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: PREFACE

This report examines a technique for measuring rocket motor thrust
malalignment by observing the associated motion of a tethered (at a
single point) rocket. The technique was proposed by Mr. Tommy Howell
of the Test and Evaluation Directorate, U. S. Army Missile Research,
Development and Engineering Laboratory at Redstone Arsenal. The analysis
reported herein has been supported by that Directorate through an Army

Research Office grant.

The method examined here was proposed so as to utilize rotational
dynamics as a response mechanism instead of more traditional methods
of suspension for testing which usually yield a combination of motions.
Indeed, most previous systems required a six-degree-of freedom analysis
to relate observed motion to thrust malalignment.

We gratefully acknowledge the assistance of Messrs. Tommy Howell,
Ted Haas and Leland Lee of the Redstone Arsenal who have provided
technical data for this study.

We also acknowledge the editorial skill and extreme good humor of
Mrs. Dianne Fretwell and Mr. Walter Clement of the Auburn University
Mechanical Engineering Department who were indispensable in preparing

the manuscript.
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THE ANALYTICAL ANALYSIS OF A SINGLE POINT
SUSPENSION TECHNIQUE FOR PREDICTING
MISSILE THRUST MALALIGNMENT

Joe W. Reece and John A. Scheffel, Jr.

ABSTRACT

The lateral perturbine forces due to thrust malalignment can
significantly affect the flight characteristics of a missile. Past

attempts to predict thrust malaiignment have not proven successful.

This report proposes a new method for making valid measurements of

the malalignment phenomena through the use of a single point tethered
missile technique. The equations of motion for the missile in the test
device are developed, coded into a computer and tested against well
known exact analytical solutions for motion about a point. The mass,
inertia and thrust equations for a typical test missile are then coded
into the computer and the resultant motion paths are simulated for
various initial spin rates and degrees of thrust malalignment. Analysis

of the ccllected data indicates that the tethered technique is a viable

solution for predicting thrust malalignment.
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I. INTRODUCTION

A major problem in missile dynamics is unpredictable flight path
motion due to lateral perturbing forces. Thrust vector malalignment,
which occurs when a missile's thrust vector is not coincidental with

its' longitudinal spin axis, is often a cause of these forces. In order

to reduce the effects of thrust malalignment, spin stabilization is often
employed. The missile is given a spin rate about its' longitudinal axis
which rotates the various perturbing forces and makes them less signi-
ficant.

Since the effects of thrust malalignment are a serious problem in
achieving a specified missile flight path, it is desirable to be able
to measure the degree of malalignment in a particular missile system.
The knowledge thus gained can be used to correct design characteristics
and produce better downrange flight motions.

Various attempts to measure thrust malalignment have been made.
The techniques which have been used in the past have not produced use-
ful results. A new proposed method for measuring thrust malalignment
is indicated in Figure 1. A missile for testing is suspended in a ball
and socket joint which allows three degrees of freedom. The spin and
main motors of the missile are started sequentially. The missile may
be constrained initially as desired to give uniform starting conditions.
Depending on the amount of malalignment and initial spin, the missile

will undergo some particular subsequent motion. A circular constraint

ring is provided to prevent excessive lateral excursions.
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3
The objective of this report is to predict the motion of a test
missile, in the constraining fixture, with known inertia, mass, and
thrust characteristics for various degrees of thrust malalignment and
initial spin rates. The parameters describing the motion of the missile
are displayed at the end and may serve as a set of prediction curves for
actual testing. If one measures the motion of a real missile in the
test fixture, the curves may be used to relate the degree of thrust
malalignment. The results given here can also be used as a basis for
further consideration for this method of testing.
The results of this analysis show that this testing method may be
a viable way to measure thrust malalignment. Excursions predicted for
a typical rocket are within the measurable range and do not take the
rocket into unreasonable motion patterns. Also, some surprising results
occur which shed some Tight on the necessary spin rate required for the
stabilization of rockets.
The analysis involves five steps:
1. Development of the equations of motion for the
constrained missile.
2. Development of a technique for solving the equations
of motion.
3. Testing of the solution technique against known
exact solutions (Appendix II).
4. Establishment of the basic characteristics for a
typical test missile. These characteristics will
include mass, inertia, and thrust equations as a

function of time.
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Coding into a computer the equations in (4) for the test

missile to generate a set of curves for predicting its'

motion in the test fixture.




II. EQUATIONS OF MOTION

The motion of a missile about a fixed point can be described by
three Euler angles, v, 8, ¢, [1]. These three angles are used to give
the spatial interrelationship between three coordinate systems, one of
which is attached to the missle. Figure 2 shows the three Euler angles
and their relationship to the three coordinate systems.

