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ABSTRACT

An algorithm is described which uses a product representation of

the matrix H , appr oximating the inverse Hessian matrix of the function to

be minimized . It is shown that the algorithm generates the same sequence

of points as the Broyden-Fletcher-Goldfarb-Shanno- method . Using a simple

relation between the traces of the matrices H . and H .+l corresponding to

two consecutive points x . and x~~1 the superlinear convergence of the

algorithm is established .
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A PRO DUCT VERSION OF A VA RIABLE METR I C METHO D

A N D  ITS CONVERGENCE PROPERTIES

Klaus  Ritter

I . Introduction.

Va riou s kinds of variable metric method s have been used effectively

in the unconstrained m inimizat ion of a function of several variables . Th eir

main feature is the use of rank one or two correction s to the matrix H which

represents an approximat ion to the inverse Hessian matrix of the function to

be minimized . Recently Brodlie , Gourlay and Greenstadt [11 and Davidori [3]

used a representation of H as a product CC’ . They showed that a rank

two correction to H reduces to a rank one correction to C.

In th is  pape r an algorithm is described which uses a sim ple rank one

updat e formula for the matrix C. It is shown that the algorithm gives a prod-

uct representation of the matrix H used in the Broyden-Fletcher .Goldfarb-

Shanno-method [2]. [4], [5], [6]. Under appropriate assumptions , the se-

quence generated by the algorithm converges superlinearly.

~~~. Formulation of the problem and notation.

Let x E E n and let F(x) be a real-valued function . We assume that

F (x) is twice continuously differentiable and denote the gradient and the

Hessian matrix of F(x) at a point x1 by g, = VF(x 1) and G~ G(x 1), re-

spectively. A prime is used for the transpose of a vector or a matrix .

We consider the problem of determining a z suc~h that

(2 . 1) F(z)  < F(x)  for all x � z

Sponsored by the Uni ted  States Army under Contract No. DAAGZ9-75-C-0024 .
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It is a ssumed that  there are positive numbers 
~~, ~ and L such tha t

(2.2) ~iIJ x II 2 
< x’G(y)x < i1~~x~~

2 for all X ,~~~( E
n

and

!G(x) - G(y)(~ < L I t x - y I I  for all x,yE E~ .

Assumption (2.2) implies that F(x) is uniformly convex and that there is a

unique z with property (2.1). It is determined by the condition VF(z) 0 .

For later use we state two more well-known results which are immediate

consequences of ( 2 . 2):

(2. 3) II G(y)~I ~ n ~( G(y ) ~~~ < 
— l 

for all y € E~

( 2 . 4 )  There are numbers > 0  and ‘y 2 > 0 such that for all x ~ E n

VF(x) x -z 
~ ~

‘2 VF(x)

3 . The Algorithm.

In a variable metric method ~t a given point x~, the search direction

s is determined by multiplying the gradient g , = VF(x
1

) by an appropriate

matrix H . , i.e .,

S
1 

= H~g~ ,

where H . is an approximation to the inverse Hessian matrix of F(x) at x1.
With a suitable step size a new point

x = x - ~~ . s

is computed . If = VF(x
1+1) � 0 , the matrix Hj +l is determined from

H
1 in such a way that

( 3 . 1) H~~1(g
1 

- g~~1) = o~ s~ .

The various variable metri c methods differ in the updating procedure

which is used to compute H
J÷i from H

1 subject to (3 .1) .  In many methods
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H , is a symmetric positive defini te  matrix and H . +i is obtained by adding

two symmetric matrices of rank one to H ,

Any symmetric positive definite matrix H . 9an be written in the form

( 3 .2 )  H . = C
J
C

where C
1 

is a nonsingular matrix . Instead of adding a rank two correction

matri x to H . we ca n add a rank one matrix u” to C,  and represent H . 1

in the  form

( 3 . 3) H .÷l = (I + uv ’) CC ’  (I + vu ’)

where the vectors u and v are determined in such a way that ( 3 . 1) is satis-

fied and H .+l is nonsingular.

Brodlie , Gourlay and Greenstadt [1] and more recently Davidon [3]

have invest igated representation s of the form ( 3 . 2 )  and (3 . 3) of H . and H .
+i

,

respectively, for some variable metri c methods . In the following we shall

descri be an algorithm which uses a very simple update procedure of the form

( 3 . 3) . It will be shown that this algorithm produces the same matrix H i +i

as the Broyden-Fletcher-Goldfarb-Sh anno-method : see [2], [4], [5], [6].

We describe a general cycle of the algorithm . M the beginning of the jth

cycle the following data is available : C. = (c 11, . .  . ,c .), x ., g .  and

aj j  = c
1 

g
1
, i = 1, . . .  ,n . For the initial cycle any nonsingular ( n X  n)-

matri x C0 can be used .

Step 1; Computat ion of the direction of descent S
i
.

Set

S
i 

a~1 
c1~

— 3 —

—
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St ep .~~: Computation of the step size

Compute o . such th a t

F(x . - o , s .) = rn in{F(x . - a s ) (  a > 0 }

Set

x = x - ~~ 5
j+1 1 ) .7

and compute ~~~~ ~ g~~ 0 stop, otherwise go to Step 3.

Step :~~ Computation of

Compute

= C ’
1 

g , 1  , i 1, . ..  , n

= s g , = ~~ 
~~~~ ~

