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PREFACE

This handbook, Reliability Prediction is the second in a series of five on
reliability. The series is directed largely toward the working engineers who
have the responsibility for creating and producing equipment and systems
which can be relied upon by the users in the field.

The five handbooks are:

Design for Reliability, AMCP 706-196

Reliability Prediction, AMCP 706-197

Reliability Measurement, AMCP 706-198

Contracting for Reliability? AMCP 706-199
Mathematical Appendix and Glossary, AMCP 706-200.

This handbook is directed toward reliability engineers who need to be
familiar with the mathematical-pro babilistic-statistical techniques for pre-
dicting the reliability of various configurations of hardware. The material in
standard textbooks is not repeated here; the important points are summa-
rized, and references are given to the standard works.

The majority of the handbook content was obtained from many indi-
viduals, reports, joumals, books, and other literature. It 1 impractical here to
acknowledge the assistance of everyone who made a contribution.

The original volume was prepared by Tracor Jitco, Inc. The revision was
prepared by Dr. Ralph A. Evans of Evans Associates, Durham, N.C., for the
Engineering Handbook Office of the Research Triangle Institute, prime con-
tractor to the US Army Materiel Command. Technical guidance and coordi-
nation on the original draft were provided by a committee under the direc-
tion of Mr. O. P. Bruno, US Army Materiel Systems Analysis Agency, US
Army Materiel Command.

The Engineering Design Handbooks fall into two basic categories, those
approved for release and sale, and those classified for security reasons. The
US Army Materiel Command policy is to release these Engineering Design
Handbooks in accordance with current DOD Directive 7230.7, dated 18
September 1973. All unclassified handbooks can be obtained from the
National Technical Infomation Service (NTIS). Procedures for acquiring
these handbooks follow:

a  All Department of Army activities having need for the handbooks
must submit their request on an official requisition form (DA Form 17,

dated Jan 70) directly to:

Commander

Letterkenny Army Depot
ATTN: AMXLE-ATD
Chambersburg, PA 17201

(Requests for classified documents must be submitted, with appropriate
“Need to Know” justification, to Letterkenny Army Depot.) DA activities
vill not requisition handbooks for further free distribution.

b. 411 other requestors, DOD, Navy, Air Force, Marine Corps, non-
military Government agencies, contractors, private industry, individuals, uni-
versities, and others must purchase these handbooks from:

N

National Technical Information Service
Department of Commerce
Springfield, VA 22151
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CHAPTER 1

This handbook reviews the basic ideas and
formulas in probability and statistics and
shows the kinds of models that might be use-
ful for the reliability of systems. The concept
of s-independence is discussed very thorough-
ly since it is so important in reliability im-
provements wrought by redundancy.

A large portion of the handbook deals
with the effects of redundancy, simply be-
cause the calculation of reliability for non-
redundant systems is so straightforward (al-
though often tedious). The distinction be-
tween redundancy and repair is blurred in
practice, especially when a failed unit is re-
placed by a good inactive unit.

Some of the techniques are presented
only in their basic form. References are given
for further study. Often the designer and reli-
ability engineer vill have better things to do
than study sophisticated mathematics. It is
usually better to find a person already trained
in the subject who can then solve the special-
ized problems. In those cases the function of
this handbook is to provide the designer and
reliability engineer with

(1 )Yasic knowledge; so they can converse
intelligently with the experts, and

(2) perspective; so- they know when to
call an expert.

In dealing with mathematics it is impor-
tant always to remember what mathematics
is, and what it isn’t. Mathematics per se is
rules and relationships between abstract con-
cepts. It is always “true” in the sense that it is
correct (assuming no rules were violated), but
dl mathematics is not applicable to every-
thing. It is in applying mathematics to a prob-
lem that we get in trouble. We have to choose
what kind of mathematics to use, and then to
choose what real-world things will be repre-
sented by what mathematical concepts. For
example, is a particular material adequately
representable by elastic, viscoelastic, or vis-
cous equations? Or, is a physical coil of wire
representable by a lumped inductance in se-
ries with a resistance?

Probability theory is abstract mathematics
that can usefully represent many situations.
—Much of this handbook shows hew to repre-
sent things by probabilities and how fo ma-
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INTRODUCTION

nipulate those probabilities.

There is little that is new in probability/
statistics for reliability. The Bibliography at
the end of this chapter gives many references
for those who need instruction in those top-
ics. The books are labeled as Elementary, In-
termediate, or Advanced. This handbook
makes no attempt to rewrite all those books.

BIBLIOGRAPHY
Probability and Statistics Books

AMCP 706-110 through -114, Experimental
Statistics, Sections 1-5, USGPO (Inter-
mediate).

R. E. Barlow and F. Proschan, Mathematical
Theory of Reliability, John Wiley & Sons,
Inc., NY ., 1965 (Advanced).

Vic Barnett, Comparative Statistical Infer-
ence, John Wiley & Sons, Inc., N.Y., 1973
(1975 corrected reprint), (Intermediate,
Advanced).

A. M. Breipohl, Probabilistic Systems Analy-
sis, John Wiley & Sons, Inc, N.Y., 1970
(Elementary, Intermediate).

DA Pam 70-3, Mathematics of Military
Action, Operations and Systems (Elemen-
tary, Intermediate).

A. J. Duncan, Quality Control and Industrial
Statistics, Richard D. Irwin, Inc, Home-
wood, I1l., 1965 (Elementary, Intermedi-
ate).

W. Feller, An Introduction to Probability
Theory and Its Applications, Vols. 1, 1I,
John Wiley & Sons, Inc., N.Y., Vol. I,
1957, Vol. 11,1966 (Advanced).

J. E. Freund, Modern Elementary Statistics,
Prentice-Hall, Englewood Cliffs, N.J.,
1967 (Elementary).

Gnedenko, Belyayev, and Solovyev, Mathe-
matical Methods of Reliability Theory,
Academic Press, N.Y., 1969 (Advanced).
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P. Hoel, Introduction to Mathematical Statis-
tics, John Wiley & Sons, Inc., N.Y., 1962
(Elementary, Intermediate).

Mann, Schafer, and Singpurwalla, Methods for
Statistical Analysis of Reliability and Life
Data, John Wiley & Sons, Inc., N.Y., 1974
(Intermediate, Advanced).

I Miller and J. E. Freund, Probability and
Statistics for Engineers, Prentice-Hall,
Englewood Cliffs, N.J, 1965 (Elemen.
tary).

NBS Handbook 91, Experimental Statistics,
USGPO 1966 (Intermediate).

1-2

E. Parzen, Modern Probability Theory and Its
Applications, John Wiley & Sons, Inc,
N.Y., 1960 (Intermediate, Advanced).

E. Parzen, Stochastic Processes, Holden-Day,
Inc., San Francisco, 1962 (Advanced).

M. L. Shooman, Probabilistic Reliability
McGraw-Hill, N.Y., 1968 (Elementary, In-
termediate).

Many of the early reliability texts, and
some of the more recent ones which are not
mentioned here, have an inadequate or poor
introduction to probability and statistics.
Most probability /statistics texts are quite ade-
quate.
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CHAPTER 2- REVIEW OF ELEMENTARY PROBABILITY THEORY (DISCRETE])

2-0 LISTOF SYMBOLS

AB,C.E = sets
Ap,Ag,Bp B, = events that units U, and
Uy are Failed orGood
A,B,C,E, = subsets of A,B,C,D.E
E{}= s-expected value of
Egy Ey p.Egp = events of Benign, High Tem-
perature, Electrical Tran.
sient environments
E,,Eg = events of Light and Severe
environments
M, = ith central moment
N, NNy = number of subsets in 4,B,F
pmf = probability mass function

Pr{}= probability of
s- = denotes statistical definition
mean
standard deviation
variance
complete sample space
null event
union
intersection

waw
nme n

Q

DC®»3
wowowou

2-1 INTRODUCTION

The question always arises “What is prob-
ability?”” Some say it is relative frequency;
others say it is degree-of-belief, and still
others have different concepts. In many good
reliability and engineering textbooks (and
virtually all mathematical books) probabilities
are mathematical concepts which can then be
applied to such things as relative frequency
and degree-of-belief. The situation is analo-
gous to plane geometry. Plane geometry is a
mathematical theory that uses concepts such
as point and line. The theory is frue (consist-
ent) regardless of what a point or line is taken
to be. Plane geometry often is applied success-
fully to many reasonably flat things in every-
day life, and we associate point and line with
the everyday concepts.

Probability and statistics are related very
closely to each other. The difference between
them is not clear to many engineers. Proba-
bility theory usually considers the parameters
of a general problem as known, then com-
putes numbers (probabilities)about particular
sets of events. It goes from the general to the

particular. Statistics on the other hand treats
actual data and tries to decide what useful
things can be done with them and how to get
them. It goes from the particular to the gener-
al. A statistic is a number obtained from a
sample or obtained from manipulating other
statistics. In engineering problems one usually
uses a mixture of probability and statistics;
there is little to be gained in debating which
calculations are probabilistic and which are
statistical.

2-2 BASIC PROBABILITY RULES

221 SAMPLE SPACE, SAMPLE POINT,
EVENT

These are basic concepts for any probas:
bility problem. The sample space is made up
of all the sample points. An event is a collec-
tion of sample points; it can contain as few
sample points as none, or as many asall. The
concepts are best illustrated by examples. See
the Bibliography in Chapter 1 for books
which can explain the concepts.

Example 1. For one throw of a single die,
the sample space is the set of numbers 1,2, 3,
4, 5, 6; i.e., the sample space  dl possible
values that can arise. Each value is called a
sample point. There are six sample points in
the sample space for this example.

Every possible single outcome of an ex-
periment is a sample point. The naming of
every sample point is a first step n making a
probabilistic model of any problem, although
it often is done implicitly. Each sample point
also has a probability associated with it. The
probability usually is assigned or calculated
from known event-probabilities.

In the example of one throw of a single
die, the probabilities usually are assigned by
defining the die to be “fair”; i.e., each face
has an equal probability of appearing. Then
the probability assigned to each sample point
is 1/6. By definition, the sum of the proba-
bilities for all sample points must be one.

Engineers who use probability often go
astray because they do not understand sam-
ple-space and assignment of probabilities to
each sample point.

2-1
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Example 2. A coin is tossed three times.
What is the sample-space? Let ¢ denote a @l

and 7 a head. Then there are eight sample
points in the sample space:

tt htt
tth hth
tht hht
thh hhh

The event ‘First toss is a head’ has four sam-
ple points: htt, hAth, hht, hhh. The event
““First toss is a head’ M ‘Last toss is a tail’”
has two sample points: htt, hht. The event
‘First toss is neither a head nor a tail’ has no
sample points.

2-2.2 NOTATION AND DEFINITIONS

There is no universally accepted and used
set of notation. Because the difficulties engi-
neers have with probability are often basic in
nature, a notation is selected which is not
easily confused with something else, even
though it is sometimes cumbersome. The no-
tation and defiiitions are illustrated m Figs.
2-1and 2-2.

b The null event; viz., the event
contains no sample points.

Q The complete sample space;
viz, the event contains dl the
sample points.

U Union, and/or; e.g., AUB con-
tains all sample points which
are m A and/or in B. (Some-
times + is used.)

N Intersection, both/and; e.g.,

S N

=\

~
\
{
-
«d

e

(A) Complement (B)

FIGURE 2-1.

Pr{‘}v

Pr{-{+}

mutually
exclusive

exhaustive

partitioning

Intersection

AMB contains only those sam-
ple points which are in both A
and B. (Sometimes X is used.)

Probability of the event (or
sample point) contained in the
{ }ieg,

Pr{a} = probability of the
sample point a
Pr{A} = probability of the

event A

Conditional probability; prob-
ability of the event to the left
of the |, given that the event
(condition) to the right of the
| has occurred; e.g., Pr {Al B}
s the conditional probability
of event A, given that the
event B has occurred.
Pr{AlIB}=Pr{ANBYPr{B}
PriB} # 0.
Pr{AB} is meaningless (con-

tradiction in terms)
ifPr{B}= 0.

Two events are mutually ex-
clusive if and only if they huave
no sample points in common;

e.g., A and B are mutually ex-
clusive if and only if ANB =@.

A set of events is exhaustive if
and only if the union of the
events contains all sample
points in the sample space;
e.g., A, B, C are exhaustive if
AUBUC =,

A set of events is a partition-

———— -_-../_49.B. ——
(o |

P e Y

PRy ey ———

(C) Union

Example Event Relationships for 2 Events
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ANB
BnC
CNA
ANBNC
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1 through 23
1 through 5, 7, 12
5, 6, 8 through 12°'

22, 23
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5, 12
8, 9, 12
12

12

8, 9, 12 through 1E, 18 through 20
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Examples of Set Relationships

Qb i

(]|

AND
DCA

DC(ANB)

DU(BNC)=

22eD

Definitions

g 8 9 | 10 11
= C
C— h3 14 15| 16 17
. . L4 i .D
18 19  io| 21 |22
23

6,8through 11, 13 through 23
1through 4, 7, 13 through 23
1 through 7, 10, 11, 16, 17,

21 through 23
1through 21
22,23

13 through 15, 18 through 20

FIGURE 2-2. Example Event Relationship for 4 Events
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ing of the sample space if and
only if the events are al mutu-
ally exclusive and the set is ex-
haustive. (The name comes
from the way a set of parti-
tions breaks up a room into
smaller rooms, each of which
is separate; but every part of
the original room is in some
smaller room.)

Denotes the complement of an
event; e.g., A is the comple-
ment of A.

Complement The complement of an event
contains all the sample points
in the sample space which are
not in the event. A formal def-
inition is B = A if and only if
AUB = and ANB = $.
Beware of the comma, it is not
ordinarily a defined symbol.
Often intersection is meant,
but one can't be sure.

