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ABSTRACT

The main focus of the work is to obtain approximate formulae for
• 

. 
.. - the expected number of occurrences of an aperiodic recurrent event

at time n. The formulae are all of the type u~ = + p~~ , say ,
• where is explicitly calculable in terms of known features of the

model and is a remainder term tending to zero as n-~~. The thrust

of the work lies in showing the way in which assumptions about the

underlying model are reflected by p~ . In particular, suppose r~
to be the probability the interval between successive occurrences of

the event shall exceed the integer n. Suopose T(n) + co and is what

is called in the paper either a moment function or a tail f unction.

Then four kinds of results are obtained, of the kinds: (1) )~~‘F(n)r~ < C o

implies ~~T(n)Iu~ 
- ~ < ~ ; (2) r~ =io (l/T(~a)) implies % - 4)n

• 
~ • O(l/T(n)); (3)  r~ = o(l/T(n)) implies u~ 

- = o(l/T(n)); (4)

— p/T(n), as n-’~, for sane O<p<oo , then u~ 
- 4~ 

p’ /T(n), say,

where p’ is given in terms of known quantities. The conditions and details

are too complicated to be listed in this abstract and are given in §1. The

main tool for the proving of these results is a many-sided version of a

I
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famous theorem of ~1iener and Levy, which can also be used in treating -
•

renewal theory. It is explained , however, that slightly stronger results

could be obtained (and have been, by other authors) if use were made of I
the theory of c~ inutative Banach algebras .

I

Key Words and Phrases : Recurrent events , limit theorems , absolutely -
convergent fourier series, functions of regular
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§1. Introduction

The theory of recurrent events, introduced by Feller (1949), has

found a wide range of applications and led to a considerable amount of

further research. We may introduce the basic ideas as follows . Let

be a sequence of iid random variables taking integer values and

let = P{X~ =k} for k = O,±1, ~2,..., and so on. Form the partial.

sums S1.~ = X1 + + ... + X1~ , letting S0 0, and suppose some recur-

rent event B takes place at “times” SQ, S1,S2 , . .. , and so on. When

� O} = 0 then, almost surely, B cannot occur more than once at

a given time; otherwise multiple occurrence s have a positive probability

of occurring. Let i~i(n) be the number of occurrences of B at time

n, and define u~ = EM (n) . It is well known that if E l X~ < C o  and

EX~ � 0 then < Co• In Feller (1949) it was supposed that P{X~ < 0) = 0,

which is certainly the case in most applications of his theory ; in much of

later work this assumption of almost sure non-negativity has been dropped ,

and we shall adopt the more general r~de1 in the present paper.

For simplicity in the discussion that follows we shall assume, with

no loss of generality, that there is no integer k>l such that X~/k

is almost surely an integer; we thus have an aperiodic process.

llhen the corresponding absolute moments exist we write = E (X ~Y~
A 1ar~’e part of the research on the theory of recurrent events has been

devoted to the study of the asymptotic behavior of u~ as n -‘~ 
±co and

to the influence on this behavior of the moments which happen to

be finite. A fundamental result , under the assumption of aperiodicity ,

is that when > 0, u~ 
-

~~ 
as n-sm. This was proved first under

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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the positivity assumption P{X~ < 0) = 0 by Erd~is, Feller, and Pollard

(1949) , although their result is implicit in a theorem of Kolrngorov

(1937) on ~~rkov C~ains. It was freed of the positivity ass~.m~tion by

Chwig and Pollard (1952) and by Chung and Wolfowitz (1952). Using this

basic result Feller showed, for instance, that )~ (u j 
- LI 1

1
) + (LI 2 -

as n-,~ provided ~.i2 
exists; he also showed that the existence of

ensured ~ hi5 
- < co. A number of extensions and generalizations

of these results have been given ; we ~tention a few of them. Gel’fond

(1964) by a careful analysis of certain contour integrals showed that

when 
~k 

< 0) for integer k�l, one has

(1.1) = L + 12. 
~~+l 

f~ + o[1°~ ~
Borokov (1964) developed a useful modification of the famous Levy-Wiener

theorem on absolutely convergent fourier series (Levy (1933) ); his result

depended on a number of somewhat complicated conditions , involving slowly

varying functions , being met. From this basic tool he obtained various

results concerning 
~~ 

; they are typically like (1.1) but with an improved

• estimate of the error term. The price to be paid for such an improvement

lies in various alternative assumptions on the sequence {f~}; it would

take too much space to give exact details here , but they typically involve

t ~n 
being dominated by sequences like {L(n ) /n~), cL>l , where L(n) is a

• slowly varying function.

Parallel to the theory of recurrent events is the theory of renewals;
- 

the model is essentially the sane except the CX.) are freed from their

restriction to integer values. There is a great similarity between the

L I

- 
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two theories and a theorem in one usually has a fair facsimile in the

other. In renewal theory u~ corresponds to U 
~~~ 

say, the expected

number of visits of the random walk {Sn) to the interval I.~ Ct , t+l].

• There seems to have been even more research devoted to estimates of U(It)

than to u~ ; these papers usually include the observation that theorems ,

similar to those obtained, can be derived for u~ by obvious changes in

• the proofs given. It would take us too far afield to give a full account

of work done in renewal theory on the estimation of U (1.~), 
we must content

ourselves with mentioning a few papers on this subject. Stone (l965a),

(l955b), (1966) cons iders various related matters, too many to detail here,

but including situations in which P{X~ > n} decreases geometrically fast

as n-.co~ the results are derived by various complicated arguments employing
- 

fourier analysis. Smith (1966) considered renewal heoretic matters and

not merely questions concerning the expected numbers of “renewals~ in a

time interval; he developed techniques for treat ing expectations of arbitrary

(non-integral) powers of the nunber of renewals. To achieve these ends he

developed a suitable modification of a fi’ous theorem on functions of

Fourier-Stieltjes transforms of functions of bounded variation . In the

context of recurrent events his work provided conditions for the absolute - 
-

convergence of series like ~ N(n)Iu~ 
- where 11(n) belongs to

a fairly general class of functions.

In tackling questions about branching processes Chistya!ov (1964)

introduced a useful and interesting class of distributions; it has recently

received an interesting examination by T~~’els (1974). The Chistyaicov

class depends on the requirement that P{S~ > x} — nP{X1 > x} as x-~~,

~~~~—~~----—-—- ~~~~~ —~~~~~~~—-~~~~~ -~— ~~-~ —-—-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • 
Jj~J
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for each fixed n = 2,3,...; Teugeis describes various consequences of

this requirement. These same ideas are basic to the work of (lover,

Ney, and Wainger (1973) . By means of sophisticated functional analysis

and the introduction of various Banach algebras they develop a further

nodification of the Wiener-Levy theorem; their version enables one to

make statements about the asymptotic equivalence of two measures , one

of which is a suitably analytic function of a given measure with appro-

priate asymptotic behavior. Their applications of these results are

principally to questions in branching processes .

Methods of Bariach algebra are also used by Essén (1973) in his treatment

of various questions in the theories of renewal and recurrent events. Es�en’s

work concentrates on theorems which give formulae like (1.1) , that is,

approximations to u~ in which the remainder term is shown to be of

a specified “0” or “0” size , depending on assumptions made concerning

• the 
~~k

1• His results are no less powerful , and usually more powerful,

than any previously published results of this type.

The present report has developed fror~ the pr~s~~ration of a forthcoming

book on renewal theory . It represents an attempt , not wholly successful

(for reasons o iven later in this section) , to develop a unified theory of

recurrent events from “first i rinciples” , that is , not depending on

profound results in the theory of com iutative Banach algebra. The hope

is that in thiS way the theory will be accessible to a somewhat wider

audience including, one hopes , those who may find use o the results

in applications .

We shall derive a nunber of results in the theory of recurrent

in the broad category 

1

~~~

1i1

ed by (1 1) i~any of these results
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~
S— 

... ~~~~~~~~~~

seem new, and some are more-or-less equivalent to results obtained in

papers we have mentioned. Exact comparisons are difficult because,
• roughly speaking, each paper employs a slightly different ~arnily of

monotone functions as its measure of rate of growth of the tails of

the various probability distributions which arise. All the results

we obtain can, with certain well-knoi~n provisos , be translated into

renewal theorems; we defer this translation for a later report.

i tich of the present report is devoted to the proof of a suitable

version of the Wiener-Pitt-Levy Theorem (Theorem 3.1, below) which embraces

all the different modifications utilized in the various papers mentioned

above. In harmony with our program the proof is developed entirely

from first principles and these notes are completely self-contained;

the basic method of proof of Theorem 3.1 is the one used for the proof

of a similar result in Smith (1965).

Before we can describe our theorems on recurrent-events it is necessary
S to say something about various classes of monotone functions that enter

the discussion. Suppose 1(x), for x�l, to be given by the asymptotic

formula

(1.2) T(x) ex~{f ~?4~2~ du}, as x-~~.

in which a(u) is non-negative and bounded in every finite interval

l�u�R<co. Plainly 1(x) is a non-decreasing function of x�l. We say

T(x) belongs to:

Class I : if ct (u) 
-
~~ 0 as u-~~.

Class II : j f ct(u) ÷ p as u-~~, where p is a non-zero , finite,
limit .

Class III: if a(u) -
~~ as u-~°.

The functions in Class I are more usually refereed to as functions of

alow growth, (fsg), or as slowly varying functions . Such functions were

— — -— 5— —~rn——--—rn -- .— —•~ - ___ _ __ _ _ _ _ _ __  — - -~-—- A-
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originally studied by Karamata~ (1930) (1933), who derived a canonical

f orm for them which is now well-lo-j own , The functions of Class II are

more usually referred to as f unctions of  r egular variation (fry), with

index p; for a full discussion of such functions we refer to Feller

(1971). The functions of Class III seen to have escaped being named

in the literature although they might well be called super-power functions

(spf) since they represent functions which grow faster than any power.

If ct(u)/u 0 as u-’~ ( c~(u) not necessarily non-negative),
- 

‘4 
we shall say T(x) is a f unction of moderate growth (fmg) a necessary

and sufficient condition for T(x) to be a f~g is that :, for every fiXed

c>O, T(x+c) -, T(x) as x-~ . ~J e shall call a non-decreasing f~ng (with

ct(u) non-negative) a tail function .

If 1. (x) 1 for x<0, if ~.i(x) is non-decreasing for x�O , and

if i:(x+y) � i (x)I’(y) for all finite x,y, then we call M(x) a rig ht

moment function (rmf). Further discussion of these useful functions

will be given in §2 below; they played a vital role in Smith (1966),

see also ~~ith (1969). For x�l, the function T(x) o:F (1.2) will be

a moment function if a(u)/u decreases to zero as u-~~.

Through all this report it is supposed that tail functions and moment

functions satisfy what we shall call the Umbrella condi tion U~ this 
- :

amounts to requiring that

(1.3)

Notice that this rules out the possibility of exponential growth rate

• for our tail and moment functions .

5- -5  --5---- —-----.——-.---—- -_ ~.—~ -‘~~~~~~ —‘ ‘~~ -~~—~~~~~~~ •‘• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -5--~~~ • - -
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Corresponding to a given tail function we shall require a moment

function G( ’) ,  to be called a gauge function. It must have the property

that , for every r>0 ,

(1.4) sup T’ � CG(r) ,
x�2r C’~~

)

where C is a finite constant , independent of x and r.

If a= {a~} is a sequence and 1-4 is a rmf we define

~~ 
11(n) IanI; then S~11) is the class of all sequences a such that

la l ~~~,- < ~~~. In dealing with a tail function 1(x), say, we often require

a sequence to belong to S(G), where G is a corresponding gauge function.

In many important applications this requirement is automatically fulfilled.

If v is any positive real we write T
~
(x) for any tail function such

that x’~T(x) T
~
(x) as x-’~. The same gauge function will do for both

T and T
~ 

. But if T(x) is also a moment function (which, by the

way, appears to be the case ‘for the scale functions used by Essén) then

we nay tai~e G(x) = T(x) for all x�0. Suppose a~ l/T
~
(n),. as n-~~.

Then T(n)a~ 11E
V , as n-~~. Thus , if v>1, it is plain that a .S(G).

This argument should be borne in nind in considering several of the theorems

given below; if in a given application the tail function is also a moment

function then the references to S(G) can usually he ignored. In this

connPction it should also be noticed th.et if I is in Classes I or II

then G(x) may be taken as identically equal to unity; the requirement
- . . -a E S(G) then merely amounts to aslang t~at L Ia~I < ~, which will

S 

- 
always be the case. Thus references to S(G) can ~lso be ignored when

T is in Classes I or II , i.e. when T 4 s a fsg or a fry.

________ 
~~~~~~~~~~~~~~ •~ S , - 5~~~~~~~~ ’ —-- - - -~~~~~ • - ~~~~~-
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Let us henceforth suppose p 1 = EX~ to be finite and non-zero and set

r~ = 
~~

_- 

~~~ 
f~ for n�O

= — f. for n<0.

Then 
~~ 

r~ = 1. ~Jrite r for the sequence Cr~}. Also write

v~ u~ - u~ 1 • all n, and set v ~~~ }.

For any sequence a {a~}, say, we shall write: a c V(T) if

O(l/T(n)) as n-~~; a e V0 (T) if a~ = o(l/T(n)) as n-~~; a e W(T)

if a~T(n) tends to a finite limit as n-~ . In the latter case we write

<a>... for the limit. Then we can state our first theorem.

T~~~ Ei 1.1. Let i~i be a rmf , T a tail function, C a corresponding

qauge func tion.

(Ri) v c S(~-~) i f  and onl y i f  r E SEN) .

(72) v c V (T) n ~(G) if and only if r € V(T) n S (G) .

(R3) v ~ V0(T) ii S(G) i f  and on l- tj i f  r € V0 (T) n .S(G) .

(R4)  v € W(T) ~ S(G) i f  and onl y if  r ~ £‘.‘(T) n S(G) and , in this case ,

-l<~->T~~~~ l <
~
>T

‘
~~ 4 imply ing

r~
Un 

- _ - 

p1T~~T 
as fl ’°’ .

Let us set

Sn 
= 

~~~ 
r~ for n�0

for n’<O

-
I

IL~k
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Let us also set

‘I if p 1 > O

-
‘ 

. 

= 0  if

An immediate consequence of Theorem 1.1 is then

Corollary 1 .1 .1 .  Under (R4) above,

-~~~

~~~~~~~~~~ as n-~ .

- ~
. Corollary 1.1.2. Suppose in Theorem 1.1 the tai l function T(n) =

where v>0 and L(n) is a f sg .  Then the - references to .S(C~)

in the theorem may be ignored and

Ci) Under (R2)~

- = O(l/nh+VL(fl)).

(ii) Under (R3),

u~ - = o(l/n~~”L(n)).

(ii i) Under (R4),

U -
~~~~~~~~~~

‘ - , as n-’~°.
vii1n L(n)

Corollary 1.1 .3. Under (R4) of Theorem 1.1, if T(n) — eCfl nBL(n), as

n-’~ where O<a<l, c>0, and L(n) is a f sg~ then, as n-~ ,

• - 
-. e i ~~~~~L ()

u1
ca

Similar results hold under (R2) and (R3).

- - - - --~~-~- - -~~~~~~-~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~
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~!c say the recurrent event is pos itive if P{XJ < 0) = 0. In such a

case, if we set = u0 + u1 + ... + ~~ then it is weil-iciown that

is the expected nz.nmber of occurrences of 11 at t imes t € [O,n].