The primary inertia reference frame will be the XYZ coordinate
system. It is the reference frame from which an observer would record
the motion of the missile relative to the earth. A second reference
frame, the x'y'z' set, is rigidly attached to the missile. The forces
and associated moments along with the mass and inertia properties of the
missile are described by this reference frame. Finally, an intermediate
coordinate system, the xyz set, is used to relate the location of the
missile longitudinal spin axis relative to the XYZ inertia reference
frame. Each of the reference frames have a common origin at 0.

The xyz reference frame is related to the XYZ inertia frame by the
two Euler angles vy and 6. In general, coordinate axis x of the xyz set
moves in the XY plane. Its angular relationship to the X axis is given
by the precession angle y. Also, the y and z axis of the xyz set are
allowed to rotate about the x axis. The angular relationship between
the Z and z axes is given by the nutation angle 6.

Coordinate system x'y'z' may be described by a single Euler angle

¢ relative to the xyz frame, since the z and z' axes are always coin-
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cidental. The angular relationship between the x and x' axes is given
by the spin angle ¢.

Associated with each of the Euler angles y, 6, ¢ are the angular

velocities y, 6, ¢ and the angular accelerations @, 5, 5. The nose of
the missile is considered fixed at the origin 0 and its' longitudinal

spin axis lies along the -z' coordinate axis as in Figure 2.

For the coordinate systems described, the degree of missile thrust
malalignment is given by the angle o [rad.], which is the angular measure
between the missile's thrust vector and its' longitudinal spin axis.

The total force acting on the missile at any time is given by ZIF.
Moments due to the various forces are taken about the origin 0 and the
total moment is given by zﬁb. The direction of the force due to gravity
is taken along the -Z axis for all time.

In general, the angular momentum of the missile is given by the

realtion [2]:

==
[}

J x Tam (1)

where,

0 position vector to a differential mass dm

V = velocity vector of the mass dm.

Since the missile maintains symmetry with respect to its' mass distribu-

tion along the z' axis, a principle axes problem exist and therefore,
the products of inertia vanish. The angular velocity vectors @ and «
may be used to describe the angular motions of the xyz and x'y'z' sets,

respectively, relative to the XYZ coordinate set, as shown in Figure 3.
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The angular velocity of the xyz set is given by [1]:
R=oetysinoe +ycosoe, (2)
and the angular velocity of the x'y'z' set is given by:
m=eex+ws1neey+(¢+wcose)ez (3)
Since the velocity V in equation (1) is specified by:
V=wxp
and there are no products of inertia, then,

.we+IZ,.wez

F=1 &, 4t

x'x' Oxex* Iy'y

The inertia components are therefore given as,

IX‘X' = B] (Dylz + Dznz) dm (4)
Iylyl = B}’ (DZIZ + pxlz) dm (5)
Izlzl i Bf (Dx|2 i Dylz) dm (6)

Since, symmetry along the z' axis with respect to mass distribution

exists, then:

Izz o Iz'z' =1
XX Ix'x -
e ] y oy I'
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and,
Hx = I's
Hy = I'y sin 8
HZ =1 (¢ + & cos 9)

The derivative of the momentum components may be expressed as:

=1'0 +1'8

s
1

X
ﬁy = i'& sin § + I'J sin e + I'@ é cos 9
ﬁz=i @-+@cm ) + 1 (6+y cos e-@é sin 6)

The general equation of motion for the body is given as [2]:

g %*ti +TxH
xyz

The scalar components of the moment vector equations given by (13) are:

N * I'o + 1'6 + I&i sine + (I-I') &2 sin 6 cos 6
My = i'i sin 6 + I'i sin 6 + ZI'ié cos 6 - Ié(&*-@ cos 9)
MZ = i & + I$ + IJ cos 6 - I@é sin 8 + i i cos 6

(10)

(1)

(12)

(13)

(14)

(15)

FEPRPAR

(16)

where Mx, My, MZ are the components of zﬁ;. The angular accelerations

are then:

MX - 35 = I&& sin o - (1-1") @2sin 6 cos ©
Il

!y - i'& sin o - 21'& 6 cos 6 + Ie (é + i cos 0)
I' sin ¢
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. Mz - i$ - i&cos 8 - Iicos 6 + I&é sin 6
¢ = i (19)

In general, the moments in the x'y'z' body fixed coordinate system are
known. The x'y'z' moment components can be transformed into moments in

the xyz set by the matrix operation:

Mx cos ¢ =-sin¢g O Mx'
- : o+ i 2
My sin ¢ cos ¢ 0| e My ngzsmeIX (20)
M 0 0 1 M,
e = i o LA

which results in the relations:

Mx = MX. cos ¢ - My. sin ¢ + “Rgz sin o (21)
My = Mx' sin ¢ + My. cos ¢ (22)
MZ = le (23)

If the following variables are defined:

v = i cos 6 (24)
A =1y sin g (25)
B = cos © (26)
u = sin @ (27)
€ = COS ¢ (28)
p = sin ¢ (29)
m = ngz (30)

