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PREFACE

This report exami nes a techni que for measuring rocket motor thrust

ma lalignment by observing the associated motion of a tethered (at a

single point) rocket. The technique was proposed by Mr. Tommy Howel l

of the Test and Evaluation Di rectorate, U. S. Army Missile Research,

Development and Engineering Laboratory at Redstone Arsenal . The analysis

reported herein has been supported by that Directorate through an Army

Research Office grant.

The method examined here was proposed so as to utilize rotational

dynamics as a response mechanism instead of more traditional methods

of suspension for testing which usually yiel d a combi nation of motions.

Indeed , most previous systems required a six-degree-of freedom analysis

to relate observed motion to thrust malalignment .

We gratefully acknowledge the assistance of l~ ssrs. Tommy Howel l ,

Ted Haas and Leland Lee of the Redstone Arsenal who have provided

technical data for this study .

We also acknowl edge the editorial skill and extreme good humor of

Mrs. Di anne Fretwell and Mr. Walter Cl ement of the Auburn University

Mechanical Engineering Department who were indispensab le in preparing

the manuscript.

4-~(\
Joe W. Reece
Project Leader



THE ANALYTICAL ANALYSIS OF A SINGLE POINT

SUSPENSION TECHNIQUE FOR PREDICT ING

MISSILE THRUST MALAL IGNMENT

Joe W. Reece and John A. Scheffel , Jr.

AB STRACT

The l ateral perturbine forces due to thrust malal i gnrnent can

significantly affect the fl i ght characteristics of a missile. Past

attempts to predict thrust malaiignm ent have not proven successful.

This report proposes a new method for making valid measurements of

the ma lalignment phenomena throug h the use of a single point tethered

missile technique . The equations of motion for the missile in the test

device are developed , coded into a computer and tested against wel l

known exact analytical sol utions for motion about a point. The mass,

inertia and thrust equations for a typical test missile are then coded

into the computer and the resultant motion paths are simulated for

various initial spin rates and degrees of thrust malalignment. Analysis

of the crllected data indicates that the tethered technique is a viable

solution for predicting thrust mala lignment.
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I. INTRODUCTION

A major problem in missile dynamics is unpredictable flight path

motion due to latera l perturbing forces . Thrus t vector ma lalignment ,

which occurs when a missile ’ s thrust vector is not coincidental with

its ’ longi tudinal spin axis , is often a cause of these forces . In order

to reduce the effects of thrust malalignment , spin stabilization is often

employed. The missile is given a spin rate about its ’ longitudinal axis

which rotates the various perturbing forces and makes them less signi-

ficant. ¶
Since the effects of thrust ma lalignment are a serious problem in

achieving a specified missile flight path , it is desirable to be able

to measure the degree of malal ignment in a particular mi ssile system.

The knowl edge thus ga i ned can be used to correct design characteristics

and produce better downrange flight motions.

Various attempts to measure thrust ma lalignment have been made .

The techniques which have been used in the past have not produced use-

ful results. A new proposed method for measuring thrust ma lalignment

is indicated in Figure 1. A missile for testing is suspended in a ball

and socket joint which allows three degrees of freedom. The spin and

main motors of the missile are started sequentially. The missile may

be constra i ned initially as desired to give uniform starting conditions .

Depending on the amount of malalignment and initial spin , the missile

will undergo some particular subsequent motion . A circular constraint

ring is provided to preven t excessive lateral excursions .

1
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The objective of this report is to predict the motion of a test

missile , in the constraining fixture, wi th known inertia , mass, and

thrust characteristics for various degrees of thrust malalignment and

initial spin rates. The parameters describing the motion of the missile

are displayed at the end and may serve as a set of prediction curves for

actual testing. If one measures the motion of a real missile in the

test fixture , the curves may be used to relate the degree of thrust

maIalignment . The resul ts gi ven here can also be used as a basis for

further consideration for this method of testing .

The results of this analysis show that this testing method may be

a viable way to measure thrust malalignment. Excursions predicted for

a typical rocket are within the measurable range and do not take the

rocket into unreasonable motion patterns. Also , some surprising results

occur which shed some light on the necessary spin rate required for the

stabilization of rockets.