Set 
~ ii 

= [(J(l - 8
J~~
’)~~ ~

1
~~ii 

+ ~~
], I = I , . . .  , n

c = c + c , ~ s
i , j+l ii ii 1 . 

— I

= t3~ + ~~~

Replace J with J+1 and go to Step 1.

Remark:

In Step 1, the search direction s
1 

is determined by

= C. C’ g . .

In Step 2 , we assu me that a . Is the optimal step size. This assumption Is

made in order to avoid some techt~kca 1 difficulties in the convergence proofs .

The algorithm also works with an approximation to the opt imal step size which

after a finite number of steps can be set equal to 1 . This will be shown in a

much more genera l context in a subsequent paper. In Step 3 , C
1~ 1 is ob-

tam ed by simply adding a multiple of S
1 

to each row of C 1
. Obviously

-4-



6. 0. if a- . is the optimal step size.

In the following theorem it will be shown that  the search direction s

generat ed by the a bove algorithm are identical with the search directions

used in th e Broyden -F letcher -Goldfarb -ShaflnO-rTl ethOd .

Theorem I:

Let c1 , . . .  , c . ,  a- , ,  s ., g . and 
~~~~~~~~~ 

be defined by the algorithm .

Set

C . = ( c11,. . . . C . ) ,  I-I = CC;

- 

S
i 

- 

d -Pi 
— IIs~ 

‘ 
,. 

I 
— II s~

and

d’ p, + d~H d . p . d~H + H .d ,p~
= H~ + 

(d p . ) 2 J J  
- d1 p

1 

.7 1 L....

Then

s = C C’ g
j + l j 4- 1 j ’ l  j +l

and

H . = C . C~j + l  .i+l 1+1

Proo f:

The first assertion follows immediately from Steps 1 and 3 of the

algorithm since

c~ ~~~~~~~~~~~~~~ 
( c

11 + c~~. s
1

) ’ g
1~ 1 ~~ f 6 . =

In order to prove the second stat em en t we observe that

-1 ~~ 
g

1 
c~j gj4j

- cj~ (( V( 1 - 6~~~ )u~ 
- 1 )  s~(g

1
-g,~ 1

) + s~~g 1
-g

1~~1
) ~~

— (~J(l —
~~ 

c~ , g
1 

c~1
(~ 1

_
~ 1~ 1)

- - ‘ ‘Y ~~ ~~ (g
1
-g

1~ 1 
p~(g

1
-g

1~ 1) ~~
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Since ________________

-l 1 Ja-1
P ( g j 

- g
1~ 1) 

_ _ _ _ _ _ _ _(I - 6 . 