Concerning U~ we have:

Corollary 1.1.4. Suppose T(n) = n1
~~’L(n) as in Corollary 1.1.2 and

tha t the recurrent event process ie positive. Then

(i)  Under (R2) ,, L~ 
- uj

1(n+l) = O(n~~
’
~/L(n));

(ii) tinder (RJ) ~ U~ - 

~~
1(n+l) = (

lV /..())

(iii)  Under (R4) , with 0 < v < 1,

1 n <r>T
- ~j (n+l) i:ij~T1-v) L (n) ~

-

‘ but if ~~l,
-
~~~~~ - 

<r>
n 

- 

~l ~ p1 J 1 xL(x)

Part (iii) of Corollaries 1.1.2 and 1.1.4 can both be extended

to cover the case ~=0~ we leave this to the reader, however.

:!hen p 2 < we can prove more explicit results than those so

far given. To explain these we need further notation.

If (n) is a nmf we can define a further rnf , called

by setting h1(0) = 1. and 1!1(n) = N(0) + 14(1) + ... + ~i(n-l) ,  n�1.

Plainly ~ 1(n) � n so, for example , the requirement r € SO’~ ) imnlies

~ nJr~ < ~~. Similarly, when necessary, we define i”Iii(O) = 1 and

I~i11(n) = ii~(0) + U~(1) + 

: ~~~ n~l.

• Then, for exan~ie, r € S(r111) implies 
~~ 

n j r ~~ < ~~~.

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . -— —‘ - 5.
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Theorem 1.2. Let p
2 

< o~~ and i~ be a rmf . If 
~~~ ~i1(n) Ir~I < then

1 £

— -l . 
I 

—where w = p
1 

i..f p
1 

> ~~, ~ 0 i.f p
1 

< 0.

To avoid a certain amount of ~~~ :i ’J:ro~sss let us write X to

denote either t/, or V0 , or (~; it is to be understood, of course,

that X shall retain a given meaning throughout any theorem.

Theorei,i 1.3. Let p
2 ~, let I be a tail function and let C be

an associated gauge function. For p1 > 0 define

1~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

n�O ,

H 
= % -

~~~ 
, n<0 .

For p
1 < 0 make the obvious modification to this definition of g~

Then if r € X(T2) n S(G1) it follows tha t £ € X(T2) ri .S (G1), and,

in the case when r € C~(T,) n S(G1) we find

2 
_____n T(n)g~ ~~ 

- 

~~~~ 
<
~

>T as n-’~.U 1

In the theorems that follow we set U~ u0 + U
1 

+ ... + 
~~~ 

, as
earlier, but do not necessarily suppose the recurrent event process

to be positive.

Theoren 1.4. Assume the same hypoth eees as Theorem 1.2.

(a) If p
1 > 0 then, for n�0, define 

~~~~~~~~
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= - 
( 1 )  

- 

[
~~~~~

] ~~~~ 
S
i 

- sa_ i si

It follows tha t ~~ ii ~ (n) ~g~ ( < 
~~
.

(b) If 111 < 0  then

-l
~ ~~ - T~~

1-
~ 

= r , say,

is finite~ and i f,  for n�0, we define

~~~~ 1 1g~~~u~~+ r -  2 ~jj _~~~~~j ii~
_
~~~~~

Sn j Sj

then it fo llows tha t ~~ i4~(n) I g ~I < 
~~
.

Theorem 1.5. Assume the same hypotheses as Theorem 1.3 but define 
~~ ,- 

- depending on the sign of p1 , as in Theorem 1. 4. Then £ ~ X(T 2) and,

when r € W~T2) n .S(G1), we have

3(p 2 p1) 2
<a>T 3 ~~

-
~
-
~~~~
‘

-
~~~~ 2 4p1 ‘2

The theorems described so far de~end on the tail probabilities

{r~} behaving suitably. If i.y~ impose conditions on the point probabilities

{f~} then even better results are obtainable, especially if we ass~u~ie

finiteness of absolute third moments of f.

Theoren 1.5. Let r ’ I iI 3f~ < ~, and let i~ be a r mf. If

n M
~~

(n)f.m <~~~, then

n ~~ (n) ~~ - - ~~ + [P 2~
P
’)rn~ < c 0 ,

~

— _________ — —~~~~ — — ~~~~—
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where, ao usua Z ,~~~~ = p ~~ if 
~:

> 3 and ~~~~
. if 

~: <
~~~

A further idea needs explanation before we can give the theorem.

Suppose T is a tail function . We shall see in §5 that one can introduce

a new tail function ~ by the definition

1 
= 2x 2 du • x�l

T(x) x u T(u)

and that ~r(x) � T(x) . For certain results we require that

u n  ~~~--~~~~~~~ = p, say ,
x-’~ 1(x)

exists. It is well-known that if 0 < p < then this limit exists

if and only if T is a function of regular variation with index p.

We shall also be interested in the possibility that p0. It is not

difficult to show that a sufficient condition for T(x) = o IT(x)) is

that 1(x) be a super-power function (implying that ~(x) is also

such a function) and a necessary condition is that i~(x) be a super-

power function . ‘fe can now state

Theorem 1.7. Let T. be a tail function which is unbounded and let
S C be an associated gauge function. Suppose

~~~
°° t i t 3f~ <~~ and ~~ 

j G11(J) f~ <<~~~~.

Define, for n�0.
— ~~~~~ 

~2~~1[ . t~~= % - w - ~~-— + 2 rn .
p1

Then, as n-,co,

Si. - .- -

Li ~~~~~~~~~~ -
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(a) f~ = O(l/T3(n)) implies t~ =

(b) f~ = o (lI T 3 (n)) implies t.~ = o (1/Ti (n)) ;

(a) i f  the limit p = u r n  T( n) / T (n)  exists and i f  n~f (n) f~ +

n-~ , where ~ is some finite limit, then

n3T(n)t~ 
~~~~ 

{~� - 3p1A 2 [l + n-’~ ,

where )~. 
= p3 

- + 2p, and X = ( p 2 - p1)/(2p1) as usual.

If we can only assume a finite second moment we can still obtain

improvements on Theorem 1.3 by assuming suitable behavior of f~ for
large n.

S 

Theorem 1.8. Let T , C, be as usua l and suppose T(n) + as n9co,,

~~~ < ~, ~~~

‘ j G~(i)f~ < ~~. Then if we set

— 
Snuf l - w f l -~~-~ = g ~~~~say,

and define ~1(x) = 1/ {J ~ dy/T2 (y)
} for all x>0, we have

(a) f~ O(1/T2 (n) ) inrp lies g
1~ =

(b) 
~n = o(l/T2(n)) implies g~ 

= o(1/~1(n)) .,

(c)  f~ — •/T2 (n) as n-~~, for some finite constant ~, imp lies

_ _ _  
1

“ — — J ~ n-~~I 3 I ~~
~ 
p1 j i1(n) H

Ii.-~afly we consider brie-fly what happens if r~ decreases geometrically
fast. The whole story of this promises to be involved and difficult; we
only consider one relatively tractable special case. ~ir theorem is as
follows.

— --—-5.- — —  - — — — - - 5 — - -  — .— — —-——---—————--—— -55 —- __ _s_____._- __ _s~
__ _____;___ _ .__ -_s_ --.~ _ - ~~~~~~~~~~~~~~ ——-—- 5 .-- - •—----—-_— ‘—--—
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Theorem 1.9. Suppo8e for finite constantc p>l , v>0 , c�0,

r~ — cp”/n~~’~T(n) as n-o~ where T is a tail function with an aaaociated

gauge function C such that ~~ G(n)/n~~”T(n ) converges. Let

R( z) = ~ r z ’1 have only K (f in i te)  zeros in the annulus 1 < Izi ~
and, for simp licity, assume these to be single zeros situated at

~l’ ~2’ ~ ‘~ K and n-one are on = p~~ . Then, for p1 > 0,

- 
-~~ 

= L. + L ~ 1 
n+1 + t~

~‘l ~
‘l s=l (

~5
-l)R’(

~5)~~
where, as n- 0o,

n+1
tn 

p [P )~
2 (1 ) l+VTcn)

(A similar result holds if p1 < 0 .)

It might be mentioned that 0 and o versions of this theorem can also

- I (more easily) be proved. A challenging problem we have so far been unable

to solve is that posed when rn — cp’~T(n).

Finally we close this section by mentioning an unfortunate weakness

of the method we have adopted. The umbrella condition U is needed

for the manufacture of smooth mutilator functions in §3 , these are vital

to our uele1uentaryt~ method of proof. But they are unnecessary if we

adopt a Banach algebra attach. As far as the theory of recurrent events

is concerned , all that is needed is the inference that if the Fourier

series r( O) is non-vanishing and in a certain sub-algebra then so

is l/r(O) ; this could easily be dealt with by an appeal to a ~ell-

~mown~’ result concerning r:aximal ideals in a commutative Banach algebra

(see, e.g. Rudin (1974), Theorem 1C.17, p. 395). The gain by using

- - - -5— - - -— 5. - -— - -— — - -——~~~~~~~~ — - —
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• the more sophisticated attack is a slight broadening of the class of

- tail functions we could allow ; condition U could be replaced by the
weaker reauirement cz (u) Iu + 0 as u-~~. ~:owever, if the present methods
are a~~1ied to corresponding problems in renewal theory in continuous

time , the use of smooth mutilator functions seems unavoidable , even
if one is prepared to appeal to the theory of co~iuiiutative Banach algebras .
It would take us too far afield in these notes to explain what prompts

this claim. Thus it seems that in renewal theory the U condition
is less of a drawback.

ftI•• i

-— 5  55 5-5 -55.4 L
~L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -J
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§2.  SO IE PRELII.IIUARY LE~11AS

In this work we are largely concerned with sequences tending to limits

and with the rapidity of that convergence. As a means of estimating that

rapidity we shall make use of certain classes of monotone functions . This

section is devoted to the defi i~ing of these classes and the discovery of

— various i.uportant properties of the functions in these classes.

A function f(x) , say, of real x�0, is called a function of moderate

growth (fmg) if f(x+c) — f (x) as x-~ , for every fixed c. In a discussion

in which functions are only evaluated at integers it is enough if

f(n+l) — f(n) as Th’~ through the integers .

lie denote by M the class of right moment functions (rmf) , which satisfy

the following conditions.

(-ll ) M(x) E1 for x<0, N(x)�l for x�0~ i~(x) is non-
decreasing in [0 ,co) .

[ (p 12) I~(x) — I’!(x+c) as x-’oo, for all fixed c.

(M3) M(x+y) � ~-i(x)’i(y) for all x,y.

Notice that (I~3) need only be verified for x�0 and y�0 since (Ml)

ensures its automatic fulfillment otherwise.

If A(x) and B(x) are functions of x�0, we say they are equivalent

and write A(x) ~
—‘ B(x) if A(x) /B(x) and B(x)/A(x) are both bounded as

X4~.
Suppose N(x) is a non-decreasing function of moderate growth such

that , for finite positive constants and 
~2 

, it is true that

— — -—S— — -~~~ =— ~~~~~~~~~ — — —~~~~~~~~~—— --5-—--~~~~~~ -— - -—~~~—
- ,-~~~~~~~ --— — — - -5 ~~ 5— -— — - - - ~•—-~~~~ -5-— !~~~~~~~~~

— -
~~~~~~~~~~~~~~ I ~
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N(x+y) � ~2JI(x)N(y) for all x � 
~~l 

and all y � . By increasing 
~2

if necessary, we can ensure that ~2N(A1) � 1. Then define

il(X) 1 for x<0 ,

for O�x�~1
for x>~.

It may be verified that 1--i(x) is indeed a rnf and N(x) ~~ i’I(x) . Because
we merely use moment functions to indicate convergence properties of series,
we are only concerned with asymototic behavior of a rrif as x~~. Thus, as
will appear , it is entirely adequate to give a function like N(x), above, 1:
knowing that an equivalent rmf satisfying the more convenient conditions

~i-a) , (M2) , (M3) exists. Let M * be the class of functions like N~x).
Then three examples of functions in M* are as follows: (a) i i(x)~ l ; (b)

any non-decreasing function which ,_ X~ L(X) as x~~, where a�0 is a
constant and L(x) is a function of slow growth; Cc) any non-decreasing

f unction which — exp v5~ , as x-~ .

1~e denote by T the class of tail f unctions T(x), defined for x�0,

which satisfy:

(Tl) T(x)�l for all x�0 and T(x) is non-decreasing

(T2) T(x) — T(x+c) as x-’~ , for every fixed c (i.e. T(x) is a fing) .

As was the case for the classes 1 and t~ • we are only concerned with the

behavior of T(x) for large x~ thus) in specifying a tail function we need
only give its asymptotic form as x~~. It may be noted that examples (a) , —

- 
- 

(b) , (c) , above, of right moment functions provide examples also of tail

- —-~-—— ~~~~~~~~~~~~~~~ -5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 51
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• functions. -

• With any tail function T(x) we associate functions called gauge

function s . A gauge function is any right moment function G(x) , say, such
that for some finite constant C>0~

(2.1) 
T(n-r) � CG(r)

for all large n and all n � 2r . I t  might be noted that , since T(x) is
non-decreasing) (2.1) is automatic for r<0 since, being a rmf, G(r)~lh when r<0.

By way of illustration we remark that in example (b) , above , we can
take G(r) as a constant for r�O. In case (c) we see that

e”~ ~~~~~~~~
e~~~~

Notice that in both of these examples the gauge function grows much more

slowly than the ~parent
7 tail function. This is typical for the situations

we encounter but not necessarily true for an arbitrary tail function.

We denote sequences by letters a ,b ,c,.. - as far as possible. Typically

these sequences are doubly infinite, thus a has terms

..., a 2~ a_ 1; a0, a1, a2 

We call a a right sequence if a~ = 0 for all n<O , and R for the class
of such sequences . ~e call a a positive sequence if a~ > 0 for all n ,
and P for the class of such sequences . Sometimes, when the symbol for a

- 
- . 

- 

sequence is cumbersome,we denote its nth term as (a)~ but whenever
possible we write ~~~ b~ , etc. The norm of a is defined as

- ----— --— — - - - - - ~~~~ - - — - -
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H a l l  = ~ Ia~l .
n=-0,

If T(x) is any non-negative function on the integers, we also write

I I!l ‘T = 

~ 

T~n) I a~ I .

~!e shall write S(T) for the class of sequences a such that

l I!IlT <
~~

If T(x) is any non-negative function of the 1:ositive integers we

shall write

I_ - s
[!]T = u r n  sup T (n) a~ 1

and V(T)  is the class of sequences a for which [a]T is finite.

Suppose however , T(n)a~ tends to a , possibly complex , limit as n-’~ .

We then say a belongs to t~(T) and write

<
~
>T = lim T(n) a~

• 
Note that (~) CT) c V (T) and, if a ~ (~t~ (T) , [a]T = I <

~
>T I .

If ~a]T = 0 we shall say a is T-null and write V0 (T) for the class

of such sequences . Obviously V0 (T) c W(T) and if a e V0(T) then <a>T = 0.

If a and b are two sequences we write a*b for the convolution

whose nth term is
+00

(a*b) = 
~ 

a~b~~ 1 .

It is clear that aTh = b*a and that I I a *b~ I la l  I’ I  . In an obvious

way we define sequences a*a*.. . ~~ ( Ic terms) , more compactly written

a*k , and have I la*~I I I lal l’~

I

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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In a few places it is helpful to interpret (a~~) as the sequence

- 

-

- 
{Q = 6, say , in which = u 

~~ 
0 for all n�O.

- 

- then I lal f < 1 we can introth~ce the sequence M~a] whose nth tern is

(!:*
O)n + (a*l) + ( * 2) +

-

~ ~ e find, that
-

~~ I I ~~]H ~~ 1/ (1 - I L ~i I ) .

- 
- LEI-’L’!A. 2.1. If a and b are sequences in S( ~-’~j .,  for  some right moment

function i-i . then ~~~ l~ ~ I I~ I I I~J I~
PROOF. Let c = ~~~~. Then

I I~~ J 
~ 

= ~~
°‘

= ~ (n1+n~)a~ b~
• u n 7 1

~ U(n )i-i(n ,)a~ b,, ,

H n1~~2 
1 ~l~~2

by (~3). Thus the ler~a follows.

LI~J~ IA 2.2.  I f  a E S(~-1),, where i i  is a ri nf~ then there exists a sequence -:

~ ‘d-, decreasing to zero as lc-*oo~ such that

I
(2.2) l I a *k

I I  � (Hal I+E ) all k�i. -
•

PROOF. Plainly we need only prove (2.2) for large k. To begin with suppose
-

~ 

- 

a € P nP•., and write, for simplicity, y~ = I 1~~
k

1 ~ . Then , for k>1,

H

_ 
--- _—~~ ~~~-—•—~~

-5- --—---- ~~ - - - - -  - --- 5 -5-
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= . , .  I ~(n1+n2+ . . . +fl; -) a a . . . a••‘ - :

~~~:
° 1 “2 ~k

~ 
(
~:+n +~~~~~ + + n ) ~ a . . .a  

~n
1

0 
~‘2~~ 

n O  1 2 - - - n 1 n 2

= > say,,

since is no:i- ~~creasI~~ ir. ~~~~~ Set

:r :+~~~.. +: +~~ . .
(2.3) = 

~~~

. ~~~~~~~ . .+~~~~~‘j ~~~~~-
•.