The analysis involves five steps :

1. Development of the equations of motion for the

constra i ned miss ile.

2. Development of a technique for solving the equations

of motion .

3. Testing of the solution technique against known

exact solutions (Appendi x II).

4. Establishment of the basic characteristics for a

typical test micsile. These characteristics will

include mass , inertia , and thrust equations as a

function of time .
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5. Coding into a computer the equations in (4) for the test
missile to generate a set of curves for predicting its ’
motion in the test fixture.

-- - - - _ _ _ _ _ _ _ _ __ _  _ _ _ _ _ _ _
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II. EQUATIONS OF MOTION

The motion of a missile about a fixed point can be described by

three Euler angles , p , e , ~ , fl]. These three angles are used to give

the spatial interrelationship between three coordinate systems, one of

which is attached to the missle. Figure 2 shows the three Euler angles

and their relationship to the three coordinate systems.

The prima ry i nertia reference frame will be the XYZ coordinate

system. It is the reference frame from which an observer would record

the motion of the missile relative to the earth. A second reference

frame, the x ’y ’z’ set, is rigidly attached to the missile. The forces

and associated moments along with the mass and inertia properties of the

missile are described by this reference frame. Finally, an intermediate

coordinate system, the xyz set, is used to relate the location of the

missile longitudinal spin axis relati ve to the XYZ inertia reference

frame. Each of the reference frames have a common ori gin at 0.

The xyz reference frame is related to the XYZ i nertia frame by the

two Euler angles r~ and o. In general , coordinate axi s x of the xyz set

moves in the XV plane. Its angular relationship to the X axi s is given

by the precession ang le ~~. Al so, the y and z axi s of the xyz set are

allowed to rotate about the x axis. The angular relationship between

the Z and z axes is given by the nutation angle 0.

Coordi nate system x ’y ’z may be described by a single Euler angl e

~ relative to the xyz frame, since the z and z’ axes are always 
coin-5
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— cidental . The angular relationship between the x and x ’ axes is given

by the spin angle ~ .

Associated with each of the Euler angles ~, o , ~ are the angular

vel ocities si, e, ~ and the angular accelerations p , e , qI . The nose of

the missile is cons idered fixed at the origin 0 and its ’ long itudinal

spin axis lies along the -z’ coordinate axis as in Figure 2.

For the coordinate systems described , the degree of missile thrust

ma lalignment is given by the angle c~ [rad.], which is the angular measure

between the missile ’s thrust vector and its ’ longitudinal spin axis.

The total force acting on the missile at any time is given by ~F.

Moments due to the various forces are taken about the origin 0 and the

total moment is given by ~~~~ The direction of the force due to gravity

is taken along the -z axi s for all time .

In general , the angular mom entum of the missile is given by the

realtion [2):

F 1 =  f~~X Vdin (1)
b

where ,
position vector to a differential mass dm

V velocity vector of the mass dm.

Since the missile maintains symmetry with respect to its ’ mass distribu-

tion along the z’ axis , a principle axes problem exist and therefore,

the products of inertia vanish. The angular veloc i ty vectors ?~ and J

may be used to describe the angular motions of the xyz and x ’y ’z’ sets,

respectively, relative to the XYZ coordinate set , as shown in Figure 3.
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The angular veloc i ty of the xyz set is given by [1]:

~~~ = (2)

and the angular veloc i ty of the x ’y ’z’ set is given by:

(3)

Since the veloc ity V in equation (1) is specified by:

and there are no products of inertia , then ,

~~~
= ~~~~ w~ e~ + ‘y ’y ’ wy ey + 1z’z’ ~z ~~~~

The inertia components are therefore given as,

= + ~~~~~2) dm (4)

