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. LOW-ASPECT-RATIO WING IN A BOUNDED INVISCID FLOW

[Kholyavko, V. I. and Yu. F. Usik, Krylo malogo udlineniya v ogranichennom

-potoke nevyazkoy zhidkosti, in: Aircraft Construction and Technology of the

Air Fleet (Samoletostroyeniye i Tekhnika Vozdushnogo Flota), No. 20, Khar'kov

State University Publishing House, Khar'kov, 1970, pp. 3-11; Russian]

\\\:kghe aerodynamic characteristics of a thin planar wing moving near a solid /3%
or free surface (hydrofoil) are determined. Use is made of the thin body theory,
whereby the three-dimensional flow past a thin body elongated in the direction of
motion is approximately replaced by two-dimensional flow in transverse planes.

In the case under consideration, the problem is reduced to the study of the motion
of a flat plate near an interfac$ {Fig1).
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FIGURE 1

Let a planar wing of low aspect ratio, whose maximum span coincides with
the trailing edge, move at a small angle of attack and a constant velocity Voss 3

A portion of the wing dx] =V, dt will pass through a fixed transverse plane Z0Y ¢

in time dt. In the equivalent two-dimensional problem, this motion of the wing
corresponds to a vertical displacement of a flat plate moving at constant velo-
city V0 = V @ by an amount Vodt and to a change in the width of the plate from

Q(x]) to >

i ————e
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Numbers in the right margin indicate pagination in the original text.




L) + 2 dx, = 1) + LY g,

where l(xl) is the local wing semispan.

The flow in the Z0Y plane, caused by the vertical displacement of the plate
and by the change in. its width, will cause the apparent mass of the plate to
chango by an amount corresponding to the wing lift increment over the length

i.e.

1) ’

ay _d(mV,) _ v dm (x,) -V dm (x;) dx, =V2a dm (x;)
B~ bl dx, dt ~dxn

Integration of this expression over the chord length 0 < Xy < b gives the
wing lift A

Sa;" —V’am(b) ()
i :

where m(b) is the apparent mass of the plate, determined in the wing
section along the maximum span.

The transverse aerodynamic moment relative to the OZ, axis passing through

the wing apex is calculated from the formula ;
. o
M,, - —Sx,d ~—via§x,dm(x,)=—vg«x
0
. -
XWWW"ijJ&¢ © (2
S .

The pressure drag force (induced drag force) of the wing, allowing for
the suction at the leading edges, is determined from the relation
Xy = -— A (3)'5:
Instead of the forces and moment (1) - (3), we will consider the following
coefficients:

Cy = Q_S . iy
X M,
ST eS Ma= s

where S is the wing area in the plane;

i s 4
S= 2£’(1,)d4‘t,:‘:

q,, is the velocity head;
Ve,

q. ST e —

T
Then the aerodynamic characteristics of a wing of low aspect ratio may be
represented as follows:

Cy-'-'-'2m‘ “ay Oy = ;c,a-— ...r(.q) LH

ot

4

m (b) T e - ' ‘
m,.=-—-27§—c[l—m§m(xl)dﬁ]. ’ 3
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If the 1ift and rolling moment coefficients are known, the position of
the wing pressure center relative to the wing apex in fractions of the root
chord can be calculated from the formula

mll

| sakmte-cage it g bm(b)gm(x‘)dx". @

x
Formulas (4) and -(5) were obtained from general relationships of the thin

body theory and are applicable in cases where. the assumptions of this theory are
valid. We will note two distinctive features resulting from formulas (4) and (5):

1. According to Eq. (4), the lift and moment coefficients are linear func-
tions of the angle of attack. The results of experimental studies confirm the
linear nature of these relationships for wings of low aspect ratio up to a < 6°.

2. The 1lift coefficient is independent of the shape of the wing in the
plane z) = 2(x1) and is determined solely by the wing cross section on the

trailing edge. Experimental data and calculations using exact theories also
confirm this characteristic for wings with aspect ratio A < 1.5.

