/EAD-MMZ 661 SOUTHERN METHODIST UNIV DALLAS TEX DEPT OF INDUSTRIA==ETC F/6 12/1
12 RECURSIVE RELATIONS IN THE COMPUTATION OF THE EQUILIBRIUM RESUL==ETC(U)
SEP 76 S N RAJU: U N BHAT NUDDIQ-TZ-A-OZOG-ODS
UNCLASSIFIED IEOR=76015

END
DATE
FILMED

| 777




il ik R Bireus N DS v
At Koy S ARy e
2
2
.
; ot
3 .

ADAUS2661

A T O E I B SR A I S PF 8

NOV 80 1976

DEPARTMENT OF INDUSTRIAL ENGINEERING AND OPERATIONS RESEARCH

ScHooL oF ENGINEERING AND APPLIED .S§IENCE
DALLAs, TEXAs 75275 :

AT T e S e

PO o STATIMENT A '.'
" % ".., e 15 0 .‘".Anv_-;.: rolease] ‘
' FEysH : ol ‘ ‘:
| Diadbaded Uniinited




e T

(% e S i W s 3 5 s ol

e |
.
1

4

WNARKOUHCED

A

AOCESSION for
L)) White Sectiza
we Buti Sectwn

JUSTIFIGATION. ..o

|
3
(| PRI R R
BISTRBUTION/AVAILABILITY €053
ol AvAiL aml/of SFieiis i‘
i

e ——————

o’ i
3/ Technical/Kép IEOk-VGblS i

ol e

é BECURSIVE RELATIONS IN THE COMPUTATION
: OF THE EQUILIBRIUM RESULTS OF FINITE QUEUES >

/ Sagi N.. 'Rag\ N e
: U. Narayan Bhat
o I ? NOV 30 1976 |
LIS '
B ;
Department of Industrial Engineering and Operations Research
School of Engineering and Applied Science
Southern Methodist University
Dallas, Texas 75275 3
/
i s
Revised September 1976 4
P ] "
/ :}/ Y
P S

17
gAY

*Research work supported by the DCEC/ONR Contract NOOO14- 72-A-_§
02965003, ww8 NOOO14-75-C-0517 7 NRO42-324. Reproduction in
whole of in part is permitted for any purpose of the United
States Government.




PSSRSO " WS

gv

&z §
. .

[ )
.

ABSTRACT
N

Imbedded Markov chains of finite queueing stystems with unit jumps at
regeneration points have an almost left triangular (in systems of the type
G/M/s/N - in Kendall notation modified to include system capacity) or an
almost right triangular (in systems of the type M/G/1/N) structure. Using
this structure a fundamental recursion on the elements of the transition
probability matrix is developed, which in turn helps derive first passage
as well as equilibrium results in computationally feasible forms. The
computational procedure is illustrated using the system G/M/s/N with

two arrival classes and priority service.
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1. INTRODUCTION

Finite queueing systems have not been studied so far as extensively
as those with countably or uncountably infinite state space. The main
reasons for this situation seem to be the suitability of an infinite
state system approximation for a finite state system with a moderately
large state space and the relative simplicity of a finite queueing
system with a very small state space. However, when the state space
is of medium size, in order to provide usable results, the study of
finite queues by themselves is necessary. In this paper we present
an analytic technique which should prove significant in a wide variety
of such cases,

The class of queueing systems that can be analyzed by the methods
developed in this paper may be identified through two subclasses.

(1) Multiserver queueing systems with a gengral arrival process
(possibly dependent on the state of the system), exponential service
times and a waiting room of finite capacity (denoted as G/M/s/N).

(2) Single server queueing systems, with Poisson arrivals (pos-
sibly dependent on the state of the system) and a waiting room of
finite capacity (denoted as M/G/1/N).

The procedure is based on the imbedded Markov chain of the basic
process and therefore it is essential that in the case of multi-server
systems the service times be exponential and in single server systems
when the service times have a general distribution the arrival process
be Poisson. It is to be noted, in queueing systems belonging to the
above classes, the transition probability matrices (TPM) of the imbedded
chains have an almost triangular structure (also known as Hessenberg
matrices), If arrivals are one at a time in the first subclass of
queues, the TPM is almost left triangular (a matrix in which all the

elements above the super diagonal are zero) and when the departures are
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one at a time in the second subclass of systems, the TPM is almost

right triangular (a matrix in which all the elements below the sub-

diagonal are zero),.

In the next two sections we consider an almost left triangular
transition probability matrix and an almost right triangular transition
probability matrix respectively. Each section addresses to the problem
of deriving the fundamental recursion, limiting distribution and first
passage times, Remarks have also been incorporated on the computational
feasibility of the results presented in the paper, Section 4 on computational
procedure outlines the algorithmic aspects of the model. The final section
illustrates this procedure with an example, where a system of the type
G/M/s/N described above is analyzed to give most of the measures of
performance of interest. Such systems arise in the study of telecom-
munications traffic at a multiple channel node shared by more than
one class of customers (e.g., voice and data; see Fischer [3]; for

a complete analysis of the system see, Bhat and Raju [1]).

