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BRACKETING DISCRE TE PROR 1J~MS
liv TWO PROBLEMS OF LINEAR OPTIMIZAT ION

by Robert .k~ros low

We show that various graph-theoretic, logical, and integer

optimization problems on discrete Structures possess a computational

complexity which is closely related to tha t of two problems of

linear optimization.

The first problem considered is that of parametric linear

prograimiing , as used toward error analysis for errors in the criterion

function alone. We show that the problem, of determining whether a

certain compact formula is accurate to the first-order effects of these

errors, has a polynomial time algorithm only if a large class of

combinatorial problems (including the tautology problem) does (Theorem 1).

The second problem considered is that of ordinary linear progratmning,

which is not known to have a polynomial-time algorithm IS]. We show that,

if the tautology problem has a polynomial-time algorithm, then there

) also is one for linear progranuning.

Notation and terminology is from [4 ] .  In particula r , P resp. NP

denotes that class of languages that is recognizable in polynomial time

by a deterministic reap. nondeterministic Turing machine.

r~’~7j ,
* 
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Abstract

‘~~~We_$~~e ~wo results~
2 (1) If a certain restricted problem of

first-order error analysis in linear progranining (specified below),

for errors in only the criterion function, has a polynomial-time

algorithm, then so does the tautology problem; (2) If the tautology

problem is decidable in polynomial time , then linear programs can

be solved optimally in pol ynomial time.~~

\

Key Words:

1) Linear progrannuing

2) Integer progrananing

3) Computational complexity

—*---*.

a-



r~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~ * ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~ • -~~~~~~~
—

~~~~~

The Main Results

Let a sentential formabe given in disjunctive norma l form

(1) \~/ cih

where eachah is a conjunction of literals

(2) 

h ) ,  

h,p

In (2) , d(h ,p) is either a blank or a negation sign “ —i. ” We as s~.nne

‘1 that not both ~~~~ and h,p occur in a’~. We view that is written

on a single line (no subscrrpting or superscripting) from left-to-right,

so that (1) abbreviates a linear string v a~ v. .v at ; and

similarly with (2). Also, x
1
~’~
’ abbreviates the symbol “x(~y)” in which

~ is the index of the literal occurring in the h-th disjunct of (1) ,

• in the p-th position of this disjunct (2) , and o’ is wri t ten in bina ry .

Let the indices actually occurring for literals in (1) be c 
~~~~

- (possibly literal x(11) occurs , but x(lO) occur s nowhere).

• We now associate in (2) a linear inequality system

• h h
(3) A x  > b

which is, by definition

H Ii
_ _ _ _ _ _  

—--: • .



1 [2 ]

I —x (i~) > —

(4) _ X ( i
r

) > - l

- 6’ (h ,l) h ,l 5 (h ,1)

(h,t(h))

In (4), the symbols 8(h,p) are given by

“ > 1” , if d(h,p) is a blank

• (5) 6 (h,p) is

and 

> 0” , if d(h,p) is a negation sign;

• 
( blank s if d(h ,p) is a blank

• (6) 6’ (h ,p) is~

- “ , if d(h,p) is a negation sign.

For use in Turing machine s , inequality systems like (3) are viewed as

written on one line , with inequalities separated by conanas.

Exauple: Suppose that

(7) is (x(lO) A x(lOl) A ~ x(l)) V ~x(1) A i  x(lO0))

Then t = 2 , t(l)  — 3, t (2)  = 2 , and

( i
i~ •~~•~ i

r ) ( l~ 10, 100, 101 3 , so that r 4.

H

- - .—~~~~~~~ •- ~~~~ •-— —~~~~~~~~
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In this case,

(8) Cl1 is x( 1O)A x( 10l) A —, x(l)

• and (3), (4) becomes

-x(l) > -l

-x(lO) > -l

(9) -x(lOO) > -l

—x(lOl) > —l

x(lO) > I

x(lOl) > I

-x(l) ~

A vector x = ( x( i
1
) , .  .., x(i

~~
) ) can be viewed as a (truth)

valuation when its components are only zeroes and ones; we view zero

as “false” and one as “true .”

Lenina l:

h h ~ 
( x is a va luation

(10) j x > o ~ A x~~~b 3 = cony jx  h
that makes a true

Proof: Clearly, if x is a valuation that makes~~~~ true , then

A
hx > bh ; x > 0 is also evident . Hence the direction ~ in (10) is evident .

j. h h
For the converse, suppose x > 0 and A x > b . If x has only

zero or one as components, clearly x makes ah true. Otherwise, the

proof is by induction on f, the manber of fractional components of x.

