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ABSTRACT

A relaxation method for calculating the three-dimensional transonic
flow through a compressor blade row is described. The flow is taken to be
steady in blade-fixed coordinates, and is treated in the nonlinear small-
disturbance approximation. Details of the finite-difference formulation and
the solution procedure are given. The resulting computer code is capable of
operating in either of two modes: in the first, the user specifies the com-
plete blade shape and the operating conditions, and the program finds the
complete flow field, including the loading distribution on the blades. In the
second, the user specifies the loading distribution over the blade surface,
and the thickness distribution of the blades. The program then finds the
three-dimensional flow field, including the shape of the camber surface about
which the prescribed thickness must be symmetrically distributed, in order to

produce the prescribed loading.

Results of demonstration calculations illustrating each of these

modes are included.
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INTRODUCT ION

The flow in transonic turbomachinery is one in which most of the
difficult complications in fluid mechanics occur simultaneousl;. The flow is
in general transonic, three-dimensional, and unsteady; the effects of viscosity
are felt in shock-wave and boundary-layer phenomena which are, themselves,
three-dimensional and unsteady. And the three-dimensionality may appear in

the form of velocity distortions and entropy gradients in the inlet flow itself.

Despite these complications, axial-flow machines run with very attrac-

tive levels of performance. However, increasing demands for improved performance,
: : : . 152,33 :
with decreased weight, noise, and fuel consumption, ’"’" continue to place great

emphasis on the importance of understanding these complex flow problems.

In seeking approaches that may assist this understanding, it is
natural to turn to methods which have already proven their value in studies of
the external flow over wings and bodies. These methods can, in some cases, be
adapted to the special circumstances of turbomachinery flows; when this can be
done, a wide variety of analytical tools and a great wealth of understanding

is brought to bear on the problem.

The present study is one such attempt. During the past decade, the
field of external transonic flows has undergone a revolution, centered on the
use of numerical methods of flowfield prediction. One of the key contributions
that set these advances in motion was the development, by Krupp, Murman, and
Cole4-7 of relaxation methods that were capable of handling the mixed elliptic/
hyperbolic character of transonic flow. These early works, all done in the
nonlinear small-disturbance approximation, clarified many features of transonic
flow, such as shock-wave and sonic-line locations, and the relations between
surface geometry and surface loading. They also served as the necessary external-
flow adjunct for boundary-layer studies, and for predictions of shock-wave/

boundary-layer interaction phenomena. The experience gained in the
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small-disturbance approximation soon led to advances into the more fully non-

linear aspects of the problem, and into such further complications as three-

dimensionality.

The basic purpose of the present work is to apply that same first
step to turbomachinery flows, i.e., to develop a three-dimensional relaxation
method for transonic small-disturbance flow through a turbomachine blade row.
The simplicity offered by the small-disturbance approximation facilitates the
adaptation of external-flow computational methods, and indicates fruitful
directions for higher-order extensions. At the same time, the restrictions
implicit in the small-disturbance formulation limit the range of validity of
its results to low turning angles and total pressure ratios near one. The
precise limits of this range will have to be determined, by comparison with
experiment and with the predictions of more complete models. In the meantime,
results found in the small-disturbance approximation can be expected to produce
useful information about three-dimensional shock patterns, boundary-layer

behavior, and the interaction between adjacent supersonic and subsonic zones.

This paper begins with a summary and description of how the small-
disturbance formulation, given in Part 1 (Ref. 8), has been cast into finite-
difference form. This section also contains comments on some of the essential

programming steps that went into the computer code developed.

Section II contains results from two demonstration calculations that
were made for the purpose of illustrating the computer-program capability.
These results include examples of supercritical flow in the blade passages,
and serve as a basis for estimating the computing time required to do a given

calculation.