2., AN ALMOST LEFT TRIANGULAR TPM

Two standard results from the theory of finite Markov chains are given
below.

(1) Let {0,1,2,..., N} be the state space and Pi (i,j=0,1,2,... N) be

3
the one step transition probabilities of an aperiodic, recurrent and irreducible
Markov chain {Qn’ n=0,1,2,... }. Let ﬂ-(wo,ﬂl,..., ﬂN) be the limiting dis-
tribution of the Markov chain. Then 7 can be obtained by solving the set of

simultaneous linear equations

P =7 1)
N
using the normalizing condition Z "j = 1, where P is the transition probability
3=0

matrix with elements P »3=0,1,2... N).
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(2) Consider the first passage of the Markov chain from a state keB1

where B ={i, i+l,..., N} to any state eii where ii-{o,l,z,..., i-1}. Define
TN(B,) = inf{n|Q eB,, given keB,}; ™ = ™V.) (2)
ki n -1’ e Pl e

Let H be the substochastic matrix obtained by pértitioning the transition

probability matrix P as follows:

Boo gy = By iy Bhgiee. B

P= Pio Pyy voe By gy

k. ul
Then it is known (see Kemeny and Snell [4]) that E[T:(Bi)] is given by the
(k-i+1l)th row sum of (I—H)-I[known as the fundamental matrix] and the ele-
ments of this row give the mean number of visits of the Markov chain to the
corresponding states before the eventual first passage.

Variance of first passage times can also be determined as functions of
elements of (I-H)_l.

Given below are results that can be used to simplify the matrix inversion
procedure needed in determining the first passage times and the limiting dis-~
tribution. The method exploits the almost triangular structure of the TPM

and is based on recursive relations convenient for computational use.

2.1 The fundamental recursion

Let the transition probability matrix P have an almost left triangular
structure. Without loss of generality, for notational convenience we shall
assume that the first passage is from the set of states {1,2,... N} to state

{0}. Now, writing H=H(N), where N is the order of H, we have
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and let det (Aéii)- Aéii. Using the principal minors of Aéii we have the
recurrence relation
Aéj) ¢ for ket
) -
&5
) o o Q) - 5 .
Bl = APy 38 = Praseen, i Py, jok-18k1 = oo
k-1
: (zgo Pj+k-1-z,j+k-2) Pj+k,jA(§j) : )

(see, Faddeev and Faddeeva (2], p. 31). :
For computational purposes a better recursive relation than (5) can be derived.

~

Define
B{J) - :I}-j-lpn'l’n (3>0,k>0)
887 =1 for a1 350

- o) =y e,ﬁ“ :
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;A Dividing (5) by’géii and simplifying we get
TR Y e T R HBENRE T aa
k41 P el | E gho JHeIH-Tk-g N TTEC

where for j > O,

aéj) =4

5 SR
S sy / By, 41
atfj) =0 ‘for akl 00

The recursive relation (6) has the following equivalent form

@) _ [f_’u 4§ [5:&4 LG4+
i - Pygn ] K g1l * JHL, JH1I4L o
(321, O<k<N-j) . 7)

i The equivalence of the two forms can be established directly using mathe-

4 ! matical induction.

| Because of its usefulness in computations we shall identify equation

(7) as the fundamental recursion and the successive iterates as transition

A o B e sl i

i
e B N A s e N e
[ ]

iterates. The limiting distribution and the first passage times for the

TPM can be expressed in terms of these computationally attractive transi- 3
g tion iterates. i
i

[EESCENE)
* s

2.2 Limiting distribution of the Markov chain

In obtaining the limiting distribution the following inversion formula

is useful.
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B(n,k) =

=k

B(n,k)=(~1)

where a

Proof:

Lemma 2.2.1:

'Pk+1,k+1

“Poth-1 541 =

'Pk,k+1

-P

P

VP vt

(k+1),
- /Pk,k+1

(lc+1)
M / P, k1

(k+1)
2n-1 / P k1

equations is satisfied.

(87 (0,10 1(Bn,k) ] =1

a(k+2)

Let B(n,k) be a matrix given by

k+1,k+2

Bilel gk el R e

Then, the inverse of B(n,k) is given by

P k42

(k+2) /
%y P, k42

(kﬁef
®s FEEa Teo

n-2 P

are transition iterates defined in (6) or (7).