= 
~~~~~ 

+ c~~
2) dm (5)

= ~f (p
~~

,2 + p , 2) dm (6)

Since , synuietry along the z’ axis wi th respect to mass distribution

exists , then:

Izz Izi z~ 
= I

I = I , . = I’xx x x ’

yy - y ’y ’ 
-
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and ,
(7)

i ’~ sin e (8)

= I (
~ 

+ ~ cos e) 
(9)

The derivative of the momentum components may be expressed as:

= 
~~

‘ 8 + PG (10)

= ~~ sin 8 + I’ ii sin 0 + I’~i 6 coS 0 (11)

= I (
~ 

+ ~ cos e) + I (~ + si cos e - ip e sin e) (12)

The general equation of motion for the body is given as [2]:

(13)
~ j xyz

The scalar components of the moment vector equations given by (13) are:

M
~ 

= I’o + I ’ e + I~ i sin ~ + (I—P) 15) 2 sir, e cos e (14)

M~ = i ’~p sin e + I’ 5 sin 8 + 2I’C~O cos o —  IO (c~+~5) cos e) (15)

M
~ 

= I ~ + 1p + I1~ cos e - 115)0 sin e + I ~ cos e (16)

where Mx~ 
M , M

~ 
are the components of EM0. The angular accelerations

are then:

M — I’ o — 14-~5) sin 0 - (I—I ’) 15i2S~~ 0 cos 0
0 =  

~
, (17)

M — I ’Ip s i n e — 2 I ’~p o c o s e + I e (qI + Isi cos e)
(18)I’ sin 8

- - .~~~ — -~
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M - — I15 i cos 0 - I15 1 cos U + I~p o sin ez 
I (19)

In general , the moments in the x ’y ’z’ body fixed coordina te system are

known . The x ’y ’z’ moment components can be transformed i nto moments in

the xyz set by the matrix operation:

M
X] 

cos~ - S ~~fl~~~ 0 Mx ii

M~ = sin ~ cos ~ 0 . ~~ + wRgz si n o I
~ 

(20)

Mzj  0 0 1 Mz ij

which resul ts in the relations:

M
~ 

= Mx I cos ~ - My i sin ~ + wRgz sin 0 (21)

My = M
~i sin ~ + M~1 cos ~~ (22)

M
~ 

= M
~

i (23)

If the following variables are defined:

= i5) cos e (24)

A = Isi sin 0 (25)

= cos e (26)

i~ = sin o (27)

c = cos ~ (28)

p Sin i~ (29)

m = wRgz (30)

Equations (21) through (30) and equations (17), (18), and (19) may

be simplified to:

_  _ _
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M , c —  M , p + mfli,i — i’ ~ + (I’ v —  I ~ + v ) )  A
X 

II 
(31)

M , p + M ~~- P ~~ (l(~ + v) - 2l’v) 6

= 
X 

Ii (32)

M , — I ( c ~~+ v ) — I ( 1 5~~ — 6 X )
z (33)

A sui table integration technique is required to solve these nonlinear

differential equations (31 ) through (33).

To predict the l ocation of a fi xed point along the spin axis of

the missile , the relations :

X = R sin 0 sin 15, (34)

Y = - R s i n e c o S 4’ (35)

may be used , see Fi gure 4.
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III. INTEGRATION TECHNIQUE FOR SOLVING THE EQUATIONS OF MOTION

The solution algorithm for equations (31), (32), and (33) invol ves

the use of a numerical forward marching technique . In genera l , the

angular positions , velocities and accelerations of the various coord i nate

systems are time dependent. Therefore, their components may be expressed

as:

~~~f1 (t) ; ~~=f 2 (t) ; ~~~f3 (t)

