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3 described as a marked voint process, consisting of the point process of

(semarated) exceedances of a level together with marks associated with the
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g POints, a narx being the nomalized samwle path of X(t) around an exceedance.

{ It is uroved that this maried point vrocess converses in distribution as the

level increases to infinity. The limiting aistribution is that of a Poisson
orocess with independent marls wiich nave randon heights but otherwise are
deterministic. As a byrroduct of tie nroof for the continuous-tire case, a

result on saple patn continuity of stable srocesses is ovtained.
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1. TITRODUCTION

A distribution is stable (y,a,B) if it has the characteristic function
(1.1) 6(u) = exp{-y*|u{®(1 - igh(u,0)u/|ul)},

with O<y, 0<as2, |B|sl1 and with h(u,a) = tan(ma/2) for a#l, h(u,l) =

a1

log|u|. Here y is a scale parameter, o is the index, and B is

the symmetry parameter cf the stable distribution. If g=0, then the
distribution is symmetric, while the distribution is said to be completely
asymmetric if |B|=1 and a<2. A stochastic process {X(t); teT} is stable
with index a 1if for n=1,2,... and for arbitrary real numbers yseeesdy
and tl""‘tn e T, the random variable alx(t1)+...+anX(tn) is stable with
index o. In particular, aé can be seen from (1.1), a collection of indepen-
dent stable random variables with index o is a stable process.

In this paper, further use of the linear structure is made by restricting
attention to the subclass consisting of moving averages, i.e. to stationary
processes of the form X(t) = ] a(A-t)Z(A), where {Z(A)};;_°° is an
independent, stationary stabloxsequence, or of the form X(t) = fa(A-t)dZ())-
where {Z()\); -«<A<w} has independent, stationary stable increments. If
a=2 the process is normal, and it can be represented as a moving average iff
its spectral distribution is absolutely continuous. Presently no simple
characterization of the class of moving averages of stable processes is
inown for o<2. Of course normal processes are extensively analyzed but,

partly because of the cormon linear structure, also stable processes with

a<Z constitute a class of probability models that is amenable to analysis.




e

The subject of the present study .is the asymptotic distribution of
extremes of moving averages of stable processes with o<2. As can be seen
from e.g. Leadvetter et al. (1976), a suitable framework for dealing with
extremes of stationary processes is the theory of point processes as given
in e.g. Xallenberg (1975) used to stucdy the process of exceedances of a
high level. Here we will go one stev further and adjoin a mark to each
point in the process of exceecdances; the mark being the entire sample path
of the process, normalized and centered at (a2 point close to) the upcrossing.
The main results are that both when X(t) has discrete parameter (or
"time") and when X(t) has continuous parameter, the marled point process
converges in distribution. The limiting distribution is that of a Poisson
process (possibly with multiple points) with independent marks that are
distributed as a(-t) multinlied by a certain random variable.

One of the main differences between the norrmal distribution (stable
with a=2 ) and stable distributions with o<2 is that the tails of the
latter decrease much slower. This leads to a radically different behavior
of gxtremes. For the normal distribution the tails are of the order
e'xa/ 2/x, while for stable distributions with o<2 the tails decrease as
x ¥ . This affects extrenes of moving averages in two different ways. To
fix ideas, consider e.g. maxima of & process X(t) = Za(k-t)Z(A) with
discrete parameter. First, extremes increase rmch slover when o=2 than
when oa<Z, viz. as (log n)% compared with nl/ e Secondly, when the
indevendent sequence {Z(A)} is normal, many of the Z()\)'s, O0s<is<n, will
be almost as large as the largest one, and X(t) will be large when many

rather large Z(\)’s are added. This entails that the limiting distribution
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of e lgiﬁn X(t) only depends on Za(A)z and that it is the same as if
{X(t)} were—an independent sequence with the same marginal distributions.
. On the other hand, when o<2 the maximm of Z(A) will be imch larger
than the typical values, and X(t) will be large when one very large
Z(A) is mltiplied by a large a()). In tais case the limiting distribution
of B, depends on max a()) and on min a(lA) and is in general not
=00 ) <o <\ <o
the sane as if Y(t) were an independent sequence with the same marginals.

In an earlier paper (Rootzén (1974)), the limiting distribution of
maxina of moving averages of syrmetric stable sequences with a<Z was
obtained, but apart from that there do not seem to be any results published
on extremes of statinnary stable processes with o<2.

The nlan of this paper is as follows. Section 2 deals with convergence
in distribution of marked point processes. In Section 3 rather complete
asymptotic results on extrenes of noving averages of stable sequences are
obtained. Section 4 contains preliminaries concerning moving averages of
continuous parameter stable processes. In particular some conditions that
ensure sample path continuity are found, which may be of indepencdent
interest. Finally, in Section 5 results for continuous parameter processes

corresponding to those of Section 3 are established for a=xl, under some

restrictions on a(l).

2. COMYERGENCE Iif DISTRIBUTIC!! OF (ARKED PCI:T_PROCESSES

—_———

We are interested in the times Ost1<t2<... of occurrence of extreme

values of a stochastic process {X(t)} and in the behavior of the sample




paths of {X(t)} near the ti’s, and will describe them as a marked point

process. In this section we introduce some notation and develop techniques
needed in the remaining sections to prove convergence in distribution of marked
point processes. Unfortunately the notation is somewhat cumbersome, but

nevertheless we think it is well warranted, considering the completeness

TR

of results it makes possible.

