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Abstract

The results in [1,2] for the matrix Lyapunov equation are extended to the case

of an algebraic matrix Riccati equation. Some errors in [1,2] are pointed out by

& counter example. The estimations obtained in this note are shown to be exact for

certain cases. Similar results are possible for the discrets algebraic matrix

Riccati equation.
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I. Introduction
Lower bounds of the solution K to the matrix Lyapunov equation
A'K + KA+ Q=0 (1)

have been obtained in [1,2] in terms of {A,Q}. Equation (1) is related to

the linear constant homogeneous system

x(t) = Ax(t), x(to) = X (2) ;

The well known result is that the system (2) is asymptotically stable if and only

if for each positive definite matrix Q there exists a positive definite solution

K to (1). We consider in this note the algebraic matrix Riccati equation
A'K + KA - KBB'K + Q = 0 (3)
which is related to the linear constant dynamical system

x(t) = Ax(t) + Bu(t), x(t)) = x_. ()

The corresponding result is that the system {4) is stabilizable if and only if for 4

each positive definite matrix Q there exists a positive definite solution K to

(3). We will obtain lower bounds of the solution to (3) in this note. Results for
{ (3) should coincide with those of (1) when B = 0. Bounds for the finite time

solution of the matrix differential Riccati equation are given in [4,5] for continu-

ous systems, and in [6,7] for discrete systems, in terms of the controllability and

observability matrices. These are compared with the results in this note for some

special cases. Applications of bounds for (1) are listed in [1,2] and similar

applications for bounds of (3) are possible.

II. Main Results

t§ In the following, |[x| denotes the Euclidean vector norm and llcl] the matrix
norm induced by the Euclidean norm, i.e.,

llc]l = sup [cx| = max ek

x|=1 S ¢

(C'e)
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where Ai(M) denotes an eigenvalue of a matrix M. For a nonnegative definite

matrix S it holds that [|S]| = sup x'Sx = Amax(S) and inf x'Sx = A_. (S).
|x|=1 |x]=1

Theorem 1. Assume that Q is a symmetric positive definite matrix. The positive

definite solution matrix K to the algebraic matrix equation (3) has the following

bounds:
A . (Q)
K2 - 75 1 ®)
1Al + €Il Aal% e [l 2, (@)
X €Q)
llxll > = : (7
= 2 1/2
Fall+ cliali®+ (s, @)Y
Proof: FPre- and post-multiplying (3) by x' and x respectively yields
x'KBB'Kx - 2x'A'Kx - x'Qx = 0,
which can be expressed as
x'KBB'Kx + 2|x'A'Kx| - x'Qx > 0. (8)
From the Schwarz Inequality we have
|x'atkx| < |Ax||xx| (9)
x'KBB'Kx < |BB'Kx||kx| < || BB'|| [kx) 2. (10)
Combining (8), (9), and (10) yields
| 3B [] «|xx|? + 2|Ax|+|Kkx| - x'Qx > 0. (11)
Since |[Kx| is nonnegative, it should satisfy
el 2= = x| + (lax|® + [l 80 x0x)™?) = o 77 -
|| BB!| |ax| + {]Ax|“ + || BB'|| x'Qx}
(12)

The last equality in (12) follows from the following identity

{- a + /a2 + be} {a + /a2 + be) = be.




Dividing both sides of (12) by le yields

x'Qx x'Qx
2 2
L] - 2 = 17z L] 175 - (13)
1 2 1
bl = Lol flox o 20k g {1 a0 e e 22
|| x| | x| | x|
For a >0 and b > 0, it can be shown that the function
£(x) = — 2 (14)
a + /aZ + bx

is monotonically increasing with respect to x for x > 0. Thus we have

e e
K> A . (KI = inf lie] > T e (15)
x x| Al + Cllall® + (BB A; (@}
and
A )
Ikl =2 (K > X : (16)
o Al + €l all® + [ serlla_ (@32

This completes the proof.
By taking B = 0, the results in (6) and (7) coincide with those of [1,2].

The results in (6) and (7) are sharp in the sense that its estimations are exact
in some cases as shown in the following example. It is also demonstrated in the
example that the estimations in Theorem 1 are better than those of [4,8] for some
special cases of Q > 0.

Example: (a) Let A=-1I, B=1I, Q=3I. Then | A| = ||BB'||=1. From (6)
and (7), K> I and || K|| > 1. The exact solution to (3) is K = I. This shows

that the estimations in (6) and (7) are exact in this case. In [4] it is suggested
[ 2 é2T~l]-l

+ for any T > 0, which implies K > 2(/5 -1)I. Also in
Bli=e™"") - s
[8] it is suggested that K >

that K >

II

Flw

(b) Let A=0, B=bI, and Q= q°l. From (6) and (1) K> £ 1 and

Il x|} 3_§u The exact solution to (3) is K = §-I. Thus the estimations of (6) and

(7) in this case are exact. It is suggested in [4] that K 21—%— + sz)_lI for
qT




any T >0, which implies K > - 1I.

By a slight modification the results in Theorem 1 can be applied to the discrete

algebraic matrix Riccati equation
K = ¢'Ké - ¢'KB(I + B'KB)-lB'KG + Q, (17)

which can be transformed to

1

ko 1BB'K + KoL - (Qe™1BB' + 8')K - Q0T = o. (18)

The corresponding result can be given as follows.

Theorem 2. Assume that ¢ is nonsingular, Q nonnegative definite, and

e + 0"1Q) nonsingular. The positive definite solution matrix K to the

(Qe

discrete algebraic matrix Riccati equation (17) has the following bounds:

-1
Y . (Q2 )
22 g = T tEo
Nell + €llall® + ulfBBror ™" ¥ . (Q2™")}
-1
Y1 Qs )
il > 2 X (20)
— 2 -1 ~1,,1/2
Nell + «llcll® +ullBBre ™|l v (")}
where
c=e¢t-¢-Breriq (21)
o L o 1
Y40(C) = 5 m;npi(c +C"| | (22)
) '
Toasto) = 5 maiixpi(c + C")| (23)
The results in Theorem 2 can be obtained from the fact that inf |x'Cx| = Yﬁin(c)
S
and sup [x'Cx| = Yhax(C)' By taking B = 0 the results in Theorem 2 apply to the
x|=1
discrete Lyapunov matrix equation, ®'K¢ - K = -Q. It is also true that the estima-

tions in (19) and (20) are exact for some special cases and thus better than those

estimations in [7] in certain cases.

II1I, Correction to [2,1]

In this section we use the same notations as [2,1]. Since the equation (17)

i oaiay
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is not generally true, Theorem 2 in [2] which claims

B8 |
n |
> — |
% = 26 1/2 {28) ‘
1
is invalid.
: j S 1 0 il AL
Counter example: Let P = and A = . Then A' "PA ~ = s
1
0 2 0 -2 0 7

“ A'—lPA"l”2 =1, Bn = 2, and o, = 1. Thus the inequality (24) does not hold.

1
The solution matrix Q of the Lyapunov equation is Q = |2 g . Thus o %
o —
which shows that the relation (25) is invalid. 51
B8

The relation (25) also appeared in [1] and should be changed to B2 —311-77,
20
n

which can be obtained from (7) by taking B = 0.
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