
r T~~~ AU5Z b92 NEW YORK UNIV N V DIV OF APPLIED SCIENCE 
- 

F/6 12/IGEOJIETRIC DESCRIPTION AND GENERATION OF SURFACES. (U)
JAN 75 6 CHAIKIN NOQOfl—~7~ A~ Ol367_OO1QUNCLASSIFIED CRL 3S NL

I __
~
Hi ~t~Ufl

t a-- p1_lURE, END
DATE

FILMED

1—7 7



-

~ ~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~‘r_ -

V

NEW YORK UNIVERSITY 
~~

-
. 

FACULTY OF ARTS AND SCIENCE

DIVISION OF APPLIED ~~~~~~~~~~~~~~~~~

L1 ~~~~ - , — ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ ~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~



r’~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

9EC*IETRIC D~SCRIPTION AND
9~NERATION OF SURFACES .

LrJ
Prepared for

Office of Naval Research

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~ \

NEW YORK UNIVERSITY
DIVISION OF APPLIED SCIENCE

26 36 Stuyvesant Street
New York~New york 10003

~/~~ ‘? ~~~~~



ii

ACZNOWLED(~(ENT

The research described in this report was supported by the

Information Systems Branch, Off ice of Naval Research, under contract

NR 049-274, N00014-67-A-0467-0Ol0, Profe ssor Herber t Freeman, Principal
Investigator.

The author would like to express his graditude for the patient

explanations and inspiration offered by Professors Herbert Freeman,
David Korn, Al Novikoff , Jack Schwartz, and Ronald Bianchini of the

• Courant Institute of Mathematical Sciences, New York University, and

Prof. Richard Riesenfeld, University of Utah, and Ephraim Cohen of
• Applicon.

The author would like to thank Sol Levitt, whose drawings provided

the first inspiration for this work.

—-~~~~~ I,-—---4,
I — . .

r 
.. 

..

0

j \ • •

•-~~—-———~—•~~•——- •~ _ _



: ~~~~~~ •._~~~~r’~—- — — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — 
• -~~~~

--
~

-
~~

iii

Abstract

A geometric technique for the description and generation of arbitrary

doubly-curved surfaces is given. The technique is based on a curve gen-

erating algorithm derived from Bezier and the author, which is described.

A surface is then determined to be the set of surface curves defined by a

set of generator curves. Finally, some features of surfaces of this type

are examined.
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Geometric Descr iption and Generation of Surfaces

This report describes recent work at New York University on the

description and generation of arbitrary doubly-curved surfaces by solely

geometric means. We believe this approach offers a variety of advantages

• over previously developed techniques for computer-aided design which are

based on algebraic analysis of the functions which describe the surface.

A geometric approach has the primary advantage that its techniques

(compass and straight-edge constructions) are familiar to all the design

professions, while the algebraic methods employed in previous systems

frequently are not familiar to broad sections of these professions. We

believe that a tool. whose mechanism is understood will be used with greater

ease, flexibility, and creativity than a “black box ’.

A second advantage to a geometric approach is that it appear s to have

as many degrees of freedom as the most general surface developed to date :

the Coons surface. As a construction, the surface is independent of choice

of axis and may be inultivalued, closed or self-intersecting.

If the construction is considered as taking place in a lattice, then

the construction is simultaneously the complete set of instructions required

V to drive n~~erous incremental devices, notably plotters and raster displays,

• numerical control machines, and various industrial robots.

The surface descr iption is based on a curve construction technique

similar to one described by the author in (2), but which has been extended

to N-sided polygons as explained below. A surface will then be defined to

be the family of surface curves whose construction is determined by a set

of asnerator curves constructed by the same method.

~ 

•
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• Curve Description

A curve is described by an N-sided polygon (open or closed) whose

sides are ordered 1 to N. Join the midpoint of side 1 to the midpoint

of side 2, the midpoint of side 2 to that of side 3, ... , the midpoint

of side N-I to that of side N, forming an N-l sided polygon. Repeat this

procedure on the resulting N-]. sided polygon, yielding an N-2 sided polygon.

• N repetitions of this procedure determines a point on the curve, and this

point is the endpoint of two N-sided polygons (see Fig. 1). Since the curve

descr ibed by the polygon contains the endpoints of the polygon, the above

procedure is applied recursively to the generated polygons until a point

within the desired limit is obtained. The curve is the ordered set of all

such points.

