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SECTION I

INTRODUCT ION

One of the unique characteristics of laminated composite materials

is the delamination mode of failure that occurs at free edges. This behavior

has been investigated experimentally and by mathematical stress analysis

models for laminates with straight free edges. Experimental studies by Pipes,
(11*Kaminaki , and Pagano have shown that the laminate stacking sequence can

effec t  the static strength of laminates . Similar effects  of stacking sequence
were found by Foye and Baker~

2
~ for fatigue loading conditions. Mathematical

stress analyses of laminated plates with straight free edges have shown that

changes in stacking sequence can alter the behavio r of the interlaininar stresses.
In particular , investigators13 ’4 ’5’ have found that  the sign of the transverse

normal stress a changes from tension to compression as the stacking sequence

Is changed . Pagano and Rybicki~
61 found that a change in stacking sequence

of the type (0°/Matrix) , to (Matrix/O°) reversed the sign and changed the

magnitude of the interlaminar stress, a .  Furthe rmore , Pagano and Pipes 1
~~’

81

have shown that high tensile stresses are associated with the decreased lamin-

ate strengths reported in References [1] and [2]. These observations point

to the importance of understanding the stress behavior of laminates near a

free edge. Through such an understanding, Lackman and Pagano191 have success-
fully reduced interlaminar stresses at straight free edges to suppress the

delamination mode of failure.

While the straight free edge can be studied as a problem with two—

dimensional variations in stresses and displacements, the curved free edge

Is inherently a three—dimensional problem. Thus , the circular hole problem

is more difficult to treat in terms of a mathematical—stress analysis than

the straight free—edge problem. Dana and Barker’1°1 have investigated the

three—dimensional stress analysis of four—ply (0/90)~ and (45I—45)~ laminates
with circular holes and found that the sign and magnitude of the distribution

around the hole can be changed by altering the stacking sequence. Rybicki and

Hopper~~
11 have developed an analysis for the interlaminar stress distributions

* Numbers in brackets denote references given at the end of the report.

1
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for a six—ply syninetric laminate containing a circular hole. Experimental

investigations by Daniel, Rowlands, and Whiteside~~
21 on the effects of stack-

ing sequence on the strength of laminated p lat es with  holes showed that  var ia—
tions in stacking sequence effected the laminate strength and failure mode.

(131 [14 1Othe r studies for example by Greszczuk , Waddoups , et a l. ,

Waszczuk and Cruse~~
51, and Whitney and Nuisme r ’161 have p red ic ted fa i lure

of a compos ite plate containing a hole and made compar ison s w ith experimental

data. References [13] and [14] are concerned with predicting fa i lure  for

da mage due to inplane stresses. The stress analyses for these studies did

not include interlaminar stresses and thus are not directly applicable to the
delamination problem.

There are several basic studies that can provide insight into under-

standing laminate behavior near a curved—free edge. Five such studies are

considered here. The first study concerns the effect of stacking sequence

on the transverse stresses. For the problem of the straight free edge,

References [3] through [9] point out that changing the stacking sequence can

change both the sign and magnitude of the interlaniinar stress distribution.

However , in the case of a laminate containing a circular hole, the effect of

changing the stacking sequence is not understood as well. The second study

considers the influence of lay—up angle on the interlaininar stress around

circular holes . The third study pertains to the state of residual stresses

tha t exist in the laminate due to the temperature changes in the fabrication
process. In the fourth study, the inpiane stress distributions around the

circular hole obtained from a three—dimensional model are compared with two—
dimensional model results obtained from a laminated plate theory model. In the
f i f t h  study , the effect of laminate thickness on transverse stresses for a

plate with a given hole size is examined for a selected laminate. This prob-

lem is of primary importance in the mathematical modeling of laminated plates

because a thin plate with a large hole can present high element aspect ratios

or a large number of elements in a finite element analysis. In addition, a

comparison of predicted and measured strains around a circular hole and an

approximate method for predicting the sign of the interlaininar stress, a ,

are presented. These topics are an important step toward obtaining a better

understanding of the behavior of laminates containing a hole and are pertinent

to designing laminated structural components as well as to designing test

specimens and interpreting laboratory test results.2



SECTION II

METHOD OF STRESS ANALYSIS

The method—of—stress analysis is based on a compatible f in i t e  element

rep resentation for the deformations of a three—dimensional solid. The computer
prog ram is SAP IV. Details of this program and the stress analysis method are

given in Reference [17]. A sui~ iary of the analysis is given here as back-

ground information.

In the f in i te  element stress analysis piys are modeled as three—

dimensional homogeneous orthotrop ic materials with linear stress—strain behavior.

Symmetric laminates are considered wi th applied stress loading conditions dis-

tant to the hole. The analysis is based on a three—dimensional finite element

representation for the displacements within each element. Compatibility con-

ditions within each element and between contiguous elements are satisfied ex-

actly. Equilibrium is satisfied approximately. A twenty—node element with

corner and midside nodes was used.
Material properties are based on effective modulus representations

for the plys . This representation does not recognize fiber size and geometry .

However , ef fec ts  of such characteristics can be evaluated through the approach

described by Rybicki and Pagano~~
81

.3
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SECT ION I I I

NUMERICAL RESULTS

This section contains numerical results for cases selected to address

the question concerning effects of stacking sequence, lay—up angle, thermally

induced residual stresses, and laminate thickness on the stress dis t r ibut ion

aroun d a hole in a laminated plate. In addition , some compa risons of three—

dime nsional and two—dimensional laminated plate theory solutions are given .

