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SCHE HEW RESULTS Ii THE THEORY OF RECURREWT EVENTS
A PRELIMINARY REPGRT

by

Walter L. Samith*
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Chapel Hill, North Carolina 27514
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ABSTRACT

The main focus of the work is to obtain approximate formulae for

- W,-, the expected number of occurrences of an aperiodic recurrent event

at time n. The formulae are all of the type U= ¢n *+ o, 5 say,

where ¢, is explicitly calculable in terms of known features of the

model and P, 1is a remainder term tending to zero as m»», The thrust

of the work lies in showing the way in which assumptions about the
underlying model are reflected by p, - In particular, suppose 5

to be the probability the interval between successive occurrences of

the event shall exceed the integer n. Suppose T(n) + » and is what

is called in the paper either a moment fumction or a tail functionm.

Then four kinds of results are obtained, of the kinds: (1) ZT/T(n)rn <o
implies ZTiT(n)|uﬁ - ol <= (2) £ =(0(1/T(2)) implies s,
0(1/T(m); (3) r, =o(YT() imlies u - ¢, = o(L/T(m)); (4)

T p/T(n), as mneo, for some O0<p<w, then Wy ~ 8 ™ p'/T(n), say,

where p’' 1is given in terms of known quantities. The conditions and de%gils
are too corplicated to be listed in this abstract and are given in §1. The

main tool for the proving of these results is a many-sided version of a




famous theorem of Wiener and Lévy, which can also be used in treating
. renewal theory. It is explained, however, that slightly stronger results
could be obtained (and have been, by other authors) if use were made of

the theory of commutative Banach algebras.

Xey Words and Phrases: Recurrent events, limit theorems, absolutely
convergent fourier series, functions of regular

variation.
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. §1. Introduction

’ The theory of recurrent events, introduced by Feller (1949), has

found a wide range of applications and led to a considerable amount of

" ﬁ“ﬁ‘ e

further research. Ve may introduce the basic ideas as follows. Let

{Xj }

;;1 be a sequence of iid random variables taking integer values and
let fk = P{Xj=k} for k= 0,+1,#2,..., and so cn. Form the partial
sums Sn =X +X+...+X , letting S5 =0, and suppose some recur-
rent event E takes place at "times" SO'SI’SZ"“ , and so on. Uhen
P{{, < 0} = 0 then, almost surely, E cannot occur more than once at i
a given time; otherwise multiple occurrences have a positive probability
of occurring. Let Ii(n) be the mmber of occurrences of E at time 4
n, and define u = EM(n). It is well known that if Elle < o and

Xj =0 then u <. In Feller (1949) it was supposed that P{XJ- < 0} =0,
which is certainly the case in most applications of his theory; in much of
later work this assumption of almost sure non-negativity has been dropped,
and we shall adopt the more general model in the present paper.
For simplicity in the discussion that follows we shall assume, with

no loss of generality, that there is no integer k>1 such that Xj/k

is almost surely an integer; we thus have an aperiodic process.

1.
then the corresponiding absolute moments exist we write My = E(XJ-)“ .
A large part of the research on the theory of recurrent events has been

devoted to the study of the asymptotic behavior of u, as n+io and

e s aalloci it S Bl o SR AN

to the influence on this behavior of the moments My which happen to
2 be finite. A fundamental result, umder the assumption of aperiodicity, i

is that when y; > 0, u_ »yuj’ as mw. This was proved first under
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the positivity assumption P{Xj < 0} = 0 by Erdds, Feller, and Pollard 1
(1949), although their result is implicit in a theorem of Kolmogorov

(1937) on Harkov Chains. It was freed of the positivity assumption by

Chung and Pollard (1952) and by Chung and Wolfowitz (1952). Using this

basic result Feller showed, for instance, that 23 (uj - uil) + (uy - ul)/Zu%
as m provided Uy exists; he also showed that the existence of 153
ensured 23 luj - uill < », A number of extensions and generalizations

of these results have been given; we wention a few of them. Gel'fond

(1964) by a careful analysis of certain contour integrals showed that

when B for integer k21, one has

a-» wobed B g e o).

Borokov (1964) developed a useful modification of the famous Lévy-'iener
theorem on absolutely convergent fourier series (Lévy (1933) ); his result
depended on a number of somewhat complicated conditions, involving slowly

varying functions, being met. From this basic tool he obtained various

results concerning u, ; they are typically like (1.1) but with an improved
estimate of the error term. The price to be paid for such an improvement
lies in various alternative assurmptions on the sequence {fn}; it would
take too much space to give exact details here, but they typically involve
fn being dominated by sequences like {L(n)/na}, a>l, where L(n) is a
slowly varying function.

Parallel to the theory of recurrent events is the theory of renewals;

the model is essentially the same except the {Xj} are freed from their

restriction to integer values. There is a great similarity between the
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~ fourier analysis. Smith (1966) considered renewal .heoretic matters and

two theories and a theorem in one usually has a fair facsimile in the
other. In renewal theory u corresponds to U(It) , say, the expected
(t, t+1].

number of visits of the random walk {S } to the interval I,
There seems to have been even more research devoted to estimates of U(It)
than to u s these papers usually include the observation that theorems,
similar to those obtained, can be derived for u, by obvious changes in

the proofs given. It would take us too far afield to give a full account

of work done in renewal theory on the estimation of U(It) , we must content

ourselves with mentioning a few papers on this subject. Stone (1965a),
(1565b), (1966) considers various related matters, too many tc detail here,
but including situations in which P{Xj > n} decreases geometrically fast 1

as nw; the results are derived by various complicated arguments employing ;

not merely questions concerning the expected numbers of ‘'renewals’ in a
time interval; he developed techniques for treating expectations of arbitrary ’
(non-integral) powers of the nunber of renewals. To achieve these ends he
developed a suitable modification of a famous theorem on functions of
Fourier-Stieltjes transforms of functions of bounded variation. In the
context of recurrent events his work provided conditions for the absolute
convergence of series like Z; M(n)lun - Uill , where li(n) belongs to
a fairly general class of functions.

In tackling questions about branching processes Chistyalov (1964)
introduced a useful and interesting class of distributions; it has recently
received an interesting examination by Teucels (1974). The Chistyakov E

class depends on the requirement that P{Sn > x} ~ nP{X1 > x} as xow,
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for each fixed n = 2,3,...; Teugels describes various consequences of

this requirement. These same ideas are basic to the work of Chover,
Ney, and Wainger (1973). By meails of sophisticated functional analysis
and the introduction of various Banach algebras they develop a further
modification of the 'iener-Lévy theorem; their version enables one to
make statements about the asymptotic equivalence of two measures, one
of which is a suitably analytic function of a given measure with appro-
priate asymptotic behavior. Their ezpplications of these results are |
principally to questions in branching processes.

Methods of Banach algebra are also used by Essén (1973) in his treatment

of various cuestions in the theories of renewal and recurrent events. Esfen's

work concentrates on theorems which give formulae like (1.1), that is, ]
approximations to w, in which the remainder term is shown to be of
a specified "0 or ''o'' size, depending on assumptions made concerning
the {fk}. lis results are no less powerful, and usually more powerful,
than any previously published results of this type.
The present report has developed from the prevaration of a forthconing
hook on renewal theory. It represents an attempt, not wholly successful

(for reasons given later in this section),to develop a unified theory of

recurrent events from ''first principles', that is, not depending on
profound results in the theory of commmutative Banach algebra. The hope
is that in this way the theory will be accessible to a somewhat wider

audience including, one hopes, those who may £ind use of the results

in apnlications.

We shall derive a number of results in the theory of recurrent

\

events in the broad category exemplified by (1.1). ifany of these results

\
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seem new, and some are more-or-less equivalent to results obtained in

papers we have mentioned. Exact comparisons are difficult because,
roughly speaking, each paper enploys a slightly different family of
ronotone functions as its measure of rate of growth of the tails of
the various probability distributions which arise. All the results
we obtain can, with certain well-known provisos, be translated into
renewal theorems; we defer this translation for a later report.

ifuch of the present report is devoted to the proof of a suitable
version of the 'iener-Pitt-Lévy Theorem (Theorem 3.1, below) which embraces
all the different modifications utilized in the various papers mentioned
above. In harmony with our program the proof is developed entirely
from first principles and these notes are completely self-contained;
the basic method of proof of Theorem 3.1 is the one used for the proof

of a similar result in Smith (1965).

Before we can describe our theorems on recurrent-events it is necessary
to say something about various classes of monotone functions that enter
the discussion. Suppose T(x), for x21, to be given by the asymptotic

formula
* o)

(1.2) TX) ~ exp{f s du}, as xo,
1

in which o(u) is non-negative ancd bounded in every finite interval
1susR<w, Plainly T(x) is a non-decreasing function of x21. We say
T(x) belongs to:

Class I : if a(u) - 0 as um,

Class II : if o(u) + p as uw, where p is a non-zero, finite,

limit.

Class III: if a(u) » = as usw,

The functions in Class I are more usually refereed to as funetions of

slow growth, (fsg), or as slowly varying functions. Such functions were




originally studied by Karamata- (1930), (1933), who derived a canonical
forn for them which is now well-known. The functions of Class II are
more usually referred to as funetions of regular variation (frv), with
index p; for a full discussion of such functions we refer to Feller
(1971). The functions of Class III seem to have escaped being named
in the literature although they might well be called super-power functions
(spf) since they represent functions which grow faster than any power.

If a(w)/u+90 as we ( au) not necessarily non-negative),
we shall say T(x) is a funetion of moderate growth (fmg); a necessary
and sufficient condition for T(x) to be a fing is that, for every fixed
c>0, T(x+c) ~T(x) as x»o. ¥e shall call a non-decreasing fmg (with
a(u) non-negative) a tail function.

If M(x) =1 for x<0, if M(x) is non-decreasing for x20, and
if M(x+y) < 1i(@)ii(y) for all finite x,y, then we call M(x) a right
moment function (rmf). Further discussion of these useful functions
wili be given in §2 below; they played a vital role in Smith (1966),
see also Smith (196%). For x=21, the function T(x) of (1.2) will be
a moment function if a(u)/u decreases to zcro as ue,

Through all this report it is supposed that tail functions and moment
functions satisfy what we shall call the Umbrella condition U; this

amounts to requiring that

)
(1.3) r S’izz-” du < w,
l u

Notice that this rules out the possibility of exponential growth rate

for our tail and moment functions.

5 .
il <

S Sl




Corresponding to a given tail function we shall require a moment

function G(-), to be called a gauge function. It must have the property

that, for every r>0,

x22r T &X°T |

T
(1.4) sup WL’QT < CG(r), |
where C is a finite constant, independent of x and r.
If a={a} isa sequence and I is a mf we define ||a||}, =
0 < 1,
3. (@) la,|; then S(N) is the class of 21l sequences a such that
llal];; < ®. In dealing with a tail function T(x), say, we often require

a sequence to belong to S(G), where G 1is a corresponding gauge function.

In many important applications this requireiment is automatically fulfilled.

If v 1is any positive real we write T v(x) for any tail function such

that x\’T(x) ~ Tv(x) as x»», The same gauge function will do for both

T and Tv . But if T(x) is also a moment function (which, by the

way, appears to be the case for the scale functions used by Essén) then
we may take G(x) = T(x) for all x>0. Suppose B 1/Tv(n),‘ as I,
ThaEn ’E‘(n)an ~ 1/nv , as meo, Thus, if w1, it is plain that a e S(G).
This argument should be borne in mind in considering several of the theorems
given below; if in a given application the tail function is also a moment
function then the references to S(G) can usually be ignored. In this
connection it should also be noticed that if T is in Classes I or II
then G(x) may be taken as identically equal to umity; the requirement

a € S(G) then merely amounts to asking that 24_': la,| < =, which will

E» . : always be the case. Thus references to S(G) can also be ignored when

| ' - T is in Classes I or II, i.e. when T is a fsg or a frv.
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Let us henceforth suppose u; = EX. to be finite and non-zero and set

]
e | =
B ™ ﬁ]— 2:‘*1 fj for n>0
= -3—;1— el fJ. for n<0.

Then Zf: r, = 1. Vrite r for the sequence {r }. Also write
Vp =W, - W 4 ,8ll n, and set v = {vn}.
For any sequence a = {an}, say, we shall write: a e V(T) if
3, = 0(1/T)) as mww; ae Vy(T) if a, = o(1/T(n)) as mw; a e W(T)
if anT(n) tends to a finite limit as n»o. In the latter case we write

<a>. for the limit. Then we can state cur first theorem.

THEOREI 1.1, Let M be a rmf, T a tail function, C a corresponding

gauge function.

(R1) v e SGD <if and only if re SEH.
(R2) v e V(T) n 3(B) <if and only if T e V(1) 0 S(6).
(R3) ve VO(T) n S(G) <f and only if T e VO(T) n S(G).
(R4) v e W(T) n S(G) <if and only if T e (T) n S(G) and, in this case,
e = -t rs
el e 2y
implying
Th
Ln - un_l o 1 mi as noeo,
Let us set
Sn Z:+1 r; for n20
=" r; for n<0




Let us also set

a‘uil if u1>0
0 if u1<0 :

An imnediate consequence of Theorem 1.1 is then

Corollary 1.1.1. Under (R4) above,

0. = ~
n w

tlﬂm

Pt

Corollary 1.1.2. Suppose in Theorem 1.1 the tail fumetion T(n) =

+v
nl

in the theorem may be ignored and

(1) Under (R2),
W o »= O(l/nlWL(n)).