Write N for the space of integer-valued and locally finite Borel

e 53

measures on R and define a metric on N in the following way: Let

-

F = {§);.

with compact support} such that any f e C. can be uniformly approximated

+ + :
1 be a sequence of functions in C. = {£: R = R; f is continuous

- : . -i
by functions in F. For p,v € N put pQusv) = Z?=1 2 "p;(u,v), vhere

p; (V) = min(3, IIfidu-ffidv]). Then p is a metric on N that generates

| the topology of vague convergence ( uneN converges vaguely to wpeN if
1 ? ffdun + [fdy for all feCC ); see e.g. Bauer (1972), p. 241. A point
| : process in R* is defined to be a {Borel neasurable) random variable with
values in (N,p). As soon as we have (Borel reasurable) random variables
in a metric space we ray of course consider convergence in distribution,

using the theory of convergence in distribution in metric spaces as given

AR

in e.g. Billingsley (1968). For further information on convergence in

distribution of point processes see [6]. le regard the times Ostf<tz<... f

e
Ea ]

of occurrence of extremes of {X(t)} as a pecint process N by putting

H(B) = #{t,eB} for any Borel set B c Rl

With each of the ti’s we associate a mark Yi , where Yi is the

entire sample path of {X(t)}, normalized and centered to show the behavior

’ close to t; . If {X(t)} is a discrete parameter process, Y; isa

T BT T R A TR e N
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random variable in a space R = {(...x_I,XO,Xl,---)i x;€R, i=0,4%, .0},

We consider R as a metric space witi the metric 6(x,y) = Xz=_m2'|i|61(x,y)
that generates the product topology. where Gi(x,y) = nin(1/3, lxi—yil). If
X(t) has continuous parameter we will irmose conditions that make Yi a
random variable in D(-w,o), the space of functions on (-»,») which are
right continuous and have lefthand limits. On D(-»,») we use (a slight
modification of) the metric given by Lindvall (1973). GSince there is no
risk of confusion we will use the same notation as for the metric on -
Thus for X,y € D(-»,») we let 6&(z,y) = Z?=_w Gi(x,y) where Gi(x,y) =
min(1/3, h(cix,ciy)) and h(cixﬁciy) is the quantity given on p. 113-115
of Lindvall's paper, modified to D{-»,0) instead of D(0,») in the way
proposed on p. 121.

The narked point process is the vector n = (N,Yl,YZ,...) with values
in S = NXR XX x... (or in S = NxD(-w,®)xD(-e;m)x... ) which we again

\ v ; . -i
consider as a metric space given 2 product metric d(x,y) = 2?=0 2 di(x,y),

]

where for = (v,xl,xz,...) end y = (vgyl,yz,...) we put da(xgy) = p(v,u)
and di(x,y) = 6(xi,yi)i i2l. OQur aim is to prcve convergence in distribu-
tion of marked point processes, and to this end we need the following simple

criterions; which we state as lermas for easy reference.

LEiA 2.1.0 Let nn = (.Y, Ye00) and = (N,¥y,Y,,...) be random

Y Y . are

variables in the product space (S,d). Suppose that 012

Nn,

- The results of this section are formulated in terms of a discrete parameter,
n, which tends to infinity. They of course remain valid if the parameter
tends to infinite in a continuous namner, and they will be used accordingly
in Section 5.
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independent for each n and that N,Yl,Yz, ... are independent. Then

n 51* n if (and only if) ﬂn Q_, N and Yni é—» Yi . A1,

PROOF. Since S is a product of separable spaces this follows as on p. 21

of [3]. 0

LE#A 2.2, Let n (J_’_:,YPI,Y;IZ,...), nzl, k21, be random variables in
(5,d). Suppose that for k21, £ N as me and that nX 4, n as
nn

ko,  Summose further that
1
.1 lim 1im sup P(d;(n ,n )>€) = 0, Ve>0, i=0,1,... .
) 1mlin swp B, y)ee)
Then nn&F n as e,

PROOF. For given €>0 choose i to make 2t < e/2 and thus
Z}Lm Z-de (nf:,nn) < /2. Then
4 i 1
p(d(nﬁ,nn)n) < jzo P{di(ng,nn) > e/(z(i+1))]

and by (2.1) we thus have

lim lin sup P(d (n L)) = 0, Ve>0,

(—)oo n-»>co

which by Theorem 4.2 of [3] proves the lema. 0

For 121, 4 i(”é’“n) <S(Ym Ym) and repeating the above argpument

once more we see that (2.1) holds for i=1 if

(2.2) lim lin sup P(6, (Y
Koo o

J *11 m)>e)-0 Ver0, j=21.

In the discrete-parameter case (2.2) is easy to check, but when the parameter




is continuous further simplification is needed.

LEITAA 2.3. Suppose that for each i21 there are random variables {eﬁ}

with 1im lin sup P(|eX[>x) = 0, Vx>0, and such that
ks oo n

(2.3) 11m lim sup P sup lYnl(t) Y (r+; [>x) = 0, Vx>0, 250,
I ) -gst<q,

| and that furthermore lim lin sup P{ sup IY_;(£)[>4) = 0, V&>0. Then
\" o 1o -2<t<R
| (2.2) holds and thus (2.1), for ixl.

PROOF. Using the time transformation A(t) = {l-e-e-e'e/t} it is seen
1 that 6j (y,z) < sup {ly(®)-z(t+e) [+e|y(t)|} + € if 0s<e<l, and the

-j-2st<j+2
lsmma follows. 0

It is also possible to give a simpler condition for

- lim lin sup P(d >
| mur:_nsum ((nnnn)e)

E Koo
{ SL ] K 5 ; 4 o

LO®dA 2.4, Let Ostﬁlstgzs. .. Dbe the atoms (repeated according to their
E | multinlicities) of N:; and similarly let Ostnlstnzs. .. Dbe the atoms of

;~J,1 . Suppose that

]

? (2.4) 11m lin sup P(|el
o

i }"1‘ >e¢) = 0, Ve>0, i=1,2,...