Thus, despite the limitation to the case of A - 0, the thin body theory /5
leads to qualitatively accurate results for wings of finite aspect ratio. It
may be postulated that under certain conditions, this theory will also yield
satisfactory quantitative results.

It follows from Eqs. (3) and (4) that the problem of determination of the
aerodynamic characteristics of a low-aspect-ratio wing in a bounded flow is re-
duced to finding the apparent mass of the plate near the interface. To calculate
the apparent mass, we will use the method of singularities and distribute a
vortex layer of continuous strength Y(z) over the length of the plate within the
limits -2 < z £ 2. Obviously, in this case Y(z) = -y(-z). The influence of the

interface will be taken into account by using the method of specular reflection
(Fig. 1).

The distribution y(z) must satisfy the following condition on the plate:
a fluid particle adhering to the plate at any point S must have a constant
vertical velocity V0 (Fig. 1). Using this boundary condition, we obtain an

integral equation forldetermining the unknown function y(z):

{ s {
Sx(z)dz i 1(2) (2— 2,) d2

z—2, =) (z—2)t + 4H°
= =

- 21: Vo- : (6)

Here the plus sign pertains to the motion of the wing under a free surface J
(hydrofoil), and the minus sign pertains to the motion vi the wing near a solid
surface (ground). The values of % and h are determined in the transverse flow

plane Z0Y as a function of the Xy coordinate, which enters into Eq. (6) as a

parameter. To calculate the 1lift and induced drag coefficients of the wing, the
values of £ and h must be determined in the maximum span section.

We introduce a new variable 0 from the relation z = £ cosO (when -2 £ z < &,
we have m < 0 < 0) and make the substitution y(z) = v(L cos0) = y(0). having set

h = 2 . Eq. (6) is then written




S I i i .

i

s S A

e AR g s Ve N e O 1 O R BRI TR AN Wil . ol o SRV v Rt i b i

‘1(0)sin0d0 i‘[7(8)(cosa-—ws‘0‘)siﬂ°=2RV°. (7)
cos ¥ — cos & (cosa—cosa')"-f- 4h2 S

We note the particular solution of Eqs. (6) and (7) which corresponds to
the motion of the wing in a boundless fluid (h = ). We obtain from Eqs. (6)
and (7), when h =

S*((z)dz 5‘ ~(8) sind d = 21:V°,

z2—2 cos § — cos 9,
0

whence*

152V, .'./T”:; =2V, cig$. )

To solve Eq. (7) in general form for h # ®, we represent the unknown
function Y(0) as a series

1@ =2V, [Aoctgd+ .{_: Azasin2n 9] % A9
n=]

in which the first term when A0 = 1 is determined by solution (8), and the
- second term and A0 # 1 characterize the additional load on the plate due to
the influence of the flow boundary. It is obvious that when h > ®, the coef-
ficient A, > 1, and A, >0 (n =1, 2...).
0 2n
Series (9) was written by using the condition
1) = —71(=—9).
If solution (9) is known, the apparent mass is calculated as follows.

The values of the velocity potential function on the surface of the plate at
Vo = 1 are determined to within a constant which later is not significant:

4 £=;!;?j1(z)dz= F 5 [7(9) sinddy,

where the upper*#* symbol pertains to the upper surface (¢ ) and the lower**
symbol, to the lower surface (¢2) The general formula for determining the

apparent mass isl
-'n1==—;psupg§d3.

Since in this case, on the lower surface of the plate %%-= +1, and on the

%

upper o = -1, and in addition dS = dz,.then

* )
Translator's Note: 1In the display equations, read ctg as cotan.