-- 

~-x----r--i- a

~ I w~~~~rc w = :~~+a2+.. 
~~~~~~~~~~~ 

� 0. c~iev:r~, ~~~ I (x) i~ a

÷

as ~~~~~~~~~ ~or r f ixe d , unifor. Jy wi~~ ~‘- ~s -~ect ~o w. But~ fron (T 
~),

-
_ (~-+~-i+r ) 

< 
-- (1• -

-1:.c it is ~~f i’Tia1 that 
~~~~ ~i(1+r)a = C , say , is finite . ~~~~ ~~ür~ted

co:Je:~e~lce ~~~1j~~ to ( 2 . 3 )  ShO~!S t~~~ T~~ + I l a l I as k~~, uniformly ~dth
res~~c~ tc ‘~i �D. T r ~s ‘~r~~ can set T- . � LI I + 

~~~ 
. s:’r, ~~

‘•i3TO fl,~ ~ 3

~s -
~~~~~. but a r - c • ~~~~ ‘J’~: a~o eviaently 1cc-. to the result

C(~ [~j l~n1)(I LI •.. (I H I~n1~).

It is a r~ :ti--~e •~~ :-~r , -‘ , ~~ c ~~~~ish (2. ~) .
-

. 

‘c s~a1l now e~ cr ~ this i~c~;i~t to a se~ -~ci tce in ~ but not necessarily
ir~ ~~. ~~ a ~e suc i a secucrice ~~d ~~~~~ a nc~x seouence a~ = {a1’} byI

-- -~~ 
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• - 
a~~= a ~ ~or n�0

= 0 otherwise.

Let us also set = •a,~ - a~ to define the sequence {aL}. Then the first

part of this proof applies to aR and gives , in obvious notation ,

(2.4) a~ � C( f I a~j l + )2 )( l Ia RII+fl3) ... ( II
~~I I~nk).

Evidently we rmist now consider

(2.5) ak = ... 1-T (n1+n7+. . .+r~1,)a~ a . .

= 

~ (~) 
~ 

... ... ~ etc.
2~—O n1~9 n2�0 n~�O 

~~~
3ut if n1�O , n~�O~ ... ,n k,�O , fl Q~1<~i~ ... ,n~<O , then

• ( f 1
l
+n,+.. . +~~

) � ~(n 1
+n 7+ . . .÷n~)

a:~~ (2.5) ~~~~~ ‘
~1S~~~P. ( .4)

(~ .5) a, � •
~ 

( ;~) aL l 1 k-~~ 1 la R
l I~n 2) ... (~ 1a R

1 ~~~~
• 

Recal l that ~ Let p C-:)-*~ . p( k)/k + 0 , as k~~. Then it is not hard

to )C2 H ~I I +  )
P(l~) 2  ~.

<
r 

~~~~~~~~~~~~~ 
2 0  ~~ II a L ll (IIa ~I I + )Z

( I I  ~i I ÷  ) P(k) 2

~ ~ I I a ~l ~~~~~~ 
( I I~’~l H k~ I 1

~~ p(k)~~~
•

Fr~~ which it follows, since I IaI $ I I a ’i I~ l la R l I and 
~p(k) 

+ 0 , that

lin sup I la l I .

k~L - - —--5 ---- - • - ~~~~ - _--~~~~~ -- - - --•” —••- -~---- “- - -- 
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- 
_ This proves the ler~iia since the drcHir~ of the ass~.unption aEP calls for

only the most obvious device.

Let ‘Y(z), a function of complex z , be ai talytic in the disc Izi � r,

for some r>0 . Then ‘I~(z) has a unique Taylor ex ansion

‘f’(z) = ~ 1~)rzrl 
, say ,

- - rn=O “

and the radius of convergence of this series is at least r. i low let a be

a sequence in S(~) ,  where ~: is some moment function . ~!e can unambiguously

define a new sequence ~~a) whose nth term is

~~ ~ ) (~~
HL

m 0  m-

LEF~A 2.3. If ~‘(z) is analy tic in the disc l z l  < r .. if a € .S (M) ., and if

I J a $ f < r~ then ~‘(a) al~so belongs to S(Ii).

PROOF. ~ can find c>0 such t h a t  
I L I  I+ c  < r , and then k0(c) such that

for all r~�k ,

$a *’~ .
~~ 

� ( I I~ I $ +c)~
Thus , if

~~0 m k 0then

~~k ~~~~~ ~ ~ I~r I ( I I u J J ~~)m
0 r41=k0

since ~ qJ~zm is absolutely convergent within its radius of convergence. But
:c0-1

I I’ ~
(
~
)-

~k0
(!) I ~ ~ ~ 

I~~l I I a~~I I~, 

- -5_--_---- ~~~~~ - -~~~~---._--5-— -5-  - -- ---5--
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by ~initely many applications of Lemma 2.1. Thus the leim~a is proved.
• 

. In what follows T(x) will be a tail function and G(r) a corresponding
gauge function.

LI~1 ~A 2.4.  If a and b are sequences in V (T) and S (G) then

(2 .7) L a*bJ � 1 lb 1 1 [!~~ 
+ I f a f f  Lk]T

Fur thermore , if  a and b are also in (J(T) then so is a*b and

+00

<a*b> = <~>T -00 
h~ + <b>T ~ a~

PROOF. Let us set c~ = (a*b)~ ; then for n large and positive

c~ 
~~~ 

a b r + 

~~~ 
b a

I~~~ + c ~ say-.n n ’ /

Then we observe that

T(n)c~ = 

r~~~ 
~~~~~ 

{T(n
~
r)an r }br

- 
- For all r � ~~ we have

T(n) 
< 

,~~~,,.[ T(n-r~ 
— ~ i~r ) ,

where G(r) 1 for r<0. If we suppose a € V(T) then 1;-
-

. T(n-r) lan_r i � [a]~ + ~~ , say ,

-

. 

where + 0 , uniformly with respect to r ~ ~~~~. Since T(n) T(n-l) as

r i

— —- - - - 5 - .  •— —~ — - •—~~~~~~~~~~~~•-—— -. . _____
~~~~s --._-~- ,• _~~~~~~ - • ~~~~s ~~~~~~~~~~~~~~ -—~~ ---— 5- - - - —.~~~~ -
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n~co, and since, if b € S(G) ,

- 00

~ i~~i + 
~~ 

G(r)~b~ <

-00 0

we can appeal to dominated convergence to infer that

lim sup T(n) f c~ � 
~~~ I I ~i I.fl900

On the other hand , if a c W(T) the same dominated convergence will show

that, as n-’~,

T(n)c~ + 
~ 

b~.

-

• 
In a similar way we can deal with c~ and complete the proof of the

lemma.

Suppose aW 
~~~~~ .. ,a~~ are Ic sequences in V(T) n S(G) . Let us

define, for r=l,2,...

~
(r) 

= a(l) 
* a(2) -

~ ... * a (
~

)

L~~~a 2.1 shows, by repetitive applications, that ~
(r) e S(G) and one can

also easily obtain the equation :

r c~ = [ f’ a~~)J
fl - 00 j=l n=-~°

Ler~ a 2.3 shows that (asstmiing k�2 ) :

[c
~

2
~iT � [aW)TIi a

(2)I t +

and (if k�3 ) one can then deduce from the sane lemma the result :

� r
~~

(2)
j  ii a c

~~i i +

f
-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -55—---—”-
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Since I l~ 2) I I ~ i ~~~ I I ° I J!~ I I this gives

E~. ~~ ~ ta :I T IT iI!
r)il .

~ j =1 r�j

The generalization of this should be plain, as should be the way by which

Lemma 2.3 can apply to if every sequence a W belongs to (U(T) .

Thus we have the following

L~~1~iA 2 .5. In the notation just eotabliahed~ if every aW belongs to

V(T) n 5(G) then also belongs to V(T)  n S ( G )  and

[c
~~~ T ~ .~~~ ~~~~~~ ~ ~~ II .

,j =l r~j

Fur thermore, if  every aW 
€ ~9(T) aS(G) then belongs to U(T) n S (G)

and

= 

~ 
<
~~~~

>T ~ r a~~~}.j =l r~j  f l - 0 0

An immediate and important consequence of this lemma is the following.

LE NA 2.6 . If a is a sequence in V CT) n S (G) then, for every integer

k�l.,. a*k is in V(T) n 5(G) and

- - [a*k]T � H 1
k-l

If, moreover, a is in WET ) n S(G) then so is a*L~ u,,~~

+00
— 

1 
<a >  = k<a>T{

~ an}k4

Suppose now that a is any sequence in PaR such that

I I!I I  = a < 1. y0 shall soneti~ies write t~(z) for the function l/(l-z) ,

which is analytic in any circle I z i  � r with 0<r<l. Thus li(a) is also 

- :— - — -~~~~~~~~~~~~~~~~ - -
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a sequence in PaR , and i ~ (a) I I < 00 by Lemma 2.3. For ease let us write
• £ for ~(a) . Thus

(2.8) g~ = a~ + (a*2)~1 + (a*3)~ +

and an easy calculation shows

(2.9) I i~j I = 
~~~ 

= ____

LE~i-’L& 2.7. Let T (x) be a tail funct ion and G (x) a corresponding gauge

function . Let a € P aR and suppose I i!l I < 1. Then if a € 5 (G) it

f o l low8 tha t A (a) e S(G) . Further more:

(A ) If a c V(T)aS(G) then

LaJ
(2.10) [

~
(a) ]T � — T

— 

(1-h a l l)

(B) If a € (~(T) nS(G) then ~(a) also belongs to W(T) a S(G) and

<a>
(2.11) <A (~~>..~ = 

— T 
2~ (1— h a l l)

PI~JOF. The fact that ~(a) c S(G) follows at once from L~ im~a 2.3. Evidently

00

(2.12) g~ 
= a~ + 

~~ 

a~~fl_ ~

Next suppose a € V(T) nS(G) , and rewrite (2.12) , as follows:

(2. 13) g~ 
= + 

~�rLn ~~~~~ + 

~�rLn 
g1.a~~~

Let us then set
:j . • 

-

(2. 14) 
ø�rLji 

g~a~_~

U ’
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Then, as in the proof of Ler~ia 2.4 , we argue :

(2.15) T(n )Ic 1~I 
~ ~~~~~ ~~~~~ ~~fT(n-r)a ~}.

We have established I l~J I~ 
< 00 and so the dominated convergence argument

will go just as before, and show

~~~~T � [
~]~I I~l I .

Our major difficulty, however, is concerned with

0�r~¼n ~~~~~ = , say .

Let us set T(n)g~ = r(n) , and suppose that ‘r (n) is unbounded as m9co . Then

- • 

it is possible to find a sequence of integers n1<n2< ... such that T(n~) + 00

and T (n) < -r (n
i
) for all n < n~ . ~!e can then deduce from (2. 13) that

L T(n.)
(2.16) t(n~) � T(nj )an. + I(n~)c~ + T(n~) 

0�rLn 
T(n~?rJ ar

3 Hence
T(n~)(a +c~~)

(2 .17)  T(fl~) �
1_ V _ _ _ _

~ T(n .-r) rO�r�½n j

Since I l!J ‘G < 00, a dominated convergence argument will show

T(n.) Co

(2.18) 
~�rLn T(n~~~J 

a.
~. 

+ 

~ a1~. as fl~ + 00~

Thus (2.17) coupled with (2.18) and the asymptotic behavior of a~ and

c~ gives

ta]T(1+l 1gb I)(2.19) u r n  sup T (n~) � 
~~ h a l  I 

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --5—-—~~--. -- - - -—- --- --—
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This contradicts the hypothesis that t (n) is unbounded . Thus t (ii) , as
n-~~, has a finite upper limit It , say , and this alone establishes that

z. ~ V (T). However, let {n~ I now be an increasing sequence of integers such
that ~r (ni

) + A as j~ co. For all a > ½n~ we may claim that

t(n) ~ T(n~) + ~~~.

where + 0 as j~~. Thus (2.13) yields, on lines similar to (2.16) ,

T(n•)
T (f l ~)  � T(n.)a + {r (n ~)÷E~ } 

0�r~½n~ 
T(n~

_r) ar + T(n~)c~ .

hence, letting j -~~~~ we infer

A � L!~ U+lI~ 1I } + A H a I l ,

t jhj ch tells us that

[a]T l~~ J~~H(2.20) 
~~~ ~~ 

— 

1- ft- .H

If we note that {1+ ( ( a I ( )  = 1/{1- (IaI(} then (2.20) ~~ 1ies (2.11) in the

lemma.

Finally, suppose a € (~(T)aS(G). This implies a c V(T) , of course , so

the preceding results are all valid. Further, (2.14) shows

T(n)c~ = 

0�rL~n T(i)~~~ 
g~{T(n r)a~}

and a~ by now fa~i1~.ar , dominated convergence argument gives

(2.21) T(rL)c~ -+ <
~

>T I ( 1~.I (

• 
-

. Let us write 

- -. -- •- _—  - —  ~~~~~~~~ -—-~~~~~~~~~~~~~ -- —~~~~-—~~ ~~~~~—~~~~~~— -~~~~~~~
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r = u r n  inf T (n) .
fl~~

00

Then we can claim that for all r � ‘jn

r(n-r) � r -

where c~ + 0 as n~~. From (2.13) we may therefore write

(2.22) t(n) � T(n) a~+c.!~ + (r—c ~) 
U�r~½n T(j~-rT g1.

Dominated convergence shows

o�rLn T(i~-)~~ ~ 
+ I IzJ I ,  as n-~°°,

and so (2.22) yields (if we let ~~~~ through a subsequence such that

T(fl) ~~~ r )

r � <a>T[1+II&II] + r
Thus

<
~

>T1
~~ 1 I~i I]

1-H aH

showing that r = A , i.e. T(n)g~ tends to a limit <&>T , as n-’~, and

= 
1 -H a l l

Thus the lerna is proved.

However , we now wish to extend Lc-r~na 2 .7  to deal with sequences in P

but not necessarily in R. Our arg~m~ent parallels those arising in the study

of ladder variables in random walk theory.

Suppose, therefore , that aEP and that a., = ~ < 1.

For n=-1 ,-2 ... define

:1

- ~~~~~~..~~- - —-- 
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(2.23) b~ ~ { ~ a a ... a },
k 1  J(n ,k) r1 r2 rk

where J(n ,k) is the set of suff ices {r11r21.. . ,r~,j such that :

r1+r2 < 0

r1+r2+.. .+Tk~ < ~

r +r2+ . .~ r1, = n.

For n�O, define b~ = 0.

As before, we shall write ~ (a) = ~, for ease. It follows from Leriina 2.3

that £ e 5(G) and one has without difficulty the result :

I I~ j  I

~~~~~~~~~~~~

Since b~ � g~ for all n and , since b~ = 0 for n�0 , one has:

‘1 ~~
1 1 G = Il b il � II~I I < C O t

Next define a sequence ~ E Un} E PaR as follows:

If n<O then , of course, £ = 0.n
If n�0 then

-1.
(2.2~) = a~ + 

~ ~~~~~ .

TIe have ini~ediate1y, from (2 .24)  ana Lerm’a 2 .l~ that

(2 .25) II ~ I I = I I~! I{l + I I~I I)

and

(2.26) 11
~~’ 1 G ~~ ll g Il ~{l + I l b Il l . 

__ .-~~~~~ --~ -~~--- -- — - - - •- _-•- -~~~ -~~~~ —- -__ —----_-
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If we now assume a e V(T) then a familiar argument (which does not
need the assii~ tion a E S(G) ) yields from (2.24)

• (2.27) � + I l ~J I ) .

Alternat-~.vely, if a E W(T) , an alr~ost identical argument shows

(2.2 8) <
~~T = <

~~T~~ 
+ II~i l ).

c~o~i , evidently,

(2.29) g1 =~~~ a a  ... a
~ k=l I(n ,k) r1 r2 rk

where I(n ,k) is the set of suffices (r 19 r2, .  .. ,r~,) such that
r1+r2+.. . ~r1. = n. A careful dissection of the set

I I(n ,k)
- ( k=l

leads to the following important relation, valid for all n:

(2. 30) g
~ 

= bn + + (~*&) .

(This equation is inspired by the work on ladder variables already mentioned.)

An immediate deduction from (2 .30) , by stmnnation, is that

l I ~ I H l I ~ I I + l k I j + I I ! I f o I I & l I

and hence, that

I I b i  1+ 1 l Z l  I
(2.31) I lz. I t  

~~~~~~
Further, if we set k E ~ (9..) ,  it follows from (2.30) that
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(2.32)

However, £ e P aR , so we can appeal to Lemma 2.7 and (2.27) or (2.28).