Equations (21) through (30) and equations (17), (18), and (19) may

be simplified to: 1
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M,e-My.p*'mu-i'E.) + (I'v-1 (d.>+v)))\

o oy
g = Il (3])

. Mo+ M e B U & A e 2T
v = . T (32)

Co M- T (e * ) -1 (8 - e
s = - (33)

A suitable integration technique is required to solve these nonlinear
differential equations (31) through (33).
To predict the location of a fixed point along the spin axis of

the missile, the relations:

X =R sin o sin y (34)

Y =-Rsin 8 cos ¢ (35)

may be used, see Figure 4.
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ITI. INTEGRATION TECHNIQUE FOR SOLVING THE EQUATIONS OF MOTION

The solution algorithm for equations (31), (32), and (33) involves
the use of a numerical forward marching technique. In general, the
angular positions, velocities and accelerations of the various coordinate

systems are time dependent. Therefore, their components may be expressed

as:
o = g; () 5 o = g, (t) 3 6 = g5 (t)
p=h (t) 5 s=hy(t)s ¢ =hy(t)

Consider the precession acceleration and velocity which may be expressed

; as:
| . p
- Lim o oap(¢) . Lim ¥ () - v (%) (36)
E V= atso At At-+o At
v (t,) - v (t)
©_ Lim sy (t) _ Lim z — (37)
V* at+o &t At=>o0
E where At = t2 - t].
I Equations (36) and (37) may be rewritten as:
Lim at = (t) - (t;) (38)
At > 0
Lim y at =y (t)) = v (t;) (39)
At > 0

where i and & may be evaluated at t = t].
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As the time interval At decreases, the approximations given by:

by At =y () -4 (1) (40)

become more exact.

Equations such as (40) and (41) may be coded for computed solutions

to equations (31), (32), and (33). The basic relations for the computer

are:
b (ty) = ug ot + 1y (t;) (42)
v (t)) = vy ot +y (ty) (43)
6 (t,)) =6y at + 6 (t;) (44)
o (t,) =6y at + o (t;) (45)
6 (t)) = 6y At + ¢ (t;) (46)
6 (ty) = ¢y ot + 0 (t;) (47)

Appendix I gives the computer code used to solve equations (31)-(33)
by equations (42)-(47). The basic solution may be outlined as
follows:

(1) Establish initial missile parameters such as orientation,
mass and inertia properties. Also establish t = 0 as the solution
starting point in time.

(2) Given the existing set of spatial constraints, calculate

the moments acting upon the missile about the origin 0.
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(3) Solve for the new angular acceleration components of the
reference frames using equations (31), (32), and (33).

(4) Solve for the new angular position components of the reference
frams using equations (43), (45), and (47).

(5) Solve for the new angular velocity components of the reference
frames using equations (42), (44), and (46).

(6) Increment the time variable of the solution by 4T and check
to see if the elapsed time is greater than the time requested for the
solution. If the elapsed time is less than the time requested, go to
step (2). Also, print out any results obtained. If the elapsed time

has exceeded the time requested for the solution, end the program.




IV. THRUST, MASS AND INERTIA PARAMETERS
FOR A TYPICAL TEST MISSILE

For investigating the motion of a typical missile system, a set
of test parameters for thrust, mass and inertia properties have been
developed. Figure 5 shows the thrust versus time relation for a missile
under investigation. The thrust simulation consists of four linear
segments which comprise four special time phases of the burning process.

These relations may be expressed as follows:

Thrust = 300000t (1b) 0 <t< .05 sec (48)
Thrust = 18333.33t + 14000 (1b) .05 < t < .65 sec (49)
Thrust = 26000 (1b) .65 < t < .90 sec (50)
Thrust = -520000t + 494000 (1b) .90 < t < .95 sec (51)
Thrust = 0 (1b) t > .95 sec (52)

The time dependent thrust relations can be used to generate a set
of moments about the origin 0 in the x'y'z' coordinate set. If a is
defined as the thrust malalignment angle, measured in radians, then

the moment relations acting upon the missile may be given as:

Mx' = -Rgyr sin [Ig%g%%.i&l] Thrust (in-1b) (53)
My. = 0 (in-1b) (54)
M,, =0 (in-1b) (55)

17
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For the missile under investigation, -Rtx' = =135 in., is defined
as the location on the missile where the thrust vector is considered to
act as a point force. Therefore, a set of moment versus time relations
can be developed by substituting equations (48) through (52) into
equation (53):

Mx. = 40500000t sin(11.538ta) (in-1b) 0 <t < .05 sec (56)
Mx' = (2475000t + 1890000)sin((.7051t + .5385)a) (in-1b)