~~~

. )a- . p ;(g~-g
1~ 1

) = p~ g,  p ;(g 1 
-

a-

1

p
1
g

1 
p

1
(g

1 
-

i t  follows thai
C~~g,

C’ C’  - 
1 j j  

- 
1 C’ d )p ’

j +1 
- j — 

‘.Tp~g . d’ p, ~TJfs Il d’ p
1 I j j

There fore

C .~ 1 C’ ,~ 1 = CC’ . + (C ,~ 1~ C ,) C ’  + c1(C~’~1_ c ;) + (c 3~1 _c~)( c;~1 - ci
s’ d’ H .I I _J .7 )— 

~j P.J p ’g , d p .  
~
, Ifl s i t  d p ,

s . H . d .1 j 
_ _ _ _ _+ Jp ~g

1
d’~~ ‘~J~~s~~ d’ p .

g~ H . g  2 d~H ,g .  d~H ,d .
+ ~~ d~p~g;p~~s1~ 

- d; p~g.~1p 1~~s .~ 
+ 

( d ’ p ) 2 ~~

d~p . + d~H d . p . d~ H . + H .d .p ’
— T J ±  i l  I I I , i i  .7 3 1 )
- 1 2 ~~~ - d’

(d ; P .)

4 . Convergence.

If the algorithm terminates with some x
3

, then VF(x , ) = 0 and the

assumpt ions  on F(x) Imply that x
1 

is the unique global minimizer of F(x) .

For the remainder of the paper we shall assume that the algorithm generates

an Inf in ite  sequence {x } .  In order to prove that it converges to the g1ob~:l

min imize r  of F(x)  we shall  use the equivalence with the BEGS-Method

established in Theorem 1.

First we shall write H . as a sum of n matrices of rank  one . For

this pu rpose let

-6-



I

= IIHg IL 1 
= Hg II~

p
1 j I j j +l

and

H .p.g = p .  , H \ g  = q
J j  j j j j +l

Then P) LI -
~~ 

q
1 

= 1 and p g .  and are conj ugate  with  respect to

H sinc e
I

p g ’ H g . 1 = p’ g . = 0j j +l
Assuming tha t  H

1 
is positive def ini te  we can find vectors d 3 , , .  .. , d n)

such tha t

H d  = p , I Ip . .II = 1 , ij i i ii i i

and

~~~~~ d 31,. ..
nj

are conjugate  with respect to H
1
. Then

p p ’ q q ’ n P P .
(4 . 1) H = + I J + ~~ 1) ij

d’ . P~ p
1
g p

1 ~j~ ;÷1~ j 1=3 i j  I )

and
n d . d

(4.2) H ’ = 

p1
g

1
g~ 

~~~~~~~~~~~~~g p
1 

g~~1
q ~ d~.p3 1 3  I J i)

Using  (4 . 1) we can easily derive a corresponding expression for H1+1~
First we observe that

H g  - H g  ~H g
H d  - ~~ J j4- l 1 1 1+1= — p  - q

I I Ia- ~ L I a- I ~ II a 5i i  I - i i
implies that

H X H x  f o r x Tj +l = 
I I {x~.p ’x =q~x = 0 }

d
11, ..  . ,d ~ T we have to change only the first two terms in (4 . 1)

nj I

in order to obtain a representation of H . ÷ l ,  I . e ., we have to determine two

vectors in the span of g
1 

and g
1 1  which are conjugate with re spect to H .

-7 -
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We have

( 4 . ~) d , spa n {g . . g , ~ 1 }, H .~ 1d p. . and d~ H +l
d i d p ,  > 0 .

Fu rthermore ,

(4 .4)  g~~1 H 1 d , = g~~1 
p , = 0

Thus g and d , ar e  conjugate  with resp ect to H . . By the definition ofj4- l j j -3-l

J+ 1 d .’ H , g ,
(4.5) H

1~ 1g.~ 1 
= H .g .~ 1 

- p j +l

d’ q,
= ( g

1 ~~1P1~IH~91÷1 1I a , = dtp ,

and

( 4 . 6) g ’
~~ 

H . ,~,1 g .~ 1 = ~~~ ~1 IIH1~1÷1Ii > 0 .