(i1) Under (R3),

u - = o(l/nlWL(n)] :

(iii) Under (R4),

% <1‘>T
U, = g~ ————— a3 no,
n v
v n L({n)

a
Corollary 1.1.3. Under (R4) of Theorem 1.1, if T(n) ~ <™ nPL(n), as

o, where 0<a<l, c>0, and L(n) 1s a fsg, then, as N,

a
T e T o)
R i Ca

Similar results hold under (R2) and (R3).

L(n), where v>0 and L(n) is a fsg. Then the references to
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Yle say the recurrent event is positive if P{Kj <0} =0, In sucha
case, if we set Un SUptup et then it is well-known that

Un is the expected number of occurrences of L at times t e [0,n].

Concerning Un we have:
nl

Corollary 1.1.4. Suppose T(n) = +“)E'.(n) as in Corollary 1.1.2 and

that the recurrent event process is positive. Then
(i) Under (R2), U, - ui (1) = o(a}™V/Lm));
(ii) Under (3), U - uj*(a+1) = o(nl™V/L (),
(iit) Under (R4), with 0 <v <1,

1-v
<r>

Sy = c ,
Un UI (n+1) ﬁ;\_)-(i'\) 1) ° e,

but if v=1,

<r>. m
-1 =T dx
Un - (n+l) ~ [

My )y XLx) T
Part (iii) of Corollaries 1.1.2 and 1.1.4 can both be extended
to cover the case v=0; we leave this to the reader, however.
‘hen p, <« we can prove more explicit results than those so
far given. To explain these we need further notation.
If ¥i(n) is a mmf we can define a further mf, called isiI n),
by setting ?'EI(O) =1 and I!I(n) = M(0) + M) + ... + M{n-1), n2l.
Plainly My () 2n so, for example, the requirement r e S(HI) implies

Zoln nlrnl < o, Similarly, when necessary, we define i"iH(O) =1 and

2
Then, for exarple, r e S(fyy) dimplies ZT n“lrnl < o,

[t s A et m——

TR oyt e o . o
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Theorem 1.2. Let u, <=, and il be a rmf. If ZT Hpm) [T | <@ then

©

; M lw, - © -

snI
—_— <c:o‘0
"1

where W = uil if w >0, =0 if uy < 0.

To avoid a certain amount of repc-itivenczss let us write X to

denote either V, or VO , or (; it is to be understood, of course,

that X shall retain a given meaning throughout any theorem.

Theoren 1.3. Let My <o, let T be a tail function and let G be

an associated gauge funetion. For u > 0 define

S
Bt T,
s'ﬂ
. HI , n<0

For By < 0 make the obvious modification to this definition of LA
Then if T € X(TZ) n S(GI) it follows that g e X(Tz) n S(GI), and,
in the case when T e H(Tz) n S(GI) we find

Uy}

2 2.5
n"Tn)g. -+ - vty e o as N,

In the theorems that follow we sot Un =Uytuy t... u, 5 as

earlier, but do not necessarily suppose the recurrent event process

to be positive.

Theoren 1.4. Assume the same hypotheses as Theorem 1.2.

(a) If uy > 0 then, for n20, define
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gn =1 - Q+D - uz-ul] + -l—- H Se = —]—'— Eoo S AT s

% Y1 ZufJ U nepl il o0y j=- L I
It follows that Z°1° I»'iI(n)[gnl < w, ’
(b) If wuj <0 then 1
-1 1 .
z (um = 'ru—r) ol £ say, 2
n=-o 1 a
i8 finite; and if, for n20, we define ]
o A R BT 1
o SR o SR S -=— ) S__.s. '

gn n [ 2‘-‘1 ] Ml n+1 3 111 j='°° n J J

then it followe that Zolo M) (g, | < = 1

Theorem 1.5. Assume the same hypotheses as Theorem 1.3 but define g s
depending on the sign of My » as in Theorem 1.4. Then g e X(TZ) and,
when T € (V(Tz) A S(GI), we have

3(u2-u1)2.

<-g>T = —————a >T

2 4y =k

The theorems described so far derend on the tail probabilities

{rn} behaving suitably. If we impose conditions on the point probabilities
{fn} then even better results are obtainable, especially if we assume

finiteness of absolute third moments of f.

Theoren 1.6. Let §° |j|3fj <w®, and let M be a mmf. If

z"l" n My < =, then

Zw nM (n) W Sn uz-ul T < ®
1 MM, - q"’ £ L e
1
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where, as usual, w = y-~ if p. >0 and w=i if p- < 3.

A further idea needs explanation before we can give the theorem.
Suppose T 1is a tail function. We shall see in §5 that one can introduce
a nev tail function T by the definition
~—1—= sz r du s 2l

x u'T()

and that T(x) 2 T(x). For certain results we require that

lim ;(-Q ~ D, say,

X0 T(x)
exists. It is well-known that if 0 < p < » then this limit exists
if and only if T is a function of regular variation with index p.
We shall also be interested in the possibility that p=0. It is not
difficult to show that a sufficient condition for T(x) = o(T(x)) is
that T(x) be a super-power function (implying that T(x) is also
such a function) and a necessary condition is that T(x) be a super-

power function. 'e can now state

Theoren 1.7. Let T. be a tail function which is unbounded and let

G be an associated gauge function. Suppose
to 13 s : ¢
Z_w (il fj <@ gnd }:1 j GII(J)fj <<,
Define, for n20,

S Hy=U
% W i 2l
tn-un ® q+[—f—]rn‘
"1

Then, as no,

4.
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(2!
It

(a) £ =0(1/T5(m) implies t = O(1/T,(n));

(6) £ = o(l/T5(n)) implies t = o(1/Tsm));

(¢) if the limit p = lin T(n)/T(n) exists and if nTME, + o,

X0
Mmoo, pyhere ¢ 1s some finite limit, then

A
HST(n)tn i 23‘ {zé‘ T 3u1)\2£1 it %’.p]}a o,

"1

where Ay = My - Suz + Zu1 and A = (uz - ul)/(Zul) as usual.

If we can only assune a finite second moment wec can still obtain

improvements on Theorem 1.3 by assuming suitable behavior of £ for

S

n
large n.

Theorem 1.8. Let T, G, be as usual and suppose T(n) + © as mo,
Zj: j2£5 i ZT J GI(j)fj < o, Then if we set

S

un-mn-i-;—gns say,

and define Tl(x) = 1/{f§ dy/T,(y)} for all x>0, we have
(@) £, =00/T,m)) implies g, = 0(1/T; @),

(b) £ =0(1/Ty(m)) implies g = o(1/T; (),

(e) fn ~ ¢/T2(n) as mw, for some finite constant ¢, implies

Hy
gn ~ - {._2_3_1} o 1 ’ 100,
Ui Tl(n)

Finally we consider briefly what happens if r

decreases geormetrically

fast. The whole story of this promises to be involved and difficult; we

only consider one relatively tractable special case. Our theorem is as

follows.
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Theorem 1.9. Suppose for finite comstants p>1, v>G, c=20,
I~ cpn/n1+VT(n) as m»; where T 18 a tatl funetion with an associated
gauge funetion G such that Zolo G(n) /nlWT(n) econverges. Let

+oo
Pz

R(z) = ]__ 3 D have only « (finite) zeros in the anmulus 1 < |z] < p-l

and, for simplicity, assume these to be single zeros situated at
-1

1> C2s ++ 5L, and none are on "|z| = p * . Then, for up > 0,
S 1
= Z +t
L T e

where, as 1o,

n+l
t £

"R aon V@

(A similar result holds if My < 0- .

It might be mentioned that O and o versions of this theorem can also
(more easily) be proved. A challenging problem we have so far been unable

to solve is that posed when A Cpn‘l‘(n).

Finally we close this section by mentioning an unfortunate weakness
of the method we have adopted. Tie unbrella condition U is needed
for the manufacture of smooth rutilator functions in §3, these are vital
to our "elementary' mecthod of proof. But they are unnecessary if we
adopt a Banach algebra attack. As far as the theory of recurrent events
is concerned, all that is needed is the inference that if the Fourier
series i(e) is non-vanishing and in a certain sub-algebra then so
is 1/2(9); this could easily be dealt with by an appeal to a ‘well-
known™ result concerning maximal ideals in a commutative Banach algebra

(see, e.g. Rudin (1974), Theorem 12.17, p. 395). The gain by using
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the more sophisticated attack is a slight broadening of the class of

tail functions we could allow; condition U could be replaced by the
weaker requirement oa(u)/u -+ 0 as u, owever, if the present methods
are applied to corresponding problems in renewal theory in continuous
time, the use of smooth mutilator functions seems unavoidable, even

if one is prepared to appeal to the theory of commutative Banach algebras.
It would take us too far afield in these notes to explain what prompts
this claim. Thus it seems that in renewal theory the U condition

is less of a drawback.




§2. SOUE PRELIMINARY LEif'AS

In this work we are largely concerned with sequences tending to limits
and with the rapidity of that convergence. As a means of estimating that

rapidity we shall make use of certain classes of monotcne functions. This

i MO G bR

section is devoted to the definingof these classes and the discovery of

various important properties of the functions in these classes.

RN,

A function f(x), say, of real x20, is called a function of moderate
growth (fmg) if £(x+c) ~ f(x) as x»», for every fixed c. In a discussion
i l in which functions are only evaluated at integers it is enough if
j | f(n+l) ~ £f(n) as mo through the integers.

1 We denote by M the class of right moment functions (rmf), which satisfy

! the following conditions.

GIL) M)l for x<0, H(x)2l for x20, Ii(x) is non-
decreasing in [0,).

3 (12) M(x) ~ M(x+c) as X+, for all fized -c.

#43) Mx+y) < L(x)ii(y) for all Xx,y.

Notice that (13) need only be verified for x20 and y20 since (Ml)
ensures its automatic fulfillment otherwise.
If A(x) and B(x) are functions of x>0, we say they are equivalent

and write A(x) :B(x) if A(X)/B(x) and B(x)/A(x) are both bounded as

X0,

Suppose N(x) is a non-decreasing function of moderate growth such

b | that, for finite positive constants 4, and A, , it is true that

£
|
!
i
|58
i
|3
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18 ,
N(x+y) < AZN(x)N(y) for all x 2 8 and all y > A1 . By increasing AZ

if necessary, we can ensure that AZN(Al) 2 1. Then define |

M)

1 for x<0,

= AZN(AI) for Osstl .

AZN(x) for x>A.

It may be verified that [i(x) is irdeed a mnf and N(x) <X M(x). Because
we merely use moment functions to indicate convergence properties of series,
we are only concerned with asyrptotic behavior of a mif as xo. Thus, as
will appear, it is entirely adequate to give a function like N(x), above,
lmowing that an equivalent rmf satisfying the more convenient conditions
@), (M2), (M3) exists. Let i* be the class of functions like N(x).
Then three examples of functions in M* are as follows: (a) ME)=1; (b)
any non-decreasing function which ~ x®L(x) as Xx»», where oa20 is a
Constant and L(x) is a function of slow growth; (c) any non-decreasing

function which ~ exp vX , as x»w,

We denote by T the class of tail functions T(x), defined for x20,

which satisfy:
(T1) T(x)21 for all x20 and T(x) is non-decreasing
(T2) T(x) ~ T(x+c) as x»», for every fixed c (i.e. T(x) is a fmg).

As was the case for the classes M and M*, we are only concerned with the
behavior of T(x) for large x; thus, in specifying a tail function we need

only give its asymptotic form as x»». It may be noted that examples (a),

(b), (c), above, of right moment functions provide examples also of tail
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functions.
With any tail function T(x) we associate functions called gauge
functions. A gauge function is any right moment function G(x), say, such
that for some finite constant C>0:

(2.1) %E—“%)- < CO(r)

for all large n and all n > 2r. It might be noted that, since T(x) is
non-decreasing, (2.1) is automatic for 1<0 since, being a2 mf, G(r)=1

when 1<0.

By way of illustration we remark that in example (b), above, we can
take C(r) as a constant for r20. In case (c) we see that

/n
Silee

/n-r

e
Notice that in both of these examples the gauge function grows much more

(VZ-1)/r :

slowly than the 'parent” tail function. This is typical for the situations
we encounter but not necessarily true for an arbitrary tail function.
We denote sequences by letters a,b,c,... as far as possible. Typically

these sequences are doubly infinite, thus a has terms

ey @2, @1 85, 89, Ap,.es .

We call a a right sequence if a, =0 for all n<0, and R for the class

of such sequences. e call a a positive sequence if a, 20 for all n,
and P for the class of such sequences. Sometimes, when the symbol for a
sequence is cumbersome we denote its nth term as (g)n , but whenever

possible we write a_, b

n? Ons etc. The norm of a is defined as
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400

llall = I lap].

n=-c

If T(x) is any non-negative function on the integers, we also write
+00

Hallp= I T@layl.

n=-
We shall write S(T) for the class of sequences a such that
lal Ip < .
If T(x) is any non-negative function of the positive integers we

shall write
[aly = lim sup T(n)|a,|,
it ah

and V(T) is the class of sequences a for which [g}T is finite.
Suppose however, T(n)as_l tends to a, possibly complex, limit as moo,
We then say a belongs to W(T) and write

<a>q = im T(n)a.n ;
Ti-+0

Note that /(T) < V(T) and, if a e W(T), [_q]T = ]<_a_>T|.
1f [g_]T = 0 we shall say a is T-null and write VO(T) for the class
of such sequences. Obviously VO(T) c W(T) and if a e UO(T) then <arp

If a and b are two sequences we write a*b for the convolution

whose nth tern is
+00

(a*n), = ) ambn-m 5
M= -

It is clear that a*b = b*a and that ||a*bj| < |]a]]-

[b]|. In an obvious
way we define sequences a*a*...*a ( k terms), more compactly written

5 £
a** | and have [1a*]] < [la]]* .