If f > 1, let x(j) be a fractional component of X . From (4) and

x > 0, we have 0 < x(j) < 1. Since A
h
x > b

h
, x(J) cannot be among the

- 
-—~~~~~~~~~-— ~~~~ 

-
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[4]

H variables ~
h,P for p l,...,t(h). Let x~~~ be x with x(j) changed

to ‘0’ , and let be x with x(j) changed to ‘l.. ’ Then we have a

convex combination

(11) x x(j) x~~~ + ( 1 - x (j ) ) )  ~~~~

Since and x~~~ have one fewer fractiona l component , by induction

( x is a valuation
• x , x c conv~~~x( that makes i2t1 t rue

Then from (11), x is in the r.h,s of (10).

• Q. E .D .

In what follows, we put c ( c ( i 1) , . . ., c( ‘r~~
Lenina 2: Let U be any open set about (O,...,O) € R’~

Then we have

(13) min I ~~ for at least one h = 

~~~~~~~~~we have A x > b , x ~ 0

~ ( E mm [ 0 , c(i~ ) ~) + max C kJ I ~ 
j=l,...,r3

i—I

holds for all c c U, if and only if t2~ in (1) is a tautology.

a
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Proof: We have

• 
for at least one h =

(14) min{ cx we have Ahx ~ b
h
, x > ~

= mm mm f cx x > 0, A
h
x ~ b

h 
~

• - h=l,...,t

mm { ~ ~~~~~~~~~~~~~~~~~~~~~~

= mm cx 
x is a valuation
tha t makes ~2.. true

• The second equality in (14) follows by Leumia 1, and the fact that the

extreme values of a linear form on a polytope occur at extreme points of

the polytope.

If Ct~5 a tautology, all valuations x make ~2true , hence a ininimnm

for cx is attained by setting

(15) x(i~) 
= 

0 if c(i~) > 0

1 , if c(i~)< O

The value of this optiimsn (15) is mm C 0, c(i~) 3, and (3) holds.
If (1~ is not a tautology, let x0 be a valuation which makes (2’

false. Suppose that U contains a ball of radius 2 5 > 0 about (0 ,.. .,0).

Define c by 
•

(16) c(i~) 
8 , if x°(i~) = 1

8 , if x°(i~) = 0



_____ _ _ _ _

- - — • - —*-—~- ~~~~~~~~~~ -~~-- _______

[6]

Then for any valuation x we have

(17) cx > cx
0 + k S

where k is the number of components in which x differs from x°

Since any valuation x that makes 0-’true must differ from x0 in at

least one component, by (14) we have
( for at least one h =

• (18) mm ç CX h h
we haveAx~~~b ,x > O

> cx0 + 6

• mm [O~c(ij~~~ + 
max C l c~l 1 J=1,.. .,r3.

From (18) and the fact that Ic~ l = 6 > 0 for j = I ,... ,r we see tha t

(13) fails.
Q.E.D.

tennis 3: The disjunctive program

minimize cx

(19) subject to Ahx > b
h
, x > o for some Ii = 1,...

and the linear program

• minimize cx

(20) subJect to A
h
x~ - bhxh ~~~ 0 , h = 1,...

t
E x .fl = l

h=1

t •

X - E x . = 0
h=l “

x , ~
h , ~~ > 0  for h 1,..., t

have the same optimal value for all vectors c.

I
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Proof: The linear program (20) for the disjunctive program

r i (19) j~ from [1], where it was shown that the values of (19)

and (20) are equal when all systems [ x > 0 Ahx > bh 3 are

consistent. This is the case here, since no literal and its

negation both occur inC~V1 
Q.E. D.

Lemma 4: A three-tape Turing machine can convert the string

a. in (1) into the string for the constraints of (20) in running time

o (Lh(CL)5), where Q,h(CL) denotes the length of

Proof: Let the input be on Tape 1.

Then on Tape 2 a complete list of the distinct variable indices

C t1,.• , ir 3 can be produced in time oC~ h(0)
2
) by scanning Tape 1.

A block Z of zeroes having length equal to £h( 1r~ 
+ 2

can be maintained on Tape 3, toward obtaining distinct indices of

variables in the systems A
h
x
h 

- bhxh > 0.

is next scanned and rewritten on Tape 1, all its

variable indices are changed by concatenating to the right a block

of zeroes that is (h - 1) copies of Z, as exhibited on Tape 3; hence

this block never has length exceeding (t - l),eh(a) 
~~~ 
,eh(a)2 

.

Each time a variable index is thus changed at most Lh(Q.) symbols

must be moved a distance £.h(a) , hence at most 0(2.h(a) ) is

required each time. Since these changes are performed at most £h (tl)

times, the re-indexing requires at most 0(~~h(O..)
4
) time.