A Shr il g X
and that in addition url; 51—+ I d

as mo and that 1° = 1l as m. Then

(2.1) holds for i=0.

PPOOF. As above, it is enough to prove -
(2.5) = 1lim lin sup P(p (N N )>€) = 0, Ve>0, j=1,2,...
o e

where pj(Nn’Nn) II‘ dh -ff did | with fj ¢ C. . Suppose that the
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support of fj is contained in [0,T]. For &>0 there is a K with
1%
P(1([0,T+1])>K) > 6 and thus linm sup Pr([0,71)>K) < § and
(=00

lim sup lim sup P(I\IIi(EO,T])>K] >8. Furthermore take a step function
e

koo -
_ pn-1 i) 5 . :

g(t) = Zi=1 a; I(ry<tsty,,), with Ost <...<1_<T that approximates fj

unifornly, with 31:;) |fj (£)-g(t)| < e/(2K). Letting Ost;stys... be the

atoms of N, we assume without loss of cenerality that
(2.6) I"(ti-'rj) =0, j=1,...m, ixl.
On the set {I»Xg([O,T])sK, Nn([O:,'T])sK.} .we have

Iffjdi‘lf{- f £id | < Ifgcmi-fg&lnl + 28/ (2K).

oy
JeTice

, ; k 1 k "
P < lin sup lin sup {P(N ([0,TD>K) + P(N_ ([0,T])>K) +'P(] fgcmn- fgd»{n[>0]}
=00 o
s 26,

since P( (J’gd?d:—fgﬂnho) + 0 by (2.6) and the hypothesis of the lemma.

However, &>0 1is arbitrary, so (2.5) follows. b

. . d
Finally, it should perhaps be stressed that the convergence n, —n

that is to be proved in the following sections only says something about

- e d .
the sanple paths near extremes: ilamely, 0% e Y; where Y ;. Yi are
random variables in (R ,8) if and only if (Yni(-k) A ,Yni(k)) 2,

(Yi(-k),...,Yi(k)) as nxo, for each k21. Similarly, since the limits
of Y ; € D(-»,») which we obtain are continuous, the convergence in

D(-»,») 1is equivalent to convergence in D(-T,T) for each T>0.
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3. EXTREUES I DISCRETE TIiE

Let {Z(AJ};; be a senuence of independent stable (1,a,8) random

00

variables. It is irmediate that ZT; a(A)Z(X) converges in distribution

if and only if
{3.1) ) Ia(l)]u <o apnd in addition, for a=1, R=0,
A= -co
Y a)logla()|] < .

loreover, if (3.1) is satisfied thern, since the Z())’s are independent,
ffm a(A)Z()) converges with probability one also. The limiting distribution
is stable with index o, scale paraueter (Efw la(k)lajl/a and with
syumetry parameter 8 ). {a+CA)a»a'(A)a}/ZT; la(a)|® , where a Q) =
max(0,2(0)) and a " (\) = max(0,-a(r)). Further, if o=1 the distribution
is translated by an amount -B 2L fﬁw a(M)logla(W)|.

Given {a(k)};;_°° satisfying (3.1) a moving average process {K(t)}z;_m_
is obtained by putting X(t) = Zzz_m a(A-t)Z(\). Let x>0 be fixed, take
a sequence {h(n)}:=1 with L()te and h(n)/n » 0 but otherwise arbitrary,

1/

and define the separated exceedances of xn recursively by putting

t.1 = inflth@); x> amd ¢, = inf{tat, ;_1+h(n); X()>xnl/%,

for i22, The reason for using separated erceedances is that we want to

count several exceedances which are ‘a fixed distance apart' as one event

only. At the end of the section, also ordinary exceedances will be considered.
The time-norialized point process I% of separated exceedances is then

1 ) i s ™ -5 2 + 3
defined by 41(n) = #{tni/n,e»J for Joral sets BeR . Further, for a
4

(o) . . . .
b2y the mark Y ., at exceedance no i is defined as

given sequerce {1 ai

ni

B R 5 A Lt S S o B Sl - i Ao IR i S B L Y AL s ot B
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- 1l
Y (t) = X(ter )/mY, te0,11,...

2 =01 = (]} 4
and we then have a marked jpoint process uN (”n"nl’YnZ"")‘
In order to find the liniting distribution of N, it is convenient

to consider completely asymmetric processes first., Let C, = H'lr(a)sin(aHIZ)

i i b el el et s g e A LR o LRl L e Snn e

and put A= max a+(k). Further let Yy have the distribution of the
-0< ) <
vector (...,a(l)z,a(O)z,a(-l)z,...) in ®° , where 7 1is a random

QT L T A Al .

{4 variable with distribution function F(z)
- Then the limiting distribution is that of
' (3.2) (H,YI,YZ,...) where the components are independent,

: : : g ; a_~a
Il is a Poisson process with intensity u = ZCaA X
and where the Yi’s have the distribution given above.

G —oaiiionss L o Ch Bl aSor g min bt ikl o

L1 3.1. Suppose that {"u()\)}c_"o° are independent and stabple (1,a,1),

that {a(\)}", satisfies (3.1) with A= max a(d) > 0, and that
-00< ) <o

i) = Z?w a(A-t)Z()). Then there are time points {Tni; n2l, i21l} with
& S tight for each izl (i.e. 1im lim sup P(|t_.:-T.:|>k)=0, i>1 )
ni ni'n=i T R ni ni

such that if N is the nmarked point process of sermarated exceedances of

©0
n=

.
o < - d : 5 : - s
xn‘/ defined above, then n, — 1N with the distribution of n given

by (3.2).