It is sufficient to show that for any i (1<i<n) the following system of

.1

where B(n,k) 1 is the ith column of B(n,k) and I

with 1 in the 1th position. Expanding the equations, we have

-Pn+k-l,n+k 2

a(n+k-2)/P
k+l,k+2 °°°° 1 n+k-2 ,n+k~1

n+k~1,n+k

Lalh g ]
RPN e

ikl

is the unit column vector
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e (P, . .)
S kti-1,k+

L}
[

(k+i) A
fy R

kb=l kb Tkt brddd

Pebi-1.k0i P g

and in general for any j (1<j<n-i-~1),

L (ckitl) it
J(cH) [:P]—l o (Pk+1+z,k+1 )aj(ljﬁznz):] Ak
i ktd k4]l 220 \ Tkebi40, kti+241

From the fundamental recursion it is obvious that the above equality holds.

This completes the proof of the lemma.

Based on this lemma we have the following theorem.

Theorem 2.2.1: Let {Q ,0=0,1,2,... } be an aperiodic, irreducible finite
n

Markov chain with an almost left triangular transition probability matrix

with elements Pij(i,j=0,l,2,... N). Let n=(n0,n1,..., "N) be the limiting

distribution of the Markov chain. Then the elements of m are given by

T o [a3*D) ™  (0<j<N-1) (10)
(a“'j F3,541 o

N-1 =1
& (3+1)
L [1+jzo Ay~ ; /Pj,j+1 ]

are the transition iterates defined in (7) and we have assumed

)

where ak

PN,N+151 to facilitate computation.

Proof: Rewriting (1) we have
m(I-P) = 0 (11)
where I is the identity matrix of rank (N+1). Realizing that the vector T

can be uniquely determined from the last N equations of (11) and the nor-




N

malizing contition 2 ﬂj=1, we re-arrange the last N equations of (11) as
j=0

follows

[“0’"1’ ceey "N—l]

=P

l—PN—l,N—l N-1,N

TEE e R

o

=T P - (1—PNN)].

N [PypoPygoeees By nopo

The coefficient matrix the above non-homogeneous system of linear equations

is B(N,0) of lemma 2.2.1. Thus we have

=i
P = (1-PNN)]B (N,0) -

[MgsMyseees Moyl = TylByysBypseee By ygo

which yields

0! N-1 (1)
= ;ﬂ [a(fi - 7 Pn,N-2N-1-1!
01 2=0

. N-1-j

N (3+1) (G+1)

o e A Pho s S 4] 1<j<N-1
Pygq W13 T phy TN,N-2%R-1-3-2

which can be further simplified by using the recursion (6) and
assuming PN N+1§1 for notational convenience. (It may be easily verified
’

that this assumption does not invalidate the recursion.) The theorem now

follows from the normalizing condition ? ﬂj=l.
G

Zeds (I—H)_1 and the first passage times.,

The objective of this section is to obtain the elements of the inverse
matrix (I-l-l)"1 using some of the special structural properties of the almost

left triangular TPM. We have
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Lemma 2.3.1:
det[1-H] = A1),
N
This result is obvious from our definitions following equation (4)

Corollary: Let C(1,1) be the co-factor of the (1,1) element of matrix

[I-H]. Then
geL ) = AEPL
Lemma 2.3.2: The co-factor C(N,1) of the (N,1) element of matrix [I-H]
given by
N-1
c(N,1) = £21P2’2+1 5

This result follows if we note that ¢(N,1) is the determinant of a

triangular matrix of dimension (N-1) with -P (1<2<N-1) for each of

£, 4+1
diagonal entries.

For further development we introduce the following notations. pet DT

be the transpose of matrix D. Define
; T
X = ( (1)) = [I-H]

(23T

BT Neld L

<
i

Denote the adjoint matrices of X and Y by

adj () = [lx || sk, im0

adj (Y)

l lykji I (1Ek:ij‘1).
Then we have
Lemma 2.3.3:

X (2<3<N)

13 = F1271, 502

Proof: We have the set of equations

adj (X; )X = det(X)1,.

(12)

(13)

is

(14)

its

(15)

(16)

(17)
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where adj(Xl.) is the first row of adj(X) and Il' is the unit row vector
with 1 in the first position. But we already know X1 from (13) and XN
from (14). Therefore the remaining N-2 elements of adj(Xl.) can be uniquely
determined from the last N-2 equations of (17) by back substitution. Thus

dropping the first two equations of (17) we have the linear homogeneous

system
- o
[%795%) 900005 Xpy] “Pys3
PRt TR
-P -P
N-1,3 N-1,4& oo =By Py N
“Py3 5 o e R
L =
=0 R0L0 0 -0 ; (18)

Similarly from the set of equations
adj(Yl.)Y=det(Y)Il.
(with definitions similar to those for X), dropping the first equation we get
the same system of N-2 equations as (18) except that the variable vector now
is S i lution to the set
[yll’y12’ 3 yl,N-l] so the solution to the set of equations (18) is

unique if we know one of the elements of the variable vector. Further from

(14) we have

b ) Gk

which relationship should then hold for all elements.

This completes the proof of the lemma. The above lemmas lead us to the

following theorem.

i
T 1

'
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i
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Theorem 2.3.1
N s « N=-
I x .= N22A§1+1) % Rgay g anPz-l L {12 %P ] (19)
g1 B g M3 g L e, NN T OUN-1,N

where the product is assumed to be 1 whenever the lower limt is larger than

the upper limit.