= 0.

e SR SRS
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In a few places it is helpful to interpret (g*r) as the sequence
{8} = 8, say, inwhich §;=1 and & =0 for all n=0.

‘hen ||a]| <1 we can introduce the sequence A{aj whose nth tern is

(E*O)n + (g*l)n + (_a_*z)n A

We find that

llalall] s 1/ - |]al]).

LEAA 2.1. If a and b are sequences in S(ii), for some right moment
function 1, then [|a*p] I;_/; < |la] I., > ||l |'1,g .

PROOF. let ¢ = a*b. Then

2%l },; = 170 titn)e,,

=) ] HH(m,*n,)a_b
Whina Sete 1

< li(n )ii(n,)a_ b

g P o
152

by (3). Thus the lerma follows.

LEAA 2.2, If a e S0, where i1 is a rmf, then there exists a sequence

{ey}, decreasing to zero as I, such that
(2.2) Ha*®[]; s (lal [+, all kel

PROOF. Plainly we need only prove (Z.2) for large k. To begin with suppose

a ¢ PnR, and write, for simplicity, Oy = ||§_*k||1;1 « Then, for ksl,
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[e2] o
VT R llnymy*..o#n)a a_ ...a

1.=0 n.=0 . 1, 1, i,
1,=0 0, g 0 1k <eds i

Q
1

a

o oo

By

< Mk, *...#n,)a_a_ ...a
1 1/ “n e ?
n,=0 n,=0 n, =0 172 i 3
i 2 k
= g, , say,
an
since ! is non-decreasing in {0,9). Set
o Mkin, M, +.. ., )
T & Z - P la A q
2.3 k H(- 1+, +. .+ in “n
( -J) n1-=0 i (u Al .11 coe “i".‘l uk
PLY
o 0]
=)
WIETe W = njdmot+...+m 5 2 0. However, sirce H(x) is a fmg,

Y 4y
H{ktwir)

koo, for r fixed, unifornly with rasvect to w. But, from (13),

et}
[¥2]

()

Ty < H(1+1)

T . . g 00
and it is trivial that J, ii(l+r)a,,

i
i ¢

]

C, say, is finite. Thus dominated

converzence applied to (2.3) shows that 1., + ||a|| as ke, uniformly with

respect to wx0. Thus we can set T, < ||a|]| + n, , say, where M ¥ 0

~

as loe, But o, = T 0y 1 anc we are evidently led to the result

~

Oy £ 0y s C(Hi”*nz)(”f-”"”g) (f[i’-,“‘nk)-

It is a routine matter, now, tc establish (220
‘e sihall now extend this result to a secuence in P but not necessarily

in R. Let a Dbe such a secuence. and define a new sequence a = {a_} by
el ii
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R
=a for n
a = a, for n20

= () otherwise.

R . o
Let us also set a& =a, - a todefine the sequence {gP}. Then the first

? . R . : . .
part of this proof applies to a~ and gives, in obvicus notation,

(2.4) o < €U 14,0 (1 +ng) +on (112"]1+ny).

Evidently we must now consider

+ +co

S Mn,tho+.. .. Ja . a  ...2
gm gm (ny*n, "I() n, n, T,

X
iy e )
= 2 S LR etc.
=0 % n1:0 nzzO nQZO n2+1<0 nk<0

220, o ,nzzo, n 1<O; o ;nk<0, then

,..\
o
w

~—
Q
=
1

1+

M(n1+n2+...+nk) < n(n1+n2+...+n2)
and (2.5) gives, using (2.4)

%

2 K L, k-2 R R
(2.6) o sC } () Ha'll7CHa  [+#ny) «o. (2™ [+ny).
i 2:0
Recall that n, +. Let p(k)»o, p(k)/k > 0, as k»», Then it is not hard
cep I( -
e Ty Y L

k Ly k-2 R 2
# (|‘32}|*”p(y))p(k)_1 zzo (2) lli I (|l£ ll*“p(k))

Ok. S

(]]a"] |+n,) Pt -2
< C — %g)_l
"] P&

ki R k
(IESIRIESTEIOLS
mmmanﬂmHMﬂwwme%mwﬂm

lin sup (ok)l/k < |lall.
k-»c0

{ig
1

[
j o

PO N

el

P
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This proves the lerma since the dropping of the assumption aeP calls for

Ctha vl i s e .‘._-_a__J

e

only the most obvious device.
Let ¥(z), a function of complex z, be analytic in the disc |zl <,

for some r>0. Then Y¥(z) has a unique Taylor exvansion

(<)
¥(z) = ¥ 2", say,
m=0 » ’

and the radius of convergence of this series is at least r. low let a be

f a sequence in S(}), where Ii is some moment function. e can unambiguously
‘1 define a new sequence ¥(a) whose nth tem is
- NZO wm(il- )ﬂ >
1
LETA 2.3. If ¥(z) <is analytiec in the dise |z| <1, if a e SQD, and if
[la]| < r, then Y¥(a) also belongs to S(i).
PROOE. e can find >0 such that |[a]]+e < 1, and then Iy(e) such that
| for all 2k, ':
{ i n
| Ha*™ |y < (llall+e)™ .
E | Thus, if
= - ‘
¥, @ = 1 v (a*) 3
L | ko™ i, T |
; then
g1 ® w“
2 1y @1l s 5 Dl Ulallv

< o
since fgwmzm is absolutely convergent within its radius of convergence. But
! i ko-l
| ' Y@-¥ @I1hys I lul [a*®]],

{ 4

< o

9
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by finitely many applications of Lerma 2.1. Thus the lemma is proved.
In what follows T(x) will be a tail function and G(r) a corresponding
gauge function.

L21A 2.4. If a and b are sequences in V(T) and S(G) then
(2.7) ta*bly s [[bl[[aly + [[a][(bly .
Furthermore, if a and b are also in ((T) then so is a*b and

400 +c0
Ry = :
<a*b>. <a>; gm }:n + <p_>T ?w a,

i

PROOF. Let us set <h (g*g)n ; then for n 1large and positive

¥ -8 beie b &
ML e g

g
=)
]

=:x'1+c;,say.

Then we observe that

T(n)

T(n)cr’l 5 Z n-r

- b
o {T(n-r)a .}

o =
For all r < %n we have
T(n Bl
T(h-1) < C6(x),

where G(r) =1 for r<0. If we suppose a e V(T) then

Tn-r)la .| < [al; + ¢, , say,

where €, + 0, uniformly with respect to r < !;n. Since T(n) ~ T(n-1) as
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me, and since, if b e S$(G),
-1 oo
i e g G(r) [by| < =,

-00

we can appeal to dominated convergence to infer that

Lin sup T@) |yl < (alp [1b]]-
n-eo

On the other hand, if a e W(T) the same dominated convergence will show
that, as m«,

+oo

T(n)ey, + <a>p I b .

-00

In a similar way we can deal with ¢!

iy and complete the proof of the

lema.

Sunpose g(l),g(z),...,g_(k) are Xk sequences in ¢ (T) n S(G). Let us

define, for r=1,2,...,k,
D = a® x @) e a0

Lerma 2.1 shows, by repetitive applications, that g(r) e S(G) and one can

also easily obtain the equation:

+00 ) s +oo .

I <@ {Z ag:)] .
n=-w J=1 nN=-00

Lerma 2.3 shows that (assuming k=22 ):

(€91 = 112 D1) + P31120))

and (if k23 ) one can then deduce from the same lemma the result:

(€90 s £P111291 + @111P).

T am——

I TR AT
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siace 1P| < []aD]] - 112D]] this gives

3 :
Py« 3 9 1@,
J=

%]
The generalization of this should be plain, as should be the way by which
Lermma 2.3 can apply to g(r) if every sequence _a_(:j ) belongs to W(T).

Thus we have the following

LEMJA 2.5. In the notation just established, if every g(j) belongs to
1
V(T) n S(G) then g(“) also belongs to V(T) n S(G) and

k e
%< 1 Bl b el
=1 T#j
Furthermore, if every g(j ) € UW(T)nS(G) then _g(k) belongs to U(T) n S(G)

and
. +00
<-°-(k)>’r= § <_(J)>T i {Z argr)}.
= n

j=1 T#j ‘n=-o

An immediate and important consequence of this lerma is the following.

LEMA 2.6. If a s a sequence in V(T) n S(G) then, for every integer
kel, a** isin U(T) n S(G) and
k e k'l
[a*"]p < kialglla] ™" .
3
If, moreover, a is in W(T) n S(G) then so is _z_i_*& and

X i k-1
*. = S
<a*>n k<_a_1_>,r{§°° an} A

Suppose now that a is any sequence in PnR such that
lla]| = 0 & < 1. Ue shall souetines write A(z) for the function 1/(1-z),

which is analytic in any circle |[z| <r with O<r<l. Thus A(a) is also
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a sequence in PnR, and ||a(a)|| < = by Lemma 2.3. For ease let us write

g for A(a). Thus l
£ %2 %9
(2.8) g ha e (a )n + (a )n e 1
and an easy calculation shows
S all
(2.9) gl =Zogn=r,m.

LETA 2.7. Let T(x) be a tail function and G(x) a corresponding gauge
function. Let a e PR and suppose ||a|| < 1. Then if a e S(G) it
follows that A(a) € S(G). Furthermore:

(4) If a e V(T)nS(G) then

@1, < o
sl T E T

(B) If a e W(T)nS(G) then A(a) also belongs to W(T) n S(G) and

(2.10)

5 <a>q
(2.11) <A(a)>~ = — h
Fy tiat®
PRCOF. The fact that A(3) € S(G) follows at once from Lemma 2.3. Evidently
o

(2.12) o ML e T
&n = % Y

Next suppose a e V(T)nS(G), and rewrite (2.12), as follows:

(2.13) R TR Bl ¥ LA

O<rs<4n O0<r<imn

Let us then set

(2.14) c =

OSI‘Z!m gl‘an-r .
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Then, as in the proof of Lerma 2.4, we argue:
(2.15) T@c!ls [ &8 (Tin-r)a ).

n Osr<in T(n-r) °r T
We have established ||g||; < @ and so the dominated convergence argument

will go just as before, and show

fe'ly < fal;|lgll-

Our major difficulty, however, is concerned with
Loag we Jegy
0srsbn rén-r n’
Let us set T(n)gn = 1(n), and suppose that t(n) is unbounded as mw., Then
it is possible to find a sequence of integers ny<ny<... such that T(nj) - o

and t(n) < T(nj) for all n < nj . Ve can then deduce from (2.13) that

T(n.)
(2.16) T(n.) s T(n.)a_ + T(n.)c' + 1(n.) ) ‘ca_ .
j 37y it ¥ et ’Tinj ) T
Hence
T(n.) (anj +C;11' )
5
- T'(—'LT a
Osrsyn \ByT) T
Since ||a] |_G < =, a dominated convergence arpument will show
T(n.) ©
2.18 {2 AR . oo,
i o 1O, 7 B2 5 B
Thus (2.17) coupled with (2.18) and the asymptotic behavior of a, and
cr'1 gives
’ [g]T(l’ngH)
(2.19) 11131 sup -r(nj) < T=TTalT

J-N»

AP TERIRY, S SR Ty
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This contradicts the hypothesis that t(n) is unbounded. Thus T(n), as
m, has a finite upper limit A, say, and this alone establishes that
g € V(T). However, let {nj} now be an increasing sequence of integers such

that r(nj) + A as j+»o, For all n > !mj we may claim that

() s 't(nj) + &5

where e. > 0 as j»o. Thus (2.13) yields, on lines similar to (2.16),

J
L :
'r(nj) < T(nj)anj + {‘r(nj)+sj} ) : a_ + T(nj)cn. .

Osr<in, Byt j

Hence, letting j-o we infer
A< [alpli+] gl (3 + & - |la]],

which tells us that

[al. 1+[1g]|
(2.20) fgl; < '{-Hall

If we note that {1+||g||} = 1/{1-[|a||} then (2.20) implies (2.11) in the
lemma,

Finally, sucpose a e W(T)nS(G). This implies a e V(T), of course, so
the preceding results are all valid. Further, (2.14) shows

4
T(n)c} = Osrgkm S g {T(n-1)a )}

and a2, by now faniliar, dominated convergence argument gives

satica,

(2.21) Ty + <a>q|(gl].

Let us write




I' = 1lim inf 1(n).
b iasd

Then we can claim that for all r < %n

T(n-r) =T - €,

where €, >0 as mwe. From (2.13) we may therefore write

T(n)
2.22 > T f I'-g .
(2.22) T(n) 2 T(n) a+c! + (I-c) ME@ TeoorT Br

Dominated convergence shows

T(n
0sr<n T(n-t

g+ llgll; as nw,
and so (2.22) yields (if we let m through a subsecuence such that
@) ~T) i
Iz <a>o[1+||g||1+T < [lgll.
<a>ol1+]|gi]]
1-T1all {

F 2

showing that T = A, i.e. 'I‘(n)gn tends to a limit <g>r ; as M, and

e

<@+ Ig] 1]
7 TITET

Thus the lemma is proved.
However, we now wish to extend Lemma 2.7 to deal with sequences in P
but not necessarily in R. OCur argurment parallels those arising in the study

of ladder variables in random walk thecory.

Suppose, therefore, that 3eP and that Zt: 8, " llal] < 1.