In addition, whena)1 is scanned for the second t ime, the upper • 

-- -*---- .•- •-•~~~~~ - ‘ -  ‘~~~~~~~~~ - ‘ -~~~~~~~~
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bounds represented by -x(i1
) > - l

~ • •~~
_X(ir

) > 1., are to be added

(properly indexed). Writing these bounds requires at most 0(,êh(ü1)
3)

time and space, with at most Lh(a) symbols to be moved O( Eh((L)
3) spaces at

• most th(cL) times. Thus the overall effort here is at most OClh((L)
5
).

Writing the last constraints of (20) requires at most 0( ~ h (CL.) 3)

• time.
Q.E.D.

Theorem 1: Fix integers p,q > 0.

- Suppose that there is a Turing machine which, given an inequality

aystem

‘ I (21) Ay >b

together with a l i s t J  of indices of the variables y , determines , in

time f(Lh( Ay � b,J ) ) ,  whether or not

• (22) mm 

~~ 
C~Y~ 1 Ay > b , y > o}

mm f O~c~ ) + max C I c~1j1€J)

for all C a U , where U is the open ball about the origin of radius

p/q. Then the tautology problem is decidable in time f(C9h(O.)
5+ D ) ,

f o r  some C,D > 0.

In particular, if the above determination can be accomplished

in polynomial t ime , then P = NP.

Proof: By Lenina 4 , in running time 0(~~h(O..)
5
) the constraints (20) can

be written. In time O(Lh(cL)
2
) the set J can be designated to be the

indices of x in (20). By Lemma s 2 and 3, we see that (22) holds if and

only if a tautology.

Q.E.D.

_ _ _ _ _ _ _ _ _ _ _  _________

_ _ _ _  

~~~~~~~~
- ~~~~~~~~~~~~~~~~~~~~~~~~~ ,-~~~~~~~~~
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~~~ 
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[91
Since the set U in Theorem 1 can be only a neighborhood of the

origin, there are two ways of construing Theorem 1. The first and

most obvious one, is to take U = Rr and view Theorem 1 as a result on

• parametric linear programming. But a second , viable alternative

• interpretation of Theorem 1, is as a result about linear programing

with errors in the criterion function, for which we require to know

whether a specified solution form is accurate to the first-order ef fec ts

of  these error s,

The same techniques used to establish Theorem 1 can provide

similar results on projections of linear inequality systems.

For instance, it is not hard to show that the projection of the

constraints (20) upon only the variables x is precisely

cony 
h=l ~ 

x ~ 0 Ahx ~~ b~ 3 ). By Lemma 1, this projection is

cony (~ U [ x x a va luation maki,lga
h 

true 3 ) - cony [ x ) x

is a valuation making true 3 . Therefore this projection requires

no other defining inequalities beyond

(23) 0 - x(i~ ) I , j 1,... ,r

if and only if is a tautology.

Now it is easy to obtain the 2r inequalities (23) directly from

(20), and therefore the question,as to whether or not the projection

onto co-ordinates x involves any inequality beyond those of (23) (other

than non-negative combinations of (23)), is at least as difficult as the

tautology problem. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~~-- “-—- ‘~~~~~~~~~~~~~~~ --~~~~__‘_ _• _ _ _
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Incidentall y ,  the I~ourIer—Dine ’i~.Motzk!n elimination method

can be used to project the system (20) onto co-ordinates x, by

tra nsf e r r ing the corres ponding var iables , as indeterminates, to the
- 

right-hand-side. Then the elimination method proceeds unif ormly in

the right-hand-side, with the indeterminates retained. It follows that

the problem, of avoiding eliminations which will only create redundant

inf orma tion, is at least as difficult as the tautology problem.

We next show that ordinary linear programming, i.e., linear pro-

• I granuning with exact data, is no more difficult than tasks in the

polynomial class of the tautology problem.

Let CON denote the problem of determining, whether the linear

inequality System

(24) Ax = b, x > 0 (x (X
1
,...,x ) )

is consistent. As mentioned above, all data A,b in (24)  are to be in

binary integers, and dif f e rent equalities are separated by couina s and

occur on one line. The matrix A is in by r, and b is m by 1.

Lemma 5: C0N~~~NP

• 

- Proof: By [4 , Theorem 11 it suffices to show that CON is accepted by

a non-deterministic Turing machine which operates in polynomial time.

Consider the non-deterministic Turing machine which proceeds

by placing T (“ tight”) or S (“possibly slack”) next to each variable X
j

in (24), j = l ...,r. Having made such arbitrary choices there are

possible outcomes), 

~~~~ 

next proceeds deterministically. 

