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- SUMMARY

~rhe model described in this paper is based upon numerical integration of the flow
equations which simulate the water movements caused by t ides , wind and pressure dif-
f e r ence s and upon numer ical in tegra t ion of the advec t ive d if f u s i o n  eq ua t ion
representing the movements of salt and temperature. The model neglects vertical
accelerations , but no t ver ti cal veloci ties , and includes an approximation for the sub—
gridscale effects by introduction of mass and momentum exchange coefficients. These
c oefficients are dependent upon the Richardson number and vertical velocity gradients.
The comp utation method is tested on an estuary and the results of the simulations are
presented in graph form.
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NOMENCLATURE

= ho r izonta l  momentum dispersion coe f f i c i en ts
= bottom layer

(
V~ 

~ s c o e f f  i_ i i t ’ nt
C~ wind ‘,t re’o c ’cf t i. ient

i.,,, ,  = tlo r i ,’ ’ll i l l  ‘Jss—h eat d i f f u s i o n  c o e f f i c i e n t s
= 10 r j ‘ i i  S ~~~l r,Irl t_ i t er
= ~ ! I I I  It j oria l VI ~~~t 1e r , I t  i o n

,~~ ) = Li’.,! I ~~V ~l1~’5S

= h~’ r j i o i i t i 1  1ir id ~~~~~
= r I i~ ii ~ i i l  i:~. i x

1 l..v~ i indeX
m = a j cj e n t  re la ted  to t he V e r t i c a l  mass and heat diffusion coefficient
fl = t i f le

=

r = a c~’.~~t t i~.jt’n t r,V•la tt~ to the ‘.‘erti cal momentum diffusion coefficient
S = ‘ .1~ i f l it V

I = , i V ;)e

r ‘~ p e V L i , .. t’ p ’ II.. fl t ~. 0 ‘V t  I ~~~ i t v
= od spt ~‘d
= ‘ arte ’.ia n .r ~~i’i , a t i ’ -, , r o s l t i ’.’ t ’ eastward , northward and upward , respectively
= Ii I e r t’n~ 0 p r a t I n
= w a t e r  surfa ce eleva ti on wi t h respect to the reference level , e.g., mean sea

= ‘:trt j al nass diffusion coeff ic ient
= ‘cr 1 i c il  th, r~ia1 d i i  fusion coefficient

= a par.oi.e ter related to the equation of state
= .t’rt j ii =s ’mentum diffusion ‘.oeffjcjent under nonisotrop ic Vertical densit y

g r  i l  i t n t
v o r t  j e l l  i rictit o’i d i l f u s i o n  : ‘.effl lent under neutrall y stable density

grad jent (
~~I ef l t ’ uS )

= lt ’n’_, j tv

= N I  or , l~~nsj tv , a cons tant

i ’ . r ar t : r o  ror  ‘ depending on saiinity and temperature
V sl,a r st r c’ ,~~t’;

= w i n i  d i r e c t i o n
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I N TRODUCTION

In many estuaries , three—dimensiona l flows occur . The fresh river water often
m ixes only par tiall y w ith dense r  sea wa ter , and the salinity can change considerably

‘,e r the depth. The currents induced by the densi ty differences are superimposed upon
the ’cu r r e n ts ca used by ti des and wind , causing very complicated current patterns.

The model described in this paper can effectivel y simulate these flow conditions
by making the assumption that the vertical accelerations of the fluid are small. This
assumption is generall y justified. Neglecting the vertical accelerations but not the
vert ical velocities makes a mathematical formulation possible which permits  a d i rec t
numeri cal integration of the equations representing the fluid flow.

The continuous fluid proper ties during simulation are expressed at discrete
points , by which appr oach certain approximations are made; the approximations ,
however , are ch -Dsen in a manner that makes certain basic phys ica l  laws of the f l u i d
still app li cable. For examp le , no water disappears from the water body by the
numer i cal proc edures; also , energy in the horizontal motions is conserved , d i s r e g a r d i n g
the losses by the representations for turbulent energy dissipation and the inputs by
wind.

