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A PRODUCT VERSION OF A VARIABLE METRIC METHOD
AND ITS CONVERGENCE PROPERTIES

Klaus Ritter
1. Introduction.

Various kinds of variable metric methods have been used effectively
in the unconstrained minimization of a function of several variables. Their
main feature is the use of rank one or two corrections to the matrix H which
represents an approximation to the inverse Hessian matrix of the function to
be minimized. Recently Brodlie, Gourlay and Greenstadt [1] and Davidon 3]
used a representation of H as a product CC'. They showed that a rank
two correction to H reduces to a rank one correction to C.

In this paper an algorithm is described which uses a simple rank one
update formula for the matrix C. It is shown that the algorithm gives a prod-
uct representation of the matrix H used in the Broyden-Fletcher-Goldfarb-
Shanno-method [2], [4], [5], [6]. Under appropriate assumptions, the se-
quence generated by the algorithm converges superlinearly.

2. Formulation of the problem and notation.

Let X e En and let F(x) be a real-valued function. We assume that
F(x) is twice continuously differentiable and denote the gradient and the
Hessian matrix of F(x) at a point xi by gi = VF(xi) and Gi = G(xi), re-
spectively. A prime is used for the transpose of a vector or a matrix.

We consider the problem of determining a z such that

(2.1) F(z) < Fix)  forall x=¢2,
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It is assumed that there are positive numbers p, n and L such that
(2.2) p||x||2 < X'Gly)x £ nux]l2 for all x,y ¢ E"
and

|G(x) - G(y)|| < L|x-y| for all x,ye E".

Assumption (2. 2) implies that F(x) is uniformly convex and that there is a
unique z with property (2.1). It is determined by the condition VF(z) = 0 .
For later use we state two more well-known results which are immediate
conseguences of (2. 2):

-1

(2.3) lanll < n, G < for il % o 2

(2. 4) There are numbers ¥y-> 0 and Y, >0 such that for all x¢ E"
VIVE < lIx-z] < v, Vx|l .

3. The Algorithm,

In a variable metric method at a given point xj, the search direction
sj is determined by multiplying the gradient g], = VF(xj) by an appropriate
matrix Hj 3.4 8, 5

8,.= H
s o

where Hj is an approximation to the inverse Hessian matrix of F(x) at xj.

With a suitable step size ¢, a new point

j

Tywge Yoty Bp
is computed, If g,+l = VF(XH-I) # 0 , the matrix Hj+1 is determined from
Hj in such a way that

The various variable metric methods differ in the updating procedure

which is used to compute H1+1 from Hj subject to (3.1). In many methods




is obtained by adding

H]. is a symmetric positive definite matrix and Hj+l

two symmetric matrices of rank one to Hj .
Any symmetric positive definite matrix Hj gan be written in the form

3. . G B 8
(3.2) j gy 4

where CJ. is a nonsingular matrix, Instead of adding a rank two correction

matrix to Hj we can add a rank one matrix uv' to Cj and represent Hj+l

in the form

(3.3) Hj+l = (I+uv')CC' (I + vu')

where the vectors u and v are determined in such a way that (3.1) is satis-

fied and H)+ is nonsingular,.

1

Brodlie, Gourlay and Greenstadt [1] and more recently Davidon [3]
have investigated representations of the form (3. 2) and (3. 3) of Hj and Hj+1’
respectively, for some variable metric methods. In the following we shall
describe an algorithm which uses a very simple update procedure of the form
(3.3). It will be shown that this algorithm produces the same matrix Hj+l
as the Broyden-Fletcher-Goldfarb-Shanno-method; see (2], [4], [5], [6].
We describe a general cycle of the algorithm, At the beginning of the jth
cycle the following data is available: Cj = (clj" L nj)’ xj, gj and
aij = Ci] gj, i=1,...,n. For the initial cycle any nonsingular (nX n)-
matrix CO can be used,

Step 1;: Computation of the direction of descent sj.