REVARK. It would seem more natural to center the marks at the tni’s

) instead of at some Ti’S vhich are not explicitly defined in terms of
Z(%), but unfortunately the liniting distribution then becomes much more
complicated. However, using the entire observed structure of the sample
path near extremes it is possible to find the centering. For instance,

if the maximm of {a())} is unique then we may take Ty @S the time

é
|
|
|
|
|
|
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point when {X(t), teLtnl g

validity of this clain is verified at the end of the proof of the lemma.)

+h(n) ]} first assumes its maximum. (The

PROCF. The essential facts we will use are that X is a moving average
and the following simple estimates of the tails of Fae , the stable

(1,a,8) distribution (see Bergstrom (1953)):
- =0 -
(3.3) 1 - Fal(Z) ~ 2c 2 as X
Fq(2) = o(lz] ™™ as z>-m

(where f~g means £ = g(1+o(1)) ) and

(3.9 F (2 + (1-F,5(9) s k2%, 20

Qr\

for some constant ka

Defiae 051'n1<tn2<... as the times when Z(d) > xA - l/a ; put

N;I(B) = #{-rni/neB} for Borel sets BcR' , and let Y' (t) = Zam)/ 1/ =
for t=0 and Y -(t) = 0 for t=0. Further, let r have the distribution
obtained from (3.2) by putting a(0)=A, a(A\)=0, A=0 in the definition

of Yi . The first step is to prove that for (4 (N' ’Ynl’ h2° «..) we have

(3.5) zn-d—rc as now,

Obviously ¢, bhas independent components, so according to Lerma 2.1
it is sufficient to prove that each of the components converges. From
(3.3) we have

P((0) > xA M%) ~ 2c A% %07

which by Theorem 3.2 of Leadbetter (1976) proves that N! -‘-1» N. Furthermore,
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-1
for z 2 xA ",
: P(Y!;(0)sz) = 1 - P(Y};(93>2)
L\ o
; =1 - Pz(0) > n/%|z(0) > n/%a7])
~1 - EX—A-&- 1 = A%
1 and it follows that Yr‘~i (—i» Yi and thus that (3.5) holds.
The next step is to prove that {t_; ’l'nl}_l_ is tight for ix1, i.e.
: (3.6) 11(1'} 1u’*11_’°souo P(lt i nll>k) =il 851,200 s !
Mow, putting Am_ = {]tm n1|>“}’ we have "(Aﬂ .) < P(A;;’i_lAni) + P(An,i-l)’
(defining I\”f‘o = 0 ), and by recursion (3.06) follows if we prove

(3.7) %JQ 1%:£up PR 5.1Ay) = 0, i=1,2,... .

e ———

: ‘j Let N be a positive integer, put B = {rni>ml} and put CTl =
! {z(t)enl/a (x-2¢,x] for some te(0,n¥)}. Taking x/3 > € > 0 we have,

for n such that h(n) > 2k, that ﬂ

Aﬁ,i-l{t-u“m k} {X(tni)ml/a Z(t)<n1/“xA for |t-t |k, tni<hN'k} u B,

e (X(t;)n %, z()an 8 (x-2¢) for [t-t 4]<k,
tnimN-k} ) Bn U Cn

1/

et D be the event that z(t) < -n”/"e(2ktl) = (max a” (1)) 1 for some
A

t e (0,nH), and let En be the event that there are time points t', t"

(0<t',t'"<ny) with jt'-t'| s 2k+1 and 2z(t'),z(t") > nl/ae(2k+1)"1A'1 ‘
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Further introduce Xk(t) = z§:3k+t a(x-t)z(2) and write E ~for the event

that sup{]X(t)-Xk(t)l; 0<t<nN} exceeds nl/a e. Then

{X(tni)>n1/ax, Z(t)snl/QA'l(x-Ze) for |t~tni|sk? t,,<an-k}
1/a

/e, ~1

c {X (t ;)>n" " (x-€), Z(t)=n (x-2€) for |t-t .|<k, t_ ;<ni-k} v F,

Sl v E 0k

where the last inclusion follows from the fact that if D; occurs, if

_ vk e . : 1/a,-1
X (t ;) = ZA=_k a(M)z(x+t ;) > n' " (x-€), and if z(A+t ;) < 0/ CA T (x-2€)
for |A| <k, then for at least two values of )\ with |[A] sk the
sumands a+(A)z(A+tni), which are not larger than Az(A+tni), have to

exceed nl/as(2k+1)'1 . It follows that

(3.3) Aﬁ,i-1{tni<Tni'k}CBnUCnUDnUEnUFn §

le proceed to estimate the probabilities of the events in the right-

hand side of (3.8). From (3.5)

e S e S

P(3,) = P(} (0,M)<i-1) » :Z:; .(.JET‘)_) o il
as n»» and, using Boole's ineguality and (3.3),
P(C,) < nMP (Z(O)enl/ °‘A'1(x-2e,x3)
;.f + Ne2ec, A((x-2¢) ™Y

as me, and similarly

b ‘ P@,) < we{z(o)<n'/ e zen ™ mx a7 00) Y » 0.
‘ A

Again by Boole's inequality and by independence and (3.3) we have
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i P(E) < ([V/(2k+1) I+1)P (L3’ £ Oseist sake?, 2(t)omt Pezeny AL,
: 2(t")>n Y %e(2ie1) a1}
; r 1+1) 72k » 1/a -1,-1y,2
g s (In/ (2k+1) J+1) (2k+1) (4k+3) {P (7 (0)>n™’ %e(2k+1) A" }
1 ~ ([nil/ (21 1) T+1) (2Ke1) (4k#3) {2¢ £ (2ke+2) %% 1Y
A
+ 0
: as me, Finally, X(t)-xk(t) is stable with index o and scale parameter
;4 {E|)\|>kla(7\)|a}1/a so (3.4) gives
1
P(F,) s P (|X(0)-X, (0) |>n/%)
< m-l'kae'a } la() %t
; x>k }
| = ke ™® % la(a) | . |
) IAI>k
;
Hence, by (3.3),

