, 000 2 , 000 5 , 168
1 , 000 30, 000 10, 000 0 4 , 894

H. P . Hall [1955 1 - 4.8 76.8 36 48 Graphical
(trial-free-boundary ; 4 .8 - 76.8 24 48 (see remarks)
finite dIfferences) 4.8 76.8 12 48

Herbert [ 1968 , p. 260] 11 99 35 70 54.5
(time-dep endent ; resis-
tance network )

G.S.  Taylor and Luthin - .8 7 6.8  12 48 Graphical
[1969 1 ( tIme—dependent;
f i n i t e  differe nces)

Neuman and Withorspoon 4.8 76.8 12 48 Graphical
[1970] (trial-free-bound - (see remarks)
ary ; f inite elements)

Neuman and Wltherspoon 4.8 76 .8 12 48 Graphical
[197la ] (time-dependent ;
finite elements)

*Fra nce , Parekh , Peters , 11 99 35 70 46
and Taylor [1971 , p. 176]
(t ime-dependent ; fi nite
elements)

*Estimatecl by us from a graph
T ;’blel :  Ax isymm etr ic  flow toward s a fu l ly  penctr at igg~wel l
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Its can }~~~‘ s -e a  I om T i b l e  1 , a large numbcr  of ch i f t cr en t  cases

have been considered , so that  it is d i f f i cu l t  to com pare the results.  It is

also unfor tunate  that some of the results are given in graphical form .

However the case r 4 . 8 , r 76.8 , h = 12 h = 48 has beenw e w ‘ e

considered by Hall  [1955) , G. S. Taylor and Luthin [1969) ,  and

Neu man and Witherspoon [1970], and Neuman and Witherspoon [1970] give

a graphical comp arison of these results.  The results are

not strictly comparable , because Hall assumed capillarity (h = 3.6)

and a lined well {hmax = 1. 0) , Taylor and Luthin assume partially saturated

flow , and Neuman and Witherspoon assume satn ’rated flow without capillarity ,

but the results are quite close. France , Parekh , Peters , an’i Taylor [ i97 1j

give a graphic al  comparison of their results with those of Herbert [ l96 8]

R. L. Taylor and Brown [1967 J give graphical results which were

obtai ned using a general program. This program is listed by R. L. Taylor

[ 19 6 6 ] ,  a nd an im proved version is listed by Kealy and Busch [ 1971) .
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There are several approximate analyt ic  solutions in the literature .

In a series of papers , Mauersb erger has obtained approximate  solutions

using the variational method of Tref ftz (Mauersberger [ 1967 , 1968 , l968a] ) ,

collocation (Mauersberger [ 1968 , l968b , 1968c] ) , least squares

(Mauersberger [ 1968 , 1968c] ) , Galerkin ’ s method (Mauersberger [1968 ,

l968c] ) , the “ partition method ” (Mauersberger [1968 , l96 8c]) .  Kirkham

[1964] has obtained an approximate soluticri by introducing a “fictitious

flow region ” and using collodation. Kirkhani does not give specific

numbers and checks his solution by comparing it with the problem of

flow through a dam.

Brutsaert , Breitenbach , and Sunada [ 1 9 7 1 ]  solve numerically the

corresponding time-dependent mult iphase problem.

3. 4. 1. 1 . 2. Fully penetrating well: the general case

The case which has been studied the most In tens ively  Is the

case of N para llel aquifers (Figure 1): aquifer  I is of depth a . and

has permeability k , . (Note tha t  the ordering of the aquifers is sometimes

reversed , aquifer  I being at the bottom. ) In other word s,

k = k ( ~ ) = k ~1 If a~~< y <  a. . (1)
J=i—1 J=i
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FIgure 1. A single fully-penetrating well in a multip le aquifer

N eun ann rn \ -Vi lher spoon ( 1969) gIv e a dctmled (li~ CU~~Sj ofl of

t r a nsient  flow f-j r a multiple a qu i f e r  (rigure 1) under the a ssumpt ion  that the

FR Is hori zontal .