e = g 2 (t) ; e = g 3 (t)

~~~h2 (t) ; ~~= h 3 (t)

Consider the precession acceleration and vel ocity which may be expressed

as:

= 
Lim ~tp (t) 

= 
Lim ~ (ta) - ~ (t1 ) (36)At -*~o At At+O At

~si (ta) - ~ 
(t.)~

= 
Lim 

~
p (t) 

= 
Lim — 

At (37)
141) A t+o At

where At = t2 - t1.

Equations (36) and (37) may be rewritten as:

Urn ~ At = ~ (t2) - 
,j, (t1) (38)

A t - ~~ O

Lim ~5) At 
= 

~ (t2) = ~p (t1) (39)

where i~ and q may be evaluated at t = t1.

14
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As the time interval At decreases , the approximations given by:

At = 
~~ (t2) - ~ (t1 ) (40)

At = ~~ (t2) - ~ (t1 ) (41)

become more exact.

Equations such as (40) and (41) may be coded for computed solutions

to equations (31), (32), and (33). The basic relations for the computer

are:

~ (t2) = At + ~ (t 1 ) (42)

~ (t i) = 

~l A t  + ~ (t 1 ) (43)

~ (t 2 ) = o (t 1 ) (44)

o (ti) = At + o Ct 1 ) (45)

~ (-t a) = 

~l 
At + q~ (t1 ) (46)

~ (ti) = 

~
‘l At + ~ (t1 ) (47)

Appendix I gives the computer code used to solve equations (3l)-(33)

by equations (42)-(47). The basic solution may be outlined as

follows :

(1) Establish initial missile parameters such as orientation ,

mass and inertia properties . Also establish t 0 as the solution

starting point in time .

(2) Given the existing set of spatial constraints , calculate

the moments acting upon the missile about tho origin 0.
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(3) Solve for the new angular acceleration components of the

reference frames using equation s (31), (32), and (33).

(4) Solve for the new angular position components of the reference

frams using equations (43), (45), and (47).

(5) Solve for the new angular veloc ity components of the reference

frames using equations (42), (44), and (46).

(6) Increment the time variable of the solution by AT and check

to see if the elapsed time is greater than the time requested for the

solution . If the elapsed time is less than the time requested , go to

step (2). Al so, print out any results obtained. If the elapsed time

has exceeded the time requested for tli~- solution , end the program. 

—-—- -- —----~~ -- -~~~~~~--- - - --- --~~--- —-.—-— - -.
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IV. THRUST, MASS AND INERTIA PARAMETERS

FOR A TY PICAL TEST MISSILE

For investigating the motion of a typical mi ssile system, a set

of test parameters for thrust , mass and inertia properties have been

developed . Figure 5 shows the thrust versus time relation for a missile

under investigation. The thrust simulation consists of four linear

segments which comprise four special time phases of the burning process.

These relations may be expressed as fol l ows:

Thrust = 300000t (lb) 0 < t < .05 sec (48)

Thrust = 18333.33t + 14000 (lb) .05 < t < .65 sec (49)

Thrust = 26000 (lb) .65 < t < .90 sec (50)

Thrust = -520000t + 494000 (ib) .90 < t < .95 sec (51)

Thrust = 0 (lb) t > .95 sec (52)

The time dependent thrust relations can be used to generate a set

of moments about the origin 0 in the x ’y ’z’ coordinate set. If a is

defined as the thrust mala lignrnent angle , measured in radians , then

the moment relations acting upon the missile may be given as:

= _R
t~

, sin ~~~~~ (a)] Thrust (in-ib) (53)

M~1 0 (in-lb) (54)

M~i = 0 (in-ib) (55)

17
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For the missile under investigation , _ R
~~

s = -135 in., is defined

as the l ocation on the missile where the thrust vector is considered to

act as a point force . Therefore , a set of moment versus time relati ons

can be developed by substi tuting equations (48) through (52) i nto

equation ( 53) :

M ,  = 40500000t sin(ll .538ta) (in-lb) 0 < t < .05 sec (56)

= (2475000t + 1890000)sin((.7051t + .5385)ct ) (in-lb)
.05 < t < .65 sec (57)

M
~
, = 3510000 sin (a) (in-lb) .65 < t < .90 sec (58)