The numerical results presented in this sec t ion are based on seven

laminates with different lay—ups. Each laminate was subjected to a mechanical

stress loading and three of the laminates were selected for a thermal loading

condition. In addition , each of these ten cases were run for a different

stacking sequence. Thus , a total of twenty analyses were performed. Because

of synanetry, only one quar ter of t he top half of each laminate was modeled.

In each case, a thirty—six element grid with three elements through the thick-

ness and twelve in the laminate plane, as shown in Figure 1, was used to

model one eighth of the laminate.

1. Effec t  of Stacking Sequence

The e f fec t  of stacking sequence has been an important top ic of stud y

for free—edge problems. As stated previously , the effects of stacking sequence

on a circular free edge are not as well understood as for the case of the

straight free edge. To provide more insight into this problem, seven laminates

with a mechanical stress loading condition and three laminates with a thetir.al

stress loading condition were considered . Results were also obtained for the

associated ten cases with different stacking sequences.

The lay—up for the first laminate was ( OI 9 O) ~~. Ply properties for

the 0° ply are given in Table 1. The applied stress boundary conditions were

selected to produce a unit  average stress parallel to the 0° direction or in

the y direction illustrated in Figure 1. The applied stresst - are given in

Table 2. The convention for lay—up angles is that angles are measured clock-

wise from the load direction. A laminate thickness to hole diameter ratio of

4
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TABLE 1. MATERIAL PROPERTIES OF THE 00
LANINA IN THE (0/90) LAMINATE.

Ex tensional Poisson ’s Shear

Mod ulus Ratio Modulus

(psi) (psi)

B
1 

30.0 x 106 psi v 12 .336 G12 = 1.0 x iø 6

E
2 3.0 x io6 psi v

13 
.336 C13 1.0 x 10

6

E
3 

3.0 x 106 psi v23 
.336 C23 1.0 x 106

TABLE 2. STRESS BOUNDARY CONDITIONS FOR
(0/90)~ AND (9O/0)~ LAMINATES.

Material a~ (psi) a (psl) t
~~

(psi)

00 .05 1.821 0.
90° — .05 .179 0.

6

H ~~~~~~~ _ _ _  - -
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.8 was selected. The results for the c distribution around the circular holez
at the laminate midplane are shown in Figure 2. Two important results are shown

in this figure. First , the stress distribution changes sign and magnitude as

the stacking sequence is changed. Second , the sign of a at 8 90 for these

(90/0)~ and (0/90)~ laminates can be predicted from the sign of the moment away

from the circular hole along B — 90, by using equilibrium considerations on

the remote applied stresses, but this is not true at 8 — 0° where the sign of

the moment due to remote stresses would always indicate a tensile stress for

Six other laminates were considered. These were of the type (+01+0/02)

and (±61+0/902) where 9 is 
30t , 45’, and 60°. stacking sequences were changed

by reversing the (±01+0) piys and the (02
) or (902) ~‘1’~~ The (0

2
) and (902)

plys were modeled as one material and the (+0/+0) piys were modeled as a single

material with effective modulus properties . Table A—i of Appendix A contains

the properties obtained from Reference [191 and used in this part of the study .

A unit stress in the 0° direction wag applied to each laminate. The stress

boundary conditions for each laminate are given in Table A—2 of Appendix A. In

addition to the unit stress loading, the effect of stacking sequence for a thermal

loading of -200 F was also considered. Coefficients of linear thermal expansion

shown in Table A—i were used in this calculation. For the thermal loadings, only

the last three laminates designated in Table A—2 were considered because in terms

of the models, the last three laminates are equivalent to the first three rotated

by 90°. For both mechanical and thermal loading conditions, a hole diameter of

1 inch and laminate thickness of .6 inch was used .

Tables A—3 through A—B of Appendix A contain stresses at the laminate

midplanes for a unit stress applied parallel to the 0° direction. Reference

will be made to these tables to describe some of the characteristics of the

stress distribution for the interlaminar stress denoted by o~. Comparison of

Tables A-3 and A—6 and Tables A—4 and A—i show that for the (±01+8/02)8 to

(02/ e/+o) changes in stacking sequence, the sign and magnitude of the o~ stress

distribution at the laminate midplane is changed. It is noted that the stresses

for the (0
2
/+0/+0) laminates are generally lover than the values for the

(±8/40/02)s 
laminates.