The concluding remarks indicate two avenues of research which are
opened up by the successful demonstration of this technique. One of them lies
in the general direction of further extensions of the method; this area in-
cludes such topics as the incorporation of the full nonlinearity, and an

accounting for some of the shock-wave and boundary-layer phenomena that play
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such an important role in turbomachinery performance. The second direction
consists of applications of the present capability. The availability of this
method makes it possible to conduct, at very modest cost, parametric design
studies of the blade shapes required to produce a given loading, and of the
off-design performance of these blade rows, all in the presence of three-
dimensionality and the occurrence of mixed subsonic/supersonic flow. While

these calculations are limited to the range of validity of the small-disturbance

equations, they nevertheless offer an immediate method for learning in detail

about the intricacies of this complicated flow field. There is much to be learned
from such an application, and the opportunity need not be deferred until after the

more advanced approximations come into existence.




I. FINITE-DIFFERENCE FORMULATION

The coordinate system and rotor geometry used are shown in Figure 1,
where the dimensionless variables are defined as
wx wr w @
2 2 - ; pa — 3 BeO@-Z 3 ¢ = —5 (1)
'Iao sz aw

The velocity components seen by a blade-fixed observer are

W, = @+ 5 W, = ¥ 5 W, = wWr+uw (2)

x r e

These dimensional perturbation velocities are related to the velocity

potential by

e SR O

e az)p,e az>p,¢ az;)z,f,’

e i e iﬁ‘l) L (%)
Yoo P /7.6 P’z ¢

A - AL l.éi) N ;a_?;>
i, p 96 30 p i5/s,

The velocity potential satisfies the equation

{1 - M:(7+,o1) —(1(+1)M:¢2} bapt P sz -201+p%) ¢,

(4)

e :
(1+p07) 2

*of Pou v l1ER (¢PP+ qu:p) £

/

Subscripts denote derivatives in the 2z , o % coordinate system; thus the

symbol ¢, stands for %)p; . There are B blades in the row, and they are

+

taken to lie in the helical surfaces defined by ¢, and wr . The axial
projection of their chord is a constant, C, . Thus, they are located at ]
i i
wC, 24T .
0SZ&_(IN $ /OH$/0$P, s Z;’:: B N .1:0’1,2_,.-.,8—/ (5) 5 3




For purposes of numerical calculation, attention is restricted to the region

between two blades (0 s § ¢ %;—), and the solution is made periodic in

successive intervals of 27t/B8 . In the small-disturbance approximation, the

blade-surface boundary conditions are enforced in the surfaces 4 =0 and
5 =2n/8

The region in which the solution is to be found is now divided into
a grid, as shown in Figure 2, where the indices L , K , and N are used to
number the points in the ¥ , Z , and p directions, respectively. Values
of the potential at each of these grid points are denoted by
N

&

The use of this grid makes it very easy to enforce the periodicity conditions;

)

¢(Z’0;:) =¢(L:K,N)

for example, when solving for the flow in the blade-to-blade plane at constant
© , the periodicity condition upstream of the blade row (see Equation 49 of
Reference 8) requires that ¢ (L,K,N) = ¢(LMX,K,N), where L =1 and
L=LMx are the indices corresponding to 2 =0 and £ =2r/B . However,
the skew coordinate system leads to a misalignment between the fore Mach cone
through a given point and the grid points in the Z -direction. It is known

from external-flow studiesg-11 that a misalignment of this sort will lead to
an unstable iteration process, even though derivatives in the 2Z -direction at

constant 4 are taken in the upwind direction.

The remedy for this problem is to use the rotated-difference scheme
introduced by Jameson.g His method was developed for the case where the flow
velocity displays large deflections from one of the coordinate directions (see
Figure 3, which shows a rectangular coordinate system for convenience).

Jameson's basic contribution was to replace the partial differential equation
in x and y by one in the streamline, normal coordinates S , n . The potential

equation can then be expressed locally in the form

(1—2-::)4735 + $,, t e =0

where the three dots stand for lower-order derivatives, and where the second
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derivatives are related to their local counterparts in the rectangular

system by

s = (9 bun t 2929, buy + 95 byy)

1
1
1
-— [ 2 - z

¢"n = ? (q.} ¢l¥ S l‘f,‘ﬂ, ¢ll’ + q; ¢(‘|‘)

where ¢ is the magnitude of the local velocity vector and 4, and q% are
its x and Y components. After expressing the potential equation this way,
contributions to the ¢,. term are tnen represented by upwind differences,

while terms contributing to ¢,, are evaluated by central differences.