Set




Step 2: Computation of the step size "j :

Compute c-j such that
F(x, -o.8.) = min{F(x, - : >0
(J 0-] ]) n{(] GSJHG- J

Set

and compute g 1f ng = 0 stop, otherwise go to Step 3.

j+l°
Step 3: Computation of Cj+1 3

Compute
== 1 e
ﬁlj o cl]g]'l'l’ 1—1,-..,n,
e - A § =s'
b O Y
@ = L . [( J(l -6 Y-l)o' 'l)a + ﬂ ] f =4 o
S Tl i G T M b ot
Set
C - JRRY - + w s
+ :
i,j+l ij s S, ‘13 e
= +
2] e | Nl 7 oy

Replace j with j+1 and go to Step l.
Remark :

In Step 1, the search direction s  is determined by

J

. C.0T8 "
o Bl i S

In Step 2, we assume that cj is the optimal step size. This assumption is

made in order to avoid some technical difficulties in the convergence proofs.
The algorithm also works with an approximation to the optimal step size which
after a finite number of steps can be set equal to 1. This will be shown in a
much more general context in a subsequent paper. In Step 3, Cl+l is ob-

tained by simply adding a multiple of sj to each row of Cj. Obviously

il




6. =0, if o’), is the optimal ztep size.

In the following theorem it will be shown that the search directions
sj generated by the above algorithm are identical with the search directions
used in the Broyden-Fletcher-Goldfarb-Shanno-method.

Theorem 1:

Let c“.,...,cm_, Gj’ s)_, gj and gj+l be defined by the algorithm,
Set
e i : £,
CotdBum vy Gl Mpm S4Cp
S, [ 9
B i . S
p, = d, = i
B iioal et SN
and
d'p. +d'Hd, d'H + HJd.p
2t e G i°) ijjpp._ijj %3P
j+l j e il d'p
(djpj) 3P
Then
b - 1ij1 j+1
and
B = S %
Proof:

The first assertion follows immediately from Steps | and 3 of the

algorithm since

IETTL ORI

Cogt@yS) Tpyy = By o8y = s

In order to prove the second statement we observe that

o 0 - g
- i - sy e, -y AL + I =

C' " C' 1 I
i, j+l ij i) j ’sj(gj-gjﬂ) ].(gj j+1
c:.(g 9
. IAEE by _'_1_1_1__ s _n_L___,p
p (c.xj gm) p;(gj j+l) J
afw

e




Since

o Plg. -9..)
J“ g 1 3 57 v !
i s ;

p').(gj-gjﬂ) pj 9; pj(gj - gJ.H)
= U-j
p’jgj p’j(qj = 9.
it follows that
O n (e S
j+l j «fp;gj d;Pj \fﬂsjﬂ d; P, B 68
Therefore
Ci41Cls1 = CiC'j + (C;=C)IC) + C(Cy -C) +(C,,-C (T, - C)
R ara S o W
PR aR Vi (ee
S, H.'d,
+('Jp'gld'p ﬂls]]r ? é'p]‘ »
J=1aked J =
PO o o B
i dipjainllsgll - dymVpigdip sl (e )” !
- H+ g & di?jdj P! - P 9 ’;;p* AW
(di pj) =)

4, Convergence,

1f the algorithm terminates with some xj. then VF(xj) = 0 and the

assumptions on F(x) imply that x, is the unique global minimizer of F(x).

j
For the remainder of the paper we shall assume that the algorithm generates
an infinite sequence {xj} . In order to prove that it converges to the global
minimizer of F(x) we shall use the equivalence with the BFGS-Method
established in Theorem 1,

First we shall write Hj as a sum of n matrices of rank one. For
this purpose let

-6-
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-1

-1
p, = lIHg| » A o= |Hg

jl

) i ]
and
Hpog ‘= D HA\ g, g
e A M oy R
Then || P, b 4 qj|| =1 and P9 and )\jng are conjugate with respect to
Hj since
Yo Ll 2 oo 2 = p'g, =
5% 5191 P41
Assuming that Hj is positive definite we can find vectors d3j" e ’dnj
such that
= : =35 | I R o
and
X AP
Py9yr MFypy2 dype -0y
are conjugate with respect to Hj. Then
P, Pi o n P,. P!,
(4.1) Boe S, AL,y AU
: j g'P, P LR ¥
d pJngJ Jg)+l i i=3 s
and
I A ' !
. MEEHE: b O Tl T A T T
(4.2) B ¥ = S a . ey ap
: i 417 1=3 23 13
Using (4.1) we can easily derive a corresponding expression for Hj+l'

First we observe that

L TG A e T,
i lloss;ll oi 1 logs,|

implies that

Hij = Hjx for x e Tj = {xlpjx=q1x=0}

d.,...,d . e T. we have to change only the first two terms in (4.1)

1j’ B0
in order to obtain a representation of Hj+l’ i.e., we have to determine two
vectors in the span of gj and gH_1 which are conjugate with respect to Hj+

