
AQ—*03t 998 POMONA C0U. CLAREMONT CALIF F/S 20/SN
REFLECTION OF ELECTROMAGNETIC RADIATION FROM THE OCEAN 54*FACE.(U)
OCT 76 J C MIL LER N000SN—73—C—030N

UNCLASSIFIED
I I ___________

AD
A031 000 ___________ __________

•

END
__________ DATE

F PL ME U
—76

I
I

II



_ _ _ _  ‘~ L f~2.2
L ~~

I I I  ~~~~ IIII~iIlII~I .25 

~~ HlO~
6

MICROCOPY RESOLUTION TEST CH~~T
NATI~I1AL BUREAU OF STANDARDS-I963-~

~1



..- —I. “
~~~““~~~~~~~~ 

-
—~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 

SECUR ITY CLAS S IFICAT ION oc TN&S PAGE (~7l.n D.ia Ent.r.d ,~ 

“

~~~~~REPORT DOCUMENTATION PAGE BEFO CO I M
I REPORT NUM9ER 2. GOVT ACCESSL> N NO. 3. RECIPIENT’S CATALOG NUMBER

FINAL TECHNICAL REPORT

4 T I T L E  (and Subtltt,’ I . I P~ QF REPORT A P RIOD COVERED

(~~~~~~~~~~
IoN OF jLECTRcI4AGNETICpDIATION ! C 

1iI~~,iar ~~2 - 2 9  Feb
FR( 14 THE ~~ EAN SURFACE ‘ °“~~~~~ ‘~~~“ “~~~~‘

- --
f 

~~~~____j  
_ _ _ _ _ _ _

7. AUTHOR( s )  S. CONTRACT OR GRANT NUMBER(.)

ONR Contract No .. 
—

7 Jack c./M
±~~~~7 ~~~~ 

-~fNOQ?14-73-C-~~~ 4 ~
9 P E R F O R M I N G  O R G A N I Z A T IO N  N A M E  A N D  ADDRESS 10. PROGRAM ELEMEN7~ PROJECT , T A SK

AREA A WORK UNIT NUMBERS

Pomona College, Claremont, California 91711 — Task Nqfl~294—Ol8

II CONTROLLING OF~~JCE N A M E  A N D  ADDRESS 42. RE ORT nATZ

Ocean Science and Technology Division (
~ ~ f ~~tJ:~~ U176J

Office of Naval Research, Arlington, VA 22217 ~ NUMSER OF PAGES

14 M ONITORING AGENCY N A M E  & ADORE SS(SS dSff.r.nI l,om Conl,ollSn~ OlfSc.) IS. SECURITY CLASS. (of tAll r.por t)

Unclassified
/ 15.. OECLASSIFICAT ION/D OW NGRAO ING

LL/ SCHEDULE

IS. DISTRIBUTIO N S T A T E M E N T  (of thu R.port)

Approved for public release; distribution unlimited

17. DISTRIBUTION STATEM E NT (of lb. ab.t?.ct .nti,. d Sn Block 20, If dIff.,.nt fro.~ R.porS)

D D C
r~~~~ r?uart~fl19 S UPPLEMENTA RY NOTES 

NOV 12 1918

IS. KEY WORDS (Contlnu. on r.v.r.. if d. linac....:, ~~d ld.nflfy by block numb~~~’f~~~~

Electromagnetic radiation reflection from a rough surface (perfectly
conducting)

~1

F 20. A B STRACT (Cont Inu, on rev•ra• .ld. If n.c...ary and Id.ntlfy by block nu.,bar)

L_j> A method for calculating the electromagnetic field scattered frosn a rough,
perfectly conducting surface having two—dimensional variation is presented.
The calculation proceeds in two steps: (1) calculation of the current
distribution on the surface via integral equation techniques; and (2)
calculation of the scattered fields using these currents as sources.
Shadowing and multiple scattering effects are included.

DD JAN 73 ~473V’~
To ITb0t

~ 
OF I NOV 51 IS OBSOLETE unclassified

S/N 0102-LF 0146601
SECURITY CLASSIFICATION OF THIS PA~3( (~~~

i
~ 

Data ~~~~~~~~

~~________ 

~~~~~~~~~~ ~~~~~~~~~~~ 
. 

~~~~~~~~~~~~~~~ — . ¶

~~~ -.~~~~- M ~~u1~~ ~~~~~~~~ 
~~~~~~~~~~~~~~~~ ____ -



WY -

~~

-‘

~~~~

-- -

~~~~~~~~~~~~~~

——-.

~~~~~~~~ 
.
~~
- ....._ _ _ _ _

,

~~

Final Technical Report

.4

REFLECTION OF ELECTROMAGNETIC RADIATION

FROM THE

OCEAN SURFACE

ONR Contract No . N000l4-73-C-0304

NR294— 018

ACCESSION tir

by ITIA ~ IIts ectIlII

DOC Isti SeclIes 0.4 ANA NNOUNCED U
JUSIIFICAIION 

Jack C. Miller

Professor of Physics 
1

UISTN~BUTIOI/A~~WILITY cOSu:z

Pomona College

Claremont , California 91711 
/9.