.05 < t < .65 sec (57)
M = 3510000 sin (o) (in-1b) .65 < t < .90 sec (58)
Mx' = (-70200000t + 66690000) sin ((-20t + 19)a) (in-1b)

.90 < t < .95 sec (59)
M. =0 (in-1b) t > .95 sec (60)

The weight of the missile varies because of fuel burn-up as,

w = -87.589t + 250.19 (1bs) (61)

and the center of gravity location in the x'y'z' set can be expressed
as:

Rgz = 14.3011t - 61.518 (in) (62)

Therefore, the moment due to gravity, M = Rgzw, varies according to

the equations,

M= -1252.619t2 + 8966.3t - 15391.2 (in-1b)
0 <t < .95 sec (63)

M = -8003.7 (in-1b) t > .95 sec (64)

i e S



(i = b
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The roll inertia of the missile is
1
Loy = -14.614t + 43.155 (s1ug-in2) 0<t< .95 sec (65)
Io11 = 29.271 (slug-in?) t > .95 sec (66)

While the transverse inertia varies according to the equations,

Lirans. = -22428.59t + 39196.2 (slug-in2) 0 <t < .95 sec  (67)

Itr‘ans.

17889.75 (slug-in2) t > .95 sec (68)

Equations (56) through (60), (63) through (68) were coded into the

computer to produce the results shown in section V.




V. RESULTS OF TEST MISSILE MOTION STUDIES

Figures 6 through 23 are the result of coding the data in section
IV into the computer. Four initial spin rates of 0, 5, 10, and 15 rps

(rev/sec) were utilized in making the plots. For each initial spin

rate, five values of maximum thrust malalignment, .001, .002, .003, .004,
and .005 radians were used.

In the case of é = 0 rad/sec initial spin rate, the nutation
components consisting of o, é, 6 were plotted versus time. For the
initial spin rates of o = 5, 10, and 15 rps, the position of the missile
nozzle located at z' = -135 in. was plotted in XY coordinates with the
functional parameter of time indicating the starting and ending points

of the solution. An observer located at the origin-0,-see Figure 2,

and recording each event would notice the given nozzle patterns in the
z-direction.

Test (a) Thrust Malalignment of a Test Missile with no Initial
Spin, 5 = 0 rev/sec.

Figures 6, 7, and 8 give the nutation angle, velocity, and
acceleration of the test missile without an initial spin rate (é =0 rps).

The various stages of the thrust process are easily observed in the

nutration acceleration, (see Figure 8). As the rate at which thrust |
is generated changes abruptly, discontinuities in the nutation accelera-
tion curves occur. Specifically, at times t = .05 sec, t = .65 sec,

t = .90 sec, and t = .95 sec, abrupt changes in the thrust generation
rate result in discontinuous changes in the nutation acceleration

curves. Observation of the nutation angle versus time curve (see
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Figure 6), indicates that large deflections of the missile will occur.
Typically, deflections on the order of .1 radian will be observed. For
anticipated malalignment values of o = .005 radian, a constraint ring
may be required to prevent excessive deflections of the missile in the
test fixture. 5

Test (b) Thrust Malalignment of a Test Missile with 5 rps Initial
Spin Rate (¢ = 5 rev/sec).

Figures 9 through 13 indicate the paths of motion of the nozzle of
the constrained missile. The nozzle is considered to be located at the
point -135 in. along the z' axis from the origin 0. After the main
motor is fired, the thrust malalignment of the missile results in a
lateral perturbing force which rotates about the spin axis. This force
generates a moment which when coupled with a rather large moment due to
gravity, (equation 63), produces a spiralling path of motion.

This spiralling path of motion tends to deflect outward due to the
combined moments of gravity and thrust. The effects of spin stablilza-
tion are well demonstrated in the plots since the nutation of the missile
is significantly reduced. Also, four spirals are observed in each of the
plots which represent the effect of rotating the lateral forces five
times before motor burnout.

Note that the cumulative effect is to move the nozzle in one
direction, i.e., the motion is not centered about the initial position
of the missile. This Teads to the conjecture that the spin rate may
be far too Tow to negate the effects of thrust malalignment for a
rocket motor which burns out so quickly. This observation is applicable
to practically all the test investigated in this work. Of course, the

extremely short burn time of .95 sec. should also be recalled.
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Test (¢) Thrust Malalignment of a Test Missile with 10 rps Initial
Spin Rate (; = 10 rev/sec).

Figures 14 through 18 simulate the motion path of the missile nozzle
located at -135 in, along the z' axis from the origin 0. As stated before,
the spiralling motion 1s due to a combined lateral thrust moment and a
gravitational moment. Several interesting points may be noted about the
figures. The most obvious effect cbserved is the significant reduction
in nutation as a result of a higher spin rate. Also, the radial path of
deflection has rotated counterclockwise from the path of deflection for
the 5 rps case. A total of eight =pirals are observed in the figures.
Each of these effects may be attributed to the increased spin rate of
the constrained missile

Test {(d) Thrust Malalignment of a Test Missile with 15 rps Initial
Spin Rate (} = 15 rev/sec).