Probability of the event to the
left of the *;”. The events or
parameters to the right of the
semicolon are known. The
notation is often used for
emphasis or as a reminder. It is
similar to Pr{+|*} except that
the event to the right of the
“I” is a random one, whereas
the event or parameters to the
right of the *;” are certain
(known exactly).

Pr{}

E a € B means that a is a sample
point of B.

C A C B means that A is a subset
of B, viz.,, al sample points of
A are also in B, but all sample
points of B need not be in A.

2-2.3 RULES, LAWS, AND DEFINITIONS
FOR EVENTS

Let A, B, C be any events.

AU =0 (2-1)
AN = (2-2)
AUA=A (2-3)
ANA = A (2-4)

24

AUB=BUA (2-5)
ANB = BNA (2-6)
AU(BUC) = (AUB)UC =AUBUC  (2-7)
AN(BNC) = (ANB)NC = ANBNC  (2-8)

AU(BNC) = (AUBYYAUC) (2-9)
AN(BUC) = (ANB)U(ANC) (2-10)
(AUB) =ANB (2-11)
(A=NUB (2-12)

2-2.4 RULES, LAWS, AND DEFINITIONS
FOR PROBABILITIES

Let A, B, C be any events; and let

A, i=1,.., N, be a partitioning of A.
(The A; are mitually exclusive
and exhaustive.)

B,,i=1,..., Ng be a partitioning of B.
(The B; are mutually exclusive
and exhaustive.)

a;,j = 1...., M be the sample points in A.
E;;i=1, .., Ng be any N events.

Pria}=% Pr{a)

(2-13)
0<Pr{a}<1 (2-14)
Pri®}=0 (2-15)
PriQ2}=1 (2-16)

Pr{AUB}=Pr{A}+Pr{B}- Pr{ANB} (2-17)

Pr{AUBUC} =Pr{A} T Pr(B} tPriC}
—Pr{ANB} —Pr{BNC}
—Pr{CNA} tPr{ANBNC}
(2-18)

Pr{A|B}=Pr{AnB}/ Pr{B}for Pr{B}+ 0
(2-19)

Ng
Pr{E,UE,U---VEy | = 37 Pr{g)

i=1
Ng i-1

- > 3 PrENE)
=1 j=1
Ng i-1 j-1

+ 2 X

Pr{E,NENE, }
1

i=1 j=1 k=

— et Pr{E,NE,N +++ NEy}  (2-20)



The first term in Eq. 2-20 is an upper
bound; adding terms in succession provides an
alternating series of bounds which get increas-
ingly better, util exactness is reached when
all terms are used.

Pr{AnB}= Pr{A|B}Pr{B}=Pr{BIA}Pr{A}
(2-21)

Eq. 2-21 is a form of Bayes' Theorem.
Pr{ANBNC}=Pr{A|(BNC)}Pr{BIC}Pr{C}

(2-22)
Ny
PriAl= 5 Pr{A;} (2-23a)
N i=1
Pr{A}= Y Pr{A|B;}Pr{B;} (2-23b)
Pr{B|A,}Pr{A,}
Pr{A,.lB}=—NB ‘- (2-24)
> Pr{BlA,}Pr{A,}
i=1

Eq. 2-24 is a form of Bayes' Theorem.

2-3 5-INDEPENDENCE

There are several equivalent definitions of
s-independence. From an engineering point of
viow. -he wmost satisfactory definit’zn is Eq.
2.4

A and B are s-independent if and only if

Pr{A|B}=Pr{A|B}=Pr{A}. (2-25)

That is, the probability of 4 is the same re-
gardless of whether we know that B has
occurred, or has not occurred, or we do not
know about B —- B just doesn't make any dif-
ference. There are several equations that are
logically equivalent to Eq. 2-25, each imply-
ing the others. (The second equation in Eq.
2-25 actually is implied by the first one.) The
most satisfactory definition from a statistical
point of view is Eq. 2-26.

A and B are s-independent if and only if
Pr{ANB}=Pr{A} Pr{B}. (2-26)

Eq. 2-26 is defined even forPr{ B} =0or 1
whereas Eq. 2-25 is not. The extension to
more than two events is easier with Eq. 2-26.
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N events are s-independent if and only if
for every intersection of events taken 2, 3, ...,
N at a time, the probability of the intersec-
tion of those events is the product of the
probabilities of the individual events. This can
be a complicated concept; see the Bibliogra-
phy at the end of Chapter 1 for a further
discussion.

Example.

Suppose there are 2 units (from one popu-
lation) in a subsystem and both must fail for
the subsystem to fail. If the probability of
failure of each is 0.200 and the probability of
subsystem failure is 0.200 X 3.200 = 0.0400,
then the failure events are s-independent.
Even if the probability of subsystem failure
were 0.0404 (e.g., 127@bove the 0.0400 fig-
ure), the failure events could be considered
s-independent for engineering purposes.

Suppose that the probability of failure of
each unit is 1.00 X 107 and the probability
of subsystem failure is 1.00 X 1075 ;then the
failure events are s-independent. But if the
probability of subsystem failure were
0.000401 (0.0004 more, just as in the pre-
ceding paragraph), the fzilure evrnts would in
no way be s-independent. When taiiure proba-
bilities are very small, one must be very care-
ful not to ignore events whose probabilities
might ordinarily be neglected.

2-4 CONDITIONAL s-INDEPENDENCE

A very important concept is conditional
s-independence; i.e., two (or more) eveiits can
be conditionally s-independent, given a par-
ticular event. All general theorems ca proba-
bilities are valid also for conditional probabil-
ities with respect to amy particular eveat C,.
Thus Eq. 2-25 becomes

Pr{A|(BNC,)}= Pr{AI(BNC,)}
= Pr{A|C;}
and Eq. 2-26 becomes
Pr{ANB |C,}=Pr{A|C,} Pr{BIC,}. (2-28)
In many engineering situations, if two events
A and B (say, failures) are not s-independent,
they will be conditionally s-independent,

given each event of a set of events which is a
partitioning of the sample space.

(2-27)

2-5
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Example.

ool A SVe™MS that unit U, is failed or

B, B events that unit Uy is failed or
good

Let the sample points, events, and associated
probabilities be as shown in Table 2-1. The
probability of each event, as shown, is the
sum of the probabilities of each of the sample
points in the event.

Are the events Ap, By s-independent? To
find out, use Eq. 2-26.

Pr{AzNB; }=Pr{(a,b,)}= 0.158

Pr{Ap} X Pr{B;}=0.250 X 0.380
= 0.095
They are not the same (0.158 # 0.095); so
the eventsA,, By are s-dependent.
Suppose there are two possible environ-
ments, light (eventF, )and severe (eventFE, ),
and that the mew sample space, events, and

probabilities are as shown in Table 2-2. The
events A, and B, are conditionally s-inde-

TABLE 2-1. SAMPLE SPACE FOR EXAMPLE

Bg Be
0.620 0.380
Ag 25b, agb;
0.750 0.528 0.222
Af asb, gy
0.250 0.092 . 0158

The number associated with each or the 4 sample
points (s u,, a,br, 3pdy, agby) is the probability of
that sample point.

The events are defined as Ag = laghy, a byl
AF = (aby, asby)
BG = (agbg, 3,‘!3‘ }
Be = (a by, asby)

2-6

pendent as shown by the calculations in Table
2-3. Egs. 2-28 and 2-19 are used in the calcu-

- lation.

The conditions under which events are
conditionally s-independent are sometimes
called common-modes,* and the failures
which result from severe common-modes are
called common-mode failures. This phenom-
enon is so important it will be illustrated with
another example.

Example, Common mode (cause) failure:
Notation :

Ap,Bp = failure events of units U,
and Uy
Sg = ApNBg, failure event of
= the system S.
EpEurfer = , partitioning of the sam-

ple space: event of a Be-
nign Environment, a High-
Temperature Environment,
and an Electrical-Transient
Environment.

Given: The events A, B, are conditionally
s-independent, given E, (i = B, HT,
ET).

Pr{ALlEy} = Pr{BglEz} = 6 X 1074 |
Pr{E, } = 0.9976

Pr{Ag|Eyp } = Pr{Bp|Egp}=1X 102
Pr{Eyr } =2X 103

Pr{AglEg,} =Pr{BplEg,} =1X 107! ,
Pr{E, } =4X 10

Cursory inspection of the data shows that U,

and U, are quite reliable if the environment is
benign, and that nonbenign environments are
rare. We first calculate the unconditional fail-
ure probability for U, and U, (see Table
2-4). It is negligibly different from the benign
conditional failure probability. This leads us
to believe, reasonably enough, that the effects

of the nonbenign environments are negligible.

But then we calculate the probabilities
that both U, and Uy are failed (see Table
2-4). The situation is now quite different; one
of the nonbenign environments is most impor-
tant.

*Now called “common-cause.”
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TABLE 2-2. SAMPLE SPACE FOR MODIFIED EXAMPLE

B8g E, Br E, Bg Es Bf Eg

0.560 0.140 0.060 0.240
Ag E, plll p121 AgEs p112 p122
0.630 0.504 0.126 0.120 0.024 0.096
ApE. p211 p221 AgEs p212 p222
0.070 0.056 0.014 0.180 0.036 0.144

£
0.700

E; =111, p121,p211,p221); Ag = (p111,p121,p112,p122);BG =(p111,p211,p112,p212}

Es=(p112,p122,p212,p222); Ar = (p211,p221,p212, p222); B = (p121, p221, p122, p222)

Explanation of notation for p ;j; :

i position reserved for event A
/ position reserved for event B
position reserved for event £
= "'good’’ for events A and B
= "fail'" for events A and B
= "light'"for event E

= "severe''for event E

N a BN aXx
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TABLE 2-3. CALCULATIONS TO SHOW EVENTS Az AND 8- ARE CONDITIONALLY s-INDEPENDENT

Procedure

1. State the sample space, events, and their probabilities.

2 State the events to be tested fer conditional s-indepen-
dence and the conditions.

3. Qfgrfn tha ar |?tir\n tn he tac
priang)c; = Priaic; | Pr BIC,-} (2.28)

4 Use the definition of conditional probability to find each
of the probabilities.

Pr{AI8 }= Pr{AnB } Pr{B tor Pr{g j#o {2.19)

B. Find the sample points in each of the intersections.

6 Find the probabilities by adding the probabilities of the
sample points.

7. Calculaze the conditional probabilities.
Pri{lAgnBeliE; }
Pr{AgiE;} = PriAgnE;}/ PriE;}
Pr{BriE;} = Pr{BenE;} PriE;} tori=L,S

8. Check the equationsin step 3.

(2-29}
(2-30)
(2-31}

1

2

6.

Example
See Table 2-2.

Apg, 8 to be conditionally s-independent
&, . Eg are the conditions.

2
PritApnBeliE; 1= PriApiE; } PriBRE;} fori=L, 5

PrilApnBe)IE; } = PriAgnBNE; ) PriE; } (2-29)
PriAgi&;} = PriApnE; } Pri£;} {2-30)
Pr{BRi&;} = Pr{BenE;} Pri{E;} fori=L,5 (231)

. AFﬁBFﬁEL = (p221)

AFnBFﬁES = (p222)

AgNE; = (p211, p221)
ApNEg = (p212, p222)
Ben&; = (p121,p221}
Bpnég=(p122,p222)

Pr{AgNBenE, } = 0014

Pr{iAgnBpnEg} = 0.144

PriAgnE, } = 0.056 + 0.014 = 0.070
Pr{AgnEg} = 0036 + 0.144 = 0.180

Pr{BgNE, } = 0.126 + 0.014 = 0,140

Pr{BenEg} = 0.086 + 0.144 = 0.240.

Pri{€, } =0504 + 0.126 + 0.056 * 0.014= 0.700
Pr{Eg} = 0.024 + 0006 + 0036 *+ 0.144 = 0.300

. Pr{lAgn8g)IE, = 0.014/0.700 = 0.020

PriAgnBgiEg} = 0.144/0.300 = 0.480
Pr{Agi€, } = 0.070/0.700 = 0.100
Pr{AgiEg} = 0.180/0.300 = 0.600
Pr{BgiE, } = 0.140/0.700 = 0.200
Pr{BgiEs} = 0.240/0.300 = 0.800

1}

fori=L:

0.020 £ 0.100 X 0.200 = 0.020 yes
fori=8:

0480 lO.GOO X 0.800 = 0.480 yes

The events A g, 8¢ are conditionally s-independent, given each'of the conditions EL, £¢. As shown in the previous example, Az,

B are not (unconditionally) s-independent.
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In systems which use redundancy to completely. The key nature of conditional s-
achieve very high reliability, the importance independence ought always to be I the an-
of common-mode failures often is overiooked alyst's mind when he uses redundancy.

TABLE 24. COMMON MODE (CAUSE) FAILURE CALCULATIONS

Procedure Exampie
3

1. Caloulatethe Pr{Ag } 1. er{ag)= 3 priapiE;} PriE;} (2-32)
Adapt =1

Ng {6 x 10*) x 09976 + (1 x 107) x (2 x 107)

priat= 3 {aig;)rr{s;) (2-23) + (1 X 167) X (4X 107} = 6.59 X 10™

i=1

2. Caleuiate Pri8g } 2. Pr{Bg}=Pr{ag }= 6.69 X 10™ because Ag and B¢ are

interchangeable in the probabilitiesas given.