30 October 1976

ri 

..-.---— ~~.agL..’~~~~-~~~~~ -i~~~~~~ ’... ’r. ;:‘“
~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 1. ~~~~~~~~ ~~~ 

. 
“%.~~ij~ ~* ~~~~~~~



_ _ _  _ _ _  - .  . . . .. . , . . . . .

0 ~~~~ INTRODUCTION

The purpose of this report is to provide a method for calculating the

scattered electromagnetic field produced by illuan.tnat.ion of a rough surface. At

the outset it will be appropriate to list the restrictions imposed on the problem.

As to the incident field, the theory is formulated for a general form

of illumination. There is no restriction in incidence angle or on type of

polarization. Over a substantial portion of the report, mostly for purposes of

comparison with other work, the incident field will be taken to be a plane wave

with simple polarization (usually Th). When periodicity is assumed for the

surface, the incidence angle of the illuminating radiation will be restricted to

certain angles in order to achieve an overall periodicity compatible with the

) surface.
a..’ ,

The restrictions imposed on the surface are that it is assumed to be of

infinite extent, i.e., when given explicitly by z = f(x,y) we allow —~~ ~ x iz

and -~~~ .
~ 
y < ~~. The surface is further assumed to be the interface between

vacuum (z > f(x,y), index of refraction equa l to one) and a perfect conductor

(z < f(x,y) conductivity infinite). Finally , we assume that f(x,y) and its first

and second derivatives are continuous. Where necessary for comparison with other

work, it may be assumed that the surface is representable as a Fourier integral

with the attendant requirement that ~f ( x ,y)~ -
~ 0 as lx + y~ -

~ ~~ . When periodicity

in f(x,y) is assumed the Fourier integral becomes the usual Fourier sum . Note

that no assumption is made concerning the smallness of the surface variation on

slopes. The only surfaces excluded are those having sharp points or ridges where

surface curvature becomes infinite (local radius of curvature equal zero).

Formulae are given for the calculation of the scattered field

arbitrarily close to the surface. Indeed, without ~bis it is not possible to

~ ~~~~ discuss the full spectrum of the scattered field in the “valleys” of the surface,

b~;j
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i.e., in the region where z lies between maximum and m.inirnum f (x ,y) , (0 —

~min 
< z ‘C f ) .  Upon taking the asymptotic form of certain Green’s functions

appearing in the expression for the scattered field, the somewhat simpler forms

of the scattered field remote from the surface are easily extracted.

The general method used in this work is the exact theory for the

reflection problem provided by a two stage calculation . First , one solves the

appropriate integral equation system for the surface currents induced by the

incident field. Second, these currents used as sources furnish the structure

of the scattered field by means of the usual Green’s function techniques. In this

way it is possible to analyze the conventiona l, or physical optics, approach to

the scattering problem and determine the range of its validity. It will be found

that even apart from the restriction of small surface roughness, there is a basic

assumption of the physical optics approach which is invalid. In order to examine

this point further we turn to a very brief recapitulation of the physical optics

approach in simple enough form to exhibit the difficulties.

2. THE PHYSICAL OPTICS SOLUTION

The method presented in this section is perhaps best exemplified by

the work of Rice1 although the basic idea is much older; the same approach,

used for acoustical scattering, goes back at least to Lord Rayleigh.2 Variants

on Rice ’s original presentation have been attempted in an effort to relax some

. 3 . . 4of the basic conditions. For example , Barrick has appLi.ed Leontovich

boundary conditions in order to move away from the restrictions of perfect

conductivity of the surface. It may be noted here that the literature on this

problem is very extensive and that no review of the literature will be under-

taken in this report.

2.
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In our example we consider the surface given by z f(x )  with the

normal,

= ~(x) = (1 ÷ f 2 )-½ [-f~~~ ÷ (1)

= df/dx; C , and are unit vectors in the x, y, and z directions

respectively. For the Th mode (E = 0) the boundary condition of no tangential

component of electric field on the surface assumes the simple form,

n E  - n E  = 0 on z f(x)
ZX X Z  (2)

which, upon retention of first order terms assuming 
~~ 

is small , becomes

E + f E = 0  on z=f(x) (3)
x x z

The incident field has only a y component ,

~inc H ~ e
1
~~

1 cos 80 — z sin e
~
] 

H 
4’ 
,lflC (4)

oy oy

It may be noted that 8
~ 

is measured from the horizontal. The corresponding

electric field is easily found:

- H sin e eik [x cos 
- z sin e~

] 
= - 

~~

x a a k o~~z

E
iflC 

- H cos e e11 ~~ cos - z sin e~] - H ~~
inc

z o o ~~~o8x (5

N’

e
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A time dependence factor, ~~~~~~ has been assumed for all field variables

where k — 2vt/A and A is the wavelength of the incident radiation .