Proof: First note

But from (14) we have
i ¥
X = P
IN 9=2 2-1,4

and the last equation in (18) gives

(-PyN)%1y = Py_g,N*1,8-1

from which we get

N-1
-1 Py LBy e
Hence
N-1
Lo P T Py Py g ) TP (20)

Also from (13) we have

(2)
X = By 7 -

11

The remaining terms can be generated recursively as follows by repeatedly

applying (16) and (13).
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[C(l 1) of ( (2)

(3)
P1atN-2

13 = Ppol€(1,2) of (

»®
|

32 " 1 P

"

"
]

(3)\T
Py - P,,5[C(1,1) of (Ag75)")

B (4)
P1o " Posby3

L}

U g

g e Rl

which completes the proof of the theorem.
Theorem 2.3.1 provides essentially the needed results to give the

mean first passage time (in terms of number of transitions) E[T?]. We have

Theorem 2.3.2: Let {Qn’ n=0,1,2... } be an aperiodic, irreducible finite
Markov chain with an almost left triangular transition probability matrix with

elements P (i,j=0,1,2,..., N). Let TN be the first passage time from state

ij 1
1 to state 0, in terms of number of transitions. Then
i PNN+PN-1,N)+ Niz 1 ( (G+1) _ Nil'jl, LGHD) \}
3 PN-1,n go1 T3 XU gag TAROL "N-1-3-g
E[Tl] = No1 futi (21)
ek Sl RN
N-1 T Lo NN 0Nl
Alternately defining PN N+l = 1 to facilitate computations
’
N1 gUtD)
E[T}] = [1 + 3 —523——:] e (22) &
j=1 j’j+1 A

Proof: Based on discussion following (2) we have

First row sum of adj[I-H(N)]
det[I-H(N)]

E[Tt:] -

Substituting from (19) and (12) we get : j




7

N-2 J N-1
N (3+1) (1)
E[T,] = } I P + II P 1Py .
iRl ey - 212( N-l,N) by
N
Dividing the numerator and denominator by II Pk-l we get
2=2 %
Fnc L, A+ (1)
N 1 PNN PN_l N N-2 AN_ AN
E[T,] = —————J—+z-—-1— _— . (23)
1 P N N
N-1,N j=1
it PR_1 9 Il P£-1,1
2=j+1 2 2=2

However from equation (6) and noting the following definition, it follows that

(3+1)
A =
e ~oed foamn et g -
: : Pyoer \ V13 T L TNN-ONEL-j-0
g=g41 12
and p
(1)
Ay S B 1)
N aN-1 7 L B NNl - . (25)
1P
0=2 2-1 L

Now, substituting from (24) and (25) in (23) we get the required expression (21).

In the recursive relation (6) assuming k=N~1 (note that the recursion re-

stricts k to be less than N-1) we get

Gy, iy 1)
g 3 e [ N-1 EZOPN N-28N-1-2 ] ' 1203

Since the Markov chain is assumed to have N states PN N+1 does not exist.
’

1)

However, if we assume P = 1, the transition iterates aj (ijfN-l) remain

N,N+1

unchanged and thus aél) in this case actually represents the term within the

braces of the right hand side of equation (26). Similarly, we can show that

N-1-§

(4+) 1 (+1) g D ] ; by
aN-4 -~ [N- 1-j 120 N,N-22N-1-j-2

Now, substituting (26) and (27) in (23) and making a change of variable we

obtain the required expression (22). This completes the prbof of the theorem.




il
: 1

It may be recalled that, initially without loss of generality in the
procedure , we considered the first passage from state 1 to state 0. On the
other hand, if.the taboo states had been {0,1,2...i~1} and the first pas-~
sage considered was from state i to any one of these states, the following

expressions would have resulted instead of (21) and (22).

E(T} (B,)]
e U e (B e W
"N-1,N =1 Fiag-1,149 N-i-3 Tly NN-E AN-i-j-
N-i
i (1)
-1 2=0 PN,N- 2N-i-2 (28)
or
t ati1)
o +Nzi ON-i+1-§ D
j=1 Pi4§-1, 14 N-141 (29)
with PN N+ = Y

So far we have concentrated on the first row of the matrix (I-H)_1 yield-
ing the mean first passage time from state 1 to state zero. To determine
first passage times from other states all elements of (I—l-l)--1 need to be

known. They are given in the following Lemma.

Lemma 2.3.4

Let adj[I-H] be denoted by

x = ” xjk “ (J,k‘l,2,3,... N),
/N \ (kt1) (1) (1) (k1)
Then xjk £n2p2_1 " AN-k §-1 - J-k- (30)
k,k+1

Proof: For the sake of conciseness only essential steps of the proof will
be given.