-l =

1"




We have

= d!’ g = d >
(4.3) d € span {g, ,gm} Hj“dj P and jHj+l ]. 0P 0
Furthermore,
' d = ' = ¥
(4.4} M Ry = B, 8
Thus gJH and d}, are conjugate with respect to Hj+l' By the definition of
H,
i+l dJ' Hj g'H
5 - - ﬁ...___l__
(4.5) Hj+lgj+l ngj+1 Pj q
") dq,
= {g, -crp)hHngH 3 a =-——J-d;pj
and
e G Bjar Gjar = G GIEg 0 > 0
With
oy = BH ool T G G
j+l i 8 £ Sl j+L FiHL T4l j+l
it follows from (4.1)-(4.6), that Hj+1 and Hj-+11 are positive definite and
can be written in the form
1
_ _n P 1P B ByPy
(4.7) Hy, = Sres b gt L d,p
Pi+1%5+1% j+1 §¥s  f=3 V"1
and p
1 1 dl
g gl fmintie o e A S |
. = 1 1 dl &
L 95 Py g it R < Ry T
By the definition of Hj+2
= = = H . = 0 .
Hj+2x Hij for xe Tj+l {X|Hj+lgj+l 419+ }
Setting
o B
= & =
L H 95,0 HL T H 9,1

and observing that

Visr " P g Y

]
Pie1 9541 By
-8~
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we can write Hj and H;i as follows

+ ]
1 1 1
R Y e 12 1 RN . B AL Pi, 34154, 441
g + g : i P v sl -
Mo %aPis Ma%e%a i3 S,afLm
and
. . . i SRR - SRR - )
(4.10) H-l £ p)ngHgJH + )+1g)+zg]+2 N 5 1,341 1,34l
g i+ ! 1 Ly 1
iy 9417541 9542 Yy 73 9,541 Py, 541
where d

are vectors in T, with
j+1

AT A
3, 417 ’“n,j+l

d;

=0 i i o= o
ol Tl % n g AHK o 44K = 3s 00 Ry

d . ¢ i
”Hj.;.l i,]'+l” g Hj+1di,j+l Py jypr | i

This representation is completely analoguous to (4.1) and (4. 2) and can be

used to derive a representation of Hj+2 as a sum of n matrices of rank one,

In the following convergence proof we shall use a simple argument involving

the trace of the matrices Hj and Hj+1' By definition, the trace of a square
matrix M , denoted by tr(M), is the sum of the diagonal elements of M .

From (4.1) and ( 4.2) we have

p.p! q.q n PP
(4.11) tr(Hj) = tr(—éT%)+tr(')\—"‘;‘TL“—)+ L tl’("T“—u‘)
P25 $UL =3 15°1)
n
1 1
© p,glp W R Z d' ;13
j j T8 VS e el
and

2 2 2

qoonleb ol i el
(4.12) tr(H. ') = g’ P + T g + —-a';—r—
: B % e SRS 1 T R

2 2 2
Setti om e X ; Rg! =
etting 7, ( J”g)+l 5/ j 941 qj, ©, (1+ de" )/djpj ¥

(4.13) 0. =T, 4 ) ——t
) ¥ Y Py
and
-9-
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2 2 ; pA
I+ %" g n 1+ ]d I
(4.15) > x j+l ” J+2” + o l 1, )+l
Y R j+l Aoo.gl 9 -~ d! P
#1742 )+l i=3 i,j41 " i,j+l

we conclude from (4.7) - (4.12) that

g

SR A T D
(4.16) T8} o 1 ijG}H i+l o g'j+l pJH
e A %4 Pis
= (pj - ')’j + wj .

The equality (4.16) will be used to prove that the sequence of gradients pro-
duced by the algorithm converges to zero. First we observe that (pj+l =0

is positive definite and, therefore, all terms on the right hand

since H,
j+1

side of (4.15) are positive, Secondly we shall show (Lemma 1) that, because
of the assumptions on F(x), the sequence {wj} is bounded. This implies
that there is a constant y and an infinite set JC {0,1,2,...} such that

(4.17) Tj Ly o -Ye J.,

Using the definition of '7'], and ij it can easily be shown (Lemma 2) that

there is & > 0 such that

P 2 engj+1II A T

By a routine argument it follows from this that

”gj+l"—’0 as | ~v0 , Je ¥ s

which by the uniform convexity of F(x) implies

”g‘ - 0 as j—-» o

j+1 “

Lemma 1.
2
1+ | 2
s b | 1+ 1
w = TP < - for all j .
b I
sl0=




Proof:

By Taylor's theorem there are

§j,nj e {x|x= xj - t(ajsj), 0<t<l}
such that
P'g, .. = plg, o, D GE)s 1
Bl ® R 11 ; 1
and
d'g! = d' g . -0o,d Gin)s, .
JgJ+1 JgJ < g (nJ)J
Therefore,
(g9, -9,.,)'p
5
(4.18) d'p = s = p' GIE )p, >
1N F T el e 2
and
di(g9.-9.,,)
2 j ) 7j+l
(4.19 d. = = d'G(n, < ||d. f 1G(n)]] < d.|l.
) I, e = 4Stgey < 141G 1 <nle)] |
Lemma 2. |
For every y >0 there is ¢ >0 such that, for all j, |
2 2
1+ X g,
= i !
e x. g . q <y implies g b, 2ellg;, .
| e
Proof:
If ¥ < ¥ , then
g, | o, .,
+1 i
il g'-jq it a1 2 2 ‘g%
i+l 7 "7+l j+1 7
and
- P -
+1 ) > 2
By (4.5),
dlq d'
P... = (q, - pla, - —-"fl-J—pll'l
j+l j d'p j j d.p ]
j) i)
S
3
€

R OO

R e Te LR TRV s S AR L




Since, by (4.18) and (4.19),

it follows that

Piv1 941 9541 9 e

———— > 8
Togul = T Ty, 2 Sm

Theorem 2,

The sequence {xj} generated by the algorithm converges to a z

such that
F(z) < F(x) forall x+# z
and
VE(z) = 0,

By (4.17) and Lemma | and 2 there is & > 0 and an infinite set
J< {0,1,2,...} such that
gp, > ellgl for j«¢ J.
13 ]
Furthermore, it follows from Taylor's theorem that, for some gj € {x|x=
xj - t(o Sj)’ 0<t<li),
+ %vzs;G(ﬁj)S

Fix, -os) -F(x) = -0g,'s
J J J

J J j

wgﬁj+%v%”ﬂz.

IA

Thus choosing

we obtain, for je T,

«]l2=




|A

F(xjH) - F(xj) F(xj -0 Sj) - F(Xj)

2
1

5 -_1_ (g' s,)

- 2 2

L
ez
< m— !
£ -2l

Since F(x) is bounded from below and F(x, ,) < F(x

i+l j) for all j , it follows

that

lo =0 as 3=, jeI.
Let z be a cluster point of the sequence {xj, je J}. Then VF(z) =0. By

the uniform convexity of F(x), 2z is the unique global minimizer of F(x).

Since F(xj+l) < F(xj) for all j , the sequence {xj} has no cluster point

except z . Thus xJ.—-z as j=—» o ,

5. Superlinear convergence.

In order to prove that

N,
i -y S N TR
gl

we shall again use the trace of the matrices H, and Hj+l' The argument

will be based on a modification of the formula (4.16).

1
By Theorem 2, X =z as j-= o, Let G = G(z) and denote by G*
1

the square root of G . By definition Gi is a symmetric positive definite

matrix with the property

k
G = 3'%G°
-3 §. -1 o
We set G ¢ = (G*®) . Replacing the matrices Hj and Hj by
1 L 1 t .} ok ek Lk
G‘H’Gz and (G‘HjG‘) = G * H G e 5

respectively, in the formulae (4.1), (4.2) and (4.7) - (4.16) we obtain

13«
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' G’ ' + A
pGPl+ J_(, d, ; quq. nglJ 41
w = —
d'p, F o q "
‘ j by ! )gl+1 j
-1
. prap. * 416 d
AUl el L (;, ! !
) ) 1=3 ij ij
dnd
(5.1 @, = ST e N
) j+l éJ j i

In order to prove that {||gJ|| } converges superlinearly to zero we

observe that by Taylor's theorem

1
de . GPJ_[I = fi¢ é G(x; - to s )dt - G)Pj”
< sup ||G(x, -tes)-G.| + |G, -Gl
_0<t<l ) 1) J )
5 L”xl_xj+1” +L”XJ,°Z”

omax{ g, 1, s, 1) -

Thus Lemma 3 below implies that wJ.—» 2 as j—=o ., Since <pj > 0 we shall

conclude from this that 7), -2 as j— o, Setting

1 1 1

—

G2pP.P'G? p.G *g.g'c:"*
g, = tr(—#———) + tr( ! ,j J

we obtain from Lemma 4 that \pj -+ 2 as j-+9 which by Lemma 5 in turn

implies that | g .|| ||gj|| e b ae j=- oo,

j+l
Lemma 3.