| lim sup PQA* . {t..<t..-k}) <
sid Ah,l 1'"ni 'ni
E | i-1 b L -
| 1 -(}‘1”-)— e M v e A%I((x-26) X% # X i % lag) ¢
] j=0 IAl>k
SC

i-1 i _
im 1i , X - uN -ull dles m sl o0
; - llcm lim sup P(An,i-l{tniqni k}) < j.z_g Lﬂ)_ e + ZcuA“IJ[(x 2e) %-x )
and since €>0 and N are arbitrary (subject to x/3>e>0 ) we get X

lin 1im sup P(A* . .{t_.<t_.-k}) = 0.
ko e 1\1,11 ni ‘ni

Similarly, we can show
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lim 1im sup P( {t_.<t .-k}) =0
A Mp %11 ni ni 4

the main change of the proof being that in the definition of E, we have

to consider t',t" satisfying |t'-t"| < h(n) + 2k (instead of [tr-ti|<k )

and thus have to use h(n)/m0 to prove P(En) + 0, Now (3.7) and thus
(3.6) follows.

To prove the remainder of the theorem, introduce Yﬁi =

( .0 a(k)z('rm),...a(-k)z(tni),o,...), put Nﬁ = N! , and let

| CN Y‘( k s++.). Since the function that maps into k is
"n »Yn1 Yn2: tn "n

; continuous, (3.5) implics that nr; (—i-» n( , vhere nk has the distribution

l that is obtained from (3.2) by putting a(A)=0 for |X|>k. Furthermore
it is immediate from Lerma 2.1 that qi" =Z» n. Thus, by Lerma 2.2, n i» n

follows if we prove that (2.1) holds. The atons of \Ik are T 1/n -5 Z/n,...

and the atoms of Nn are tnlln,tnz/n,... and thus, since it follows

from (3.6) that P(Irni/n-tni/nhe) + 0, as m~ Ve>0, the hypothesis of

PSS RSIE S

Lemma 2.4 is satisfied so (2.1) holds for i=C. Next, by definition _
‘, 85 (Vni Yk) < Y, (J)-"]' 1@ = [XGrryg)-a(-3)zr ;) In” g ﬂ
1 IX(J+‘[n1) Xk(3+-rn1)|n 1/a+| (J+rm)-a( J)Z(Tn1)|n -1/ if js<k. Hence
165 (Y3 Yai>26} © (1%, (Gt )-aC-5) 2r, ) > %,

T N-j-k} v {Tnian-j-k} 05

C{T ;2nd-j k}uI: O

and as in the proof of (3.7) we obtain

E | , 11(_’1.1‘:1; 1nrx;:up P(6 (V50 m)>25:] = 0, Ve>0, j21
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i.e. that (2.2) holds for i2l. Since this implies that also (2.1) holds
for ix1, it completes the proof that nq-é* n.

Finally, let 151 be the first time when {X(t); te(t_.

+1(n) ]}

assumes its maximum and suppose that for Ay satisfying a(xo) =A we

ni’ "11

have min (a(xo)-a(k)) = 2¢ > 0. To verify the claim of the remark we
AZzA

0
show that it is then possible to replace {T gy el 1A} in the

statenent of the lemma. To do this, it is sufficient to prove

(3.9) P(Tﬁi-lozTni) + 0, as noe,

Let Tk- be defined from ‘k(t) zitfk+t a(rA-t)z(A) 1in the same way

ni
k
’~ m . ~An# g

as T is defined from X(t). Now {r AO T } c {qu i Tnl

g2 } c Dn U Eﬁ U

Ag=Tni 3 v

k
{ xozr ;} and for k2 [xg| we heve {t}; 1*Thi’ Tnl Ap=

I 5 g i R
Fn U {Tn1 ni-J h(n)} where S is defined in the same way as En

except that lt'-t'{ < 2k+1 is replaced by |t'-t"| s h(n)+2k. Furthermore

e ——————— p———

{Tﬁl Ao* n1} <El v {Tni>nN-k-AO-h(n)} and thus (3.9) follows as in the
L]
] proof of (3.8). a

. The general result follows rather easily from Lemma 3.1. Recall the
notation A = rmax a (A), put a =max a (A) and set ' = caAa(1+B)x'a .
A

4 A
3?: ' o= caaa(l-e)x % . Further let 7' and 7 be independent with distribution

functions Fy(2) = 1o"A 0B, 2 s @)/ ama

{ F,(z) = l-x“a'a(l-b)'lz'm S x'la(l-s) respectively and let

Yi = (...a(l)Z‘, a(0)zt, a(-l)Z',...) with probability w'/(u+u'’) and

Y, = (...-a)7, -a(0)7, -a(-1)2",...) otherwise. Then the limiting

distribution is that of the iarked point process




TR

&

(3.10) (N, Yl, 20 ..) vwhere tihe corponents are indenendent,
M is a Poisson process with intensity p = p'+y' and
where the ‘;’i’s have the distribution given above.

THEORHEM 3.2. Let {a(}) }c_"m satisfy (3.1) and let {Z()) }: be an independent,
stable (1,a,B) sequence. Suppose that the moving average sequence {X(t) }:o
is given by X(t) = 2:, a(A-t)z(0). Then there exist {'rni} with
; : . d :
{t thi Tm}n_l tight for each ix1, such that n =+ n, where n, is the

) s 1/0 e o
markec point process of separated exccedances of n / x by {X(t); t=0}

and where the distribution of n is given by (3.10).