Geometrically this construction is classed as an “affine construction”;

a construction requiring only a straight edge, but where the straight edge

is permitted to slide in order to generate parallels. This capability

replaces the necessity for a compass to divide the line in half.

The curve described by an N—sided polygon is an N-space curve, single-

valued in N-space, but possibly multtvalued in spaces of dimension less

~: than N.

This construction is derived from two previously developed constructions,

described by the author (2) and Bezier (1). The method outlined in (2) is

similar to the construction above, but limited to the case with two—sided

polygon.. In that case, a three-sided polygon is divided along the middle

leg into two 2—sided polygons, each of which is treated as above (see Fig. 2).

B.zier’s construction applied to N-sided polygons as follows: If we wish to

find a point on th. curve corresponding to a particular parameter value -:

(wher, the curve is considered a function of a parameter varying between

0 and 1) of ¼, we find a point on each leg ¾ of the distance to the next

1s5. Connecting the.. points, we construct the N—I sided polygon. W, rep at
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this process on the resulting polygons until we have just one point. This

is the point on the curve corresponding to the parameter value ¼.(see Fig. 3).

Given a polygon describing a curve, Bezier’s construction can be used to

approximate the curve by iterative application of the construction for various

sequential values of the parameter.

In this context, our construction can be described as follows: First

we determine a point corresponding to a parameter value of %. Having done

this, we have also defined two new N-sided polygons whose endpoints are on

the curve. We find the point corresponding to ~ for each, and so on,

recursively.

Curve Computation

The computational interpretation of the geometric construction above

proceeds as follows: The N-sided polygon is represented by the N+l ordered

sequence of pairs or triples representing the coordinates of the vertices.

If we add each point to the next sequential point (i.e., we add their co-

ordinates) and divide by 2 (a right shift) , we generate the sequence (with

one less point) of midpoints. Repeating this procedure N t imes, each time

saving the first and last points of each sequence, we get both a first-point

sequence and a last-point sequence , each of N+l points. The points of these

sequences describe the two N-sided polygons generated from the first polygon.

The last point of the saved set of “first points” and the first point of the

saved set of “last points” are coincident; this point is on the curve.

If the distance of this coincident point from the first of the “first

points” is greater than the maximum tolerance we are seekeing between sue—

cessive points on the curve, we stack the set of “last points” and apply

the procedure described above recursively to the set of “first points” until

a point within the limit is found . Finding such a point , we pop a set off

th. stack, and repeat the overall procedure. See Fig. 4.
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If we regard this as taking place in an integer raster space, and if

A is a point on the curve, we cannot find another point on the curve closer

than ~~~ units away from point A. This occurs as a result of the fact that

• between successive approximations, N divisions take place. Since each di-

vision truncates, coordinates within that range will be identical with

those of point A. If all coordinates are within a 2N-l range of A, the

only approximation ‘we can make is A itself. We can, however, approach a

uniform limit regardless of the degree of the polygon if we multiply (scale)

each point by 2~~
1 (N—i left shifts) at the outset, and then divide each

pointon the curve by 2N] (N-i right shifts) upon completion.

An important advantage of this technique is that it involves only

adds, shifts, and compares, and, therefore, is both fast and efficient in

execution.

Surface Patch Description

We shall now use the curve description and generation method outlined

above to define and generate a surface . Specifically, we shal l define a

set of curves, the points of which will said to describe a family of

curves on the surface. If the surface is de f ined in a three-dimensional

raster space, then every point on the surface is intersected by at least

one curve.

Bezier (1) describes this as the generalization of his UNISURP method,

from which it differs in that the set of curves defining the family of

surface curves in UNISURF must all be of the same degree (or equivalently,

be described by polygons with the same number of sides).

Consider a surface described by an ordered set of curves (A i, O~i4N},

each defined by our curve generator over the same raster space. Each

such curve consists of an ordered sequence of points on the curve. There-

fore, we may form an ordered sequence of N+l tupies such that the ordering
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of the N+l tuples is determined by the ordering of the points constituting

the set of curves ~~~~~ Let the j-th N+l tuple define a curve B~. The

surface can then be represented by the set of curves {B?. See Fig. 5.