= (-7O200000t + 66690000) sin ((-20t + l9)ct) (in-lb)

.90 < t < .95 sec (59)

M
~i = 0 (in-lb) t > .95 sec (60)

The weight of the missile varies because of fuel burn-up as ,

w = -87.589t + 250.19 (lbs) (61)

and the center of gravity location in the x ’y ’z’ set can be expressed

as:

Rgz = 14.3Ollt - 61.518 (in) (62)

Therefore , the moment due to gravi ty, M = R
92w, varies according to

the equations ,

M = -l252.6l9t2 + 8966.3t - 15391.2 (in-lb)

0 < t < .95 sec (63)

M = -8003.7 (in-ib) t > .95 sec (64) 

—-—--- -—~~ 
—
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The roll inertia of the missile is

1rol l = -l4.6l4t + 43.155 (slug-in 2) 0 < t < .95 sec (65)

‘roll = 29.271 (slug-in 2) t > .95 sec (66)

While the transverse inertia varies according to the equations ,

‘trans. = —22428.59t + 39196.2 (slug-in 2) 0 < t < .95 sec (67)

‘trans. = 17889.75 (sl ug-in 2) t > .95 sec (68)

Equations (56) through (60), (63) through (68) were coded into the

computer to produce the resul ts shown in section V. 
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V. RESULTS OF TEST MISSILE MOTION STUDIES

Figures 6 through 23 are the result of coding the data in section

IV into the computer. Four ini tial spin rates of 0, 5, 10, and 15 rps

(rev/sec) were utilized in making the plots . For each initial spin

rate, five values of maximum thrust ma lalignment , .001 , .002, .003, .004,

and .005 radians were used.

In the case of ~ = 0 rad/sec initial spin rate, the nutation

components consisting of e, o, o were plotted versus time . For the

initial spin rates of a = 5, 10, and 15 rps , the position of the missile

nozzle located at z’ = -1 35 in. was pl otted in XV coordinates wi th the

functional parameter of time indicating the starting and ending points

of the sol ution. An observer located at the origin-O ,-- see Figure 2,

and recording each event would notice the given nozzle patterns in the

z-direction.

Test (a) Thrust Malalignment of a Test Missile with no Initial

Spin , ~ = 0 rev/sec.

Figures 6, 7, and 8 give the nutation angle , veloc i ty, and

acceleration of the test missile without an initial spin rate (
~~ 

0 rps).

The various stages of the thrust process are easily observed in the

nutration acceleration , (see Figure 8). As the rate at which thrust

is generated changes abruptly, discontinuities in the nutation accelera-

tion curves occur. Specifically, at times t = .05 sec , t = .65 sec ,

t .90 sec, and t = .95 sec, abrupt changes in the thrust generation

rate result in discontinuous changes in the nutation acceleration

curves. Observation of the nutation angle versus time curve (see

21
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Figure 6), indicates that large defl ections of the missile will occur .

Typically, defl ections on the order of .1 radian will be observed . For

anticipated malalignment values of a = .005 radian , a constraint ring

may be required to prevent excessive deflections of the missile in the

test fixture.

Test (b) Thrust Mala lignment of a Test Missile with 5 rps Initial

Spin Rate (~( = 5 rev/sec).

Figures 9 throug h 13 indicate the paths of motion of the nozzle of

the constrained missile. The nozzle is considered to be located at the

point -135 in. along the z’ axis from the origin 0. After the main

motor is fired , the thrust malalignment of the missile results in a

lateral perturbing force which rotates about the spin axis. This force

generates a moment which when coupled with a rather large moment due to

gravity, (equation 63), produces a spiralling path of motion.

This spiralling path of motion tends to deflect outward due to the

combined moments of gravity and thrust. The effects of spin stablilza-

tion are well demonstrated in the plots since the nutation of the missile

is significantl y reduced. Also , four spirals are observed in each of the

