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Abstract

We describe two simple rules of cutting-plane generation for the

complementarity constraints

Ax > b
x>0
€
_ {
v =
(CMP) E E ¢ Y
h=1 KeJ keK

h
and we show that these rules generate all (and only) the valid cutting-
planes for (CMP), if there is some b' for which { x > 0 | Ax > b' }
is non-empty and bounded.
In (CMP), x = ( XpseeosXy ), and Jh is a set of subsets
K of [ 1,...,r }. The problem (CMP) includes the linear complementarity
problem and bivalent integer programming, along with many other constraint

sets which impose logical restrictions on linear inequalities.
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1. Cutting-planes
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CUTTING-PLANES FOR
COMPLEMENTARITY CONSTRATNTS

by R.G. Jeroslow

We provide a characterization of the set of all valid

| inequalities for a constraint system (CMP) (see page 39 below)
which includes, as special cases, the linear complementarity
problem and the constraints of the bivalent integer program, as

well as many other constraint sets which impose logical restrictions

on linear inequalities. The characterization is derived in terms of
"co-propositions" [16], [18], [19] (see Theorem 8 below). Then this
characterization is put in an alternate form by means of rules for
cutting-plane generation which are of a particularly simple form,
yet which are shown to generate precisely the set of valid inequalities
for (CMP) when iteratively applied (see Theorem 9 below).

Our main result (Theorem 8) generalizes both a result of Balas
[2] and one of Blair [4]. We employ the techniques of the disjunctive
approach of cutting-plane theory (see e.g. [1], [6], [12], [13], [1l6],
[24], [30], [31];or [19] for a survey of this topic); for other
applications of disjunctive methods to complementarity problems see
[1], [13], [24]. These methods combine the theory of linear inequalities
with concepts and some elementary results from mathematical logic.

When material from logic is needed, it is developed below so that the

paper is self-contained. We shall use [27] and [29] as general

AT R Y

references for linear inequalities and polyhedra.
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Section 1. Motivation and Some Basic Results

R s b

In what follows, x = ( XpoeeesX, ) denotes a vector in Rr, and
the letters A,B,C,...etc. denote matrices while b,d,...etc. denote
vectors in some finite-dimensional real space. The writing of a
matrix inequality such as Ax - b entails the compatibility of A,x,b:
i.e., for some integer m, A is m by r and b is m by 1.

We reserve script lettersdicbﬁl,... from the last half of the

b i e e

alphabet to denote atomic propositions, which for our purposes will

always have the form

%
1 %l K

of a single linear inequality. Script letters@@d,(,...etc. from the

first half of the alphabet are used to denote both atomic propositions

(1) and also more complex propositions, which arise by repeatedly

placing "v" (for : 'or') or "A" (for :'and') between propositions already

constructed. The "v'" used here is in the inclusive sense:/.svc is true
‘ if either one of them is true, or if both are true.

We say that Dx > d is facial for Ax > bwhen { x|Dx > d, Ax > b } is a
face of { xle > b}. Concerning results o polyhedra and faces, facets,
etc. for polyhedra, the reader may wish to consult [27] or [29]. The
term '"facial" is due to Balas [ 2], originally to treat the instance

that Dx > d has only one constraint.

Again following [2 ], we shall say that the constraint system

(2) Ax 2 b ;

AW o | | e R S

R




(3) for each h = 1,...,t at least one of the conditions

e

f L R T L TR L
é holds;
R . is facial, if for all h = 1,...t and p = 1,...,t(h) the constraint

h

system ARePy >b *P §s facial to Ax > b
‘ To explain the result that we shall strengthen in this paper,

define inductively the convex polyhedra

(%) K = {x|lax>b}
; t(h+l), h+l,p h+1,p,
: (5) K, = clconv U \ K, ﬁ{xlA x>b J’) s 0 h < 6=l
p=1

In what follows, conv S resp. clconv S denotes the smallest
convex resp closed convex set containing S.
Theorem : (Balas [2 ])

If {x|Ax > b} is bounded and (2), (3) is facial,

1 then
(6) Kt = cleonv xl(2) and (3) hold } .
Remark: Half of Theorem 1 is straightforward, for it is easy to
prove Kt 2 clconv { x[(2) and (3) hold }, without the boundedness or
faciality assumptions,

To see that the reverse inclusion has non-trivial content,

consider the following constraint system which is an alternate format

for the constraints of an integer program:

‘h, T e ey i T —— PPy,

p
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? (2)' : -2x; + 2x2' = 1
,; 0<x, <1
3)' at least one of the conditions
. X = 0 or X = 1

| holds, and at least one of the conditions

F- ‘ = = =

i X, 0 or X, 1 or X, 2
P | holds.

? | One easily shows that the constraint system has no solutions, since

X, = % = Xy and 0 < X < 1 forces X, = 1 in any solution, which in
: turn forces X, = 1 - % = % and hence is impossible,
| The constraint Xy, = 1 is not facial, although all the other
constraints (i.e., X, = 0, T 15 X, = 0, T 1) are facial,

some giving the empty face.

We have KO = {(xl,xz)l -le + 2x2 = < % S.l}a:“

b | 5 J e e \ o
Ky K, K =K L(xl,xz)lxz-lJ = {(5 1)}

i
-

.
o
A
x

0

Since K, # @, equation (6) fails.

Even if (2), (3) is facial, equation (6) can fail if the
boundedness assumption fails; see remarks after Theorem 8 in this

regard.

B
§
§
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In [16] we iIntroduced the co-propositions and further developed

]
|
{
i
|

them in [18]. Our notation is from [18], [19].

The co-proposition construction is an assignment, which makes

correspond, to a propositionfz whose atomic letters(j>,q>,(il...,
; i are linear inequalities (1), a polyhedral cone CT((L) of cuts that
are all valid for the set { xlCl(x) is true }, hence also for
| clconv { xlCL(x) is true }. Here, we have used tha notation
: ; CZ== CL(x) to emphasize the dependence of the propositionlgéupon
' xeRr « The construction generalizes Balas' disjunctive constraints
[1], and we describe it next.
If? is given by (1), put

(7 CT(3) = cone 1 (ao, -al,...,-ar), € =1,050:050 ),
(0,'1’0""30)’--'3 (0"--30"1) \

where cone S denotes the smallest convex cone containing the set S.
(Unit vectors (0,-1,0,...,0),...,(0,...,0,-1) occur in {7) due to an
implicit condition x > 0 on the variables x in (1)). Then inductively

set
@ crBr )y =ctr (@ + cr(H
9 Ccrdv ) =cr (@ N crH

to determine CT((¢) for any proposition . 1In (8), for convex

sets K,L set K+ L = { k +-2| keK, £eL } . In [16] we showed that

CT (&) is always a polyhedral cone.

Associated with CT(&) is the relaxation cp(Q) that it determines:

I A PN
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\
for every (m 3 My seees=m ) eCT (),
a0 - o r
2 AT
]

g B

(10) cp( &)
>
=0

As noted in [18, Sec. 2.1] or in [19, Theorem in Sec. 2.1],
when each proposition V8 » 1< h< s, is the conjunction of the
inequalities in the matrix inequality Ahx = bh, then
CT(ﬁ’lv...v ,0;) consists of all the disjunctive constraints cuts
[1] for the logical condition, that at least one system among

h h
Ax2>b, x>0 holds as h varies over h = 1,...,s. However, cTER)

is defined for all{ built up from atomic propositions (1) via the
connectives "v" and "A,"” whether or not they have the special logical
form for disjunctive cuts.

In seeking a generalization of Theorem 1, we note that Theorem 1
refers to actual geometric bodies K'h’ 0 < h< t, while co-propositions
are defined from logical descriptions “of these bodies, which are
syntactic objects and not geometric in nature. Now suppose we can

find a suitable syntactic description (Lof Kt’ for which we can prove

6)' CT(¢L) contains precisely the valid inequalities

for clconv { x|(2) and (3) hold }.
Then since K_ 2 clconv { x|(2) and (3) hold } is obvious from (4), (5),
we will have strengthened (6) of Theorem 1, in view of the fact that
CT(OL) contains only valid cuts for Kt‘ In fact, we would also have
obtained, as a consequence of (6)', that for the a/chésen, CT(Q) is
all (and not just some) of the valid cuts for K provided K £ 0. 1t is

well-known that the disjunctive constraints construction [1] does not

necessarily provide all valid cuts (see e.g., [16] or just below eqn. (18)).