For the present case, the misalignment between the fore Mach cone and
the z = constant grid points is not caused by large flow deflections, but by
the skew nature of the grid. The same general principles can be applied,
however; the contributions to d., and d,, can be identified by writing

(in dimensional variables):

B 1 2 2
Pss = wz {Ux Pex t 2 Vo Wy + W "es}
o
- 1 2 ‘;:
cpnn 55 2 (wr) (‘Fl)t -2 waﬂ’ (7016 i A CVGO
W, 7
where hg’ = a&f + (wr>* . Note that the small-disturbance approximation

has already been used here, by neglecting the contribution of the perturbation
velocities to these formulas. If these are now re-written in dimensionless
form, and transformed to the Z , P , % coordinates, it is found that

w U{:

Pss Wi ¢zz 5

o

i

2
W(Jm 2 2 (6)
Fon = WE {,02¢zz -2 (7+p ) ¢f.’z ¥ (p +2+,5_77-) ¢L‘?E}

[~

Thus, it is clear that the potential equation, as displayed in Equation (4),

is already in a form suitable for the application of Jameson's technique: the
first term in Equation (4) is to be evaluated by upwind or central differences,
depending on whether the local Mach number is supersonic or subsonic, while all

the remaining terms are to be evaluated by central difference formulas.

L VL v




In addition to these considerations, it is essential that the

” L2513 - ;
difference scheme be fully conservative, i in order to avoid the spurious
introduction of additional mass flow. Thus, the potential equation is re-

written in the divergence form:
d 2 I+1 2 2 __L 2 _]— 2 _—p—
oo St d e [ 25 o)

a LG o p +p* g o
iy - [;‘*’:‘:?‘Pz]}*“ﬁ“;;‘/’“’f” L

The grid used throughout the present work has uniformly spaced points in the

radial and blade-to-blade directions, and a nonuniform spacing in the Z -direction.
The 2 -coordinate is taken to be related to a transformed coordinate 7T ,
such that

o7
] (8)

el b
5‘2— faz,’f

A constant grid spacing AT is then used, giving rise to a nonuniform spacing
in 2 . The computer program as written contains a specific transformation,
described below, in one of the subroutines. Other transformations can be used
by making appropriate changes in this subroutine, whose purpose is to return

the function f .

Using the variable 7 , the potential equation becomes:

d 2 2 _3&1 2 3¢ zﬁ
bt )

% 2 1 P 7 ¢ (’ffiili Y 5 = e fﬁf},
—p(1+p)ﬁ{;¢t'7?ﬁ'(f ”)}*—p{ 32‘,’{,0 ¢4’ 1+p* 3T

+p* 3 % .
¢ GF (po,) = 0 )

The first term in this equation is to be evaluated by type-dependent differences.
In order to retain mass conservation, it is necessary to use the shock-point

: i : 12
operator at points where the flow changes from supersonic to subsonic values.

Jameson14 has pointed out a simple way of doing so, using a switching function




p which is defined to be zero in subsonic flow and 1 in supersonic flow.
Using these concepts, plus the formulas suggested by South and Jameson,11 the

following finite-difference form of the potential equation results:

k&v ¢K 1 & s N(;>
{/3 24T }{("“x)éma ¢xu'2fk[ *(’ ) ]++‘ £ 4,“
L IV+L MoorE ~+L ~4‘- 4
+ M- <FK-'/1 (2— ¢K i ¢;< e éx-t) 5 fx-’/;_( ¢K~1 = ¢/<-z)>}

+p1(1—u;){fK’yz~¢K+—lzf [Nf)': +(7--L—L—)N¢:] i Nd’" }

e (4

® p‘ “’: {fl« '/z(NdJ:u— ~¢;> i fx-'/z(NJ); = Nd’:q)}

(10)
AR R TR $i}
i i)
e
where /5:5 I—M:ﬁ*pz) g DE (i+1)M:, u.‘;( o» M21 . A plus sign over a

term indicates that its value is to be updated on the current iteration, or set
equal to its value on the current iteration, if it has already been updated,

+
as in the case of the term ~¢:_,. The quantity w, is the relaxation factor

used at elliptic points.