plots which represent the effect of rotating the lateral forces five

times before motor burnout .

Note that the cumulative effect is to move the nozzle in one

direction , i.e., the motion is not centered about the initi al position

of the missile. This leads to the conjecture that the spin rate may

be far too low to negate the effects of thrust ma lalignment for a

rocket motor which burns out so quickly. This observation is applicable

to practically all the test investigated in this work. Of course, the

extremely short burn time of .95 sec. should also be recalled. 

-- - U - -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Test (c) Thrust Malali gnmen t of A lest Mis sile with 10 rps Til t I a l

Spin Rate ($ • 10 rev/sec).

FIgures 14 through 18 simulate the rnatlon path of the m issile nozzle

l ocated at -135 in. along the z ’ axis from the origIn 0. As stated before,

the spiralling mot ion Is due to a combined lateral thrust moment arid a

gravitational moment. Several interesting points may be noted about the

figures. The most obvious effect observed Is the si gnificant reduction

In nut atl on as a result of a higher spin rate. Also , tho radial -~ th of

deflection has rotated counterclockwise from the path of deflection for

tne S r~is case. A to tal f ei ght ~~ira1 s are cb~erved in the figure;.

F~~:h of ‘hes~ rf ~~r - ’ ’, may be ~~t r ihut e— !  t (  
~ ie i f l —  rI~~~~~1 ‘r ~~- ~

r-~ (
~~Is t i  d i~~ . ’ l  il sc I

Tt~—~ (
~~

) Th! -~ ’ ~~‘ l d l j - ’ r N ~- -r r f a ~~~ M jyJ l .-  wit h 15 C - p c ~~~~ j -t i ;~1

- i~~ rev,sec).

1-i II !  ~ 19 ~ ~o I(4 2 ~~~~ - ;~ r. 
~ I ~)t  riio t ion ‘

~~i~ t i ’  ~~ Z ? 1 C ~

l~~’ e t - I i  t~S 1 ~~~~~~~~ n a s es  (b) - ‘ I 
~~

) .  T l~ - ~ I’ - I t ’ a~- ~1 S~ 
In  ~c~~~1’ e -~1’ ’

i n fu r tfi ~C . oj n ~ ~ 1 oc~ -~ SC C i t  1 en o t t~~ -~c~ial ~a ~h ‘. t  def e’ ’ on

for t i~ s
~’ i i II ing ~f L’r~. Als- ). f ’’e ~~~ -~r of cr r: p1e~ C J sp i 1:; h,~

inr ,p ,-~sed ~e thi’-~&~i- ’ in eac~ it th ’— ploL~ . ~~—-~ h~~’’ j - i t i o n s  iv b~

mad e which are ~h” ~‘~lt ~ h~q i~ i - - - i n r i t e .  First , thc’~~ ’ is a

s 4 c~r I c i :~~p t  ~j r tH~’r red t i c t  ion in n t~~t i on  h-~ low that t r- iind in cases

( b) 3 lci (c )  ~PC. C) i Id , t he  -~~ ra l1inq Hith c~~ -~~t ian ~~~~ c o ~ c

i+c e lf mu ch - err ’ sin~~ ~~~~~~ e f f ~~~tc ~ ~ t ( ~ 1~ t~ ’ ~l pe~t t 1 ’ t ) i ~
have been ii re3;ed .

T e s t ( e )  Results f a -~ - -1rh W avti T h u s ~i I~pu is e .

The purpose of this test was to St dv the motion ~f a m i s s i l e  w i t h

~d nrt i ca l inp~’~ ia ar id fli~i c S ch’- ’ a c t e ’  is ~~ics i~ - i r  CJS I~~ (d ,I t l e - - -
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Except tha t the thrust rel tion is a square wave. Consider a missile

with a thrust output ,

Thrust = 26000 lb 0 < t .90 sec

Thrust = 0 lb t > .90 sec

The momen ts generate d in the x ’y ’z ’ set are given as:

= 3510000 sin (~) (in-ib) 0 t < .90 sec (69)

= 0 (in-ib) t > .90 sec (70)

M , - 0
V

= 0

Equations (63) through (70) were coded into the computer along with an

initial spin rate of ~ = 5 rps for a = .001 -.005 radians thrust m alalign -

ment. The resul ts are s hown in Fi gures 24 through 28 and shoul d be

interpreted as 4n Fi gures 9 through 13. A comparison of these figures

in dicates the importance of knowing the thrust versus time relationship

of the missile. If an actual test is to be performed , it may be necessar y

to mon itor the thrust output as a function of time to get accurate

results. The comparison of the two sets of fi gures show rad ical dif-

ferences in the nozzle paths of mntion. This discrepancy is the result

of the differences in the thrust versus t ime relations for the two cases .
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VI. CONCLUSIONS AND RECOt+IENDATIONS