PEGOF. It is immediate from (1.1) that if X and Y are indenendent and

el dA-Blla, . s
stable (1,8,1) with a=l, then (=5 loy . =3 % is stabls
(1,x,8). If o =1 a constant has to bc added to

thls representation, but since this introduces only trivial complications
we assume a=l for the remainder of the proof. Let {Z'(}\) }:o and {Z'"()\) }:n
be independent stable (1,a,1) sequences and put X'(t) = Ja(r-t) (-I-EQ) 1/ c‘Z'()\)
and X'(t) = Ja(r-t) (%—B-) L %7(x). Then the stochastic Process
{X7 ()X () }‘;_m has the same distribution as {¥(t) }:z_w and since we
are interested only in distributional properties, we may thus consider
XP(t)-X"(t) instead of X(t).

Let UST;ﬁ <r;12<... be the tines wien {z7(t); t=20} exceeds
n1/0.!“-1 (174'_3_) --1/01.X

-

aul let 0<t i<t ,<... be the tiies vien {Z"(%); 20}

1/0‘&-1(1'@)-1/0‘:(. Using {t3;} and {1};}, define marked point

l/a

exceeds n

processes of separated exceedances of the level n = (W M nl’ LAPTE o)

from {X'(t)} and n - (Nn,Y;ll,Y;z,...) from {X'"(t)}. Further let

n' and n' be independent and with the distributions obtained from (3.2)

by replacing a(X) with a(}) (—1-;-3-) Vo and with a()) (—17'9-) 1/a respectively.




From Lerma 3.1 we have n;<é+ n' and nﬁ §+ n'’, and since nﬁ and "H

i

are independent, (nﬁ,ng)-g+ (n',n") (using the product metric on SxS ).

Let Ng = N$+NH , let OSTnlsTDZS... be the atoms of Hg , and if Tni=Tﬁk
0. - . 0 _ v
for some k put Yoi = B » otherwise put Yni s for the k that

e : : 1
satisfies T ™ T - Then the function that maps (nﬁ,n;) into n, is

continuous excent on the set where Nﬁ and N; have common atoms. Since
this set has (nf,n”) probability zero it follows that ng'§+ n, where the
distribution of n is given by (3.10). Finally, using the independence of
Q1) and {X1(t)} and similar (but easier) arguments as in the proof of
Lerma 3.1, it follows that P(d(nn,n3)>e) + 0 as mn, for all e>0, and

the theorem is proven. 0

Theorem 3.2 gives a rather complete description of the asymptotic
behaviour of extremes of linear stable processes, but it is somewhat
complicated, and we will spend the rest of this section on some (simpler)
corollaries to it.

o , but

The point process N, gives the separated exceedances of xmn
] i ; ; +
also ordinary cxceedances are interesting. For Borel sets BeR put
r
E, (B)
v (2)

distribution: atoms occur according to a Poisson process with intensity

#Ht/neB: X(£)>xn/%, 1et v'(2) = #(1; za()>x} and

{x; -za(\)>x}, and let the point process E have the following

pu = u'+y"', the multiplicities of different atoms are independent and with
the distribution of v, wiere v = v (2') with probability u'/(u'+u'’)
21

and v =v (Z') otherwise. ( u', u'" and the distributions of 2' and

z'' are given on p. 27.)




|
?

e L RSN < s AL I Lk OO GRS b 0 s 0 o S i s s i ik 5l 5,0l Ve AN S A

20

CORCLLARY 3.3. Suppose that {X(t) }:___ satisfies the assurptions of

-0

: o GO
Theorem 3.2. Then E_ -— E, where
1/a

is the point process of exceedances

:}ﬂ

of xn and where the distributio

=]

of E is given above.

1/‘
PROOF. Ve only sketch the proof. Let :r; have the same atoms as N s

but with the multiplicity of the atom at t ; equal to #{te[t

ni ’tni+k] ;
1/a }

L(t)>xn . According to the theoren U _Cf~+ n and with probability one

n is of the fom (vyyl,yz,.. .) where v 1is a locally finite measure
and where Y € R is of the forn yi(t) = zia(-t), t=0,#1,... . lowever,
for vectors of this form, the function that maps ) into Eﬁ is continuous

excent if zia(-t) = x for some i2l. As the set of such vectors has n

probability zero, it follows that E“]‘ converges in distribution to some

3 A

; =K ; " . & -
point process, say E . It is easily seen that E° — E as Iow, and the

proof can be finished. using similar methods as in the nroof of Lerma 3.1
< 2 ?

-

an

b 0

tri

by approximating En by

CORCLLARY 3.4. Suppose that {X(t)}., satisfies the lyvothesis of Theorem
3.2 and that the Borel set B c Rk hos boundary with Lebesgue measure zero
(]3B|=0). Then

@) » § G bl g g

P(E, k j=0——J.T—~, L
as mee, where the v;’s are independent and with the same distributions
as v. Similarly, if Bl,...Bzc?{+ are disjoint and have boundaries with
Lebesjue measure zero, then P(En(Bl)=k1,. ..En(B2)=kg) tends to the product

of the corresponding probabilities.
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Also the joint limiting distribution of heights and locations of the
exceedances can be obtained from Theorem 3.2, Lut since the limiting

istributions are complicated we only pgive the simplest result.