£




Line Relaxation

The sequence of iterations to be followed in the relaxation solution
is as follows: starting at a given radius, all the points on the line
Z = constant will be solved for by line relaxation. This line will be swept
downstream, and the sweep repeated a number of times before moving to the next

radius. Thus, it is convenient to arrange the potential equation in a tridiagonal

form
L NT L4 ¢ ntye L N*l--’ L .
Be ¢ ¢ 8 & +C ¢, =0, L =2,3,..05 LMX-1 (11)
where LMX is the index corresponding to Z = 2n/8 . The coefficients HKL 7
B: 3 C; , and D,: are all known, in terms of the independent variables,

and values of ¢ at neighboring points in the grid found on the previous
2z - sweep (or, in the case of some terms at K -7 , found on the current Z- sweep).
The explicit forms of these coefficients depend on whether the flow is locally
hyperbolic or elliptic. This is decided by the sign of the centered-difference
form of the coefficient of @,; :

P~ Pec

2 2 2
o) s Mg = M L it
Vv 1=M Gsp ) ~(¥+1) M, ¥, e (12)

where @, is evaluated from the values that were found on the previous
2Z-sweep. If V 1is positive, the point is elliptic, and centered differences
are used throughout; if V 1is negative, the point is hyperbolic, and upwind

differences are used for ¢az'

The tridiagonal solution is found in the usual way (see Reference 15,

for example). Let

Nt L +

¢ = EL T+ FW) (13)
Then the quantities £ and F obey the recursion relations:

Ew) = -A,/ [8) + ctE(L-n)] (14)

Fey = [0f-ctru-n)/ Be +cl ec-1)] (15)




The boundary or periodicity conditions at L =1 are used to set £ (/) and

F (1) . Then the recursion formulas [Equations (14) - (15)] give E (L) and

F(L) for L=2,3,...,L1X~-1. Boundary or periodicity conditions at L =LMX

are then used to set ¢ at LMx , and then Equation (13) is used to work back

down to L =2 . After these (tentative) values of ¢ have been found, (and

stored in an array S(L) ) the solution is updated by the relaxation formula
il

¢, = wSWL + (1-w) "$* (16)

where the values used for the last term are those from the previous iteration.

The next step is to use the periodicity conditions (upstream and
downstream of the blades) and the blade-surface boundary conditions (within
the blade row) in order to set the proper values at L =1 and L=LHX. These

are taken up, in turn, in the paragraphs below.

Periodicity Conditions

1, Upstream of the blade row:

(a) here E(1) is set equal to zero, and F(1l) is set equal to ”¢:Mx
(b) at % = am/B : here the proper way to enforce periodicity
is to re-write Equation (11), with ”(ﬁ:m‘_’ replaced
by “op
A we o naipl a B )
The quantity N$Kl’"‘ % is then eliminated in favor of
7 *:"x by using Equation (13), resulting in an

. . . x
explicit relation for "¢ 2™,

s Downstream of the blade row:

In this region, it is necessary to account for the jump in
potential and its radial derivative across the trailing vortex sheet (sce

Reference 8).

10
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(a) here E(1) is set equal to zero, and F(1l) is set equal to

Mot o+ adan

K
(b) at ¥ =2m/8 : in order to evaluate the even part of the
T -derivatives correctly, it is necessary to replace
"¢‘,‘:x" by ~¢i -A® (see Figure 4). The odd part
also makes a contribution to ¢=‘ (see Equation (54),

Reference 8); the net result is

LHx a* AP(N+1)-28¢N)+AGN-1
T2 G +p% (ap)*

AbN+1)-AFIN-D) Y@L + -2 adw)
+
2p4p T i
This formula is then used to derive an equation similar to
+
Equation (17), from which an explicit relation for o g

can be found.

Blade-Surface Boundary Conditions

There are two options for specifying boundary conditions at the blade

surfaces, designated by Roman numerals I and II:

I. Here the blade shape is specified. Thus, the surface slope
(see Reference 8, Equation (43)) is given at all grid points on the suction and

pressure sides of the blades.