~~~~~~—-~~~~~ -~~~~~~~—-— -
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1 If there are more than in S’s, ~~ rejects the string. If there

are in S’s or fewer, let the vector of x ’s which have ‘S’ placed

next to them be des igna ted y ,  and let the corresponding columns of

- A be designated B. Then ~~attempts to solve By = b, which has at

least as many constraints as variables, using any of the algorithms

• 
which require only a cubic order of arithi~~tic opera tions and order

comparisons to be performed. (Rational numbers which occur in these

computations are stored as pairs of binary integers). Since addition

- 

: and multiplication of two binary integers can be accomplished in

pol ynomial time , these algorithms are implementable in polynomial time.

- If there are an infinite number of solutions to By = b,~~- rejects

the string. If there is no solution to By = b, ~-rejects the string.

If there is a unique solution y° to By = b f ound by the algori thm,

and also y° -
~ 0, acepta the string. Otherwise , ~~rejects the string.

-

‘ 

From s tandard resul ts on linear inequa lities , if (24) is consistent,

then it has a solution with more than in of the x’s at a pos itive level,

with a corresponding matrix B such that By = b has a unique solution.

- 

Theref ore ~~~
. , which clearly opera tes in polyno mial time, determines

whether or not (24) is consistent.

Q.E.D.

Let LP denote the problem of computing an optimum to the

linear program

- rn-
~~~-=--~~~~

- - 
~~~~~~~~~ _ _ _
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[121

mm cx

(25) Subject to Ax = b

x o (~ = (x1,...,x )).

The optimum is to be presented as r pairs of binary integers (p,q),

which represent rational numbers p/q that are the co-ordinates of the

optimum. If (25) is inconsistent, the symbols “INC” are to be reported

as a -solution; if (25) is consistent but has no optimum, then “UBD” is

to be reported.

Note tha t LP is a computation proble m, not a probl em of  language

acceptance.

Theorem 2: Suppose that there is a Turing machine which determines

if systems of the type (24) are consistent, and it operates in time

f(2h(Ax = b, x > 0)).

Then f o r  a suitable polynomial p(v), there is a Turing machine

which computes LP in time not exceeding

(26) (r + 2) f( 6 Lh(cx, Ax =b, x > 0)) + p( h(cx, Ax =b, x > 0)).

In particular , if  either CON or the tautology problem is decided

in polynomial time, there is also a polynomial time algorithm for

computing LP.

Conversely ,  if LP is computable in polynomial time, then CON s P.

Proof: We describe a Turing machine~~- .

_ _  —~~~~~~~~~~~~~ • -- •-~~~~ ~~~ --~~~~~~~~~~~~~~~~~~~~~ •
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First
~~) 

decides if Ax h, x 0 is consistent in time

• f (  £h(Ax = b,x 0)) f(6eh(cx, Ax = b ,x > 0)). If it is not

consistent , ‘j reports “INC” and halts.

Ot ’erwise , determines if the dua l constraints OA ~ c are

consistent in time f (Lh(QW A-9~
2
~ A + ~ = c, > o, > 0, A ? 0))

< f( 6E.h( cx, Ax = b, x > 0)). If these are inconsistent, ‘
~~ reports

“UBD” and halts.

Otherwise, will proceed to determine the consistency of

t systems of the form

Q
~~~~A - Q ~

2
~~A + X c

( 2 7 )  (Q çl) 
— ~(2) ) b — cx 0

Ax = b

x, p0) , ~ (2) 
~ > 0

x
j
= 0 , j € S p

for certain sets S
i,
. Each one of these consistency issues are

determined in time not exceeding f(6th(cx, Ax =b, x > 0)). Note that

(2 7)  is consis tency if  and only if

Q A - ~~c ,

(27)’ Q b = c x

Ax” b

x )’O

• x
j
= O , j s Sp
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~ consistent. By standard results , ( 27) , holds if and only if

there is an optimum to (25) with X
j 

= 0 for j € S
i,
.

• Initially, S1 
= Cl) .  When (27) is consistent, we put

S~~1 
= S~ U C p + 1 3 if p < r; when (27)~ is inconsistent, we pu t

( S U C p + 1 3 )N [p) if p < r and 
~~~ 

S - (p3 if p = r.

The systems (2 l) ~ are examined for consistency in order

p = 1,... ,r, and this requires time not exceeding rf (6 Lh(cx,

Ax = b, x> 0) + 3 £-h(cx, Ax = b, x> 0) + D for some constant D> 0.