. For n=-1,-2,... define
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O e i Bt 0

(2.23) b =

R e
n T

e Sl S e
k=1 Jn,k) F1 %2
where J(n,k) 1is the set of suffices {rl,rz,...,rk} such that:
f rl <0
Ty*r, <0

T

+ +'O.+ b <
T1*T, Ty-1 0

\ r1+rz+oc-+r1( = no
For n20, define bn = 0.
As before, we shall write A(a) = g, for ease. It follows from Lemma 2.3
that g e S(G) and one has without difficulty the result:
Hal
lHell = I-Farm =

Since bn < 8 for all n and, since bn =0 for n20, one has:

bl = ol < 1igll < .

Next define a sequence £ = {8} ¢ PnR as follows:

If n<0 then, of course, & _ = 0.

n
If n20 then
-1
(2.24) Lamay s | e by
m==-m

le have immediately, from (2.24) and Lerma 2.1, that
(2.25) Hall = Hall4r + [bl 1)
and

(2.26) Hallg < Hellgla + 1]el]}.

T P T T T oo 2 R O R T
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If we now assume 2 € V(T) then a familiar argument (which does not

need the assumtion a e S(G) ) yields fron (2.24)
(2.27) [21p < [alp@ + []BID).
Alternatively, if a e W(T), an alrost identical argument Shows
(2.28) <B>o = <a>o(1 + |[b]]).
HNow, evidently,

©o

(2.29) &,

2

= 3 e T
1 I(nk) T172 x
where I(n,k) is the set of suffices (rl,rz,...,r,,) such that

Ty*ry*...41y. = n. A careful dissection of the set

) (0,1

k=1
leads to the following important relation, valid for all n:
(2.30) g " bn * 9‘n + (_Qj‘g_)n .

(This equation is inspired by the work on ladder variables, already mentioned.)
4 Y

An irmediate deduction from (2.30), by summation, is that

o

Hell = Tl + [lel] + 1l

gl
and hence, that

FbHi+112]1

(2.31) lgll = s 0507 71 BBt

Further, if we set k = A(2), it follows from (2.30) that
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(2.32) g=k+b + kéb.

However, & e PnR, so we can appeal to Lerma 2.7 and (2.27) or (2.28).
If we suppose a e V(T) then
lalp(+1 1l
Z
(A-1igl!)

(2.33) {_I_c_]T <

If a e W(T) then ke W(T) and
<o (1+1[b]1)
(2.34) <}<_>T = Vi
-kl 1)

If we note that b is a T-null sequence then we can deduce from Lemma

2.4 the further results:

If ae V(T) then

: [alp(1+1 1bI 1) 11b] |
(2.35) [b*kly <

a-11g1)*
If ae W/(T) then
<a>n(1+{ bl ) 1B}
(2.36) <bHon = .
(I-11&t1)
It follows from (2.32) and either (2.35) or (2.36) that
If ae V(T) then i
@116 1) ;
(2.37) [&}T B [_aj-r LR et aer T8 .
@a-rein :
If aec W(T) then ]
7 |
(2.38) (1+[plD)”
o« K <g.>.., = <§'>T .
: -1z h?

But (2.31) tells us that
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1+] bl |
L+ gl * vy
and, since |[|g|| = [|a]l/(1-]]a]]), we deduce
i+| bl 1
y ER T2 T all ’
This result; used in (2.37) and (2.38), commpletes the proof of the lemma

extended to sequences a not necessarily in R:

LEMIA 2.8. The conclusions of Lemma 2.7 are valid without the requirement

aeR.

If ¥(z), as earlier, is a function resular in |z| <r (>0), and if

[o0]
1 ¥(z) = g wrzr e T oA
E | then define
e oo r
[¥](z) =} }wr[z 2
0

Evidently |¥|{(z) is also regular in |z| < r.

LOddA 2.9, Let VY, |¥|, r, be as above. Let T be a tail function with

gauge function G. Let a ¢ S(G) and suppose ||a|| < r. Then

(A) If 2 belongs to V(T) <t follows that Y(a) also
belongs to VY(T) and

@y < Lado vl (lal ).

(B) If a belongs to W(T) <t follows that ¥(a) also
belongs to W(T) and

+00 A
<Y(a)>p = <a>¥' (), 2).
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PROOF. Let us write a for the secuence {la, |}

Thus ||a|| = ||a]] < r. For ease in writing let us also denote the
sequence ¥Y(a) by p = {p,}.

Lemma 2.3 assures us that p e S(G).

By a well-known property of refular functions ¥'(z) and |¥|'(z) will

also be regular in |z| < r and, indeed,

r-1

(2.39) I‘r!er

Hr~3 8

is absolutely convergent for all |z| < r.

Since Qf: a,| < ||a]] < r, the series (2.39) is absolutely convergent

+c0
a

-0 11

at § = g, szy.
Thus, given €>0, there exists [i(e) such that
P -1
(2.40) Iorlel [ <.
N+1

Let us define two sequences, devending on N fixed,

; N
Nl 2
i 20 wré

r:
N o
R t Z wr,a_.*r *
r=H+1
It follows from Lerma 2.6 that:
If ae VU(T),
N g r-1
(2.41) Uplp = falp I rlugl Hall
If ae W(T), (recall g = Z: a )
N N r-1
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Let us choose p such that ||aj| < p < r. Then xprpr + 0 as 1
and we can therefore assume N(e) chosen so large that [ r|pr <ul. for
all r2N. Then define a sequence b = {bn} by setting B, = Sn/p, for all
n. Notice then that |[b|| = [|a||/p <1 and, norcover, if a e V(T) then
b e V(T) also, and

Evidently

(2.43) Bl s -] | ol G,

I A
o~ ot~
B
o

= %*
~

R —

i
~—
~~
o
E
~
%
o
~
f—
¥
>
Z
~—

But if b e V(T), since ||b|| < 1, we can infer from Lemma 2.8 that

{b]

V) M g IR
Dr (1-11b11)°

(2.44)
Tn addition, Lerma 2.6 yields:
0D < auy vl ol Y

This inequality, coupled with (2.44) and Lemma 2.4, enables us to deduce

from (2.43) that

[b] :
' < CrD ol 161 a1+ -ty 112

: {(Nﬂ)ngn” Hgll“”l}

+
LT TN

5 Hall y (tamy
N Ak

(o-11all)
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Since ||a|| < p it is apparent that we can make [p lp < e by taking N
large enough.
If we suppose a e V(T) and appeal to (2.41) we see that
: N
(plp s [plp + ¢
i j Ml
< [al] rlv.| - ||a] + g,
=T rel T
By letting ibo and e+0 we plainly obtain the desired conclusion:
[ply < Calpl¥l (llalD).
Next suppose that a e W(T). Ve have:
|T()p, -<a>¥' (2)] < ]T(n)Nn -<a>, 12' bl cr'll + IT(n)'ONI + <a>.e,; by (2.40)
by n —Tl 15 “n =T’ i i
i But }T(n)pgl < 2e for all sufficiently large n, if N is taken large.
3 5 Thus, in view of (2.42) we have
| RGalig s Vi = e ;
1
,i for all large n. This plainly campletes the proef.
e close this section by showing that for any tail function T(x)
a natural gauge function exists which is, in a sense, nminimal: for this :
1 reason we shall call it the minimal gauge function (mgf). 1
; Define, for x>0,

Y(x) = sun %Q’) v
V2% 73]

. Thus for x, 2 0, X, 2 0,
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% T(y)T(y;)

i YOv(xg) = y1§§§1 TO, %) T, 55

4 y222x2

But if Y, =¥yXp and yg 2 2x1+2x2 » then yy 2 2xq and y, 2 2xy . Thus
T()'l)

(2.45) YOV 2 sl ey
% & e y22x,+2x, o el e
f‘ Y(xl+x2)' ﬂ
4 We may then define a non-decreasing G(x) by
: G(x) = sup a(y). |
y<X i
Given any X; 20 and Xy 2 G, there must be, for every e>0, ;
a y* < Xy * X, such that G(x1+x2) < y(y*) + €. But we rust be able !
f { to find uf <x; and uj <x, such that uj + uy = y* . Thus G(xp+x,) ;
ii < y(ui)y(ug) + e, by (2.45). Since y(ui) < G(xl), y(u{) < G(xz), and
4 since € is arbitrary, it follows that
| G(xp*x;) < G(x1)6(x,).
E |
: Thus G(x) satisfies all the conditions of a mmf if we can prove it
: to be a fing. Of course, we take G(x) =1 for x<0. We shall omit
{f* the relatively easy proof that G(x) is indeed a fmg, and conclude

that G(x) is the desired ; inimal gauge function,

If we restrict all discussion to integer values of the arguments,

the minimality property of G(x) is easily established and is as follows.

If H is a gauge function such that
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j sup an_l% < H(r)
\? rgl.m
*}. for a1l sufficiently large n, say all n2A, then G(r) < H(r) for
|
# all r2%A. Ve omit the proof of this. The import of this result is
that, whenever possible, we should use the minimal gauge function and
that if a ¢ 3(H) for any gauge function H then it is automatic that
a € S(G) for the mgf, |
|
|
| :
E |
E :
:
| k
1
. i
% ;
1567 ]
|
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§3. Oif THE ALGESRA OF TAIL FUHCTIC.S

] ' This section is mainly devoted to proving Theorem 3.1, below, which is
to be our principle tool in treating linmit theorems of recurrent events. It

will be noted that it is an extension of the famous Wiener-Pitt-Lévy Theorem

on analytic functions of absclutely coovergent fourier series. It is also

similar to Theorem 2 of Smith (1966), but that theorem referred to Fourier-

& Stieltjes transforms rather than trigonometric series and the present
theorem is considerably wider in its realm of application.

If a={a]} be any sequence such that |[|a|| < = we shall write

A +oo .
(3.1) a(e) = } aneme , =o<f<m,
n=-o
The following deductions are then almost immediate: (i) |a(®)| < |]all,
all o; (ii) a(8) has period 2mw; (iii) a(6) is uniformly continuous,

(iv) the range of a(0) is a continuous curve, to be called C . in the

_1 a complex plane. In view of (i) it is clear that Ca lies entirer within
? the closed disc |z| < |]a]]. %
One more notion is needed befors we can state our theoren of this
section. If K(x) is any measurable function defined on [0,»), at least,

w2 say it satisfics Condition U if

(3.2) r llog X()| dx & -,
0 1+x

THEOREN 3.1. Let a be a sequence such that ||a|| < ® and let @(z), a
i funetion of complex 2z, be regular at every point of C 2" Then there is

another sequence b, with ||b|| < ®, such that b(6) = #(a(6)). WHoreover,
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let 1l be armf, T a tail function, and G g corresponding gauge

funetion, and suppose 1i, T, and G, all satisfy Condition U, above. Then:

(4) If 2e S(E) then b e S(9 also;
(B) If a e V(T)nS(G) then b e V(T)nS(G);
(c) If ae U(T)nS(G) then b e ((T)nS(G), and
. +00
<b>p = <a>p o' (zm a).

Before we proceed with the proof of this theorem it will be helpful to

introduce a simple extension of our notation. If a2 € S(T), for example, we

) ~

write ée S (T), and so on. Thus we write ée V(T) tomean a e V(T).

A vital tool in proving Theorem 3.1 is the smooth mutilator function
(SiF) introduced in Smith (1966). However the SIF developed in that paper is
inadequate to deal with our present problems, so we rust first provide a

suitable improvement.

LETA 3.2. Let K(X), defined for x21, be a continuous and strictly
inereasing function, and suppose ¥(1) 2 1, and
(3.3) rK X) dx < o

I
Then there is a finite comstant />0 and a symmetric probability density
function p(X) with a characteristic funetion Y(8) such that p(x) = 0
for |x| > A and

-I{O’u'll((u)du
(3.4) lw(@)] < e s




for all large |6].

PROOF. K(x) will have a continuous and strictly increasing inverse
function Q(x), say, such that Q(X(x)) = x for all xz1. Let us set

K1) = a, so K(Q@)) =y for all y2a. By (3.3) we have

5(x) < !m K(g) du > 0 as Xx-o,
* ST

Thus, if we set x = Q(y) in (3.3) we may integrate by parts and get

(3.5) r%w,
o

Obviously (3.5) implies

o]

3
(3.6) rzl QT?:E:IT-< o,

Lzt {Xr}:=1 be a sequence of mutually independent random variables
such that X, has a rectangular distribution on the interval [-ar, +ar],

where

i 1 -
ar-m, rwl,Z,... .

e}

Then because of (3.6) it follows that ) X. =1, say is a proper random

1
variable such that |Z| < A, almost surely, where A is the sum (3.6). If
we let p(x) be the ndf of Z then the syrmetry and compact support of

p(x) are plain. However, the characteristic function of Z is

o [sin are
p(8) P e o
are

r=1

I Ialrel'1
la.8121

A

(3.7) lv(8) |

exp{°2(e)}; 52y,

N Ry T
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1(8) = ) | n|9/Q(a+r-1)|.

Q(x)<le

Since Q(r) is non-decreasing,

K(lel)-1
(3.8) 5(e) = j 20/Q(y) |dy
Q
x(181)
> [k(J6])-1-altnle] - ] Q(y) * dy.
o

The substitution y = [(x) shows

JK('GI)

fel
m(y)dy = J (2n x)dK(x),
o 1

and an integration by parts shows this integral ecuals
18l -
Galohicloly - [ K0 x,
i

Thus, from (3.2), we find

el
Y(8) = -(1+a)2n|6| + Jl .}‘3({_& ax.

If we use this inequality in (3.7) we obtain

0]

(3.9) [v(®)] < |e[(1+“) exp{-[1 u_lK(u)du}.