(4 at 4 =o'
dS5/ = Wo /Ly P a5 1+p* g2
Thus,

24 _dn P 3
TRl ey
4 =0 a0 P Z:0

This is used to approximate ¢‘: , as follows:

G B
¢“"‘;=o- Ayg [ ay - (b‘ia’co] =

L

(18)




Y

T

TR

(b)

II. Here

blade surfaces, of

When this is substituted into the potential equation, at
£ =0 , and the result compared with Equation (13), an
+

2, 2 . N
explicit relation for & . results.

at 2=2n/8 : an analogous procedure is used here, the
major difference being that the ¢ -derivatives are

replaced by:

2

i dn P adal
¢‘|g=zn/5— /od.S % 1+p2 dZ
Thus,

gt

+ &
N LHx _ N¢ LHX -1
K

o T 2 K
AL (¢"t = an/g AT ) (20)

The analogous sequence of steps then leads to an expression
+

N X

¢

4""‘: 21/8 5

for

the given quantities are values, at all grid points on the

the loading AcCp and the thickness t , defined as: (see

Reference 8, Equation (43))

ac,

t'cs)

The first of these

(a)

; _uu_z_z(ﬁ)‘ {ﬁ s _“_’ }

% Soo l-l; L Wo I, Wolw (21)
Pl s = 9

Lot iy 2 Z2lLHx 2 L=1 i

= -2 (1+p%) s = ~agel 2l
du dn. w U,

= -—'1- - ._.’L. = __2' - (22)
ds ds Wo l W, I

is used at L= , the second at LMx:

at ¥ =o : Equation (21) can be rewritten as:

2

N1 N 1 N, LRX N, LMX AcP
¢K & ¢L.E & ¢g & ¢‘_5 +f 2 d Z

(-]
But, from periodicity conditions, ol =R
the potential at 5 = 0 can be set from the formula:
2

4 ac
N 1 - N, LMx P P

¢K ¢K +f 2 B L85

-]

The integral appearing here is done once, at the start of

the calculations.

1




(b) at ¥ =2n/8 : Equation (22) is rearranged, by expressing

w, in terms of ¢, and ¢, ; then ¢, is replaced in

terms of ACp . The result is
2
/0 ACp "
¢‘I‘_H’- o ¢‘l|_-l i ,+p2. 2 & Pt (S) (24)
This expression is then used to approximate ¢g‘[L~‘ , @8

in Equation (20), and the result is substituted into the
potential equation at LMx, leading to an explicit relation

+
N LHR
for b«

Blade Loading

The force per unit span acting normzi to the blade chord can be

related to the jump in potential (see Figure 5).

c
df, 1 2 7 Y
T =/(,pL-pu)d$ = 27 P Xoo 1+0 _UO— A (p) (25)

o

The quantity A¢ is also related to the circulation

c 2
d, AP
r =/ (ug|, - usl ) S = A (26)

Blade Shape

When the calculations are done with prescribed thickness and loading
distributions, the blade shape must be found after the solution converges.

This is done by integrating the condition

2
o e U, Nu, i L w 2 “n
ds W, * 3 e - )u.,:. el

The trapezoidal rule was used for these integrations.

Far-Field Conditions

The boundary condition used at 2 -+ -2 is that the perturbation po-
tential be zero. This is done by setting NdJ,L-':Ofor all N and L , where
the station corresponding to K =1 1is taken several chord lengths upstream

of the leading edge.

13




The condition that there be no disturbances upstream is correct for
flows where W, /a, < !. However, for the supersonic-tip case, where W, /a, > !,
the proper condition is a radiation condition, i.e., for u,/a, < 1 , it is
required that any waves present in the flow must have come from the blade row.
At the present time, this condition has not been incorporated; thus, the

solutions are restricted to cases where tip Mach number is subsonic.