For the scattered field the physical optics approach assumes a

superposition of upward propagating waves, each of which is in form similar to

that suggested by eq. (4 ) .  The func tion corresponsing to ~inc is

s ik[xp + z/1 —

• (x,z) = 

—

~~~ dp A p) e (z > 0) (6)

For 0 ‘C Ipi ‘C 1, these are waves scattered upward at some fixed angle with

amplitude proportional to A(p). For I p i  > 1, the scattered field consists of

fr trapped waves on the surface decaying in amplitude exponentially with increasing

positive ~~.

The procedure is now straight forward. The scattered electric field

components, E and E5, are calculated from equations similar to eqs. (5)

using $~ in place of •
inc Then forming the tota l field

E
tOt 

— E~~
c + E5 ; E~

0t 
= E C 

+

the boundary conditions, eq. (3) are applied. Since f(x) as well as its first

derivative is assumed small, an expansion in powers of f and is made, and a

corresponding perturbation expansion of A(p) is made, i.e., A(p) — A (p) + A
1
(p) +

A (p) represents the contribution of a flat surface (f(x) 0) while A
1
(p) is

the contribution from first order terms in f (x) and f (x).

The zeroth order yields simply ,

A0
(p) 6(p — cos 8 )

where 6(x) ii th. usual Dirac delta function. The corresponding equation for

4. 
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first order term is,

!:
dP {1- p~ A1

(p) ~ ib0~~ = - 2[ikf sin2 8 - 

~x 
cos e) e1~~ 

cos 8~

so that an explicit solution for A1(p) follows from the Fourier expansion of f(x).

• Suppose f(x) has a horizontal scale A and vertical scale a so that,

j K( x/A)f(x )  = of d~ c(K)  e (9)

then with the definitions a = ki, B = kA , and c = c/A eq. (7) yields,

~

A1( p)  = c c(ct (p  — cos eu)) [2ia 2 (p cos 8~~
_ 1)) (1 ~2)—½ (10)

The smallness of A
1
(p) in comparison with A (p) is indicated by the factor C in

eq. (10). When restriction to one-dimensional surface variation is made, the

above result is that of Rice. Extension to second order is straightforward and

will not be repeated here.

The important point to note is the unwarranted nature of the assumption

of upward propagating waves only (eq. (6))  coupled wi th application of the

boundary condition in a region ~< z 
~ 

f~~~ ) where the whole spectrum cannot

- be represented by such a hypothesis. The physical optics approach provides no

method by which the requisite downward propagating waves can be introduced. It

is one of the purposes of this report to show explicitly how these downward

- 
. propagating components make their appearance. The successive order perturbation

- 

, terms of the physical optics approach can be interpreted as a form of multiple
4,

scattering contribu tions, but the interpretation is suggestive more than real

5.
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since the successive terms correspond simply to iteration of a linearized

(in e) integral equation .

I
3. THE INTEG RAL EQUATIONS FOR SURFACE MAGNETIC FIELDS

Rather than make any assumptions about the nature of the scattered

field, and consequently the tOtal. field on the surface, the viewpoint taken here

emphasizes the direct calculation of these quantities. The basic formula for

this procedure is the Chu-Stratton integral equation for the surface magnetic

field. The second stage of the calculation uses these surface fields as sources

for the application of a suitable Green ’s function technique to yield the scattered

field. The integral equation for a perfect conductor is

i~(x ’) 2i~
ext(X,) + ~— k

3 f do [~(x) x ~(x)] x i~(x ,x ’) 
j~ ’ 

~ 
e~~

’ 
(11)

(kr )

where ~ symbolizes the vector with components (x ,y, f ( x , y) )  and similarly for

4’ -~~ 4’ 4’ . .x ’, r(x, x ’) = x - x ’, and the integration is over the whole surface. The vector

do has components 
~~~~~~~ :~~

‘
4’~~ 

dx dy. From the surface boundary condition ,

already used in eq. (11), n • H -= 0 it is evident that the third component of the

magnetic field is determined in terms of H
~ 
and H~ so that only two coupled

integral equations for H and H suffice to give the whole surface field.

~
5Xt (x) is the incident magnetic field which, for plane wave illumina-

tion , has x and y components.

(H ~~t, H~~
t) = H (sin 8 , -r 0) exp [ik(x cos 80 - f (x ,y) sin 00] (12)

with a complex number dependent on polarization conditions; H is the scale

6.
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of the incident field. Some possibili ties are : F0 = 0 gives TE mode,

F = ±i gives right (left) circular polarization, while the replacement of

(sin 0~,, — F )  by (0, -1) gives the Th mode .

The use of eq. (11) is much simplified by the introduction of scaled

variables. Let A and o be horizontal and vertical scales respectively of f(x,y).

So let x = A~ and y = An , and set f (x ,y) = at (~ ,n). The derivatives of f(x,y)

scale according to f(x ,y) = cT~~ (E , f l ) ;  f ( x ,y) = e t ( ~~,n ) ;  f ( x ,y) =

etc., where c = B/a. The same notation as follows eq. (9) in relating these

scale factors to incident wavelength is also used so a = k/t, and B = ko. The

magnetic fields are scaled by H so on the surface,

(H (x ,y , f(x ,y)), H (x ,y, f(x ,y)) = H (~ 1
(~ ,n), ~~(~,n))

(Hext
(X ,Y, f(X,Y)), H~~

t (x,y, f(x ,y)) — H (sin 0 , — F )  e~~ 
c0se

0
t(~~n) sin 0

0]

(13)

The expression [(ikr - 1) exp ikr ) /(kr)3 is replaced by ~~~~~~~~~~~~~~~~~~~~~~~~

where, with t’ = r (~ ’, n ’) ,

1: = ~~~~~~~ + (~~~~)
2 
~ E

2(T_t t)2]½ (14)

and is the Hankel function of the first kind of order 3/2.