Let X,y ¢ E" besuchthat||x|| =1 and y'x >0. Set

1 1 1 1
2 1 ‘3 b ' -5
s w(-REEE L WS XESE

y'x y'x
Then

: e

and there is a constant y >0 such that 7- 2 <y implies

-14-




2
y'x > p,  Gx-y[|" < n(n+p)T-2)

and |Gx - y|| < y implies

2 2
T-2 £ S |Gx-y]" .
B

Proof:
Set v =y - Gx. Then

X'Gx + y'G'ly _ 2x'Gx_+ _2v'x_+ va Tl
y'x (] xX'Gx + v'x
vG-lv
X'Gx + v'x

= & ¥
Thus 7 > 2 and

;1”\,”2 < v'G'lv = (T-2)(x'Gx + v'x)

<r-2(GI + vl < (r-2)(n + |Iv]})
Therefore, we have
vl < (- 2mipgy + 11
which implies that for 7-2 sufficiently small |v| < 0.54. Thus, for vy
sufficiently small,
Ivll < nntwr-2)
and
y'x = x'Gx + v'x > p - |v| > 0.5 .

Finally, for |Gx-y| < 0.5u ,

AT | 2
Pl v G < Z||v|l :
- M- "v“ v, p2

Lemma 4,
There is a constant y > 0 such that, for all j , 'rj - 2 <y implies
[y = 7yl = O(max (N7 27, gl b

I8




e

Proof:
By (4.5)
il
P, = (9 -ap)|a, -a, .
j+l (J s J)qu aJpJ“
) «} ;
Therefore, P4l \Hlllqj-ajpjn implies
o B c;llq-f’tpll-l
J+1 7541 Ui+l RS B B S B R | )
w2
A ' Ma, - . :
Mgmq]llq] aijH
Furthermore,
=2
P'  GP = |lq, - a,p, . ‘G (q, - .
o e . "1 a]]“ (qj ajpj) (qJ aij)
and
: SR, |
Wi PiniCPia * P 95nC 954
i+ Pi419541 P41
2 2 o
q, - aP)G(q, - ap)+ - ' G g,
A9 -apra - ap) +el9- gl 94,C 9
1
YSLIFRS

2
e p;Gp, - 2a.q GP
PO oW 15 Wi e

: M Y

By definition, a = d'jc:j/.:l;pj and

djqj = 91Gq’ + (dj- ij)qj

"

P ) - PX - Gq,) + (d} - p'G)qj-

N
a9 - BT - B9 3= %

Therefore,
Since, udj -G lel = O(max { || gjll, llngll }s t:l'jpj > p and Lemma 3 implies

that for y sufficiently small

X151 - Gal = ow-rj-z')

and

ks




'\j+lgj+1qj Pk o
we have
2G| + 2a iG]
gy -7l = =4 .
j+l ) 0. 5u
Lemma 5.
There is a constant y >0 such that, for all j , q;j
implies
: A e
D ey -1l = omax (Vg -2 gl llg, 1D
lg,,,|
i) — O(maX{'~1¢ ; llg s, 1t D
[N j+1
Proof:
By Taylor's theorem there is
gje {x|x = X, - t(o'jsj) y DLt<l)
such that
O 2 gg “= 8¢ « . :
SJgH‘l ngJ GISJG(gJ)Sj
Thus
's, R, - sG s
(5.2) T, = s =1 - ng (g)
j s}G(f,j)sj s;G(‘é )s

Since with v - GD], we have

A B
g's = (_L G —j-)s = S'GS + v! S ”S " ’
7y ey ;e S

and it follows that

O




s}st + v s ||s | - G(g )s
IU'.'” = '
G(
j s f;])sJ

‘ Z
si(G-G(E s, + Ilvjll Ilsjll

IA

2
MiiS,
” J”

A

1
- UIG - GEp[+Iv, D

= O(maxt\/nhj -2 ”gj”’”ng”)’

where the last equality follows from Lemma 3 and (2. 4) since
G - ; < -G || + |G, -G(e)]| <L|[x, - +Liix . .-x I .