The unconditional probabilities differ from the benign conditional ones by less than 10 %. {In practice rarely is a low probability
of failure known as accurately as within = 10%.}

3. Calculate the conditional probabilities of AgN8g. Adapt 3. Pr {(AFﬂBF)iEB }=16 x 107*)* = 0.00036 X 107
Eq. 2-28. Pr{ApNBE)IE; }= Pr{AfIE; }Pr {BRIE; ], PrilagnBelEy}= (1 x 10%)? = 0.1 x 107
fori= B, HT, ET. Fr{lAgnBe)Egr)=1(1% 10712 =10x 107

4. Caleulate Pr{agnag }. 4 PriAgnBg} = (0.00036 X 10™) X 09976 + (0.1 X 107%)
Adapt Eq. 2-23b. X (2% 107) + (10X 107?) X (4 X 10} =0.36 X 10

+0.200 x 10 + 4x 10° =456 x 107
5. Calculate Pr{Ag} PriBg} 5. Priap }Pr{Br}=16.59 X 107*)® = 4.34 X 107
From step 4 it is seen that virtually the only "cause' of system failure is the common-mode Electrical Transient Environment.

From step 5, it is seen that if (unconditional)s-independencewere to have been assumed, the failure probability of the system
would have been underestimated by a factor of 10.

2-9
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2-5 DISTRIBUTIONS

Very often the sample space is a subset of
the integers (or can be put into 1- 1 corre-
spondence with some of the integers), and the
probability to be assigned to a sample point is
a function of the integer which corresponds
to the sample point. The probability mass
function (pmf) is the function which assigns a
probability to each sample point. This is ilhe
trated in Table 2-5.

2-5.1 RANDOM VARIABLES

When the sample space is associated with

the integers, it is convenient to introduce the
notion of random variable. For example, the
events C, and E, in this chapter are random
variables, and the probability of the event
depends on the integer i A variable is a ran-
dom variable if the uncertainty involved with
it is important. i.e., if probabilities need to be
associated with it. This is an engineering
decision; for example, the lengths of posts to
be driven in the ground might not be con-
sidered random even though they had a
spread of * 10%, whereas the diameters of
ball bearings would probably be random vari-
ables if their spread was £ 1%o.

TABLE 25. DISCRETE DISTRIBUTIONS

2-10

Binomial Poisson+
parameters pl,pZ,N i
(,01 + Pag = 1)
randomvarizbles ny. Ny n
(ny + ny =N)
pmf Nt P1Pa ek un
—— P11 P,
nylng ! nl
mean u PN, pN i
variance o2 PpoN u
3rd central moment M, Npoipy oy — py) i
4th central moment M Npyp, (3Np py — 6p1p5 + 1) w3 + 1)
. . g Pa \ '
coefficient of variation — u™
H PN
M Py —p
coefficient of skewness 0—33 L2 7 u
(Np]_pg)%
excess coefficient of kurtosis
M, 3 6 1 4
ot N T Np1p2 H
"As is customary, the symbol 1 (for mean) is used for the parameter because the param-
eter happens to be the mean. This is also done in the s-normal distribution.




There is nothing mysterious about ran-
domness and random variables. If you need
something to be a random variable, it is; if
you don't need it to be, it isn't.

2-5.2 MOMENTS

Random variables with pmf's have mo-
ments. The two conventional points about
which to take moments are the origin and the
mean; when taken about the mean, they are
called central-moments. The second moment-
about-the-mean is the variance (square of the
standard deviation).

The nth moment, about the origin, of x is
the s-expected value of x" ;

E{xn}= Sxrpmf {x;} (2-33)
where? implies the sum over the domain of
x;. (It is presumed that the series converges

absolutely; if not, a textbook ought to be
consulted.)

The nth moment, about the mean, of x is
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the s-expected value of (x — un :
E{(x —u) ;=X (xg —u)* pmf {x[}
(2-34)
where u = F ‘x L

2-5.3 TWO DISTRIBUTIONS

Two common discrete distributions are
the binomial and Poisson. Table 2-1 gives
their definitions and properties. The Poisson
distribution is often used as an approximation
for the binomial distribution; it is usually ade-

quate if the Poisson probability 3" pmifin}
is negligible.

n=N+1
1

The adaptation (in most places) can be
made mechanically as follows:

pl.N"’/-‘
e N= o

pz—)l

2-11
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CHAPTER 3 REVIEW OF ELEMENTARY PROBABILITY THEQORY
(CONTINUOUS)

3-0 LIST OF SYMBOLS

C = Conditional event
Cdf(} = Cumulative distribution function
Cov{} = Covariance
E{} = s-Expected value

flx) = pdf{X}
M, = ith central moment
pdf{} = probability density function
Pr{} = Probability of

denotes statistical definition
Sf{} = Survivor function
Var{} = Variance
x,¥,2 = particular values of X, Y (also used
as subscripts)

X.Y,Z = random variables
4 = mean
o = standard deviation

o

= integral over the domain of X

3-1 INTRODUCTION

When the sample space is continuous <atlh-
er than discrete, the theoretical basis of prob-
ability theory can become much more sophis-
ticated. However, many relatively simple
problems can be solved by a straightforward
extension of the concepts in Chapter 2. Only
those straightforward concepts are discussed
in this volume. Those who need more ad-
vanced concepts ought to consult the Bibliog-
raphy in Chapter 1.

The concept of probability-density needs
to be introduced. It is analogous to physical
density functions, where continuous variables
are being used. For example, a 10-ft long uni-
form bar which weighs 200 Ib has a density of
(2001b)/(10 ft) = 20 Ib/ft. It is not meaning-
ful to talk about the weight of a point along
the bar, only the weight between two points.
If the bar is nonuniform, then the density
changes from point to point along the bar.

Probability densities can be very mislead-
ing because of possible transformations of the
variables. For example, if a random variable
has a uniform (constant) probability density,

the logarithm of that random wvariable will
NOT have a uniform probability density.

The basic rules for probability are quite
similar to those for the discrete case, but the
notation is usually somewhat different.

3-2 BASIC PROBABILITY RULES

3-2.1 SAMPLE SPATCE, EVENT

The sample space is the domain of the
random variable (i.e., the values that can pos-
sibly be assumed by the random variable) or
the domains of the several random variables.
For example, the strength of a metal has the
domain {0,%=).

An event is the occurrence of some por-
tion of the sample space. For example. an
event might be “Strength > S,” where S, is
some constant. Figure 3-1 shows scme set
rules for continuous space.

3-2.2 NOTATION AND DEFINITIONS

Notation Definition

The name of a random
variable.

A specific value of the
random variable.
Probability of the event
in the { };e.g,

Pr{X < x} = probability
of the event X < x
Conditional probability;
probability of the event
to the left of the |, given
that the event (condi-
tion) to the right of the |
has occurred.

Probability of the event
to the left of the semi-
colon. The events or pa-
rameters to the right of
the semicolon are known.
The notation is ocfien
used for emphasis or asa
reminder.

capital letter
lower case letter

Pr{-}

Pri-j-}

31
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Cdf{-}

pdf{-}

Sfi-}

{A)  Unionof X and Y (writtenX UY)

{B) Intersectionof X and Y (written X N Y)

Cumulative distribution
function of the variable
inside the {}e.g., Cdf{X}
=P{X<zx}

Probability density func-
tion of the variable inside
the {}; it is the derivative
of the Cdf, if the deriva-
tive exists.

Survivor function; Sf { X'}
= PriX 2 x})=1 -
Cdf {X} for continuous
variables

both/and, used as a
symbol analogous to in-
tersection; e.g., it is used
to denote a joint pdf.
Used in Cdf, pdf, Sf, etc.,
in a fashion and with a
meaning analogous to
that for Pr{-;-} and
Pr{-|-}

3-2.3 RULES, LAWS, AND DEFINITIONS
FOR PROBABILITY DENSITIES

Let X, Y be suitable random variables

with domains (—=,=),

Let

— h
{C} A set (A) and its complement (A) then

FIGURE 3-1. Venn Diagrams Showing Set
Relationships

pdf{X}i>0

0<CdfiXi< 1
0<SF{X}< 1

f(x) = pdf{X}
Flx) = Cdf{X}
g(y) = pdf{Y}
G(y) = Cdf{Y}

(3-1)
(3-2a)
(3-2b)

h(x,y) =joint pdf of Xand Y
H(x,y) =joint Cdf of X and Y

f(x) = marginalpdf of x
F(x) = marginal Cdf of x
£(y) = marginalpdf of y
G(y) = marginal Cdf of y

F(x) = H(x,»)
G(y) =H(==,y)

(3-3a)
(3-3b)



While “A or H” uniquely determines “f or F”’
and “g or G”, “f or F” and ‘g or G”, unique-
ly determining “h or H” is not true because
the form of the s-dependence of x and y is
not then known.

3-24 TRANSFORMATION OF VARI-
ABLES

Let X, Ybe two suitable random variables
flx) = pdf{X}
g(y) = pdf{Y}
Y =y(x)
g(y)dy = f(x)dx

8() = @) 1 X

(3-4a)
(3-4b)
The form of Eq. 3-4a is usually easier to re-

member. Variables can be transformed direct-
ly, within a Cdf, with no complications at all.

3-2.6 CONVOLUTION

Let

1. Z, X, Y be suitable random variables
with domains (—=,*=)

2. Z=X+Y
3. w(z)=pdf{Z}
f(z) = pdf {Y}

8(y) =pdffY}
h(x,y) = pdf{X,Y}

Then, the convolution formula is

w(z) =ﬁ1(z = ¥.y)dy =fh(x,z — x)dx (3-5)

=ﬁza(ﬂx,z — x)dx -

If X and Y are s-independent, then the con-
volution formula is

wz) = /j;&)g(z ~ x)du = f Az — y)g()dy
= _/_:f(z — y)g(y)dy (3-6)

3-3 s-INDEPENDENCE AND CONDITION-
AL s-INDEPENDENCE

The notion of s-independence is analogous
to that for discrete distributions.
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X X are s-independent random variables if
and only if

pdf{X,Y}=pdf{X}pdf{Y} (3-7)

The concept is the same for conditional
s-independence. X,Y are conditionally s-inde-
pendent random variables if and only if

pdf{X,YIC] = pdf{XIC}pdfiYIC} (3-8)
where C = a condition (event).

Conditional s-independence plays a very
important role in reliability calculations
where redundancy is involved.

3-4 DISTRIBUTIONS

In reliability engineering the most com-
mon domain for a random variable is (0,—).
Examples of variables with the domain (0,=)
are strength, time, failure rate. In many cases
where the domain is (—=,*), the probabilities
associated with (—=,0) are negligible and are
included only to simplify the mathematics.
This is especially true for the s-normal distri-
bution wherein negative values of some vari-
ables are physically meaningless; but it is con-
venient to integrate over the whole real line.

Continuous mathematical distributions
rarely represent physical phenomena over the
entire domain of the variable. Usually, how-
ever, the probabilities associated with the dis-
turbing part of the domain are negligible. If
they are not, then of course, the model must
be reformulated.

3-4.1 MOMENTS

Random wvariables with pdf's have mo-
ments. The two conventional points about
which to take moments are the origin and the
mean; when taken about the mean, they are
called central moments. Two random vari-
ables can have joint moments, although only
the second is used practically. Let X be the
random variable and f(x) = pdf{X}.

The nth moment (about the origin) of X
is the s-expected value of z~ :

E{Xn] Ef n
{xXn} L x flx)dx (3-9)

where X implies the integral over the domain

3-3
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TABLE 3-1. DISTRIBUTIONS

b, — 1)

exponential s-normal® lognormal J Weibull gamma** uniform

parameters A HU,0; —eeu< oo a BB =exp (1/5°) af.B, =11+ a/p), a,f ab,—0<g<h <>
b, =8B, |8}
random variable x x; o x o0 X x x xa<x<b
1 8 -4 x\4 1 (x
/ exp (—Ax Q(i) [—-(—-) ] (—) (— - -
pd p (—Ax) oSTF " : exp—(5 ard\a) el (b —a)
i\ 2
exp [—'/:(f—ﬂ) ] exp {—%En(i)ﬂ] } .
[} a
TP g-1
failure rate ;~ 1y goes from 0 to += goes from 0 to a max, g(’i) monotonic 1/(b — x)
(if simple) thento O
median (In 2)/A u a afln 2)”" not tractable Va(a + b)
UL
mode 0 i /B max(a (l ‘-5) ,0} mnx'a(ﬂ — 1),0‘ none
mean g 1N u a/B* «B, af Ya(a + b)
variance 0® 1A? o *B(B—1) B (b, — 1) op (b—a)* 112
3rd central
moment M, 2A3 0 CBB-1(B+2) «®Bi(b;—3b,+2) 228 0
4th central
moment M, LY 304 o B (E—1)? a'Bihby — 13+ 66, —3) 3a* (b—a)!/80
@' +28° +3B* —3)
coefficient of \
variationo/u i alu U- 1) (b, —1)% 1/g% _b-a
( ) 2 1) 8 Tabra)
coefficient of
skewness M, fu’ 2 [1} (B-1)*(B+2) (by —3b, +2)/ib, —1312 2/p% 0
excess coefficent
M, . N

of kurtosis P -3 |3 0 (B—1)B* +3B® +6B+ 6) a4 (ba 16, + 65y ) 6/8 12

Some of the formulas were adapted from Ret. 1.

Domain of all parameters and random variables is [0, =} unless otherwise slated.

Forg = 1, this is (lie exponential distribution.

» As scustomary, the syaibuls g (for mean) and o {lor standard dewiation) are used lor the param: « 113 because

the parameters happen o be the mean and standard deviation.

** Chi quare, Erlang, Pearson type 11, and Maxwell distributions are special and/or reparameterized cases of the

gamma distribution

L61-90L dONY



of X. (Itis presumed that the integral con-
verges absolutely; if not, a textbook ought to
be consulted.)