Results from the simulation studies for a test missile indicate

that maximum nutation occurs when the initial spin rate is zero. If

the maximum thrust malal ignment is expected to exceed 5 mrad , then a

constraint ring, (see Figure 1), shoul d be considered for the test

fixture. Resul ts from the test cases also indicate that a knowl edge of

the thrust-time relationship is essential for making accurate predictions

of the results of thrus t malalignment. Also , the inertia and mass

characteristics for the missile during the motor burning phase are

r e q u i r e d .

The most accurate way of predicting thrust malalignment appears to

be the most simple. If the missile is not given an initial spin , maxi-

mum nutation will occur. Therefore, a very precise measurement of mal-

alignment may be made . This study neglected all aerodynami c forces and

frictional moments at the pivot joint of the test fixture . If the

actual constraining device is built , consideration of these forces

and moments may be included easily in the moment equations for the

missile.

It should be recalled that the objective of this investigation was

to determine the range of motion resulting from anticipa ted thrust

malalignment anomalies affecting a typical rocket suspended in this

unique ball and socket fashion . The results of the analysis show that:

• The motion ranges and motion rates are in the measurable

regime .

48
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• This scheme may be a viabi r experimental method for

gathering performance data on real firings.

Further work needs to be done to examine questions of the e~fE” ts

of:

• Combined Unbalance and Thrust Mala li gnment

• V i bration and Buckling Phenomena

• Hardware Imperfections in the *unti ng and Sus pens ion Ri g
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APPENDIX i

Thrust Ma lalign rnent Computer Code

Tne co~~ :ter coJe f:r ~r iii cting tb~- resultant motion of a missile

~or various ~ t~~~~,!E- c f  tb r -st ma lalig nm cnt and initi al conditions

util izes the fo l lowi n- i  list of vanaoles. The computer variable is

listed f~ rst , foil ~~~~~~~ by th l  ~trc~~ ica1 equiva l ent.

Ml = M x
= nn~ ents in the x ’y ’z ’ coord inate system

M3 = z

N14 = M ~~~~~~~~~ component in the xyz coordinate system

Ii =

12 = i inertia component and derivative (roll inertia)

13 = I i = I i ner ti a component and der i vat i ve
= 

A X 
~ (Transverse Inertia)

Al =

= Euler ang le ~recess ion components

A3

number of ti intervals between successive printings
of output

I total number of output pr i nt i ngs

51
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A4 = e

A5 = o Euler ang le nu tation components

A6 = e

A 7 = ~~

A8 Eule r angle spin components

A9 =

Bl =

32 = u

B3 - v basic control vari able s
(see equations (24) through (29))

34 = x
B5 =

B6 =

X = X location of the mis sile nozzle in the XYZ
oordi na te systemY = y

R = R -z location of the m iss i le  nozz le

A = 

~ f 

thrust mala liqnmen t (radians)

r = ~T J integration time inverval

Tl total elapsed t ime

Note : Ti = I*J*T

IL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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I~ LE1 TA V :(Y :,— I - I .~~Tv )/AX L FN

IF (L E L I A V )  7’2,7C,4C

~ I A L ’C i t  ~~ T ~ V 1+ I .2C0 . 2

E E L
L C  45 I:1,L

1 5 =  I
I F (SA V ( J ) — L E L I A V )  1

~5,5(’,5L
4 5  CC~’\T I - C E

t EL I ~V 5 . ~V :  ( I  5 1 * 1 3

t- 1-” rv = n 2 ’ t A v ’ ~A r N r ( 4 ! - / f l 1 - L I 4 v + r , a I j)
1 :f —~~T~~+ C ~~~~L ~i”~+ -L . _ 1  )*f)EL TAV
IF ( T — V N )  5~~,57 ,57

1 F1 1v = .-~ ’~.I~~T ( Y- /P+ FAC )

L _____ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~
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i ~~ r v + ( -~~ r~ + .2- 1 1 ~‘[ CT -~ V

I F  ( f — V - I  C ’ , ( . ’ 7
a”

CL I C t E