Even more, if we can establish (6)' for a suitably chosen
sentence ‘{, we will obtain a compact description of how to generate
all the valid cuts for clconv { x|(2) and (3) hold}, by using the
inductive clauses (8) and (9) of the co-proposition construction.

Now it turns out, that there is actually more than one sentence (Z.
for which (6)' is true. In Theorem 8, we exhibit one of these
sentences, for which the description of all valid cuts via (7), (8),

(9) has a particularly surprising form that we will exhibit in Theorem 9.

In our selection of a sentence (L possessing the property (6)',
we have been guided by a striking discovery of C.E. Blair [ &4 ,

Chapter 3], in the form of an unusual inductive characterization of

the valid cutting planes of a bivalent integer program.

We now summarize some results that we will use later. In what
follows, sP denotes the polar of the set S (see e.g., [27], [29]).
Theorem 2:

1) [ 16, Theorem 25]

(11) cp(@) 2 clconv { x >0 lCLf(x) is true }

2) [ 16, Theorem 22]

(12) cp(Bv t}) = clconv ( ep(B) U cp(f))
with = in place of 2 if both

cp(B) # 0 and cp(f) # 0




3) [ 16, Theorem 22]
1f cp(3) = cp(H) = 0,
(13) cp(B vA)
4) [ 16, Theorem 22]

(14) p(B A
». 5) [ 16, Theorem 24]

B | 15) cp(@n By ) 2 cp(@rP) v (Al )

| 6) [ 18, Section 2.1.2, Part 2] or [ 19, Theorem of Section 2.1.2]

1f cp(B) N cp(ﬁ'lv...v ﬁ;) is a face of cp(ﬂ‘lv...vﬁ's) and if

]
S

cp(B8) N cp( Ay

TN

b | CP(;Q'IV...VB‘S) is a polytype, then
(16) PN (B v...vd7)) = cp ( (On »i)v...v(é./\ﬁ;))

i

4 !
clconv | U (cp(ﬁ) Nep (F));
“h=1 ot

7) 1f is the conjunction of the inequalities in the matrix system
of inequalities Ax > b, then
| (17) cp(@) = { x>0/ax>b }

Proof of 7: From [ 18, Part 2, eqn., (2.1.M), p. 84], or from

[ 19, Lemma in Sec. 2.1], we see that 7) holds if Ax > b contains
only the single inequality (1). For the general case several
applications of Theorem 2(4) above gives (17).

Q.E.D.

2 Theorem 2(6) is our generalization of a basic lemma [ 7 ,
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Lemma 51] used by Balas to prove Theorem 1. 1In our generalization
Theorem 8 of Theorem 1, we shall need the principle of Theorem 2(6). 9 1

When the equation

i \
(18) cp(ﬁ’lv...vﬁ's) = clconv \ & cp(ﬁ’h) / :
h=1 '

holds, we say that the disjunction ﬁylv...v ti is exact. In [ 16,

p.66] we noted that exactness fails if s = 2, bq is -Xq > =1 and

‘9} is O‘x1 > 1, although by Theorem 2(2) one of the two inclusions

implicit in the equality of (18) always holds.
To develop our generalization (6)' of Theorem 1, we shall need

to know more about the relationship of cp(B’lv...vpg) to clconv
S \
l QEHCP(‘}L)j’ and in specific, to know more about exactness (18)

than given in [18]. This additional information will be given in

Theorem 5, which also is a new result of some independent interest.

To state Theorem 5 in a concise form, we shall define the recession

cone of a sentence (L, which is
(19) rec(@) = { v| (0,v) e cT@)? }
The recession cone rec((l) has an alternate definition, which is
independent of CT(CL) and the co-proposition construction, and which
allows the determination of rec(() in a simple, inductive manner,
as our next result reveals.

First, we recall two basic polarity laws for polyhedral cones

C .

Cl’ 2"

]
:
i
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Lemma 3:
1) rec BAY = rec (B) N rec (P
2) rec (v =rec () + rec (P
3) IfXis Ax > b, then

(22) rec (@) = {x > 0|ax > 0}
Proof:

10.

B _ab P
(200 (¢, + C,) ¢’ nec,

n cz)p sl pel

(21) (c 1 2

1

See e.g. [27], [29].

1) From (8), (20) we have

23) cTBAHP = c1(B)P n cT( HP
The Lemma 3(1) follows from (19), (23).

2) From (9), (21) we have

@24 crBvH? = cr(BP + cr(hH?
Next, note that for any propositiontz,

(25) (v ,v) & CT(@)® implies v_ > 0

Indeed, CT(Q) # ® , and if ( ™y -m) ¢ CT({]) we have

(26) mv > v,

by (vo,v) e CT(@Q)® . However, holding m fixed in (26), "

can be indefinitely decreased, since (-1,0,...,0) ¢ CT(Q&) by

induction on the clauses (7), (8), (9). But an indefinite decrease

in T of (26) with m,v fixed is possible only if A > 0, proving (25).
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Using (24), (25) we have from the definition (19), ]
(27) v € rec (ln‘vf/) —— (0 V) e C'l‘(/ﬂv,ﬂ)p 3

> (0 »V)

(u ,u) + (w ,w)
with uo_>_0, w >0

(u >u) € CT(&)p and (wo,w) e CT(ADP

<—> (0,v) = (0,u) + (0,w) 1
with
(0,u) ¢ CT(B)P and (0,w) ¢ CT(HP
<22 VeEauobw

with u € rec(/3) and w ¢ rec (ﬂ) 1

for some u,w. From (27) we have (2) of this lemma.

e ey

3) It suffices to prove this result when Ax > b is a single inequality

(1) and use Lemma 3(l) above to compete the proof.

However, if P is given by (1), from (7)

(28) (0,v) e CT(@)P <—> for all o, Agohysesesh, > 0

§ we have

La]

0>0- (an - )\0) +j§1 vj(- Saj - Aj)

Y, 200 % g1 |
J r

1

and OIS kA ,

a0 G G ]

But (28) is (22) for the case of one constraint, by the definition

(19).

Q.E.D.
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Our next result explains the use of the term '"recession cone
of @," If cp(A) # @, rec () is the recession cone of the
polyhedron cp({) in the usual sense [27], [29], i.e., ve rec (L)
if and only if
(29) for all xe cp(@) and A > 0, we have x + A ve cp()
If cp(R) # 0, since cp(@) is polyhedral (29) is known to be
equivalent to *
(29)' x° + X v e cp(@) for all A >0
where x° ¢ cp(@J) is an arbitrary element of cp(@).
However, if cp(&&) = 0, (29) holds vacuously for all v ¢ Rr, while
rec (&) defined by (19) usually differs from RY. It is rec €75
which provides the 'torrect'" definition of a recession cone for the
results of this paper, rather than the conventional definition (29).
Lemma 4: If cp(QQ) # @, then v ¢ rec (&) if and only if (29)
holds.
Proof: From the definition (10),
(30) x e cp(R) <—> (1,x) e cT(@)P
Let x° ¢ cp(@). Then v satisfies (29)' if and only :f
(31) for all A > 0 we have (1, x° + A v) € CT(Q)P

Since (1, x)e cT(P by (30), clearly (31) holds if v ¢ rec (L),

for then (0,v) ¢ C’l‘(a.)p and (l,xo) + A (0,v) ¢ CT(a)p. For the converse,

let (31) hold; then for A > O arbitrarily large, we have

(32) /A, v + x°/n ecT(a)?
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13,
since CT(CZ)p is a cone. Putting A A+ « in (32), we obtain
0, v) ¢ CT((L)p since the polyhedral cone CT(a)p is closed.
Hence by (19), v € rec (&) .
Q.E.D.