The boundary curves of this surface patch are the curves A0, AN, Bj, and

where M is the index of the last N+l tuple.

Since in a finite raster space Ak might have more (or fewer) points

than A1, a complete and “well-ordered” set of N41 tuples is obtained by

computing the curves in parallel and “lock-step” (i.e., applying the

convergence criterion to the set of curves rather than just one).

This method is powerful in its surface-generating capability because

the curves {Aj} (called “generator curves”) can be of arbitrary degree,

whereas the curves (Eji (called “surface curves”) are all of degree N.

See Pig. 6.

Sur face Patch Generation

• At New York University, we have implemented the surface patch descrip-

tion on an Adage AGT-30 graphics computer in a prototype system which allows

us to describe and generate a patch as a sequence of three-dimensional

vectors constituting the surface curves of the patch. The AGT-30, with a

hardware display processor which transforms an image file of three-dimensional

vectors into a two-dimensional CRT image of the object from any viewpoint,

• permits us to rotate the surface with a joystick and to display different

aspects of it.

The procedure used is simple, involving basically just two levels of

the curve-generating algorithm, and is implemented in FORTRAN. The higher-

level routine functions as a many-curve generator, and computes an arbitrary

number of curves of various degrees as the “generator curves” in parallel.

If one curve converges more rapidly than the others, computation on it is

suspended. When all curves have converged, the N#]. tuple (consisting of

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  • •.14
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the points found on the N+l generator curves) is passed to the lower-level

curve generator, which computes the sequence of three-dimensional vectors

• constituting a surface curve B~ of degree N.

Smoothing Across Patch Boundaries

Adjacent patches share a cosmon boundary curve, but this alone does

not insure that the set of curves lying on the surface of each patch will

meet smoothly across this co~~~n curve. Although it will be possible for

a designer to define adjacent patches in such a way that they will be

8moothly connected, the additional steps the designer would take to accozsp-

lish this can be automated as follows: Take the two (generator or surface)

curves on adjacent patches which share a common point on the boundary.

Select the point on each curve which is sequentially adjacent to this co on

point. Find the midpoint between them, and reflect it about the co on point.

Next find the midpoints bet~een this new point and each of the points sequen-

• tially adjacent to the co on point. The points thus generated are added to

the definition of each curve such that they become the sequentially adjacent

points to the comnon point. This will result in first and second derivative

continuity across the cosmon boundary. See Pig. 7.

It should be noted that the above approach will result in small

changes in the surface shape from what was originally defined for each

patch. This is the adjustment required to fit the two patches together

smoothly. See Fig. 8.

Riesenfeld (3) has shown that low-order curves (e.g., cubic curves)

conform much more closely to their defining polygons than high-order ones,

and points out that this is of considerable advantage to a designer. The

smoothing procedure above suggests that a designer could “sketch” a surface

as local low-order patches which then could be “smoothed” together as needed.
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Features of a Surface

Another advantage of the uniform distribution of the points on a

surface patch is the ease with which it allows us to determine important

engineering characteristics of the surface , such as its area , bounded
• volume, and moment of inertia. Each point is either 1, ft, or ~/3 units

• distant from each adjacent point. This means that the surface may be

regarded as a polyhedron whose facets are chosen from a small set of right

triangles of known dimensions.

• For purposes of display, this capability to resolve to the limit of

an integer raster space can be mapped directly into the resolution limit

of the display device. This means that an object displayed can be portrayed

simply, but as smoothly as the device is capable of in terms of shape,

intfnsity, color, etc. Similarly, in a context of numerical control devices,

it can readily define a surface as smoothly as the device can machine it.

Conclusion

• Simple geometric procedures are sufficient for the description and

generation of complex doubly—cu rved surfaces. The significance of this is

that: 1. The method used can be readily and completely understood by the

• wide variety of d~signers who might use it. 2. Its’ simplicity is directly

translateable into simple and efficient machine code, including Implementation

in hardware or microprocessor format. 3. The affine construction employed

in the algorithms provides an interesting, and possibly fruitful, mathematical

perspective on the other mathematical techniques used to generate surfaces.

4. The surface is described in a regular and predictable format, from which

additional information or benefi ts  may be derived.
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