The nth moment, about the mean, of X is
the s-expected value of (X—pu)":

E{(X— “)n}='/; (x — )" flx)dx(3-10)
where u = £ {X}.
Let X and Y be random variabies
f(x) = pdf{X}

g(y) = pdf{Y}
h(x,y) = pdf{X,Y}

u, =E{X}
u, =E{y}
then Var{(X}= E{(x —u)?}
and {3-11)

Cov{X.YI=E{(x —u )y —u,)}

= (x — u )y — u,)h(x,y)dxdy
o 12

The linear-correlation coefficient is defined as

- covi{X. Y}

= 3-13
[Var{X}Var{ ¥Y}]* 319

0

3-4.2 DISTRIBUTIONS AND THE R PROP-
ERTIES

The most popular distribution for time-
to-failure or time-between-failures is the expo-
nential. There are two reasons for this popu-
larity.

1. The distribution fits many data with-
out doing too much violence to an engineer-
ing concept of goodness-of-fit.
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2. The failure rate is a constant, and thus
the distribution is very tractable.

The most popular distribution for mate-
rial properties, device parameters, and gener-
alized “stresses”, “potentials”, and ‘‘currents”
is the s-normal distribution. There are two

reasons for its popularity.

1. The distribution fits many data with-
out doing too much violence to an engineer-
ing concept of goodness-of-fit.

2. The distribution is so tractable, has no
parameters for the basic distribution, and con-
volves into itself.

Most distributions can be transformed in-
to something that looks different by a linear
transformation of the variable. Custom, more
than anything else, determines what the
standard form is. If a linear transformation X
= qU * b is applied to a distribution, the
mean and variance are transformed as follows:

EiX}=aE{U}+ b (3-14a)
Var{X}=a?Var{U}  (3-14b)

There are usually several ways of writing the
parameters of a distribution, e.g., a scale
parameter can be used in the form \x or x/a
(where x is the random variable and a,\ are
parameters). The forms in Table 3-1 are cho-
sen to be useful to reliability engineers.

REFERENCE

1. W. G. Ireson, Ed., Reliability Handbook,
McGraw-Hill Book Company, Inc.,
N.Y. 1966.
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CHAPTER 4 REVIEW OF ELEMENTARY STATISTICAL THEORY

41 INTRODUCTION

This chapter presents some of the statisti-
cal concepts which are useful in a reliability
context. The Bibliography at the end of Chap-
ter 1 gives elementary, intermediate, and
advanced texts on probability and statistics. It
is not the purpose of this chapter to write
another textbook on statistics.

The purpose of statistics is to help people
analyze real data and draw reasonable conch-
sions from them. In reliability engineering,
the function of statistics most often will be in
showing an engineer what he does NOT know
from the data; i.e., statistics will provide an
engineer with a feeling for the uncertainty in
the conclusions he wants to deaw from the
data.

The few concepts of statistics that are
important in reliability ought to be carefully
learned. It is better not to use them than to
use them incorrectly.

4-2 ESTIMATION OF PARAMETERS

It is usually convenient to summarize a
mass of data by stating a distribution from
which they might well have come. This usual-
ly is done by choosing a distribution (on the
basis of previous ideas, simplicity, massaging
of the data, or something else) and then esti-
mating the parameters of the distribution.
There are several popular methods of estimat-
ing parameters; they are not detailed here--but
Part Six, Mathematical Appendix and Glossa-
ry, shows estimation methods for many of the
popular distributions.

The important thing about an estimate is
its properties, not how you got it. In these
days of readily available computers, the cost
of making estimates whose properties are
good and well known is negligible compared
to the cost of getting the original data.

4-2.1 s-EFFICIENT ESTIMATOR

For engineers, s-efficiency is what estima-
tion is all about. Any estimator uses a statis-
tic; that statistic has properties such as a mean
value and a variance. The s-efficiency of an

estimator is measured by the second moment
of the estimator taken about the true value. If
the estimator is s-biased (par. 4-23), then this
second moment is “variance + (bias)2”. If the
estimator is s-unbiased (zero bias), s-efficiency
is measured by the variance of the estimator.
For a fixed sample size, the smaller the vari-
ance of the estimator, the more s-efficient it
is.

There is a lower bound to the variance of
an estimator--the Cramer-Rao lower bound.
s-Efficiencies often are measured relative to
the Cramer-Rao lower bound; if this s-effi-
ciency is 100 percent, that’s as s-efficient as
one can get. Most estimators used in reliabili-
ty work are quite s-efficient.

s-Efficiency is perhaps the most desirable
property of an estimator. It tells you how
good or bad your estimate is likely to be.

422 s-CONSISTENT ESTIMATORS

An s-consistent estimator is one which
“approaches” the true value as the sample size
“goes to infinity”. The reason for the quote
marks is that the phrases are loose expressions
of complicated mathematical concepts; for a
more exact definition, consult a textbook.
s-Consistency is a very desirable attribute of
an estimator. Virtually all estimators in use in
reliability work are s-consistent.

423 s-BIAS

s-Bias is the difference between the
s-expected (mean)value of an estimator (for a
fixed sampling plan) and the true value. It
enters the measure of s-efficiency (par. 4-2.1) ;
as long as the s-bias is less than about S0 per-
cent of the standard deviation, the contribu-
tion of the s-bias can be neglected. Being s-un-
biased is nice for theoretical work, but it is
vastly overrated as a criterion for goodness of
reliability estimators. The main reason for this
is that if 8 is an s-unbiased estimator of 8, f(9)
is an s-biased estimator of f(8) unless f(*)is a
linear function. The most widespread misun-
derstanding of this principle is involved in the
estimate for the variance of an s-normal distri-
bution. The 82 statistic, S2 = SS/(N—-1)

4-1
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—where SS is the sum of squares of deviations
about the sample mean, and N 1 the number
of items in the sample—is an s-unbiased esti-
mator of ¢2 (the true value of the variance),
but S is an s-biased estimator of o. (The
square root function is not linear.) Another
example is 1/\, the reciprocal parameter for
an exponential distribution. An s-unbiased es-
timator for 1/A is the sample mean, but the
reciprocal of that estimator is an s-biased esti-
mator of X. (The reciprocal is not a linear
function.)

How is an engineer to know what func-
tion of the parameter ought to be s-unbiased?
He doesn’t. In general, reliability engineers
can ignore s-bias of estimators; they need only
be concerned about s-efficiency.

4-2.4 UNCERTAINTY

Any estimates of parameters ought to be
accompanied by an estimate of the uncertain-
ty involved. Two common methods of indi-
cating uncertainty are the covariance matrix
and s-confidence intervals. The reliability en-
gineer need not know how to get them, only
how to use them.

4-3 TESTS OF s-SIGNIFICANCE

The most important thing about s-signif-
icance is what it isn’t; it is not “engineering
importance”. s-Significance is concerned with
tests that are run to see if one thing is differ-
ent from another. A statistical model is for-
mulated and measurements (tests) are made
on the sample(s) to measure the difference in
the items of the sample. For example, does
heat-treating method A produce better fatigue
properties than heat-treating method B? Usu-
ally the statistical hypothesis is made that
there is no difference. Then the statistical dis-
tribution of the test statistic is calculated. In
the example, the test statistic might be the
difference in average fatigue-strengths at 107
cycles of stress. The value of that test statistic
for the sample(s) is measured and compared
with the distribution. If a value as large as
observed would occur only 0.1 percent of the
time or less, the effect (difference) is not like-
ly to have been a chance observation, but is
likely to be due to one method being better
than another. If the vaiue of the test statistic

4-2

for the sample(s) would be exceeded 40 per-
cent of the time, then it is not likely that ¢
method is better than another. The perce
tage chosen (0.1 percent, 40 percent. etc.) is
called the s-significance level. in practice, en-
gineers want the effect to be s-significantat
20 percent level or less.

Regardless of the outcome of the statisti-
cal test, the engineer wants the effect to be of
engineering importance. It is possible to take
a sample small enough so that no matter what
the actual difference is, it will not be s-signifi-
cant because the uncertainties due to tco few
data overwhelm all other considerations. On
the other hand, it is also possible to take so
much data that the difference will be s-signifi-
cant, no matter how small the effect. Tests of
s-significance suffer from being equivalent to
point estimates. Engineers would rather esti-
mate the difference between two methods
and the uncertainty in that estimate. This pro-
cedure is discussed in par. 4-4 on s-confidence
statements.

4-4 s-CONFIDENCE STATEMENTS

As with s-significance there is an img
tant difference between the engineering ati.
statistical concepts. s-Confidence is a statisti-
cal concept with a very special, exact mean-
ing. Don’t use the concept without under-
standing that meaning.

An example statement is a good way to
understand the concept.

““The true improvement in fatigue
strength (method B over method A) lies
between —1.7 and +10.9 kips/in.2 ata
90 percent s-confidence level.”

The 90 percent s-confidence level means that
90 percent of the times that one goes through
the statistical manipulations as done for this
example, the resulting statement will be cor-
rect; 10 percent of the time it will be wrong.
The —1.7 and +10.9 kips/in.? are called the
s-confidence limits.

For a given set of sample measurements,
the higher the s-confidence level is, the wider
the s-confidence limits wwill be.

An engineer might look at the s-confi-
dence statement and say, “Even if the
provement in fatigue strength were as goo



the top limit, it wouldn’t be too useful. We
need an improvement of at least 20 kips/in.2”
There is probably little point, then, in running
meore tests. However, if he says, “All we need
is 5 kips/in.?2 improvement.” ne undoubtedly
would want to run more tests to pin down the
improvement more exactiy.

s-Confidence is not engineering confi-
dence, although the concepts are related.

4-5 GOODNESS-OF-FIT TEST

When a particular distribution is assumed
to represent a set of data, a natural question
arises, ‘“How good is the fit of the distribution
to the data?” There are several statistical tests
that can be performed. Some are peculiar to
the distribution itself, and some can be ap-
plied to any distribution. The two most popu-
lar ones for application to any distribution are
the Chi-square and the Koimogorov- Smirnov
tests.

A goodness-of-fit test is equivalent to a
test of s-significance {par. 4-3) and has all the
difficulties associated with s-significance tests.
That difficulty--briefly--is that it is possible to
take so few data that it is impossible to reject
any distribution, and it is possible to take so
many data that every distribution will be re-
jected.

What is needed is a test for fit that an-
swers an engineering question, such as, “If 1
use this distribution for interpolation, how
bad will my answers be?” Unfortunately, such
tests are not available. Therefore, a consider-
able amount of engineering judgment must be
used in reckoning goodness-of-fit.

4-5 SAMPLES AND POPULATIONS

In practical situations the population,
about which statistical inferences are to be
made, is determined by the method in which
the sample for testing was drawn. The use of
historical data is fraught with extreme danger
this way. For example, electrolytic capacitors
that were derated to 50 percent or less were
more reliable than those derated to, say, 70
percent of their rating; results like that were
obtained in reliability studies of armed forces
equipment in the 1950’s. Was this sample
taken from all kinds of designers, or was it
taken from only a subset of designers? For
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example, if the designers whose equipment
was measured were such that conservative de-
signers put electrolytic " capacitors in cool
places and careless designers put them in hot
places, the population of designers.does not
include those who put very derated electroly-
tics in hot places nor those who put mildly
derated ones in cool places.

Probably the most controversial situation
of samples vs populations concerns the rela-
tionship of cigarette smoking to health. Sam-
ples were taken of smokers and nonsmokers.
etc., but fimm what population were the peo-
ple a statistically random sample?

A more frequently occurring difficulty is
testing a small sample of parts and then im-
plicitly hoping that the small sample repre-
sents the population which will be obtained
from several suppliers month after month.

For really important tests, the engineer
has to decide what are the possibly important
effects and then find an appropriats statisti-
cian to help with sampling.

4-7 IFR AND DFR DISTRIBUTIONS

Sometimes it is difficult to determine a
distribution of lifetimes of z unit. It may,
even then, be feasible to decide that the fail-
ure rate of the unit is always increasing (IFR
- Increasing Failure Rate) or always decreas-
ing (DFR - Decreasing Failure Rate). If a dis-
tribution is known to be IFR or to be DFR,
bounds can he put on the failure behavior.
One of these bounds is provided by the Con-
stant Failure Rate distribution and its associ-
ated relationships.

For example, the Weibull and Gamma dis-
tributions (see Table 3-1 for notaticn) are
IFR when the shape parameter 3 is greater
than 1and DFR where it is less than 1. Both
have constant failure rates when the shape
parameter is 1. The s-normal distribution is-
IFR; the lognormal distribution is neither (at
fist the failure rate increases, then it de-
creases).

A general discussion of IFR and DFR dis-
tributions is given in Ref. 1;DFR distri-
butions are discussed in detail in Ref. 1.
Bounds on reliability parameters are given in
Refs. 2-5. Refs. 6, 7 discuss the conditions
under which systems:

4-3
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1. Made up of IFR elements, are them-
selves IFR.

2. Made up of DFR elements, are them-
selves DFR. Ref. 8 shows how to test a sam-
ple to see if it comes from a distribution with
a monotonic failure rate, and if so, whether it
is IFR or DFR. '

Even though this mathematical material is
available in the literature, it is not clear how
valuable it can be to the reliability engineer.
An experienced statistician ought to be con-
sulted before applying any of the results. The
reliability engineer must also use his judgment
in deciding how much less stringent the re-
strictions for this theory really are, than just
to blithely assume one of the conventional
distributions.