Theorem 5: Suppose that

cp(ﬂi) 2l s e

(33)
cp(AVi) R W T s R

and that 1 < u < s.

Then
i 3
(34) cp(49i v...vA&t) = clconv (d:& cp(Aﬁt)) + rec (A5t+1) +...+ rec

Also, exactness (18) holds if and only if
(35) rec (‘}L) S rec (191) +...+ rec (A?;) for h = u + 1l,...,5 .
Proof: For all i = 1,...,8 the non-empty polyhedral cone CT(A9;)p

has a finite bases, so put

G6) cr(y” =
"'/

. ; . . . . NS
cone 1\0,v1’l),...,\0,v1’a(1)>,k1,w1’1',...,\l,wi’b(l)L

b

i = Oy s y8e
In (36), we differentiate between elements of the basis for
CT(A?"i)P with zero or positive first co-ordinate, by (25); by
normalization, we take those with positive first ce-ordinates to have

first co~ordinate unity.

TERRSTREF S PSRN,

SRK VRPN RPN SRV

b
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By (30), (33) we have ;
’ 37) b(1i) > 1 for 1 = 1,:..58 j
', b(i) =0 for i = utl,...,s :
_ We can always assume that a(i) > 1, 1 = 1,...,s,
| Note also that
(38) (0,v)e c'rw'i)l’ <—> for some x‘; S0 el e L) }
5 ‘ we have
1 O,v) = a}(:i) yi ¢l
k| j=1
E ; From (38) and the definition (19),
' (39) rec (9;) = cone { vi’l,...,vi’a(i) }
: s From (9), (21), (36), (37) we have
’ ' ' %0)  CcT(Bv...v P =
cone {(O,VI’I),...,(0.v1’a(1)),(1,w1’1),...,(l,wl’b(l)),...
’ (o’vu,l)’.“’(o’vu,a(u))’ (l,wu’l),...(l,wu’b(u)) ; |
_ an WS R Ll s W 1
: e PO R L j
1 Also, (30), (36) show i
i 41) cp(ﬁi) = conv { wi’l,...,wi’b(i) } :
‘ i | + cone { Vi’l,...,vi’a(i) P o DR ‘
3 g while (30),(40), and u > 1 show
1 ' <
|
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42)  cp(HV.- vy =

' \
© conv { wl’l,...,wl’b(l),..., u’l,..., Mybiv) ;
+ cone { vl’l,...,vl’a(l) }
A AT
+ cone { vs,l,“"vs,a(s) }
From (41),
Lo \
(43) clconv k U cp ([9;) ) = conv {wl’l,...,wl’b(l),...,
h=1 L b(u)
wh? ,...,w“’ = }

+ cone {vl’l,...,vl’a(l)}

“El ey
+ cone {vu,l’...’vu,a(u)} ¥
Then from (42), (43) and (39) we have (34).

Now, by (33) exactness (18) is equivalent to

¢ u
(44) cp(ﬂ’lv...v ﬁ:) = clconv ( L eop (ﬁ;)) .
h=1

Hence from (34) exactness holds if and only if rec (l}i),i = utl,...s

= N
consists of directions of recession for clconv ( U cp (]9;)}. But
h=1

by (43) and Lemma 4, these directions constitute the cone

(45) cone { vl’l....,vl’a(l) 1

T s

+ cone { vu,l’.'.’vu,a(u) }

by (39), hence the necessary and sufficient condition (35).
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The condition (35) for exactness is equivalent to the one obtained

in [ 18,Sec. 2.1.1] and [ 19,Theorem in Sec. 2.1.1], although in
[18],[19] we did not give the inductive definition of rec ((L) that'
is supplied by Lemma 3, and is useful in Corollary 6 below toward our
mﬁin result Theorem 8. Recall in [18], [19] that we used polyhedral
definitions of CT({YE)P in the form

we)  crb’ = {(xo,x)lqhx-qhxo >0, x_ 2 o}, S W

and gave, as a sufficient condition for exactness,

that

47) if th qh is inconsistent, then

v

. : 5
th 0 implies x = ziix(p)lpr > qp consistentj

=
for certain x(p) satisfying
QPx > 0 .
By (46), we see
1 h _ h)
@)  ep(dF) = {xlQ’x = q'},
ho= 1 oninies

(xl™ 2 o) .

49) rec(lag)

From (48), (49) we see that (47) is identical with (35). 1In [18],

[19] the condition (47) is derived from a result of [5].

While here our interest in (34) and the exactness result (35)
that it supplies, is motivated by an instance of (35) (specifically,
Corollary 6(1) below that we need in Theorem 7), exactness (18) is of
interest in itself. More precisely, when each[ytlis the matrix
inequality Ah> 2 bh, it is not hard to show that exactness (18) holds

precisely if c’r(}lv...v &h) contains cuts sufficient to define
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17,
k i clconv (Lj cp (,49;1)> = clconv ( ° {x > OlAhx = bh}), i.e., if Balas' é
{ h=1 h=1 !

" f disjunctive constraints construction [1], [2 ] provides sufficiently many ;
: (and pot just some) valid cuts for the logical comdition that at least one {
of the inequality systems Ahx > bh, h=1,...,s holds. Since Balas' 5

construction is so simple, it is of value to know when it has this ;

property. E

Corollary 6: The following hypotheses imply exactness (18): t

~ 1) rec (Bi‘) is independent of h = 1,...,s E

2) cp (ﬂlv...v%) is a polytope

3) The sentences 9:: , h=1,...,s, are identical, where /{f:l{ is

obtained from A"h by changing every right-hand-side 110, in every
) atomic letterd of (1), to zero.

4) Each h? h=1,...,5, has the form (Ahx > bh) Ab:' 3
with

(50) {0} ={x>0/a"x>01, h=1,...,8

Proof:

. 1) If cp (ﬂ;‘) =@ for h = 1,...,s we have exactness by Theorem 2(3).

1f cp (P'h) #9 for h = 1,...,s, exactness holds by Theorem 2(2).

el Therefore we may assume (33), and then exactness holds since (35)

follows from the fact that
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(1) rec (bl]) +...+ rec (,‘5'") = rec (ﬁi‘) when

rec (B'i) is independent ol i bt it

2) If cp (/f'lv...v ./."1) = @, from Theorem 2(2) we have cp(/'h) =
for h = 1,...,s, so exactness holds.

If cp (.fz"lv...V/f's) # @, (34) and the fact that it is a
polytope gives rec (l,fi_l) = {0} for h = ut+l,...,s, from which (35)
is immediate.

3) It suffices to show that this hypothesis implies the hypothesis
of Corollary 6(l). However, this implication is immediate by
induction on the number of connectives in /:"t'l, using Lemma 3(3)

for the ground step and Lemma 3(1) and (2) for the inductive step.

4) Tt suffices to show, by Corollary 6(1), that (50) gives rec (/'h) = {0}

for h=1,..., 5. However from (50) and Lemma 3(1) we indeed have

rec (,&h) - {o}

Qu.E.D.
Corollary 6(2) was given earlier in [18], [19] and an instance

of Corollary 6(3) occurs as [ 16 ,Corollary 23].

Lemma 7: 1f either cp(&) # @ or rec(@) = {0}, then CT(Q)
contains all the valid cuts for cp(g), in the sense that (1) is

valid for cp(Z) if and only if (ao,-al,...,-ar) e CT(&).

Proof: First, suppose cp() # #, and (1) is valid.




i

. e G

s e —————

g

e

N A I v T ST P

L9

If (ao,-al,...,-ar) #CT(Q), since CT( ) is a

polyhedral cone containing (-1,0,...,0), there would be a separating

hyperplane (xo Xpsees ,xr) -

™ r =
e
(52) & e oy “jxj < 0 if (ﬂo,-ﬂl,...,-‘nr) ¢ CT(@),
‘K.
a x > 0

W ET j"51 a_'jxj

If x, > 0 in (52), we may assume X, = 1 by multiplying all
inequalities in (32) by llxo. Then from (10),

X = (xl,...,xr) e cp(@) and from (52) we have a >jZ1 ajxj’ a

contradiction to the validity of (1).