The (±30/+ 30/902)8 and (±~ / 
~~~~~~ 

laminates display a dis-

tribution that is totally tension around the edge of the hole as seen from the

results in Tables A—4 and A—5. The effect of changing stacking sequence is to change

7
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this distribution to totally compression as seen in Tables A—i and A—8 . The

a distribution for the (±601+60/902
)8 laminate (Table A—5) has a sign change

from compression to tension in going from 0° to 90°. The associated (902/+60/ 60)g
laminate (Table A—8), however, does not show this sign change. The results

show l~ rger values for o~ 
in the (+0/ 0/90

2)3 laminates than in the (9021±01+0)8
laminates.

The effects of changes in stacking sequence for thermal loading is

shown by the results in Tables A—9 , A—10, and A—li. Once again , a change in

both sign and magnitude are found for changing stacking sequence. Several

interesting features of these results are noteworthy. The (±30/ 30/90
2
) and

the (902/±30/ 30) s laminates show a change in sign of a
~ 

in going from 0 — 0°
to 90° . The (±451+45/90 2 ) , (9021±45 1+45) . (+601+60/902 ) ,  and (90 2 /+60/ 60)
laminates do not show this sign change. Generally, higher values of occur

for the (90 2) ply in the center. The two laminates with (+60/ 60) show

relatively f la t  distribution for a
~ 
as a function of angle. The (902/+45/+45)5

shows the highest value of tensile 0
2~ 

Finally , it is noted that the peak
values of do not always occur at 0 — 00 or at 0 90°.

2. Effect c.~ Lay—Up Angle

Results showing the effect of lay—up angle for (021+01+0)8, (902/±0/+0)s,

(±6/ 6/02
)8, and (+6/~

O/902
) laminates are shown in Tables A—3 through A—li. One

obvious effect of increasing the lay—up angie is the increase in the peak tangential

stress (at 0 — 90°) in the center plys for the case where the (902) or (02)
plys are in the center of the laminate. Peak compressive and tensile values

of for the (+0/
~
e/02

) laminates are relatively close together. Peak values

of tensile stress are highest for the (+45/+45/902)5 and (+60/ 60/902)
laminates. For the laminates with the (0

2) plys on the outside, 
the peak values

of ~ generally increase for increasing values of 0. For the thermal loadings

considered , the effect of changing lay—up angle is to change the character

of the a distribution ar&und the hole. This is seen in Tables A—9 through

A—li for the (±6 1+0/902)5 laminates, Of the three (902/±0/ 0)s laminates

considered , the maximum value of tensile a
~ 

occurs fo r the case 0 • 45°. The

effects of lay—up angle also change 0
0 
in magnitude and sign as seen for the

thermal loading conditions shown in Tables A—9 through A—il.

9
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3. Residual Stresses Due to Fabrication

Graphite/epoxy laminates are cured at an elevated temperature.

Cooling to room temperature can cause residual stresses in the laminate due

to the mismatch in the coefficients of thermal expansion. To obtain an estimate

of the magnitude and distribution of these stresses, three laminates were modeled

for a temperature loading condition of —200 F. The material properties are

shown in Table A—l. The boundary conditions were stress free. Tables A—9

through A—il show the stress reaults at the laminate midplane for (±0/ 0/90
2)5

and (902/±0/ 0)
. laminates. The highest tensile value for a,~ is 9570 psi and

occurs in the (90
2) plys of the (±60/ 60/902) laminate. The highest compressive

sive value of is 11,560 psi and occurs in the (90
2
) plys of the (±30/ 30/90

2)

laminate. Tensile values of a from 800 psi to 1815 psi are predicted for the

six cases with the maximum value occurring for the (+30/ 30/902)5 
laminate.

The magnitudes of the predicted transverse stresses are approaching values

large enough so that they cannot be neglected compared to the transverse strength

of the laminate.

4. Comparison of 121 and Three—Dimensional Stress Distributions

One stress analysis approach that is comeonly used for fiber rein-

forced plates is based on the laminated plate theory (LPT). A description of

the method can be foun d in many references , for example , see Reference (l8~ .
In the LPT models , the out—of—plane stresses are zero. LPT analyses are used

in the design of composite structures to predict their survivability. Thus,
it is of interest to know how the LPT stresses compare with the three-dimensional

stress distributions . In the far—field regions, away from edges and attachments,
the LPT solution is exact for linear elastic behaivor. Near free edges, the

boundary conditions of the 121 solution are that the resultant force and bend-
ing moments on the edges are zero. The LPT mode l permits nonzero stresses on
the laminate free edges while the true boundary conditions are zero norma l and

shear stresses on these edges.

In this study, the tangential stress distribution s around a circular

hole for several laminates was obtained by the LPT model end compared with
the tangental stress distribution s from the three—d i ’~ensional finite element

solutions obtained by the SAP IV program. The LPT solutions were obtained by

10



evaluating the effective modulii of the laminate and using these properties

in a two—d imensional solution for an orthotropic plate containing a hole.

These properties are given in Table A—i of Appendix A. The stress distribu-

tions obtained from the orthotropic plate analysis are resultant stresses.

ThL stresses in each ply can then be evaluated from the LPT distributions by

using the conditions that the inplane strains are the same in all plys. Com-

parisons of the tangential stress distributions around circular holes were

made with results obtained from the three—dimensional f i n i t e  element stress

ana lysis and results from the LPT model. Twelve laminates and the three—

dimensional results are given in Tables A—i thrugh A—8. A summary of these

results and the LPT results are shown in Tables A—12 through A—14. Note

that the LPT solution is independent of stacking sequence and stresses do not

vary through the thickness of the ply. This is not the case for the three—

dimensional finite element results. Thus, a plane had to be selected in the

three—dimensional model for comparison with the LPT results. The midplane of

the laminate was selected as the location f or obtaining the three—dimensional

results. The reason for this was that the tangential stresses at this location

appeared to take on the largest magzdtudes. A suninary of comparisons for a0
given in Tables A—12, A—13, and A—lA . Note that the stresses for the (+0) ply

were evaluated from (02/±e/ 0) or (90
2
/±O/ 0) laminates while the stresses

for the 
~°2~ 

and 
~~~~ 

piys were evaluated from (±0/±0/02)8 
and (±01+0/902

)

laminates. The greatest variation between these two results occurs in the

(02) piya 
of the (±0/ 0/0

z
)
~ 

laminates. The differences between the results

for the (90
2

) and (+0) plys in the (j9/+8/90
2
) laminates is about the same

magnitude.