With

= II H .~~1
g~~1 

‘, H i +l p1+1 ~1÷1 = 

~j +l

It follows from ( 4 . l ) - ( 4 . 6 ) ,  tha t H . +i and H~~1 a re positive definite and

can be writte n in the form
p p ’ p , p ~ n p ,p ~~,

(4 7)  H 1+1 1+1 + ÷ y’ ij  ij

j +1 p
1~ 1g~~1P 1~ 1 d p

1 ~~~ d~ .p , .

and
d d ’  n d d’

Q ~ -l 
— 

~~~~~~~~~~ 
+ I I + V ii iI(4 .  ) 

~~~ 
— ~ p d ’ p ~-‘ d’

~j + l 1+ 1 j j i= 1 j j r j

By the definition of Hj+2

H . +j x for X E  Tj + l = j x I H . ÷1
g

1÷1 
= H 1~~ ÷2 = 0) .

Setting
H

1~ 1 g
1÷2 I

= II }l1~1g1÷2 II ‘ ~I+l IIH1~1 g1÷2 11
and observing that

p1+1 ~~1÷1 
H 1+i ~1÷2 = 

~i+i g
1 2  = 0

-8-
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we ~ n wr i t e  H , and H 1 
•~s followsj + 1 j +l

( - I .~~ ) H ) f J  
~~~~~~~~~~~~ 

q
1+~ q~~ 1 

+ ~ ~~,j +l~~,j +l

~j + l f l  ~j + 1 j + 1 j +~. H-! I -- i ,j +l i , j + 1

ari d

p . g  g X g (4 n d d’
(4 . 10) H ’ = _i±1 H-I 1±! + 

j +1 j4- ~~~j f Z  + ~

- ‘ 1,1+1 i , j+l
g ’ p g ’ q —

~ d’ p
j i-1 j +I ~~ j -1-1 j = 3  i ,j + l  1, 1+ 1

where  d - d . are vectors in T , with
3 ,j + l  

- n ,j + 1  j + 1

~j ,j + l  H 1 d k ÷ l  
0 , i � k  , i , k = 3 , . . .  , n

= I H 1+i d
~~1+i = i = 3 , . . .  , n .

This representation is completely analoguous to (4. 1)  and (4 . 2) ari d can be

us ed to derive a re presentation of H . 4-2 
as a sum of n matrices of rank one .

I n the fol lowing convergence proof we shall use a simple argument involving

the tr ace of the matrices H . and H
14-1 . By definition , th e trace of a square

matrix M denoted by t r ( M ) ,  is the sum of the diagonal elements of M

From (4 . 1) a nd ( 1 . 2) we have
p p ~ q ,q~ n P, .P . .

( 4 . 11) tr ( H ,) tr( ) + tr( ) 4- ~~ tr( 1) 11

I I I I 1+1 1 i= 3 ij lj

1 1 1
p g ’ p + 

~~~ , g~~1
q, + 

i~~~~
3 

d !.

and
2 2 2

l i d . II
(4 . 12) t r( H , ) = — + 

.7 .7 + ‘3
g~ p. g ’ q ,  d~ . P , ,

.7 j+l j  ì ::3 1) 1)

Sett ing T.  = (I + ~j g . 4-1~~
2)/A . g~4-1 

q~, W j ( l  + iLd 1 II 2)/d 1P1
I + Ll d ~1 lI 2

( 4 . 13) T
j 

+ d~ , p . ,  
—

i j  13

and

-9-
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1 + X
2 119 II n 1 + d II_ i~L~~ LL~~~~ V 1 , j + l( 4 . 15) 

~~~~ \ q ’ (4 + 
~~~~ d~ P.

j + l  j +~ H-I 1 - 3 i , H-! i , H-I

we conclude f rom (4 . 7)  - ( 4 . 1 2 )  that

1 -l 1~
j  ~- ! ~ i+ 1

( 4 . l~~) = tr ( H 1
) -

1=3 l j  ij

=
.7 3 J

The equal i ty  (4 . 16) will be used to prove that  the sequence of gradients pro-

duced by the algorithm converges to zero . First  we obs erv e tha t  ~~~~~~~~~ > 0

since H . 1  is positive definite and , there fore , all terms on the ri ght hand

sid e of (4 . 15) are positive . Secondly we shall show (Lemma 1) tha t , because

of the assumptions on F(x) ,  th e sequence {~~. } is bounded . This impli es

that there is a constant  ‘y and an inf in i te  set J C ~0 , l , 2 , .. . . } such that

( 4 .17 ) T , < ~~‘ for j~~ J .