DYNAMIC EQUATIONS F R  TURBULENT EST U ARINE FLOW

The equations of horizontal moti on for an incompressible internally source—free
fluid on a rotating earth in Cartesian coordinates with the z axes positive upward are

+ ~i(uu) + i (uv) + ~ (uw ) 
- fv + I ,~~~~ - 

I (~~~xx 
+ ~~ + 0 (1)•t ‘x ‘z p ,x p ~ 3x ~y ~z ,

V _ ~ t ~ T ~ T
+ 

(vu)  
+ ~(vv) 

+ 
‘(~‘~e~ + fu .4’ -~~ 

.
~~~~ - ~~ 1—.~ + + __

~~I C) (2)
~t ~X y p 3y p ~ 3x ay i,z f

If the vertical acceleration and adveetion are neg lected , the equa t ion of mot ion
in the ver t ical d i rec t ion becomes the hydros tat ic equa tion

(3)

The equation of continuity is

(4)
~x ay az

The equations of salt and heat balance are

+ + + ~g) 
- 

~(D~~
-
~
.!.) 

— 
~(D~~~~) 

— = 0

+ ~(uT) 
+ ~~

‘T) 
+ ~

(wT) 
- 

a(D -i—) 

— 

3( D~ ~
—) 

— 
~ (K ~~~ 

— 0 (6)
~t ~x ~y ~z ~x ~y

and the equation of state

p p + p ’(s ,T) (7)

The representation of the estuarine system by Eqs. (1—7) includes no internal
sources. In the equation for heat balance (Eq . (6)) we used the same diffusion
coefficient as in the equation for the salt balance (Eq. (5)), which  means tha t we
neglec ted the heat fluxes by conduction and that onl y the fluxes by the turbu len t f l u id
are considered .
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The model des ,r lbed In this paper uses a grid system with equidistant points in
the hor l.iontal direction. In the vertical direction , however , the possibility of
havi ng an unequa l grid distance was Introduced , since ver tical gradients which often
oe~ ur in the estuaries can then be represented in detail without using a large number

~f grid po ints in the ver t ica l.

En formulating the model , we introduce the concept of the layer. This is a
geor i t.t r ica l concept only, and should not be confused with layers in strat i f ied f low.
The layers  are determined by the introduction of a set of horizontal planes inter—
st ’c t ing  the body of the f luid . The thicknesses of the different layers are not
necess ar i l y  the sane for all layers.

The top layer , bounded by the free surface , has a time—variable height. In the
formulat ion of the model the other layers may be intersected by the bottom and have a
height which is dependent on the bathymetry. Figure 1 i l lus tra tes the grid sys tem and
the layers of the model. However , in our experiments we did not vary the bottom
layer.
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Fig. 1-—Location of variables on the vertical grid

In the computational model , the origin of the coordinates is taken at the mean
sea level , whereas the water surface z — c(x,y,t) is the upper boundary of the system.

The descrip tion of the finite—difference equations from the differential
equa tions was accomplished in two steps : first , the equations for the layers were
derived by vertically integrating the variables over the layer thickness , and sub-
sequently finite—difference approximations for the layer equations were developed .
We have shown in Refs. 1 and 2 that the vertically integrated momenttmt equations can
be written for each layer (Fig. 1) using u and v for layer average values of the
veloci ty components.

V . )  + 
3 (huu) 

+ 
B(h;u) 

+ (uw)
k½  
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—

+ ~(hvu) 
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‘
~~k—½ 

— (w)
k~~ 

+ fhu +
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- 
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The formulation of these equations of motion differs from the more classica l
representations presented , for example, by Bowden (Ref. 3) and Pritchard (Ref. 4), in
that our equations are conceptionally well traceable and contain the derivatives of
products of variables rather than products of variables and derivatives. Except for
the density and the spatial and time derivative , no dividers are present , i.e., when
fini te—difference approximations of these equations are used , the number of divisions
is limited .

The heat and salt balance equations can be presented in the same form for each
layer  k :

‘(hs) + + 3 (tws)  
+ (ws )

k ½  
— (ws )k~

~(hD —) s(hD -t-—)
— 