At large distances downstream of the blade row, the perturbation
quantities are required to be independent of # , at constant £ , i.e., they
do not change in the direction along the helical paths. This is enforced by

selecting values of ¢ at K = KMX, equal to the constant value required for
mass conservation (see Reference 8, Equation (56)).
N+L ;v‘t.
% Cc - DAF - DBF - “® verx -1 (28)

N ;L > Kmx -2~
P rerix

DCF

where

DAF

]

(ZKHX =3 ZKHX—I)/(Z_KHX-1 ';-'Knx-z) (anx = zxnx—z)
bBF = (Z‘Knx RE %Kn:(w‘l)/(z KMX -1 "Z'xnx -2)62 KHMX -1 ‘i"xnx)

DCF

(2'2',(,_,,, "Z':(Hx-r _éKHx —z)/(‘z KM X ‘a‘xnx-z)(i‘gm( -2“xnx-v)

Hub and Shroud Conditions

In general, the boundary conditions at the hub and shroud require
that the radial derivative of the potential be proportional to the slope of
the surface. For the present formulation, these surfaces are taken to be
cylinders; thus, the requirement is that d%®/dp =0 . This is enforced by
setting ¢ at N=/ and N=AWNMx such that the derivative is zero, i.e.,

3 &L

1 L = 4 a & 1
¢/< S d>:< T8 ¢:< (29)
NMX L K i /vnn-v¢l. g NHx-1¢L
K 3 K EJ K
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Updating of the Jump in Potential

When the calculations are being done in the mode where the geometry
is given, the quantity A¢ (0) is updated as the calculation proceeds, in the

manner outlined by Ballhaus and Bailey(16).
i L@, * wea am

Adlp) = w =i o)— (——— e 1-w)a¢p) (30)
¢,o P{¢(<Ip ' L ¢ R ) Py 8 }1’( p) ¢P

The relaxation factor wp used here is taken equal to 3/kmx, since a monotone

convergent sequence of iterations will behave according to

~wp - ITK
$n T Grmac [’ e ]

where ITK counts the iterations in the axial direction. Since the total
number of sweeps in the axial directions is usually chosen to be of the order
of KMXx , the above choice of wp will assure that the argument of the expo-

nential factor is sufficiently large.

Because the perturbation velocity components are forced to be periodic
downstream of the trailing edge, the values of ¢ at the trailing edge that
enter Eq. 30 will tend toward the value of A® required by the Kutta condition,
i.e., the value that makes the perturbation pressures at 2=0 and & = 21/ equal.
This condition can be enforced more strongly by selecting A¢ , at each
iteration, to be precisely the value that will make the perturbation pressures
equal at the trailing edge. If subscripts a and b denote the locations of the

last two points on the airfoil, this value is:

iy {"(zrs ’zb)20¢a +(Z ¢ ‘za)2A¢b}
(2«2 V(a8 ~Eum2,)

N

where Z W,/ &y

TE

+ y
Aéa.,b - ¢(Za,'bi/o'0) b ¢(za,’b’,09 3,61[—)

The computer program contains an option for using this formula. Under this
option, wp is read in, and A ¢ is updated by

-

ad = sl o (1-p) 0@

15




A limited number of runs, made with this option, showed only minor differences

from those which used Eq. 30. All of the results presented below used Eq. 30.

Grid Used

The grid used for the calculations reported here had a uniform spacing
in the p- and Z -directions. The grid was unevenly spaced in the #Z -direction,
as follows: the upstream and downstream boundaries were set at

wC, wC
Zas—z—n‘ 3 Zzsfa_—a'
q )

Then the intermediate points were located at

Zik) = 2, % L Lq[——ﬁéll—], K= 1,2,...5 KMX (31)
2 2~- KA?

where

AT = 2/ (KMX +1)

n [AT/(2-4T)]

Lol T
[ e Z”]
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Relaxation Factors

In updating the points on a given line ( Z = constant, 0 = constant,
0 < 4§ <£2an/B) the relaxation factor was taken as either of two values,
depending on whether there were any hyperbolic points on that line. If there
were, a hyperbolic relaxation factor was used; if all the points were elliptic,

an elliptic relaxation factor was used.