Clearly

[I-H]. X., = det[I-H].I.k (31)

2

(1<k<N.)
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From Theorem 2.3.1, X1k (1<k<N) are known. Hence for any k, the remaining
N-1 elements of X.k can bé uniquely determined from any N-1 equations of the
independent non-homogenous system of equation (31). Dropping the last equa-

tion of (31) and re-arranging we have for k = 1,2...,N-1

& 3
2K E_gu
BN-1,1)3K [= det[I-H]I., - x,, | 21
n.—P -l’ld

where B(n,k) is as defined in Lemma 2.2.1, and I is a (N-1)x(N-1) identity
matrix. Premultiplying both sides by B_l(N— s ), using the re-

cursion (6) as a simplifying feature and the form of the inverse of B(N-i,i)

we get for (k=1,2,...,N-1)

- - - (l)j = =
*ak ¥ s
ka aél) v
‘ 1k §° P 1
3 A k,k+1 a(k+l)
x " (1) 1
- 2N
"1 .
- J L- ) :
(k1)
N1k (32)

A similar operation for k=N gives

P (1)
*on -
*3N aél) .' ’
. " i i
. NN (1)
| ¥ i N-1 (33)
% !' The lemma now follows by substituting known expressions for det[I-H] and
»

l_ xlk(k=1,2... N).
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Corollary
(a) The elements of the matrix (I-H) ) = Il vjk” (3,k=1,2,... N)

are given by a£k+1)a(l)
i -k -1 (k+1)
Vik ;ﬁiij“' & k-1 //// i % T LR (34)

(b) If the first passage considered is from a state €B, = {i,i+1,... N}

to a state eB = {0,1,2,...i-1}, we would have considered an H matrix with

dimension N-i+l. Then, let [I-H(N-1+1)]7 = ||vjk(u-1+1)” (j,k=1,2..., N-i+1).

The elementsvjk(N—i+1) are obtained as

a§i+k) ¢ /

-i+1-k %§-1 (1+k)

ij(N—i+1) ’l. [€)) o aj_k-l //Pi+k-l i+k
aN-i+1

The proof of this result follows exactly the same lines as that of (34).

Theorem 2.3.3: (a) Let E[TE(BI)] be the first passage time of the Markov

chain to state 0, having initially started from state k. Then

k-1 o4
BT 3] = E(1)la}) - ] St
o TR (35)
(j+1)
where N-1
EIT)) = |1+ ) --41—- /// S
j=1 i, i+l
« (b) Let E[TE(Bi)] be the mean first passage time of the Markov

chain to any of the states eﬁl = {0,1,2...i~1} from state keBi = {{i,i+1,..., N}.

Then

N, R G
E[Tk(Bi)] a,_; EIT;(B)]
(i+m)
k=i-m
a=1 Pi+m-1,14m

(i+m)
where N-1 8N-i+1-m (1)
E(T(3,)] =1+ ] Soitim |/, s
£7°1 Pi+m-l,1l / N-i+l

k-1 a

m=1
Part (a) of the theorem follows from direct substitution. Part (b) can be

derived by similar methods.
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2.4 Remarks on computational feasibility

i

i A comparison of expressions for the limiting distribution m and the first
i passage time E[T?] indicates that, if we compute m, we have all the informa-
3

tion needed to obtain the latter. To determine the steady state probability

vector T, we need only N transition iterates aéigl), (j=0,1,...,N-1).

; N) _ -
Noting that a, (1 PNN)/PN,N+1 where P 1 the remaining N-1 transition

N,N+1
iterates can be generated successively using the fundamental recursion (7),
and starting with k=1, j=N-k and successively incrementing k up to N-1.

Given the matrix P, it can be deduced that the generation of N successive

transition iterates would require a total N2+Eigill operations (N2— multi-
plications/divisions and Elgill - subtractions/additions) on a digital

computer.

Many times, systems such as G/M/s/N result in a transition probability

matrix with last two rows identical. Modified expressions for mean first

passage times and the limiting distribution can be given for this case much
| the same way as the general case. However, the resulting expressions are
computationally advantageous only in systems with small N(N<6) or in systems

such as G/M/1/N in which the recursions (6) and (7) turn out to be the same.

BRI =
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3. AN ALMOST RIGHT TRIANGULAR TPM

|
]

The procedure for analysis of an almost right triangular TPM would

follow easily if we note the following,

For a vector X = (xl, xz, Xgo eoes X 0 xn), define its reverse to be:
X = (xnp xn-l’ vy x3p xZ’ xl)-

For a matrix

] 2|
ry11 Y12 Y1,n-1 Y1n |
Tayeq0793 Toin-n- v Fygeiay)
|
Y= i
|
l
yn~-1,1 yn-1,2 yn—l,n—l yn-l,n |
Yn1 Yu2 yn,n—l yn,n
= -
define its reverse to be
:i! Yon yn,n-l Yn2 Yn1 1
' | Ya-1,n Yn-1,n-1 Ya-1,2 Ya-1,1
*
- Y =
=
L |
k! Yoan  Y2,0-1 Y22 Y21
E |
i L Yin Y1,n-1 4 24 R
b