Figures 19 through 23 show the path of motion for the nozzle
located as in test cases (b) and (c). The increased spin rate results
in further counterclockwise rotation of the radial path of deflection
for the spiralling motion. Also, the number of completed spirals has
increased to thirteen in each of the plots. Two observations may be
made which are the result of a higher spin rate. First, there is a
significant further reduction in nutation below that found in cases
(b) and (c). Second, the spiralling path of motion tends to cross
itself much more since the effects of the lateral perturbing forces
have been decreased.

Test (e) Results from a Square Wave Thrust Impulse.

The purpose of this test was to study the motion of a missile with

jdentical inertia and mass chavacteristics as in cases (a) through (d),

e s B . e
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except that the thrust relation is a square wave. Consider a missile

with a thrust output,

Thrust = 26000 1b 0 <t < .90 sec

Thrust = 0 1b t > 80 58c

The moments generated in the x'y'z' set are given as:

MX' = 3510000 sin (a) (in-1b) 0 <t < .90 sec (69)
Wy .0 (in-1b) t > .90 sec (70)
My' =0
MZ' =0

Equations (63) through (70) were coded into the computer along with an
initial spin rate of é = 5 rps for o = .001-.005 radians thrust malalign-
ment. The results are shown in Figures 24 through 28 and should be
interpreted as in Figures 9 through 13. A comparison of these figures
indicates the importance of knowing the thrust versus time relationship
of the missile. If an actual test is to be performed, it may be necessary
to monitor the thrust output as a function of time to get accurate
results. The comparison of the two sets of figures show radical dif-
ferences in the nozzle paths of motion. This discrepancy is the result

of the differences in the thrust versus time relations for the two cases.
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F VI. CONCLUSIONS AND RECOMMENDATIONS

Results from the simulation studies for a test missile indicate

4 that maximum nutation occurs when the initial spin rate is zero. If

the maximum thrust malalignment is expected to exceed 5 mrad, then a
constraint ring, (see Figure 1), should be considered for the test

fixture. Results from the test cases also indicate that a knowledge of

the thrust-time relationship is essential for making accurate predictions
of the results of thrust malalignment. Also, the inertia and mass
characteristics for the missile during the motor burning phase are
required.

The most accurate way of predicting thrust malalignment appears to
be the most simple. If the missile is not given an initial spin, maxi-
mum nutation will occur. Therefore, a very precise measurement of mal-
alignment may be made. This study neglected all aerodynamic forces and
frictional moments at the pivot joint of the test fixture. If the
actual constraining device is built, consideration of these forces
and moments may be included easily in the moment equations for the
missile.

It should be recalled that the objective of this investigation was
to determine the range of motion resulting from anticipated thrust
malalignment anomalies affecting a typical rocket suspended in this

unique ball and socket fashion. The results of the analysis show that:

e The motion ranges and motion rates are in the measurable

regime.

48
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e This scheme may be a viable experimental method for
gathering performance data on real firings.
Further work needs to be done to examine questions of the effects
of:
e Combined Unbalance and Thrust Malalignment

e Vibration and Buckling Phenomena

e Hardware Imperfections in the Mounting and Suspension Rig

s il AL i i
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Thrust Malalignment Computer Code
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APPENDIX I

Thrust Malalignment Computer Code

f The computer code for predicting the resultant motion of a missile
for various degrees of thrust malalignment and initial conditions
utilizes the following list of variaples. The computer variable is

Tisted first, followed by the mathmatical equivalent.

Ml = M,

X
M2 = My, moments in the x'y'z' coordinate system
M3 = Mz‘
M4 = M ng, component in the xyz coordinate system
I =1
12 = 1 [ i, inertia component and derivative (roll inertia)
13=1 i, = 1, . inertia component and derivative
%=1 4 y'y (Transverse Inertia)
Al =y
A2 = L Euler angle precession components
A3 =
J number of AT intervals between successive printings

of output

I total number of output printings :

51
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A4 = 5
A5 = é Euler angle nutation components
A6 = 5
A7 = ¢
A8 = ¢ Euler angle spin components
A9 = 4
Bl =8
B2 =
B3 - v basic control variables
(see equations (24) through (29))
B4 = 2
B5 = ¢
B6 = ¢
X=x Tocation of the missile nozzle in the XYZ
.1 coordinate system
=y
R=R -Z location of the missile nozzle
A=q thrust malalignment (radians)
T = AT integration time inverval
T total elapsed time