Generally speaking, the decisions about
hardware will not be radically different re-
gardless of which of several distributions is
chosen to represent the life of the units. If
that conclusion is not true, then the engineer
is in serious trouble because he needs more
information than he has.
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CHATTER 5 SOME ADVANCED MATHEMATICAL TECHNIQUES

5-0 LIST OF SYMBOLS

n = number of states
§- = denotes statistical definition
S, = system-state i
t = time
u =time at which in-repair unit fails; re-
generation point
A;; = transition rate from §; to S;

5-1 INTRODUCTION

The approach to reliability wherein transi-
tion distributions fixm one state to another
are all general is not tractable, because there
are no simple instants of time at which past
history can be ignored. The best that can be
done in the general case is to give a compli-
cated algorithm for calculating probability of
transition at any time. Therefore, everyone
uses simplifying assumptions of some sort. A
few of the mathematical techniques that are
useful in the simplification process are men-
tioned here. None were discovered or invent-
ed for reliability analysis; they are well-known
(to mathematicians) techniques. Refs. 1and 2
give more details on many of them. Hand-
books such as Ref. 6 also show these and
other techniques; Ref. 7 is an example of a
textbook which teaches some of these tech-
niques.

6-2 MARKOV PROCESSES

There are several kinds and generalizations
of Markov processes, but only the most sim-
ple process will be discussed here. For more
details, see Refs. 1and 2 and the Bibliography
at the end of Chapter 1.

5-2.1 SYSTEM STATE

The system is presumed to be in one of a
set of states and can go from one state to
another. The state of a system is a description
of its condition. The analyst can choose the
way a state is characterized. Consider this
example. Suppose a system consists of three
subsystems, each of which-can be adequately
described by one of the following four condi-

tions: Good, Degraded, Failed waiting for re-
pair, In repair. Further suppose that the state
of the system is characterized adequately by
giving the states of each of the three subsys-
tems. Then there are 4 X 4 X 4 = 64 possible
states of the system. A state of this system
consists of the specification of the states of
each of its three subsystems, e.g., Good, In
repair, Good. When the state of a subsystem
changes, the state of the system will change.

6-2.2 MARKOV CHAINS

Suppose the states of the system are speci-
fied, e.g., S, ..., S,, then there are n states. It
is presumed that the probability of going
from one state to another depends only on
those two states, and no others; past history is
wiped out. For any two states, the transition
rate is a constant. The transition rate A;; from
state S; to state S; corresponds to a failure
rate for an exponential process in that it is a .
ratio of a probability density function to a
Survivor function. Many of the A;; for a sys-
tem are usually zero, because certain transi-
tions are not possible, by the very nature of
the particular system. In the example in par.
5-2.1, just repaired subsystems might always
be Good, never Degraded. Then, a subsystem
could never go from “In-repair” to “Degrad-
ed”, but it could go from “In-repair” to
“Good” or from “Degraded” to “In-repair”.
The A;; can be put in a metrix form.

Many special cases have been worked out
in the literature. Refs. 3-5 are likely sources
of material.

Considerable simplification of the theory
is possible when only the steady-state behav-
ior of the system is of concern, not the &an-
sient (start-up) behavior.

In practice, the number of system states
must be severely limited in order for the anal-
ysis to be tractable.

5-3 LAPLACE TRANSFORMS
The Laplace transform is perhaps the
most popular transform for engineers; they

use it often in solving differential equations.

5-1
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The Laplace transform is very closely related
to the Laplace-Stieltjes transform and to the
Fourier transform. The Moment Generating
function and the Characteristic function are
also related to the Laplace transform, al-
though statistics texts seem rarely to point
this out. (The Characteristic function is, for-
mally, the Fourier transform; and the Mo
ment Generating function is, formally, the
Laplace transform.) The Stieltjes form of the
Laplace transform has fewer difficulties with
“existence” than does the Laplace transform,
although in practical reliability work, “exist-
ence” of integrals and pdf‘s is rarely a diffi-
culty. In the remaining discussion, the phrase,
Laplace transform, includes all the related
transforms and functions.

The Laplace transform changes differenti-
ation and integration into multiplication and
division by the transform-variable. In- reli-
ability analysis, another of its properties is
even more important. The Laplace transform
.of the sum of several s-independent random
variables is the product of the individual
Laplace transforms of the random variables.
Thus convolutior is transformed to multipli-
cation.

When the equations of the system are ex-
pressed in Laplace transforms, the steady
state (¢ = =) behavior can be found easily
without inverting the transforms.

The Laplace transform of the answer in a
reliability problem often can be obtained in a
closed form, albeit usually unwieldy. The dif-
ficulty arises because inversion is rarely fea-
sible in closed form;then numerical inversion
must be used.

65-4 REGENERATION POINTS

The big advantage of assuming constant
transition rates, is that every time-instant is a

5-2

regeneration (renewal) point. Statisticaily
speaking, the system (when in a particular
state) has no memory as to how long it has
been in that state; each instant is just like
every other instant.

If general statistical distributions are tised,
this is no longer simply the case. The trick In
an analysis is to find (or invent) some time
instants which have this regeneraticn prop-
erty; once you know that the system is at this
time instant, its past history can be forgotten.
One way of finding suitable regeneration
points is to introduce an extra time variable
to help describe the state of the system.

For example, suppose a system of two
units is in one of the following three states:

1. One unit operating, cther in-standby

2. One unit operating, other in-repair

3. One unit in-repair, other waiting-for-
repair.

The unit is in state two at time = 7, intro-
duce the time = u at which the in-repair unit
fails; at time = O the operating unit was put
into operation. With u as an extra variable,
time = u is a regeneration point; the state
probabilities do not depend upon the history
of the system prior to u.

Of course, the introduction of extra vari-
ables complicates the analysis, but, at least,
some equations can be written down. This
supplementary variable technique is used in
the literature, 2.g., Ref. 5, in order to “solve”
reliability problems where random variables
have unspecified distributions. Virtually all
problems when stated this way will involve
the sums of s-independent random variables;
so Laplace transforms will ordinarily be used
in the solution of the problem (see par. 5-3).

Ref. 7 discusses renewal theory in detail.
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CHAPTER 6 CREATING THE SYSTEM RELIABILITY MODEL

60 LIST OF SYMBOLS

k-out-of-n:F = special kind of system,
see par. 6-3.2
k-out-of-n:G = special kind of system,
see par. 6-3.2
MTF = Mean Time to Failure
MITBF = Mean Time Between
Failures
s- = denotes statistical defi-
nition
t = time, time-to-failure
XY, ZABS,... = events or elements on a

dependency diagram
¥, = subsets of ¥; ¥ is any
event or set
V' ¥ ¥,y = eventsrelated to ¥; ¥
- is any event
¥ = not ¥ complement of
¥ ¥ is any event  or
set
AND, OR = logical operators (AND
= N; OR =~ U)
symbolic elements for
a dependency diagram,;
see par. 6-2.3.1

A,V ,O’D

6-1 INTRODUCTION

In order to compute the reliability meas-
ures of a system, it is necessary to develop a
reliability model of the system. A reliability
model consists of some combination of a reli-
ability block diagram or Cause-Consequence
chart, a definition of all equipment failure
and repair distributions, a definition of the
upstate rules, and a statement of spares and
repair strategies. This chapter is written from
the point of view of reliability diagrams, be-
cause historically the material has been pre-
sented that way.

A reliability block diagram is obtained
fron a careful analysis of the manner in
which the system operates, i.e., the effects on
overall system performance of failures of the
various parts that make up the system; the
support environment and constraints, includ-
ing such factors as the number and assignment
of spare parts and repairmen; and the mission.
Careful consideration of these factors yields a

set of rules (which will be referred to as “up-
state rules”) which define satisfactory opera-
tion of the system (system up) and unsatisfac-
tory operation (system down), as well as the
various ways in which these can be achieved.
If a system operates in more than one mode, a
separate reliability diagram must be developed
for each one (Refs. 1and 2).

A considerable amount of engineering
analysis must be performed in order to devel-
op a reliability model. The engineer proceeds
as follows.

(1) Develop a functional block diagram
of the system based on his knowledge of the
physical principles goveming system opera-
tion and behavior.

(2) Develop the logical and topological
relationships between functional elements of
the system.

(3) Use the results of performance evalu-
ation studies to determine the extent that the
system can operate in a degraded state. This
information might bs provided by outside
sources.

(4) Define the spares and repair strate-
gies (for maintained systems). The spares
strategy defines the spares allocated to the
system and, in the case of multiple failures,
defines the order in which spares are to be
used. The repair strategies define the number
of repairmen and the order in which they are
to be used in the case of multiple failures.

This chapter presents a description of the
engineering analysis procedures, mathematical
block-diagramming techniques, and other pro-
cedures used to construct reliability models.

6-2 ENGINEERING ANALYSIS

6-2.1 INTRODUCTION

Before the reliability model can be con-
structed, the system must be analyzed. A
functional block diagram and a dependency
diagram, which define the logical and topolog-
ical relationships between functional elements
and their inputs and outputs, must be devel-
oped. These diagrams can be developed for
electrical, electromechanical, and mechanical

6-1
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systems — the underlying principles are the
same for all(Refs. 2 and 3).

Basically, the functional block diagram
must contain the following items:

1. A clear identification of all functions
and repetitive functions.

2. Input-output relationships between
functions. For electronic systems, this takes
the form of signal flaw from input to output.
Usual and alternate modes must be shown.

3. A clear indication of where power
supplies or power sources are applied to the
system.

4. Description of switching arrangements
and the sequence in which alternate modes
are used.

The dependency diagram schematically
represents the logical interdependencies of the
functional elements of the system and illus-
trates step-by-step how an input is processed
to produce the output signal or mechanical
action (Refs. 2 and 4).

Notes and attachments can be used to
provide more detailed information on a spe-
cific system than can be portrayed directly on
the dependency diagram. An alphameric code
ought to be established which correlates the
dependency diagram with the functional
block diagram.

The reliability block diagram for the case
of reliability without repair can be derived
directly from the dependency diagram using
the techniques of Boolean algebra. For repair-
able systems, simple modifications that de-
scribe the spares and repair strategies must be
made to the basic block diagram.

6-2.2 FUNCTIONAL BLOCK DIAGRAMS

Functional block diagrams must be devel-
oped to provide descriptive coverage fram
system to subassembly levels. The informa-
tion contained in them and in the detailed
circuit and mechanical descriptions of the
system can be used to develop a reliability
model. The functional block diagrams, circuit
diagrams, mechanical descriptions, dependen-
cy diagrams, and reliability block diagrams are
related by means of an alphameric coding
scheme.

6-2

Notes and attachments to the functional
block diagrams must (1) provide more-
detailed information than can be portrayed
directly on the functional biock diagrams, and
(2) describe functional relationships whose
complexity precludes direct listing. Typical
attachments to the functional block diagrams
include timing diagrams, switching rules, and
descriptions of complex interconnections be-
tween functions.

Several levels of functional block diagram
might be required. System-level functional
block diagrams show the relative locations of
the highest level functional elements in the
system, their interconnections, relation to the
external environment, power levels, and
points of access to extemal systems. Basic
system mechanical layout information (such
as physical boundaries) is superimposed on
the system functional block diagram.

Depending on the system being described,
several levels of intermediate functional block
diagrams might be required. The intermedi-
ate-level functional block diagrams are identi-
cal in structure and format to the system dia-
grams, but describe the system in greater de-
tail. When basic equipment layout informa- -
tion is available, it is superimposed on the in-
termediate-level block diagrams.

Many systems require several leveis of
mechanical descriptions. At the overall cover-
age level, gross physical details are superim-
posed on the system block diagram. At inter-
mediate levels, more-detaiied physical features
are defined. This is important because hard-
ware boundaries are needed to specify equip-
ment configurations for which reliability must
be computed. The definition of physical con-
figuration is important when repairable sys-
tems are being analyzed because the repair
times are a function of accessibility and ease
of handling, which are physically related
parameters.

The structure of the functional block dia-
grams and the physical descriptions depend
on the system. A tank, for example, has a
very well-defined physical structure and func-
tional block diagram. On the other' hand, a
tropospheric-scatter communications system
has large, interconnected units dispersed over
a site area.



5-2.2.1 Discrete Systems

A discrete system has precisely defined
mechanical and electrical boundaries, and it
occupies a limited, well-defined volume. Ex-
amples of such systems are rifles, artillery
projectiles, tanks, and helicopters. A function-
al and mechanical description of a discrete
system usualiy can be prepared in a straight-
forward manner. The reliability block dia-
grams usually are derivable readily from the
descriptions.

A traditional radio receiver is an example
a a simple discrete system; see Fig. 6-1 (Ref.
5). The system-level functional block diagram
describes the functional elements of the sys-
tem and defines the signal flow and intercon-
necticns between the functional elements. All
functional blocks are numbered and are keyed
to the blocks of the reliability model.

A more complex discrete system is the
infrared (IR) camera in Fig. 6-2 (Ref. 6).This
system contains mechanical, optical, and elec-
trical subsystems. These subsystems can be
coinpletely described by functional block dia-
grams of different levels of complexity. For
example, the mirrors can be described by a
single level block diagram, while the IR detec-
tor may require several levels of functionai
block diagrams and detailed circuit schematics
for a complete description.

A tank is an example of an even more
complex discrete system; it contains mechani-
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cal, electromechanical, and electronic com-
ponents and subsystems. Because of the way a
tank is structured, a simple functional block
diagram which places the functions in a sim-
ple geometrical order with a signal flow from
input to output cannot be drawn. The sys-
tem-level block diagram of a main battle tank
is shown in Fig. 6-3 (Ref. 7).

6-2.2.2 Dispersed Systems

In a dispersed system the components are
dispersed over an area and often fit together
in a complicated way that requires multiplex-
ing of signal paths and feedback. It may be
difficult to describe such a system with a
single set of functional block diagrams; a
more complex representation might be re-
quired.

