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This paper is primarily concerned with showing that,for invariant
sequential provability ratio tests, the stopping time is exponentially
pounded under the null and alternative hypoiheses, with the exception
of trivial situations. This work is the by-product of a largely umsuccessful
attemnt to obtain general results under non-iiodel distributions. Since
ve view the lack of these general results as a major deficiency in the
tlieory of sequential analysis, we shall suggest what we believe are reasonable

conjectures and shall discuss some of the past literature on the subject.

Let (Q,B) be a measurable space ancd {Bn, n2l} be a nondecreasing
sequence of sub-o-fields of 3. A stopping time N adapted to {B , n21} >
is said to be expomentially bounded for a family of probability measures
R on (Q,8) if for each probability measure R e¢ R there exist constants
c>0 and p <1 such that R(¥n) < co , n=1,2,... . Such a condition
irplies that I is finite a.s. (R) and that N has a monent generating
function in some neighborhiood of the origin for each R e R.

Let P and Q be elements in R and let Ln denote the P - Q
likelihood ratio for Bn .4 Sequential probability ratio tests are defined

in terms of a stopping variable . of the general form

S Here, il 1is said to be adapted to {Bn, nzl} if [N=1,2,... or =] =@

and [M=n] e B, for n=1,2,.... §‘

? For a precise definition of this concept see Eisenberg, Ghosh and
Simons (1976). Issentially, L, is the Radon-llikodyn derivative

dQ/dP relative to Gn s




(1) Il = the first n 21 such that Ln ¢ (AE)

= o if no such n exists,

where 0 < A < B <o, At this level of penerality, it is easy to construct
exarples for which M is exponentially bounded for {P,Q} and others

for which it is not. All that is kmown, in general, is derived from

the following set of inequalities, described by Eisenberg, Ghosh and

Sirmons (1976¢):

I B el s T

AP(>n) < Q(>n) < BP(M>n), n=1,2,... .
It follows immediately that

(@) P(ilw) =1 iff Q(li») =1,

(b) for each r > 0, I NP < » iff I NrdQ < o, and

(c) N is exponentially bounded for {P} iff it is exponentially
bounded for {Q}.

Now suppose XI,XZ,... is a sequence of random elements on (§,B)
(to the statistician, ‘‘potential data’) and B, ™ o(Kl,...,Xn) (the
o-field generated by xl""’xn Yo  If Xl,XZ,... is an i.i.d. sequence

under P and Q, then {log L. n2l} is a random walk under both P

and Q. It follows that I is exponentially bounded for {P,Q} unless

3 Ll =1 a.s. (P,Q). This is a well-known result due to Stein (1946).
{ ile shall now describe a similar result for invariant sequential probability #
é ratio tests.

Consider the following nathematical structure:




B

(1) P an¢ Q are two disjcint families of probability measures
on (2,8).

(ii) xl’XZ’“ . 1is an i.i.d. sequence of random elements for each
probability measure R e P u Q.

(1ii) For each n 21, Bn = c(Tn) where Tn is a statistic which
is a symmetric function of Xl,...,)(n 4

(iv) For each n 21, Tk is Bn-measurable for k= 1.2.....0.
(I.e., By cByc....)

W) For each n = 1, the probability space (S?,un,R) is the

same for every R ¢ P, and is the same for every R e Q.

<

This is the structure that one encounters when invariant sequential proba-
bility ratio tests are being considered. If one wishes to test the (corpo-
site) hypothesis that the true probability measure R belongs to P
against the (composite) alternative that it belongs to @, the following
sequential probability ratio test suggests itself: Let P e P and

Q € @ be chosen in an arbitrary manner, and let Ln be the P - Q
likelihood ratio for Bn (n 2 1). Because of property (v), each possible
pair (P,Q) 1leads to the same sequence of likelihood ratios Ll’LZ"" .
Let [ be the stopping variable described in (1) and choose P or Q
according as i < » and ]..N <A or N<=« and Ly 2 B, respectively.

(If N = o, no decision is made.) e have the followiiig theorem:

THECRE{ Either L,=1 a.s. (PuQ for n21, or N ie exponentially
bounded for P v Q.




PRCOF In view of (c) and (v), N is exponentially bounded for P u @

iff it is exponentially bounded for {P}. Likewise, Ln =1 a.s. (PuQ
for mnz1 iff P(Ln =1)=1 for n 21, Suppose the latter is false,
i.e., that for some X, P(l; =1} <1. For simplicity, we shall assume
that Kk can be taken to be unity. If a larger value of k is required,
the oroof we shall give that N is exponentially bounded for {P} can

be easily modified. Express T, as t(Xl) and L as 2(¥;) and
observe that EL1 <1 and (since P(L1=1) <1 ) that E log L1 < 0.