Note: T1 = I*J*T




S ——————

J/RULEET JOR (NEQ4GY ,FCRMS=6550),'70 SCHAFFFEL ' 4CLASS=X
FESTERL EXEC FERTEGECS
LAFCRY JEYSIN CL o

C--=-- THERLST MALALICAMENT CCMPLTER CCCE~==--
REAL [lel2y13,14,M1M24M3 M4 '
EL 5 K=1,y541 4
A= CL1BFLCATIK) ]
C===-- JER( THE LATA EASF=———em
Mz,
A2=y o
A=,
L4a=. .
BE5 T
bE=T .
At=3.,
AB3, .
AS=_.
El=..
E3=s s
r4= _,
ES=0.
Eeal,
I1=..
; 12=..
Famls
- F4=Tv,
f Misge
| M2l
E MI=_,
I Moz,
i 1284
=0
t C----- SET THD INITIAL CCNSTRAINTS-===--
| 12838
I J=2.
§ 4,001
1 (----- ENC CF INITIAL CONSTRAINTS-=--~
i LC & L=lydyl
; LL 2 M=1,yJd,1
| (===== SET THF SPATIAL CONSTRAINTS=-=--
I IF(TLleblaedn) T1l=~14.€614%T14¢43,155

FEA P oL Ess95) [3=2=22428.59%1 1+39198.9¢2
IF(TLlebEceIE) NM42-12526619XT LT L8966« 3%T1=-1539]1,2
Mi=..
FFATLabToad5) MIZ(=T.IRE4T%T1I4+6.66FE+T)%SIN((19e=297%T1)*4)
[FE11alTeeq9) M1=23513C00%SINLA)
[F(TLelToab3) #1=2(2675800#T1+418GC5CC a1 *SINILT251%T1+,5285)%4)
IFITLebkTees5) M1=4eJ5E4T*TI%SING1L.538%T]%4)
| ENE €F SPATEAL CONSERNINT Ssss=@
Hl=CLS5(Aa )
2=5INAG)
1=p2 %P ]
FILH

~ N

-
?
L4
0

5=CES5LAT]
e=SINLAT)
tEly 2 EC» Lol GETE ]
Ad= (M R4V % S-T14%Eat ([L2(AR4E3)=2.%13%P3)%xA5)/(13%P7)
L AE=(N]IRHE~N2 e +NGAR2=[4*AS+ ([3*B3=-]1%(AB4R3) )%RG) /(3
AG=(NM3=Tco (P43 )=T1%(A83%K |~AS%BG)) /] 1




54

Al=42%T+Al
B2=A3%xT+AZ
AG=P5%T+A4
AS=AEXT+AS
LT1=ABXT+AT7
AB=[GRT+AR

s TE=T1+7
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4 CONTINUE
5 CONT INUE
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A S R R T A e e ) o T e S 15 et g S 5T G L L2 1)
EaL L PRLOT (L8t ek 999

STCP

0T

SLERCUTING SPRECTIX 3 XHUR gk X3 Yy YHOR yKY FHDR ¥ F
LALENKyALENY yLINTYPZARECWZNCCL y JPEN)

SPPLCT IS A SULRCLTINE THAT wILL PLCT ANRGCw NLMEER CF
LINES PER CRAPE. (WRITTEN BY GERRY A. LINDHCLWM)

THE ARGUMENTS €F THE EIST ARE:

x iAME CF THI ARRAY CCNTAINING THE ARSCISSA CR X
VELUES ..

KFCR ANC KXx CESCRIBE THE CESIREL LEGEND FCR THE
X=AXEPS,

XFCR IS Tke LITcRAL EXPRESSION CF THE LEGEND TC BE
PRINTED .

20 CRARACTERS) .

Y NAME CF THE ARRAY CCNTAININGC THE CROINATE CR Y
VALLES.

YHCR AWNE KY CESCRIBE THE CESIRELC LEGENC FCR TRE
y-AxI<.

YEER IS THC LITERAL EXPRESSICN OF THE LEGEND TC OF
PKINTEC.

ZC CRARACTERS )

LIMIT ICo CHARACTERS,

ALENX IS THE CESIRED LENGTF OF THE X-AXIS IN INCHES
EXCEEE ®eS INCHES.

FE EXCEEL 845 IRCHFESs

LINEYP CEVERNENES THE TYPE OF LINe YOU GE T

I LINTYP SREATER THAN (y YOU GET A STRAIGHT LINE
CONNECTING A4 SYMECL PLT CUOWN AT EVERY LINTYPTH

L——-——.—..__.__,___________—_._A -

Kx IS TrEE INTEGER NUMBZR GF CHARACTERS IN XHCR {(LIMIY

KY IS THE INTEGER NUMMER OF CHARACTERS IN YHCR (LIMIT

EHCR ANC KF CESCRIBE THE CESIREC LEGENC FOR THE GRAPH HEADING,
FECR IS fFHE LITERAL EXPRESSIUN CF THE HEADING T BE PRINTEC.
KFE IS THE INTEGER NUMBER OF CHARATERS IN THE HEADING.