Mauer sherger [ 1969] shows that it Is possible to use the n e t - i o d

of Integral  relat ions to obtain an expression for the rate of flow Q when

the permeabi l i ty  k is of the form

k = k(x , 0, y) = k 1(x)k 2 (0 , y)

where (x , 0 , y) are axial cylindrical coordinates. This includes the cases
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k = k 1(x) and k = k 2 (y) as special  c a ses.  In~p ar t ic ular , M auer sherger

give s the v a i - i e  of Q when k is of the form (1) .
w

Youngs [197 1b 1 considers the case when k = k (y)  and when

p r e c ip i t a t i o n  occurs at a rate R per uni t  area. For the special case

k~~, 0 < z < a ,
I ‘-

k (y )  =

L 

k 1
, a2 < z ,

h = a + a. , and ii = a + ã  + H’ , Youngs obtains the formula
w 1 2 

2RB’ (k 1a 1 + k 2a.2 ) R[ (r e/rw ) 2
~ l)

- 

~ I n(r /r ) 
+ 

Rr 2 1 n(r /r ) 
+ 2

~~~~e /r~~) - R -

If there is no precipitat ion (R = 0) then this fo rmula of Youngs is of

course containe d in the results  of Mauersberger.

Lewis a~~i h1 u In I ) w ~~on [ l~ 7~ } u~~ P i i i t c  elements to Lolve t h e  t i m e —

dependent  prob lem of a well  subj ected to electri ci. l forces (F igure 2 ) .
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Figure 2. Free surface profiles under varying vo1ta~e
gradients after 2 1/2 days (based on Lewis
and Humpheson [1973 , p. 6 12J)
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-i . 1 . 2 .  Seepa,~e ~c war~ s a ~ir~~ e p art ia l ly  penetrating well

The geometry is s hown in l i j u r c  1.

—

‘S.. 
—

_ _  

V

_ _ _  _ _ _ _  _______—- — — — — — —egr — — — — — . — — —

Figure 1. A single part ialiy penetrating well

Numerical solutions have been obtained by several authors : Boreli

[ 1955) (trial-free-boundary; finite differences); R. L. Taylor and Brown

[1967 1 using the program of R. L. Taylor [1966] (trial-free-boundary;

finite elements); Cooley 119711 (time-dependent partially-saturated flow;

finite differences). Un fortunately, only Boreli states the dimensions

cle&ly, and all the authors give their results in graphical form .
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Breiten6dcr [ l~)42 , p. 84 and p. 861 considers the plane problem

for d = r  ~° .e

It would seem that  the problem deserves furthc -r stud y.

3 . 4 . 1 . 3 .  Multip le wells

The problem of multiple wells is a three-dimensional problem

on which as yet little work has been done.

Youngs ( 1971b] considers the approximate problem of a single

well in a multiple aquifer (see Figure 1 of section 3. 4. 1. 1. 2) for which

there is no flow at r re but precipitation R per unit area. Using

integral Identities Youngs obtains upper and lower bounds for the drawdown

for a three-layered soil.
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~~ . Two-fluid flows

Two-f lu id  porous flow IRS arise when a l i qh tc r  f l u i d  ( f lu id  1) 1 ~es

on top of a h~’avie r f lu id  ( f lu id  2 ) ,  the in ter f ace  between the f lu ids  hej ng

a F13. In the analysis  of such problems it is u s u a l l y  assumed that  the

lower f lu id  is at rest. The boun dary conditions on the in terface  are

given In section 2 . 2 .

Two-f luid porou s flow FBPS arise in two important contexts narn c l. y

sea water/ fresh water FBPS in coastal areas and water/gas/oil FBPS in

the oil industry,  and these are discussed in the first two subsections below.

The f ina l  subsection discusses the FBPS which~arise when one considers the

FB at the microscopic level.

4. 1. Salt water - fresh water interfaces

In coastal regions there is an interaction between fresh watet being

applied to the ground surface by rainfall  or irrigation , and salt water from

the sea. The fresh water is lighter and form s a layer on top of the salt water.

It is of Importance to prevent the encroachment of the sea water because

the salt destroys agricultural land and Contaminates water supplies.

In studying salt water/ fresh water problems it is usual to assume that

the salt water is at rest , and this assumption will be made throughout unless

explici t ly stated otherwise. Indeed , so far as we are aware only Childs [1950]

has considered the case when the salt water is in motion. In this connection

it is of interest that the observed fresh water/ salt water interface in the Miami
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area shows that  motion of the sea water  must  occur (Cooper , Kohout , Henry, and

Glover [ 1964 , p. C12] ).

Of course , the assumption of a fresh water/ salt water interface is only

an approximation , and in the general case it is necessary to take account of

the di f fus ion of the salt.

4. 1. 1. Salt water - fresh water: the Ghyben-Herzbera lens

The first ra l t  water - fresh water FBP to be studied occurs when

fresh water is provided b~v either rainfall  or irrigation to an island (axisym-

metric) or isthmus (p lane) .  A bubble of fresh water , often called the

Ghyben-Hor zberg lens, forms underneath the island (Figure 1). There

are two FBS: the fresh water/air interface and the fresh water/salt water

interface.