A tropospheric-scatter system is a good
example of a dispersed system (Ref. 8).
Tropospheric-scatter transmission systems are
used to extend line of sight communication
systems by using atmospheric refraction to
transmit high-frequency waves beyond the
horizon. Direct transmission between two ter-
minal stations iocated beyond the optical
horizon is obtained by the scattering proper-
ties of the troposphere. Since the transmission
properties of the atmosphere randomly fluc-
tuate, many properties of a tropospheric-
scatter system are statistical. This complicates
the functional description of the system be-
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FIGURE 6-1. Radio Receiver Functional Block Diagram’
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cause the properties of the transmission path,
which is external to the system hardware,
affect system reliability. Therefore, the trans-
mission medium also must be described in the
system functional block diagram.

A summary of the items making up a
tropospheric-scatter system functional de-
scription follows:

Geographical deployment plan
Station layout plan
System layout plan
Shelter layout plan
Antenna layout plan
Channeling plan
Frequency allocations plan
. Equipment lists
9. Tabulation of system and equipment

characteristics

10. Functional block diagrams of equip-
ment and systems at each station

11. Signal dependency diagrams

12. System interface diagrams

13. Individual functional block diagrams.

The reliability model for this system is
very complex. Several reliability models will
be required to compute system reliability and
the reliability of individual equipments.

N

A System Layout Plan and an Equipment
Functional Diagram for one station are de-
scribed in Figs. 6-4 and 6-5.

6-2.3 DEPENDENCY DIAGRAMS
8-2.3.1 Definition of Terms

A dependency diagram pictorially defines
the logical, electrical, and topological inter-
relationships between the events and func-
tional elements in a system (Refs. 2 and 4).
The terms used in the previous sentence are
defined as follows:

1. The logical interrelationships between
functional elements are the rules governing
the interplay between input and output sig-
nals or forces. These rules can best be ex-
pressed by Boolean equations.

2, The electrical interrelationships de-
scribe the flow of electrical energy between
functions. A good example is a traditional sig-
nal flow diagram.

3. The topological relationships express
the geometric structure of the system. This is
very important because, frequently, the com-
ponents comprising a function are physically
located in different parts of the system. even
m different equipment cabinets. Therefore,
the system geometry must be carefully de-
fined.

The dependency diagrams can be very
helpful in deriving reliability block diagrams.
A reliability model for reliability without re-
pair can be derived directly from these dia-
grams using Boolean algebra techniques. In
simple systems, ordinary functional diagrams
are sufficient to derive the reliability model.
The dependency diagram can become very
complex for large systems. Therefore, it
should be constructed at a system level which
permits the reliability model to be derived but
does not expand the diagram to the point
where it becomes cumbersome to use. 4
dependency diagram would never be drawn at
the circuit schematic level, for example. The
dependency diagram requires standard for-
matting rules, which minimize the chance of
error when deriving the reliability model.

6-2.3.2 Standard Formatting Rules

A standard set of dependency-diagram
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formatting rules is required to show unambig-
uously the logical relations between system
functions. (This entire subparagraph is adapt-
ed fram Refs. 2 and 4.) To be useful, the
formatting rules should be uniform, i.e., the
same set of symbols and rules must be usable
at all levels of system disclosure.

The basic symbolic elements of tte de-
pendency diagram are described:

A or V Thetriangle indicates the existence of
a dependency on another event. The
apex of the triangle points toward the
event which is depended upon.

o The circle placed on a dependency
line (in a particular column) indicates
the existence of functional element
represented by that column.

o The square represents an event or
multiplicity of events (action or avail-
able output) which results from the
proper operation of a specific group
of functional elements and the avail-
ability of specific events.

By use of these basic symbols, a de-
pendency diagram can be developed. The de-
pendency diagram symbolically illustrates the
interdependencies between the functional
elements and events in the system. The de-
pendency diagram maps the functional inter-
actions of a system into a dependency struc-
ture.

In addition to the basic symbols, the de-
pendency diagram also makes use of:

1. Event entries (headings)

2. Functional element entries (headings)
3. Data rows

4. Notes and signal specifications

5. Procedure column.

All of these contain information which is use-
ful for the generation of reliability models.

The column headings list the name and
location of all events and functional elements
associated with the dependency diagram.
Each event and functional element is identi-
fied by means of an alphameric code.

The event entries can indicate:

1. Inputs from external equipment
2. Important internal events

3. Outputs to external equipment
4. Terminal events such as outputs from
recorder, PPI scope, or headphone set.

If the events are to be observed, such as at
test points, the point of observation is indi-
cated in the event entry column. If events are
to be measured, the points of measurement
are indicated. Specifications or descriptions
for the event are referenced by a number lo-
cated in a box at the base of the column head-
ing. The physical location of each functional
element and event is identified at the top of
each column. The combinatorial rules govern-
ing groups of events and functional elements
can be summarized in the headings.

A set of standard interpreting rules for
logical, mechanical, electrical, and topological
interrelationships between functional ele-
ments and events in a system must be used in
the dependency diagram. The distinction be-
tween topological, electrical, logical, and
mechanical considerations is crucial in the for-
matting of complex systems.

Topological relationships depict the physi-
cal interconnections between functional ele-
ments. Electrical interrelationships indicate
functional signal processing interactions. be-
tween elements. Logical dependencies indi-
cate the Boolean relationships among func-
tional elements. Mechanical dependencies in-
dicate mechanical interactions between ele-
ments in a mechanical system.

The three basic symbols (triangle, circle,
square) are combined in various ways to form
the dependency structure. The resultant event
and the functional elements and dependencies
upon which it depends are connected by
means of the horizontal dependency lines.

There are nine standard rules for inter-
preting the structure of the dependency chart
for reliability model derivation, i.e.,

1. If a circle (functional element)
appears in a specific column several times, it
represents only one physical entity.

2. Only AND dependencies can be
depicted on a single dependency line.

3. Output events dependent upon a
specific functional element are placed to the
right of the symbol representing that element.
Input events to that element appear to the
left of the element.



4. Both logical (in the Booiean sense)
AND and OR dependencies can be repre-
sented in the vertical direction.

5. The wvertical lines demarking the
columns delimit physical bounds on the func-
tional (electrical and mechanical) inter-
dependencies. Several event boxes labeled
separately and drawn in the same vertical
column represent a group of signals which en-
ter the same physical terminal. If the events
are drawn one each in a group of adjacent
columns, they represent signals that enter
different physical terminals of the same func-
tional element.

6. If separately labeled events are drawn
in the same column and a dependency triangle
is placed under each, the events represent
electrically (or mechanically) distinct signals,
even though they may be imposed at the same
physical point. (Distinct signals or forces are
separated by time as well as frequency.) If a
single dependency triangle is placed under the
group of events, they are electrically (mechan-
ically) similar.

7. A plus sign (+) on the dependency dia-
gram indicates that some group of functional
elements and events are related in a logical
OR fashion.

8. A small circle () or dot placed on the
dependency diagram above the square repre-
senting an event indicates that the functional
elements providing inputs to that event are
related in a logical AND fashion.

9. Dummy Events: If groups of events
are related in a complex manner that is diffi-
cult to describe using the listed rules, or if the
resulting descriptions are ambiguous, a
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dummy event can be used. All of the event
outputs feed as inputs to the dummy event.
The Boolean relation or logical rule governing
the interaction between the elements is stated
in the column heading above the dummy
event and just above the box representing the
event.

These rules establish the dependency dia-
gram as a device for describing the topologi-
cal, mechanical, logical, and electrical rela-
tionships which govem the operation of a
system. A number of examples presented to
illustrate the application of these rules follow:

A. Simple Series Dependency. The sim-
ple series dependency for a single functional
element is shown in Fig. 6-6. The small circle
above the square (which represents the Z out-
put) indicates an ANT) series relationship be-
tween X, Y, and Z. This repiesentation may
be extrapolated to a group of series functional
elements.

B. Parallel Inputs (Figs. 6-7 through
6-10). Several possible combinations can oc-
cur. The events A, A,, and A; enter func-
tional block S through the same terminal or
different terminals, they are electrically
(mechanically)} similar or electrically (mechan-
ically) different, and the event A,, depends
upon A,, A,, and A, in a logical AND or
logical OR fashion. Eight different dependen-
cy diagrams can be drawn.

1. Identical Inputs, Same Terminal,
AND Dependency (Fig. 6-7). Standard rules
2,3,5,6, 8,and 9 apply.

X Y 2

A o

fa® 0 A |et— AROW
L A COLUMN

FIGURE 6-6. Simple Series Dependency’

6-9



AMCP 706-197

SYSTEM DEPENDENCY DIAGRAM

: (/o) w/

A‘l -—O——S_’_

A3 - A

-A-" = “not Ai" A —-‘{ :  a— A,

FIGURE 6-7. Identical Electrical Signals, Same Terminal,
AND Dependency'

SYSTEM DEPENDENCY DIAGRAM

/A, / A, A, S A,
Aa s [ ™ Aq °

O

A,
A r, . A,
A
S

A — " ”
A; = “not Aj

L 4
FIGURE 6%. Identical Electrical Signals, Different Terminal,
AND Dependency'

6-10




AMCP 706-187

SYSTEM DEPENDENCY DIAGRAM
/
A,' S As
Ay
Ay o
Ay i S *'—)‘\4 L——a—0—
A
fa :
A Ny | A4
A,
D o
FIGURE 6-9. Different Electrical Signals, Same Terminal,
AND Dependency?
SYSTEM DEPENDENCY DIAGRAM
A, A, S / Aq
A
A ©
A, L
Az
A3 & —mred A4
-
As

FIGURE 6-10. Different Physical Terminals, Electrically Different
Signals, AND Dependency?
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2. Identical Inputs, Same Terminal,
OR Dependency. According to Rule 7,a (+)
sign would be placed above the A, box be-
cause of the OR dependency. If tne logical
rule were combinatorial, the statement m (n),
meaning m of n, would be placed next to this
(+) sign.

3. Identical Inputs, Different Termi-
nals, AND Dependency (Fig. 6-8). Standard
rules 1,3, 4, 5, 6, 8, and 9 apply.

4. Identical Inputs, Different Termi-
nais, OR Dependency. An OR sign (+) would
be placed above A, by Rules 7 and 4.

5. Different Inputs, Same Terminal,
AND Dependency (Fig. 6-9). Signals A,, A,,
and A, are different electrically (frequency or
time wise). Rules 1.2, 3, 5, and 6 apply.

6. Different Inputs, Same Terminal,
OR Dependency. An OR sign (+) would be
placed above A , by Rules 7 and 4.

7. Different Physical Terminal, Dif-
ferent Inputs, AND Dependency (Fig.
6-10). A,, A,, and A, arc different.

8. Different Physical Terminal, Dif-
ferent Inputs, OR Dependency. An OR
symbol would be placed above A,.

C. Large Numbers of Functional Branch-
es in Paraile! (Contraciions), In this situation,
a functional element B interfaces with N
parallel branches, consisting of M elements in
series (Fig. 6-11(A)). The format of the
dependency diagram depends on whether or
not the branches are identical and whether or
not the functional elements within each
branch are identical. Several cases must be
considered :

1. All MN functional elements are
different.

2. All elements in a given branch are
identical, but each branch is different.

3. All elements in a given branch are
different, but each parallel branch is the same.

4. All elements are identical.

Under certain circumstances, when large
numbers of elements are involved, contrac-
tions can be used to simplify the dependency
diagram. Examples follow:

Case 1: All MN elements are different.
No contractions are possible.

Case 2: All elements in a given branch are
identical, but each branch is different. The
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branch can be contracted by means of a
multiple column contraction, Fig. 6-11(B). E
represents a functional block composed of F,
G, and H in series. E and its composition are
described in the column heading. The
resultant dependency diagram is Fig. 6-11(C).

Case 3: All elements in a particular
branch are different, but all branches are iden-
tical. The multiple row contraction can be
used, but not the multiple column contrac-
tion.

Case 4: All elements in all rows are iden-
tical. A further contraction is possible. This is
called the multiple row contraction and is
illustrated in Fig. 6-11(D). The N in the lower
right hand corner of the event box indicates
the number of parallel branches that are
represented. This contraction is only possible
when dll the D, outputs are impressed upon a
single functional entity.

62.3.3 Examples

Several examples illustrate the wide varie-
ty of systems whose operation can be repre-
sented by dependency diagrams:

1. A simplified tropospheric-scatter
system (electronic)

2. A relay (electromechanical)

3. A packaged speed reducer (mechani-
cal).
A block diagram and dependency chart are
given for each system.

A. A Simplified Tropospheric Scatter
System (Electronic). The functional block
diagram of the receive functions of a tropo-
spheric scatter system is given in Fig. 6-12 and
its dependency diagram in Fig. 6-13 (Refs. 2
and 8). The dependency diagram is drawn at
the system level for simplicity. Diagrams also
can be drawn for each of the functions. The
functional block diagram is only one of the
several descriptive techniques required for a
tropospheric scatter system; however, a de-
tailed system description which includes geo-
graphical deployment plan, station, layout
plan, system layout plan, etc., is not present-
ed here.

B. A Relay (Electromechanical). The
functional block diagram of a relay is shown
in Fig. 6-14 and its dependency diagram is
shown in Fig. 6-15 (Refs. 2 and 9). The relay
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FIGURE 6-12 Power Supply Section of Tropspheric Scatter System Receive Function?
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CONTACTS
COIL
. ¢ ¢

FIGURE 6-14. Functional Diagram of a Relay®

dependency diagram describes an action-at-a-
distance force, the electromagnetic field, and
the mechanical action of the contacts. The
dependency structure readily can be used to
represent mechanical and action-at-a-distance
forces and can, therefore, be used to describe
a wide variety of systems.

C. A Packaged Speed Reducer (Mechani-
cal). A packaged speed reducer is an example
of a mechanical system (Ref. 10). Packaged
speed reducers are speed reduction gear trains
that are assembled at the factory. Their use as
off-the-shelf units results in considerable
savings of time and money. The output, in
this case, is a rotation of the output shaft.
The output speed of rotation 1w related in an
exact way to the speed of rotation of the in-
put shaft by the gear arrangement. A pack-
aged speed reducer is shown in Fig. 6-16 and
its dependency diagram in Fig. 6-17.