Two additional laminates were considered in this study to further

illustrate the conçariaon . of three—dimensional finite element results and LPT

solutions . The lay—up is denoted by (0
21+45/0) 

and (+45/0
2
/0) . For this

laminate, the properties used for the (±45) plys and the 0° plys a~ given

in Table 3. Note that the (+45) plys were represented by as a single material

with no extensional/bending coupling. Also, the value for of .778 in less

than what would be obtained by rotat ing the properties for the 0° ply given

in Table 3. Nonetheless , these properties have some va lue in comparing two—
and three—dimensional solutions . Figure 3 shows a comparison of the tangential

stress distr ibutions obtained from the three—dimensional and two—dimensional

analyses for the (02/±45/~)5 laminate. These differences are of the same order

11
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TABLE 3. MATER IAL PROPERTIES USED IN MODELING
(021±45/0) AND (j4 5/02/O) LAMINATES

Modulus Poisson’s Shear

(106 psi) Ratios Modulus

__________ ______________ 
(106 psi)

E
1 

— 30.0 .21 C12 — 1.06

00 Plys E
2 — 2.7 .24 G13 1.06

E
3 
• 2 .7  V23 — .25 C23 • 1.06

E1 
• 3.77 v12 

.778 G12 — 7.92

(+45) Plys 
~2 

— v13 .21 C13 1.06

E3 — 2.7 
~23

.2] G
23 — l.06

as those shown in Tables A—i2 , A—l3, anl A—14. Figure 4 is of more interest

in that it shows how the tangential stress distribution through the laminate

thickness and compares this with the LPT solution. The most pronounced

difference appears to be that the stress “concentration” for the 00 plys is

higher in the three—dimensional analysis than in the two—dimensional analysis.

5. Effects of Laminate Thickness to Hole Radius Ratio

In the case of a straight—free edge, the only factor changing the

inplane stresses is the free edge. For the case of the circular hole, the

in plane stresses are aiao influenced by the stress concentration due to the

hole. In the two—dimensional solution for plate containing a circular hole,

the region of influence depends on the hole radius and the material properties.

Also, the gradient of the inplane stress, ci9, is very steep along the direction
perpendicular to the direction of loading. Thus, several distinct character-

istics of the circular free—edge problem do not appear in the straight free—

edge problem. For this reason, it is not obvious that the circular free edge

behaves like the straight free edge even for small laminate thickness to hole

radius ratios. Thus, the ratio of laminate thickness to hole radius becomes
an important parameter to study in obtaining a basic understanding of the

13
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behavior around a circular hole. An other reason for examining the influence

of this parameter Is related to the feasibility of obtaining numerical solutions.
The finite elements must not exceed a certain aspect ratio to maintain numerical

stability of the solution technique. Thus, modeling individual boron or graphite
laminas, which are .005 to .008 inch thick, could require more finite elements
than is feasible. However, for thick laminates where the lamina thickness to

hole radius ratio is .5, the aspect ratio requirements can be met with a feas ible
number of elements . Thus, if the solution for a thick laminate is easier to
obtain or the only solution availab le, it is important to understand how the
thick plate is related to the solutions for a thinner laminate.

To help understand this relationship, a laminate containing a 1—inch

hole was considered. This laminate consists of two materials denoted by PLYA

and PLYB. The lay up for this laminate is (PLYB
2

/PLYA
5/PLY B

2). Properties

for these two materials are given in Table 4. The hole size was kept constant

and the thickness of the laminate was allowed to vary from 1.8 inches to .45

inch.

TABLE 4. MATERIAL PROPERTIES FOR THE STUDY OF EFFECTS OF
LAMINATE THICKNESS—TO-HOLE RADIUS RATIO
(PLYB2/PLYA5/PLYB2)

Extensional Poisson’s Shear
Ply Modulus Ratio Modulus

Designa tion (psi) (psi)

— 30.0 x 106 
V12 .25 C12 

— .65 x 106

PLYA E
2 — 2.7 x io6 v13 — .25 C13 

— .65 x 106

B3 — 2.7 x 106 — .25 — .s x io6

B
1 

— 2.08 x 10
6 

— .598 G12 
— 2.38 x 106

PLYB B2 — 2.08 x io6 V — .136 C13 
— 5.65 x io6

E3 
2.7 x io6 — . 136 C23 — 5.65 x 106

15



Because of symmetry, only one—eighth of the laminate was considered

in the finite element representation . This is one quarter of the top half of

the laminate. Thirty—six elements were used in this model. Three elements

through the thickness and twelve elements, as shown in Figure 1, were used

in the plane of the laminate. The loading conditions were presecribed stresses

on the boundaries to represent the laminated plate theory solution for a uni-

form average stress of unity in the 1 direction. The applied stresses are

given in Table 5.

TABLE 5. STRESS BOUNDARY CONDITIONS FOR THE
(PLYB 2 /PLY A5/ PLYB2 ) LAMINATE

Material 
~2 

(psi) a
~ 
(psi) 112 

(psi)

PLYB .033 .137 0.

PLYA — .026 1.690 0.

Four cases were run with thickness to diameter ratios of 1.80, 1.35,

.9, and .45. The tangential stress distribution around the circular hole at

the laminate midplane is shown in Figure 5 for a ratio of 0.9. The tangential

stress distribution for the other three cases did not vary by more than .98

which is 10 percent of the maximum value at 0 90 shown in Figure 5. The
values for the maximum o~ decreased with decreasing T/D to a value of 8.8 for

T/D — equal to .45. The tangential stress distribution at the midplane was

selected because the largest values of 00 occurred there. The results for

were more sensitive to the changes in thickness. Figure 6 shows the dis-

tribution of a around the circular hole at the laminate midplane for the four

ratios of thickness to hole diameter , T/D. While the changes in a~ were small

compared to the max imum value of the tangential stress, the changes were larger

compared to the magnitude of a .  As can be seen from Figure 6, the tensi le
value of a decreased by 30 percent as the ratio of T/D changed from 1.80 to

.45. For this cae, the value of a ranges from —28 to +16 percent of the

average applied stress.
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SECTION IV