Introducing the column vector 4’(~ ,n) whose components are ~1(~ ,n )  and

allows eq. (11) to be written

1 H (1) (ap
= ~~~~~~~~~~ — i ~~ fd~ f dn 

3/2 
/ M (~~’,n ’ ;~ ,n) ~~~~~~~~~~~~~~~ (15)

2J~~ -~~ -— (~z p )

7. 
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A similar column vector has been introduced for the incident field

~~ Xt
(~~ P fl s )  — 

O~~~~~~O

°

~I 

~~~~ 
cos 0 — c’r (~ ,n )  sin 0 ]

*
ext e t

~~~ 
cos 0 — c t ( ~ ,n )  sin 0 ]

o ° (16)

and M (F’,r1 ’;~ ,rN) is a 2 x 2 matrix with the structure,

M (~ ’,n’; ~~,n) = M
0
(~ ’,n ’; ~~~~~~ 

+ C~ M~(~~’,n ’; F ,~ )

where — t ’ — (n — n ’) ’r (‘, —

M ~~‘ ,n’,~,n) =
(~ — ~~‘ )t  — .r ’ — (~ —

M 2 (~~’ ,n’ ; ~,n) - t’) (t - t ’)  N2
(~~,fl) 

( 17)F, ~n n

It may be noted that c enters into eq. (15) in a more complicated way than the

4 usual Fredho].m equation of the second kind since c also appears in a non-linear

way in p
0. For this reason simple iteration of eq. (15) does not yield an

expansion of iP(~,n) in powers of C.

4. THE SCATTERED FIELD

Above the surface (z > f(x,y)) the total magnetic field is expressed in

non-scaled coordinates by

H~
1
~ (kr)

i~(x ’) = i~~
Xt (x , )  — j  1 k3 f do [~ (x)  x i~(x)] x ( x,x ’)  3/2

I 

(J~~) 3/2 ( 18)

8.
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where x ’ now refers to an arbitrary point off the surface (coordinates: x’, y’, z’)

so

r = ((x - x’)
2+ (y - y ’) 2i (f - z’)2f~ (19)

Eqs . (18) and (19) are easily expressed in scaled coordinates. From eq. (18) the

scattered field is readily identified as the surface integral term with horizontal

components given in two component column vector form by,

(1)

H~ (x ’)  - 

H
0 a3 I d~ f dn 

H
312

(ap ’) 
M5(x ’; ~,n) ~~~~~ (20)

LW~~ -~~~ -= 3/2(ap e)

in which from eq. (19),

p t = — 
kx ’ ) 2 

+ (~ — ~~~~~ + (b. .. — CT)~~]
½ (21)

and the 2 x 2 matrix M5(x’;E~,n) has the structure,

with

M ,(x ’ ; ~ ,n) — ! ~ .— 1 —~~ .— j~ ~
$ 

t _ ( n _ _) r~ ( f l — -)T~
M1

(x ’; ~,n) =

(~ — ~~~~~— ) r  r — — ~~~—)t~

M~(x ’; ~,n) = - ~~~N2(~,n) 
(22 )

(N (~~~
,n) is as defined implicitly in eq. (17)).

2

~ ~;*. 
9.
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For the vertical component of the scattered field eq. (18) gives,

H H (1) ( czp~~)
H~ (x ’)  = 1 ° a3 f d~ f dn 3/2 

/ 
[v

1
(x ’ ; ~ ,n) ~1~~~,n) + V 2

(x ’ ; ~~,f l)  ~k 2
(
~~,f l ) ]

-~~~ -= (ap ’)

(23)

where

V1
(x ’ ; ~,n) — .~2~_:_ + 2 

— ...)T
2 

t (r~ —

• V
2

(x ’ ; ~~ ,n )  = n - ~X.!- ~ ~2 
~~ 

- ~~—)t~r + (n -

(24)

The program for the calculation of the exact form of the scattered

field is now formally complete, and proceeds by two stages. First, the surface

currents are calculated from eq. (15). Then the scattered field components are

calculated at an arbitrary field point by eqs. (20) and (23). Both steps present

formidable computational difficulties, and, for the case of an arbitrary surface

TU,n) it is necessary to resort to numerical analysis for usable results.

Before turning to the necessary numerical procedures it is of some interest to

see what information can be extracted from the basic theory.