1f N 0, (52) becomes

D
vr. _
: . & sl %y LE (M, 5eee,=m )€ CT(CA)
(52)' A
O N, r
> j‘=1 ajxj

Since by hypothesis cp(Z) # @, there exists on element of cp(@),

x° = (xol,...,xor). From (10),
r
53) R S 5E . ) e CT (Q)
( - ¢ 1 t'rjxj My Myseeesm) ¢ .

From the first inequality of (52)' combined with (53), for any p > 0
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r

(54) m, < jjl ﬂj(xjo + pxj) if (no,-rrl,...,-nr) ¢ CT(Q)

B e

From (10), we see that % & px € cp ) for all p > 0.

However, from the second inequality of (82)', for a suitably large

T O 4 7 ) v M OIS PR koot i b oo

p > 0 we have
r

(55) a > jZl aj(xjo + pxj) .

This contradicts the validity of (1), and thus proves the desired result.

Next, suppose rec() = {0}. 1If cp(@) # ®, the previous
case applies. Otherwise cp({) = @, and we must prove that
CT(Q = Rr+1, since every inequality (1) is valid for cp(@).
From the definition (19) of rec() and from (30),
; rec(®) = {0} and cp(Q) = P imply CT(Q)p = {(0,0)}. But then
CT(G) = {(0,0)}P = Rr+1, as desired.

Q.E.D.

Section 2. The Main Result

In a manner analogous to the set definitions (4), (5), we define the
propositions 0 » 0 < h<t, by the inductive clauses:

: G, = (ax>b)

: (56) . |
; t (h+1)
] s N/ A0 & AP P s chg . i
| : h e / — —
| § h+1 p=1
| 4§
| B Here is our generalization of Theorem 1.

:
-,
3
15
|4
:
f
- g‘
{
]
’.
K
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Theorem g : 1If { x‘Ax b b'} is bounded and non-empty for some b',
x > 0 occurs among the inequalities Ax > b of (2), and the system
(2), (3) is facial, then CT (C?t) contains all the valid inequalities

for clconv { x|(2) and (3) hold } .

In fact, \

/ Ax > b and, for each h = 1,...,u, at leastl

7 ! one of I

(57) cp(6:)=111 = ¢leony # x Ah’lx = bh’lor...or Ah’t(h)z bh’t(h)f
holds.

for o =0, 0. .t

Proof: First, we prove inductively that

(58)  rec (O’u) S0 R TR T e

For u = 0, (58 follows from the facts that { x|Ax > b' } is bounded and
non-empty, and a bounded non-empty polyhedron has only 0 as a direction
of recession. To go from u to (u+l) note in (56) for h = u that for
Pp=1,...,t(u+l) we have by the inductive hypothesis

i + +1 +1,p\
(59) rec (C;L A A" ePe > bu+1,p) ) = {0} N rec (Au Py > p" ,p)

{o}

from Lemma 3(1). Then again from (56) and Lemma 3(2) we obtain

rec (C?u+1) = {0}, completing the induction.

By (58) and Corollary 6(l), the disjunction d?u+1 is exact for
Oyesest = L.

Next, we assign to each proposition (?L, u=20,1,...,t its

disjunctive normal form CPu [23), [28], which in this context is

e I A A

A ———
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1) 1
defined as follows. We pute =60, and if induct:ively&u has

0

taken the form

' s '
6 Q- \/ AR

i=1

with ())u 1 conjunction of atomic sentences (1),
bl

1]
0.1 =k6)0 =§0> we set
;|

" n(u} t(u+l) ; ol
3

) u+l,p N
@ ¢ \J=/1 ’ \p=/1 e e

where (61) also exhibits C)>u+1 as the form (60), by re-indexing over pairs

(initially n(0) = 1, o

(jop) with j = 1,...,n(u) and p = 1,...t(u+l). One easily notes inductively,
1

that 6?11 and @u are logically equivalent, i.e.,
'
(62) O’ (x) if and only if &Y (x)

where in ((2) we explicitly note the dependence of the truth of&u and Ogu'
upon the vector x.

By induction upon the construction (60), (61) of @; , it is easy
to see that Ax - b occurs as part of the conjunction of atomic sentences

Al
which constitute Ou ; for § =1,...,n(u). Since {0} = {x|ax > 0},

s

L)
from Corollary 6(4) we see thatCyu of (60) is exact. Also, the proposition

'

/ \ o, 4 A (A x>b )/‘ that occurs in & . of (61)
=1

P

is exact for the same reason, as is any subformula of @'u+l

sl Sl
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We now show

(63) CP(Gu): cp (G'u) =00 et

by induction on u. For u = 0, the result follows from@o =00 .

To go from u to (u+l), we have by exactness of 6)“+1 that

(U+1) utl,p utl,p .

(64) cp(0u+1) =clconv cp (@u) N cp (A x>b )/‘
(u+1) ! u+l,p ut+l,p .

(e.l) 2 clconv \cp (@ N cp (A x>b )

(u+l) . n(u) ut+l,p ut+l,p .
2 - clconv( cp| ( \/ 0’ PR RS )/)

(u+1) , n(u) ut+l,p utl,p
(L.3) =2 clconv P- cp( \/ (au,j A (A x2>b )))

t (u+l) n(u) adiings utl,p utl,p .
([.4) = clcon &l U cp‘\O . A (A x > b )

p=1 j=1 e ¢

(85) =cp (P)

In (64), (9.1) follows from the inductive hypothesis (63); we get (22)
from Theorem 2(4) and (60); (,2.3) is a repeated application of Theorem

2(5); and both (,5.4) and (£.5) are consequences of the exactness that

was established in the preceeding paragraph.

e
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B In what follows, we shall also need to know that

(65) cp(@t) = Cp(ot_l) L cp(ol) c cp(yo) = {x'Ax > 8},

The equality in (65) follows from Theorem 2(7) and the fact that the

inequalities x > 0 appear among Ax 2> b. The inclusions are proven by

induction on u = 0,1,...,t. To go from u to (u+l), first note that

for p = 1,...,t(u+l)

(66) cp\@,, A APy 5 puHLHPy / S cp (@)

-
from Theorem 2(4). Then from the exactness of the disjunction ‘)u+1

E and (66) plus the fact that cp (‘?u) is a polyhedron, we have

ey &> ut+l,p u+l,p
67) CP(¢u+1) = clconv pL_-Jl cp K G A (A x> b )> S cp (é’u).

thus completing the induction step. From (65) it follows that
cp (~?u) is a polytope, for u = 0,1,...t.

This completes the remarks that are introductory to the main

part of the proof. We now prove, by induction on u = 0,1,...,t

that
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)
clconv x]@u(x) is true
< -

L}

(68) ()

’

Ax > b and, for each h = 1,...,u
o at least one of \
= clconv { x X
Ah’lx = bh’1 Or ... OT Ah’t(h)x > bh’t(h)j
holds /

Note that the second inequality in (68) follows directly from the
definition (56) of the propOSitions(?u. Hence we will prove
only the first equality in (68).

The first equality of (68) is immediate if u = 0, by Theorem 2(7)
and the fact that x > 0 occurs among the inequalities Ax > b of (2).