COMPARISON WITH EXPERIMENTAL RESULTS

In this section, a comparison of experimental data and results from

the three—dimensional finite element model and the LPT model are presented

for a (0
2
/+45/0) laminate. The tangential strain distribution around the

circular hole was selected for the comparison. Data were obtained from

References [12] and [21]. The properties in the material direction used in

the analysis are given in Table 3. In the three—dimensional finite element

model , the (± 4 50)  plys were treated as a single material. The tangential

st rain distr ibution , €
~~~

, was obtained and divided by the far—field strain in

the direction of the loading. The experimental results were obtained using

the measured strain concentration factors in Reference [12] at 00 and 900.

Data for intermediate angles were based on the birefringence data distribu-

tions in Reference [12] for the lowest loading level. In addition , the

tangential strain distribution based on the LPT model was obtained. The com-

parison of predicted and measured strain distributions is shown in Figure 7.

This figure shows good agreement between all four strain distributions. It

also shows that the tangential strain distribution in the (+450) plys is not
the same as that in the 00 plys. However, the average is close to the

values obtained from LPT.
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SECTION V

APPROXIMAT E ANALYSIS FOR THE SIGN OF THE
INTERLAM INAR_NORMAL STRESS AT M IDPLANE

While the three—dimensional solutions provide a bet ter  understanding

of the in t e r l a minar stress dis t r ibut ion around holes , one of the reasons for
conduct ing  this s tudy is to obtai n 8olutionS which can serve as a basis for

develop ing and evaluating simpler stress analysis models. In this section , one

such model is presented. This model is very preliminary in the sinse tha t it

is app lied to a l imited number of problems an d based on cer tain assumptions

about the st ress behavior of the laminate. Nonetheless , th is simple model

serves as a sta rt ing point fo r  a t tacking a complex problem. The l imitations
and assump t ions of the models are described in the following . The model is

then applied to the stress loaded laminate problems to predict the sign of

at selec ted points around the free edge. Good quantitative agreement was ob-

tained between the three—dimensional finite element results and the results

of the model.

The model is based on an equilibrium description of a wedge shaped

section of plate shown in Figure 8. Loading conditions are stresses applied

to the boundaries of the plate . Unlike the model of Pagano and Pipes [7], this

model is not based on the far field stresses in the loaded plate. The conceptual

basis for this model is that the interlaminar stres8es around a circular hole

can be viewed as a reaction to a set of stresses equal to but having the op-

posite sign of the edge stresses from the Laminat-’d Plate Theory solution.

This concept is implemented in the following three steps. The first step is to

obtain a Laminated Plate Theory (LPT) solution for the problem of laminated

plate containing a circular hole with Stress boundary conditions. The LPT

solution gives nonzero stresses, a (0) and t~~~(8)~ for each pl y around the

hole. The second step is to impose the negative of these edge stresses on an

otherwise stress—free body and determine their effect on the interlaminar stresses
through equilibrium considerations . The third and final step is to superimpose

these two solutions to obtain an approximate solution for the three—dimensional
problem LPT stresses around the circular hole.

Several assumptions concerning the equilibrium of the section shown

in Figure 8 are worthwhile to pointing out before writing the equilibrium equa—

21
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tions. First, only two equations are considered. These are statements that

the sum of the forces in the z direction are zero and the sum of the moments

in the 0 direction are zero. The shear stress, t~~~, is not included and

equi l ibr ium of moments in the r direction is not considered in this simple

model. The assumed form for 0 (r) is shown in Figure 8. Due to the sim-

plicity of this model, the results are treated in a qualitative way here and

only the sign of a at the radius of the hole is considered . Since is the

only stress contributing to force equilibrium in the z direction, the sign of

at the edge of the hole can be found from the sign of the term in the moment

equilibrium equation that is due to a
~
(r). As a result of the preceding as-

sumptions, equilibrium equations for the force in the z direction and the moment

in the 0 direction are given by

R

f f a (r)  rdrdO 0 (1)

r = a

and

R h
I I (r—a) rdrdO — a (a) -

~~~~ 1h 1 +h 2 1 a.AO
r — a

8 +t~O R
1 aT

+ f f ~~ h2 ~ {h1+h 2} drd0 — 0 , (2)

where R is selected as the distance from the edge of the hole where the free—

edge effects  are negligible. The quantities h 1, h2, and a are shown in Figure 8.
The procedure is to evaluate the second and third terms of Equation

(2) using LPT. The sign of at the edge of the hole was obtained from the

sign of the f i r s t  term in Equation (2 ) .  That is , if the first term in Equation

(2) is positive , then the is negative or compressive at the edge of the hole .
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Several examples are considered using this model. Results are com-

pared with the three—dimensional finite element solutions and are shown in

Table 6. Results for two locations on each laminate are shown in this table.

These locations are at the edge of the hole at 8 — 0, and 8 90°. Note that

there is agreement between this model and three—dimensional finite element re-

sults for 0 — 90° . However, at 0 — 0°, there is some disagreement for the

laminates containing (902) plys. There could be several reasons for this.

One possible source of this disagreement is that the assumptions of the simple
model are violated in these cases and the model should for example include r

0~
.

While this model is simplistic in nature , it does provide a basis that can be
expanded to include more representative stresses and equilibrium equations.