ii I I U C [V : I U I  . T - 1 _ A ! \ r ( ( A ~~L \ + ( F I U S C 1 ~U ’ i - \ ) , r ’ f L ( A v ) / ? .  ) : ~
C EL I ~- V
I F ( f - ~F ( - ~~f~~) ‘ t ,-i,~ -- , , ,
F !‘~C T , 1 =’ .-2

2 ‘ I F C ILL ) C , I I , C C

~~I F 1 k I V I I~ ’ S I , / + A I - a T C A ~~ L F L + . C ) ) I’ L L T A v
C IL If- V - - C EL T tV

L C  F L ? - S T~~F I~~C a v
C E L [FL  1 t- V

6 7  ~ L T LR ,
iC LE L r~ v= C .-~~ F L- ’ L r - d

L E L 1 AV ‘S (C )E L TA ~~/A ~ L I L ) +1 .
CC IC 4 2

/ ,L[. P L C I  I [[ L S N A =t ~E C 4 F - .oA IER ,
/ /  C I S P = r J E ~. , c A T L o ) , L N I  1 2 L ’ I I C [ S V ,
/1  t i - ’~~~’L~~~~ I,’[ i 1_ ,5 p/ ~C C ( C Y I  ~~~~~~~~~~~~~~~ ~ l - 1 P = ~~ F T ~~ f z 2
//CC .F T jCf ~~~1 [C C S C = ~~ IC A F . P I I , L ! S P =5 H : ~~, L N I T = T A , U C

CC ~

1*

- -- ~~~~~ -- U-U- -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -. --~~~~~~~~~~~~~~~~ ‘ - -- U ~~~~~~~~~~~~~~~~~~ U _~~ U~_~~~~~~ _~~U ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ —



— ~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~ -—U—-- ~~~~~~~~~~~~~~~~~~ .~~~~~~~_~~U--- _ _ • - -U~_U U-

APPEND iX II

VERIFICATION OF THE COMPUTER CODE

The fol lowi ng test cases were used to show that the Thrust Malalign-

ment Computer Code will give accurate results in the prediction of motion

about a fixed point. Each case was solved by an exact anal yti cal techni-

que and also by the computer. The results of each method of sol ution

are indicated.

-I
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Test-l

Calculation of the Period of Motion of a Simp le Pendulum i n

a Gravitational Field

Consider a sim ple pendul um as shown in Figure 29. Mass m is a fj~~-d

distance 1 from the pivot po int 0 in coordinate system xyz . XYZ is the

ine rtia reference frame . 0
0 

and 
~
i
O 

are the or g inal nutatirjr and pre-

cession angles . The pendulum is released in a gravitatior field with

~n acceleration vector in the -z direction. = .-le
~
. The problem

is to study s[T] usi rc i the computer program for a single case of

The period of motion for th9 nI-ndul um will be compared to the

standard solution for t~~’ problem .

Sta ’- d~tr d Colution

The exact sol ution may be obtained as follows [3]:

T = 4 \ J~~ K(k)

wher e ,

K(k) F ( i -, k) complete el li ptic integral of the
f i rs t  kind.

e
k = s i n -~~

r ’2
K(k) = J

1 -- k2  s in 2 
~
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Cons ider a pendulum with the following characteristics:

g = 32.1 ft/sec2 = 0.00

m = 1.0 slug e = 80.00
0

w = 32.1 lbs I = .0001 slug-ft 2

= 1. 0 ft I’ = 1 .0 slug-ft 2

K(k) = F (i) , sin 40° = 1.7868

T = 1.7868 = 1.261 5 sec.

The final results are :

Texact 
= 1.2615 sec

Tcomputer = 1 .2618 sec

—- - - —- -U-- -U--- -U ~~~~~~~~~~ ~~~~~~~~~ -U—  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Test -2

Spinning Gyroscope in a Gravitational Field

Consider the problem of determining the motion of a spinning gyro-

scope in a gravitational field as shown in Figure 30. The gyroscope is

a 1 in. thick , 6 in. diameter steel disk mounted midway along a 12 in.

s pi ndle . The s pi ndle ’ s spin axis is alway s coincident wi th the z axis

in xyz. The inertia reference is the XYZ coordinate set.

Find:

the rate of precession , i~

the nutation amp litude , 0AMP
the nutation period , T0

where,

= 7500 rpm = 785.398 rad/sec

= 0°

e
0

= 15°

1 = .5 f t

r = .25 ft

h = .0833 f t .

m = 2 s l u g s

g = 32.16 ft/sec2

I = ~~~~~~~ = .0625 slug-ft2

= m (12 12 + 3 r2 + h2) 
= .5324 slug-ft2

w = 64.32 lbs
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The resul ts of the computer sol ution compare with the exact solution
as follows :

COMPUTED SOLUTION EXACT SOLUTION*
Nutation Period .069 sec/cycle .068 sec/cycle

Nu tat-lon Miplitude .00378 radians .00374 radians

Precession Rate .642 rad/ sec .655 rad/sec

*
SEE REFERENCE [4]. 
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