Using th e defini t ion of 7 . and p
1~~1 It can easily be shown (Lemma .

~
) tha t

the re is ~ > 0 su ch tha t

a eIl g1~1lI for j J

By a routine argument it follows from this that

II g~~ 
— 0 as I -. . j J

which by th e uniform convexity of F(x) implies

11g 141 11 -
~~ 0 as I -

~

Lemma 1.

1+ l I d 11 2 2
_ _ _ _ _ _ _ _  

1 4 - i= ‘ 
K for all 3 .d

1
P , — 

~.i

-10-



Proof:

By Ta ylor ’ s theorem there are

1 . 7  ~ — x
1 

- t( a- s .), 0 < t < l ~

such that

~~
‘ ~~ = p;g 1 

- a- .

and

= d~ g~ - a- . d G(1 )s .

Therefore,
(g . - g 

+‘~~~~ 
p.

( 4 . 18) d t p . = — 

II a -~s~i[ ~~ = p G(~~.)p .  >

and
d ’(g . -g .

(4 . 1 9 )  l I d , 11
2 

= = d’. G(r 7 , ) p
1 ~ li d 1 li lt G( i 1,) < r~fl d . II

Lemma 2.

For every y > 0 there is e > 0 such that , for all I

2 21+  X . lI g . ÷1 1l
= 

X
~ ~ ‘

1
q < y  implies g ’~ 1p .~ 1 > c I ~g .~ 1 I~

Proof:

If < ‘y , th en

II~ ÷1 D 1 II~ +1 11a 
~~1q1 ~~~~~~~~ + X

1~i g 1÷1 j~) ? 2 
~~~f1q

J
and

11g 14-111 — 
V

By (4 . 5),

d’q d’q
= (q

1 
— d~ p

1 
p1) II q 1 — d

1~~ 
p1 11 —1

—11—

___

~

.t

~ 

— 
. . —- ,~~~~ . ~~~~~~~~~~~~~~~~~~ 

—
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Since , by (4.18) and (4.I~’),

d~q , ~~~~~ L i d I L11q 1 - 

~~~~ 
pit < I + 

__L)  
< ~ + 

d~ p , ~ ‘ +

it f ollows that

~ 
g

1~ 1 
> 

~~ g
4-1 

q
1 >IIg 1÷1 II — 1+~r~ IIg 1÷1~ 

—

Theorem 2.

The sequence (x , } generated by the algorithm converges to a z

su ch tha t

F(z) < F(x) for all x � z

and

VF(z) = 0 .

Proof:

By (4 .17 ) and Lemma I and 2 there is e > 0 and an infinite set

J C  {O ,I , 2 , . . .  } such that

a ~i1~~I1 for j J.

Furthermore , it follows fr om Taylor ’s theore m that , for some e ~x x =

x . - t(a- s
1
), 0 < t  < 1 ) ,

F(x , - o~s .) - F(x
1
) = -a-g ,’s

1 
+ ko

Z
sG (~

1
)s

< -~~g;s. + l o r iil~ il
Thus choosing

g ’ s~

iII s~lt
we obtain , for I E J

-12-



F(x.
4-1
) - F (x , ) < F’(x , - ~~~ 5 ,)  - F(x

1
)