An attractive point about this model is that the sign of a at the edge of
the hole is governed by the stresses from the LPT solution which are easily

obtained .
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TABL E 6. CC*~PARIS0N OF SIGNS FOR THE INTERLAMINAR STR ESS a
OBTAINED FRC*I THE THREE-DIMENSIONAL ANALYSIS ANI)
AN A’PROXIMATE ANALYSIS . T — Tension, C Compression

Laminate 0 — 0
0 9 90°

Approximate Three—Dimensional Approximate Three—Dimensional
Analysis Analysis Analysis Analysis

(+301+30/02)8 C — .203 T .149

(+4 c /+ 45102 ) C — .345 T .186

(±601+6 0/ 0 2 ) C — .376 T .161

(0
2
/±30/ 30) r .068 C - .081

(021±451 45)s T .181 C — .062

(02/+60/ 60) T .233 C — .086

(±30/ 30/902
)
5 

C .051* 1 .255

C .025* T .659

(±60/ 60/902)8 C — .142 T .716

(902 /±30/ 30) $ T _ .114* C — .190

(90 2/+45/ 45) $ T _ .l35* C — .332

(902 /+60/~
6O) s T — .066 * C — .262

A Denotes disagreement between sign of o
~ 

from Approximate Analysis and Three—
Dimensional Analysis.
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SECTION VI

SUMMARY AND CONCLUSIONS

Three—dimensional finite element solutions for the stress distribu-

tions around a circular hole in a laminated plate were presented . Problems

were selected to address questions concerning the effects of stacking sequence,

lay—up angle, and a uniform temperature change on the inpiane and interlaininar

stress distributions. A comparison of stresses obtained by the LPT model and

the three—dimensional finite element model was made. The effects of the ratio

of laminate thickness to hole diameter on the interlaminar stress a wasz
examined. Predicted and measured strain distributions around a circular hole

was compared and a preliminary investigation of an approximate model to predict

the sign of was described .

The stress analyses of the laminates were obtained using the SAP IV

three—dimensional finite element stress analysis computer program. Conclusions

are thusly based upon the laminates selected and the results of the SAP IV
finite element program.

The effect of stacking sequence on the interlaminar stress distribution

around a circular hole was investigated using (0/90) , (90/0) , (021+01+0)9,

(±01+8/02
)8
, (902 /+O/ e) , and (+01+0/902

) laminates. Values of 0 equal to 30,
45 , and 60 degrees were selected. Loading was uniform stress in the 0° direction

and a uniform temperature change. The results from the SAP IV three—dimensional

finite element model showed that changing the stacking sequence changed the

magnitude and sometimes the sign of the midplane interlaminar stress distribu-

tion for a around the hole. The sign of a changed for some stacking sequences.
but no general rule was apparent for the relationship between the sign of a

amd the far field stresses. The (0/90)~ and (9O/0)~ comparisons for stress
loading showed a change in sign of the a stress distribution and also stress

change in magnitude. For example, a changed from .25 for the (90/0) laminate

to .03 for the (0/90) laminate at 0 — 90°. Based on the results for the

(02/±0/~0) and (90 2/±0/+e ) , there was a trend for larger values of o
~ 

to occur

in the laminates with the (02) and (902) plys in the center . The sign of the

distribution for the (+60/ 60/90
2) laminate has a sign change at 0 — 90 for a

modification of the stacking sequence which places the (902) plys on the out-

side. However, at 0 0, the sign of a is unchanged for a change in stacking
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& ‘c ,~ nce. The e t f e c t  of a un i fo rm temperature loading condition coupled with

.i changc In stacking sequence was that the (±301+30/902) and (90
21±301+30)

• J1!lnates showed ~i change in the sign of a distributions around the hole. The

oi l i er  two laminales had a~ 
distributions that did not change sign around the

circular hole . However, the sign and magnitude of these stress distributions

changed with stacking sequence.

A study of the effects of lay—up angle in the (0
21±01+8)

, (±01+0/02
)
9.

(9021±01+0)9, and (±01+0/902
) laminates for values of 0 equal to 30, 45, and

60 degrees was presented. Two types of loading conditions were considered ; an

applied stress in the 0° direc t ion and a uniform temperature change to represent

the fabrication process. The results of the uniform stress loading applied to

the (±01+0/0
2) and (±01+0/902)9 

laminates were that the value of a on the edge

of the hole at an angle of 90° to the loading increased as the lay—up angle in-

creased from 30 to 60 degrees. Becasue of the constant stress loading conditior

and the reduction In compliance of the laminates for increasing values 8, there

is a higher applied stress in the 0° ply for increasing 0 as shown in Table A—2

This means that the inplane tangential stress in the (02) plys and the (902)

plys at B — 90° also increases as 8 increases. The maximum tensile value of a

increased for increasing values of 8 for the (±01+0/02
)
8, (±01+0902

), and

(0
21
±01+0) . The temperature loading condition gave a maximum value of a2 

for

the (9021±81+8) laminate with a lay—up angle of 0 — 45°.
The study directed at the effect of residual stresses due to fabri-

cation of the laminate was based on a temperature change of —200 F. Values of

the interlaminar stress a
~ 

from the tensile range of 800 to 1820 psi resulted.

Inplane tensile stresses were as high as 9750 psi. This indicated that the

residual stresses can be an important factor in predicting the response of

laminated composites, particularly failure modes such as dedamination or ply

splitting.

A comparison of the LPT stress distributions and those obtained from

the three—dimensional finite element model showed that there was not close

agreement for the tangential stresses around a circular hole. It cannot be

concluded that all laminates would give similar results. The closeness of the

LPT and three—dimensional results appears to be related to the difference in

Poisson ’s ratios of the plys . For example , results were obtained (but not

shown in this report) for Poisson’s ratios of .3 and .5 for adjacent groups of

plys indicated close agreement between LPT and three—dimensional tangential
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stresses around the circular hole. The comparisons showing the larger differences

between 121 and three— dimensional results occurred for Poisson’s ratios of .3

and 1.2 for adjacent groups of plys.