This result is not exactly in the form (3.4) we have claimed. However,
we can replace X(x) in our proof by (1+a) + K(x) = Kl(x), say. All the
conditions assumed for K(x) will hold for Kl(x) and we end, in place of

(3.92), with the inequality
DE R LB )
[w(e)| < |of exp{- u [ (1+a)+K(u) Jdu}
&

(61 %
= exp{-I u “K(u)cu},
X
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as required.
In our use of the non-decreasing functions Ii(x), T(x), and G(x), it
is only their values at integer values of their arouments that matter. Thus

we may, with no loss of generality, assume them to be continuous functions.

ILEMA 3.3. Let T(X) be a tail function which satisfies Condition U, above.
Then there is a finite A>0 and a symmetric probability demsity p(x), with

characteristic function y(8), such that p(x) =9 for all |x| > A and

o I 4
(3.10) y(6) =0 ’ 5
([IGIZTG&IGI)]A}

for every lorge A.

PROOF. Since T(x) satisfies (3.2) we can introduce the strictly decreasing

function
R(x) = r y‘z{ﬂ.n T(y) }dy.
X

Let us then define

C n T(x)

i(x) = BT 3

where C 1is chosen to make K(1) = 1. Ve then find

rli(x dx='Cf'd§(§;
L% 14

2C/{R(1)} < w.

Thus K(x) satisfies the conditions of Lerma 3.2 and we may conclude a

suitable symmetric pdf exists with a c¢f y(8) satisfying (3.4).
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X X
~lyr e C Ran T( ) ‘!
fl A L-z WRGYE ¥

; X
> € in T(x/2) j dy
-, X'Z y

. Cl2n 2)on T(x/2)
YIE(x/7Z) .

Since R(x) + 0 as x»o, for every large A>0 it is true that
B2
f u “K(ujdu > A #n T(x/2),
1
for all sufficiently lerge x. Thus we have from Lemma 3.2 that
(3.11) v(0) = o{IT(lo|/Y™Y), o] » =.

However, if T(x) satisfies (3.2) then so does xZT(x) and the derivation
of (3.11) works equally well; thus we can obtain in place of (3.11) the
conclusion (3.10).

Suppose now that T(x) is a given tail function and G(x) an associated
gauge function and that both these functions satisfy (3.2). Then T(X)G(x)
is a tail function satisfying (3.2) and Lemaa 3.3 assures us there exists a
symmetric probability density with compact support and characteristic function

w(8) such that, as (0] + o,

. . 1
(3.12) pw(0) =0 sl :
101°A¢T(:101)8H101) 10

Let A be any positive constant and let k be the least positive integer

such that kA 2 2 (to aveid triviality we nay suppose A<2 ). Then, for

large positive 9,

R

il il
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T(8) s T(00)

< G(3500)T (?:: (k-1) AG)

k-1

s {G(A0) 1T (00) .

By choosing A large enough it then follows from (3.12) that
(3.13) T@)p(x8) = 0, as G,

Next let ii(x) be a moment function satisfying (3.2) and let w(8) be
the appropriate cf provided by Lemma 3.3. TFor any large integer N we can

evidently show, by taking A sufficiently large, that

rge,
© i
(3.14) I GO/ v(n) ] < .
n=1
But li(n) < {li(lkan)} s {i1(An)}" . Thus, by taking N=k in (3.14), we have
e}
(3.15) YoM [y | < e,
n=1
Suppose now that we are dealing with a problen involving a morment
function 1{, say, and that p(x) is the nrobability density provided
by Lerma 3.3. Sumpose further we are given o<f<y<$é as four noints
. e + VI 1 ;
on the real axis. ‘e define q (x; a.8,Y,8) as the SiF based on these
noints thus:

4 L ' & X 1 _[y-i5(atB)) . 1 [y-L(y+s :
(3.15) q (x: @,B,v,8) 'J {(B-a) [ s ] &) ;{L”—-ls,y ]}(y :

-0

The SF is identically zero when x2a or x2§ and identically ecual
to unity when B<x<y. It also has the convenient property that if &<y'<§'

+hen
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(3.17) q+(x1 ,6,Y,8) *+ q (x: Y,6,Y',6') = q+(xz B 36 T

Most important of all, if we set
400

1 16:
a(o; a,8,Y,8) = i—ﬂ-f o ox q+(x,’ a,8,Y,8)dx

-0

then
a(6: ©,8,y,8) = %g{(a-y)e%ie(Y*é) 0(8(8-Y)) - (B-0)e™0(@*E) w(e(e-a))}-

If 1i(x) is a rmf satisfying Condition U7 then we may supnose,
ying i%)

by (3.15), that the sequence

o0

3.18) {a(r: a.8.v,8)} 4

belongs to S(7) for every fixed A>). Similarly for 2 gauge function
G(x) satisfying Condition U. Howevar, if the associated tail fimction
T(x) also satisfies Condition U then (3.13) shows the sequence (3.18)
to be T-null. HNotice particularly that these remarks are valid for
every A>0,

t us nov suppose 6-a < 2w, ‘Then we can construct a pnericdic

S4F (abbreviated hereafter as SPITF) -

+00
~4
a (6, a,8,v,8) = [ o (6+nm; a,8,v,6).
n=-o
s ~+ ; : : ]
Evidently q (6 o,8,vy,8) has a Fourier series renresentation:
=40 %
;’.(el G)BSY)d) - Z enleK\A(a';B?Y)a); Sa)"
= =00 +

The Fourier cocfficients are given by
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K, (@.8,y,8) = —,;fo a (6; v,B8,v,68)e de

+co

= %;-f a (9 a,B,y.8)e

=00

= q(n; o,B,Y,8).

In view of (3.19) we may claim that the sequence {Kn(a,B,y;B)}
belongs tc S(i), S(G), and UO(T).

Let us sirply write q+(6) for q+(6; -2,-1,1,2). Then, for any
x>0, q7(8/A) = a"(6; -2%,-A,A,2)); this fact will be useful shortly.
For small X>0 we write simmly ox(e) for the PSF ‘correctly denoted
q+(0* -2X;-2,X,21). Ve then write Ki for the Fourier coefficients

of ck(e):
(3.20)

“e now turn to the proof of Theorem 3.1. If 8, be any fixed
real, then &(z) rnust be regular at ;(60) =25 5 sSay, by the assumptions
of the theoren. Thus for all z for which {z-zol is sufficiently small
we rmst have an expansion:

2]

(3.21) o(z) = 6(zq) + 21 T Ty ol
=

Let Py be the radius of convergence of the series in (3.21); we must

have Py > 0. Since a(d) is continuous there will be a 60 , say,

such that la(e)-a(eo)] s py for all le-ecl < 8y . Thus, for |e-eO| < pg s

we have from (3.21):
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(3.22) o(ﬁ(e)) = o(é(so)) + Zl c._‘.{g(e)-?t(eo)}r ;
r.—-

Define, for some suitably small x>0,

(3.23) 2, (8) = a4 (6-8)8(a(9)).

3 For any integer n20,

| 9,3, (0-80) = 0y, (6-5,) {0, (8-8,)}" .
B4 g X

F | Thus (3.22) and (3.23) yield

(3.24) 9(0) = 0, (0-8)3(a(0,)) + 4 €0, (6-00){0, (-9, [a(8) -a(6) 1T .

However,

> in6 0.
0, (6-8,) = gm e {c K}s

50 cA(e-e,})a(e) is a periodic fimction with Fourier coefficients {bx'x}’

E | say, where

i +0o -i(n-r)6,,
t = G,A
(3.25) bl rz_m ae e

Thus, if we set

(3.26) 02(8) = 0, (8-8)Ta(6)-a(8) ]
3 A G 0
- then ?7)\(6) = Zf: el‘h‘eb?1 , say, where
‘
| -irf
: : Tl s sV
(3.27) by = bl - a(dge v
+co -i(n-r)o
3 . | ot 4]
= 1 G- Kle &
T=-o
:
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Suppose a e S('). e see fron (3.25) that [b!]| does not exceed
n A
2o e bk
T e | G-zl

But {;fY)‘l} € S() and so, by Lema 2.1, it follows that {b‘} ¢ S[D).

Also, we note from (3.27) and the fact that |a(6)l < |lal], the inequality

IbA-bil < [lall 1%}

Thus, if we write r>_)k = {bi‘}; we have 'b)‘ e SQ4).
However, (3.27) yielés

+00 400

A oA A A

L O

+o .
ZX J o IN * v
bR 4

4 2 . . g P
lence, if we write q(x) for the Fourier transforn of g (u),

>

G = (@),
Thus
R 2 +a0
(3.29) P IK .- K1 sx I lamr-r) - a(@n)].
n=-c0 - ° X N=-co
Since q(x) = 3([;:]"4) for large x, with M fixed, but arbitrarily
larre, end since aq(x) and all its derivatives are tounded and uniformly

continuous, it is a matt{er of routine analysis to show that. as M0

o

4
(3.39) AY et -+ f le(x) |dx,

-0
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; and, for r fixed,
+oo
: (3.31) AL Jamr-ra) - amr)| -+ 0.
3 -
F 1 Furthermore (3.30) ensures that the convergence (3.31) takes place boundecly.
Thus, from (3.29), for r fixed, as X»0:
% e A
nz_w II{n_r - K| + 0, boundedly.
If this result is used in (3.28) we see that by choosing A small enough
4 we can make IIP_AH less than any prescribed positive constant. But we
have already seen that |[|b] lyy < = -
Let us now, temporarily, set
l (3.32) R c Loy (8-85)a(0)-a(a ) 11T

‘ i bt oA T |

E | = ) Cr{ig_ oy} .

E | r=

k| A ;

: , Then p(6) = Zel"‘ep o » Say, vhere P, is the nth term in the sequence 1

o ]
- Ay 4T '
p= 1 o ().

r=1

Since IIQ)‘H is arbitrarily small, by choice of ), we may suppose
||§>‘! | < pp and apveal to Lemma 2.3 for the conclusion p e S(7).
But we rust check that p_)‘ e S(D. Ue do this by referring to (3.26);
;(0) - ;(eo) € SA(I-‘),. by hypothesis; 9y (6-90) € SA(IZ), by the construction
of q+(e/A) ; thus }?‘(6) € SA(I-’!), as reaquired. Thus we have shown that
under hypothesis (A) of the theorenm, p_)‘ e S().

Supnose next that (B) or (C) annlies. Then the previous logic

' shows b\ € S(C).




e e ———R— S

Sl 3k R IS SBT3 0 0 5 W s g Wi el sy e X i O s . . ~ e

53

From (3.20) we see that oy (6-60) is renwresented by a Fourier
-ind

series based on the sequence {e 01\’.}!}, say, and the norm of this
sequence is
-in® +00
0.A A
”{e Kn}” =.—,§:-m |Kn!.
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How under (B) or (C) we have o;\(e-ao) € Ug(T). Thus, from (3.26) and

Lerma 2.4, we can infer that b e U(T) and

A R
(3.33) b7y s falp I 1%,
if (3) holds; and that b" ¢ ((T) and
oo -ind
(3.34) <P-)\>T = <a>p ] e OKﬁ; 4

=00

if (C) holds. But the sum on the right side of (3.34) is cx(-eo).

Thus, if (C) holds:
(3.35) s = <av.g. (-6,)
= - T el i) Sl 0 s

Bearing in mind that HE}‘H < pg » we may anply Lerma 2.9 to draw

the conclusions:

If (B) holds then p e V(1) and
A i Ap |t
[ole = @ T fegl - 1YIT .
If (C) holds then p e W/(T) ard

o +c0
- - A\ x r‘l
(3.36) iy kB rzl el )

ek
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by (3.35).
If we restrict 8, to the closed interval [-m,m] then it can
be shown that OA('SO) = q*(eo/x). If we choose )\ so that A < aleol,

it follows that oy (-60) = 0. Thus we have the intermediate result:

RESULT I. If 2x < leol s, and (C) holds, then p e Vo(T).

On the other hand, let us see what happens in the special case

6g = 0. We find the following:

A

b (0) = 0, by (3.26).

+0
@ I8

~
e
bte
~—
N
(=]
1}

5 +o0
a(0) = § 8, -

il

(iii) 0,(0) = q"(0) = 1.

Thus, from (3.36), we have

1
PESULT 1I. For X sufficiently smoll and 09 =0, npeWT) and 1
T 1

<2>T : <_3;>Tq>' (Z an) 5

Vow (3.24) ané (3.32) show that ‘

% (9) = 6,,(6-80)3(a(0g)) *+ 0y, (8-80)p(0).

Because o, )\(6-60) is the sum of a Fourier series whose coefficients
2!

forn a sequence in S(%), S(G), and VO(T), it should be evident at

this stage that what we have succeeded in showing so far is that for
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every real eo we can construct a2 function QA(G) which is identically
equal to 5(a(9)) in the interval [0,-A, 8,MA].

Provided X is chosen sufficicntly small we also may claim: (i)
tnder (A), ©,(0) ¢ S (9): (ii) Under (3), ©,(¢) ¢ V (T); (iii) Under
©, 2,0) ¢V (D).

If (C) holds and we choose X < %|00|, for @, = 0, then Qk(e) € VS(T).

Let us write I(8;) for the interval {60-%A; 60+%A], and bear in mind
that the choice of A may well vary with 8y - Let us call the restriction
A< %leol: Condition A, In the argument which follows we must indicate the
dependence of A and QA(G) on 0, . e shall therefore henceforth
denote them as 1(8,) and Q(8: 90) respectively.

Thus every point 0*, say, is the center of a closed interval
1(6*) throughout which 0{8: 8%) = @(@(e)]. Let us write J(6*) for
the open interval obtained from I(8%) by deleting its end-points.