To go inductively from u to (u+l), note

(69) clconv \ xld)u(x) is true : cp (@u) (ﬁl)

2 cp (G’u ) (2.2)

= clconv {x| G,u' (x) is true} (&3)

]

clconv {x[G’u(x) is true} £.4)
In 69), (£1) follows from the inductive hypothesis; ([.2) is

is justified by 63); (1.3) is a consequence of Thearem 2(1l); and

(L.4) follows from (62). Since the chain of equalities and inclusions

in ( 69) begins and ends with the same set, we conclude that all inclusions

of (69) are equalities, and in particular that

(70) cp (Gu) = cp (G;)

for the current index u of the induction. Next, from (70) we have

s A3 AR ARG 535 e 5t S i R oo i 32 -t N i

|
%
b
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for any p = 1,...,t(u+l) that

71) cp O A 7 e LN b“”"’)) -
=cp((?u) N cp (Au+1’px > bu+1,p> £.1)

1 / 1’
-ep(F, ) N cp (A% Px > p*oP) (£2)
=cp<0:1 A a%thePy > b“*l'p)) (43)
n(u) y utl,p ut+l,p |
= £4)
_cp<(j\=/1 Gu,j) A (A x>b )) (
a(u) uwtl,p  utl,p

=clconv { x\(\v @ulj\,f A (A x>b ) is true} (£.5)
i A

In (71), (.1) follows from Theorem 2(4); (£.2) is justified by (70);
(€.3) is again a consequence of Theorem 2(4); and (t".lu») is valid by the

definition (60). As to (4.5) of (71), this follows from Theorem 2(6);

in fact, autlopy > putlsP is a facial constraint relative to Ax > b, :
n(u) " ' ;
and CP(j\!l 6’u’j/ = cpau) is a polytope with

(7). p(O) & cp(@) € cp(@P) = [ x|ax>b )

From (72), ""(A‘”‘lx > bu+1,P> - 1xlAu+1’p ~

& bu+1 5 p}

provides a face of cp(@u'), as required in Theorem 2(6).

P s

Finally, by exactness of 6)u+1 in (56) for u = h, we have
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27.
t (u+l) 7 \
: ‘ u+l, +1
(73) cp(0u+1) = clconv pL=J] cp\ 0u A (A P > e .P))
’t(u+1) : / | -
(€.1) = clconv U ixl & A \Au'ﬂ’px > b“+1’P is truej
o u /
[ t(utl), : . )
i { ut+l,p u+l,p' |
(£.2) = clconv 1xl }2/1 \(Pu A &A x> " ) is true
/
.
(£.3) = clconv ’Lx‘ @u+1(x) is trueJ‘

In (73), (£.1)is a consequence of (71); (f.Z) is a valid way of interchanging
union and disjunction; and (£.3) follows from the definition (56) with
u = h, We have now completed the induction step for (68) and see that (68)
is true,

To establish (57), we need to prove that

74) cp(F ) = K, . u=0,1,...,t

where Ku is as defined in (4), (5). The proof of (74) is by induction on
u, and the ground case u = 0 is immediate. To go from u to (u+l), using

the exactness of 7 we have

u+l
t(u+l)
@5) cp(G ) = cleconv| U cp(* )N cp(Au+1’px > bu+1,p) ([.1)
u+l p=1 u —

t(u+l) , ¢ 3

= clconv| U . Jx‘A‘HI’px = bu+1’p’[) £.2)
S \u L e
p=1

= K. (L.3)

|
|
|
|
|
1
|
|
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28.
In (75), (Z.1) follows from Theorem 2(4); (£2) is valid by the
inductive hypothesis (74) and Theorem 2(7); and (£3) is direct
from the definition (5) for h = u. This completes our proof of (57).
By (53) for u = t and by (10), Lemma 7 shows that CT(("t) contains
all the valid inequalities for

clconv {xl C?t(x) is true} = clconv {x| (2) and (3) hold} .
Q.E.D.

We next make several remarks, which are directed at showing how
Theorem 8 can be improved in various ways.
Remark 1: The restriction that x > 0 occur among Ax > b can be removed,
by a change in the definition of the co-proposition CT(G) for an
atomic sentence as in (1).

In place of (7), we can use
(7)' CT'(B) = cone {(ao,-al,...ar), {10, .:.001,
the single unit vector (-1,0,...0) being retained since one may
always decrease the r.h.s. a, of a valid inequality (1), whether or
not the variables x are non-negative, Then the inductive clauses (8),
(9) are retained as before, putting the prime on CT(@) to write CT'(d).

In place of (10), we write

for every (no,-ﬂl,...,-ﬂr) eCT'(2),

(10)' ep'(@) =1 x B e e

bl &

o

e A 7 e A AR 3 5 A SR e~ A AN UG 5525 Vi
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With these changes, Theorem 2(2)-(6) are proven by precisely
the same proofs, as we indicated in [18], [19] when we discussed (7)'.
Theorem 2(1) becomes
(1) cp(@) = clconv { xICL(x) is true }
and Theorem 2(7) becomes
17y’ cp(@) = { x|lax>b ]

Lemma 3(1), (2) are proven exactly as above, while Lemma 3(3)
becomes
22! rec(@) = { xIAx >0 }
The proof of Lemma 4 need not be changed, and the same holds for the
proof of Theorem 5: both these results remain true. Corollary 6(1)-(3)

remains valid with the same proof, but in Corollary 6(4) we must change

(50) to
\

(50)" {o} = & x| A% > 0 S h=lis

Then the proof of Theorem 8 goes through almost unchanged, so the theorem

holds even if x > 0 is not among the constraints of Ax > b.
Remark 2: Theorem8 is false if the hypothesis, that { x|Ax >b' }is
non-empty and bounded for some b', is dropped. In fact, one easily proves
that

CP@’u) = Ku ’ u=0,1,...,t

without this hypothesis, and without facial constraints, by induction on

u. But even the result (6) need not be true.

G oo e o s+ & - B I T L e T Tt ) e s s e RS Sl B e S 8

-V vy
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Consider, for instance, the facial constraint system

o . .
v+ ot vl $3 . S .

2)' 1> X, >0, X, >0
(3)' at least one of
i
i X < 0 or (x1 =1, Xy = 0)

holds, and

at least one o1

holds.

From (4), (5) we have

% fefeh e s i
K, = cleonv | Lx|x1 =0, X, 2 0 U 1x|x1 = 1,x, = 0f )
(76) ={xmgx1§Lx220}

K, = { x]x1 =1, x>0 3
Therefore

a7) Kk, #{ (1,0) }
= cleonv { (1,0) } = clconv { x| (2)' and (3)' hold ] .
Here the failure of (6) is due to the non-trivial direction of
recession (0,1) for (2)' .
Nevertheless, by a device due to A. Charnes (see e.g. [7], [17])
it is possible to obtain a result very similar to Theorem 8 without

hypotheses of boundedness or non-emptiness. The idea is as follows,

{ f We shall always add, to the constraints of (2), (3) for real
% matrices A,b,Ah'p,bh’p the constraints
¥
¥

P




(78) M< x <M s 1= 1,00.,0

b
where M is an infinitely large quantity (or, if x > 0 occurs in
Ax > b, one may use the simple constraint Xpteootx < M ). We now :

have a system of constraints in R(M), the simple transcendental

o ia

extension of R obtained by adjoining M, and ordered by placing on
M the infinite valuation ( for details of this field, sece [17]).

In the field R(M), the co-propositions CT(() or CT'({&) are
defined as before. All previous results can be recovered, with proofs
virtually unchanged, except that at points in some proofs the term

"bounded" is to be replaced by "is a polytope." 1In fact, these

results are valid in any ordered field, of which R(M) is one. In a

general ordered field, a "polytope'" is the empty set or the convex span

of finitely many points; or, equivalently, an intersection of half
spaces which, if non-empty, has no non-trivial directions of recession.
In particular, Theorem 8 holds in R(M)r, with the condition on that
there be no non-zero solution to Ax > 0 replacing the requirement of |
boundedness and non-emptiness. But here Ax > b has rows corresponding

to the added constraints (78), hence there is no non-zero solution and

CT(C?t) in R(M) has all the valid cuts for (2), (3) augmented by (78).
Next, note that the elements (ﬂo,-ﬂl,...‘nr) cCT(G’t) in R(M)r+1,

which are purely real (i.e., m, is real for j =0,1,...,r), provide i

j
all the valid cuts for clconv { x|(2) and (3) hold } . Indeed, if

p 4
(79) 3 Z‘ m X
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is in CT((?});it is valid for (2), (3),(78). Hence it is valid
for any x ¢ R satisfying (2),(3) as x surely satisfies (78).
For the converse, if (79) is valid for (2),(3) it must also be valid
for (2),(3),(78) and hence be in CT«ji). For if (79) is not valid
for (78) also, there exists x(M) ¢ RM)" which satisfies (2),(3),(78)

and such that
r
80 omyx.MM <n
(80) Pl & sadiahi’
But then for large integral k, x(k) ¢ R" satisfies (2) and (3) and
yet

®1)

™A

Pt ﬂjxj(k) < ﬁo

(see [17] for details), contradicting the validity of (79) for (2),(3).
In summary, to obtain the conclusion of Theorem 8, i.e., that

all valid cuts are in CT(C?t), one need only suitably adjoin an

infinite quartity in constraints (78) in the construction, and then use

only those cutting-planes in which the infinite quantity is absent.