If we suppose a ~ V(T) then

La]T(l+ I Ibi I)
(2 .33)  [k]

T ~ 
—

(1-I L!I IY
If a E & (T) then k ~ ~

f (T) and

<a- ( l + I J b I t )
(2.34) <k>T = — T —

— ( l -f I~ II)

If we note that b is a T-null sequence then we can deduce from Lemma

2.4 the further results:

If a € V(T)  then

La]T (l+ I IbI 1) 1 Ib I I
(2.35) — — 

2 
—

( l - I I L I I )

If a e ~1(T) then

<a>T (l-I- h I b I  1 ) 1  b I b
(2.36) <h*k>,_ = 

— -

— —  I ( l - I I z h j y

It follows from (2.32) and eitiILr (2.35) or (2.36) that

If a E V (T) then

(1÷ 1 I b I  1) 2
(2.37) � [ a] .~— ( l — I I 2 i I ) ~
If a € W(T) then

(1÷ 1 h I  IY
- 

- 

(2. 33) 
(1-

Ikit (2.31) tells us tha t
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1~ I I H

~~ 
+ = l - 1 t 1T

and, since II~I I = II a II / (l - II a II ) , we deduce

1 + ! I b I I  
- 1

l - I J ~~H 
— -i: Half

This result, used in (2.37) and (2 .38) , co~~lctes the proof of the lenii~a

extended to sequences a not necessarily in R:

LEE-iA 2.8. The conclusions of Le-.’nina ~‘.7 ar’e valid without the requirement

- 
- 

aER.

- • 
If ‘i’(z) , as earlier , is a function re~uiar in I z I < r (>0) , and if

CO r
‘i’(z) ~~ I z i < r,

0~~~then defi’-~: 
- 

CO 

r
~~(z) = 

~~

Evidently I1yI (z) is also regular in : 1 < r.

L~~i -~~2 .9 . Let 11’ . j - ~~, r , be as above. Let T be a Lail function with

gauge functwn ~~. Let a c S(G) and suppose I I~i I < r. Then

(A) If ~ belongs to V(T) it follows that 111(a) al8o
bcZ~~njc to V(T)  and

~l’(a)JT ~~—Ic ’ I (I I~il D .

(B) I f  a belongs to W(T) it f ~l~o~’s ~-~- ‘it ‘Y(a) also

-

. belongs to f,)( ~ ) and

<‘
~

(&> T = 
~~~~~~~~ 

a
fl

) .

I
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PPSCOF. Let us write a for the sec’uenc~. {Ia~j}.

Thus I I~ ! I = I I& I < r. For ease in ~iriting let us also denote the

-

• sequence 11’(a) ~y ~
Lemma 2. 3 assures us that P. ~ S (G) .

By a well-known oroperty of renilar functions ~“( z) a;i’J 111’l’(z) will

also be regular in I z i  < r aTid , ir~ ec-d ,

( 2 . 3 ~ ) ~
I ~

is absolutely convergent for all I z i  < r.

~bcc I~ °. I � I I.~t I < r~ the series (2.39) is absolutely convergent

at ~~ a1 = 
~, s~ y.

Thus , ~iv~n ~>O , there exists ~i(c) such that

(2~~0) J I r~~ ic l~~ <

Le~ us define t~o sequences, dei ending on J fixed

N
= 

~r=0

~~r=I-I+l

It follows from Leri~ia 2.6 that :

I~ a ~

(2.4- 1) 
~ ~ -~T r~l 

r I~~~ I I a I j r l

I~ a c W(T) , (recall ~ = a~ )

(2.42) = <
~~T r~l ~~~~~
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Let us choose p such that I I~i I < p < r . Ther. ~p~p
T 

+ 0 as r-’~
and we can therefore assume N(c) chosen so large that I~PrIP’ � 1 for
all r�N. Then define a sequence b = {b~} by setting b~ = 

~ /p, for all

n. Notice then that I L~.I I = I I~i J/p < 1 and, moreover, if a ~ V(T ) then

b € V(T) also, and
-‘ = P

Evidently

(2.43) I:~ I � I
r=N+l

CO

~ -r~~~r< 1 p (a~~)
r=N+l

= ~ (b~~)~r=N+l

=

But if b c V (T) , since I I b I I  < I , v.~ can infer from Lemma 2.8 that

[b]
(2.44) [A (b) ]T � — T 

2— ( l - I I b H )

In addition, Lemma 2.6 yields:

� (N+l) [b]~~ 1~I 1 •

This inequality, coupled with (2 .44) ond Lenma 2.4 , enables us to deduce

from (2.43) that

~ ~~~~~~T 1 I~I V~I I~ Q~
) II 

(1-lib I D 2 I ~~~~~ II

f(i4+l ) I I b i  I~ I Ib I
= 

1- JI b lI 
+ 

(l- I Ih II )2

= 

~~~ 
{ ( )~~ + 

I t a H
} [I 

I aI I N

-- - - -~~ ---~~~~ -~~ ~~~~~~--~~~~
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Since I I~i I < p it is apparent that we ca’~t make Ep’
~
]T < c by ta -:ing I!

- I large enough.

If we suppose a € V(T)  and a Deal to (2.41) we see that

LBJT � [ EJT + E

� J~ 
r1~~1 I I!I ~~ 

+ 
~~.

By letting i~~w and c~ 0 we plainly obtain the desired conclusion:

[2]T ~

Next surmose that a € W(T) . ~-~e have:

IT( n)p
fl~<a T~

t (~) I ~ IT(n)
1
~
pp~

<
~ T ~ ~~~~~ I 

+ IT(n)p~I + <
~~TC by (2.40) .

But ~T(n)p~ < 2c for all sufficiently large n , if N is taken large.

Thus , in view o~ (2.42) we have

IT(11)Pr~~
1>T~

11’(
~)I 

< 4c

I ’ for all 1~ r~~ n, This ~lain1y c~ ip1etes the proof.

‘ - ~ c l o~ r s section 
~
y si~o~-fti; th~t for any tail, function T(x)

.~ t~ r i l  c-
~~ e ‘~unction exists which is, in a sense , ninir~al , for this

~~ ~ i ’ll call it the r1inirna l gauge function (n~’f ),

~o ninc. , ‘or ()

T (v)y(x ) = 51’~~’ 

~~~~~~y>2x ‘‘

Thus for x1 � 0 , x2 � 0 ,

_ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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T(y1)T(y7 )

- 

- y(x1)y(x2) = 

~~~~~~~~~~ 

T(y1-x1)T(y2-x~~ 
-

y2�2x2

But if y2 = y1-x1 and y1 � 2x1+2x~ , then y1 � 2x1 and y2 � 2x2 . Thus

T(y1)(2.45) 
~~~~~~~~ y�2x1~2x2 

L( y 1 x1 x~J

= y ( x1+x 2) .

We nay then define a non-decreasing (3(x) by

(3(x) = su~ a (y) .
y�x

-; Given an x1 ~ 0 and x2 � 0~. there must be, for every e>O ,

a � x1 + x2 such that G(x1+x2) � y(y *) + e. But we must be able

to find � and u~ � x2 such that u~ + u~ = y*, Thus G(x1+x,)

~ y(u~)-~(u~) + c , by (2.45) . Since y(u~) � G(x1) ,  y(u~) � (3 (x 2) ,  and

since c is arbitrary , it follows that

G(x 1+x7) � G(x1)G(x2).

Thus (3 (x) satisfies all tho conditions of a rr~f if we can prove it

to be a fig . Of course , we take I~(x) 1 for x<O. We shall omit

the relatively easy proof that (3(x) is in’3~ed a f~~, and conclude

that -G(x) is the desired inimal gauge function. H

If we restrict all discussion to integer values of the argl.nnents,

the rdnimality property of G(~:) is ea~iiy established and is as follows .

If H is a ~ u~o function such that

4 ,

- I
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- 
- for all sufficiently large n, say all n�~, then (3(r) � H(r) for

all r�~g. We omit the proof of this. The import of this result is

- 
that, whenever possible, we should use the minimal gauge function and
that if a € 3(11) for any gauge function. H then it is automatic that
a c S(G) for the mgf.

~
. ;

I

L ~~~L ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ rn ~~~~~~~~~~~~~~~~~~~~~~~~ -— --. -, -
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§3. C~ TUE AL~E~~J~I OF TAIL Ft~-~CTIO .~3

This section is mainly devoted to proving Theorem 3.1, below, which is

to be our principle tool in treating li;-i.4t theorems of recurrent events. It

will be noted that it is an extension c~ the fanous Wiener-Pitt-Levy Theorem

on analytic functions of absolutely co.~vc:~ ent fourier series. It is also

similar to Theorem 2 of Smith (1966), but that theorem referred to Fourier-

Stieltjes transforms rather than trigonometric series and the present

theorem is considerably wider in its realm of application.

If a {an} be any sequence such that I I& I co we shall write

-~~ 

j (3.1) a(0) 
~~~~~~~~ 

~~~~~

The following deductions are then almost immediate: (1) I~ (e) I ~ I ? ,~j I ,
all O~ (ii) a(S) has period 2~ ; (iii) a(S) is uniformly continuous,

(iv) ti- c range of a(S) is a continuous cu rvo , to be called Ca in the

4 complex plane . In view of (i) it is clear t~: -~t C_ lies entirely ~‘:ithLn

the closed disc Izi � I I~ I I .

One uore notion is needed before ~-:e can state our theorem of this

section. If ~(x) is any measur~Lie function defined on [0 ,co ) ,  at le~st ,

~ J we say it satisfies Condition U if

(3.2) I log X(x) I dx < ~~~.

ThEO!~E4 3.1. Let a be a sequence such tha t I l a l  I < ~ and let ~(z), a

function of complex z. be regular at cver~ point of Ca Then there is

another sequence b, ~,‘ith I ftJ I < co, such that b(S) E~~ (~ (O) ) .  f ioreover,

- - - - — - r n  -~~ - -  ~~--~~~~~~ ~~~~~ .. -~~~~~~~~S Sm ,
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let i— be a ~nf, T a tail functions and (3 -a corresponding gw~tge

func tion, and suppose i-1 , T, and 0,, all satisfy Condition (1, above. Then :

— 
‘ (A) If a c S(i.~ then b ~ S( ~ ) also;

(B) If a € V(T) nS(G) then b € V(T) nS(G)~

(C) If a c W(T) nS (G) then b c (~J(T) nS(G) , and

. 4
= 

~~ 

an) .

gefore i-’~~ proceed with the proof of tais theorem it will be helpful to

introduce a iple extension of our notation. If a € S(T), for example, we

write a € S (T) and so on. Thus we write a € V (T)  to mean a € V(T) .

A vital tool in proving Theorem 3.1 is the smooth m utilator function

(SI IF) introduced in Smith (1966) . However t . . ’~l-J~ developed in that paper is

inade uate to deal with our present problems so we must first provide a

suitable iunrovement.

LE1~A 3.2. L~t i~ (X), ,  defined for  x�l~ be a continuous and strictly

increasing f unctions and suppose ~(l) � 1~ and

(3 .3)  J~~c~1 a x < c o .

f ~c~- L there is a f inite constan t A>O and a syrirmetric probability density

function p(x) with a charact eristic function ~~0) such tha t p(x) 0

for lx i  > A  and

-f~
0
~u~ ’K(u)du(3~4) I’p(°) I � e ~

‘

-

~

-- - - -

~

-—•

~

-

~ 

---~~ ~~~~~ --—- - --~~
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for al t large l o l .

PROOF. K(x) will have a continuous and strictly increasing inverse

function Q(x) , say, such that Q(((x ))  = x for all x�l. Let us set

K(l) = a, so K (Q (y)) = y for all y�a. By (3. 3) we have

i~ (X) 

~ ~~ 

K(U~ du -
~~ 0 as x-’~.

Thus, if we sat x = Q(y)  in (3.3) we r~-~,y integrate by parts and get

(3.5) 1 Q ( )  < CO~

Obviously (3.5) implies

(3.6) 
r~l 

Q(r+a 1) < c ot

Let {Xr};i be a sequence of mutually independent random variables

such -that Xr has a rectangular distribution on ti_ic interval C-ar, +a~
j,

where

ar Q(r+c~-1) 
, r=l ,2 

Then because of (3.6) it follows that 
~ 

X r = Z , say is a proper random
1

variable such that 1 2 1  � A, almost surely, ~-,~cre A is the stun (3.6) . If

we let 3(x) be the ridf of 2 then the s ) - ~tr~ and compact support of

p(x) are plain . However , the character .i s t~c function of Z is

CO Sill aj~mj~(6) = U —

r=l ar
Thus

(3.7) k’(°)I ~ U Ia~oI~
’

!a
~OI~

l

= exp{-~ (O) }, say ,
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where

= 
~~ ~nI0/Q(a+r-l)f.Q(r)~~j 0 I

Since Q(r) is non-decreasing,

rK(10D 1
(3.8) ~(e) � J 9,.nl O/Q(y)Idy

a
r K( IS I)

� 
~K(l8l)-l-a~~nj0i 

- j £nQ(y) dy.
a

The substitut ion y = I~(x) shows

r~
(l
~

l) ,-IOI
J ZnQ(y)dy = (~n x)dK (x)
a

and an integration by parts shows this integral ec~uals

1 0 1 -,
(2~nI 0J)I~(l 0() 

- J ~~~~- dx.

Thus from (3. C) ,  we find

t e l
~(0) � - (1+a)~nI0I J ~~~~~~~~~ - dx.

1. -

If we use this inequality in (3.7) we obtain

S I
(3.9) t~ (°) I � 1 0 1

(l+a) ex~{-J u4K(u)du}.

-

~~~~ 1

This result is not exactly in the form (3 .4 )  we aave claimed. however,

we can replace iC(x) in our proof by (l+a) + ~(;~) = K1(x) , say. All the

conditions ass~,mmcd for K(x) will hold for K1(x) and we end, in place of

• ( 3 . 9 ) , with the inequality

I
~
’(o)I ~ 101 

a exr~{-~ u~ [(l+a)+K(u)]du}
‘1

i I0 I 
~i ,

= exp {-t U

J l

I
~~i

- ~~ - _ -  —- - _ — .~~ -_ ~——~~~~~~~~~~~ ---- ~~~~~~~~~~~~ -~~~~~ - _- -~~
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as required .

In our use of the non-decreasing functions ~‘i(x) ,  T(x) , and G(x),  it

is only their values at integer values of their ar2tu~ent s that matter. Thus

we nay, with no loss of generality, asstm~e th€n to be continuous functions.

LF~~iA 3.3. Let T(x) be a tail function t~’hich satisfies Condition LI, above.

Then there is a finite A>0 and a s~i ’ ~ tr~ic probability density p(x), with

characteristic function ‘j~(0) .~ such that p(x) 0 for all lxi > A and

(3.10) ip ( 0)  = 0 2 
1

[101 T ( ½ I O I ) ]

for  every large ~~.

PROOF. Since T(x) satisfies ( 3 . 2 )  we can introduce the strictly decreasing

function

R(x) = v C2~n i (y ) }c~y .
X

- 

- Let us then define
H 

~~~~~~~ 
...C 2.n T(x)

~~~~Xj  /{R(x) }

where C is chosen to m make K(1) 1. ~e then find

(°‘ h(x) ~~ = -c - 
dR(x) 

-

ii ~2 J 1 v’{P.(x)}

= 2C/{hIJ)] < c o.