~~~ 

3X 
— ~“ ~~~ + (ic -

~
-
~~ ) 

— (K -~~) = 0 (10)
~z k+½ ~z

~ (hT) 
+ ~(huT) 

+ ~
(hvT) 

+ (wT)k i  - (wT) k~

:,(hD ~-~
) ~i(hD 

2_±.) 
-

— V
X ~X — ___V__.L.~~~~_~~~~ ( ‘ .~.I) — (K ’ .~I) = 0 (11)

~z k+~ -~z

From the equation of  continuity we derived for the time derivative of the water
sur f a c e

+ I 3 (hu) 
+ ~(hv) 

= 0 (12)I 3x

and for the vertical velocity at the interface between layer k and k — 1

W
k i  

= — ~~~~ + ~(hv ) (13)

The horizontal pressure gradient in the top layer was approximated by

l
~pl

= go~ 
-
~
--- + -igh1 -i---- (14)

k = l
P 1

= gp 1 
— + ~gh1 

--— (15)

w here pj  = layer average density of the top layer . The pressure gradient for the other
lay er s is -

‘
~p ~p _ 1

+ gh k (16)
k— ’~ ~x (

. k — 2 , 3 ... b

~~k ~~k—l ~~ k— , I
+ gh ~~~~~~~~~~~~~~~ (17)

~y 3y k— 2 ?y ,‘

where °k— ’~ 
= 

~~~~~k— l + 
~~

= layer average density of layer 
k.5



-
~

F I N t l  h — I )  FFt: R~ N t - 1’ oR~1Fi,~\ F ION AND A P P R I ) X I M A T ION

.\ splce - uI.~~e ,~rj t J  (Fig. 2) was selected for the finite—difference approxi—
i i.atj t ’n 01 !qs. (8) through (17). The press ure p. sal ini ty s , and temperature T are
.~ onputed at intege r values of i , j ,  and k. The vel ocity compo nents u are computed at

~ I t — i u ~~’g~~r ‘ .iIi ~ ’s of I and integer va lues of j  and k , and the v e l o c i t y  components v
art ,on~— u t , . I It int . - ,1~ “dues of i and k and half—int eger values of j .  The ver t ica l
V t ’~~.’~ i t , ’ c~o’~;’o i iet l ts  w .~re .~~mputed at integer values of I and j, and half—integer
v .*1 ., ‘~~ ‘t k ( - ,~~o F t ,~. 3). he water surface elevation ~ is expressed on ly on a two—

~j~~.e11’i. u h I  r i ’ - ~t . i and ~as integer va lues  of i and

/1

A
- ‘

V
i, , _ .,. 

V .’ ,
w —•

- V . - ~~~• s ,, ,T S

~~/ A
2 .  • 

S .
• • 

U 
—• - 11”. S 

U

— . - .
— - V .1 .~~~

2— —Th locat ion of u (—)  , v ( ) ,
and other parameters (÷) In
tii~ S p.lc - — - .t ag g , ’rt.d g r i d  V ,, - 

“
V

Fig. 3— —Re lat ive pos it ion of the
var iah 1es in the model