ZLENY 1S THE GESIPEG LENGTE OF THE Y<AXIS IN INCHES NCT

LT T
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C PCINT ,

G THUSG TE L TR TYP OWERE EQUAL “TR 25 YL WELLY GET A

C LINE CORNKRECTING EVERY SECCND POINIT.

C LF L-ERTYR WERE EOUAL TQ, O, Y840 WILL GET A LINE

C CNLY.

( LF CENTYR LESS: THAN O, ¥OU WOULE GET A SYMROL

€ EVERY LINTYPTEH PCINT.

C WRCw IS AN INTEGER NUMBER THAT TELLS THE ALMBER CF
i C LINES CRAWN CN THE GRAPH.
| G NCCL IS AN INTEGER NUMBER FOR ThHE ANUMBER CF DATA PCINTS
| C EN EACE ETKES
| £ JREN- IS THE TYPE OF PN LSEL TU MaKE ThE GRAPH,
; € 1.Es BALL PLCINT PENLBLACK RAPIDCCRAPH PEN, FTC. (REFER
s i fC THE PLOFITER MANUAL SUPPLIcE BY THE CCMPUTFR CENTER UNCER
| C GSTELE ).

c

C

: LIMENSTICN XINRCW o NCCL)y YUNRCRW,NCUL)y, XHDR(23),
i YYFER(2C ) s FREBRELCC)

CALL SYMPULEZ2:5¢) sl S, FHOR ;G UGKE)

GCRLE PEOT " {25 5y2 o HEAh ENY w3

CALL PLOTEZ.59%A8LENNs2.5+AL ENY y2)

CALL PLOTL2.5+ALENX235:2)

CALL PLOT(Z2e592e54=3)

CALL SCALEZ(XALENXsNRCH 4NCOL FRXyCLX)

CALL SCALE‘&(Y1Al_E"\Yy‘\’RChfr\CrJL,rr(Y'[LY)

CALEL BXLISECe S0t g XEDR =KX AL ENXiyC o6 o FRX , GL X))
CALL AXISECC3CeC e YHDRGKY s AL ENY 390.C o FRY 5LLY )
LC 32 J=1,NR0ONW

FEGA eNE o G S PR 50 G o C e 3 )

INFEC =
IPEN = 3
FCGEE = —1}

NT =TARS(LINTYP)
IF (LINTYP )74t 47
€ NIT=1
T NeE=}
'\4\ = f\.Y
KK=}
FE CLINTYPY Livlzel2

11 IPENA = 7
ICCCEA = -1
LSw = 1
¢C TE 15

12 NA=wCGL

12 JRENA = 2
ICCBER = =2
LSn="

1% EE 3C T=1NGULL
Xn=(X(Jyl)-FRX)/CLX
YNEUYEIa | J=ERY }/CLY

k| [F (NA=NT) 232421,22
j 20 IF (LSW) 23,224,272

21 CALL SYMBOL (XNyYNsCaCByINTEQyCoQyICCDF)
NA = |
GE TC 25

22 CALL PLOT (XNeYNIPEN)

23 NA = NA 4 |

25 NF = NF+KK




3. FPEN = lRPLCNA
31 CENT INUE
3 CLXTINUE
RKIL:“A:
EACE
SULERKCUTING SCALZZ(ARRAYJAXLEN yNRCh o NCCLyFIRST,C:=L)

C ARA2AY NANE CF ARRAY CCNTATNINC VALULES TC RBE

C SCALEC.,

C AXLE 'y LENCTF “IN ENCHES EVER WRICH ARRAY IS0
C B SCALEDR.

r NPT S REMEBER EF PLCINTS [0 BE SCALED,

e INC INCRENMENT OF LCCATICN OF SUCCESSIVE

C

PEENT S o
LIMENSICN ARRAY{NRCWoNCOL) ¢SAVE(T)
SAVE(LL)=14%
SAVE (2 )Y=2 i
Shvcel?)=4 .0
SAVE(4)=5.C
SAVE(S5)=8.C
SAVELH )= 1C ok
SAVELT)Y=20
FAE=0001
INC=1
NPTS=NCJL
K=FABS ( INC)
N=NOTS¥K :
Yi=10ER6GO
YFz=le.CE-Co
EC 26 Jdi=]13NRiW
YozakRrAY(Jddyl)
YN=Y" i
EE 26 TI=1,85K 1