~~~~~~~~~~~~~~

Figure 1. A Ghy hen-Herzberg lens
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Childs [ 19501 used the tr ial-free-boundary method with conducting

paper to obtain the solution for the case of a recta ngular i s thmus.

Childs  al lows the salt water to be at d ifferent levels , which can arise

because of t id a l  effects  (Figure 2) . Youugs [1971 , 1971a ] obtains bounds

for the rate of flow with and without a well on the island.

- . 4~~.cL
&j~
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\

N
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\ &~~t~r N

\\\

Figure 2. The Ghyben-Herzberg lens for a
rectangular isthmus (based on C1iilds
11950, p. l77JJ

Ackerman and Intong [ 1966] consider a related problem in which

fresh water is supplied from a cane! with impervious walls. It Is assumed

that the upper surface is known and that the salt water is at rest (Figure 3).

An analytical  solution is found using the hodograph method.
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Figure 3. Fresh water lens fed from a canal

Charmonman [1966] considers the problem sho wn in Figure 4:

fresh water Is supplied to a canal in the center of an isthmus with an

impervious ground surface. It is assumed that the salt water is at

rest. This problem was solved by Charmonman [1966] using finite

differences in the 4~,-plane and by Mason and Farkas [ 1971, 1972] using

the trial-free-boundary method with superposition.

Keuning [ 1967] considers the abstraction of fresh water from an

und erground well (sink) in a nonhomogeneous circular is land fed by rain

water. Keuning makes the Dupuit assumption that the flow is parallel to

the surface , and it would be of interest to consider the exact problem.

i

-98-



~~_____ _ _ _ _ _ _ _

/

~cA d

Figure 4. Canal with Impervious surface

‘
~~. 1. 2. Coastal aquifers

The geometry Is shown in Figure 1: fresh water flows from a coastal

aquifer irno the sea. There are two FBS namely the upper fresh water/air FB

and the lower fresh water/ salt  water FB. Charmonman [ 1965] uses the

hodograph method to obtain an analytical solution for the case when the

outflow surface BC is horizontal.

Henry [19591 uses the hodograph method to obtain the exact solutions

for flow fro m a horizontal aquifer of finite depth with vertical outflow face

(Figure 2a) and horizontal outflow face (Figure 2b) . (The problem of

Figure 2b for the case of infinite depth was solved earl ier by Glover [1959] ).
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Figure 1. Flow from a coastal aquifer

The coupled equations for Darcy flow of water and dispersion of salt

have been solved numerical ly  for the problem of l’i~ ure Za by Henry (see

Cooper, Kohout , Henry, and Glover [ 1964 , p. C70} ) and Pinder and

Cooper [1970] .