Then,
* *
i) XY = X and XY = X represent identical sets of linear equations
*
5 ii) If Y is ALT, then Y is ART.
-1 % * -1 :
iii) (Y ".e) = (Y ) “.e, where e is a vector of 1's,
Therefore, all results for the ALT TPM in Section 2 are applicable to the

ART TPM if the order of the sequence, {0,1,2, ,N-1,N} is reversed. There-
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fore, in this section we shall concentrate on just giving the major results

without details,

3.1 THE FUNDAMENTAL RECURSION

Following equations (3), (4) and (5) of Section 2,1, instead of

recursive relations (6) and (7), for j>0 and k20, we have

aéj) =1
G
1 & = QB eE e s |
ar(‘j) = Q for all n<O. 4:
1
k 4
: A3 . 1 (3) ()
el - E o e R 221 Bkt pak g 1 (38

or alternately,

Y R T T T T ey
i i

ER a‘((i) » Eﬁ_‘l_)a(jﬂ) 7 ‘Z‘ SR a1(<j+2+1) 37)
s LW p=1 | Pyees1,g40 | ©F

&
. In this case we shall identify (36) as the fundamental recursion., As before

we shall consider aéj)'s as transition iterates.

3.2 LIMITING DISTRIBUTION OF THE MARKOV CHAIN

Theorem 3.2.1. Let {Qn,n=0,1,2,...} be an aperiodic, irreducible finite

{ ‘ Markov chain with an almost right triangular transition probability matrix

with elements Pij(i,j-O,I,Z... N)., Let m = (ﬂo,wl,...,wN) be the limiting

S S

distribution of the Markov chain. (a) Then the elements of 7 are given by

’ N -1
| ©)
} T, = 3o
0 o

N
(0 (0) e
ﬂj aj / kzo ak > j 1,2.-.0) No (38)
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(b) Further, let the first two rows of the TPM be identical (i.e., Poj = P1j

(j=0,1,2,..., N)). Then, the elements of m are given by

L1 (1) @\ 1!
ot N—l N-2 ak ; ak “
9 P k=0 \T10 ka1 1
L
by RN
/ (11) (2) \
- ‘ ¥ =2,3 N (39)
\ 10 2 / j‘ 979y . 39

Proof Consider the linear homogenous system of equations

m(I-P) =
The elements of m are determined much the same way as in Theorem 2.2.1 of
Section 2. Here we re-arrange the first N equations to express "j (j=1,2,... N)
in terms of ﬂo and use the recursion (37) in simplifications. Part (b) of the
theorem utilizes the special structure of the first two rows of the transition

probability matrix P.

3.3 (I-—H)-1 and first passage times.

I N PRI

Analogous to lemma 2.3.4, we have

Lemma 3.3.1

PSR SSP I TRO

P . 13
Laig L9 . Sm RE0) ]
Xlem P " Byik et m—k—IJ ;

(k=1,2,..,8-1, m=1,2,...sN) | 4

Xk - *N-1,k 3

(3) 40 E
NN aN" Pj vj-l ( ) ;

[ 55

Proof follows along similar lines as that of lemma 2.3.4.

Corollary

]
Let %k = z L :i
1

ey T I TR -
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A TG R -

Then N-k-1
S, = Sy - 3 z a;j+k) (k=1,2,...,N-1)
j+k, j+k-1 m=0
-
N-1
SN = 1+ z aéj)
i,3-1 m=1 1)

Proof follows by direct computation.

These results lead us to the mean first passage times. We have

Theorem 3.3.1. Let {Qn,n=0,1,2,...} be an aperiodic, irreducible, finite
Markov chain with an almost right triangular transition probability matrix
with elements Pij (i,3=0,1,2,...,N). Let T? be the first passage time from

state 1 to state 0 in terms of number of iransitions. Then

o8, (2 D
E[T?] et o S s et
10 m=0 10 21 . %2)

Proof: We have
N : -1
E[T1] = First row sum of (I-H) .

Clearly the matrix [I-H] is the same as X with j replaced by 1. Hence we have
N-2

E[TT] "By wB E ?L_ )) aéz)
21 m=0
N-1
where SN = fL— 1+ X aél)
10 m=1

The result follows after simplification using transition iterates.

Similar results follow for E[TE(BI)] when the system initially starts from
state k.