~ ~. < . .r L ~Fia . 1, . -
COROLLARY 3.5. CSuppose that {X(t);__ satisfies the hypothesis of Theorem

v

3.2 and let 1 = max X(t). Taen

P ’h/r /o <,,) > e}:g{-ca [Aa (1+R) +2% (l-B))x—a}

1/a

PROOF. Cbviously P(E':;n/n %) = F(Ejn(:f}.,l})ﬁ) , and the latter probability

converges to exp{-c_ (A*(+)+a% (1-R))x"%} by Corollary 3.4. O

In Theoren 3.2 it is assured that the independent variables have a
stable distribution. However, as was noted in the proof of Lemna 3.1, the
essential property of the stable distribucion is that the tails decrease
volynonially. Thus results similar to those above hold for moving averages
as scon as thie tails of the distribution of the indspendent variables
decrease as negative powers of x, e.g. if the irdependent variatles belong

to the domain of nomal attraction of a stable law with exponent a<2,

4. OVI.IG AVERACES OF STABLE PROCESSES I.! COHTINUQUS TINE

Consider a stochastic process {Z(A): Aex} that has stationary
independent increments with Z(0)=0 and 2(1) stable (1,a,8). In the
sequel we will assume that a=l. The usual way of obtaining an integral

Ja(A)az(\) 1is to first define it for scep functions of the form

a(\) = I1=1 cbi’ci]o\) with - < b <c; £by<... <¢ <= by putting
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fa()dz(y) = 3K a; (2(c;)-2(b;)) . Then, 35 is easily scen from (1.1) fa(A)Z(A)

i=1 i
is stable with index u, scale parameter {f(a(x)[adx}l/a , and symmetry
parameter {/(a’ (\)%a (\)%)dr}/fla() |, lext, if a(r) is (Lebesgue)

measurabléiand satisfies
(4.1) Jla(x)|adk < ® (0<a<l or 1<a<2),

we can find a sequence {an(k)}:=1 of step functions with f|a(x)—an(x)|adx»0
as m. Then, for In = fan(k)dZ(A), the scale parameter of In-Im is
{flan(x)-am(x)[qu}lla which finds to zero as min(m,n)»». Ience {In}:;l

is a Cauchy sequence in the sense of convergence in probability and there is
a random variable I with In-g* I. The integral is then defined (uniquely

a.s.) by fa(d)dz{d) = 1.

The object of study is moving averages, i.e. processes of the form
X(t) = fa(x-t)dz(d) with a()) satisfying (4.1). e always assume that a
separable version has been chosen. Cur approach is to apvproximate a(A)
by step functions a, (A) = ZaiI(iu-k<AS(i+1)2-k) and thus to approximate
X(t) by X(t) = Zai{Z((i+1)2'k+t)-Z(iz°k+t)}. The necessary estimatses are

given by the following two lemmas.

LEHA 4.1, Swppose X(t) = Ja {z((i+D2 7 +t)-2(i27M40)}, where Jla, | < =

and where {Z(\); AeR} has stationury independent increments with Z(0)=0

and z(1) stable (1,a,1), and put X, = sup [X((2*)279)-x(2™)|. If
0=t<1

0<o<1 then, for some constant ka ;

(A 0 BTG T P 5205 IR g 9
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o Bl
(4.2) P( mai- X >x) < haZAidx
0s2<2"N-1
where A, = max |a , |. If 1<a<2 then

beiss® A2
(4.3) P( max  X;>x) s K&Z[ailaw{x-a+(2'x+azIai]a)(Z'a)/ax-z}
0=s2<2"1N-1

for x » Cﬁ(Z“Z]aiIG)l/a , where (, 1is a constant.
PRCOF. Ue have

(4.8 X((#027) X027 = Jay (027200027
-Jay(2(@+1+0) 2 -2+ 273

Ty e Pl ) {02

Suppose O<a<l. Taen {Z{A)} has nondecreasing sample paths and hence for
Ost<1,

> Zk
P -1
IX((s0)27)-x(275) | = tE 3 @ e S e
i=-w j=1  i27t+j-1 i27t+j
(i Geart) 2 ) -2 (1+ G+ 279

41
& 3

2 I N

1=-00 J

(2 (i Grart) 279 -2 (1 G+ 279

A

i MK\!

1
Kk

z(i+ G2 M -zgis ey 27X

IA

2 1 &
i=-w 1 j

il 100
=2

il

2 § Afz(in+ ()27 -2 (i )

It follows that
ma% Xp s 2 ) Ai{z(i+2)-z(i)}
0ep<2®-1

= 2 ] (Ay#A HzG#) 2D,




The sequence {z(i+1)-z(i)}?=_oo is independent and stable (1,0,1) and

thus, by (3.4),

- o -0
P( max X>x) < 2% T (A+A )%
Ose<27-1

P( max Xl>x) < MP( max X£>x)
o 0<2<i2%-1 0<p<2%-1

S R
<2 . 2% ¥ Af

and (4.2) holds with K =2 - 2% .

i‘! Hext suppose that 1<a<2. Put Y(t) = X(tz’k)*X(O) and set bi =a;-a; 1-
: 1 It follows from (4.4) that {Y(t); 0<t<l} has stationary independent

7 increments with Y(0)=0 and Y(1) stable with index o, scale narameter

¥ = (2‘k2fbi{a)1/a and syrmetry parameter B = E((bz)a:(bi)a)/Z]bi)a . In

analogy with the proof of Theorem 3.2, we represent Y(t) as Y+(t)-Y'(t),

where Y+(0) =Y (0)=0 and the processes {Y+(t)} and {Y (t)} are

independent and have stationary independent increments with Y+(1) stable ?
{y((1+3)/2)1/“,a91} ant Y (1) stable {Y((l-B)/Z)l/a)a,l]. Further,

Y+(t) = YS(t)+YI(t) where Yi(t) is the sum of jumps of Y+(t) of size {

e R

z1 in [0,t] and Y (¢) = Yé(t)+Yi(t) where Yi(t) is the sum of l

jums of Y (t) of size 21 in [0,t]. Let ¢(u,x) = (elux-l-iux)lxl'l'a . !

e ! g i k ot !
J Using the Lévy representation of the characteristic function of Y (t) as F

PR R e

¢t(u) = exp{tacaya(1+3)f:w(u,x)dx} it follows (see Lévy (1954), Breiman

(1968)) that {Yr(t)} and {Y:(t)} are independent and that Y. (t) has
0 1 0

s

the characteristic function exp{tacaya(l+8)(féw(u,x)dx-iuf;x'adx)}.