Remark 3: As is evident from the proof of Theorem 8, one can weaken

the requirement that the system (2),(3) is facial, and instead require

h+1 h+1

that all of the matrix inequalities A" *Px > b *P for p =1,...t(h+l)

are facial to the polyhedron cp(Oﬂg = Kh’ for h = 0,...,t=1.
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In order to rclate Theorem 8 to previous results, we shall next

develop a succinct formulation of one of its consequences, in terms
of logical derivations in a certain system of formal deduction.
Chvatal was the first to implicitly state results on cutting-planes

in this form [ 8], and Blair has since used it [4].

In what follows, we shall draw on concepts and terminology from

the fields of mathematical logic called proof theory and model theory.

No background in logic is presumed, but the interested reader may wish
to see a fuller development in [25], [26].

To present a system of deduction that we shall use, and do so in
an informal manner, we proceed as follows.

We shall be studying certain finite tree structures that we shall

call derivations, or (equivalently) derivation-trees. To the nodes of

these trees shall correspond certain linear inequalities (1). Were we
to be entirely formal, the nodes would correspond to certain statements
in a formal language that express linear inequalities; but we shall

make no such distinction here. The tree shall be spread out at the




T

A

T ey T
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""top," and narrow to one node at the '"bottom."

Where a given node has several others connected to it by an
edge and just above it, we require that the inequality assigned
to this node "follow from'" the inequalities assigned to the nodes

just above, in the sense that it is the conclusion of one of the

rules of deduction of the logical system and the inequalities above

are the premisses of this rule.

For instance, one of our rules of deduction shall be

a,vyte..ta v > a s blv1+...+bnvn > b°

(Lo)

(A81+9b1)v1+...+ (Aan-ﬁ-Obn)vn = <y

and for the application of (LC) we require that A,0 > 0 and that

L5 < xao +_Ob°. The premisses of (LC) are a1v1+...+anvn > a and

also b1v1+...+-bnvn & bo; the conclusion of (LC) is

(ka1 + Obl) vy +eoot ()\an + Obn) Vi > e The parameters of

(IC) are O, A and ot The rule (LC) is understood (as is any rule)
as "saying'" that, if its premisses have already been ''deduced," one
is entitled to 'deduce" its conclusion. For the generic variables

VyseeesV, One may employ any of the variables x

1’x2"f"xr’y1’y2""’zl

When (LC) occurs in a tree, as part of it, that part looks like

e,

T
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where the top two nodes correspond to the premisses, and the

it da i e .
R

bottom node corresponds to the conclusion. An instance of (LC),

.,-,,—,-

with the corresponding inequalities underlined, and A = 6 = 1, is

2x = 5%, + 3x2 2 =2

;R

TN

E ¥ 2% = >0D

which is often ébbreviated

B
F : ’
i 2%y ~x, 27 5%, £ 3x, 2 =2

S A

7x1 + ?xz >5

The inequality assigned to the last node of a derivation tree
is called the endformula of the tree. The inequalities assigned to the
top nodes of the treé are called the assumptions of the derivation. We
say that the derivation is a "proof of its endformula from its assumpt? ns."

In various contexts, different inequalities are designated as

NS TR W TR ST

axiomg; if the assumptions of a derivation are all axioms, we shall say
that the derivation is a proof of its endformula. A proof may have only

one node, that corresponds to an axiom: it proves the axiom. With

T TR T TN

all this terminology, one evident consequence is this: if there is a

} proof of every assumption of a derivation, these may be appended above

.
2
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the assumptions so as to conétitute a proof of the endformula of the
derivation.

To give an extended illustration of a proof tree, we add a rule,
which is one instance of a type of rule we shall consider in results
to follow.

Consider the rule

1 1 >
sx; + ty1 > ao s xl + t Y do

(cMp)

]
sx1+t:,y1_>_<1'o

The rule (CMP)' is of course not true in general, but it is valid for
problems with a constraint Xty = 0. Indeed, for such problems, if
Xy = 0 the conclusion becomes the premiss on the left, while if

Yy = 0 the conclusion becomes the premiss on the right.

All the rules, other than (LC), that we shall introduce below,
will share the property that the conclusion becomes equivalent to one
of the premisses, provided that one of a finite number of alternatives
hold. Rules of this type were first suggested by Blair [4 ] for
bivalent programming, and we shall call them disjunctive rules.

For our example, we take as axioms 2y1 + zq > 4, Y1 + zy =3y
Y, + 2 21 > 4. Using rules (LC) and (CMP)', we have the following

derivation tree ‘;, where we indicate the rule used at each node

—

other than a top node:
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2y, g2 4 y +4§12 3 ¥ +a, = yy +2z) > 4
- \ (10) / \ (LC) /
/ 3y 1t 22 = 2y1 o+ 3z =7
\\\\\\\\ g //////
o+ 22 >7

This is a proof of 2yl + 221 > 7, since all assumption inequalities
are axioms.

A model for a given set of axioms and of rules of deduction, is a
specific non-empty structure whose elements are vectors, the components
of which are designated by variables X1 Xpseees Yyseens Zyseee etc.
in the axioms and rules of deduction, that satisfies the following
two conditions: 1) For every substitution of a vector in an axiom
(components being cubstituted for the corresponding variable), a true
numerical statement results; 2) For every substitution of a vector
in the premisses of a rule of deduction (components being substituted
for the corresponding variable) such that all the premisses become
true numerical statements, the same substitution in the conclusion
of the rule yields a true numerical statement. From this definition
of a model, an easy induction on the length of a derivation shows
that the endformula of any derivation is true for all substitutions

for which all assumption inequalities are true. In specific, the
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the endformula of a proof is true for all substitutions in any
model for the given axioms and rules of deduction. For a discussion
of models in a more general context, see [26].

Clearly, a model for (LC) is Rn, in which (vl,...,vn) varies
over all n-tuples of real numbers. Any Kn, with K an ordered field,
also provides a model with vectors in Kn, as the co-efficients
al,...,an,ao,bl,...,bn,bo and the parameters A, 6, c, vary over
elements of K.

From the model R2, it is easy to see that 2y1 + 2z1 > 7 cannot
be the endformula of any proof that uses rule (LC) alone. Indeed,
the assumption inequalities of Zj hold for (yl’zl) = (1,2), while
the endformula does not.

A stronger endformula statement than that of E:occurs in this

shorter proof I' from the same axioms:

~
2y1+21;4 y1+22124
% \ )" /
v, + z, > 4

A model for these axioms, plus the rules of deduction (LC) and (CMP)',

is

2 : )
M=L(yl,zl)eRly1z1=0,2y1+zl}_4, y1+z123,y1+22124' ’

as one easily verifies., Since (0,4)e M, we see that the endformula

of ' cannot be improved, in the sense that there is no proof of

R ———




R S R 00 X T KOS i Al i e o s i S S A 8 N SRA T e s e 2 e o R B T

j
|

3 39,

e v o i A S8

vy + % >4 + 6 for any 8§ > 0, from these axioms and rules of

deduction.