The effect of laminate thickness was considered for a particular

laminate with stress loading conditions. Ratios of h iminate thickness to hole

diamete r in the range of .45 to 1.80 were considered. For the cases considered ,

the highest value of tangential stress occurring around the circular hole changed

by about 10 percent. The distribution for the interlaminar stress, a , maintained

the same shape, but decreased in magnitude as the ratio of laminate thickness to

hole diameter decreased. In general, the peak tension or compression stresses

at a ratio of laminate thickness to hole diameter of .45 were about 2/3 of the

values at a ratio of 1.8.

A comparison of the LPT and three—dimensional finite element results

with  expe r imental data was done for one laminate. The comparison showed good

agreement between the predicted and measured tangential strain distributions

around a circular hole. This prov ides a degree of confidence in the three—

dimensionaal model. While these results indicate that the lnplane behavior

around the circular hole can be predicted with LPT and are In agreement with

the three—dimensional results, it is pointed out that the Poisson ’s ratios for

adjacent plys were close (.3 and .78) and that  the study Is too short to be

generalized for all laminates. For example, while the average strains around

a circular hole appeared close to the LPT solution, the strain distribution

varied from the 0 p lys to the + 45° plys as well as within each ply.
The results of this study show that the interlaminar stress distri-

butions around a circular hole have different characteristics than thos of the

straight free edge. It appears that the stress concentration and the variation

in stress distrihitions around the circular hole contribute to the complexity of

the problem of relating the sign of to the field stresses. Thus, equilibrium

alone may not be sufficient to determine the sign of a .  Consideration of other

information such as contpatability may be needed. For example , in the straight

free edge problem , References (6J and (18] shoved that the interlaminate stress

a8 be tween the f i rs t  and second plys of a four—ply system could not always be

predicted from equilibrium. This a
~ 

stress could be of a different sign than

that at the midplane. Similarly, in the study presented here for circular holes,

the sign of the interlaminate stress, o~, off the midplane, was not always the
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same a~ tha t at t k~e mid plane . This is an important point to make because an

understanding of the signs of o~ is needed if one is to consider a relationship

between the magnitude of a and the i n i t i a t i o n  of the delamination mode of f a i lu re .

One important result of a three—dimens ional stud y of the stress dis-

t r ibu t ions  around holes in laminated plates Is to provide information and results
to develop and gain confidence in a simpler model that can be used routinely.

As a f i r s t  step toward accomplishing this , an approximate analysis for a wedge

of a laminate was used to estimate the sign of a at selected points. The input

to this model is the distribution of stresses around the hole obtained from the

LPT solution. Comparisons of results from this moth i and the three—dimensional

f i n i t e  element results showed agreement in 19 out of the 24 cases examined .
Agreement between the approximate analysis and the three—dimensional finite

element results occurred at 0 — 90 degrees from the applied load . There was

agreement in all cases considered at this location. Disa~,reement occurs between

the approx imate analysis and the three—dimensional analysis occurred at 0 0°

from the load direction for 5 out of 12 cases. If the far field stressed would

have been used at this location, disagreement would have occurred in 7 our of

the 12 cases. While the approximate analysis presented ignores the interlaminar

shear st resses in the equil ibr ium equations , t he model can be expended to in-

clude these stresses.

in concluding, the three—d imensional finite element models presented

here have been selected to address several important questions pertinent to the

design and analysis of laminated plates containing a hole. It is emphasized

that only a small number of cases were considered here and the conclusions are

based on these cases. Within this context , the study does provide insight Into

the stress behavior around holes in laminated plates and a means for constructing

as approximate analysis to evaluate the sign of the interlaminar stress, a .
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APPENDIX

PROPERTIES AND RESULTS FOR
AND (±8/ 0/90 2

)
s 

LAY—UPS

The purpose of this appendix is to present the mater ia l  proper-

ties , stress boundary conditions , and stress di’~tr ibu tion for the analyses
of (+01+0/0 2) . (02/±0/ 0) , (+O/+0/90) ,and (90z/±O/+0) .

For each by—up values of 0 equal to 300 , 450 and 60° were con-

sidered . Material properties and atress boundary conditions are given in

Tables A—l and A—2 respectively . Results for both mechanical stress and

thermal loading conditions are presented in Tables A—3 through A—8 and

Tables A—9 through A—li , respectively.

I

i 
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.4 TABLE A- i .  MATER IAL PROPER TIE S~~~ FOR LAMINATES

Mate r ia l  Property Plys

O~ (±30/ 30) (+45/~ 45) (±60/+60)

E 1 (lO 6psi) 22.0 8.54 3.44 2.03

E2 (lO
6psi) 1.6 2.03 3.44 8.54

E3 (iO6psi) 1.6 1.65 1.68 1.65

v 12 .25 1.24 .72 .29

v13 
.25 — .035 .08 .18

“23 
.2 5 .18 .08 — .035

a12 (lO 6psi) 1.0 4.54 5.73 4 .54

°l3 (l0
6psi) 1.0 .88 .78 .70

023 (lO 6psi) .64 .70 .78 .88

n i (lO ’6 /F) — 1.5 —2.99  — .36 6.04

~‘2 (l0 6/F) 12.4 6.04 — .36 — 2.99

~~ 
(10 6/F) 12.4 14.36 15.3 14.36

(a) Values obtained from Reference [191.
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TABLE A-2. STRESS BOUNDARY CONDITIONS FOR (+0/ 0/0 2 )
AND (+0 /+O/90 2)~ LAMINATES TO PRODUCE A
UNIT STRESS IN ThE 0° OR y DIRECTIONS

Laminate (0~) or (90 ) Plys (±e/ 0) Plys

a a a a ax y xy x y xy

(psi) (psi)