5. SOLUTION FOR THE CASE [€ < <  i]

As mentioned before simple iteration of eq. (15) does not produce a

power series expansion of i~ (~~,n) in c. However, such a series expansion can be

obtained from eq. (15) with some restrictions on t(~~,n). The incident fiLid is

easily expanded in powers of c,

10.

~~~~~~~~~~~ 

- 

-
~~~

-
~~ --~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - •



rip,, - - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~,eXt(~) — ~~~~ 
CO B 0~ [1 — iaci(~) sin 00 — 4a

2
6
2
r
2(~) sin

2 
00 ~

(25)

It is assumed that p = q,(O) + CqI~~~
1

~~ + 6
2
~J (2) + •.. The difficulty arises in

the expansion of ~~~ (ap )/(ctp )3”2. If the surface satisfies the Lipshitz

condition,

c i t  - t ’ i  < [(~ - ~ 1) 2 + (n - ~~~)2]~ (26)

then ~~~~ (ctp )/(ctp )3/’2 can be expanded using the Gegenbauer addition formula,

(1) (1)(ctp ) 
= 

H
31,2 

(ap 1) 
+ 0(62) (27

3/2 3/2• (ap ) (ap
1
)

where p [(~ — ~,)2 + (n — n t )2f2 If we restrict our efforts to a second order

calculation then the presence of a factor of C in eq. (15) before the integral

renders the 0(62) term effectively proportional to ~~ and is hence discardable.

Moreover, MU ’,n ’; ~,n) may be replaced by M( E ’,fl ’; E ,n) for the same reason.

The resulting integral equation is considerably more tractable. Substitution of

the assumed power series expansions in c yield a set of equations giving

in terms of ~~~~~~~~~ etc . In order to carry out the integrations, it is

necessary to introduce the Fourier expansion of the surface,

= f d i c f d ~i c ( K p) e
i(K

~~ 
+ ~~~~

f 11.

I

~ 
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Since r(~ , n)  is rea l, c(K ,u)* — c(—K ,—u).

The integr ations encoun ter ed are somewhat complicated and much use is

made of the representation,

H W (z) 1 2V 
____ 

—v — i u—z /4u— 
~ 

J d u u e (28)
z iri2 C

c is a contour as shown in Fig. 1. ()~ce the integration techniques are in hand

the procedure to calcula te ~~0) + ~*
(1) 

+ is straightforward but tedious.

Only the result need be quoted here and is,

— 2e~~~ 
C05 0

0 ~~ ext

+ 2 (ia 3c) I dp I d~ c(a(p - cos O ) , a X) e X
~~~[N ( p , X ,  cos 0

0, 0)

, ext— l s i n 0j4
0 0

+ 2 (ia 3c) 2 f d p  I d~ fdp ’ I dx ’ c(a(p - p ’), a(X - x’)) c(a(p’ - cos 0~ ), ax ’)

+ xn)

x {N ( p , X ;  P ’,x ’) [Np ’,X ’; cos 0 , 0) — 1 sin o ]  + ~ ~. e }  ~, ext

(29)

where

2p +XX ’—l (P—n )x
— 

2 2 ~ 2 + 1(1—p —x ) (30)
(1—p —x ) p (x—x ’) pp ’+~ —l

12.
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In both eq. (29) and eq. (30), 1 stands for the unit 2 x 2 matrix. The zeroth

order term ~
, (0) — 2e~~~ 

cos 00 11, ext is recognized as the flat surface current and

substitution of this term into eqs. (20) and (23) gives a reflected wave exhibiting

the oldest known fact about refle ction, angle of incidence equals angle of

reflection.

From eqs. (20) and (23) it is seen that the c expansion of the fields

• involves the C expansion of ~~~~ (up ’) / ( ap ’) 3’2. This can be made with the aid

of the Gegenbauer addition formula again as follows. Introducing,

— [(~ — kic~~2 + (n — ~L_) 2 
+ (kZ )2f2 (31)

eq. (21) can be written

— ~~~ ct(~~~) + (cT)2]½ (32)

The requirement ct (i.e., z’ > f ) allows an expansion of

in powers of c , again using the Gegenbauer addition theorem.

This expansion is carried to second order and the result inserted in eqs. (20)

and (23) . Moreover , as eq. (22 ) shows, N8 Cx ’ ; F,n) is a power series in e to

second order , as are V
1 

and V
2 
(eq. (24)). Using the power series expansion in

c for ~ (F ,r ~) results in a lengthy calculation which determines the scattered field

as a power series in c. Since the expressions which result are somewhat cumbersome

they are incloded as Appendix I. The points to note concerning this expression

for the scattered fields are (1) the result is valid for the Lipshitz condition

of eq. (26 ), and (2) the result is valid only in the region z ’ > Of course,

it would be .xp.cted that the solution failed if ~
2 were of significant size .
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Several other features of these c power series solutions are noteworthy.

First , with the assumption of periodicity in the surface so tha t

— 2ir
r(~,n) = c e~~E~ ’~ 

+ nn) 
(33)

m—- n—-

or, equivalently,

r ~‘ 2irrn 27rnc (K , u)  = L L C 6 ( K  — ~5 (1.~ — —i—
~ 

(34)
m=- n=-

the expansions in c simply reproduce the physical optics theory of Rice. It is,

of course , not clear that this equivalence persists to higher order than two since

for cubic , or higher , terms the power series expansions involve corrections to the

Green’s function itself. A second result is implicit in the C expansion of the

Green’s function ~~~ (csp ’)/(ap’)3”2. The result is a series of Green’s functions

dependent on the argument pj. It can be seen from the structure of Pj (eq. (31))

that the series is interpretable as several partial Green ’ s functions assembling

the field from a current distribution given on z ’ = 0 = 
~min~ 

This is true in

spite of the restriction z ’ > f for the validity of the £ expansion of the fields.