~~~:-.puct notation was introduced which nor only descr ibes t he f i n i t e—d i f f e rence
apF r x i : a~ i n  ac. irately, b ut als.’ g i ves  this approximation the same appearance as the
,iiIi ~ r cn t ial equations. The position of the var iables in the horizontal grid is
~0J1 i t t ’J b’. indices iJ, indic ating a position i x  and 

~~~ f r o m the origin of the
- . ~orji n .tt~~,, ~itb i , j = 0 , ±~~, ±1 , ±3/2 .

Tb,. ‘:erti~ al p osition is determined as to its location in the center of the
l * .’ e~ numbered Iron the top with integec k 1, 2, 3 . . . or at t he horizontal Inter—
:~~~~_ t ’~~ w ith half—inte ger values k = 1/2 , 3/2 , 5/2

Time is determined by the number of time steps (n2~t) from the reference time , with
n an iot~ ger ‘.‘alu e.

Thc following sum and d i f ference notations are adopted :

= 4~C~i + ½) ~x ,j1v ,k~~z ,n ’. t ]  + F[(i — ½)  ~x ,j ~~y , ki’z,n~~t]~ (18)

- -f—- ~F[(i + ½) ~~~~~~~~~~~~~~~~ - F[(i - ‘2) ~x ,j~ y,kAz ,n~t]~ (19)

These ar, shown only for x , but are also used for y , z, and t.

The specia l nota t ion  used for shi f ted t ime levels is

F~ = F[iLx ,jE~v ,kA z , ( n  + 1)titj (20)

F = F[i~ x ,j~.y, k’ z ,(n - 1)~~t] (21)
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~ tt t lo se s p ~~c~ - I t r , ’  ~~in d i f,’renc ing p-r o t ors , ~Fte I ini c c— - F if f~’rence approximations
ot F.q~,. (s) r :,~ ( 17) , for  rh, level k with layer—av erage values , ta ke t i e  following
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~~~~~~~~ 
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+ L ~~~~~~~~~~~~~ u ’ + ~~~~~~ u~ at i + ‘
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Vx ~1 x x I _  ~1 y

t —-V —V

3 (h ’v) = — ~ (h X
u~ 7~) - S (~~

-

~~~~~~
-;‘

~~ ) — 1?’ (V~~~~ ) I -

t x y z

.
_
~

V
~,~V_ XV 1 —v 1 / V Z I \ ‘Z

— ‘Fr u ‘ — — ii’ 
~ 

p — — 

~~~

‘ ) 
‘ 

+_~V\ \ ~~~ k+’~ k— ’2

I I~ ”~ I I~~
—
~ ’ 11

+ — h ’A v + h’A v ’ at i , j + ~ , k, n (2 4)
~~~

‘ x~ x x V1 ~
, Y I—

s t
(hs) t 

= — S ( ~~ us
X
) — 5 (i7’v~~

’) — hf (WS
z
)

+ 5 ~‘~D S s~ + S 1’
~
’D S s~ — S + sx I x x ~~_ v )  y y ‘, Z 

~~~~~~ I Z ‘k ’

at i, j ,  k, n (25 )

5
~~
thT

~~ 
= — f ( ~~ u~F’~) — 5 ( ~~

’v~~
’) — h2 (wTZ)

+ r ~ ‘X~,) S + 5- I~~Y p T 1 — ( “
‘
~~ T II + ~‘‘ 5 Tx i h x 

~~_ y F h v ~ _ z 1’k5~: 
Z tk ’

at i, j ,  k , n ( 2 6)

[Ftc density is computed using s( i , j , k ,n) and T(i ,j,k ,n) according to the e q u a t i o n  of
sta te:

= [ 5 8 9 0  + 38T - 0 .3 1ST 2 + 3 s ]/ [ ( 17 7 9 . 5  + ll .25T - O.0745T )

- (3 .8  + O .O1T )s + 0.698(5890 + 381 - O . 3 7 5 T
2 

+ 3s)] at i , j ,  k , n + 1

( 2 f l

A grap hica l represen tation of the density as a function of temperature for water with
di f f e r e n t  salinity is shown in Fig. 4. The finite—difference equation used to corn—
pu te the ver t ical  veloci t ies is

6~ w = — — 
~~(~

‘
~
‘v) a t 1, j ,  k, n + 1 (28)
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- P s ,  [5890 ‘ 381 _ 0 .375 T ’? 3 s] / [ ( 1 7 7 9 . 5
• 11.25 1— 0.074512) - (3.8 • 0.01 T ) *

• 0.698 (5890 ‘ 381 - 0. 375 t~ ‘ 3 s)j

1 .03 —

- Salinity (0/00 )

1 .02

1emperat~ re I ( C )

Fi g. 4——Equa tion of state and graphical representations
of several selected ranges of s and T values

This equation is used for the bottom layer first and then for the layer above, etc .
The horizontal pressure gradients are computed first in the top layer :

~ ½ at i + ½, 3, 1, n + 1 (29)

- g(~~5~ c) + ½ ~~o~ p at i, j + ½, 1, n + 1 (30)

Then the pressure gradients are computed with increasing k by use of

at i. + ½, j, k + p, n + i. (31)

~Z~~Y
P) = g6~~~ at i, 3 + p, k + ½, n + 1 (32)

Once the horizontal pressure gradients are known, the water level and velocities
can be computed again by the sequence of finite difference equations (22) through (32).

Special procedures are required for the computation of variables on or near the
boundaries . The seaward boundary presents particular problems , as described in Ref. 2.
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VERTICAL MAS S AND MOMENTUM EXCHANGE COEFFICIENT S

In fluids with verticall y stable or unstable density gradients , the model assesses
th e ‘,‘erti cal ~~mentum exchange , vertical mass—heat diffusion coefficients according to
the following Richardson number related formulas (Ref . 2 ) .  For the vertical momenttm~
exchange :

(~ xz) = ~~z 
(v 

exp - m 