6-3 DEVELOPMENT OF RELIABILITY
MODELS

6-3.1 INTRODUCTION

The development of a reliability model is
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a complex process which involves the struc-
ture of the system, up-state rules, the param-
eter to be computed, the computation
method, and the repair and spares strategies.
As a result of these interactions, the reliability
model is not a fixed entity, even for a specific
system. Specifically, a reliability model con-
sists of some or all of the following:

1. Reliability block diagram(s)

2. Definition of the up-state rules

3. Failure and repair rates of al func-
tional elements

4. Definition of repair strategies

5. Definition of spares allocation and
strategies.

The manner in which a reliability model
can be structured is discussed in detail in the
paragraphs that follow.

6-3.2 DEFINITIONS

Before proceeding with a detailed dis-
cussion of the derivation of reliability models,
mathematical definitions of reliability with-
out repair, reliability with repair, instanta-
neous availability, steady state availability,
and mean time to failure (MTF) must be de-
veloped. These definitions are presented along
with several other useful definitions, as adapt-
ed from Ref. 2.

1. Reliability Without Repair. The
s-reliability without repair at time ¢ is defined
as the probability that the system will not fail
(will perform satisfactorily) before time ¢, as-
suming that all components are good at # =0
(the beginning of the mission). The s-reli-
ability vs time curve has a value of 1 at =0
and monotonically decreases for increasing
values of t.

2. Reliability With Repair. The s-reli-
ability with repair of a system is defined as
the probability that the system will not fail
before time ¢, given that all components are
good at ¢ = O, but with the provision that
redundant items which fail are repaired. For a
1-unit system or a system made up of units in
series, the s-reliability with repair is the same
as reliability without repair, since the failure
of one unit is considered as a system failure
and, by definition of s-reliability, the system
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FIGURE 6-16. Packaged Speed Reducer' °

1s not permitted to go from a do-m-state to
an up-state. The s-reliability with repair as a
function of time begins at 1 for ¢ = 0 and
monotonically decreases. The shape of this
curve is determined by the failure and repair
distributions of the individual items as well as
additional constraints on repairmen and/or
spares.

3. Instantaneous Availability. The
instantaneous availability of a system is de-
fined as the probability that the system isup
at the instant ¢, given that all components are
good at t = 0. This means that the system
could have failed ana been restored many
times during the interval from O to ¢. It also

6-21
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FIGURE 6- 17. Packaged Speed Reducer Dependency Diagram

means that if repair is not allowed to take
place on any of the items, the instantaneous
availability is equal to the reliability without
repair, because the only way the system could
be up at the instant ¢ under these circum-
stances is for the system to be up at 7= Oand
remain up until Z. The shape of the instanta-
neous availability curve depends on the types
of failure and repair distributions the lowest
level items are assumed to have.

4, Steady-state Availability . The
steady-state availability of a system is the
asymptotic value of the instantaneous avail-
ability and is defined as the probability that
the system is up at amy given point in time
(but after a sufficiently long time so that
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steady-state is achieved). The steady-state
availability is a constant and is not a function
of time. Under the assumption of exponen-
tially distributed times to failure and times to
repair, the instantaneous availability mono-
tonically decreases from a value of 1 to the
steady-state availability and hence the steady-
state availability under these circumstances is
well defined and can be found readily.

5. Mean Time to Failure (MTF). The
MTF of a system is defined as the mean time
to system failure. This definition is valid for
nonrepairable systems and for repairable
systems. The MTF can be obtained by inte-
grating the reliability function (withoutrepair
or with repair) from 0 to o, assuming that the



integral exists. In this concept, once the sys-
tem fails, it is dead and cannot be repaired.

It is important not to confuse the MTF
with the MTBF (meantime between failures).
MTBF may not be a workable concept for a
particular system and may not be readily
computed for complex repairable systems.
For piece parts which are discarded after fail-
ure or for items that are restored to their orig-
inal conditions and used as new spares, MTF
is the appropriate concept.

6. Equipment. The term equipment
will be used to designate. an element of a
system whose failure and repair characteristics
are considered as those of a unit and not as a
collection of smaller elements.

7. a. "Up. An equipment or system is

up if it is capable of performing its function.

b. Degraded. An equipment or

system is degraded if it performs its function,
but not well.

8. Down. An equipment or system is
down if it is incapable of performing its func-
tion.

9. Design Redundancy. A system has
design redundancy with respect to a given set
of equipments if the system is up with only a
part of the set in operation, i.e., the extra
equipments are solely €or the purpose of im-
proving the reliability and availability charac-
teristics of the system.

10. On. An equipment which is up and
in operation is on.

11. Idle. An equipment which is up and
not in operation, i.e., being held in standby is
idle.

12. Block. A Block is a grouping of n
identical equipments. The reliability of the
grouping depends only on the number of
equipments which are up in the block and not
on which equipments in the block are up.

13. Sections. A Section is an s-indepen-
dent grouping of equipments within a system.
A system is divided into sections when the
number of system up-states is so large that
computer calculations are difficult. For ex-
ample, calculation of system MTF with repair
requires an inversion of the state matrix. If
the computer available to the analyst cannot
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handle a matrix, the analyst must subdivide
the system into twoe or more separate sections
and .compute s-reliability with repair for each.
The system s-reliability with repair is the
product of the section s-reliabilities; the MTF
is computed by numerically integrating the
system s-reliability.

14. A k-out-of-n:G-system has n compo-
nents and is Good (up) if and only if at least k
of them are Good (up).

15. A k-out-of-n:F-system has n compo-
nents and is Failed {down) if and only if at
least k of them are Failed (down).

63.3 DERIVATION OF A RELIABILITY
DIAGRAM

The process of deriving a reliability block
diagram (for s-reliability witt .« t repair) from
a detailed system description is a complex
process that involves many factors. This
process must be analyzed to establish stand-
ardized procedures which form the basis of a
formal mathematical technique. The analysis,
using a part of a tropospheric scatter system,
is described in the paragraphs that follow
(Ref. 2).

Fig. 6-12 illustrates the equipment config-
uration for the receive function of a tropo-
spheric station. Fig. 6-13 is the dependency
diagram and Fig. 6-18 is the reliability dia-
gram for the system in the particular mode
being analyzed. The tropospheric system is
complex and can operate in several modes.
Each mode has a different reliability diagram.
The possible modes are:

1. Voice Set Group output consists of
outputs fixm 14 to 24 physically available
channels of which nine or more must be up.
(This statement on the dependency diagram
implies two reliability diagrams.) If more than
nine Voice Sets are up, the reliability diagram
shows them in parallel. If nine Voice Sets are
up, the reliability diagram shows them in se-
ries.

2. The output from any specific voice set
functionally depends on that particular voice
set AND on the output from any of the 24
Channel Filter outputs AND on the output
from “Engine Generator Set 1 OR Engine
Generator Set 2”. (The parallel group of
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Voice Sets is in series with the parallel group
of Channel Filters and the parallel group of
Engine Generator Sets.)

3. The Channel Filter outputs function-
ally depend on the corresponding Channel Fil-
ters AND on the Demodulator (via the
Demodulator output) AND on the output
from “Generator Set 1 CR Generator Set 2”.
(The parallel group of Channel Filters is in
series with the Demodulator and the parallel
group of Engine Generator Sets 1and 2.)

4. The Demodulator output depends on
the Demodulator Function AND on the Com-
biner series circuit output. The Combiner
total output consists of an output via “Com-
biner Gain 1 AND 2” OR “Combiner Gain 3
AND 4”. Both outputs via “Combiner Gain 1
AND 2 OR “Combiner Gain 3 AND 4’ func-
tionally depend on the Combiner series cir-
cuits (AGC and Summing Network) and Com-
biner Grn 1 AND 2 AND 3 AND 4, respec-
tively. On the reliability diagram, the Demod-
ulator is in series with the AGC and Summing
Network which are in tum in series with Gain
1 AND 2 in parallel with Gain 3 AND 4.

5. Examination of the uependency dia-
gram from this point to the system input re-
veals two chains of simple AND dependencies
which are in parallel with each other. The first
series chain consists of:

a. Received wave 1 (horizontal AND
vertical component)

b. Antenna 1 (horizontal AND verti-
cal feed)

c¢. Duplexer 1

d. Full polarization diversity, fiill
space diversity*

e. Full polarization diversity and de-
graded space diversity

f. Degraded polarization diversity
and fill space diversity

'In polarization diversity, the transmit-
ting and receiving antennas have dual feed
horns. The wave is simultaneously transmitted
with both horizontal and vertical polarization.
In space diversity, the same wave is transmit-
ted simultaneously over several physically dis-
tinct paths. Degraded diversity means that
anly one polarization direction or propaga-
tion path is operable.

6-24

g Degraded polarization diversity
and degraded space diversity.

Each of these modes can operate with or
without Orderwire’. In this example, the case
of full polarization diversity and degraded
space diversity with up Orderwire is con-
sidered.

The reliability diagram can be derived
from a simple set of logical statements im-
plied directly by the dependency diagram.
The set of logical statements follows and the
effect on the reliability diagram is given in
parentheses :

1. System output consists of output
from Orderwire circuits and Voice Set
Groups. (Orderwire circuits AND Voice Set
Groups are in series.)

2, Orderwire output functionally de-
pends on Orderwire circuits AND Service
Channel Line Equipment output AND
Demodulator circuit output AND ouptut
from “Generator 1 OR Generator 2”. (Order-
wire circuits are in series with Service Channel
Line Equipment and Demodulator and the
parallel group of Generator Set 1and 2.)

3. The Voice Set Group output depends
on the outputs from any of the Channel Fil-
ters, the Demodulator, Summing Network,
AGC Network, and the output from either of
the Receive Channels. The Receive Channels
each consist of a series grouping of functions.
Receive Channel 1 consists of:

a. Received Wave 1 (horizontal AND
vertical component)
b. Antenna 1 (horizontal AND verti-
cal feed)
Duplexer 1
Front-end 1
Front-end 2
Receiver 1
Receiver 2
Combiner Gain 1 AND 2,

The second Receive Channel consists of:

a. Received Wave 2 (horizontal AND
vertical component)

b. Antenna 2 (horizontal AND verti-
cal feed)

S0 o 2o

*An Orderwire Channel allows station
operators to communicate with each other.
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¢. Duplexer 2
d. Front-end 3
e. Front-end 4
f. Receiver 3
g Receiver 4.

(The Channel Filters are in parallel. This
parallel grouping is in series with the Demodu-
lator, Summing Network, and AGC Network.
These, in tum, are in series with the parallel
combination of two Receive Channels.)

4, These two series chains of functions
are in series with the output from Engine
Generator Set 1 OR 2. (The parallel combi-
nation of Engine Generator Set 1AND 2 is in
series with the rest of the system.)

This analysis illustrates that the informa-
tion contained in the dependency diagram can
be used to derive a reliability block diagram
for the case of s-reliability without repair. To
summarize the previous discussions, the mini-
mum information elements required for de-
riving a reliability block diagram are:

1. A dependency chart that clearly indi-
ca’ the interdependencies between function-
al elements and events

2. A quantified definition of the system
output

3. A statement of rules defining the
system up-state.
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6-3.4 MATHEMATICAL DERIVATION OF
A RELIABILITY DIAGRAM

6-3.4.1 Basic Concepts

In this paragraph a simple example of how
a reliability block diagram can be derived
from a dependency diagram is presented.

Consider the dependency diagram in Fig.
6-19. A Boolean equation (Ref. 11)for each
dependency line can be written as follows:

ANS = Z, + 2, (6-1)
Z, = A-K
Z, =Zy B
Zy =Z, %A (6-2)
Z4 =C+Z5
Z, =P-Q

By means of a series of substitutions, a
Boolean function for the system can be gener-
ated in terms of its equipments. The steps are:
ANS=AK+Z, B
=A-K+(Z,"A) *B
=A-K+[(C+Z;)+A]"B (6-3)
=A-K+[(C+P-Q)*A]*B
=A*K+B+[A-(C+P- Q)]
This function, when properly simplified and
factored, forms the basis for the reliability
block diagram. The factored form is:

ANS=A-[K+B-(C+P-Q)] (6-4)

z, | k| 2z, z, ANS

FIGURE 6-19. Simple Dependency Chart*
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which is obtained by factoring A. The reli-
ability block diagram corresponding to this
tree is shown in Fig. 6-20.

6-34.2 A Complex Example

This paragraph explains in detail how a
reliability model can be generated for a com-
plex system for the case of s-reliability with-
out repair; it is adapted from Ref. 2. The
system to be considered is the tropospheric
scatter communications system described pre-
viously (Fig. 6-12).

The reliability model can be generated by
writing a Boolean expression for each depend-
ency line. For example, if the dependency
line shows that Z depends on A AND B, the
Boolean equation is Z = A * B, similarly, if Z
depends on A OR B, then the Boolean equa-
tion is Z = A +B. This notation is used rather
than N (AND) and U (OR) in deference to
considerable custom in writing Boolean ex-
pressions.

In the tropo system, the parallel series
structure shown in Fig. 6-21 occurs. The
items C;, C,, Cy, ..., Cy, are identical and
in parallel; normally only 14 out of the 24

in standby. This situation also applies to the
D,, D,,... D, items. The outputC" isup
when 9 out of 14C items are up and D"’ is up.
The output D" is up when 9 out of 14 D
items are up.