When the condition 0 < z ’ < 

~max 
applies, as for example when the field

— point is located in a “valley” of the surface, then the Gegenbauer expansion of

H~~~ (ap ’)/(c&p )3”2 requires modification. Consider p as a function of F, and n with

j fixed x’, y ’, z’. A cross—section of this function, together with the surface is

shown in Fig. 2. The minimum of ~~~~~ occurs at ~ = kx ’/a , n — ky ’/a and is

equal to kz ’/a. For large ~ and n, ~~(F~ n) is asymptotic to a cone of semi-vertex

angle w/4 with axis ~ — kx ’/c*, n ky ’/a and vertex located at z ’ — 0. In general

the surface defined by Pj(~~n) intersects t(F~ fl) in a finite number of regions

• 14.
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near F; — kx ’/a , n — ky’/a. For those portions of the surface where pj < ct

there corresponds a set , denoted by y ,  of disjoint regions in the F ; , n  plane .

For the regions in the F;,n plane outside y ,  which is denoted y,  the inequality

Pj > CT is still valid. In making the c expansion of ~~~~ (ap )/(ap ’)3”2 for

region y the Gegenbauer f ormula is used exactly as before . For the region a

new length is introduced:

— — 
kx’~ 2 + (r~ — ~ X._) 2 

+ (cr  ~!.~~
2
]½ (35;

so that may be written,

= [(p ’)
2 
+ 2p ’ C (t — t) —.~.— (~53._ — CT ) + c2 (t — T ) 2]½ (36)

0 2 2 max p ’2 
a max max

Since C( T  - r) ~~ CT - kz ’/a the Gegenbauer addition formula may now be usedmax max

to generate a series of partial Green’s functions whose argument is api. From the

structure of p it is seen that the partial Green ’s functions are , in the region

y propagating waves (“assembling the field”) from current distributions located

~~~ = (i .e.,  kz ’ /a = CT
ma,C

)• These currents are above the field point

- -• 
and as seen at field point constitute downward propagating waves. The rather

mathematical requirements of the Gegenbauer addition formula are thus seen to

produce the missing downward propagating waves.

6. RESULTS FOR A PERIODIC SURFACE

In this section an analysis of the case where t (F;,n) — t(1 ) = t(F; + 2)

is undertaken to provide further comparison with the physical optics solution .
~~

- I
The imposition of one-dimensional variation of the surface is made solely in the

15.
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interest of shortening the analysis. The techniques to be presented work as well

for the full case T — t ( F ; , n )  as the “one-dimensional” surface t — T ( F ; ) .  The choice

of per iod equal to two is made largely in the interest of facilitating the

numerical solution of the source integral equation (sq. ( 15)) . Again the techniques

presented are not dependent on this choice of periodicity; only numerical quadrature

formulae need be altered.

The first task is reduction of eq. (15) in consequence of T —

M ( F ; ’ , r~’ ; F ;, n )  is found to simplify enough to eliminate in the equation for *2

so that only *2 
is involved. Since *2

(F ; ,  r~+~) — 4’2(F;,n) satisfies a homogeneous

integral equation (Fredholm integral equation of the first kind ) f o r  arbitrary t~

it can be assumed that *2(F;,fl) — *2
(F;). This proves to be a sufficient condition

to eliminate *2 in the equation for P1. The two equations thus become fu lly de-

coupled when T = r ( F ; ) .  All that is necessary for reduction to two Fredhoim

equations of the second kind for the two functions *~ 
(F ;)  and *2 (F ; )  is the fl integral

of ~~~~ (Ctp )/ (Cip ) 3”2 . This is easily accomplished using the contour integral

representation of eq. (28) . There results,

~ 1 F;’ — 2aein~~ 
cos 00 

- £t ’ sin e ]  
- 

~~~~ 

H~~~~(~P 1
) 

(T-T ’)  (l+c 2t~ ) *1(F ;)

H (ap )

‘P 2 ( F ; )  — ~~~ia[F;’ cos 00 — Cr ’ sin e ]  
— i~~ J

dF; 
1 

p1 
~ [~ —~~ ‘ — (F;—F;’)tF;) ‘P 2 (F ;)

—— (3 7)

a and b again depend on incident polarization, and with 1’ —

2 2
+ c ( t— T ) j  (38)

For the special case of T ( F ; )  — cos irF; these equations have been studied by Zaki

16.
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6and Neureuther.