*
sic (translator)

/6
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Substituting the expression for y(e) from (9) into this formula, we obtain
m=1rpl'(A,, +%) (10]3
MR

Thus, to determine the apparent mass of the plate, it is necessary to know
the first two coefficients Ay and A, of expansion (9). The remaining coeffi-

i N ok <

cients A2n (n = 2, 3, 4...) characterize the distribution of the load over the

plate span and do not directly affect the overall aerodynamc characteristics

of the wing.
When h = ©, it follows from solution (8) that A0 = 1 and A2n = 0, and
therefore by (10
VIO e (11)5

The aerodynamic characteristics of the wing, allowing for Eq. (11), are
determined from formulas (4) and (5)

e e ——n e -

A | . o
C, = %a Cx‘ = ‘-Cg-a = AC:.' (l?)‘
i : 1 ) : 1
¢ xp=l—-—-w(b)§l’(xl)dxl. N :
| 92 ;
Here A = {‘_S(l) is the wing aspect ratio,
z) = .Q(xl) is the equation of the wing planform.
Formulas (12) are known relationships for ‘a wing of low aspect ratio in an
unbounded fluid.?2
Let us now calculate the expansion coefficients A (o= 0, 1, 2...). iIn /7
view of (9), Eq. (7) is transformed as follows: |
; A, --L, Ag,.cos2n8,j—_l(' 8) =1, (13) | i

where the following symbols have been introduced

1 8) = A, (1o —cos8, 2,4+ 51,) —

| —-;' cos 9, il/lzn (Vo<1 + Ja2np1) +- —:- _\ElA'.'n (Jon-2 — Janq2):
LE ] ==

(cos&-«cus& ) + 4Ac

i After calculation of integrals J and furthe:” transformations of formula

%
13
¥
:
3
¥
U

(13), we finally obtain equations for the expansion coefficients A, (n w 0, Xy 2506s)
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1. For the motion of a wing near a solid surface
Ao (h, 8) 1= ,,% Asa [Cn (R, 8,) —cos209,]. (14)
2. For the motioﬁ of a wing above a frge surface (hydrofoil)
A2+ (R 8)] —1= 2’442,. [t (B, 8) —cos208).  (15)°
é The following symbols'have been introduced'into Eqs. (14) and (15):
G (B 8) = — - lcos,| —2h 45
3 Can (B, ) = (25772 )" T 0
4 a= %VV —(sin? %, + 4 ;
E‘= -;—VV;—{— sin? 8, + 4A%;
V = V/ (sin®8, + 4h%)* 4+ 16 k? cos? 8s;
t= 7"1}; T2q (f) = cos (2n arccos’t),

where Tzn(t) is a Chebyshev polynomial of the first kind.

{ If the series of Bs values are fixed in relation (14) or (15), systems

of algebraic equaﬁions are obtained for determining the expansion coefficients
A2n (n=0, 1...).

The number of fixed points esi (i =1, 2...) determines the number of

e g o

equations in systems (14) and (15), and hence, the number of desired coefficients

A2n (n=0,1, 2,..., 1 - 1). The remaining coefficients (n =4i; i + 1,...)

must be taken to be equal to zero.

° Equations (14) and (15) were used to calculate the coefficients when a
single point (approximation I), three points (approximation II) and five points
(approximation III) are fixed.

Part of the calculations for the motion of a wing near a soiid surface /8

are shown in Fig. 2. From known coefficients Ao and A2 and formula (10), one

; can find the apparent mass of the plate, and from formulas (4) and (5), the
aerodynamic characteristics of the wing.

Figure 3 shows values of the derivative of the 1lift coefficient with respect
to the angle of attack Cg, referred to the value of Cg in an unbounded flow
o

(12). Points denote average values Ef; , obtained from the theory of a vortical
’ lifting surface for rectangular wings with A = 0.14--1.6.4

\

Analysis of the calculations performed shows that satlsfactory results up

to h > 0.1 can already be obtained in approximation 1IT for a wing near a solid
surface and in IT for a hydrofoil.
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' If the treatment is limited to the values h > 0.4 (wing near the ground) and

h > 0.25 (hydrofoil), the aerodynamic characteristics of a wing of low-aspect-
ratio can be determined from approximation I. The simple analytical relations

which follow fiom (14) and (15) hold in this case when 9 =T and A, = 0
6 (n=1, 2, 3..). ‘ 2 5

1. For a wing near a solid surface

Vi 1’1 IEX

=2 r——
o

;
& : < 2h
£ | :

e R 0 oy ol 0 S A S RN i
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Since ' - m
C=m
then e V14482
ne
2. For a hydrofoil '

1 4
2— 3 g e g
Vi + 4n? V1 + 4k 1
‘«.*,
2l 1 b
C, = — 3
i el b
Vit L

Calculations made by using formulas (16) and (17) are indicated by solid /9
lines in Fig. 2.