~~~ [:(u )]2~ 
+ v i + ~~~~~~

at i+½,1, k4-½,n (33)

2 2 ½
(~ Y z )  - ~~~ (~ exp m 

~~~~ ~~~:
(V~~~~

2
~ 

+ v~ + (óv )] )(6zv~)
at I, j +½,k+½,n (34)

For the vertical diffus ion—dispersion c~ salt and heai:

exp [— ‘

~~~~ 

+ e
1
ó L ’  

~~~~~~~~ 
at i,j,k4-½n (35)

and 
(~

c ’6
~~T )  = v exp [- 

~~~~~~~2] 
Kl5 ZU

~ ~~T_ at ~ ,j, k+½,n (36)

2 2 ½
wher e 6 U  — + (37)

where m,r exponents , equal to 0.4 and 0.8, respec tively, according to Mamayev (Ref. 5).

A quadratic expression was used for surface wind—induced stress and bottom
current-induced drag.

~~~ 
(

~~~
Z) — C* —

~~ w~ sin4 at i + ½ , 3, 1, n (38)
p k-½

±.,,, (Yz ’~ = ~~ w
2 
cost at 1, 3 + ½,  1, n (39)

a

1~. (~~) = gu_ [u
2 

+ ( ) 2]½/(~~)
2 

at i + ½, j ,  b , n (40)
~~~~\ k+½

1 
(
~Yz) - gv {(

—ICY
)
2 

+ 2f/ 
~~~)

2 
at 1, 3 + ½, b , n (41)

k+½ 
-

No thermal or salinity fluxes at the bottom are introduced , and the exchanges at
the bottom can be set to zero.

NUMERICAL EXPERIMENTS

To illustrate the model’s operation , we present two sample cases. The first one
involves the simulation of three—dimensional wind—driven circulation in a rectangular
basin. This basin was 3400 m long, 1400 m wide , and 7 m deep. This rectangular basin
was then schematized into a grid structure of 17 x 7 x 7 with tot = tiy — 200 tn and tlz —
1 m. The water was at rest at the beginning (t — 0). A diagonal wind stress of 10

9
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dvnt ts /c m 2 (.ippr ’x lmate ly equivalent to 40 mph) was app l ied , and the simu lation was
ca r r i ed  out to 2000 t imesteps w i t h  , t  = 5 sec . Figure 5 shows the ver t ica l  sec t ions
thr ugh the longest axis of the basin in a sequence (a ,b ,c and d) represent ing the
s y - t e m ’ s t rans ie n t  response under wind stress. Each graph , w i th  t he simulation t ime
ste p indi cated at the lower left c,,rner , sF, ’w’~ the sequent ial  development of the wind—
induced circulation p attern in the x — Z  d i rec t ion .  In these graphs the vert ical  scale
has bee:t enlarged 200 times , and also the vertical velocity components (i.e ., w) are
nu ltip lied by 200 befor e thc computation of the x—z velocity vectors at each grid
point.