Thus i((x) satisfies the conditions of Lerma 3. 2 and we may conclude a

suitable sy~netric pdf exists with a cf ~~0) satisfying (3.4).

~1
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u~~K( u)du > 1x 2  ~~~~~~ 
dy

C Lii T(x/2) (X ~~

~~~~~~~~~~~ 
~~~

- 2 ~

= 
C(Ln 2)Lr~ T(x/2)VU~(il2) 1

Since R(x) ÷ 0 as x-~~, for every large L~>0 it is true that

r X 1u K(u)du > ~ Ln T(x/2) ,
J l

for all sufficiently large x. Thus we have from Lerria 3.2 that
ii

(3.11) m~(0) = 0~{T ( l e i / 2 ) Y~) ,  f o l ~~~~~~~~~

i -iowever , if T(x) satisfies (3,2) t —en so does x 2T(x) and the derivation

of (3.11) works equally well; thus we can obtain in place of (3.11) the
conclusion (3.10).

Suopose now th~i-t T(x) is a given tail function and G(x) an associated

~auc~o function a:’~d that both these functions satisfy (3. 2). Then T(x)G(x)

is a tail function satisfying (3.2) and Lernia 3.3 assures us ti’ere exists a
sy~munetric probability density with cor~pact support and characteristic function

~i(e) such that, as l e t  +

(3.12) ~ (0) = 0
10 1 {T(~ l O I ) G ( ~ I e I ) }

Let A be any positive c~mstant and let ~ the i~ ast positive integer

such that kA � 2 (to avoid triviality we ~~~~~ s~~~osc ~<2 ) .  Thc~ , for

- _ 
large positrJ2 0,

- - .-,,--~~~~~ — _
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T(0) ~ T(~-hX~)

� G(½X0)T(1 (ic_1)A0)

�

By choosing A large enough it then follows froia (3.12) that

(3.13) T(0)~ (X0) 0~ as 5-*oo ,

:4ext let i~(x) be a noment function satisfying (3.2) arid let ~~0) be

the appronria-ce cf provided by Ler~ a 3.3. For any large integer fl we can

evidently show , by ta~cing A suffi c~ancly large , that

(3.14) ~ {i~(An/ 2) Y 1 f~~(Xn )

:-;(n) � {~ (½kAn ) } � ~ ~~An) }~ . Thus ~
-
~v ta~c~n~ N=k in (3.14) , we have

(3.15) ~ i-~(ii) k(~ -) I <
~~~~~~

.

n~l

~ oc~ no~ th at ~.‘e ~~ ~~~~~~~ w ith  a nroble~a invo1vin~ a nor~ent

function ~, ~~~~~~~~ ~~~-: that ‘i(:~~) is t~ c -~rohahility ~cr~sity ‘Drovided

by Ler~;1a .3. ~:‘i’ os~ further we are given a<~<y< S as four nounts

on the real a~;is. ‘c :~~the 
(~~(x; a.B ,y~~) a~; t~.e ~ -~F hasc-~ cii these

points thus :

(3.1’S) ( 1 (~( a~~~~~ó) = J~CO 
{(B

’) —~1~1~i~ J - r~—r (~~~~i;~ )))~iy

The ~ is i~ cnticr~11v zero ~‘~~~C l  ;~~a or x�6 and i’leatically cc”~al

• to ~ini ty T- ’ ;c~i ~�x�y. It also ~r~~; t~~~’ convei~ie~ t ~n-o~crty that i~ S<y ’<~S’

then

_ _ _ _
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(3.17) q~ (x. ~~~~~~ + c~ (x y , y ~~6~) = q~(x; a~~~~y~~~~’) .

~~~~ ~~~rta~:t of all , if we set

1 I j e t  +o(0~ a ,~3 ,y , 5) = j~ j e q (x: a 3 ,y~~)cix

— 

then

q(o~ ~~~~~~ = ~~ ( Y)e½!O(Y~
) ‘~(o(~y)) - (~-a)e~

0
~~~ ~ (O~~ -a))}.

1~ ~ (x) is a r~f satisf ying ConditiorL then we r~ay sup~ose,

by (3 15) , that the sequence

(:.13) {q(nA a ,~ .yM }~~1

belongs to .S(~ ) 
ror every fixed A>~). Similarly for a ~au~e function

G(x) satisfying Condition J• ;-lowever 1 i- the associated tail function

T(x) also satisfies Condition L then (3.13) shows the secuerice (3.1~)

to ~e T- iuIl. Notice particularly that these ren~ r~ s are valid Ecr

every X>~.

Let us iio~ jU~~~~ OSC ~5-a � Zir. ‘ih~:— ~‘~o C2~~ constn!ct a ‘Deric~ic

&‘-~~~~ (abbreviated hereafter as S~

+
o (0 , a , E~y, ô) = c’ (5+~~ a~~~,y, c5) .

o (0 a,fLy ,,6) has a Fourier seriei ro”resentation:

~~(8 , a ,~~,y, S) = 

f l - C O  
~~~~~~~~~~~~~~~~~~ say.

Th-.~ Po~ri cr  co~f r i c i e ’~ts ~~ given by
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(3.19) ~~~~~~y , 6) = ~~ ~~(0: y~~~y 6)e~~~
0d0

.

. 

q4
(0~ ~~Y~~ )C -mOdO

= c(n : 
~~~~~~~

In view ~f (3.i~) we my cl~i-i t~~i~ the e~c~’ Ja~~,y ~
)}

~clorv’s to SC 1), S(G) , ~~~~~ (‘0 (T) .

Lot ~s s~~r ly  ~~ite q~ (0) for o~(e~ -2 , -1~1~2). Then, for ~~ny

A> 0 , ~
4 (0/A) n~ (0; -2A . - A , A ) 2A) ; this Lact will be useful shortly.

~cr ~~all ~>f l  we ~~ita s~~~~y a~ (O) for t o  P~~T correctly denoted

q~~(O~ ~2A , -A ) A , 2A ) ,  ~e then ~vrite For the Fourier coefficients

OE  r~~~ (O)
:

(3.2G) a
~
(O) = E

“T e n~~.i t’i~~~ to ~~ proof of Theore:n 3.1. If 0~ be any f~~ed

r~ril , then ~( z )  ~ust he regular at a(eo) = Z r-, saY ; by the assLzlptions

of tL:- t - -~ore~ . Thus fc~- all z for which z-z0! is sufficiently small

W~~ riust hi~1’o ~fl

(3.21) ~(z) = ~~ (i~~~) + ~~ c ( z ~z 0
)r

Lot Le the :~~~~i iu c  of conver :~ C~~~~ O
C the series in (3.21) ; we ~~st

h~iv~ p0 > 0. 3incu o ( O )  is conti:utous there will ~~~~~ a 
~~~~ 

says

: ~~~ th~t la (0)~~(0 0) I  S ç , .  for ~11 1o~o~l ~ ~o 
Thus, for ~e-o )I S p0 ,

‘.‘c :‘av~ fron (~ . 2l)~
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(3.~~ ) (e)) = + 

r~1 
~ fa(0)~~(f;r)} r .

-Thfi~ e ror so~o suitably si~al1 A>C .

(~ .23) ~~(e) =

For aoy integer n�0,

= ci

Thus (3.2L) and (3.2 3) y~eidLt .~
- I  

.~ CO

(3.24) 
~~~~ 

= oi~~(0 -O~
)
~ (a(O~j )) + 

~~2 r=l

~~~‘i :evor

c
~

(O
~

i
~o) = ~ e~~~{c~~~~~~ }.

~o 
~~~~~~~~~~~~~ 

is a nerio-:Uc f~~ct~o1~ i;ith Po~rier co~-~fic io~ts {h~ } ,
ST~, ~T’ i~~~(

÷°- -i(n-r)O(fl .25) = a e- r

i - . we sec

(3 .26 )  L A (O) =

~~~~~~ i -~ .t.~e:~ (C) = c’ ~ — s-’y, i ’ -~’re

(3.27) = 
~~~~~ 

— 

~o)a

— i ( n - r ) 0 .
~~ 

~~i-r - L~}e
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S~~oose ~ € £( ) . 1~e see fror. (3 . 2 5 )  ~i~-it JL-~ does :~ot exceed

L :çI ‘~n-r~

- 
I 

“~~: ~ 
} € .3(~.) ~~ so. Lv L-~~aa 2.i~ it 301]OY S that {b~ } €

; 3 ~ C) , ~-c iio:~ Tr’ u (3 .27) am~ the fact toa~ I a( e) I � I l a ! I ~ the inequality

at -a —

Th~~ :~ ~ l r r i , 0 -  ~ie have €

~:nv~r, (3.27) v~o1r~s~

(:.2~) 
~~ 

I~~~r - - I  j r ~~~~

+cO

= 4-- f ~~~ q~ (3/A)~ e

A I -
~~:-~~?~ . ‘ + , -

= .
~~

—— C ‘-CTI j

i -’- :-r ’ c(::) ~nn- tLa Fourier tv~ ~~ ~

=

_ f l . s

I -~J � A 
~~ 

Ir IaA-rA ) - 
~~(nA)

~L.ce :~ ( ; :)  = G(  a 
- - ) -~cr 1arr~ with ~~~~ :~~~

-
~ arhi~rarily

r H) i i :  all its :~r i7~! vc~ ~re cr .~~c ~~‘ ‘tnifor’~ly

1~ 0 IS , 1 ~ 1 ) I 1” 1’~~ \ 5 1 
— 15 A

(3. ;3) ~- E ~~~~~~~~~~~ V1x~ dx ,

_
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and, for r fixed,

+~~

(3.31) A ~~ ~q (nA-rA) - 
~i(nA) l -3- 0.

Furthermore (3, 30) ensures that the convc’rpuncc (3.31) t~~~~~es place boundediy.

Thus, from (3.29) , for r fixed, as 1÷0:

r “ r - + 0 , boundedly.

If this result is used in (3. 23) we see that by choosing A small enough

we can nahe I (h ~~ less than any prescribed positive constant. Thit we

have already seen that [~J -

Let ‘is now, teriporarily. set

(3.32) ~(e) = 

r~l 
c {a ~ (0~ 0 O) 1a(0)~ a(0 0)]}r

= 

r~1 
cr {h X (0)}r

Then p(0) say, w’
~ c~re  is the nth term in the sequence

r~i 
c~((h~)*

r
).

Since Ib A
l I is arbitrarily snall, by choice o~ A , we may suppose

• ~~~ < p0 and aj iv~ai to Lenn~ 2.3 for tho ccnc~ ision ~ € ~
ih~t we ~ ist check tL~t € S~ ).  11e do thi~ h~’ r~f-~-rrini’ to (3.26)

a(0) - a(0~) € 
~~~~~~~~ by iw~ot1icsis~ o~ (O~3~ ) € S ( ~) ,  by the construction

+ - ~‘A -of q (0/A); tr~os h (0) c S ~ ), as re~~ired . Thus we have shown that

under hy~othcsis (A) of the t ; ; ~’c~-~~- , hA €

Su~x1os~ next that (3) cv (‘T) a ~ iies. Thc~n the ‘~revious 1o~ic

ows bA € S(C) . 
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From (3.20) we see that o
~
(O-e o) is re’wesented by a Fourier
- inC

series based on the sequence {e ~~}, s~ty 1 ~n d t ~ e norm of this

sequence is
-be

I ~{e :ç~}l I =
~~~~~ 

I K ~~.

low under (B) or (C) we have a1(0-00) ~ t/~ (T) . Thus , from (3.26) and

Ler~ia 2. 4 , we can infea that € (/(T) and

(3.33) ib~’i ~ ~~ T ~~

if (i3) hO1JS~ and that hA 
€ (-i (T)  and

+
~~ -inC

(3.34) <
~- >T = <

~~T ~~

i-f (C) holds. But the st~-a on the right side of (3.34) is

Thus, if (C) holds-

4 ( 3 . 3 5 )  <b~’> =

~earing in uio -i that I I b 1H < 
~ we nay a’~~ly Lc-j~~a 2.9 to draw

the ~oac1usians :

If (L) ~olds th~a ~ € V (i) ~~~
j 

r ’ - 1 0 1  ~‘

T-~ (C) holds tnea € ~)~~) a~-~i

- 

- 
( 3. 3 ~~)  

~2->T 
<~~~~~~ > 

r~i 
rcr (~ 

~A)r~i

+00

<
~
>TaX~~

O0)~ 
( z r-, + 

-00 

1.,)
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-
~~ by (3.35) .

. If we restrict to the closed interval ~-,i ,ir] then it can
-

~ 

- 

be shown that a1(-9 0) = q~ (0 0/ A) . If we choose A so that A � ½ 10o1,

it follows that ~x (-o~) = 0. Thus we have the intermediate result:

RESULT I. If 21 � lo o l � ir~ and (C) holds . then 2 € V0(T).

On the other hand, let us see what happens in the special case
00 = C . ~-Je find the following~

1 
-00 

b~ = b1(O) = 0 , by (3.25) .

- (ii) Z~~ = a(O) = ~ a~~.

(iii) ~A (0) = q
f

(o) i.

Thus, from (3. 36) , we have

P~ESULT II. For A sufficientl y small and 0~ = 0, ~ € W(T) and

- +00

= <
~

>T~ 
(~ aJ.

L

11ow (3.24) and (3.32) show that.

~A (0) = %x (00o~~~~(0o)) +

Because aix (0-eo) is the stw~ of a Fo’.~rie-r s~-r~~ whose coeffici’xttc
- for-i a sequence in 3(i~) ,  S(G)~ an:l V0 (T) , it ~dio i1 he ~v~- l~nt ~
-

. 

this stage that what we have succeeded in showiri~’ so ~~ I tuf t for

I

,

I.. ~~~~~~~ . - - - --- ~~~- -~~~~~.-~~~~~~~~~~~~~ -—— - .— -. •- .- —- - --—- - - — — - - - - -
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every real 0
~ 

we can construct a function 
~A
(0) which is identically

equal to ~(a(9)) in the interval [O o-½A , O o+½1j .

Provided A is chosen sufficiently small we also nay claii~: (i)

Under (A), ~x (0) € S (; :)~ (ii) Under (~2.), ~2x (0) ~ V (T) ; (iii) Under

(C) , 
~x (0) € v (T) .

If (C) holds and we choose A < ~~~~ for 0~ ~ 0, then c~1(0) € V
0(T).

Let us write I(0~ ) for the interval b0
o~½X~ 00+½A ], and bear in mind

that the choice of A may well vary wIth 0~ . Let us call the restriction

A � ½~0~~ : Condition A. In the arg~~ent which follows we ~~st indicate the

dependence of A and S~1 (0) on 0o 
iC shall therefore henceforth

denote then as X( O o) and ~1(0; O o) respectively.

Thus every point O~ , say, is the center of a closed interval

1(0*) throughout which ~(O; 0~) ~(e (e)) . Let us write J(0*) for

the o~ea interval obtained from I(0~) by deleting its end-points.

:3efine I, ~- ir .  -ir+hX (ir) i and Ii-, ~ir-~ A( - rr ) , irl . Then, because

of weriodicity, Q (Owr) ~(a(0)) throu~ iout and I.-~ . ~y the

~-!e-:~~-~k re1 theoren wa can ~~~~~~ wat I~-it.?~y-:na~ ‘~oints 01 < 0~ < ... <

say, in the open i-1t2~~’--:11 (-~+½x (ir), a- 1 .. X ( ~ ) )  ~~~~~~~ ~t the closure of —

that interval is covered by t~’c union of the onen i~terv-r1s

J(01)uJ(0~,) u . . .uJ(0 1) .  It is not xir~’. to see that one of the points {O~ }

will have to be the origin because &~ Con~~~ioi i~. Let J(0~) (ByY~).
• Then we -~iv sut~pose

-it < B1 < < B? < 
~‘l 

< B3 < ‘
~
‘I < < Bk < 

~1-:-l < ir -½A (ir ) < < ri.

. 

- 

It will be heinfu l to write 

- --- - 
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= -ir+½X(ir)

A’ —
‘k’-l — iT -~i~~1T

~k+l =

Consider the two overlapping closed intervals 1(Oi) and 1(0 2) . If

we refer to the property (3.17) of SMF1 s based on overlapping intervals

we see the function

(3.37) ~(0: ~ B1 2,y1)
~ (0~ ~~ 

+ a(o~ B~~y1,y 2 ; B 4)Q(O ; 02 )

c~(0; 01,02) ,  say ,

-

• 

is identically eoual to ~(a( 0) ) ,  in the larger interval I(0 1)uI (& 2 ) E

By construction , any PSI ~F we use may be ass~rnied to belong to S (~i),

S (G), and V0 (T) , as necessary. It follows frorn (3,37) that:

(i) Under hypothesis (A) , ~ (0 ; 01, 0 2) € S C ~).

• (ii) Under hypothesis (B), ~(0; 01,07) € S (G) r~ V (T) .

(iii) Under hypothesis (C) , ~~~ 01, 02) € S (G)nVc(T), unless

or 02 happens to he 0. In the latter case ~(0; 017 0 2 ) € S (G) nW (T) ,

and c~(e: 017 02) = ~emOt~ , say,  ~-he re

= <~>T~~(~a
fl

) .

In c1air~ing (i) we have appealed to 1~’nT ,~ 2.1 : for (ii) and (iii)

H ~~ have appealed to J a ~r~a ~~~. .

H
i —;~

k - —~
-- --

~~ 
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It will be apparent that this ::roce~s can h-~ continued, yielding

c~(e; Ol~02, 03) . c~(e; 0l~02, 03~O4) , and so on , until we reach

~(8; O 17 O 2~~~~ 0t) ~~~ say.

It will follow that c~*(8) belongs to the annropriate classes, depending

on our choice of hypothesis. Furtherm ore c~*(0) ~(~~o)) for 0 in

the interval rf31,y~1. Notice that, under hypot-iesis (C) since we

will have perforce included J(0) aion;~ the intervals~ ~*(o) € WE T ) and
+00 -• ]FLO

~*(o) = e • i~~ say ,

where <tm > = <
~
>T~ 

(~a~).

The last step left is tbe somewhat awhward one of combining S~*(0)

with 2(~3; it ) .  :o’Tever~ because of the per ioc1icity of our functions; it
may be verified that

a(0 ~~~~~ 1~
y1
)q*(~) + ~(0: B~~1, y, 2ir+ B17 2it+y 0)~~(0 ,~ )

is identically equal to ~~~(&)) for all 0 , and belongs to anpropriate

classes, accordin’~ to our choice of hypothesis . Thus ~(~~o)) has an
absolutely conver3ent fourier series with coefficients which behave as
c1aj-~-~d in the theorom. This con~1ete s t~e nroof.

•

~

• —~~~~~ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~-• -  • -
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§4 P~ O~ T:’~~~ C”~~~O’J~~~’T EY~~TS

\s in §1 we write f E {f~} for the probability distribution of

the aperiodic recurrent event, and suppose ~~ � 0. Let

= -~~00
f . , n<O.

Then r {r }  is such that J J r J j  < °o and 
~ 

r~ = 1; furthermore

it is easy to establish that

l-f(0)
(4.1) r (0) = —_

—

— 

~1(1-e1 )

If S(x) = sin x then there are constants c~>O and B>O such

that 5(x) ~ a for all f x f  � ~3, and 5(x) . < a for all lx i  > B. Thus ,

since

I f( 0) = ~ f~ sin nO + ~ f sin nO ,
• $ InO kB

we have

Il f(O)~ � 0I~ l~~(0)l - i~~(°) l} , say,

w~1eve

~i (0) = ~
in O( �$

and 
~~ 

(0) =

ln0t>~3
But 

~i
(0) I

~i 
U and ~ C, as 101 -

~ 0. Thus we have proved:

LET~~A 4 .1. There is a f inite y>O such that ~I f(0)~ � i l o l  for all

small ) e j .  

-- --- ~~ - ~~~~~~ •-~~--~~ ~~~~ —---- - - •-- - -
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For 0<p<l define a sequence Pu by the relation:

= 1 + e-~~ + + p3(f*3) + • . .

-

• 

Then, as p-f l , ~~ + u1~ . But it is easy to see that

P~(0) = 1
— i-pf(0)

and so —

(4.2) ~u = 4— e~~~ ~~
11 iii 