-~~--~- - —- ---~~----~-- .-~~~~~--~-—-— .--~~--~ --.- - -

/

(a) vertical outflow (b) horizontal outflow

Figure 2. Horizontal aquifers of finite depth
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Deb ug [1  
~~~~ usc’s the hodocir aph rr ethod to obta in  the an~~-- t ica i

- t i ’ for  f low i n a . ; . m i — i n f i n i t e  aq u i f e r  with a surf nc r ’  s ir ~~ ( Fig~ .~ 3).

j ; s  ~~,g aU .o ~ rv e~. ~~~ rirn enta l results  which are in c . . i ~~i t  ~‘nt

with the theore t i ca l  results .

-0 
—%_. .~

_ 
I-

C’ ~~ 
-

-
—

Figure 3. Semi- inf ini te  aqui ter  with sink

Baiocchi , Comincioli , Magene s , and Pozzi [ 1973 , p. 8 and p. 39]

cons icier the generalization of the problem of Figure Za obtained by

allowing a fresh water/air interface (Figure 4). It is assumed that  the

aquifer is so wide that  FG Is a line of equipotential. Baiocchi ,

Coinincloli , Magenes , and Pozzi reformulate the problem as a variational

inequali ty and prove existence and uniqueness of the solution. Baiocchi ,

Comincloll , Guerri , and Volpi [1971 , p. 29] use variational inequalities

with finite differences to obtain a numerical solution. Youngs [197la] derives
the exact value of the rate of flow.

In some coastal aquifers the aquifer is divided into severa l strata by

interlying semi-perv ious layers . As a result , seawater intrudes into each

of the separate aquifers and form s a series of wedges. Such coastal

aquif ers  occur near New York, and off the coasts of Israel and the

Netherlands (M. A. Collins and Gelhar [1971 J ) .  The geometry is

—1 01-
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Flaure .~~ Hori zontal ~guif er with fresh water/air interface

shown in Figure 5. Collins and Geihar [ 1971] give an approximate

analy sis  based upo n the Dupuit approximation.

—-
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,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 5. A layered aquifer
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~~. 1.3 .  Land reclamation

In cci t a m  ~t~~as of the world , such as th c  central  p l a i n of Tha i land ,

It is conc e ivab le  t h a t  it w i l l  be possible to reclai m land from the sea by

applying f resh wate r to the surface.

Charmonman [ 19671 uses f i n i t e  d i f ferences  in the ~~i-pla ne to

analyse  an array of parallel  drains and canals (Figure Ia). Acke r man  and

Chari g [ 1971] use the hodogr aph method to obtain an ana ly t i ca l  solution for

the case whe n fresh water is applied to the surface and then (to reduce the

loss of fresh water)  pumped from a series of drains (Figure ib).
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L~,ure 1. Method s of ‘and rec1a m ,it~on
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4

4 .2 .  Other con fi Q urations

1. 2. 1. Up-coning

When a layer of one fluid (fluid 1) lies over ~ layer of a second

fluid (fluid 2) and fluid I is pumped out from one or more wells (or s inks)

then the interface between the fluids moves towards the wells and this

is called up-coninQbecause the interface often approximatel y assumes

the shape of a cone . If the rate of pumpin g Is too high then fluid 2 may

enter the well and contaminate the well output . Three especially

important cases Occur in pracUce :

Fluid 1 Fluid 2 Special terminology

oil water water-coning

gas oil gas-coning

fresh water salt water

Water-coning is discussed by Muskat [19 37 , p. 480 , Muskat [1949] ,

Pirson [19 581; gas-coning is discussed by Muskat [19 37 , p. 689];

and up -coning is discussed by Bear [ 197 2 , p . 553 and p. 569] .

The hodograph method has been used to obtain exact solution~

for two cases: (I ) a single sink when fluids I and 2 are both semi-

infinite (Figure 1 and Bear [ 1972 , p. 553]); (ii) a line of sinks when

fluid 1 is semi-infini te , fluid 2 is of finite depth , and the flow is critical,

that is , the FF3 has a cusp (Figure 2 and Kidder [19 56) ) .
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Figure 1: A single sink an d two semi-Infinite fluids
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Figure 2: Critical flow for a line of sinks with fluid 1
semi- inf i nite and f lu i d  ? bounded
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Karplu s 119 56 ] describes the use of the t r ia l - f roc-boundary

method with resistance network s for a single axisymmetri c well of finit o

dimonsion~ (Figure 3) . Karplus [1956 , p . 244] states that he has

Investigated several proble m s but does not give his results.

— 
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Figure 3: Water cone in vicinity of oil well
(based on Karplus [1956 , p. 24 1])

Finally , we observe that Welge and Weber [ 1964] solve

numerically the axisymmetric time-dependent equations for two immiscible

fluids and obtain good agreement between their results and experimental

and field observations.

-.. 2 . 2 .  Inclined reservoirs

If oil Is present In an inclined stratu m then FBPS of the form

shown in Figure 1 arise (Bear (1972 , p. 534] ). Superficially at least such

problems bear a similarity to fluid mechanics FBPS for infinite bubbles.
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Figure 1. An inclined plane reservoir

4. 3. Inter facial instabW~y

When a viscous fluid I in a porous medium is drive n forward s

by the pressure of another driving fluid 2 , the interface between the

two fluids is liable to be unstable if 
~~~