We next discuss a specific model and provide disjunctive rules of

deduction that are clearly valid for it; then we prove a surprising

property of these rules.
Consider the following, very general, complementarity constraints,
in which Jl,...Jt are certain non-empty sets of subsets of {1,...,:},

s |
so that Jh =4 Kh(l)""’Kh(t(h))]A’ where each Kh(j) is a non-empty subset

Bf {1,.0058) , 804 x = (xl,...,xr):
Ax > b
x>0

(CMP) i "T (}‘ xk) = 0

é: h=1 KeJh kel%

....A.,.<..4_

A specific instance of (CMP) is

Ay + Bz > b

§ (GLC) y,2 >0

y.2 =0

E . in which r = 2s for an integer s > 1, y = (xl,...,xs) and

2 = (X, 00000%,,); 8180, Jp = { {11, (j+s} } for h = 1,.u.yte

| § The problem (GLC) is itself a generalization of the linear

complementarity problem, since we do not require that

e i i o
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-
=R
-M (M a square matrix)
-Is
(82) B =
I
= =y o8
B ik 9
-q ’
e

as would be required for linear complementarity constraints [10],[11],[21].
Due to the condition x > O imposed on the variables in (CMP),

the nonlinear constraint is equivalent to the logical constraints

a3)" for h = 1,...,t at least one of the conditions
/ \ / \
\ xk . o,k‘Kh(l)/r Or .. OT \ xk = O,RCKh(h.)/
holds,

where h' = t(h) in the nota:ion of (2),(3). Therefore, (CMP) is

among the class of constraint sets (2),(3), and since x > 0 is included
in the constraints of (CMP), the logical conditions (3)'" are all

facial in Balas' sense [2].

For convenience in stating our rule of deduction, we shall assume
that all Jh have at least two elements. This is not a serious restriction,
for if Jh = {Kh(l)} then all variables X0 k‘Kh(l)’ may be removed
from those among x by setting them to zero, with the resulting constraint
system equivalent to (CMP) (if all variables are thus removed, (CMP)

is consistent ,if and only if 0 > b, in which case the unique solution

is x = 0),

Y e o/

|
|
|
‘1.
]




1 =
4 -
)% *o ot a; X, > mo.....m.:xw =, aa muﬂxn > 8 seees8i Xy T a . X, > a
(h' = t(h))

¥ L ] v
i ax; +o..tax >a

where muw =a if wtnnﬁv

.- Figure 1: The Rule Anznvv for .us

R e

i,
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Our rules of deduction for (CMP) are given in Figure 1,
where the stipulations on the scalar quantities which occur deserve
note. The rule (CMC)h is clearly valid in that model 72 consisting
of all xeR" that satisfy the constraimts (CMP), if 27# 0 .

Indeed, suppose that it is the condition = 0, ke which is
"k &)

MBS pisbe b B i v

satisfied by a point (xl,...,xr) eM. Whenever ajlxl +eoot ajrxx 2;36

is also satisfied, then so is a;x, Fe et ax, = a provided tlL.!

a, is ajk if k*Kh(j)’ while a, can be arbitrary for keKh(j) since
% = 0. The stipulation on scalar quantities in (CMC)h insures
this proviso.

As an example of an application of the rule (CMC)h, we have,

with r = 4 and 3, = {{1,2}} LT {1,4}}:

e MR

Bty M St e s it

+2x2+3x3+4x4 2 5,6%; +7x,48x,49x, > 5, 10x,+7x,+3x,+11x

X 4 e sl il T

< Al i

12x1+-7x2+3x3+4x4 >5

In this example, we have made coefficients distinct whenever possible.

oo S it it

E.gey x has the new co-efficient '12' in the conclusion, since the

O et i

index 'l' appears in Kh(l) = £1,21, K2y = {1,3,4}, and Kh(3) = {1,4],

PR REN

| . indicating that there are no restrictions on a, in (CHc)h. Similarly,

since 3 # Kh(l) and 3 ¢ Kh(3) , while 3 ¢ Kh(2) , the co-efficient of
X4 in the conclusion must match that in the leftmost and rightmost

premisses, and these two coefficients must themselves agree (they are

all '3').
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We shall say that a set of axioms and of rules of deduction

is complete for a model Mlof these axioms and rules, if every

o 5 £,
o i ante B O e

linear inequality holding for all vectors? has a proof via these
rules from these axioms. :

In this terminology, a basic principle on linear inequalities

[27]1, [29] has the following statement: if :
= { xeerAx >b } is non-empty, then the axioms Ax > b and rule h
| of deduction (LC) are complete forV . As is well-known, from this

E | principle one immediately obtains both the Farkas Lemma and the
Duality Theorem of linear programming (see e.g., [27]). The result
E | of ChvAtal is a completeness theorem for (LC) plus a second rule

specified in [8 ] (i.e., integer truncation), for models of the form

7 = {x|Ax > b,x integer} with axioms Ax > b, such that {x|Ax > b}
is bounded. The result of Blair [ 4, Chapter 3] is a completeness
} theorem for two rules of deduction, concerning models of the form
. n- {x]Ax > b, xj =0orl, j=1,...,r}, and we will explicitly
v present Blair's result in this form in Corollary 11.

: :: : A notational abbreviation we shall use, is that ¢84) below

abbreviates a series of applications of (LC) as follows:

1 }2
\Pl
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where z $ z T e z are derivations and P P2,...,P are
1 2 s

1’

B

statements of linear inequalities.

Also, a statement P issaid to be valid in a model??2if P becomes '

a true numerical statement for every substitution of a vector of 22

for the variables of P (components being substituted for the

corresponding variable).

Theorem 9: The axioms Ax > b, x > 0 together with rules of deduction
(LC) and (Cl(:)h, h=1,...,t are complete for the model 77 of (CMP)
consisting of all real vectors (xl,...,xr) satisfying (CMP), provided
that {x = 0|Ax > b} is bounded and non-empty.

In fact with this proviso, there are finitely many derivations

51,...28 with assumption formula from Ax > b, x > 0, such that any

} linear inequality statement P that is valid in Jhas a deduction of the |

form !g

T 5 '3
(84) L eee by 3

P
in which the last rule of deduction is (LC).

Furthermore, in going from any topmost node of Z_, q = LyvieyB
A :

downward by arcs of the tree to its bottommost node, one encounters,

in the following specified order, these rules of deduction: one

application of (LC), followed by one application each of (C}w)l.....(cm)t,

\
T TR

1
f
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between each of which is one or more applications of (LC).

Also, if X is a subderivation of 2 »9 = 1,...,8 obtained
by selecting a node from the tree zqandq detaching the subtree of
nodes and arcs above and including this node, and if the last
inference in z is an application of the rule (CMC)h, then the
endformula of Zprovides a facet or singular inequality of Kn.

Moreover, any facet or singular inequality of Kh arises as the

endformula of exactly one such subderivation Zof the derivation

(84) with last inference (CMC)h.

1£ 7= P, but *Lx > 0|ax > b'} is bounded and non-empty for

some b', then from the axioms and rules of deduction cited, any
inequality can be proven.
Proof: The proof is by induction on t.
For t = 1, only the rule (LC) is to be used. Then the derivations
2 s0c0y 2 are each single formulae, designating some inequality
1 s

among Ax > b, x > 0 which is a fa-et or singular inequality for the

set { x> Ole > b}. The derivations 21’ ,z enumerate all such
S

facets and singular inequalities. By the hypothesis that this latter
set is non-empty, there is derivation (80) for any valid consequence P,
according to the fundamental results on linear inequalities [27],[29].
The induction step from t to (t+l) is as follows.
Let Q be a valid inequality (1) for &, Then by Lemma 7,

(85) (ao, -al.....-ar) € CT(Gt+1)‘
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Using (8), (9), and (36), we have in the notation (3)",

;% ' h(t+l) i

:4 (86) CT(<9t+l) =gzl (CT((?L) + CT(A Py
; : h(t+1) ; 3
! =2L1 (CT(CPt) + CT(x, = 0, keKp ) )

o
—

t+l,p.’
b : )/

Putting h' = h(t+l), (85) and (86) imply a

0, kEKh(p))

for p = 1,...,h'

(87) (ao,-al,...,-ar) € CT(C?C) + CT (%

From (87), for each p = 1,...,h"' there exists a vector

= - k
(apo’ apl,..., apr) € CT(£?C) and unrestricted scalars Ok’ eKh(p),

b | such that
s a = a

k pk e k¢Kh(p)

a = akj + Ok,lf keKh(p) :

(88)

Since 0O é Kh(p)’ we see that & = apo is independent of p. Then by

(88), Figure 1 is a deduction of the valid inequality Q of (1) from

3 H
E{ the valid inequalities
< r
‘ 89 b S A
e e = R s B S
E! ;. L obtained from vectors (ao,-apl,...,-apr) € CTGf?t).
{ j

E (& Assume PV # § .
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By the inductive hypothesis, any valid inequality for Kt has
a proof of the type described in the theorem. Let derivations
Al""’Aw of this type be given for every facet and every singular
inequality of Kt' Since (89) is valid for Kt’ there is a derivation

of Q of the form

A1"'Aw (LC) o e l'\l'"Aw (LC)
(90) Q Qe ).,

Q

where Qp denotes the p-th inequality of (89).

