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ANTRODUCTION

Consider the Markovian Decision Process (MDP) defined by the
following objects;

State SpaceS = {1, 2, 3, ..., N} , for finite N,

Action Space A = {a a,, ..., aH} , for finite M,

Cost Set C = {C(i, aj) : €S, ajeA}

Transition Probabilities = {qij(aK) :i,Je€S, aKeA} R

Discount Factor a, such that o<a<l.

The problem is to find a policy for taking actions which minimizes the
total expected discounted cost over the infinite future, given the
initial state of the process.

A stationary policy for (MDP) is defined as a map f : S»A,
Howard [2] analyced (MDP's) having finite state and action spaces and
proved that an optimal stationary policy (i.e. a stationary policy
which minimizes the total expected discounted cost) always exists.
The Howard Policy Improvement Roiitine is a method by which an optimal
stationary policy for (MDP) may be found.

Suppose now, that we are given the (MCP) as defined above, but
that we are not allowed to observe the state at any observation point

t=0,1,2, ... . Suppose also, that we are not allowed tc observe
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the cost C(xt’at) at any observation points t =0, 1, 2, ... . In
other words, the total cost will be assessed at infinity. Finally,
suppose that we are allowed to observe the initial probability distri-
bution over the state space S. In this paper we develop a model for
analyzing this problem and present some preliminary results. A rather
thorough treatment of the problem of unobservable states and unobser-
vable costs for (MDP's) having two states and two actions may be found

in Steele [3].

THE MODEL
In an effort to analyze the above problem, we define the follow-

ing objects.

Y « {All probability distributions over S}

N
- Py) €Ey :O:'Pifj’i£| P.=i,

= (P = (P‘, P2’ ..

i", 2, sy N} [

where EN is N-dincnsional Euclidean space and we let Pi be the

probability of being in state i;
the set A = A = {a], Ay, wees aH}; the transition
matrices : Q(aK) = [qij(aK)]; and tiie cost vectors
C (aK) = (cli,all, ..., c[N,ak]),

We note that if the distribution over S is Pe$ an.' we take action
aKeX, then the new distribution over S will be gi'en by F”=FQ(aK).
The expected cost, %(FlaK), of having the distribution P and taking
action ay will be given as the inner product

¥F,a,) = <P,Tta > = I P.c(i,a ).
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At this point, we note that the new distribution P~ depends only on

the current distribution P and the current action ay, i.e. §”=FQ(3K),

therefore, we see that we now have a new Markov an Decision Process
(MBP) defined by the objects
State Space § = {all probability distributions over S} ,

Action Space K = A = {a‘,az,...,anj , and

Cost Set € = {E(ﬁ:aK) . Pey, aKeX}

Discount factor a, such that o<a<}.

N
The set of all stationary policies for (MDP) is given by E

F={f:9- k=A). For any such fefF and initial state 3552, the

total expected discounted cost is given by

v F) = I o' U, FIFD)

= tzo qt (“},ETf(ﬁk)]),where

P =P Q(f[ﬁ'o]) Q (f[Fll) ... QUFTP. 1) for t=1,2,3,...

t o t-1
The (MBP) as defined above (having uncountablie state space and
finite action space) belongs to the class of problems analyzed by

Blackwell [1]. His analysis showed that an optimal stationary policy

always exists and that the Howard Policy Improvement Routine may be

extended to this problem., However, in the finite state-finite action problems
the set of all stationary policies is finite and, therefore, the

Howard Policy Improvement Routine will produce an optimal stationary

policy in a finite number of steps. In rhe uncountable state-finite

action problem, the set of all stationary policies is uncountabie and,
therefore, the Howard Policy Improvement Routine cannot, in general,

be used as a method for actually finding an optimal policy.