Suppose we consider the first passage of the Markov chain from state i(>1)
to the set of states {0,1,2,...,i-1}. Then for [I-H(N-i+1)] L = Il Xiem || similar

methods would yield the result

P 7
“um =P * an(,f;)l - —"—‘—‘—pi = a,f,f:l_‘i (1<k<N-i,1<m<N-i+1)
i,i-1 i+k,i+k-1 =
= ‘ (lemeN-1) ; - g1 .
*Nei+l,m “N-i,m ' <mS PON-L41, N4 T N1
N-1-k 1,41
1 (i4k)
Sk = SN-141 " 7 ap &3
L 3 i4k,14k=1 m=0
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N-i
1 (1)
where S o s L) 2 a
N-i+l Pi,i-l hea m
N aéii N-i-1 fa;i) a;i+l)
Also E[T,(B))] it L OGN -z
i,1-1 m=0 1\ i,i-1 i+1,1 . (44)

3.4 Remarks on computational feasibility

It may be noted that in comparison with the almost left triangular ma-
trices, more computational effort is needed in the case of almost right tri-
angular matrices. As can be seen from equation (38) N transition iterates
are required to obtain the limiting distribution and as is evident from

equation (43) a total of 2(N-i)-1 iterates are required to determine E[T?(Bi)].

Thus in general, the generation of these iterates would involve N2 + (N—i)2 +

(N-i-l)2 divisions/multiplications and N(N+1) 4 (N-1) (N-i +1) k (N-i-l;(N—i)
additions/subtractions. However if the first two rowszof the TPM are iden-
tical it is seen from equation (39) that the vector T and E[T?] can be
determined from the same set of 2(N-1)-1 transition iterates. Moreover, for

any i (0<i<N), the determination of 7 together with E[??(Bi)] would also require

less computational effort if we take into account the identical nature of the

first two rows of the transition probability matrix.

LA LA B I

2
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4, THE COMPUTATIONAL PROCEDURE,

In this section we present the computational procedure to determine the
steady state distribution and the mean first passage times discussed earlier,

in an algorithmic form suitable for computer implementation. Let

B1 = {1,i+1,..., N} and for the sake of simplicity we shall denote the

N N
first passage time Tk (Bi) by Tk'

Case it P is an almost left-triangular matrix.

Initialize: Given 0 < € < 1; set aéj) = ¢ for (1 3 B 1)
[Remark:

Note that the particular value of € is very much dependent upon the

magnitude of N and the computer, For small to medium-~range values

of N, taking € = 1 may save some valuable computer time,
For large values of N, however, serious overflow problems may result.

This can be brought under control to some extent by suitable scaling

aéj) for 3>0.]

Step 1: Compute vector T,

N (N~1). (N-2) (1)

Generate a1 é 32 a3 ) aN in that order

using the fundamental recursion (7). Note that these N

et Ty A4S

iterates can be successively generated by setting k=0,

| & j=N-k and successively incrementing k up to N-1.
: £ (3+1) / %

| Set wj e) ( j 341 (0] <N=-1
. Normalization:
7 N-1

| - Set m = [1+ | m s

e N

‘ A

E and m, =7m, *7 (0<j<N-=-1)

¥ 3 3 N R

Go to Step 2 or 4.

Step 2: Compute the expected values of the function T: (i < k < N).

N
[Remark: Note that E[TK] is given by the (k-1+1)th component of the column

L e =N

AT DR ARASENONGE
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i
]
:
!
i

=Dk

vector of row sums of the fundamental matrix. If we only need
E[T?] (0 < i < N), we can obtain this from the above N iterates

using the following expression.

all) =1 Pit-1,149

N-i+1

N-i a(i+j)
E[TI:] = (%\, <—-———1 > 1+ ) Neltdag
/ L 3

Otherwise, in addition to these N iterates, we need to generate

%(N-i)2 iterates to compute E[Tg] for all k € B,.]

i'
Obtain the value of E[T?] using equation (45). For any

ik-l), agkvz), agk_3), s ey aif; in

that order using recursion (7).

)
J-i~]

I Syaq-1 0

fixed k > i, generate a

k

N ) & § TR &
Set E[TK] = E[Ti] a i 5

[N I |

j
Go to Step 4.

Step 4: Stop.

Case ii

ii: P is an almost right triangular matrix.
Initialize: Given 0 < € < 1; set aéj) = € for (0 <] < N)
Step 1: Compute vector T,

If the first two rows of P are identical and if one is

interested in obtaining E[T?] subsequently then go to

Minimize.

Generate aio) 1<k < N) successively using recursion (36)
1 (0)

Set m, = — a (L' < o< N

gl T S SIEN

Go to Normalize.

Minimize:

Generate ait) <k S = t) for t=1, 2 using (36)

s

RS Ses o T

(45)
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)
1-9
Set ﬂ’l ol 10 I
. 10 :
- Sy
. ¥ g %g) P el SRR L] (2<3<N)
Normalize:‘
Set wy = | 1+ ) s
_ =1
71 and
= *
-"j "j L (1<3<N
? « Go to step 2 or 4.
3 Step 2: Compute the expected values of the function T: (i <k<N
4 We need to generate %-(N-i)2 iterates to cbﬁp;te.E[T:] for all k £ Bi'
'? Generate a;i) (1 <m<N- i) successively using (36)
E | !
: % Set
E | \ N-i
1 AR o W
k| Pi,i-1/ m=0
E ! (k+1)
{ For any fixed k € Bi’ generate a (1 Sm<N=-k-= 1)
using (36) E
]
Set ]
4 N-k-1 i
3 N N 1 1 (k+1)
1 E[T,] = E[T,] -<—>(§-——-—> Vi
b . TN e B
# Go to step 4. 1
g ‘Step 4: Stop.
: t |
|
|

[y
.