Let derivations 2 be obtained as derivations (90),
Z Sareten
S

varying Q over all the finitely many facets and singular inequalities

of cp(@ which by Theorem 8 is the set of all elements of /2.

t+1)'
Then clearly there is a derivation (84) for any valid inequality
P of #Vof the desired form, as a valid inequality is obtained by a

non-negative combination of facets and singular inequalities in the

manner (LC) [27], [29].

In the event JZ = @, by induction there are proofs
A:I. of Qi’ i=1,...,h', and we obtain a proof

Al oG Ah'

(90)"' Q

of Q. This completes the induction for = 0.
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The proof of Theorem 9 has been constructive. For instance,
if the inequalities A*x > b*, x > 0 for cp(Cyt) have been obtained,
then the cutting-planes for cp((?t) are those of

h'

(o1) er [\ (w20 8 (x =0, keK, (o))

which are obtain directly by the disjunctive constraints construction.
From [2], [16], [19] we have ( Moa=Myseees=my ) in the co-proposition
of (91) if and only if there are vectors AP, oP with

(92) \Pax + oz <

(p)

APox > p=1,...,h'

XP s

where ™ = (ﬂl,...,ﬂr) and Z is a square matrix of zeroes, except

h(p)
for diagonal entries of unity in the (k,k) - position for keKh(p)'

Since P is unconstrained, the first inequalities in (92) simplify

in that the occurence of Opzh<p) can be deleted if the extire constraint
on the k-th component is also deleted for keKh(p).

The system (92) describes a cone of cutting-planes whose extreme

rays or lineality vectors, projected on the (n,no) - coordinates, yield
facets or singular inequalities, etc. Extreme rays can be converted to

extreme points by various normalizations, and extreme points may be

obtained via Phase I of the Simplex Mefhod; similar remarks apply to

singular inequalites.
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We may apply Theorem 9 to the special case (GLC) discussed

above. We note that the rule (CMC)j is (ii)j, and (LC) is (i), in the

next result. If we then disgard the information of Theorem 9 concerning

the special structure of the proof of P, we obtain the following

corollary, which was announced in [20].

Corollary 10: If
i
"L(x,y)le +Bx>d, x>0, 2 > 0}
is bounded and non-empty for some d', then any valid cutting-plane for

for the complementarity comstraints

(GLC) Ax + Bz >d, x>0, >0, 2oz =0,

 is obtained by starting from the linear defining inequalities

(91) Ax +Bz>d, x>0,z>0
and applying, finitely often the following two rules (the second for
I ST
(1) Take non-negative combinations of given inequalities,
and possibly weaken the right-hand-side.
(11)

j Having already obtained two inequalities

x wos P + ...+ X +ovvt G2
oy + ux + rr-&-ﬂlzl

i ]

] '
cle1 + .06 +u xj+ svet atx_xr +8121 +oeett' 2

+...+Brzr >a

j 0

oot Srzr > o

j 0

one may deduce

ces cee ceett'z, ... >
,- tux, + +ax +B'lz1 +..0tt’'z +Erzr > o

¥y %y j 3
Conversely, any inequality thus obtained is valid for the

complementarity constraints.

O .

itk i e M i\t s S i

A i

i o i
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é We next derive a completeness result of Blair [ 4] from Corollary
3 .
? 10, in a manner that shows that rule (ii)j and (CMC)h are generalizations
of Blair's rule (BR)j'
Corollary 11: Any valid cutting-plane for the constraints
f v (IP) Ax > d
xj =00r 1y §J = Licesst

is obtained by starting from the linear inequalities

(92) Ax > d
xj 2.0 T L RO
Xy 21, =L

and applying, finitely often, the following two rules (the second

for § = Ll,ise;st)

(i) Take non-negative combinations of given inequalities,
and possibly weaken the right-hand-side.
(BR)j Having already obtained two inequalities

lel +s5 0t it oot Orxr >P

91x1 F*ou ot WX, +o..4 Otxr =0

one may deduce

°) Foeet(w+ P =-T)x, +...+ 0 x_ > P .

e j A

Conversely, any inequality thus obtaineZ is valid for (IP).

T

Proof: The validity of (BR), is immedis.e, since the conclusion is

j
equivalent to the first hypothesis if ‘j = 0 and the second hypothesis
if xj = 1, It remains only to shov that the rules are adequate to

obtain any given valid inequality.

:
i ‘
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Now if (1) is valid for (IP), it is also valid for the following

equivalent of (IP):

(IP)' X

x, z, =
o i

Since (IP)' is of the form (GLC), Corcllary 10 applies, and there

is a proof of (1) using only rules (i),(ii)j.

This proof involves the additional variables z,. We now show

3

how to cystematically convert it to a proof of the logical systemcfe/

of this corvollary, in only variables x, using the rules (i) and (BR)j.
The validity of our conversion procedure is proven by induction on
the number A of rules of deduction occurring in the proof of (1)

in the logical systemd of Corollary 10. Our inductive hypothesis

is that, if the inequality

(93) a,x

11

..4a x +a'z+...4a_'z_> a
+o..t8 X o

1 .
is provable in the logical system& with < A& occurences of rules of
deduction, then in the logical system £ of this corollary the

convertzd inequality

S

r
(94) (.1-‘1')x1+"'+(.;-.r')xr 2 o jz; aj'

is provable.

Lok s

For A = 0, the proof is trivial. If the inequality (1) is among

the axioms Ax > d, it is also an axiom in (92)., If (1) is

S
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52. 3
xJ + zj —~ 1, we must provide a proof of (1-1) xj >1-=-1, or ‘
0- xj > 0; but (LC) yields O- xj > 0 by using zero as parameters., If
(1) is -xj - zj 2> - 1, again we obtain a formal proof of 0~ xj = 0.

If (1) is zj > 0, then this Inequality is also an axiom (92). Finally,

if (1) is zj > 0, then (0-1)x

8 >0-1o0r -xj > -1 is also an axiom of

(92).

The inductive step from A to (4 + 1) is as follows.

If the last rule used in the proof is (LC), then applying
(LC), with the same parameters, to the conversions (94) of the 4
hypotheses (93) of the rule, will yield the conversion of the conclusion

of the rule; we leave details to the reader.

If the last rule used in the proof is (ii) let the hypotheses

j?
of this rule be as in (ii)j of CorollarylQ0, These hypotheses have
proofs using < A applications of rules, and hence by induction there are
proofs in the logical system of this corollary of th: two conversions

of these hypotheses, i.e., of

(95) (B )% b At b A B )X > - Y B -t
k#j

and

(al-Bl)x1+...+(u'-t')xj+...+(0’_r-Br)xr _>_a°-2 Bk i 3
k#3
With the inequalities of (95) as hypotheses,
P-ao- Zpk-t',n=ao~z Bk-—t, Oj=dj -pj for j # k,
k#) k# §

by one application of (BR), we obtain the conclusion

J
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(96) (o) - Bl)x1+...+ (u-t‘.')xj+~--"'(0'r P R 2 0'0‘2 By - ¢
k#j

Note that (96) is the conversion of the conclusion of rule (ii)j.
Therefore, by adding on top of these hypotheses (95) of (BR)j their

proofs in the logical system of this corollary, we obtain a proof

of the conversion of the endformula. This completes our induction.
;,g If an inequality (93) is entirely in the variables

X,se00sX_ (i.e., if a,' = ... =a_' = 0), then its conversion (94) is
1 r T

1
itself, This completes the proof.

Q.E.D.

3 Carnegie-Mellon University
June 8, 1976
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