~~~ l-pf(O)

This integral is absolutely convergent, since ~f(o)~ ~ I for all 0.

~Te then deduce from (4.2) that

-
~ 

iE)
(4.3) - ~u~~1 = 

~~ 
j
~ lT 

e~~ 
o 

{~~~~e)~~
0

-~o’•r for all ~~ � ~5 , say , Ji-e’0J � 2~ 0j  and l-pf(0) l � p~ I f(0) I �

p y l O ! ,  hy L~ima 4.1. Thus for all p�~,- and foj � 5 ,

1_e 1& 4
l-p f( O) 

-

On the other hand, since f(0) is continuous and may assume the value

i in neither of the closed intervals [- -rr , -~ ], [6 ,-rr ], it is an easy

r-~at ter to conclude that
iOl-e

l-pf (O)

is ~nifori ly boundad for ½�p�1 and all 0. Thus by bounded convergence

we can infer from (4.3) the result

1 - mO I l-e ’01Un - Un~i = 

~~ i-ri ll~f( O) i’
— 1 ~ e m0 dO
- 2rrlii ‘i -iT r (O)

‘ “

~

‘

~

‘

~

“

~ 

-~-— -- ‘- -“ ------- -- ------—---—----—--- - ~~~~~~~
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Therefore, if we set v,.~ = u~ 
- u~~1 , and v {v

n}~ 
we have :

(4 .4) ;(0) = _ _ _ _

H 
— p1~(0

This result, allied to Theorc~ 3.1 , i~- ~:;d~rer’:9l to the pr~ç C
T all the

• theorems announced in ~l.

• Proof of TheoreJ!1 1.1. The characterjsdc function r(0) is continuous
and ass~racs the value unity whe,; 0 = 0 mod 2~r it cannot vanish for
other values of 0 for this would conflict u:ith the aperiodicity assii’iption.

TL~s r(O) Fias no zeros and Theoreir. 3.1 allows us to draw various inferences
about 1/r(0).

(a) If r c S(~i) it follows that v € 
~~~) also. Conversely,

A
since r(e) is bounded (being a characteristic functicn), (4.4) shows

v( O) can have no zeros either. Thus we cnn ap~1y Theore~t 3.1 to 1/v(0)

and -deduce that v € S (i- ) iriplics r €

(b) If (~2) ~~~~~ i.e. r c V(T) a S( fl ) , tnen it follows fro~.

Theor~n 3.1 (~) that v € V(T) a 5(G) also. Plainly the converse follows,
as in (a).

(c) It is obvious t:~at t~ie proofs of cases (:~3) and (~ follow

a siniiar sinple ar~t~1ent . Pdl thnt needs calculation is the limit value

PT 
. Since r. = 1. it follows from Theoren 3.1 (C) that this

u nit value is -p/p1

Proof of_~ rolla~’1.L2. If the tail function T(n) we
• 

— 

n L(n)
need only the wc1l-knowi~ fact that , when v>0,

• 00
1 1(4.5) 

j n+l ~~~~ vnVL(n)

_ _ _  ,•~~—
_ _ - “-~~~- • ~~~~~- • -  —~~~~~~ •_ - - —-- •-~—-~~ —4
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to deduce this corollary from Theorem 1.1. A proof of (4 .5) may be
found in , for example , Feller (1971), ik,wever . we need to show that

the condition r e S(G) is trivial, or, more correctly3 that under present

circiur.stances 5(G) 5(I). ~
-Te may assume x~~ L(x) is non-decreasing.

Thus, for fixed large ~>0,

1+v 1+’)
(zi A~% x L(x)  

= 
2 L(x)

-‘ l+v L(x/2)x�2r (x-r) L(x-r)

Since L(x) L (x/2) as x-~~, it is clear the right-hand of (4.~) is

bounded . This is enough to establish our claim about G. The case v=0 —

needs a brief special coment . Of course , the argument about the gauge
funct ion goes as for the case when v>0. But the special case v=0

requires the introduction of a new function of slow growth L~(x) ,  where
p00 00

du I
J X i~~(uJ 

~~~~~~~ 
i~ W

It is an easy exercise to verify that this is, indeed, a fsg. Thus Corollary
1.1.2 will actually extend to the case ‘~=0 with the introduction of

Proof of Coro1l~y 1.1.3. crc T(n) e~
m nBL(n). Thus, for fixed r ,

G(r) = sup
• n�2r 

~~~~~~ (n-r) 0L(n)

= O(sup exp[ci~i
a 

- c(n-r)~~ )
- 

- n �2r

= O(cxp Acria),

where I = 1 - 2 a < ~ Thus , if r € (1(T), then r € 5(5) if

~~~ Xcna

This series does converge, as desired, because 1<1. Thus when T grows
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as fast as it does in the present case , the gauge-function condition

is auto~iatical1v satisfied . All we nned do to complete the proof of

the corollary is to estimate

00 00 ~~~~ ~
T(j

~ J1 , as n-’~’.

Since, as is easily seen, and as it should be~ the present T(x) is

a function of moderate growth, one has that

00 (m dx

~~~ 
T(j) J~ 

T(~x)

A rcu~t ine coi rputation then shows that , as n-~°,

2 ,~ —CX
_ _ _  

dy
in x~L(x) (e~~ n~) 

y
l+C

(th yYL((~n y)
l/a)

where we h-ave writ-~cn w = (a+~-l)/~ . But familiar behavior of such

integrals involvin-; function: of sl:w growth sho~ rs this last inte~ral

~~~n~~~~~~L(n)
• 

Thus the corollary is proved.

Proof of Coroliary 1.1.4. This is an iw~~ iate deduction froa Corollary

1.1.2. ;~e ~‘~erc1y need to use the fact Lhat whcF J<\3<l ,

-
~ 

1-v
(1-v)L(n) ‘~~~~~~ ~~~~~~~

For the case ‘~=0 we use the relation

~ L~ (j) nL 1(n) , as n-~~.

2 - . For the case v=l we write

- - -
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L (x) =
I LL - - - - -

It is easy to sho~’ L~ (x) is a fsg and that

JL(j ) L1(n) ,  as fl~ 00~

These asynptotic relations are sufficient to prcvc the corol1ary~ and

c3noIete thc first section of td~se proofs.

- . +00c now turn to problems when 
~~~. In this case 

~~~ 00 In~r~ <

• and one can introduce s = (sn}, where

sr = (r~+1 + rr ÷ 7 + , .), for n�0 ,

= - (r~ + r 
- ~ 

+ r~_ 2 + - ) 2 for n<O .

It is not hard to sho;-’ t IL &~ < 00 that

A l-r (O)
(-~.7) s(O) = ç~

- 2

and that
+00

(4.8) 
.~~~ s~~= ~~~~

I

Let ~~.(i i) be a rmf and , for integer n�l , defiae

(4 .9) ~1(n) = ;~(O) + i~(1) + ... + ih(n-l) .

10 can set h1(n) 1 for n~O and make i J 1(x) an increasing continuous

~imcti on of x>0 , if we wish, egrecinc~ wiTh (4.9) when x is integer-

valued. Then h1(n) is strictly increasing and, for any arbitrarily

large h , ~•Thcn ~i~~i we have -



--

64

1(n+hJ) 
..

~~ 
-,

- 

- fince i (n) (~ -~-J) as n~ o,

~iu SUD~~~-~~~(, -~ 
� l + 1 . .

fl— ~00

The arbitrer±acss of 1! allows t~c ia~~ ranC3 :~~ (~~-~ ~ ~~ i.e.

is a ~~~ 2 .oreover (4.~ ) shov~ that for ~ii iatepe:~s ~l ~ 
1

H

(4 . 13) :
~ 

(~~+~~
) � 1-~ (k1) + ~ :(~ ~ 

-

~~it ~~(~ : -)  o(- - 1(k 1)) as k~~ and- T ( ~~~~~~ � 1; ti~a~s (4.10) ir~ lics

~~ 
II) • I (

~1~~ 2~ ~ I

~

or e~ I large 
-

~~ , 
. I folTh~s that ~ (n) is cqaivalen c to

a nuf , i. e. :~~(a) €

~~~~~~~~~ ~ -:~~o~~ ~2 
<~~ an’2 r €  t7~c 7 s e  S ( ) .

Proof . S•-ncc i1(n) I r r i < a, that hT (n) ~s~ j ~ 0. ~oweV€~

Ir n i = j s 3 t - S~~j , fl?1, SO

~ {: ‘3) + ~-~(1) + ... + (a-1)} ( Is~~~I - I s~ l )  <
~~~~.

1f we ~~ the result h1(n) (SR I 0 , a rearr-~~ :a ~~~~ of ~~~ SCr1CS

is legit ir~acc ~~ ~roduc~s t LC Y~-~ ~

~~ i -~(n)~ sJ <

ns required. The fact that ~~ s
~ 1 folloi ’s, of course, hccausc < ~~~-
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LL~~A 4.3. E&t a € S(h~~) ,  ~~~ Ina~I < a~ = 0. Suppose 
~2

and r E .~(i- ). Then e S(~-i1) and H I(s* l  < 00~

-
~ 

- Proof. By Lei~na 4.2 we 1iav~ s €  S(.-). Since ~~~ a~~= 0,

-

• (4.12) (
~&~ 

= 
,~~~ 

(Sn~j~
S
n)~ j 

÷ 
~~ s~~~a~ - s~ .~~~~ a1

, say .
• i JOW

-~ ~
‘:~‘ 

~ 1� :: 
(t~~~+~i + I A n~j +2 I ~ 

..
~~ 

+

H + 
~ 

(~ r~~~~ + rfl+ 2 1 + + I r ~+ .l) Ia~~l,
say,

where the si~n c~ is void if n�l. Let us consider cj~ first ; we have,
after a rearranserient .