The Boolean statements for the tropo
system are listed. The symbol PS is a code for
parallel-series function and the statement
9(14) represents the up-state definition for
"9-out-of-14”. The unprimed terms represent
equipments, and the primed terms represent
outputs, which will be eliminated as the ex-
pression for system output is developed. The
following general equations can be written for
the parallel grouping of C and D :

c" = PS(C/,,i=1,24),9(14) (6-5)
D" = PS(D,},, j=1,24), 9(14) (6-8)
Cyy = Cuyy * Dy * P (6-7)
D, =Dy -E: P’ (6-8)

where £’ represents the Demodulator output
and P’ represents the Power Supply output.

The Boolean equations for the'tropo
system (Fig. 6-13) are derived in the following
manner:

Zl - ‘4! . Cu (6_9)

items are in operation, the remaining 10 being A" =A-B P (6-10)
K
r— A —a ——0
c
L] B -
L P a
FIGURE 6-20. Simple Reliabiiity Model

6-28



AMCP 706-197

D] cl
Dz CZ
D, Cs
. Du '. Cu
_I 1 |
D'.'.4 | c24
D C
«
e
< 5 5 2
Q. a. w
2 - - - {0
85 3 3 <2 = =
e R | [oEfgE
835 516 S 2183 23|53
E' |Dza D,|Dzs Ci | Cas Cy|Coa ci|c”
EACH VOICE SET
REQUIRES A CHANNEL
TRANSDUCER
-0 —{4]
A o &
A | [T
| 2]
Mo @& ]
A o A -
A 4
FIGURE 6-21. Tropospheric Scatter System Parallel Items®
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B =B-E-P (6-11)
" = PS(C,;,,[=1,24),914) (6-12)
Cay =Cuy - Dy * P (6-13)
D" = PS(D,,j=1,24) 9(14) (6-14)
D, =D, +E P (6-5)

E =E-F' (6-16)

F'=G+H (6-17)

G =I1-J:K P (6-i8)

g =I-L'-M-P (6-19)

J =J-N P (6-20)

K =K-0 - F (6-21)

L' =L-T-P (6-22)

M =M-U P (6-23)

N =N:Q P (6-24)

O =0-+R'-P (6-25)

Q =Q-5-P (6-26)

R =R-Y,- P (6-27)

S =Sy, P (6-28)

T =T7-V-P (6-29)

Uv=v-w-p (6-30)

Vi =v.y, P (6-31)

W =w-X - P (6-32)

X =X:Y,P (6-33)

Yi, =Y, Yy (6-34)

Y, =Y, Y (6-35)

Y, = Y, - Y, (6-36)

=Y, Y (6-37)

Yy = Y5 Yy, (8-38)

Yo =Y, .Y, (6-39)

Y, =Y, Y, (6-40)

Y = ¥, - Y (6-41)

P =Y/ ' +Y, (6-42)
Yo =Y, (6-43)
Yy, = ¥, (6-44)

These equations can be combined to generate
a Boolean function for the system by a series
of successive substitutions in the expression
for Z'. Proceed as follows:

(6-9)

Substitute Eq. 6-10:

g =A-B P -C" (6-45)
Substitute Eq. 6-11: o

zZ=A-B-L.p.p.C (6-46)
SinceP' * P'=P":

Z =a." E-P-C” (6-47)

Eqs. 6-12,6-13,6-14,and 6-15must be ana-
lyzed as a group. They are equivalent to the
following equations:

¢ = PS(C,,,j =1,24), 9(14) (6-12)
Cyy = Cuyy «Dyy + *p (6-48)
These can be further reduced.
C" = PS(Cy;, * Dy, i =1,24),
9(14) L' - P (6-49)
= PS(C,;,,i = 1,24), 9(14)
*PS(D,;,,j =1,24), 9(14)
‘E' . p (6-50)
=c-p-'.p (6-51)
where
C' =PS(C,,,,j=1,24),9(14) (652)
D'=PS(D;,,j=1,24),9(14) (6-53)

(" and D'are subsequently treated as elemen-
tary items.

Substitute Eq. 6-51:

Z’=A+B+E -P-C D (6-54)
Substitute Eq. 6-16:
Z’2=4.B.E.F .P.C.D (6-55)

Substitute Eq. 6-17:
Z’=A-B-E-(G'+H)-P +C D
(6-56)
Substitute Eq. 6-18:
Z'=A*B+E «(I-J K +P+H)
<P -C'-D (6-57)
Substitute Eq. 6-19:
Z'’=A+*B+E-P -C D
(T K P+[L M -P)

(6-58)
Substitute Eqs. 6-20and 6-21:
Z'=\P +(I-J N +P +K
cQ 1L M -P) (6-59)
where
A=A+'B-E-C'-D (6-60)



Substitute Eqs. 6-22 and 6-23:
Z'=\+P+(I-JN P +K
cO+[-L- T -M-U -P) (6-61)
Substitute Eqs. 6-24 and 6-25:
Z,___)\.P’.([.J.N.Q’.P’.K.O
‘R'+I LT -M-U-P)
(6-62)
Substitute Eqs. 6-26 and 6-27:
Z'=\-P+{I*J*N-Q-S-P K
*O*R*Y, +I*L"T*M
U - P)
Substitute Eqs. 6-28 and 6-29:
Z'=\*P-(I-J*N-Q+S-Y, P
*K-O-R-Y, +[-L-TV
MU P (6-64)
Substitute Eqs. 6-30 and 6-31:
Z=XNep ey ep v I
+[ LT VY M U
.W'.p’)

(6-63)

(6-65)
where
r=J'N*Q@*S K 0*R

(6-66)
Substitute Egs. 6-32 and 6-33:
2=\ P (r Yy P YT
+[*L+T VY -M-U
W-X-Y, -P) (6-67)

Substitute Eqs. 6-34 and 6-35:
Z'= P (e Yy P Y, o I+]

e Y, .y;.y’.yé.p')
(6-68)
where
«x=LT VM U WX
(6-69)
Z'=NP (7Y, Y, P Y, Y,

e[+ [ Y, Y-V, + YgP
(6-70)
Substitute Eqs. 6-38, 6-39, 6-40, and 6-41:
Z'=XNP (7Y, Y, * ¥y P
'Y4'Y,, ”'I'Yl'ys'yu
<Y, YV, P) (6-71)
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Substitute Eq. 6-42:
2= (Y +Y, )T €&
(Yt Y )*ta-& 01

* (Vg +73,)] (6-72)
where
E=EY, Y, VY70,
(6-73)
€, =Y, Y, Y, Y, * Y,
(6-74)
Substitute Egs. 6-43 and 6-44:
Z'=N (Y +Y ) [r-1§
*(Vyg +Yy)ra & 1
* (Y +Y,)1
(6-75)
=X (Y, +Y,,)  [KONL -]
(Y, +Y,,) +KON2 - I
C Yy + ¥yy)] (6-76)
where KON1= 7+ E, (6-77)
KON2= a - E, (6-78)

Upon factoring out the term (Y5 + Yy,) * [,
one has
Z'= (Y v+ 7)1
. (KON1 + KON2) (6-79)

The tree corresponding to Eq. 6-79 is shown
in Fig. 6-22, where D, and D, are dummy
variables. The Boolean symbols in Eq. 6-79
each represent an electrical function or a
group of electrical functions, namely:

AN =A-B:-E-C':D
= (Orderwire)
* (Service Channel Line Equip)
* (Demodulator)
* (Voice Sets)
* (Channel Filters)
I =(AGC)
* (Combiner Series Circuit)
Y3 = (Engine Gen Set 2)
Y, = (Engine Gen Set 1)
KON1 =Y, Y, Y, Y7, *J
N Q@*'S*K*0O*R
= (Ant 2 Hor Receive)
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Y3 Yia KONA1 KON 1

FIGURE 6-22. Boolean Tree

* (Ant 2 Vert Receive) Refer back to Fig. 6-18 for the final reliability
* (Propagation Path 2) configuration.
* (Ant 2 Hor Jut) The relative ordering of equipment is not
and need not be preserved in the reliability
(Ant 2 Vert Out) model.
* (Combiner Gain 4)
- (Dual Revr 4) 6-3.4.3 Reliability Models for Maintained
* (Front End 4) - (Duplexer 2) Systems
* (Combiner Gain 3) Reliability models for maintained systems
- (Dual Revr 3) require additional information above that
. (Front End 3 derived f£rom dependency diagrams and from
(Front End 3) the basic reliability block diagram. In practice
KON2 =Y, « Y, Y5 Yy Y, L (and in theoretical work) the distinction
T V- M U-W-X between redundancy and repair is often
= (Ant 1 Hor Receive) blurred. The names of some of the activities
n or ecelvej are sometimes different, but the activities
- (Ant 1 Vert Receive) themselves are very similar. We will use the
» (Propagation Path 1) term “replacement” to describe the activity

of removing a unit that is presumed bad and

* (Ant 1Hor Out) inserting one that is presumed good. Whether

* (Ant 1 Vert Out) it is the same unit after being repaired, or a
* (Combiner Gain 2) different one, is irrelevant. Two examples are
* (Dual Revr 2) stven.

* (FrontEnd 2) 6-3.4.3.1 Example No. 1 (Fig. 6-23)

* (Combiner Gain 1) I il 4 renl

. R All failure and replacement rates are con-
(Dual D stant. Blocks B and C have two kinds of

* (FrontEnd 1)+ (Duplexer 1) gpares, classified according to the ease of re-
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BLOCK C
c
c
BLOCK B
B
C p——
BLOCK A
cC — 8
— —
T-out-of-1: C
cC — B —
—_— 1-out-of-3: G
-
3-out-of-7: G
1 repairman: strategy is defined in the text.

System is Good (up) if and only if A,B,C, are Good (up).

FIGURE 623. System For Example No. 7

placement; the kind shown separately in Fig
6-23 are more difficult to replace.

The system consists of three blocks:

1. Block A is a 1-out-of-1:G-subsystem.
2. Block B is a 1l-out-of-3:G-subsystem.
3. Block C is a 3 out-of-7:G-subsystem.

The system is up if and only if Blocks A,
B, C are Good (up).

The optimum repair strategy can only be
determined by choosing a figure-of-merit to
optimize, and then solving the problem. A
reasonable set of priorities (in the absence of
the complete solution) for the repairman
might be the following:

1. Finish replacing the unit being worked
on, if any.

2. If more than 1 unit is failed, choose,
in the following order, the one to be replaced:

a. A unit from a block that is down.
If more than one block is down, it makes no
difference which is chosen.

b. An easily-replaceable spare. If
more than one block is down, choose the one
from the block that has the fewest spares that
are good.

3. If a rule is not given completely
enough, choose one from the allowable failed
units at random.

The rules can become quite complicated
in a theoretical analysis. In practice, the re-
pairman should not be required to make com-
plicated calculations merely to find out which
unit to work on. The rules also can be so
complicated as to make theoretical analysis
virtually impossible. If the replacement rate is
much higher than the failure rate, the stand-
ard matrix techniques can be used.
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BLOCK B BLOCK A
B
B A
B A

0 B A 0
B A
B A
A A

B

B B 4-out-of 5:G

5-out-of 7:G

2 repairmen for each Block.

System is Good {up) if and only if A and B are Good (up)

FIGURE 6-24. System For Example No. 2

6-3.4.3.2 Example No. 2 (Fig. 6-24)

All failure and replacement rates are con-
stant. Block A is a 4-out-of-5:G-subsystem.
Block B is a 5-out-of-7:G-subsystem. There is
only 1kind of spare in each block.

64 OTHER MODELS

The reliability block diagram has been
used throughout this chapter to illustrate
logic diagrams for a system. Other kinds of
diagrams, e.g., fault ‘tree, might be more
appropriate in some cases. See Part Two ,De-
sign for Reliability, for a discussion of these
other kinds of logic diagrams.
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CHAPTER 7 KINDS OF REDUNDANCY AND REPAIR

7-1 INTRODUCTION

Redundancy and repair are very similar
concepts. In the general case where switching
is not instantaneous it is easy to visualize two
similar operations, one called redundancy and
one called repair. In redundancy, the time
used to replace a faulty unit is usually shorter
than the time a repair is considered to take.

There are many important considerations
in a redundancy/repair situation, i.e.,

1. In what state are all the units at ¢ = 0?
How does one know? Is checkout perfect?

2. In what state is a repaired unit? Is it
good-as-new? How does one know? Is check-
out perfect?

3. In what state is a repaired system?
How does one know?Is checkout performed?
Is it perfect?

4. What kinds of failures are being allevi-
ated? If failures are due to the rare, random

occurrence of severe conditions, redundancy .

might not be of much help.

5. How difficult is it to know that a unit
has failed? Jow difficult is it to remove lie
faulty unit and replace it?

6. How much of an improvement in reli-
ability is needed or expected? What reliability
measure is important in your case? For exam-
ple, mean time to failure is not a good reliabil-
ity measure for short times.

7. How much does redundancy/repair
cost in weight, dollars, volume, design effort,
checkout, schedule time, heat dissipation,
system complexity, extra connectors, etc.?

8. What about switching? Is information
lost during switching?

9. What about the failure behavior of
standby equipment?

10. Under what conditions are failures
s-independent? When the correct calculations
have been made, how much improvement in
reliability will there be?

7-2 KNOWLEDGE OF SYSTEM STATE

In order to analyze a system, one needs to
know the state, (condition) of the system at
several time instants. The two most important
instants are “time = zero” and “just after re-

19
.

pair

If a system contains any redundancy, the
question arises, “How does one know that
each unit is good?” Just bowing that the
system is up is not enough, since some units
could be bad and the system would still be
up. Therefore, there must be checkout of
each unit in the system. This involves hard-
ware, software, time, and money. Checkout is
rarely perfect. Will the analysis take that irto
account? The knowledge of system state at
“’time = zero” is also important because in
many analyses, a system or unit is presumed
to be<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>