(+301+30/0 2
) — .094 1.612 0.0 .047 .693 0.0

(±45/+45/02~ 5 
— .069 2.243 0.0 .035 .378 0.0

(±60/+60/02)s 
— .007 2.531 0.0 .004 .234 0.0

(±30/ 30/90z)~ 
— .695 .171 0.0 .348 1.414 0.0

(±45/~
45/90 2 ) 5 —1 .4 31 .350 0.0 .716 1.324 0.0

(+60/ 60/902) — 1.524 1.702 0.0 .7620 1.148 0.0
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(a)
TABLE A—12. ThREE—DiMENSIONAL FINITE ELEMENT RESULTS ANT) LPT

SOLUTIONS FOR TANGENTIAL STRESS DISTRIBUTIONS FOR
(O2/ +3O/+3O)~~, (±30I+30I’02)~ , (021+451+45) , AND
(±45/+45/02) LAMINATES 

8

(±30/+30/02) (°2I±3°I~
3°)8

(02 ) Plys (+30) Plys

Three—Dimensional Three—Dimensional
o Analysis LPT Ana lysis LPT

0° — .3884 — .2 835 — .3630 — .4637

13.3
0 — .3258 — .2242 — .4746 — .4646

26 .6° — .1250 — .1026 — .2050 — .3892

45 .0 ° — .5612 .0815 .6258 • 3384

63.4° 1.5167 1.7981 1.7874 2.1158

76 .7° 4.8991 4.5609 2.2896 2.6173

90.0 ° 7.2951 5.8391 2.4048 2.5129

(±451+45.02 ) 8 
(0
2

/+45/ 45)
8

(02 ) Plys (~‘45) Plys

Three-Dimensional Three-Dimensional
B Analysis LPT Analysis LPT

0 — . 3846 — .2317 — .5922 — .8749

13- 3’ — 3073 — .1631 — .7034 — .8251

26.6° — .0959 — .0551 — .1773 — .5195

45 .0 ’ — .7164 .2739 .8909 .9065
63.4 ° 1.8534 3.0262 1.2629 2 .0203
7 6 7 ’ 6.1819 5.6950 1.197 1.5066

90.0’ 9.3488 6.7456 .9826 1.1379

(a) Evaluated at lamina t e •idplane

45



TABL E A—1 3. TH REE—DIMENSIONAL FINITE EL~ IENT RESULTS(a) AND LPT
SOLUTIONS FOR TANGENTIAL STRES S DISTRIBUT I ON s FOR
(±6O/+60/02)~~, (02/+6O/+60)s, (±30R 30/902)8, AND
(9O 2 /+30/ 30) LAMI NAT ES

(+60/+6O/O 2)~ (02/+601
’+60)

(02) Ply s (+60) Plys

Three—Dimensional Three—Dimensional
9° Analysis LPT Analysis LPT

0
0 — .1715 — 1.1902 — 1.4142

13.3° — .1226 — .9620 —1.1211

26•6° — .0056 — .0384 — .1285 — .2778

45.0° — .6820 .6484 .8530 1.1756

63.4 2.1189 3.5333 .8207 1.530 3
76.7 6.8667 6.3164 .6745 1.0242

900 10.3716 7.5932 .5980 . 7033

(±30/ 30/902) (9O~~30/+30)

_____________ 

(90 2 ) Plys ( 30) Plys
Three—Dimensional 

— 
Three—Dimensional

9 Analysis LPT Analysis LPT

0° —3 .2425 —2.5310 — .1551 — . 2344
13.3° —2 1903 —1.7857 — .3373 — .2895

26 .6° — 5072 — .3183 .1587 — .1378
45.0° .5650 .6486 1.5615 1.1756

63.4° .4734 .4266 3-0350 3.0837
76.70 .5845 .4338 3.7326 3.9655

90° .6312 .5142 3.6397 4 2426

(a) Evaluated at laminate midplane.

46

-4



TABLE A- 14. THREE-DIMENSIONAL FINITE EL~ IENT RE SULTS (a) 
AND LPT

SOLUT IONS FOR TANGENTiAL STRESS DISTRIBUTIONS FOR
(±~~ /~~ S/9O 2) ~~~~~~~~~~~~~ , (

~
46O/ 60/9O2) ~~~(9o2/÷6o/~

.6o): LAMINATES S

(±45/+45/902 ) (90 2 /+45/ 45)
(902 ) Plys (-45) Plys 

- _________

Three—Dimensiona l Three—Dimensional
0 Analysis LPT Analysis LPT

0° —5 .0800 —3. 3959 — .2646 — .5728

13.3° —3.4731 —2 .3695 — .4984 — .6268
26 .6° — .9730 — .2040 . 7941 — .1362
45.0° .9052 .7001 3.0358 2.3171

63 .4° .8656 .3590 3.0363 3.3851
76.7° 1.0930 .6357 2.4902 3.2162

90° 1.2216 .8158 2.2 123 3.0808

(+60/
~ 60/902 ) (90 2 (+6O/ 60) 5

(90 2 ) Plys (+60) Plys
Three—Dimensional Three—Dimensiona l

9 Analysis LPT Analysis LPT

0° —5 .7912 —3.9941 —1.1889 — 1.7187
13.30 —3.902 2 — 2 .3192 — .7533 — .13309
26.6° —1.0050 .4136 1.1154 .4867
45.0° 1.3842 .7232 3.1828 3.0020
63.4 ° 1.4759 . 7859 2.5596 2.979 7
76.70 1.8010 1.2314 1.9582 2.55 17
90° 1.9957 1.4457 2 .0243 2 3647

(a) Evaluated at laminate midplane.
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