In the beginning onl y a surface current is set up by the wind s t ress  (Fig. 5a).
F igure Sb shows the penetration of surface current to the deeper layers through the
visc osit y and verti cal advection effects , and vertical velocity components at two ends
of the basin . Figures Sc and Sd show the generation of two large ver t i ca l  eddies ,
wh i le the surface current graduall y penetrates from the surface layer through the
bott om. Figure 6a shows the two elongated eddies finally breaking up and merging into
one large basin—sized eddy forming a layered f low st ructure.  At the 75th time step
(Figs.  ha through 6h),  a quas i—stead y s ta te  circulat ion is almost established . The
e f f e c t  of b o t t o m  f r i c t io n  becomes more pronounced as the undercurrent reaches its
matur i ty .  The current de limitation plane between the surface current and the return
curren t is moved upward due to the bot tom current ’ s re tardat ion.

Figure 7 shows th e t ime histor ies of the multilayered current at the center
section of the basin for the entire simulation period . The duration of the simulation
is selected approximately equal to ten times the basin oscillation period of the basin
(equal to approximate ly 164 time s teps ) .  In the first few hundred stçps the current
f i e ld becomes establ ished and the basin—wide circulation cell is generated . At the
beginning of the computation , wind s t ress  suddenly a p p lies energy to the system. Con-
sequent ly, t he basin also s ta r t s  to oscillate and the velocities belonging to this
osc i llation are superimposed upon those of the wind—driven circulation. The mean
ve locities at the top and bottom layer are shown as dashed lines. At step 500 the
wind s t r e s s  is removed and the circulation decays. The oscillation of the basin , how-
e-/er , persists.

The Chesapea ke Bay systeni in the eastern part of the United States was also
sel ec t ed f o r  a numerical experiment . The hydrodynamic behavior of Chesapeake Bay is
characterized by its circulatory responses under four msjor driving and modif ying
forces , namely, t ide , wind , r iver  inf l o w , and Cor iol is fo rces .  The geometr y of
Chesapea ke Bay is schematized into a computational grid ne twork of 40 x 100 x 6 , with

= 3000 m. The thickness of the top f ive layers is 4 m each , with the last
layer being 8 m .

Figure 8 is a typical simulation output map showing the horizontal c ircula tory
pattern for the top layer at time step 4000 , with At = 60 sec (i.e., 66 .7 hr). The
rat io between the length of a velocity vector and a grid size for this  pa r t i cular case
is 30 cm/sec . The heavy outline denotes the water ’s edge at the lower low water ,
‘.‘hereas a thin dash line del ineates the 20—f t—bo t t om contour line. On this map, the
hor izontal velocity f ield is represented by the velocity isolines . At this point in
time , t he t ide level at the open boundary is z~ear its low slack water (see input tide
at the lower righ t c o r n e r ) .

In the upper bay water  f lows generally to the north. The vert ical circulation
pat te rn  at a few se lected sect ions can be seen from the ver t ica l  current profiles in
the upper right corner of Fig. 8.

CONCLUS IONS

The three—dimensiona l flow s in estuar ies  w i th  nonisotrop ic densi ty dis tribu t ion s
can e f fect ive ly be computed according to the finite difference method described in
this paper . The “ ..~el required coe f f i c ien ts  used in iescribing the small—scale mass
and momentum exchanges. These coefficients mus t be found experimentall y from field
data .
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