YS=A4VNKAY(JJ, )
[F (YL=YS e yelyek
&1 Yo=YS
CC e 25
22 18 (YS=YN} 25525324 !
24 YN=YS
29 TELYx oG6le YEIVE=YN
EFEY D shte YLEYLI=VYE
26 CENT INULE
h o & |
YN=YF
FIRSTV=YL
PE GYEE A4y asgeas
34 FAL=FAC~1..
35 LELTAV=(YLN=-FIRSTV)/ZAXLEN
IF (CELTAV) 7Cv7Cv4C
40 [=ALCGLO(CELTAV)+1LC0, 0
P=lce@®2 i l=1000 )
CELTAV=CELTAV/P=( s 1
EC 45 (=146
[S=1]
IF (SAVE(T)-CELTAV) 454,50,45C
45 CONTINUE
5« CELTAVRSBYVEE IS )P
FIRSTY=DCLTAYVFAINTUY,  /DRLTAVHFAD)
T=FINSTV+LAXLEN#C 1) 2NELTAY
IF (T=YN) 585,587,517
LS FIRSTV=PXLINTIYC/P+FACD)
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T=FIRSTV+(AXLeN+.2]1 )%CELTAV
EEME=YA) B aia b 1 o ST
hE [S=IS4]
¢C |§ 5 5
57 FIRSTV=FIRSTV-AINT((AXLENS(FIRSTY~=YN)/DELTAV)/2,.)x%
I1CELTAV
EECXARETRESTV)  5845E 4959
28" EERSTV=9 1)
55 1IF CENE ) B b V5ES
6l FIRSTV=FIRSTV+AINT(AXLEN+.S)*CELTAY
CELTAV=-CELTAYV i
65 FIRST=FIRSTV
EEL=CELT AV
67 RETURN
{C CELTAV=Z2 o XFIRSTY
CELTAV=ABS(DELTAVZAXLEN)#*+1.
0 TG 40
eNC
LfFGC.PLETC]L CE ESNANE=MEC4EGATER,
/£ CISP=(NERCATLG)Y LRI T=PLOTLCISK »
L4 ECR=PLRSTZE=1C00 s SPACE=EEYLE y 89 RLSEY L ARBEI =RETFPR=2
//CC.FTICFLCLl CC ESN=MEC4B.BINGOsCISP=SHR NIT=TAP
£ AGI0 S8 SB[ T
/*




APPENDIX II
VERIFICATION OF THE COMPUTER CODE

The following test cases were used to show that the Thrust Malalign-

ment Computer Code will give accurate results in the prediction of motion
about a fixed point. Each case was solved by an exact analytical techni-
que and also by the computer. The results of each method of solution

are indicated.




Test-1
Calculation of the Period of Motion of a Simple Pendulum in

a Gravitational Field

Consider a simple pendulum as shown in Figure 29. Mass m is a fixed
distance 1 from the pivot point 0 in coordinate system xyz. XYZ is the
inertia reference frame. eo and wo are the original nutation and pre-
cession angles. The pendulum is released in a gravitation field with
an acceleration vector in the -Z direction. 1 = »15}. The problem
is to study 8[T] using the computer program for a single case of L

Y.

X The period of motion for the pendulum will be compared to the

standard solution for the problem.

Standard Solution

The exact solution may be obtained as follows [3]:

where,
K(k) = F‘-%,k) complete elliptic integral of the
: first kind.
6
k = sin-?'9
m/2
K = e
? Y 1. kst e
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T E——

g = 32.1 ft/sec? by = 0.0°

m= 1.0 slug 8, = 80.0°

w = 32.1 1bs I = .0001 slug-ft?
1=1.0ft I' = 1.0 slug-ft?

K(k) = F (g}, sin 40° = 1.7868

T 4‘\/ %égT‘ 17868 = 1.2615 sec.

The final results are:

Texact = 1.2615 sec

Tcomputer = 1.2618 sec

Consider a pendulum with the following characteristics:

el e

Sl 0 G N e i e N B Wbt 0 A A e e

sttt e




Test-2

Spinning Gyroscope in a Gravitational Field

Consider the problem of determining the motion of a spinning gyro-
scope in a gravitational field as shown in Figure 30. The gyroscope is
a 1 in. thick, 6 in. diameter steel disk mounted midway along a 12 in.
spindle. The spindle's spin axis is always coincident with the z axis

in xyz. The inertia reference is the XYZ coordinate set.

Find:
the rate of precession, i
the nutation amplitude, 8 amp
the nutation period, T9
where,

6, = 7500 rpm = 785.398 rad/sec
by = 0°

Lo 15"

1=.5*ft

r = .25 ft

h = .0833 ft.

m = 2 slugs

g = 32.16 ft/sec?

2
I =T = .0625 slug-ft?

2 Y. 2
pr=m (2] i eh ) - 5324 slug-ft2

64.32 1bs

=
n
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The results of the computer solution compare with the exact solution

as follows:

COMPUTED SOLUTION EXACT SOLUTION*
Nutation Period .069 sec/cycle .068 sec/cycle
Nutation Amplitude .00378 radians .00374 radians
Precession Rate .642 rad/sec .655 rad/sec

*SEE REFERENCE [4].
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