By construction, there is an optimal solution to (25) with

= 0 for all j s S +l $ but no such optimum with = 0 for any

k 4 Sr+ l~ By standard results, the complement of Sr+t has ind ices

corresponding to a subvector y of x, possessing columns B in A which

are linearl y independent. Therefore By b has a unique solution

that is computed in polynomial time, and satisfies y > 0. In this

r manner , a solution to (25) is computed in time bounded by (26).
-

- Clearly, if  f  is a polynomial , so is (26); and if either CON

or the tautology problem is decided in polynomial time, f  will be

a polynomial. This gives the “par ticular ” remark. For the “conversely”

remark , we recall simply that Phase I of the Simplex Algorithm

determines consistency [3 ].
Q.E.D.

Carne gie-Mellon University
July 15, 1976

-



______ ———,-~~ ~——~
•_

~
--- —‘~ ~~~~~~~~~~~~~~~~~~ ~~~~~ ~~~~~~~ 

—..~-~--c

Ref erences

[11 B. Balas, “Disjunctive Progranmiing: Properties of the Convex
Hull of  Feasibl e Points ,” MSRR no. 348, Carnegie-Mellon
University , July 1974.

[2] S. Cook, “The Complexity of Theorem-Proving Procedures,”
Conference Record of Third ACM Symposium on Theory of Computing,
1970 , pp. 151-158.

[3) G. Hadley, Linear Progranznin,~~ Addison-Wesley , 1962.

[4] R.M. Karp, “Reducibility Among Combinatorial Problems,”
Depa r tment of  Opera tions Research , University of Cal if ornia at
Berkeley, April 1972.

[51 V. flee and C.J. Minty, “How Good is the Simplex Algorithm? ,”
in Inequalities III, 0. Shisha, ed., Academic Pre ss , N.Y., 1971.



• -~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 - ~ ~~~ iI I L A I  10$ UI ~~~ I *~ ,t ~flan II t.: .I)

REPORT DOCUMENTATION PAGE ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~J~~tPo~~ Y ‘iu~~S~~~ 

- J~• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

~~~

395 
• • ~~~~~~~~~~~_ _  _ _ _ _ _—

~~~~

-• - .  -~~~~

T,1L E (*~J SuDfif1~ ) ~~. ~~vri~ o~ NIPoST I P~ s iOD Cov ~~s ro

•/ -) —---— --1 July, 1976
~2’ ~BRACKETING DISCRETE PROBLEMS BY TWO PROBLEMS 0
--1 T 1 %1t A tIb rTWr ‘1 A T’T tI).1 — -- —‘—-— -— — - • —~~j &U.2tfl lJ~ A LLLL~~1~ L L’JL’ ~ S PE5~ OPMbNG 0 5I~ OPT ;4~~l4~~CF4

— 
ENF Rul ~~~P4IF1’TiOi~, ~iA )0~~~k~~O MAN LI tNT ØIIOJ FC r ASi~

GSIA ASIA S WOSX UNIT NUMDE 4S

Carnegie-Mellon University, Pittsburgh PA NR 047 048

~ ‘ C - ~~1RU N~~ QF~~ICE NA ML ANU AODS~~SS 
• • 

~2 RFP
r and Tra ining Resear ch Pr ograms // ~~~~~~ ~~76 • J

Arlington , Virginia 22217 
_____ 

14 
______________

Ti MON~ TOPIp4 G A G ( N C Y N A M€  ~ 5~ ~f d~ •r~~ s z.I,oSfln Offio.) IS. $!CURIT’V CLAIS. (ol ~~~~~~~ rI)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _  _ _ _

- 
lIc I IStAIB UT ’ON STArIM~~N 1 o~ Ii. A.pert)

~~~~~~~~~~~~~~~~~~~~~~— 

~~ v~d ~ox 
public ~ele~SQ,

Unlimited

• 
~~I 1 ION T A T V M ~~N T • • •‘,. .l .fr.;1 ,u i •. I  In bIo.~ iO, ~~~~~~~ I

• - -—  —— - -  • - —_

a lc~~~ W053S (C.~al~n~• on ta.. ,.. .fd, if n.e..l.~, .d  jd.~,It.,. ty I,I rck

• Linear programming, Integer progranining, Computational complexity.

- ZU 10. - r (,. .,.•,tn .~ Ot) ,.t. ,.a al l. U n.,- .a.ary ~~lll .1,” • . ‘~~~~~~~O a

We prove two results: (1) If a certain restricted problem of first—order
error analysis in linear programming (specified below), f o r  errors in only
the criterion function, has a polynomial-time algorithm, then so does the
tautology problem; (2) If the tautology problem is decidable in polynomial
time, then linear programs can be solved optimally in polynomial time.
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