IG - Gépll < llc Gl + G €l <Llx, - 2| %41 -%; 1
Setting

1
= - dt -
Ej {) G(xj tojsj) SR

we have again by Taylor's theorem

e S Bl e o et L
= g:i -st + (1 -rrj)st -t:rjEJsj
and
ol lo-onl ol Joys, |
To,T <~ Tal E Il Ts)]
le.g, - Gp.|| e, lo.s |

]
=‘L—"—W-J—+U-0| +lE |
P9 j pill 9 j e

j J
Since ||Gpj | > » we obtain from Lemma 3, that for y sufficiently small

lejg; - Goyll = 0Ny, -2) and llejo;ll > 0.5u.
Furthermore, by (5. 2)

LN DU CATC
g -
o, = "ﬂ bl x

and by (2. 4),

-18-




1
E.ff < G(x, -te,s)dt - G || + ||G, -G
Il < 0 f'oe - togsar - Gl + Iy - Gl
<  max {HG(x,-tcr,s,)-GjH + ||GJ.-G||
0ctel j i)
<

Lx, - %0+ Llx, - 2] = omax(llgll,g,, 1 ).

Therefore we have

~ . o(max{\/nbj -2, “gj I i 941 I

Theorem 3.

Let the sequences {o-j}, {gj} and {xj} be generated by the algo-

rithm, Then

i) |<rj-l|—>0 as j—=> o
g, |
ii) ——)—+l - 0 as j—=>
ERI
]
”xj'H.-z"
ii s i = 00
iii) m 0 as j .

Proof:

By Theorem 2, ||gj||-> 0 as j-— o, If Py wd A8 Jm o, i follows
from Lemma 4 that ij - 2, which by Lemma 5 and (2. 4) implies the state-
ments of the theorem. Thus it suffices to show that

-rj m it | E B

Since 'rj > 2 this is equivalent with proving that for every ¢ > 0 there is

j(e) such that
‘rj Lere tor 42> el
Since ||dj - Gpj | - 0 as j- o, it follows from Lemma 3, that for j suf-

ficiently large,
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(5.3) G ¥ 2 + 0(||dj -GpJ.H)

= |

= 2 + o(max{g[l,llg [ D
Therefore, by (5.1)

i+l
Let
] = {jl'rj> 2+¢}.

Since HgJH -0 as j — », thereis j such that

(5. 4) ¢

A

i SR EIEREN2 ¢ o(max{[lgll, fla;,,lIH

S_wj'

1f jd ] and ¢ is sufficiently small it follows from Lemma 4 and 5 that there

for j_>__jl and je J.

SR [y]

is j2 such that

l 2 »
(5.5) ng+2“ < 0.5||gj+l|. for '} >} and j§ J.

2
Thus, if j-1leJ, J+ifJ, 1=0,...,k-1, j+ke J it follows from (5. 3)

and (5. 5) that for j > jZ

(5.6) @ -9.)+ (o

T e e o2 = O o MOt Pl

1
<
"

i

o(flgyll) +ocllgyy ) + .o * 0(flgyy 41D

i

otllg ) + ozlisy,, ) -

=

T

for j sufficiently large
Since <p), >0, (5.4)and (5.6) imply that ] has at most finitely many
elements.
As a further application of (5.1) we obtain
Theorem 4 .,

The sequences

-1
() and  (NE)
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are bounded,
Proof:

From (5.1) we have

i)
n - » ( -
qJ %0 + P ? ‘pi-l)
1=l
il
= 1/’0 + ._J(wi-'r)
izl
il
S B e )
i=]

because 2 -7 <0 forall i. Since de-GPjH-0 as j - o it

follows from Lemma 3 that

J'\:‘l j\:‘l 2 <y 2
L@ =2 = 00) [l %) = ot ) flgll%) < .
i=l 1=l 1=l

Thus the sequence {‘Pj} is bounded. Moreover, in the proof of the previous
theorem it has been shown that Ti - 2 as j— o, Thus Lemma 4 implies
that d’i - 2 as j = o, Therefore

1 1

0 <tr(G? H, chH ¢ mae™* Hj'l G

-
-

)=‘Pj+¢j

is bounded. Since the trace of a matrix is equal to the sum of its eigenvalues,
this means that there is a uniform upper bound for the eigenvalues of the
1 1 1

1 L Y -3
matrices G° Hj G* and G ° HJ.1 G *%94§=0,1,2,... . Thus there is a

uniform upper bound for the numbers || Hj" and || Hj-l“ o F=0,8,2,...

a2l
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