Let us note that if 2 is replaced by a higher number (for example, 3) in

oot
the expression lfl;tlgil , formulas (16) and (17) give satisfactory agree-

ment with the calculatlons made in approx:mation III up to h > 0.10.

Thus, the foilowing approximate formulas can be recommended for calculating

the apparent mass of a plate in a bounded flow for h > 0.10:

1. Near a solid surface

= T

Vit o (18)
3h :
2. Under a free surface
m= 2' "P‘;;; . -(19)
—VA-.-QE'

Formulas (18) and (19) are convenient for calculating the moment character-
istics and position of wing pressure centers. For example, for a wing near a
solid surface, we find from (5) and (18)

xp=1— Sp (x,) F(x)) + 942 (x1) dx,

bi* (b) V I+ 6 k(=)
Outside the integral h = E%%T’ h is the position of the wing trailing edge

relative to the interfaces, and %(b) is the wing semispan.

In the integrand, h and % depend on the x, coordinate. At swmall angles of

attack >

h(x,)=h+(b—-x,)a=1(p;[17-| “)(1 x)el.
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k Under the assumptions of the thin body theory, 'l(_b)""f , and under certain
conditions, the second term on the right-hand side may be of the order of the
" first term; therefore, the position of the pressure center on a planar wing near
2 "the interface depends on the angles of attack.
F We will confine the discussion to the case of 0 = 0; then h(xl) = 2(b)h =
F = const, and the position of the pressure Eenter is determined from the formula
i f"‘xOVl'tx )+ 9 d,, 20) |
Fj 1(x1) ; : e |
where l(x,) "l—(bT is the relative local wing semispan; =73 -
| ‘ :
We will consider a family of wings whose planforms are given by the /10
Iy e : A :
equation i(xl) =X
F«' The exponent m changes within the limits 0 < m < ©, For m = 1, we obtain a
triangular wing, and for m + 0, a rectangular one.
| ;
{ By (20), we have .
E | . 1 x 5
E | 1 —2m S ;s :
E x. =1 ———-——-—-———_________le l/ + 9h° dx,. ' ¥
q P Vit | ;e
‘ If such transformations are made for a hydrofoil, it follows from (5) and
. | (19) when o =+ 0 that
; . s e 5 ,-.1-.:-§
E | : e Py VEG) +95 g
: =2y ) | eV P G + 9 —3k ( »);
~E > o %
|
: %
/
E \
3 Y 2\.
3 TN
: 2| 2- —
' Y ey _1:,-.—
E Q0 I4 Z g
g o 1
f s e el |
4 4 1774 494 @ S ]
FIGURE 4 i
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Fér the family of wingslf(;i) = xT
37 R VELR . ,
H=1-12 =y J SV Errer g @),
for B = ® (flow of unbounded fluid), by (21) and (23)
% =gt @4’

This result can also be determined from formula (12).

In the general case, the integrals in formulas (21) and (23) are expressed
X
by hypergeometric functions.3 Figure 4 shows the calculations of x_ = ;ﬁ—-for
[oe]
ﬂmswmm=%,L2(wﬁdhms—&raﬁunﬂramhdmﬁmaded

lines - for a hydrofoil).

Analysis of the results obtained shows that as the wing approaches a solid
surface (ground), the pressure center shifts toward the trailing edge, and this
shift is greater the smaller the exponent m. In particular, the greatest shift
should be observed for a rectangular wing (m »> 0).

The influence of the free surface boundary for a hydrofeil is the opposite /11
of tlie ground effect. : ‘
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