~ 
:;
1(n)c~ = ~ Ia~ I {~~ 1 1 (k+j) Ir l }

- 

~ I a ~~i 
~ 
{~~ L11(j-s) + h(i-s)i T (k+sflj rk+ I} ,

Sj .  
- ‘

~cn we - 

~ ( +.  10) , But

- 
I~1(j -s )  lr. + l  � ‘~~~~

) 
~~~. f~~÷~I• s=i ~1: �J s=1 •~~:j

• : 
� W 

~~ , ~~~~~~~~~~~

= O(~1(j)).

or-i t: :c ~~~~~~ h lflh
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s=l k�j k i+ 1  s=l

= 
~r(J) ~

— 
- 

-

~ 1�j +1 -

= O(1~T (j ) ’ , also.

Thus )~ 111(n) c’ < o~~ and we must next consj~cr

~ i~(n)c~ = 
~ k - I  { ~n~1 j� 1 ~ n 1  s 1

However , for j � 2 ,
00 

• 

~ n-i n-i
= 

~ { ~ 
i~ (s)}~r~ + 

~ { 
~n=l s=l n= 2 s=l n�j+l n-j

� I I J~ (n) r~ f

= 0( j ) .

A sliHtly sin~-ler argument will dispose of the case j=1. and show
therefore, si~cc ~ jJa~~ < ~, that ~~ i 1(n)c ” < 00 • Thus ~~ i-i1(n f l b ’f  < 00•

: !c-: :t we consider

~ ‘~~(n ) lb ~ I � ~ ~a .j  
~ ~

(a
~~s . I  ÷ ~ j a .~ ~n 1  j 1  ~ 1�n<j - - 

~ ~=1 ~ j-ri<2j

~ r~1(jfl~~. t  
~~ (s

ll .I +

j 1  ~ r- -
_ .- -~ ~ j~ 1 j <n<2j

+ i .(n-j )N1(j ) } J s . I ,

~~ ~ :1( j ) f a . I  
~ 

I s~ ÷ 

~ 
~a~~j :1(J) ~ ::1(k)Is~ I ,,

1= -’- 1
and the convergence of ~~ r i j ( n) I b : ~J fo11o~s rror.~ h~~othesis.

;~~~ _.1~
- _ _

~ ~~~~~~~~~~~ - - -~~_
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Finally we deal with b j ’ . ~To observe that~ since ~ Iia~I < co ,

~~ . Ia~I = o(n~~) as n-~~. IiIU S all we need to show is that
J>~~ -~ 1

— ~~ 
n ’

~~
(n)ls

~l < ~~~ . But n~~~1(~) � - (n) 2 so our desired conclusion

follows fron the fact that s c S (1.0 . Thus we have sho~ i

H ~~ i ;1(n)J (s~a).J < ~~~. Since ~-i 1(n) � n , it ~ollows that ~~ II I (s*a) < co.

-\n ar~i:ent sLich as we have j ust given, but on the ieft instead of the

r~ -~at tail of t~;e relevant secuonces. and wit -i 1(n) replaced by m l ,

will obviously conclude the proof. Ti t a  possible future a~ulications of

t~ds l~ rn~i in 1l~~ we draw attention to the fact that its proof does not

use the rnonotonicity of r~

- +00 4w
L:- ~ 4.4.  Let a he such tha t 

~ 
an = 0 and L Ina~I < co~ Let X(T7)

represent either V(T. ,) ,  V0 (T 2 )~ or a~(T2). Suppose u 2 < ~~~. Then~ if both

a and r be long to X(T 2 ) n S(G1), it follows that s*a € X(T 2) n S(C1)

also. In case X(T 2) ( ‘(T 7) it fol lows that T(x) must be unbounded~ and

H 1 1

- . I~ 2 ” i
= <r>,~, ~~ ia  + <a> .-~_

~~~ 2 ~~~ 2 - c ~ ~ ~~~~~ ~~~2

P-roof. Lerraaa 4.3 assures us that s*a € S(~’) 
‘
~~~

-
~ ~2i1~~J~~ ~-iro~c the case

X(T2) W(T2) of the ~rescnt leina ; the other cases (eace~;~ for one point

noted later) are nroved very slnilarly, indcc’3, ~ore stra i ;.~tforwardly.

~ror 1 (4.12) we see t~~.t

-~~ -l 
~2 (n)

(~ .l3) T2 (n)b; = 

l�j~ ’~n 
a
j~ s~r~ ~~~~~~~ 

[T2 (n-s)r~~5]}

~~ 
a~~{j~ T2 (n+s) ~T2 cn+s)r~+5]}.

If ue take formal linits in (4.13) we sea that , since T2 (n) is a fm~ ,

~~ L. ~~~~~~~~~~~ . - . ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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as n-~

(4.l
~
1) T~,(n)b~ + 

~ ÷ Y
~• ~L 

• T~ j�l ~

-c-~ever, we ~-~ist y~stify this lii~itin~ procedure by sao~-Jin5 the convergence
to be sui:-ab-ly doninate ’., Ivident l y we may -ass~ .c T2 (n)r1 to be bou~dcd,
all n�J. Th~~ th~ te~as on the r i~-Lt of (4. 13) are dor~inated by the

cor~’esuon:~inc~ tcn~ of

i-i
~ I a . I {  ~ 3(s) ) + 

~~ ila~~I~j�l j�~ 
-~

bor~ of hiese series are cct—!er3en~. ~y :-
~-~ot ~esis .

~- e note t-

(-i .15) T2 (nj h = 

~ ~
- -
~

i-
~

-
~ 
(T2~ i-J )a~~:}s~

Since T~(~) Th(n-1) and T2(n~j)a - ~ <a>_. as n~~ - for j  fixed ,
- ‘-3 ‘2

jo - -crc rro- (4.i~ ) in a fori:.al wa~; tLi~t

T2 (n)L . 
~ 

<
~~T2 

~ S 4 =

To j ,~s-:~~y ~:us ta :n e of lir at s ~.-e obserie t. 
~7 (n)an r !ust ~e CO~~i(

~-~~~,

so rae te~ is in tac s~~ on t~ e ri~—ht of (4.1~) are c.o~ neted by so~.e ~ixea

- ~iltble of tc- . s in
~ 

~( i ) k - ~l -

• Since s E S(~), by h~~e a  4.2, the dn i ~~~~ - iou is estabUsaod .

Th--~- s e  T(n) is u-iho ~‘ded. -) - -e cia ouickly show •:hat Sn 
= 0(l/nT(n))

e~:ri that ~ •~~~. = o (l/nT (~j ) .  Thus 17 (a)b~ ’ = 0(i/T(~u)) 0. This

________ _ _ _ _ _ _  - - - J
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— completes the proof when T(n) + ~~~. On the other hand , if -r = hIM T(x ) <
X~°~we ~~ <r> <r>. —— T 2 00

S~~ r- n+1 72

But this result contradicts the fact t;n;:: ~~ ~~~ < ~, consec~uent Unon

the finiteness of . Thus when X(T 2) W(T 2) the tail fimction T(x)

mus t be un’ooun&d. However , it is possible to encounter a bounded T(x)

in dealing with the alternative hypotheses . Consider the case X(T 2) V0 (T 2 ) .

In this one can easily prove that Sn = o(1/n) and that 
~~~~~~~ 

a~ = o(1/n).

Thus n2T(n)b~’ 0~ as desired. The case ~(T2) V(T 2) can be treated

equally simply.

Define a~
0
~ = ó-r and , for k = 1 dc-fine

(4.15) = - s*a (
~~~

)

Then (0) = C s(0) }~{l-r(0) } and it is easy to compute that

~ 

a~~ = a~~ (0) = 0

and if 1 =

-‘ ~- -‘ - _

~L na~~ = ~~~~~~~
‘ (0) in’ (-3) i s(0) }~ = ~~~ -‘1

It will also be ap~arent that repetitive use of Lema 4.3 with i’i I

sho~:s that

- ‘ I na~~
) j < co~ for every k.

- 

- ThUS we can deduce from that same le1!r~a that , when < ~o , if r c S(h 1)

then a~~ ~ Sç11) for every h. Siuilarly r E S (G~) i-splies ~~~ € (G~) —

for every

_  -~~~~~~~~~~~
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fe can now make repetitive use of Lenma 4 .4 to infer tha,t if

r € X(T ,) ~ 5(G1) then a~
1
~ e X(T 2) n S(G1). In particular, if r e

a routine calculation will yield the result = - (k+1)X~’<r> . Thus
2

we have

LL~iA 4.5.  Assur ie < and define the sequences as in (4.16) .

Then i f  r € 2(h 1) it follows that a~
1
~ € S ( - ~ ) f or every k = l , 2~ ... -

~~ the other hands i f  r € X(T 2 ) n S(G 1) ,  where X is either V~ or V0 ~
or W~ then it fol lows tlzat c X(T 2) n S(G 1) for every k = l ,2 

- 

_ 

In the case when r € W(T
2 ) ,

-
-

< 1 ’ ~‘>r = - (k+l) l—4--——I <r>~ ~— 

2 ~~~~~ ~2

Proof of Theoreai 1.2. If r ~ S(i l~) then by an argument now f~ni1iar ,
{r(0) }~~ € S C ~~). ~ut Lenria 4.5  shows that ~~~~~~ = s(0)Cl - r(0)} €

S (I-it ). Thus Ler~ia 2 , 1 assures us that

s(0) {l-r (e) }
g(8), say~

also belongs to S (141) ,  where ~ = [g,1}. If we usc (4.7) we find

{l-r(O)}4
________  = (l~e1 

~~~~~~1.E~°) 
—

and so, since v( 0) =

r(0) •
~~v( O)  - -‘i--- + 

— 
= (l~e1 )&(°) •

~l 1-I l
-

. 

But v1.~ = - Un~l 
so we can infer ,

______________  -~~
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(4.17)

We note that -
~ 0 as J n + co~ since ~ S ( I ~). Let ia be any

- 

- non-negative integer , and s~n (4.~ 7) wita respect to n from -~~ to m.

(a)  If p1 > 0, so u~ -
~~ 0 as n + ~~~~~~

(4.1~) ~~~~~~~~~~~~~~~~~~~~~~~~~~~

(b) If 1
~
1l < 0 , so 11n + -u~

1 as n + -00,

n
(4.19) 

~~~~~~~~~~~~ 
rn = c

~r
, r n � 0 .

The theorem follows at once, s~~c: sr = 1 - 
~~~~~~~ 

r~ .

Proof of Theorem 1.3. If r € S(G1) thcr1 the previous proo-f shows

.‘

~~ 

€ S(s), which establishes that -~- 0 as m l  
+ ~, and allows the

derivation of the alternative ecluations (4.13) when > 0 and (4.19)

when < 0. From Theorem 3.1 we see that l/r(0) belongs to

X(T 2 ) n S(G1).  Prom Imia 4,1 we see that s(0)~1 - r(O) } € X(T2) n S(G1).

Thus by Len~ui~a 2,4 we can infer that g € X(T
2

)  as recniired. This proves

the theorem except for the evaluation of the limit if r € ~‘(T2). Since
4w (1) -L00 

a~ = 0 it rollows fro~i Le~r—~a 2.4 taat

A f l~ 
+00

= <~ >T ~ V~2 2 - c o

where we use the fact that v (0) = h/CU1L(0)}. But ~:: v~ = p1
’ , so

the limit is as claimed because Lc~cnr -~ 4.5 shows

• (TJ 2 U1’~<a’- ‘ >

~~ 
=

2 ~~‘~ l J  2 

-~~~~- _ - — - 
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Proof of Theorem 1.4. By Lei~na 4.5 , under the conditions of the present

theorom, we have that {s(0)} 2{]. - r(e)) e S(~ -h i) .  Thus , if we define
{s(0)) 2{l_ r(8) }

(4.20) &(0) = — - -  
—

p1r(0)

then an argument sfriilar to that in the proof of Theorem 1.2 will show

~ (0) e S(i-i1).  But, since s(0) Cl - r(0) }/C1 - e’0}, we can obtain
from (4.20) the result

H A

A 3 3 A {r(0) } 0 2A
- — + 

~~~~~ ~(°) 
- ________ = (1-c ) ~(0).1 1 1

The substitution r(0) = 1 - (l-e’0)s(O) then shows

A (l-e’0)s (0) ( 1’~’~) 2{s(o) }2 
±0 2Av(0)  - ~~ - _________ - —— 

— 
- =  (l-e ) 

~~~~— 

~‘l 
U1 U1

from which it follows that

(4.21) u~ - ~~~ - - ~—(s~ - sn i ) - ~
_
~(s~

2 
- 2s~

2
1 + S

~~~~2
)

-

-

Let us write = 1 for n � 0

= 0  for n < 0

Then if we st~ (4.21) with respect t3 n from -~~~ to n , and use the

fact that -
~~ 0 as Ini + ~~~. obtain :

.C~L 
If so u~ + 0 as n

~ ~~~, s*2~s*
2
l(4.2 1) un - - -  m m  

1 - g 0 1 .

If we let 
~ 

� 0 and sum (4 .21) wita respect to ri from -
~~~ to p

we see that 
~~~~ 

-

~~~~ 
= U1) must be fin j -:-e and that

H



(4.22) U - 12. t!J. - L 
~~ s - ~~

_ s*2 
= aP TI

1 
i.i1 0 0 m U1 P op

Since 
~ 

= (i~t2-p1)/ (2~1). we c-:~n re~rrite (4.22) in the form

u - 
(p+ 1) 

- f~
’2~~

’1~ + - I... ~~ =

~ 
~~ ~ 2i4 ~ -4i ~i 1—’~ P

which is the result announced in the theorcj:~.

-1 (b) If p1 < 0 ,  so u~ l/Ip1l as u + -co d WC obtain by sunnning

(4.21) the result

~~ (~~~-s~~ .)
(4.23) -

~~~~~~~~~

_

~
- -

~~~~~

_

~~~~

- ~~~~~~~~~~~~~~~~~~~

It follows that

= 

~~~ 
- 

~u~TJ

is convergent , and this part of the theorem follows on s~ui~ning (4.23)
in tne sa-~e way as was done in the case 1.i1 > ~i.

Proof of Theorem l.S. The arguments reçuired should be obvious at this

stage. The only point n~edii-~ co;.~n-a-nt is the evaluation of

But this can be done on lines SL-kI i ~~’~ to those followed in the proof

of Theorem 1.3. ~Ie find i~ the ~~~sr~ c co-~t.~xt tr~at

+00

<a>T = < a > .,. ~ V,~
2 ‘2 -co

= _3L~i1
-
- 

, UI

which agrees ~ith the result c1a-!~ d in the enunciation .

_ _  -
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§5 PROOF OF TI~E0RE1S iHZ~ ~~- !DITIC ~S ~~ r i  f

From a given rmf ~!(n) we construct ~h1(n) and i- -~11 (n) ; we note
that

~ 
n~ H1(n) , n2

~ M11(n)~ i-h~~(n)~ ni~~(n) ~ n~ I(n) . SuDpose we
are given that

(5.1) 
~ ni-i~~(n) f < c o ,

(which i~~1ies ~~ n~f~ < 00 
~~
, Then it follows that ~ i11(n)r + 0

as n-,~co and we can replace f~ by (m i - i’~ ) and 1e~itimately rearrange
(5.1) to produce

(5.2) ~ C( n+1)f~11(n+l) - r~-i11(n)}r < c o.

But the expression in braces ec~ua1s nuiT (n) + N11(n+1) 
.
~~ r t .~ a). Thus

(5.2) is eauivalent to

:~ (5.3) 
~ 

nii1(n) r < c o ,

This irnçlies ni!i(n)sn -
~ 0 as n-*co, and a similar manoeuvre produces

the result

(5.4) 
~ 

f lM (f l ) S  < 0 0

In r articular (5 .3 )  ii-~ 1ies that r € S(M11) and (~.4) i~r~lies s € S(i-.~1).
Let = for n�O, 

~~ 
= 0 for n<0. Then when < 00 it

follows from Theorem 1.2 that , when >

r 
:= 

2 S~(~.5) r~ u~~- i i - — < 0 0 .
1

But when tie third absolute moment is ~ir ite , ~~ n j s ,, f < co , so (5.5)
implies the weaker result 

~~~

‘ n Iu ~-~~ < co , Thus tiic Fourier series

We write , e.g. , a~ ~ h~ to mean a~ 0(b1) as n~~.

_ _ _ _ _ _ _ _ _ _ _  
- - 
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e (u~-w~) = ~(o) , say , is absolutely convergent , as is the series

ob-c -Jn.d  by term by term diffcr cnt i~t ion. To lessen confusi on we shall

• deal solely with the case Ti 1 > 0; th~ case U 1 < 0 can be treated

similarly. It is fairly easy to deduce from (4.4) that
- - 

~(O) = A 
- —

l-f(0) ~1(l-e °)

and hence that

f’ (0) ~
ie

(5.6) ~‘(0) = 
- 

A 2 
- iO 2

[1-r(0)] p1(l-e )

A fair a-~ unt of routine cilcula-tion based on (5.6) will yield the

ewJat ion

(5.7) iU1~
’(0) = x1(0) + x2 (°) +

where - A
e1Os(0)+ir ~ (0)

x1(O) .
0

- (1-c’)

= -i 
~~~~~

- 

~.
(0)

~’ 
-

e’0á~
2
~ (0) ir ’ (0)[1+~ r(~)]a~’~ (0)

(5.3) x- (O)  = T + 
A

[r( 0)]  -

Proof of Theorem 1.6. If (5.1) holds , in view of ~~at has been proved,

it is routine to show that x3(°) c S(~TI). The one point calling for

cor~-’ent -is the term involving r ( C ) .  !owever r ’ (0)a~
1
~ (0) = [s(e)12b(o) ,

say, where p1b(O) 
= i~~e

’0r ( O ) - f ’( e ) . It is easy to verify that

b € S(h11) and that ~ b~ = 0. Thus w~ can infer from Lemma 4.3 that

Es(o)]2b(0) ~ S (i-~~ ) ,  as desired.

A straightforward calculation based on ( 5 .8) shows that

(5.9) X 1(0) 
= ~ ein0 (ns~) .

I
_ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - -~~~~-~~~~~~~~~-
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Thus the real difficulty rests in the interpretation of X2(0). If weI 

• set s(9) ~l - r(0) 3 = c(0), say, then 
~ 
(0) = ~~~~~~~ nc1~e

iniO 
. h~e can

- - 
deduce from Lenma 4.3 that c(Q) € but this is an inadequate

- 
- 

- result for the present theorem. Sc~

c~ = s~ J - r~ 
~~ 

- 

~~ 

(s~~ - s~)r~ - 

•

~~~ 

(r11~ - r~)s~

= - c~
2
~ - c~~ - c,~~ , say.