., <
~~~~ 

where 
~~~

, 
~~ 

are the

viscosities of the two fluids .  Heurist ical ly,  one can see why such

instabil i ty occurs : the driving fluid (f luid 2) encounters less resistance

than fluid I so that for a given driving pressure the flow rate will be

greater if the interface is distorted so that fluid 2 can flow leaving some

of fluid 1 behind .

Sa ffman and Taylor [19 58) modeled the problem using the analogy

between porous flow and viscous flow ifl a Hele -Shaw cell (see

Bear [ 19 7 2 , p. 6 8 7 J ) .  Figure 1 shows how an tnterface , which was

* originally straight , deforms into a number of fingers ,  and for this  reason

the phenomen is called fingering .
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Figure 1: Fingering ~based on Safiman and Taylor [19 58. p. 319 1)

The ph e r  ‘men on of f lng cr i , i j  can occur in oil production in which

a more viscous fluid (oil) Is being driven by a less viscous fluid (water) .

It seems to us , however , that there is some confusion in the literature - ‘

between f in ~j ering and water-coning.  Figure 2 shows a line of oil wells

producing oil.
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Figure 2 : Water-conIng (based on Kidder ~1956, .~~~ 867 ])
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The oil/water interface is distorted in the neighborhood of each well ,

- - are formed . However , the mechanism of the phenomena

- ~ :re:: 1 and 2 is quite different : in Figure 1 the driving

;~~~s ,ur c i~ u r i f o r m  and the fingers are caused by the instability of the

:~urf ace ; in l ’igure 2 the fingers ” correspond to the spacing of the wells.

It t hus  seems to us that it is incorrect to compare fingering and water-

coning as done by Saffman and Taylor [19 58 , p. 314] . Water-coning is

discussed in section 4 . 2 .  
- 

-

To ana lyse  f inger ing , Soffman ~nd Tay lor [19 58 , p . 318)

consider the case when there is an infini te  set of equal and equally

spaced fi ngers all advancing at the same speed. Since each finger is

then identical  mathematically with all the others and the fluid cmi the

straight l ines halfway between neighbors has no transverse component

of velocity, it suff ice s to consider a single finger propagating itself

in a channel of fixed -iv-idth .