F’4 - 

~~~~~ 
_________

—, 2 i IIs~I I 2

2

~ -j ”~ ii 9 ,~I I •
Since F(x) is bounded from below and F(x 14-1

) < F(x .) for all j , it follows

that

IIg 1 LI - 0 as j — ~~~ , j €  J .

Let z be a cluster point of the sequence {x ., 3 ~ J }. Then VF (z) = 0 . By

the uniform convexity of F (x) , z is the unique global minimizer of F (x) .

Since F(x.
4-1
) < F(x.) for all I , the sequence {x .} has no cluster point

except z . Thus x . - z as -r

5 . Supe r linear convergence.

In order to prove that

g~~1 H
— 0  as j — - ’~j i g

1
we shall  aga in  use th ~ trace of the matrIce s H . and H i +,. The argument

will be based on a mudit~ t i on of th~ for m ula  (4 . 16).

By Theorem !, x . z i~~ j -. ~~‘ . Let C = G(z) and denote by G2

the . auare root of ; - By ‘ - t i r ut ion G2 is i symmetric positive definite

matr i x wi th  t t .~ - property

~

We set - 1 4
)~~~ 1~s p 1~i~in g the matr lc~es H1 

and ’ H
1 by

G’H
J
G 2 m d  (G~ H G ~ ) 1 

= G a H~
1 G 2

respectively, in the t~~muiae ( 4 . 1) ,  (4 .2 )  and (4 . 7) - (4.16 ) we obtain

— 1 3—

- “. --



p’GP + d ’G~~~~~d q~Gq , + ~
2 g. G~~g ,

J 1 .7 1 j j  j i+l . 7+ 1

d’ p, ‘ j X ,g ’ 4-1
q

n P~ . GP. . + d~~G ’d . .
T ~~~ 

.7 1) 1)

j . —‘ d~~~. .
i = 3 ij  ,j

d nd

( 5 . 1) c° 1+1 ~,, - 7 , + w . .

In order to prove tha t 1 11g . II } converges superl inearly to zero we

observe that  by Taylor ’ s theore m

lid 1 
- GP.II = I l (  ~

l 
G(x

1 
- t a-

1
s

1
)dt - G)P

J II
< sup II G( x . - t a - s .) - G + 11G . - Gil

0 < t < l  3 1 1

~ L o x . - X
I+l il + L 11 x 1 - z il

= 0(rna x { g~ Ii , II g
~÷~II 1) -

Thu s Lemma 3 below Impl ies that 
~~~~~~~~ 

2 as I -‘~~° 
. Since 

~~~~ 

> 0  we shall

conclude from this that  2 as j ~o Setting

G2P P’G’~ p.G 2g g’G~~
= tr( ) + tr( )

I p~g 1j p1 g ;p~

we obtain from Lemma 4 that  — 2 as J —
~ ~ which by Lemma 5 in turn

impl,es that g
14-1 g~ 1 -. 0 as j —

Lemma 3.

Let x,y E E n be such that  l x i i  = I and y ’ x > 0. Set

= tr( G
2x x’ G

z 

~ + tr( G~~ 
y y’ G)~~y ’x Y ’ X

Then

7 > 2

and there is a constant V > 0 such that 7 - 2 < V  implies

-14-



~1

y ’x a Ii Gx-ylI~ ~
and iI Gx - y ll < ~~ implies

2 27 - 2  < - - ~~G x - y ~ -

Proof:

Set v = y - G x . Then

- 
x ’Gx + y ’G~~y 

- 
Zx ’G x + 2v ’ x +

- y ’x - x ’ G x + v ’ x

—1v G v
- 

~~ x’ G x + v ’ x
Thus T a 2 and

~ I1 v 11 2 
~ v ’G ’v = ( T . 2) ( x ’Gx + v ’ x)

< ( T - 2 ) ( II G I1 + il v il ) < ( T- 2) ( ~~ + il v il )

Therefore , we have

Ii v t i .~~~ (7 _ 2)i [ j l_!Lfl. + 1]

which Implies that for 7-2 sufficiently small li v Ii < 0. 5~i.. Thus , for V

sufficiently small ,

2li v Il ~
and

y ’ x = x’Gx + v ’ x a - li v il > 0.5~

Finally, for i$ Gx-y ~ < 0.5~i.

7 - 2  < l l v l l 2 llG~~ < 
2~j v f l~ -— - Il v u  — 2

Lemma 4.

There is a constant V > 0 such that , for all j , - 2 < V implies

— T~ i = 0(max V.171-2 ~ lI~~i I })

-15-
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1~

Proof:

B y ( 4 . ’~’)

= - a P .)~~q . - a~~~it 1 
-

Therefore , p 41 = \~ +1 11 q ,  - a , 
~~~ II ~ implies

p
1+1 

g
~~1q~iiq 1 

- a.p .Il~~

~j+1 
g

4-1 
q
1~
q

1 
- a

1
p, IL 2 .