16




The hyperbolic relaxation factor, called RXH , was read in as a
constant, less than 1.0. The elliptic relaxation factor was taken as a
function of Z , which varied from an input maximum value, called RXE , to
the value 1.0 at large distances upstream and downstream of the blades,
according to the formula:

. 1 Wi 11
L) = "of(RXE”)W _<___2_;.i?1_.) (329
Wly /Ly

When this was not done, it was found that values of the potential far upstream

and far downstream did not converge.
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IT. RESULTS

The computer program described above has been used to carry out two
calculations, for the purpose of demonstrating its capabilities.* The blade row
used for both of these calculations is shown in Figure 6. It had 30 blades,
with a hub-to-tip radius ratio of 0.5 and a solidity c¢,.,/L;y of 0.5. Both
calculations used an axial Mach number of 0.4, and an angular Mach number at
the tip of 0.8, making the resultant Mach number at the tip 0.894. The grid
used for these calculations had 40 points in the 2Z -direction, 20 points in
the & -direction, and 10 points radially, for a total of 8000 grid points.
Constant grid spacings were used in the p - and £ -directions; a variable grid
was used in the Z -direction, with points more closely spaced in the vicinity
of the blades (14 of the 40 points lay between the leading- and trailing-edge
stations). The grid extended from 2 C,. upstream of the leading-edge station

to2C, downstream of the trailing-edge station, as noted in Section I.

The relaxation procedure begah by finding the solution at the hub.

Line relaxation was used, with all points on the line Z = constant, 0 = con-
stant updated simultaneously. This line is then swept from upstream to down-
stream, and the sweep is repeated a number of times, typically the same as the
number of grid points in the # -direction, in order for information to be
carried from one end of the grid to the other. The solution then proceeds to
the next radius, where the process is repeated. After this first sequence of
radial iterations has reached the tip radius, it is then repeated. The number
of repetitions is typically the same as the number of radial surfaces in the
grid. This procedure is analogous to one which has been used for isolated-

wing calculations.l7

The program was written in FORTRAN IV and, using the H compiler, was
run on the IBM 370/168 of the Martin-Marietta Corporation Great Lakes Data

Center. It was found that the computing time required was 36 microseconds per

*
An earlier version of these results, calculated with a non-conservative
difference scheme, was presented in Ref. 16.
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grid point per visitation, exclusive of the time required for output. Each of
the two calculations reported below took about four minutes, plus the time used
in output. (The latter time requires an additional 5 to 10 seconds, depending

on the amount of output desired.)

First Case: Given Blade Shape

In the first demonstration calculation, the blade geometry was
specified. The blades were taken to have parabolic-arc distributions of thick-
ness and camber (see Figure 7).

1

q‘t(S) = A(5) £ = £(5)

4t oppax (1)
t(s) = _———[c(r)_]‘ {s [c—s]} (33)

4 4 (r)
sy = 2 Amax(r) { g
e [em]? =l s]}

The maximum thickness was chosen as a constant, of such a magnitude that the

1]

\

variation of chord length with radius produces a thickness-to-chord ratio
twayx / CC) which varies from 6% at the tip to 9.49% at the hub. The maximum
camber was also chosen as a constant, of such a magnitude as to make the camber
vary from 4% of the chord at the tip to 6.33% of the chord at the hub. The

blade shapes at the hub and tip are shown in Figure 8.

The convergence of the solution is shown in Figure 9, which presents
the variation of the streamwise perturbation velocity at mid-chord, on the
suction side of the blade. The iteration number shown here counts the number
of times the values at a given point have been updated. The calculation was
done in ten successive stages: most of these used two radial sweeps, with
20 axial sweeps on each radial one; on several of the stages, only one radial

sweep was used, with 40 axial sweeps.

The relaxation factor w), (see Equation (10) was taken as 1.0; the
quantity RxH was chosen as 0.9, while RXE was set equal to 1.0 for the first
120 iterations, and equal to 1.2 thereafter. Several attempts were made, at
later stages of the solution, to increase RXEto 1.4, but these led to divergent

behavior.
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The results of this calculation show that the flow accelerates to
locally supersonic conditions over the outer half of the span. Contours of
the local Mach number are shown in Figures 10a and 10b for radial stations near

the hub and near the tip.

Second Case: Given Thickness and Loading

The second demonstration calculation was done using the computer pro-
gram in the design mode. The thickness distribution was chosen to be the same
as used in the above calculation, while the loading distribution had the form
shown in Figure 11. The value of A Cp (r) varied linearly between pre-
scribed values at the hub and tip.* The values used were & = 0.6, ACp = 0.5
at the hub, and 1.0 at the tip. The flow resulting from these specifications
was everywhere subsonic; contours of the local Mach number at two radial

stations are given in Figures 12a and 12b.