Define I, = T-m, -m#5A(m)] and In = im-22(m), w)}. Then, because
of veriodicity, Q(0:m) = o(g(a)) throushout IL and I, . By the
Heinz-Borel theorem we can select finitely-many noints B; <0y < ... < Oy »
say, in the open interval (-mHa\(m), m-}A(m)) such that the closure of
that interval is covered by the union of the onen intervals
J(97)u3(68,)u...uJ(6;). It is not hard to see that one of the points {ej}
will have to be the origin because of Condition A. Let J(ej) = (Bj’Yj)'

Then we may suppose

M < By < -THA(M) < By <y < B3 <Y< aun < B <Y < m=3A (W) < vy < T

It will be helpful to write
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‘g- BO L
f‘ YO = -mHs) (1)
.. Braq = TA(T)
: Yiug ™ T
;1 Consider the two overlapping closed intervals I(el) and I(Gz). If
: we refer to the property (3.17) of SMF's based on overlapping intervals

we see the function

= q(e; 61,92), say,
is identically equal to @(a(8)), in the larger interval I(8)uI(6,) = [8y,v,0.
By construction, any PSIF we use may be assumed to belong to S (M),

S (G), and UO(T), as necessary. It follows from (3.37) that:

(i) Under hypothesis (A), Q(6; 6;,8,) e S (D).
(ii) Under hypothesis (B), Q(6; 61,67) g8 (G ¥ (1),

(iii) Under hypothesis (C), ©(5: 8,8,) € S (G)aVy(T), wnless 6,

or 02 happens to be 0. In the latter case Q(6; 61,62) €S (G)nld (1),

and Q(0; 0;,0,) = Xelnetn , say, where

o

<typ = <@ (Ja).

In claiming (i) we have appcaied to lTerma 2.1; for (ii) and (iii)

we have appealed to Lerma 2.4.
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It will be apparent that this nrocess can be contimued, yielding

Q(9: 91,62,93), Q(e; 61,62,93.94), and so on, until we reach
(8 61,62,...,61\,) z OF(0), say.

It will follow that 0*(8) belongs to the approvriate classes, depending
on our choice of hypothesis. Furthermore 0*(6) = @@(9)) for 9l in
the interval [Bl,yk]. Notice that, mder hypothesis (C), since we

will have perforce included J(0) among the intervals, 0*(8) ¢ W(T) and

Q%) =) o t* , say,

-0
Ry = 1
where <t*>. = <a>.8 (Zan).
The last step left is the somewhat awlward one of combining Q*(8)

with Q(8:m). FHowever, because of the periodicity of our functions: it

nay pbe verified that

(05 By+¥psByyq VAR (8) + QU85 By, 2m¥By , 2MHy)R(6,T)

is identically egual to @(3(6)) for all 6, and belongs to anpropriate
classes, according to our choice of hypothesis. Thus (a(6)) has an

absolutely convergent fourier series with coefficients which behave as

clained in the theorem. This corpletes the proof.
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§4 POLOFS OF THZORE'IS O RECURIEMT EVENTS

As in §]1 we write f = {fn} for the probability distribution of

the aperiodic recurrent event, and suppose up # 0. Let

W, = Z:*lfj el

-Zn £ n<0,

w00~ 2
J

Then r = {r } 1is such that ||r|| <« and Zf: r, = 1; furthemore

it is easy to establish that

@.1) =(6) =
¥ r(0) = 2
by (2-¢)

It Stel = x'1 sin x then there are constants «>0 and £>0 such

that S(x) > a for all |[x| <8, and S(x) <« for all |x| >B. Thus,

since
T£@ = [ £ sinno+ J £ sin no,
[n6|<B n6 >
we have
11 £@)] = alol{T; @) - [1,@)), say,

where

NOE ™5

1 (n6[<R &
and 1,(0) = nE .

2 Ing{>B 5

But Zl(e) +uy =0 and 1,(6) + 0, as 6] + 0. Thus we have proved:

LE1A 4.1. There is a finite y>0 such that |1 £(8)| 2 y|8| for all

small |9].
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Pu by the relaticn:

For 0<p<l define a sequence

2 00l 3 ex3
g LS S R B

Then, as ptl, ?un 4 u - But it is easy to see that

Pu(o) = —r—n ,
1-p£(6)
and so |
+17 4 2
o & Gl -inm 6
(4.2) W, = L e ————

m 1-p£(0)
This integral is absolutely convergent, since |f(8)| <1 for all .

e then deduce from (4.2) that

+T : i@
i -1 0 | 1-e
(4.3) e v ¥y —w J e {—n—w———}de ;
n n-1 ~ 27 g 1—p_.§(e)

Now for all |e| < §, say, ll-eiel < 2le] and |[1-p£(8)] 2 o|T £(0)] 2

pv|8], by Lemma 4.1. Thus for all p2% and |6] <6,

2551
Lt TSty S =

4

1-pf(e)! Y
On the other hand, since £(8) is continuous and may assume the value f
1 in neither of the closed intervals {-w,-8], {8,m], it is an casy

matter to conclude that

———

l 1el®
1-p£(6)

is uniformly bounded for #<p<l and all 6. Thus by bounded convergence

we can infer from (4.3) the result

+7 ; if
i -inf | 1-e 3
W, " Wq ® ’ErJ 4 {ETE(—(;)_}("G

1 I*" o-in® _ds
- r(6)

s 1

iy




o £ 1 7 = -
Therefore, if we set L SRl T

Y h-1 » @d v = {v }, we have:

(4.4) v(6) = —L1

W)

This result, allied to Theorem 3.1, i: @ of all the

theorems amnounced in §1.

Proof of Theorem 1.1. The characteristic function r(8) is continuous

and assumes the value unity when 6 = 0 mod 27; it cannot vanish for

other values of @& for this would conflict with the aperiodicity assumption.
Thus 2_(8) has no zeros and Theorem 3.1 allows us to draw various inferences
about 1/_1:_(6).

(@) If r e S(f) it follows that v e S(I7) also. Conversely,
since i(a) is bounded (being a characteristic function), (4.4) shows
\7’(6) can have no zeros either. Thus we can apnly Theorem 3.1 to 1/;'(9)
and deduce that v e S(i) implies T e S(i).

(b) 1f (R2) holds, i.e. r e V(T) n S(G), then it follows from
Theoren 3.1 (8) that v e V(T) n S(G) also. Plainly the converse follows,
as in (a).

(¢) It is obvious that the proofs of cases (*3) and (74} follow
a similar simple argument. Ail that needs calculation is the limit value

400
T

-00

<v>n . Since J . =1, it follows from Theoren 3.1 (C) that this

limit value is -p/ul .

Proof of Corollary 1.1.2. If the tail function T(n) ~

need only the well-known fact that, when v>0,

«©

Z i1 i 1
j=n+1 j 14'VL (i) vil’L (n)
J

(4.5)
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to deduce this corollary frenm Theorem 1.1. A proof of (4.5) may be

found in, for example, Feller (1971). iowever, we need to show that

the condition r e S(G) is trivial, or, more corrsctly, that under present
circumstances S(G) = S(I). Ye may assume xl+vL(x) is non-decreasing.

Thus, for fixed large >0,

1+v 1+y
(4.6) BRSO N
X221 (x-r)lﬂ)L(x-r) L(x/2)

Since L(x) ~ L(x/2) as x#o, it is clear the right-hand of (4.6) is

bounded. This is enough to establish our claim about G. The case v=0

needs a brief special comment. Of course, the argument about the gauge

function goes as for the case when v>0. But the special case v=0

requires the introduction of a new function of slow growth LJ(x) , where
o

du )
L:(x) ~ Ty ™ TGT
v g A nzl JL0

It is an casy exercise to verify that this is, indeed, a fsg. Thus Corollary
1.1.2 will actually extend to the case v=0 with the introduction of LJ .

(o4
Proof of Corollary 1.1.3. liere T(n) ~ e nBL(n). Thus, for fixed r,

= Ccna'nﬁ' (-‘\)
G(r) = sup = L
n22r c(a-r) (n-r)BL(n)

O(sup explen® - c(u-1)™])
nz2r

O(exp aen™)

where A =1-2%<1, Thus, if

beg

e U(T), then r e S(G) if

oznexcnu
< o
1 T(n)

This series does converge, as desired, because A<l. Thus when T grows

S o it e AN RS 5+
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as fast as it does in the present case, the gauge-function condition

is autoratically satisfied. All we need do to complete the proof of

the corellary is to estimate

.0
@ B = T

1 e i

Y ~ it , A4S I,
ngl J ngl L g

Since, as is easily seen, and as it should be, the present T(x) is

a function of moderate growth, one has that

°z° 1 ~r dx
nt+l T0) n TG

A routine computation then shows that, as noo,

e
n st(x) g ) y“c()’tn y)wL((SLn y) I/E) )

(exp n®

where we have written w = (a+B-1)/0. But familiar behavior of such

integrals involving functions of slow growth shows this last integral
o

1 e-cn

ac nia‘fB-liL(n) 3

Thus the corollary is proved.

Proof of Corollary 1.1.4. This is an immediate deduction from Corollary
1.1.2. We merely need to use the fact that when 0<w<l,

n 1 nl-v

) e~ , 85 I,
F N e

For the case v=0 we use the relation

n
; Ly(3) ~nL;(m), as mw.

For the case v=1 we write

2 ik Sl it ik R S At
i T P et oS, e SRRt STk bt 0k 3. ot s b e v A R A e it S
G e P S L
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It is easy to show LJ(x) is a fsg and that

n
A
{ Ty Tias o

These asymptotic relations are sufficient to prove the corollary, and :

comolete the first section of these proofs.

7 . +on
/e now turn to problems when u, < . In this case ] |n|r <,

and one can introduce s = {s_}, where

w
i

ey (rm_1 b iy i)y for n=20,

i

T g F T.p % ...), for n<0.

It is not hard to show that |[|s]} < =, that

1-1(6)

4.7 s(6) a0
el
and that
o Myl
s
(4.8) e i o
jz_m J 111

Let !i(n) be a mf and, for integer nxz1, define

(4.9) HMp(n) = 1(0) + (1) + ... + Ni(n-1).

Yle can set iiI (n) =1 for n<0 and make “I (x) an increasing continuous
function of x>0, if we wish, agreeing with (4.9) when x is integer-
valued. Then l-iI (n) is strictly increasing and, for any arbitrarily

large 1[I, when n>N we have
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li, (n+l 5
“I(ﬂ 9_ e 14(n) 2
Since 1i(n) ~ li(n-N) as mw,
! ('ﬂ“"—"\i) 9
lim sup r7—y <1 + 7.
[0 L) i
e i
' The arbitrariness of 1l allows the inference U (n#N) ~ IVZI (), i.e.
'[ (a) is a fmg. Iloreover (4.9) shows that for all integers kl 28
1 m-“.l ‘k) 2 l’
;
(4.10) }.'I(kl-rkz) < l:fiI(kl) + I‘Z(kl)liI(kz).

But ii(k;) = o[',r:‘I(kl)) as loe and 17(k;) 2 1; thus (4.10) irmlies
6.11) 1 (k) & 2iip (i ()

for all large kl and ‘:;Z . It follows that “I (n) is equivalent to

a mt, i:e. IiI(n) e M®,

D SR ———— = P S

LETA 4.2. Suppose U, < and T € S(IiI), then s e S(9).

" o S . S t
Proof. Since Xl )T, | < e it follows that nI(n)[sn‘ + 0. However

|r

nl = s g - Is,|, n=1, so

53 Gi0) + MQ) * ... + H@-DI(s, ) - Is5]) <=

Ty W

Tf we use the result I.iI(n)Isn[ + 0, a rearrangement of this series

is legitimate and produces the result

Y DR DRe ey

I3 s | <=,

as required. The fact that z(_’m Isnl < o follows, of course, becausc u; < .

i i s agind s,
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and T € S(E";'I).
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= 0. Suppose Uy <
Then s*a e S(J'"II) and Zf: [n] |(_S_*g)n| < o,

Proof. By Lemma 4.2 we have s ¢ S(G). Since Z a, =0,
(4,32) (el = ] G e )a. v F s & -5 T da,
L O B O NS I
= b;x £ b,; = bn7 s Say.
llow
bf| < ) Ly + ;5 a
l nl lsj_%!/ﬂ: (l n_J.Q.ll Irn_J+2| l !')l l
+ (It oy s a_
3 nallnole e D

where the sum cx‘1 is void if n<l.

after a rearrangement,

Let us consider c;1

first; we have,

nZ, MI(H)C;’L 5 jZ}_ IaJI szl {k_;) l‘ (k+3) lr.ﬁ-s‘
S LIl 3 O3 ByGee) G-y G oy 13,
J=4L s=1 kj

when we use (4.10). But

A

s=1 2] i s=1 kzj

B 1.
”I () 1{Zi X
=]

IA

iN

0(1-11(3‘)).