Furthermore ,

P~~~~
1

GP
J 4 - J  ~q

1 
- a.P.~~~

2(q. - a p ) ’  C (q
1 

-

and

- 

P
~~+l GP J+l +

~I+I 
- p

14- 1g;4-1 P141

- 

(q
1 - 

a
1
p ,~~G(q

1 - 
a p

1)
-

2 ,a pGp - Z a q ’GP .
- 

I i i  J i ~~ J~~- •7~j ~~~~~ q

By definit ion , d~~/d ’P . and

dl q, = P Gq
1 + (d - p~G)q

1
p ’ (X . 1 g

1 1
) - 

~~j~~

>”
+1~~~~1+1 

- Gq
1

) + (d - p G)q
1
.

Therefore ,

d ~ ~ ~1~ 1g
1~ ~ 

- G q
1 

+ lid 1 
- G ~ Ii

Since , lI d 1 
- C ~ ii 0(max I I I  g

1 ll~ lI~ +~II }, d~ p
1 

> ~i. and Lemma 3 implies

that for V sufficientl y small

- Gq
1 ll =

and

-16 - 



a 0 . 5~

we have

a~~~ u G h  + 2~~ , Hu l l
I
~ j+l - o . s~

= 0(max ~~r - 2 ,~~ 
~~ 

ii ~~ 
g

1~~ i ) ) .
Lemma 5.

There i s a constant  V > 0 such that , for all I , - 2 < V

implies

A )  j a- , — i f  = 0(max ~~~ — 2 , f~ 
g1 11 , ii g1~1 Il l)

11g . ~I i
ii) II = 0(max{ ’~J4 i , — 2 g

3 li ii 9j 4-l 11 )) .
Proo f:

By Taylor’s theorem there is

jx~x = x , - t(o - . s .) , 0 < t  < I )

such that

0 = 5j 9 H-l 
= s ’c - u 3 s G( ~ 1

)s
1 -

Thus

g’s. g’s . - s’G(~ )s
— s’G( ~ 1

)s
1 

- - 

s’G( ~~.)s
1

Since with V
1 

= p
1
g, - GP we have

g s
1 

(~ J_ G + —1)s , = s G s
1 

+ v s 1iI s 1 II ~

and it follows that

-17 -
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s ’Gs. + v~s1 lI s 1 II - s~G(~~.) s,_ j _jIa- -l~ = s ’G(~ 1
)s

1
2s ’( G—G ( ~ 1

) ) s , + II V J II s
1 III

— 2H s ,

< ~ ( Il G - G(
~ 4 )lI +lI v II )—

~~~~~~~ -I

= 0(max ~~iy — 2 , 11g 1 11, f l g 34-1 II ) ,

wh ere the last  equality follows from Lemma 3 and ( 2 . 4 )  since

- G(~1) Il < ~G - G . + G - G((~ . ) Il  < Lil x - z i l  + L Il x -X.7 I j — I

Setting

E . = G(x . - t a- 1
s

1
)dt - C

0
we have again by Taylor ’ s theorem

= g - o - G s  - a- . E 5
I 1 1 i l l

g Gs + (I  a- )Gs - a- E S= j
_ 

I ~~ i I J~~~ i
and

s II li Gs II II a -~s~lI11g~÷~11 h g 1 - G 
+1g ~ Ii ~~~ 

— 

II g~ll - a- i l —
~~
-

~~~~~~~ + hi E 1 il lI~~E

11p 1g1 — Gp ,~j~ II GP II h1 0 ~ II
+ lI E II ~~= p1 II g1 i~ 

+ — o h  p1 11g 1 11 I l I g ~I[
Since II GP 1 I1 a ~~ we obtain from Lemma 3 , that for ~ sufficiently small

ilp 1
g
1 

- Gp
1~ = 0(~.I 4.~ - 2 )  arid IIP 1~~tI a

Furthermore , by (5 . 2)

I~ u~ II s~ II II g1 li lt s~
2H ~ 

g~]] 
~~ ~ 

— .

and b y ( 2 4) ,

-18-
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11E 1 11 < J
1G(x. - t a- 1

s .)dt - G il + hG , - Gil

max t hh Gx . - t a - s .) - G
1 1l + 11G . - Gil

0 < z t < l

< ~~~~~~ - X I I  + L 11 x1 - z i l  = 0(max{~~g II ,g14-1 11 ) ) .

Therefore we have

11g . 1 H
= 0(max { ~J 4 , .  - 2 , II g1 II . II g1~1 II )) -

Theorem 3.