" 2 T
de=t - i
F o i g
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5. THE QUEUE G/M/s/N - AN EXAMPLE

Consider an s-channel queueing system with two classes of customers
with the same service rate and exponential service time distribution.
| Let tl’ t2. +++ be the arrival epochs in the system, and Zn=tn—tn_1 be
b independent and identically distributed random variables with

P[Zn <x] =A®E) (x> 0)

and E[Zn] = A-l, n=1,2,3... . When an arrival occurs, the probability that

it is a class 1 arrival is p and the probability that it is a class 2 arrival

is 1-p.

The customers are served by s service channels in parallel.

All services are assumed to be exponential with the same mean u_l. The

buffer capacity is such that N(>s) customers are allowed in the system at

any time. Class 1 customers have a higher priority in gaining access to the

i system. If the number of customers in the system is >k (kfs), an arriving
4 class 2 customer is denied access to any service channel, and immediately he
leaves the system without service. B:t, a class 1 customer is denied access
to the system only when the number of customers in the system is N (no buffer
space available). Class 1 customers waiting in the buffer are served on a
9 ; 'first in first out' basis. Let Q(t) be the number of customers in the
f system at time t and Qn be the number of customers in the system just before .
. the nth arrival epoch. (Note that the incoming customer is not included in
Qn') Becuase of the exponential nature of service times, it is well known that
{Qn, n=1,2,3,... } is a Markov chain imbedded in the stochastic process
{Q(€), t>0}. A Markov chain is completely specified by its transition prob-

ability matrix. Let

b

§
.t
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Peg = PIQ, =3lq =11 (1.3 =0,1,2,..., W).
We have

Py (1;1) [PQee M IS IRy 0y <k, g <141 (45a)
0

-l sty e )

+ (l-p)(;) J7 eI a () k<1<s, <141 (45b)
0 .
1+1-§
-SHUx (sux)
o ST oty e
. S )i-J
+ (Q-p) [T TSHR LSUX) T 4 0y 1<s-1,1+1>j>s (450)

0 (i'j)!

i-s !
S jw fx S %%%ﬁ;, Bu(;)[1-e-u(x-t)ls'je-ju(x-t)dtdA(x)
x=0 t=0

21-1-s
o x£: ciz is o éigi-s)! SU(j)[l-e i t)ls ¢

e~ JH(x-t)

dtdA(x) 1i>s, j<s. (45d)
g N-3 ;
LA R e %ﬁgg}, dA(x) 1=N,N>j>s (45e)
0 ! ,
- [® [X _-SHt ( 2N-l--s Pasal e
x£0 t{0 e (;E;-s)! su(:)[l-e i t)]s 2
e IH(x-t) dtdA (x) i=N, j<s . (45€)

For computational purposes the above expressions can be simplified by ex-

pressing them in terms of the following transform:

3
Yo = L ww -0, (46)
0
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Then we get

i~j+1 :
i+l =
Py = G0 I DT T v 1<k, o (47a)
i-j+1
=oh Y 0 Ay (ew
h | =0 r 0
gy i 133 r ,d-j
@-p) () I DT CH vy (W) kgi<s, J<i+1 (470)

r=0

=P Yy_j41 (8H) + (1-p) Yiog (8H)  1<8-1,1+412328 (47¢)

o s-j L-i+s-1
=p ) (5 &3y @iz
3 zgi_sﬂ rZO o) o 1 vy (s
g Bl pugyiin o5 St
+ A-p) () 221_8 [rZO Ehels Y“(s‘_‘) 128, 3<s (479
= YN_j(su) i=N,N>j>5s

i=N, j<s. (47€)

S oo s-j : ;‘j gty Q-Nfs
G L hE G G 1 vt

Measures of performance

0 : Offered load per channel (= A/su)
p* : Effective offered load per channel
(channel utilization)
=0 la;p + a,(1-p)] :
© where a, = l-wN; a, = 1l - er"r
E(Q) : Mean number in system at arrival epochs.

V(Q) : Variance of number in system at arrival epochs.

E(W) : Mean delay for class 1 customers
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N-s-1

9, A
sul1-m] jzl (+1) Moty *

Probability of blocking for class i (i=1,2)
N
PB, = pmy ; PB, = (l-p)rzk .

System adequacy (system response to offered load)
*

= /p

Access ratio for class 1
i3

a,+%a,

S R S s DT D05 1o o 154 5 B i 50

Mean busy cycle

=-§‘- 1+ yo(u) E['I'l;I (Bl)”'
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