On the cother hand

HG) T T Inl

st Mt DS AN AL o MBI s e Sl S i

wLem
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i i L LG -8 Cets) |y, | < ) {% M(-s) R () |, |
3 s=1 k2j h AtS kz2j+1 s=1 1 £
{ =M(3) ] M(K)|r|,
: L i
J = 0(14(3)] , also.
Thus Z'; Hp(n)c) < «, and we must next consider
) M= T fa .| {5 % M) |r_. |}.
| n=1 k & izl I pe1 s=1 . BES
However, for j=22,
| P bwei el Swinie 1 o)
M) |r = { V(s | + { Mo(s)}Hr
it T e e e T
o
5 3 ngz My () |z, |
| = 0(3).
§
£
A slightly simpler argument will dispose of the case j=1 and show
E | 00 o 00
i therefore, since Zl j}a_j] < ®, that 21 Mp(n)cl < . Thus Zl M) [bl] < .
" Next we consider
| T T B R
1 kel et T T Tl b TR ey ]
s Dg@lal T qs, 0+ I fa] 1
I J T<ns<j s j=1 J j<n<2j
| {HI(H-j) * I'E(n-j)l‘-'ll(j)}lsn_jl,
! @ [>] 0 (oo 1
< D@ lal I Ispl + T lagligG) § sy, |
j=1 1 . P - je1 3 I 1 I k 4

and the convergence of chb Hp(n) [bi| follows fram hypothesis.
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Finally we deal with b,'. Ve observe that, since ) |jaj| < o,

Zj>%nA|aj| = o(n'l) as nre, Thus all we need to show is that
ZT n°1HI(n)|snI <, But n'lmI(n) < 1i(n), so our desired conclusion
follows from the fact that s e S(14). Thus we have shown
Z? MI(n)I(gfg)n] < », Since Hl(n) 2 n, it follows that ZT n|(§f§)n| < »,
An argument such a5 we have just given, but on the left instead of the
right tail of the relevant sequences, and with L&(n) replaced by |n|,
will obviously conclude the proof. 'ith possible future applications of
this lemma in iind we draw attention to the fact that its proof does not

use the monotonicity of Ey o

LEVA 4.4, Let 2 be such that Jwa =0 and Jow |na | <. et X(T,)
represent either V(Tz)J VO(TZ), or w(TZ). Suppose Hy < @, Then, if both
a and Y belong to X(TZ) n S(GI), it follows that s*a e X(Tz) n S(GI)

also. In case X(Tz) = WU(T,) it follows that T(x) must be unbounded, and

g 400 5 uz-ul
<s¥%a>.. = <r>. o+
s*a>, e ) ja; [ 7

—_— - i~ .

<a> '
2 2 - } .

2

Proof. Lemma 4.3 assures us that s*a e S(GI). e shall prove the case
X(Tz) = w(TZ) of the present lemma; the other cases (excepi for one point
noted later) are nroved very similarly, indeed, more straightforwardly.
From (4.12) we see that
et datm) A

419 T = 3 (L rtwey [, (-7, g1}

v a {% L0 s 1}

jar -Ilge Tplaks) 20" nes g

If we take formal limits in (4.13) we sez that, since Tz(n) is a fmg,

S S —

i i

-
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e TR e
o0
= <o Z Jja .

-owever, we must justify this liniting procecure by showing the convergence
to Ue suitably dominated. Evidently we rmay assure T, (n) r, to be bounded,
all n2J. Thus the tems on the right of (4.13) are dominated by the

corresponding terms of

el
fa

] Gs)F e § Gla

o= j21 Jl)

I fagld
=1

D

voth of these series are convergent, by hypothesis.
Next we note that

o
L b ghBl s i
(4.15) Az(njbn = iggr TS {iz(n‘J)aﬂ_j}sj

Since T,(1) ~ T,(n-j) and Tz(mj)a“ 3 *<a>y as mww, for j fixed,
=7 =3 8§ Sl A=

we have frou (4.15) in a formal way that

= in

Lok 2
Tz(n.)bg > <?‘>Tz Z S. = <ad., {u 4-——]

~0d

To justify this taking of linmits we observe taat T, (n)al,1 rust be bounded,
so the tems in the sun on the right of (4.15) are cdominated by some fixed

rultiple of terms in

,Z G(j)lsji .
j<m '

Since s e S(6G), by Leara 4.2, the donination is established.

"

Suppose T(n) is unbounded. One can ouickly show that e O(I/nT(n))

and that J a; = o(1/nT(3n)). Thus T,(m)bl' = 0(1/T(n)) + 0. This
54 2V

e st i b i = . S
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completes the proof when T(n) + », On the other hand, if « = lim T(x) < =,
Ao

we see )

<£>T 3! <'_1_ )'f

2 1 2

Sp ™ | e
n+l j §

But this result contradicts the fact tha= Y; lsnl < w, consequent upon

the finiteness of Uy - Thus when X(TZ)

t

w(Tz) the tail function T(x)
must be unbounded. However, it is possible to encoumter a bounded T(x)

in dealing with the alternative hypotheses. Consider the case X(T,) = Vo(Ty).
In this one can easily prove that S ™ o(1/n) and that Z j>im aj = o(1/n).
Thus n’T(n)b)' > 0, as desired. The case %(T,) = V(T,) can be treated
equally simply.

pefine a(® = 5-r and, for k= 1,2,..., define

(4.16) ) - s*K - gallay - i*g(k-l) :

Then ;O"") ) = {g(e)}k{l-i(e)} and it is easy to compute that

o0 s, ALY
aé"‘) = E(KJ (0) = 0
=-o

and, if X = (uyug)/(2uy),

3 > s o - e
) ma(? = -iar) - i @ i@ = A

i

It will also be apparent that repestitive use of Lerma 4.3 with 4= I

shows that
+0

¥ |nar(1‘<)| < », for every k.

r;.-oo
Thus we can deduce from tiat same lemma that, when My < @, if T« S(MI)
then g(k) ¢ 8§y for every k. Similarly r e S(G;) implies a

for every

R TN
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T

e can now make repetitive use of Lerma 4.4 to infer that if
T e X(TZ) n S(GI) then g(k) € X(Tz) n S(GI). In particular, if T e w(Tz),
a routine calculation will yield the result <gz‘(k)>T = -(1'.+1))\k<£>T . Thus
we have : 4
LEGA 4.5. Assurme Uy <% and define the sequences g._(k) as in (4.186).
Then if T e SQi) it follows that at®) e SGI) for every k =1,2,... .
On the other hand, if T e X(TZ) n S(GI), where X <8 either VY, or Yo »
or U, them it follows that g_(k) € X(Tz) n S(GI) for every k =1,2,... .

In the case when T ¢ (.'J(TZ),

“Uqy K
<a (X) >T = - (k+1) -._,2,_.—_.] <£>T J
2 el | 2

Proof of Theorem 1.2. If r e S(I‘II) then by an argument now familiar,

{i(e)}'l € SAC.iI). But Lemma 4.5 shows that ;—:_1_(1) (6) = s{e){l - r(6)}

S (IviI). Thus Lerma 2.1 assures us that

e s S —————————

s(0){1-2(6)} -

’ Ulz(e)

E also belongs to SA(MI), where g = {gn}. If we use (4.7) we find
| {1-1(0)}*

I W M ]
uyr(6) ;
1 and so, since :2(6) = 1/{u1£(6)}, ]
‘ % g B 16,7
¥RO) = et s (1-e7)g(e).

3 . &g =1 so we can infer
| But M Thel? *
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(4.17) %-un_l-—u-l—*-a—]?f-gn-gn_l.

We note that g ~ 0 as |n| + =, since g e SGl). Let n be any
non-negative integer, and sum (4.17) with respect to n from -» to m.

(a) If p1>0, SO un—>0 as n > -o,

(4.12) w - sl r =g , mz0.

1 1
(4.19) -t o g R B
% ul ]Jl goo n Ti
The theoren follows at once, since s =1 - }:’w Tas

Proof of Theorem 1.3. If re S(GI) then: the previous proof shows

g€ S(GI), which establishes that 8= 0 as |n| » «, and allows the
derivation of the alternative equations (4.13) when up > 0 and (4.19)
when yp < 0. From Theorem 3.1 we see that 1/£(6) belongs to

X(TZ) n S(GI). From Lemma 4.1 we sce that ;_(e)fl - _1:1(6)} € X(Tz) n S(GI).
Thus by Lerma 2.4 we can infer that g e X(’I‘Z) as required. This proves

the theorem except for the evaluation of the limit if r e ¢(T,). Since

Xt: ar(ll) = 0 it follows from Lerra 2.4 that

400
o ealdl
oMy, megtUse T,
2 Tz poed TZ e n

where we use the fact that v(6) = 1/{u1£(9)}, But Z: Vo ™ uil , SO

the limit is as claimed because Lemmia 4.5 shows

~
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Proof of Theorem 1.4. By Lemma 4.5, under the conditions of the present

theorem, we have that {s(8)}X(1 - r(6)} e SCi). Thus, if we define

A {s@¥-ze))
(4.20) 2(0) = 4
111}'_(6)

then an argument similar to that in the proof of Theorem 1.2 will show

g(9) SQ@i). But, since ;(9) = {1 - i(e)}/{l - ele}, we can obtain
from (4.20) the result

2
{r(6)} A
v(e) - 3+ 3— r(6) - ——-——r( ) 1-¢*%%:(e).
Hy By 51

The substitution r(0) =1 - (1-016)5(6) then shows

; 1-e%s)  a-e1%500)1 Sk
Ba) s s = 1-e%%(0),
111 111 Ul =2

from which it follows that

8
" e e i b 22 _ 5oal x2
(4.21) Oy~ Mg e T(Sn 8. 1) i (s 2., g4 8 2)
1 1 1
=8, -2, 1%8. ;-
Let us write An =1 for n=0
=0 for n<

Then if we sum (4.21) with respect to n from -» to n, and use the

fact that g + 0 as |n| + », we obtain:

(a) If u1>0, S0 un->0 as n -+ -o,

-1)
(4.21) %—.—H‘;—_—‘T_‘-.—'_._ln._l =gm-gm_1.

If we let p 20 and sum (4.21) with respect to m from -» to p

we see that P 4, = U, must be finite and that

5 B SR s s A LTRSS e o s S et

e e

sxy s [Reh S
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) (1 Ll
(4.22) Up iy uy 4, Sn ™ sp gp i

Since Zf: 5. (uz-ul)/(zul), we can rewrite (4.22) in the form

U-(P"'l)-(uz 1}+§__Z‘ s -1 ga? .
{2 ZU:% Wpil B W P Fp

which is the result announced in the theoran.

() If u < 0, so o 1/|u1| as 0+ -», we obtain by summing

(4.21) the result

22__al
By (Sm Sm-})

l = - ¥
(4.23) WO R T B By
It follows that
p oy
E = (u = ]
e By

is convergent, and this part of the theoren follows on summing (4.23)

in the same way as was done in the case uy > 0.

Proof of Theorem 1.5. The arguments required should be obvious at this

stage. The only point needing corment is the evaluation of g7 -
2
But this can be done on lines similar to those followed in the proof

of Theorem 1.3. We find in the present context that

4+
~(2)
g7 <a >TZ gm v

2

4 2 <>
_3{“2 e T
Zul TR

A

which agrees with the result claimed in the enunciation.




5 il e T S g 7 A A St i
aan RSP I iy P AN AT A i G SR v o A B L NNV s st bl b o RPN A i 5V 2 i Yl v ” k
e B A i B £ NS W w0 g B YOS A A A (g 2 doTa s e

i S Bk M0 o 2 e

74
85 PROOF OF THEORE)S E'IHE:‘LCGE!DITIC;\'S ARE CN
; From a given mmf [M(n) we construct MI (n) and 1-’!11(n); we note
‘, that’ n 4 My (), nz-{ Mrp(@, M)A nify (n) < nzf'«?(n). Suppose we
are given that
1: @
1 (5.1) ] i@, <,
(vhich inplies J7 n’f <« ). Then it follows that i (n)r, > 0
as m and we can replace fn by (rq_1 - rn) and legitimately rearrange
% (5.1) to produce
(5.2) ; {(n+1)l'4n(n+1) - i M} < .
But the expression in braces equals nI'lI(n) + I'~§II(n+1) -{ nIGI (n). Thus
(5.2) is equivalent to
(5.3) % mig(mr, < e,
" { This implies nE-.’I (n)sYl + 0 as m, and a similar manoeuvre produces
| the result
{
(5.4) ;El: nlvl(n)sn < o,
In particular (5.3) irplies that Te S(MH) and (5.4) implies S € S(MI).
'- Let ;‘;n = uil for n20, Q'.rn =0 for n<0. Then when EI)(I3 <o it
4

follows from Theorem 1.2 that, when up > 0,

MR o CRLYL i s a e e i

2 ~ n

5 ’ - A - —
(.). 5) I I un wn < o,

-0 u]_

P 4o
But when the third absolute moment is finite, J n|s | <=, so (5.5)

R +oo ~ " : :
E ] implies the weaker result Z_m nlun-wn| < », Thus the Fourier series

i.

We write, e.g., an{ b, to mean ap = 0(b,) as noe,
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+o  ind ~ ;
X_m e (un-wn) = ¢(8), say, is absolutely convergent, as is the series

obtzined by term by term differentiation. To lessen confusion we shall
deal solely with the case up > 0; the case My < 0 can be treated

similarly. It is fairly easy to deduce from (4.4) that

3(8) = Al 3 : 10, °?
1-£(0)  wy(-e™)
and hence that
£1(0) g
(5.6) 6" (0) = = -

COr@  wa-e

A fair amount of routine calculation based on (5.6) will yield the

equation
(5.7) 'iu1¢’(9) T Xl(e) + Xz(e) & Xs(e)»
where % e
'%5(0)+ir' (0)
X4 (8) =
1 (1_916)

x,(0) =i S5 S(OI01 - x(®)1,

%P0y i @1 (o)
£®) HO¥

(5.3) Xs(e) i

Proof of Theorem 1.6. If (5.1) holds, in view of wiiat has been proved,

it is routine to show that ¥(8) ¢ S (i;y). The oné point calling for
covent is the term involving _;_'_ (6). However i‘ (e)é(l) ®) = [_si(e)]zé(e),
say, where ul_tz(e) = ipleiei(e) - _lf\_’ (8). It is easy to verify that

b e SCipy) and that J'o b = 0. Thus we can infer fron Lemma 4.3 that
[5(0)1%b(0) ¢ S (i), as desired.