Let the sequences la-1 )~ 1g.) and {x.) be generated by the algo-

rithm . Then

U a- - -
~~ 0 as I -.

11g 34-1 11
i i )  0 as j- ’ °°11g . II

II x~~~-z II
i i i )  -

~ 0 as j -÷
ll x~ 

-

Proof:

By Theorem 2 , hi g 1 hI — ’ 0 as j -— 
~~~. If ‘r . 2 as j -. -

~ , it follows

from Lemma 4 that 4, . -
~ 

2 , which by Le -nma 5 and (2 . 4) implies the state-

ments of tt .e theorem . Thus it suffices to show that

~~~~. -‘ 2 as j - Q 0 •

Since r , > 2 this is equivalent with proving that for every e > 0 there is

j ( c )  such that

< 2 + e  for J a  1(c) .

Since li d 1 - G p
1~ 

-. 0 as I -  ~ , it follows from Lemma 3 , that for I suf-

ficiently large ,

-19 -
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(5 . 3) -- 2 1- 0(lI d . - G p j i )

= 2 + 0 (r n a x { g . I ~ ~ Ii g 3~1 II } ) .

The~~fore , by (5 . 1)

= q’ . — T .  + 2 + 0(ma x { lI~ hI 119 1+1 11
Let

J = I i I > 2 + e}  -

Since 
~~~ 

— 0 a s  j  — ‘ , there is 
~l such tha t

(5 .4) - (2 + c) + 2 +  0(maxt u g h ,  H
~~+~

Il P

- for .~ a i
~ 

and I ~ J .

I f  I ~ J and ~ is ‘,~fficient ly small it follows from Lemma 4 and 5 that there

is such that

(5.5) Iig 1~2Ii ~ o . 5~( g 14-1~ for j 
~~~~~ 

and j 
~ J

Thus , if j — 1 J . I + i ~ J, i = 0 , . . .  , k -1 , j ~~ k € J It follows from (5 . 3)

and (5 . 5) tha t  for i a
(5 . 6) 

~j +k ~I ~~I+l 
- 

~~ + 
~~j+2 

- 

~~ +i~ 
+ ~~~~~~~~~~~~~~~~ 

- 

~j +k- l~

O( II g . I l ) + 0 ( f ~g . ÷1 i i )  + ... 4- 0(~jg~~ i 11
~

hh g 1~l) + 0(211 9j+i ll ) -

< ~~
- for j suff ic ient ly  large

Since q’. > 0 , (5 . 4) and (5 . 6) imply that J has at most finitely many

elements.

As a fur ther  applicati on of (5 . 1) we o’itain

Theorem 4 - 4

The sequences
1

i l l  H 1 ~ 
} and ~ ~ H ~ 

}

- zo -



are bounded .

Proof:

From (5 . 1) we have
j — I

(~~~. ~~ + 
‘
~ (ç’ - 

~~ , )
.7 1 i — i

j — ,1
= q~ + “ (u . - T . )0 .—‘ i 11=1

( — 1

4’ + “ (ci . - 2)
— 0 ~—‘ 1i= 1

because 2 - r . < 0 for all i . Since II d , - G P
1 

-
~ 0 as i -. ‘~~‘ it

follows from Lemma 3 tha t
j-l i-I

i~ l 
(L) . - 2) = 0( ” 119 1 11 2 ) 0( IIq~II 2

Thus the sequence {c’ . ) is bounded . Moreover , in the proof of the previous

ther ’rem it has  been shown that 7, — 2 as I —‘ ~~~. Thus Lemma 4 implies

tha t  - - 2 as i — -‘. Therefore

0 < t r (G 2 H . (~~ I 4, tr ( G 2 H .
1 G~~ ) = 4’ . +

is bounded . Since the trace of a matrix is equal to the sum of its eigenvalues ,

this mea ns tha t  there is a uniform upper bound for the eigenvalues of the

matrices G 2 H . G 2 and G 2 H , ’ G 2 , i = 0 , 1, 2 Thus there is a

uniform upp e r bound f or the numbers hi H 3 Ih and ll H ~ h I , j = 0 , 1, 2 

-21-
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