Either of the eqs. (37) can be used to illustrate the method of

solution. The Th mode is selected here and accordingly b — -1 so the relevant

equation is

— (1)
r , , • r H (up )

— _2ein!~ 
cos 0~ — CT sin O j  

~~~ j dF; 1 1 
(r—T ’ — (F;—F;’)T~~J*(F;)p

1

(39)

where the 2 subscript has been dropped. For this case, since a 0, *1(F ;) — 0.

Since ‘j’(F; + 2) — *(F;) it follows that ~
(,(F; + 2n) *( F ;)  for fl 0, ±1, ±2 

Eq. (39) is simply a Predholm equation of the second kind with kernel ,

H~~~(ap )
— —i ~~ 1 1 

[T — T’ — (F ; — F ; ’ )  T~~] (40)
p
1

Because of the periodicity imposed on T(F;) the kernel is seen to have the

periodicity,

+ 2n , F; + 2n) = K(F;’, F;) (41)

As it stands the inhomogeneous term (in the sense of a Fredhoim equation) has no

simple symmetry. However , if f ( F ; )  —2e ia(F; cos £T sin o~
) 

then,

+ 2) — ei2U ~~~~ 
~O f(F;) (42)

so the restriction of 00 to satisfy 2a cog = 2~~ , p 0, 1, 2, ... with

u p  < a yields the same basic symmetry as the surface . Eq. (39) is now written

17.
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- f(F;’) + J dF; K ( F ; ’ ,F ;)  *(F ;)  (43)

Frau which it is easy to show that *(F; + 2n) - *(F;) satisfies a homogeneous integral

equation and is thus equal to zero. If F;’ is confined to the range -1 < F ; ’ < 1 and

the integral written

2n+l

dF; K(F;’,F;) *(F;) - 
~ f dF; R(F;’,F;) *(F;)

j n=- J
- 2n-l

rl ~
— J dF; [~ K ( F ; ’ ,F ; + 2n)) *( F ; )  (44 )

-l

then eq. (43) is reduced to a form that is suitable for numerical solution.

~1
*( F ; ’)  — f ( F ;’) + J dF; Kf(F;~~F;) *(F;) (45)

4 —l

where the folded kernel , Kf (F ; ’~~F ;) has been introduced.

= ~ ~ (F;’, F; + 2n) (46)

I - From this f orm it f ol lows at once tha t X
f(F;’ + 2n, F ;)  = Kf (F ;~~ F; = 2n) =

It is, of course, possible to determine Kf(F;’~ F;) directly from eq. (44) but the

structure of K ( F ; ’ , F; + 2n) makes the convergence of the series very slow indeed .

The reason f o r  this may be seen from eq. (40) . As p 1 increases so does the term

in square brackets in eq. (40) . Therefore, the decrease in successive terms depends

on the decrease in ff~l) (up 1
) which is proportional to p~~~, a slowly decreasing

function .

18.
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It proves possible to improve the situation by using the integral

representation, eq. (28) ,  together with the Poisson Sum Formula .7 Prom ,

- K(F;’,F;) + ~ [K(F;’, F; + 2n) + X(F;’, F; - 2n) ) (47)
n—i

and eq. (28) there results,

1 [’”F;’, F ; +  2n) + K(F;’, F; - 2n)] = 

2 2 2

ica 2 
[(F;~~F;’)TF; — (T—T ’)) i~r 

f dv v 2e~~~~~
1) l 

~ 
e~~~~ cosh ~~ (F ; F ; 1 )

_2icu2tF; ~
1
j  f dv v 2e~ ~1

2 

nL 
n ~~~~~~ sinh 

~~~~~~
— ( F ; — F ; ’ )

( 48)

Applying the Poisson Sum Formula to the first sum on the right of this equation gives:

e cosh — ( F ;— F ; ’ )  = —
~~~ +~~~~v~e~~ 

~~~~~~ 
~ ~~~~~~~~~~~~~ 

v

n—i
(49)

The right hand side of this substituted in the first integral on the right of

eq. (48) coupled with a change of variable in the integral v(l  - 1rn2/a2) -. v —

gives, after use of some basic definitions of the half-integral Hankel function,

the contribution,

22

K(F;’,F;) + ~(F;_F;’ TF; - (t-r’)3 
1 

~ ei T T ’ I ( l ~~~1T

I T T ’ I
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The second integral is treated the same way and yields

—~ (F; ...F;I)TF; 
~ ~~~~~~~~~ 

+ iaC (1_n
21r2/a

2)½ 1T_T I I
(T—t ’~ n —

2 2  2 ½
~~ nit/u iurn ( F ;— F ; ’ )  + iac(l—n it /a ) I T T ’ I

2 2  2 ½  e
f l —  (i-n ii /a )

(51)

so that K
f (F; ?F;) is given by

K (F;’ F;) — -½ T—T ’ 
~ ~~~~~~~~~~ 

+ iac(1_n2u
2
/a
2)½ 1T_ T h I

1 
IT—t ’ t fl~~~~

_ un/a iirn (F;—F;’) + iat (l_n
2

11
2/a2)½ 1T_T h I

2 2  2 ½  ~
n— (1—n it /a

(52)

This form exhibits the periodicity of Kf (F ; ’~~F ;) explicitly and offers a considerable

improvement in calculational time . It should be noted that Kf(F;’~ F;’)is not defined

by the above equation, but a simple argument based on the fundamental definition

of Kf (F;~~ F ;) gives Xf (F ; ’ s F ; ’)  = K(F;’,F;’) = (C/211) (T~ F; /l + c2T~
2
).

7. CONCLUSION

An exact solution for scattering from a rough surface has been presented

- I . 
which has as its single rc~triction that the surface is perfectly conducting.