B0 s Rl e I S 2SR 0 N> Sl Y T




CONV=X-STAT |ONARY POLICIES
With F as the set of all stationary policies for (HBP), we

define the set ?CF, of all convex-stationary policies for (HBP). as

J
¥ = {feF : f-l(aK) is a convex set for each aKeA} .
CONSTANT SEQUENCE POLICIES \
Given the action snace A = {a‘,az,...,an}, we define aN . AxAx...xA,

E N-factors, N = 1,2.3,..., to be the set of all sequences of length N of
, elements of A, and we define A = AxAxAx..., to be the set of all infinte

sequences of eiements of A. For any finite sequence SeAN, N>1, we define
E the sequence SKeANK to be the sequence SK =s,s5,...,5, K-factors, ard

SmeAm, to be the sequence §° = $,5,5,... . For any finite sequences Sl
and S, we define A(S];SZ) = A{S],Sz} to be the set consisting of the

two action sequences Sl and S2 and

A(S];Szf° = A(s];sz) xA(S‘;Sz)x..., to be the set of all infinite
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sequences of elements of A(SI;SZ)' For any finite sequence S = ay,

3y, +ens By, N>1, aieA, we define
N=1 t %=
L = &, @ E‘(Pt’atﬂ)'

for Pe¥ and 3; = P, to be the cost of starting at P and operating for
N time periods when using the 0 entry in S, 1<i<N, as the action to
be taken at the i observation time. We say that LS(.) is the cost
of using the finite sequence S, for all initial Ped. If SeAm, vie
define the constant sequence policy (S), to be the policy which uses
the sequence S when starting at any initial ?Eg, we define (Am) to

be the set of all such policies and we use V(S) (.), in place of

L(S)(‘)’ for the cost of the policy (S).




IMMED IATE RESULTS

LEMMA 1: The cost function, V(r), for any policy (r) ¢ (R”) is

Hnurong.

Proof: Let the sequence reA” be given by r = a],az,aB,... . Now,
for any points B, P*, P" in ¥ such that P = AP~ + (i-A)P" for some

Aefo0,1] we rave (with Q(ao) the ldentity operator),

Vi ® = & ot UF o)
= E, ot Pela) ala) ... ala), Tla,, )
= 2 E of Frala) ..oae), Thay, ) )
+(1-0) F b P ela) ... oala), Tla, )

/\V(l’) (.P-’) + (]"X) V<r) (ﬁ“)

or

Vi) (\P” + [1-2)P") = Wi (F-) + (1-2) V(r) (P'). q.t.pn.

For any stationary policy f and any FE?, ve define the

sequence S(P,f) €A,

s(P,f) = {atj, by A - f(Pt)’

F}+| = PtQ(f[Pt]), for t =0,1,2,..., and P_ = P.

We say that S(P,f) is the sequence generated at P when the stationary

policy f is used.

LEMMA 2: For any stationary policy f and any Ehg, we have




e ) = V(S[F;f]) (F), where v (P) is the cost of using
the stationary policy f znd starting at P.

Proof: By definition of S(P,f). Q.E.D.

THEOREM 1: The or imal cost function is concave on 3. !

Proof: Let f be optimal. Lemmas | and 2 show that at each Ped

i haa AR M i i sl

Therefore, we see that at each point FEg, Vf*(ﬁ)is the infimum over

a set of linear functions and henrce Vf* is concave, Q.E.D.

Next we prove that the optimal cost function is continuous on

4 by making use of the foliowing representation. Let B be the set

of all bounded Baire functions on §. Define a norm on B by

[[vi| = SuP |v(P)| , for any VeB.
Ped

Next, define the operator U : 8+B by

(uv) (P) = min {L, ® + av(Fela )}
aKeA K

In Lemma 3, we state some results presented in Reference [1].

LEMMA 3.
(i) U is a contraction operator
(ii) For any VeB, the sequence Un-UnV convs~ges to the
optimal cost function Vf*.
(iii) T-e optimal cost function, Vess is the unique solution

to W, = V.

We now have the following Theorem,




AN,

THEOREM 2: The optimal cost function is uniformiy continuous

on ’g.

Proof: For any ueB, we have
u n Unu + V.,  as ne,
n f*

We also have
u (P = min {L. (P) + au_ (PQla ])}
nt+l aKeA ay n K

for PcS. herefore, we see that since L, (.) is continuous for each
aKeA, each u, will he continuous if u = 50 is continuous. The

convergence of S Vf* is uniform because U is a contraction

operator, i.e,

Hu - veulls o Humvgdl Q.E.D.
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