Set 3! = o(t(X), ... ,t(X)) and observe that L' = & . 2(X;) is
the P - Q 1likelihood ratio for Bﬁ in view of condition (ii) (m 2 1).

ioreover, conditions (iii) and (iv) irply that Bﬁ c Bn and; hence,

B?
' g R Lr < Lﬁ 3 for r 21, Thus, for p <1, to be chosen later,
3 4 B! Bl
| PR > A L s g saln B et
n [L;‘Spn] n

; and, hence, :

P(bD) < P(L>A) = EP (L >A)
< A'lpn + P(L > 5).

Thus it suffices to show, for ©properly chosen p <1 and p' <1, that

P(Ly > 0) < (017 .

AN T TR

Since EL1 Siky E(Ll)'C <1 for 0<t<1., In fact, if p 1is chosen
so that [ log Ly <logp <0, then there exists a small positive t,

such that

Eguality holds if P and O are equivalent probability measures on Bn ‘




5
t.llog L, - log p)
p' = Ee 0 1 < 11
Then
n s n
P(L 2 p7) = P(_SI 2(%;) > p)
i=1
i =nr n t
sp UEET PO’
i=1
=Nt . t
=5 Puy D=t 0

e should point out that it is always possible that L,= 1 a.s.
(Pu® for n=21. (This is the case, for instance, if Tn =1 for
n21.) :owever, this possibility does not detract from the strength
of the theorem. For if Ln =1 a.s. (Pu® for n =21, then, for
each n 2 1, the probability snaces (Q,Bn,R), Re Pu Q, are all the
saime and there is no information available for distinguisihing between
the two families P and Q. In practice, one would never consider pro-
posing such a test.

A close examination of our proof reveals that conditions (ii) and
(iii) are stronger than necessary. l!le shall not try to state the weakest
nossible conditions, but simply make the observation that the argument
worls Lecause the o-fields Sn , n 21, grow at a sufficiently fast
rate wder conditions (ii) and (iii). HNote also that the proof shows
exvorential boundedness inder P for the “single boumdary' stopping
time

% = the first n 2 1 such that Loz A,

= o if no such n exists.

It is reasonable to ask whether our theorem has an extension to

probability measure R 4 P v Q under which Xl,XZ,... is an i.i.d.
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sequence. It is possible to extend it to other probability measures

within a monotone likelihood ratic class (cf., A. Ifram (1965))

but this amounts to a very restrictive improvement. R. Wijsman (1970)

has found an interesting exarmle for which R(l<e) =1 but N is not
exponentially bounded under k. This would seem to put to rest any hope

of finding a general extension of our theorem. Ilowever, it must be remenmbered
that a P - Q 1likelihood ratio is imiquely defined only up toa P and 0
equivalence, and, in Wijsman's example, the probability measure R is
orthogonal to the prouability neasures in P v Q .on the o-fields B, .
Indeed there exist other versions of the likelihood ratios Ln , appropriate
to his example (albeit less natural from a topological viewpoint), for
which N <s exporentially bounded under R. Recently, Wijsman (1976a)

has been working with some examples for which R is dominated (on each

Bn ) by the probability measures in P u ¢. (In such a case, the likelihood
ratios L, are unicuely specified up to an R-equivalence.) For these,
again, R(i<w) =1 but N is not exponentially bounded under R. e
believe it is significant that the probability measures R, in his examples,

are not equivalent to the probability measures in P v @ (on each 8, ¥

For one thing, there exist exarples, within the context of conditions

(1) - (v), for which R is dominated by but is not eguivalent to the
probability measures in P v Q, with the property that R(l=w) = 1, and
yet the condition ' R(Ln=1) =1 for n=1" does not hold. However, on
the basis of our studies, we are prepared to conjecture that R(lk») =1, g

whenever R and the probability measures in P u Q are equivalent on

——————T——

0(2:1) and the probability spaces (Q,Bn,P) and (Q,Bn,Q) are distinct

e —




for sore n21, Pe P, Qe Q. Indeed we suspect that these conditions
guarantee that N is exponentially bounded under R. Here, we are assuming
the structure imposed by conditions (i) - (v).

We do not want to leave the reader with the impression that there
are no results of a general nature concerning R ¢ P v Q9. R. Berk (1970)
has obtained results for what he calls parametric sequential probability
ratio tests and R. Wijsman (1976b) has recently obtained a theorem concerned
with exponential boundedness. Their results exploit the fact that, in
many useful examples of invariant sequential probability ratio tests,
the log-likelihood ratios {log L,, n21} become a random walk asymptotically
(nder R ) as n +». This is not always the case. (There are practical
exarples to the contrary.) Therefore, it appears that some substantially

new approaches are called for.
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