Saffmar i  and Taylor use the hodograph method to obtain an analytical

solution , or rather a family of solutions , because the solution contains

the parameter

- 
width of channel

- asymptotic width of finger

Experimentally,  Saffmar i  and Taylor find that )‘• is very close to

1/2 , but they are unable to explain this: the maximum velocity occurs

when k 0; the maximum and minimum rate of energy dissipation occur

- 109-

5 — - ,  ‘%. L - 
~~~~~~ - -5 -



when ).. = 0 or 1; a stabil i ty analysis  shows that the motion is

unstable for all X .

Sa f fm an  [19 59 ) obtains a family of exact solutions of the time-

dependent problem which begin as an approximately sinusoidal perturbation

and grow into f ingers .  Sa f fman [19 59 , p . 159) observes that the growth

Is slowest when X. 1/2 but adds that the physical significance of this

is not clear. Similar exact solutions were obtained by Jacquard and

Seguier [1962] .

W conclude with some observations:  
-

(I) Boar [1972 , p. 544) discussed fingering and gives references.

The approach followed is different from that of Saffman and Taylor ,

and emphasizes the conditions for stability or instability rather than

the shape of the fingers .

(ii) There Is considerable similarity between fingering and other

interfacial instabili ty phenomena such as:

(a) Dendrite formation in crystals.

(b) Lubrication cavitation in bearings .

(c) Taylor instability at the accelerated interface between

fluids of different densities.

(l i i )  As Sa ffman ari d Taylor observe , the non-uniqueness of fingers

(because of the arbitrary parameter X) is similar to the non-uniqueness

-11 0—

_ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  ~~ --~~~~~~ - - ~~~~~- -_ _ _ _ _ _ _ _ _ _



of bubbles moving in tubes. In both cases it would seem that an

additional ph ysical condition must be imposed .

(iv) S. Richard son [ 1 9 7 2 J  considers similar problems arising in the

injection molding of plastics.

(v) The analys is  of Sa ffm ar i  and Taylor is for plane problems; so

far as we are aware , axisymmetric problems have not been considered .
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5. Coupled-field problems

Under coupled-field porous flow FEPS we understand porous flow

FBPS which involve , in a non-trivial way , one of the other fields of

continuum mechanics such as heat flow on electromagnetism.

There are many possible coupled-field FBPS involving dispersion

or d i f fus ion.  Bear [1972 , chapter 101 gives an excellent discussion and

lists the following applications: (a) the transition zone between salt water

and fresh water in coastal aquifers;  (b) artificial recharge operations where

water of one quality is introduced into aquifers containing water of a

different quality (mixing of water due to hydrodynamic dispersion is among

the various objectives of artificial replenishment); (c) secondary recovery

technique s in oil reservoirs , where an inj ecte d fluid dissolve s the

reservoir ’s oi l; (d) radioactive and reclaimed sewage waste disposal into

aqui fers;  (e) the use of tracers , such as dyes , electrolytes and radioactive

isotopes , in hydrology, petroleum engineering and other scientific and

engineering research projects; (f )  the use of reactors packed with granular

material in the chemical industry; and (g) the movement of fertilizers in

the soil and the leaching of salts fro m the soil in agriculture . We have

not searched the literature for FBPS involving these phenomena , althou gh

such problems doubtless occur .

Another Important coupled-field problem involves heat t ransfer .

Kirkh amn and Powers [ 1 9 7 2 , p. 462 J  observe that soil temperature affects

the germination of seeds , the chemical reactions which release nutrients ,

— 1 1 2 —
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and the avai labi l i ty  of water. Also (Kirkh am arid Powers [ 1972 , p. 4 83))

the freezing of soil is of importance in agriculture and in civil engineering

projects involving the building of roads and pipelines. Bear [1972 , p. 641 J
discusses heat transfer in a porous medium. Here again , we have not

searched the literature for FBPS .

A third coupled-field problem arises in connection with electro-

kinetic effects:  the movement of water under the influence of an electric

field. This is duscussed further in section 1. 6 and the flow towards a

well has been treated by Lewis and Humpheson [1973 )  (see section 3. 4 . i . 1 .  2) .
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