The convergence of the solution is shown in Figure 13, using the same
location as in Figure 9. The relaxation factors w, and RxH were again chosen
as 1.0 and 0.9. However, it was found that the relaxation factor used for
elliptic points had to be quite small at the beginning of the calculation. The

values used were:

Iteration Number RXE
1-200 0.1
201-400 0.4
401-1000 0.8

The blade shape required to achieve this loading is shown in
Figure 14 for the hub and tip. It is interesting to note that an angle of
attack makes up the largest portion of the blade shape, with only a modest

contribution from camber.

*
Strictly speaking, this distribution is inconsistent with the condition » =0
at the hub and tip, since it 15 alwavs ue that

V(lip) o) v(z Fl ﬂ - 5 A¢P
As a consequence, the radial velocities é%lculated for this case are inaccurate
near the hub and tip.

120
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IT1I. CONCLUDING REMARKS

The principal significance of the results presented above is that the
first step spoken of in the introduction has been carried out: it is now
possible to make three-dimensional transonic flow calculations of periodic
flows in a compressor blade row. Because a relaxation method is used, the
computing times required are quite modest. Further steps are now possible, in

the directions of application and extension.

Some of the applications that need to be made are to compare the pre-
dictions of this method with experiment. As noted earlier, it can be expected
that the smell-disturbance theory will have a certain range of validity; the
extent of this range, and the principal factors which 1limit it remain to be
determined by comparisons with experimental data. In addition, there are
several questions that can be answered by further application: among these
are the effect of blade shape and loading on the location of supersonic zones,
the types of camber-line distributions required to achieve various pressure
distributions, and the degree of validity of quasi-two-dimensional solution
methods. All of these questions can now be answered, in the small-disturbance
approximation, by conducting a series of calculations in which the appropriate
parameters are varied. The experience gained to date suggests that these

calculations can be done at quite reasonable cost.

In addition, the availability of a three-dimensional inviscid solution
makes it possible to consider the three-dimensional boundary-layer flow that
would result. By examining the pressure distributions on the hub, shroud, and
blade surfaces, the general features of these boundary layers can be described,

and quantitative estimates of viscous losses can be made.
Looking beyond these applications, there are many extensions that can

be made. Some of the most important ones are the inclusion of further non-

linear terms in the potential equation, which may enable consideration of

21
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highly cambered blades, large turning angles, and pressure ratios substantially
larger than 1.0. These extensions might also allow incorporation of further

geometrical complications, such as rounded leading edges, part-span shrouds,

tapered blades, and variations in the annular cross-section.

One of the major limitations of the present results is its poor
representation of shock transitions. This problem can be overcome by the addi-
tion of a shock-fitting technique.ls’19 Once that has been done, the necessary
tools will be at hand for studies of shock-wave/boundary layer interaction in a

transonic compressor rotor.

Even with the full nonlinear potential equation, there are still a

o 2 ol il b ol e P el s

number of limiting assumptions, especially in regard to the absence of gradients
3 in the inlet flow. An alternate formulation, recently been developed by

McCune and Hawthorne,20’21

is free from this restriction. This formulation .
uses small perturbationsof the axisymmetric mean flow; it may be that the
numerical solution of the perturbation equations in this formulation would be

a profitable avenue to follow.

On an even longer time scale, there are many other techniques that

have proven to be of great value in relaxation calculations of external flows,

and which hold comparable promise for internal flows. For example, the area

22-24

of convergence-acceleration techniques can now be considered for three-

dimensional turbomachinery flows, and use of a velocity-component formulation,zs'z7
capable of treating flows with radial inlet gradients, can be contemplated.
As was the case with external-flow calculations, the experience gained in the

small-disturbance approximation, in regard to such matters as coordinate

systems, periodicity, and rotated differences, helps to show how further ad-

vances can be made.
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Figure 5

LOCAL NORMAL-FORCE DIRECTION
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Figure 7 DEFINITIONS OF BLADE-SURFACE GEOMETRY
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