A straightforward calculation based on (5.8) shows that

o0 ine |
(5.9) x,0) = [ e ms). %

-0 !
i
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Thus the real difficulty rests in the interpretation of X7 (6). If we

+oo
- oi8 We can

set s(e)[l - r(GJ] = C(G) say, then X, (8) = n

deduce from Lemma 4.3 that g(e) € s(.'xu), but this is an inadequate

result for the present theorem. Set

=5 e S (e . =5 )r.
B ) Jgﬂl 3 ng/zn n-j  °n

SRRt

s Say.

Since Zl j lr | <o it follows that ]nzld (n)c(l)l-{ Hpm)|s,|.
Thus Zl n..H(n)c( ) < o,
Next we notice that

2) _
c SCAY. ShT Sraoy
n n n jgl 3

But ZT jlsjl < ®, 50 lc}gz) o n-]‘rn and we find

o0 2
Zl m‘II(n)icrs ) Ar_| < o,

Ve set

CTEB) = ( ~ B )T

e .
lSjSI/m n-j n

.

, say.

Routine manoeuvres then show

: (31) j
.Z_ n g () c - % 15_%51 1| < z

Hdowever, one can show

(5.10) G = 1G5 0G-5) + it (es) ),

and, in the range of the surmations, we have trivially that k+j < 2(k+s) and




AR b Mmoo

= e B s e 5 S A U S S i 3 1 s sl s s
717
(J-s) < (k+s). Thus to establish the convergence of the last series
we consider
e o
;o (s-1)ii(G-s) (K+°-) + (k+s)iipy (k+s) M, 5
j=1 i c=? k=i 1I k+s
This is convergent because 2:1,=2 (s-1)1i(j-1) = I-'.'H(j) and T e S(MII).
In a similar way we find
2 ntip (1) [c(3?) - 1 Pap oo B .|§ G-sl) T ol e,
II By T g e el U
s Z 3G+ 5 H Z ni(E
J" n=s+l
hich is fint o z+°°2 |< r_{n
which is finite since }__ j |rj ©. However T J. o j T, » SO
Z mr, I ir] <=
i II 3540 j

i 4o S Xt 3
Since }__ Jry = A we camn combine this result with those on CI(I -

and c_lg&) to infer

o " 3
(5.11) »121 nl«:H(n)lcn - rnAI < o,
Finally we set

Cr(;l) - Y o r'")sj ) (rn -r

lsj <35,Il 1=} n

(41) _ .(42) o
Cn Cn y S&Y.

In a familiar way we can show

L @I 5 T lsl T 68+ w00
n=1 i=1
and

n"‘iH (n) fn ;

P 42 b
Z nI\uH(n)lcr(1 )[ < z
n=1 =

s=1 n=s+1

-

s T LY

S hE
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voth of which series are convergent.

Thus we have proved that
[eo]
g ; - |
(5.12) ) nf @) |e, + Ar| < .
n=1
fiowever, we mow that
uln(un - wn) =ns,+nc +g , say,

where g(0) = xs(e) anc so g e S(ﬁII). Thus

~ ..1
(= 1% 1) iy o = + 7 P S
{5.13) ul(An i) - sy + 2Arg (cn Arn) n°g
In view of (5.12) we have therefore proved:
© S ZAT
o =1 n n
i - ol e T e
“-Zl e J.I(n)]un Hq ™ ™ I bt

and, on noting that 2\ = (u, - “l)/ul , this ccmpletes the proof of

Theoren 1.6,

Proof of Theoren 1.7. Given a tail function T(x) with gauge function
&

G(x), define T(x) for all x

> 0 by the equation

(5.14) 1o oy J oy
T(x) Xy T(y)

Then it is fairly easy to show that f(x) > T(x), that ?(x) is non-

"“Jl

; ’ X : A -=1 =~ 3 --1
decreasing, and, by using the rciation ~x/+l) T(yt)i = ~ ly'T(y) ]
as y»», one can even infer that T(x) is a fmg. Thus T(x) is a

tail function. loreover, let us fix r21 and take x = 2r. Then

_dy r { ¥ 33 T ) _dy
fz ryT(y) 7 10" ﬂ} T
< 8G(r) ff-fféi—-.

S SN

ST

AR TR TR TPl

ey e

T,

T AT A

g
k
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ﬁ Thus we can infer that

?- sup :ii&l— < 26(r)

3 x22r T(x-1)

and so, if a(x) is a minimal gauge function for T(x), then 'G(x)-{ G(x).

" Consequently, for example, S(&I) S S(T:I).

7- In what follows we shall write ?2 for what should strictly be T’i")z £

" i.e. we intend Tz(x) ~ XZT(X) as oo,

,?1 Let us concentrate first on the proof of Part (c) of the theorem.

In this case, as mw,

ax . o
(5.15) r o~ Lr e S
- e ) = be(x) ZuInQ(n)
Thus r e b}(T,) and I = ¢/ (Zul). Let us rewrite (5.8), setting
‘e o’ 7

? g(8) = xz(e), as follows:

| e ir' (0)[1+2r(e) 32 (e)
‘x g(®) = gM ) «+

A,
fx(8)]

| 10 + ;P o), say.

Mote that under the present hypotheses, Z? nﬁII(n) P
o0 ~ ~ . .
21 Gr@ x|, f; G;()|s, | are all convergent. Familiar arguments
will then show &(1) e W (T,) nS (GII)‘

However,

<D ey = Lo)s(e)r (9){1 - £(8)}], say,

where 2(0) e U (TZ) ns (?jII)* also.

Let us temporarily set

r'(©@){1 - 1(6)} = in(0), say.

|
|
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+00 - e
Then hn = or. E_m rn-j Jrj . Dy arguments similar to those employed

in earlier vproofs we can establish the following.

LEQA 5.1. Under the hypotheses of Theorem 1.7, h ¢ S(GII) and: (a)
fe V(TS) implies h e V(Tz); (bl £ e VO(TB) implies h e VO(TZ);
(c) £ e (‘}(TS) implies h e WCTZ) and

A
dp. = - B
g

Since J o h =0 weceniet h play the role of a in Lerma
4.4.

First suppose T(n) = o("f(n)] as mno, Then U}(’?"Z) = 'JO(TZ), implying
that g(l) and £ both belong to VO(TZ). Furthermore <r>;  must be

2
zero, and Lemma 4.4 tells us that 5%h € ZV(T7} and

h A< o\
<S&nN> = <h> = - Al
LA M

Thus, if ve note that (%) (6) = i2(8)3(0)A(0), ve hawve g@ e w(T,).
But :!’:_(O) = 3i, so we can deduce
2 = c
<3_( )>T2 = -g<§xh>T2 == ¢/ul .

Thus g e W(Tz) and

2
-7\
(5.16) <_&>T2 = T .

Next suppose T(n) ~ p’?(n), where p=0. This will happen if and
only if T(x) 1is a function of regular variation. From (5.15) we have
T e w('rz) and <£>TZ = p¢/(2u1). Thus we see easily that g(l) € W(TZ);
and a straightforward computation gives <ﬁ(l)>T2 = -3>\‘7‘p¢/ (Zul). One

can also obtain, as f¢r the case when T(n) = o(T(n)) , the result

e Ty Y D S




81

<gF2)>T = ‘3X2¢/u1 . Thus we find in this case:
2

_ nlame)e

€5.17) <o>
2 *1

<7

Hotice that setting p=0 in (5.14) gives a result agreeing with (5.16).
ilext we must discuss xz(e). In the proof of Theorem 1.6 we intro-
: B & e ks e S RS 1) S - S
duced c(8) = s(8){1 - r(8)], and expressed G = G Ch Cy Cr s |
We treat sach of these four terms separately. 3

Because le!Sfj < it follows that s = o(n'z) and Zw S. = o(n'l).

n-j

R T P AT

Also, since ?Z(n)rn > ¢/(2u1) it follows tnat 'Tl(n)sn is bounded as
o, Thus, remembering T(n) 2 T(n), it is easy to show both cél)

and céz) - xrn are o(l/TS(n)), as me. Ve content ourselves with
merely giving exammles of how to deal with the remaining terms. Consider 1

céSl) » we find

u (c(31) -1 R ) { % (s-1)f }r
1*h T jey< i j<tn \s=2 ety

Thus, in a formal way, we infer that as mx
5 b 7

31 . 0 j
(5.182) U1T3(HJ(C£ 45 E, lsjé%n Jrj) + ¢ 21 {Z% (s-l)}rj 1

= 1 T
Iy 3G-Dr;

The justification of this formal taking of the limit can be seen

as follows. Since we may suppose TB(n)fn to be bounded,
] 3 J Tz(n) :
W 1 6D s L 60} {0 95.)
j
{ I (s-1)6(-s) = G;;(3)-
s=72

But, under the hypotheses of the theorem, Zi GII(j)'ri' < »; thus the
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thus the convergence is suitably dominated. However, since Z: jrj = 0o(1/n)

s e s VSN o

implies T, 2j>%n jry = 0(1/T3(n)), we may deduce from (5.18) the result
w 1 " 00, o
(5.19) ulTs(n)(cr(l3 B T 2? Jrj) > 156 21 J(J-l)rj .

One can also show

(5.20) uTa@ (2 - ¢ 1t iTs) + ' e iG-Dry

and justify the convergence adduced by the fact that Z:i jzlrjl < e,

. 2 . +o . .
t is possible to show 3y, i 3(3~1)rj = Mz - 3u, + 2u; and so,

combining (5.19) and (5.20), infer

-

2 d(uz-3uy+21,)
(5.21) T3(R)LC£J) ERE B M

, 85 N,

Z
6u1

Similarly one can show

¢(U3'3u2+2ﬂ1)

Ts(n)c£4) >

y , s T,
6u1
and on combining this result with (5.21) and the earlier comments on
cgl) and céz) we see that
% ¥ £ ¢ (ug-3uy+2u4)
A (5.22) To()ic, + Zkrn] - > , @5 Mo,

3“1

At this peint we deduce from (5.13) the equation
- re -1 "1 ~
uTs(m) (o, - v, - ullsn + 2upar) = Tsm) (e, + 2hry) + Ty(n)g -

Part (c) of the theorem now follows from (5.16) and (5.22). The
proof of Parts (a) and (b) rely on the facts that V(T) c V(T) and that
VO(T) ¢ Vy(T), and are simpler than that of Part (a) although they rus
on similar lines; we shall therefore omit these parts of the complete

proof of t'ie theoren.

BN i it e i e e |
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PROOF OF THEORE! 1.3. The differentiation of r(8) is justified if

M, <. Thus an integration by parts based on (4.4) yields

‘ :
3 w inol[ir' (©) '
(5.23) v, = %-ff o 0 ———r .
- {r{e)]

3 & S 5 «2 ;
Let us, temporarily, set g(6) = ir' (6)/{x(8)1° . Evidently,

ir'(6) [1-1(8) 1[142(8) ]

(5.24) g(6) = ir' (o) +

[r(0)1°

= 2oy + @0, say.

“e have, for Lemma 5.1, defined ih(9) = r'(9)(1 - r(0)] and can prove

by methods armly delineated:

Lemma 5.2. If T(x) + =, Uy < @, and ZTJ GI(j)fj <o, then he S(GI)

and: (a) f e V(Tz) implies h e U(Tl);

; bl f e UO(TZ) implies h ¢ VQ-(Tl)J
i (c) £eU(T,) dmplies heti(T;) and
P
<hop = - — <>,

Thus, if we concentrate on.the rost awkward case, to prove: £ e w(T,)
2 = 270

we see in a familiar way that 5(2) € w(Tl) and

; gD Bl L
E | <g Tl ™ <_ji>Tz Y5 Say.

Thus from (5.23) and (5.24) we conclude

; ' (- u ) + L e xlini ’
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Y
- + o—~ ~
U-1 Hy ul‘ﬂIlini

Hence, when up > 0, by swmation we have

Tae remainder of the proof follows familiar lines.

"ROOF OF THEORE! 1.9. From (4.4) we have

+TT . h
] =ings df
W% = 7?'f_ne R(ele)

1 cz
2m1 Ti+] 2

+
z" lR(z)

fihore the contour for the latter integral is the circle |z| =
It is easy to see that R(z) must be analytic in 1 < |z < p-l and
continuous and bounded in 1 < |z] s p-l . Thus routine change of

contours coupled with bowided convergence gives

e K 1 5 o I+W éflnede
; i o S
e T R
- ini % +c0 -n
However R(p lele) = Zt: 0 nr_qeﬂle and we have }__ |p |6 <=

i . - -
and p r.n T(m) ¢ as mee., Thus we can infer (since R(z) is

assumed not to vanish on |z| = p " ):

K n
WV, - L : S - : P A
e gQ*ln‘(cs) YT R ]
Thus
= 59 1 5 1 = pn
Yl Yt ur

M1 s=1 cn *F'(C )

Ul T(n) L“(p )]




. bl B o500 SRdasts o ol i o 3 PO eI B U5 RPN,
oot S o 5 g el e i 0 D T A i i R i R e SRR e
i SRS LA 30, i SR e i S R e R

ot e

85

bissiasi e Meoses %2

Herice, when Hy > 0 for example,

. e G0k e
. TN e PRy wIRGe DI el fTG)
How

© © r oL \)
+\) (ﬂ)

. T(m) ] 1—~— L
; | r=n+l r~ "T(r) r=1 (n+r) T(n+r)
3 5 i
| + 1 9, as pw,
4 r=1

by bounded convergence. Thus the theorem is proved.
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