Calculation of the surface currents forms the first step while calculation of the

scattered field from these as sources constitutes the second step. The problem

— of downward propagating waves near the surface has been shown to be a natural

consequence of step two. The general problem was then limited to a surface

20
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exhibiting periodicity, f (x ,y)  — f (x) - f(x  + 2A) and improved methods for

calculating the appropriate kernsl s of the source integral equations were pre -

sented . The results of the theory presented were shown to be in accord with the

email roughness (c < c 1) theory of Rice .
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Fig. 1

Fig. 1. Contour for the integral representation of ~~~~ (z)/z ”.

‘— I

- kz/c*

I /
ks/u — p /

_ _ _ _ _ _ _  \~ ) — — 7
I~ 

~~ /c~ - t (F;)

- kx/cz

Fig. 2

Fig. 2. For the specific surface shown, the equivalent flat surface
current distribution is shown as a heavy line. The portion located on
ks/u — generates downward as well as upward propagating waves.
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APPENDIX I

F~juations (20) through (24) give the scattered magnetic field in turms

of surface current. Frau eq. (22) the e power series expansion of M5(x’,F;,rl) is

obtained, as is the c power series expansion of V1(x ’,F;,n) and V2
(x’,F;,n) from

eq. (24). The e power series for ~ (F;,n) has been given in eq. (29). The remaining

problem is the £ series for H~)~ (aP i)/(aP’)3”2 with p ’ as in eq. (21). For com-

parison with the resul ts of Rice the assumption z ’ > t is made and the Gegenbauer

addition theorem gives,

4

H (up ’) H (up ’)  J ( eat )
3/2 

3/2 
= 23/2 

~ (3/2) ~ (3/2 + 2.) £+3/’2 
3/2

1 2.+3/2 c~~~~~~( ç1p : )
(up ’) £.—0 (up

1
) (eat) 1

1

(1—1)

where pj is given by eq. (31), and ~~~~~ (x) are the usual ultraspherical

polynomials: c~
3”2

~~(x) = ~~ , c~~ ”~~ (x) = 3x, ~~~~~~~~ = 3/2(5x
2
—1) ... etc . The

e expansion is made by expanding J2.~312
(cat)/(eur)~~

3”2 and retaining terms to

order ~
2 

~~ set,

H~’~ (up ’)
3j4 

, 3/2 — K + cK1 + c2K~, (1—2)
(up )
0

Using the expansions for ‘~(F;,n) and M5(x’,F;,fl) the integrand of eq. (20) or (23)

• can be written as a power series in c where each integral is done using the result

derived from eq. (28)

Cl) 2 2 2 ½H [(F ;  +y~ +
~ 
) }

— J dF; f dfl 2 2 2 ~/2 e
—— —~~ (ç +r1 + 8 )
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F 
-=

~~~ 
— —

— 2iT/B’~~ (1 - p2 - x
2)’

~
”2’

~
”2 H~

1
~ ( 8 ( 1  - p2 - x

2)½] (1 3)

To order ~
2 ten integrals are involved for H~ (x ’) while seven suffice for H (x ’) .

As the calculations are elementary though very tedious only the results are given.

E(x, y, z; p’ x) 5
[xp + y~ 

+ z( l  — p2 — x
2
~~]

H~~ (x) = H 4 ? Xt e1
~~

x cos 60 + z sin ~0)

1
~h1 (x) = —ie2H u

3 I dp I dx c(a(p — cos 9), ax) E(x, y, z; P, x)

1 
l - p

2
X
2
~~~x

2 (p~~~~°s80
)~ ext

~~~~~ 
— x

2)~ —PX 1 — — x2 + (p — cos 6)0

N
h2 

(x) = -c
2
20u

6 
Jdo /dX / dp ’f dX ’ c(a (p—p ’) ,  a (~ —~~’) )

c(a(p ’—cos 6), ax ’) E (x , y, z; p ,  x)

1 
1 - p 2 - x 2

+~~ (x -x
’) - ( p -p ’)x

(1 — - x2)½ (l - p ’2 - x 1 2)½ -p(x - x’) 1 - p 2 
- x

2 
+ p(p - p ’)

1 — ~ , 2 — + —
~~~~~~

‘ — ~~~ 0~~~~~’ ext
2 2 *

1 — 0’ — X ’ + p ’(P ’ — cos 0 )

A-2.
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5 ik[x cos 0 + z s i n e ]H (x) — -H cos O e o osO o o

H5
1 Cx )  — — ic2H a3 f d p  I dx c(a (p - cos 8), ax)

E(x, y ,  z; p, x) x (xr0 
— p sin 0 )

118
2 
(x) = —c 22 H u 6 I dp I dx fdp ’ / dx ’ c(a (p—p ’), a(X—X ’))

c(a (p ’—cos 0 ) ,  aX ’) E(x, y, z; p, x)

x 
1 {p[(l—p ’2) sin 0 + (p’—cos 0 ) x ’r ]

(1— — ‘ )  0 0

—x [p ’x’ sin 0 + (1 — 
x ’2 — p ’ cos 8) r f l

A— 3.
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