Since ~ j
2
~r. < it follows that Jn~ 11(n)c(l) ~ r;~(n) fs~~.

-~ Thus 
~~ n.~11(~) J )  < 00

- 

LJext we Ilotjce that

= Ar~ - r~ ~ s~ .

~~ j~s~ < co~ so ~~~ 
- Ar~~—~ n~~r~ ~4d we find

~ 11 (n)~c~
2
~ - Xrj -c

‘ :e set

= ,J~ 
(s~~~ - s~)r~ - (s~ -

= c~
31
~ - ~~~ - say .

P~outin~ nanoeuvres then Shu~- -j

~ ~~ij 1(n)~c(31) 
- r~ ~ 

jr.j � ~ I r ~ J ~ (s-i) 
~ (k+j) :~11(k+j) f .r n=l ~~~~~ ~ j=l s=2 I:=j

~-iowever , one can show

-
. (5.10) 

~i11(k+j) � (j- s) {( -s)~ +

-

, and , in the range of the sunnations , we have trivially that k+j < 2 (k+s) and

I- I-
II 

-- 
- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



- 

!~ 
-~~~~~~~~~~~ T~~- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

..,-.“.—-,-.,,--
~
.- , —,---,- -,--- -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
—‘-‘

~~~~~ ~~~~~~ ~~~~~~~~~~~~

77
(j-s) < (k+s) . Thus to establish the cun~er~euce of the last series

we consider

H CO 00

~ I r ~ f ~~ (s-l) .- (j -s) ‘
~~~ {(~ +s)~ + (1~+s) -~11(~:+s ) ) f ~÷5j =l s=2

This is convergent because 
~s=2 

(3-1)~ (i- 1) = 

~11(j) and r €

In a similar way we find

Jl ~~()I 
- rn ~ ~r~~ I 

j~ l 
Ir 1~~ (j-s+l) 

J1 
n .J T (n) f

n+s

� {½ ~ j(j+1)Ir . }{ ~j=l n=s+l
-lw~ich is finite smc-~ ~ !r~ I < ~~~ . However r , 

~~~~~~~~~~~~ 

jr~ -~~ n r~ , so

~ r~- (n)~r~ ~ jr~ < c o.
n=l

I’ 
(31Since ~~~~~~ Jr~ = A we can co~~ine thi s resul t with those on

and to infer

00

(5.11) 
~ 

ni-n (ri) c~ - r A  < ~~~ .

riirully ~-‘e sc~

= 

~~~~~~~~~~~~ 

(r~~~ - r~~ s~ - 

j~ l 
(r~ - ra+j )s j

= - C~
42
~

p 
L~ a fariiliar way ~-:e can show

~~ 

nhi11(n)Ic~
4
~~j 

~ ~~ 
if s~ I ~ + ~~~1(k)}f 1

and
00 00 3 00

-~ 

~~(n)lc~~
2
~ J c 

.~~~ Is _3 1 ~ ~ n~1~(n)f~ 
I- :

s=i. n=s+i 

- - - ~~~~~~~ -~~~~~_ _ _ - - - -
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both of \.hich series are convergent.

Thus we ~v’~e pr oved that

(5.12) 
~~ ~~~~~~~ 

+ 2Ar ~ l < co ,

n=1 - . --

iowever, we :a-~ow t:~at

- + i~c + g~ , say ,

w~cre ~(0) = 
~3(0) anc~ so € ~~~~~ Thus

(5.13) ~1(u~ - - Sn + 2Xr~ (c~ + 
~~rr ) + fl~~~~~~ .

In vi-~ 
-
~ of (~ . 12) ~-~e ~~‘~re therefore nrovcd:

c.~1 
~ ~1 (n) u~ - Ti 1

1 
- + 

2X
~r~ <

inc~, on ne i g  ~i-at 2~ = (
~ 

- 

~1)/p 1 t~’:Ls cc:~~letcs the proof of

2h-~or~e-~ 1.6.

Proof of i -’~r~~~L7. Given a -:eii f~~ctio~ T(x) with ~auge function

C(x) , d~fin e ~(x) for all x > 0 by the equation

(5.14) 1 2~-~ I 
~~~~~~~~~~~~~~~

T(x) ‘2(y)

Thea it is fairly cisv to show tH~ T(:~) � T(x) , th~t ~(x) is nc-a-

decre-i~in~ , ~~d, by ‘~;ing t fle r .  ~~~~~~ - ÷l)~ T(y+l)~~~
as y~-*~, one cr~n evc’~ infer ~at ~(a) is f:~ . Thus ~ (x) is a

tail f’n-iction. -or-~o-~rcr , let us fL~ r�1 n:~d -:ai;e x � 2’:. Then

-1>’ f~ 
f ~~~~ 3 

- 
T (v) ~~ dy - 

-

~ :-r y’~T (y) i x l~ Y r ~ i (~~rJJ y~T(y~

~ 3G(r) J ( 1
~

x y T(y)

ii
— - -

~~~ ~~~~~~~~~~ 
- -- 

- 
- 

~~~~~~~~~~~~~~~
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Thus we can infer that

sup x) 
~ 2G( r)

x�2r T(x-r)

• and so , if ~ (x) is a mininal gauge function for ~(x), then ~(x) -~ G(x) .

Consequently, for example, S(~1) c

In what follows we shall wi-ito ~~ for what should strictly be

i.e. w~ intend ~2(x) x2~(x) as ~~~~~~~~

L~t us concentrate first on the proof of Part (c) of the theorem.

In this caso , as n-~-~

(5.15) r _ _ _  = _ _ _ _

n 
~1 ~n x~~(x) 2Ti1n

2
~(n)

Thus a € , ( ~~ ) and <r~~ = 

~/(2u 1). Let us re~~ite (5.3), setting
A

~(0) = x3(0) ,  as follows:

A “ 1 ir ’ (0) [i+2r( O) ~~~~ (~)
~(0) 

= &~ 
) (o) +

Lr(0~

~(l)~~~ + ~(2)(~) say.

tote that under t~ie present hypotheses, ~~
‘ n~ 11(n) f~

~~ ~II~~
) In , ~~ ~~(n) 1s11 are all couvcr~crit . Fa:-~i1iar argu-ents

will then show ~(l) € 

A 
n s

A (~~ ) .
:- owevcr,

~‘(2)(~ ) = ~(0)s@i)[r (0)~l - :(°)~
]
~ say ,

whcro ~L) 
A 

~~so.

Let us temporarily set

r ’ (O) {l - r( 0) } = i~~ O), say.



- -.~“.‘7 ~~~~~~~~~~~~~~~

Then = nr~ - ~~~ jr~ . By ar2~~cnts similar to those ~~~1oyed

in earlier proofs we can establish the following.

— LE~~~ 5.1. Under the hypotheses of Theorem 1.7 , h c S(G 11) and : (a)

£ € V(T 3) -i ’ip lies h € V(T 2)2 (b) £ € V0 (T3) implies h €

(c) f € (~‘(T3) imp lies h € C~(T2) and

L <h> = - ~~~~~~~~
- .

2 1

Since Lh ~~= 0  we c~n let H play the role of a in Leinia

4.4.

First suppose T(n) = o(~(n) ) as n-~°’. Then ~J(T 2) c V0 (T2) ,  implying

that £
(1) and 9~ both belong to V0(T2). Furthermore <r>1 must be

zero , and Lerrna 4. 1 tells us that s*h € ~~2) and

2
= A<h, = -

TI
1

Thus, if we note that ~~2) ( e)  = iZ( O ) s ( O )h( O) , ~~~~~ ~~~ £
(2) 

c

But 2 ( O )  = 3i , so i-ic can deduce

= -3<sth>T = -3A ’~ /Ti ,
2

Thus ~ € ~J(T2) and

-7’
(5.16) <c>~,. = - ____

2 Ti1

~cxt su~~oso T(n) —
~~ p~(r1), ~

t-er - p.~0. This will hanpen if and

only if T(x) is a function of ~-c i f l r  v~u- iation . From (5.15) we have

a € C~(T2) ~ui-T <r>-~ = p~/(2p1 ). ~ r~s we see easily that c OJ(T2) ,

and a straightforward comuutat i~n gives <L >12 
= -3A pq/(2~1). One

can also oUtaia~ as fci- the case whcn 1(n) = o(T(n)), t~ic result

I

St1 ~~~~~~~~~~~ - ~~~ — - ________
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— <

~~~~

‘

~~~~~~

>
T 

= -3A 2~/p1 . Thus we find in this case:

- 

- 

(5 .17)  

2 

< = - ______

H . ~~~2 
P1

i~otice that setting p=O in (5 .14) gives a result agreeing with (5.16).

i iext we must discuss x2(°). In the proof of Theoren~ 1.6 we intro-

duced c(0) = s(0)[l - r(0)], and expresse~i c11 = c~~ - 
~~~ - -

~Te treat aach of these four tems separately.

Because fli !
3f
~ 

< 00 it follows that s~ = o(n 2) and ~~~ s~ =

Also~ since ~2 (n) r~ + ~/(2p 1) it follows that ~1(n)s~ is bounded as

n~~ . Thu s, remeri~ering ~(n) � 1(n) it is easy to show both ~
(l)

- Xr~ are o(l/T3(n)), as n-’~. ~
TC content ourselves with

r~ere1y giving exarn~1es of how to deal with the remaining terms . Consider
(31) 

~
- - -c we ~iac

- ~~ l�~~~~ 
Jr~) = 

l�j~~~ U2 (s -l)f ~~~ ÷5}r~

Thus, in a Eor~a1 way~ we infer that as n-~~,

(5.1~) p1T3(n) (c~
3
~~ - r~ l�j~~n 

Jr~) + ~ {~~~ (s-l)}r~

= 
~~~~ j (j - l ) r 4

The justificat ion of this formal taHiu; of the limit can be seen

as follows. Since we n~y suppose T3(~
i)fn to he boun led ,

T3(n) 
s~2 

(S~ l)f
fl~~ +5 s 2  

(s-1){T~f~~~~ -} {
T3(n~~+sf~~ +5}

~ (s- l jG(j-s ) =

3ut, under the hypotheses theorem, ~~ C1~(j)Ir.I < ~ ; thus the

-H  

‘~~~~~~~~~~~~~~

~~ -~~~ 1 
—=— 

~~~~~~~~~
- - - - - 

~~~~~~~~ 

-~~~.- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ - 
-
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thus the convergence is suitably dominated. However, since ~~ Jr~ = o(1/n)

. 

- implies rn ~ 
j r~ = o(l/13(n)), we may deduce fro~ (5.18) the result

(5.19) p1T3(n)(c~
3
~ - r~ ~~ j r~) !~~ ~~

One can also show

(5.20) ~~~L
3

(fl ) (C~~~~
) 

- rn ~~ ~r~) + r~
and justify the convergence a-1duced h7 the fact that 

~~ 
j 2 r~ I < 00~

It is possible to snow 3u1 L00 
3(J~l)r~ = ~i3 

- + 
~ILd so,

combining (5.19) and (5.20), infer

(5.21) T3(n) c~~ - Xr~~ + 
2 as n~~.6P1

~imilar1y one can show

4 
____  _____T ~~~-~~~~~~~

( ) 
_~~~~~~~~ ~~ , ~~~~ ~~~~

and on conbining this result with (5. 21) md the earlier co~ icnts on

~~~ and c~
2
~ we see thatn n

(5.2 2) T3 (n)~~ + 2Xr~] + 
2 as n-’~ .

this point we deduce from (5.13) the equation

p 1T3 (r~) (~’ , - - p1
1S,1 + 2~~~Xr) = Th(n)(c + 2Xra) + T2(n)~~

~~~ (c) of the the-orcu now follows from (5.16) and (5.22). The

nroof o~ Parts (a) and (b) rely OIL d-~ facts that V(I~) c V(T) and that

V0 (~ ) c V
0 (T) 1 and are si~~lcr than that of Part (a) although they ro,

on s-laila r lines; ~-e shall therefore omit thc~;c parts of the complete

~‘rocf of fe ~i~corwi, 

—~~~~~~~~~- - - -
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P~3OF OF [E~j C !1 .3 .  The differen~iation of r(O) is justif ied if
< 00 , Thu s an integration by ~arts based on (4.4) yields

1 ‘= ~~ ‘fir ’(0)
(5.23) n~1v~ 

A 

~ 4 1 ~~ 

~[r(e)i 2~~

Let us, teriporarily, set ~(0) = ir’(O)/rr(e)] . F~ridently~
- 

- 

A A ir’(0)~l-r(efl11+r(e)]( 5 . 2 4 )  ~ (O )  = ir’( O) + —a-—- —

r(0)i

= c1 (l)
(8) + ~(2)(~) say.

Ye nave , for Le:~i-ia S.1, defiri~ i th( O) = r~ (O) 11 - r(Ofl and can prove

-
~ - by methods ar.~ 1y ielineated:

Lor.i~a~~.2. If T (x) + 
~ p 2 < 00, and 

~~ 
j G

1(flf. 
< 0 0  then h € S (G 1)

anY : (a) f € L/ (T2)  impZies H e

(b) f c V0
(T2~ imp lies h €

(~) f € ~ (T~) imp lies h € ~(T- ) and

<h> = - —
— T

~~ 
P1 1 7

T~ us , if we concentrate on. . the r o st awHwar~i case , to prove : f  €

we see in a familiar way that ~~~ € W(T1) aa i

<i~~~
>T, = 

~i~j 
<
~

>T2 
= ‘

~
‘
~~ say .

Thus fror~ ( 3 . 2 3 )  and (5.24) ire conclude

i.e. 

nTi1(u~ 
- u , )  + nr 1 T1(n)

- I 
~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -~~~~~
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H r~ 
_ _ _ _ _- un_i + j:— • p1aT1I~a)

Hence , whan p1 > 0, by si~ matiOn we have

i 00

- - - 

~i r=i~+i 
12(r)

- j  The romainder of the proof follows familiar lines.

PRck)F OF T-~O~~- -~ l .9. From (4.4) we i~ave

p+ff1 ~inO ~i0= — ~~~ e1 n 27r j

— 1 j  
______

— 

— 

2~i ~ Jt
+lh(z)

i~her~ the contour for the latter integral is the circle I z I  1.
It is easy to see that i~(z) must be analytic in 1 < ~~ < p~~ and

continuous and bounded in I � I z I � p
1 

. Thus routine change of

contours cout~led ~ii th. Le~ 1ded convergence gi- es

K n r +~t -~ LnG-1 p e -~O= _ _ _ _ _ _  _ _ _ _P1V~ L n+l “Tr -,
-- s=1 ~

- 

~~~
‘ 

~~~ 
--n ~ (p ~~ )5 -,

-l iO +00 -
~~ - niO - + °  -rHowever h (p e ) = ~ -~~~ 

p “re  and we have ~ -~~~ 
p r~ I G (a) < °‘

and p rrn~~
vT(n) ~ c as n~~. Th~s we c-an inf c -r (since ~(z) is

ass~ iied not Co vanish on f z = p~~ )

K 1’
PlVn - 

s~1 ~
fl+1n~~~) ~~~~~~~~~~l)] 2

TH~is
-
. 

1 K 
cp~

’
U -- 1I +_  -., — 1a 

~
‘l s=l ~~~R t ( C ) p~n

_ _ _ _ _  - - -  -~~~~~~~-~~ -~~~~~~~~~~~ - - _ _
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Hence , when p1 > 0 for exanrple,
— 

u - !_ + 1... 1 ____cr
11 

ar-n
a 

~l ~l s=l ~~~~~~~~~~~~~ p1[R(p 1)) 2 r=n+l r1’
~ T( r)

I
00 r 00 r l +v

- j l+VT( -
~ v _________ — v ~ ~ ‘(a)fl £~ n) L l+v L. 1+’)

- ~~n+1 r 1(r) r=l (a+r) T(n+r)

00r r-* L ~D , as n-’~,v=iI

by bounded convergence . Thus the theorem is proved.
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