Similarly {Ya(t)} and {Yi(t)} are independent and Yé(t) has the

£
:
i
§
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characteristic function exp{tacay(l-ﬁ)(fé ¢(u,x)dx+iuf? x%dx) }.

Hence
- X = s M) = s ) s M©f s o sw 10
| 0stsl Ostsl Osts<i
,:! = sup 'Y (t),"‘Y (1)"’ SU“ 'Yo(t)|+y 1)
i i: O<t<i
;3 < ZOSup IY; (i)|+Y \1)+2 . IY (© ]+ .
k- st<1

+
‘ The process {Yo(t); 0s<t<1} has moments of all orders (Feller (1971),
3 p. 570) and, if m, and v, are the mean and varience in the distribution
with characteristic function exp{acu(I%w(u;x)dx—iuf;x'adx)}, then

e - 1/a ; + ok 2
E(Yo(t)) = ty(1+8) / m, and V(Yo(t)) = Ly (1+B)‘/avu'. For x > 16v|m |
Kolmogorov's inequality gives

P(2 sup |YH(0) -t (1) | > x/a-v(1+8) 1 %|m_|)

(2 sup IYO\L)l>x/4) <
0<t<1 0st<l
< '7( Sup '\.!O(L) t‘Y\1+p) %m ‘>X/16)
f\<t<1 4
< 222v 16572 .

Similarly, for x > 16y|ma|,
p(z sun |Y0(t)|>y/4) YZZZV 16%7%
0<t<1
By (3.4) we have P(YI(1)>X/4] <k (1+B)4%x " and P(Y, (1)>x/4) s
kY (1-8)a% . Thus, for x > 16y,
x + + - -
P(X>X) < P(Zozup [Yo(£) [>x/4)+P (Y™ (1)>x/4)+P(2 sup |Y,(t) |>x/4)+P (Y™ (1)>x/4)
t<1 0st<l

2 qlz—uYa(x-u+Y2-ax-2)

|
i
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. & 2 R -
if ﬂa = 2® max(4.16 vdgka4“); so since Ya =2 k Z |bi|a =a; 973
we have
x
P(  max Xp>x) < 2 NP(X0>x)
<psiz®-1
0 K 2" 2 N ( o 2 O 2)
2o
= K 277 )b, | % (27 b, | @ x7))
"1 A—_a-
1 s & Jlag M2 a, 1% * <72,
E which proves (4.3). O

In order to apply Lemma 4.1 to X(t) = fa(A-t)dZ(A) some conditions

3(1 I’
A2%e(i,1+1] A27e(i,i*1]

ay; = a(iz-k). One possibility is to require

are needed. Let Bki = sup a(A\), b,. = inf a(A) and put
1

(4.5) a(d) 1is uniformly continuous, 2?=-w3%i <« and
O<e<1.

i ol L 3 o e (o)
The second part of this condition is of course equivalent to Z:—-kai < o,

for all kz1. Another possibility is to require

(4.6) a2(x) is uniformly continuous, zl__wla -Ia < =, there

exist 650 and K such that “5Z|ak1 "8y [1/2]| sKs

and 1<a<2.
f Obviously, this condition implies that Xlaki[a <o for all k21. The

latter part of the condition perhaps needs some motivation. Suppose that

a(x) 1is continuously differentiable, except possibly at the points




iz 1y

o> andput £, = sup |a'(A)]. Then Iaki'ak-l,[i/ZJI <
A27e(i-1,i]

-k -k(a-1 -k
f,;2 and hence Elaki-ak-l,[i/z]la s 78 )Zfiiz . Thus the latter

®©
i=-

.
part of (4.6) holds with & = a-1 if e.g. kaiZ b converges as koo, and

to require that this holds is rather close to requiring f(a'(k)ladx < o,

;' LEIA 4.2, Suppose that X(t) = fa(A-t)dz(A), where a()\) is non-negative

and satisfies (4.1) and {Z(X); XeR} 1is as in Lerma 4.1. Furthermore put

X (1) = Zaki{z((i+1)2-k+t) - Z(iz-k+t)} (the sua converges, by (4.5) or

e D

bty (4.6)). If a()\) satisfies (4.5) then, for some constant K&

(4.7) P(sup [X(t)-X (t)[>x) s k' | Ap.Nx®. ;
OStSN . o o K1 |
i where Ay = max IB1 W, _|. If a(i) satisfies (4.6) then
: 0<<2™ k,127+j k,i27+j
‘ (4.8) P(sup [X()-X. (¢)[>x) < K12 58/ %y
D<t <N " ¥

1

1-
for k large enough to make 2 > CsX % where Cys 1s a constant.

PRCOF. Suppose O<a<l and let X (1) = [3,,(Z((+1)2 %) -2(i2 M),

¥ =}
% (1) = Ioy {2 ((i+#1)27"+t)-7(i27¢)}. Since Z()) has nondecreasing

sanple paths, D, (t) = Yk(t)'zk(t) > IX(t)-Xk(t)l. Using the same methods

25 in the first part of Lemma 4.1 it is easily seen that P( sup Dk(t)>x) <
O<t<N

Ky Limoo Mgt and thus (4.7) follows with k! = K, .

i low consider 1<a<2. In this case let D\(t) = xk(t)'xk-l(t) and put
1 o v P - g - . ",( —~rse 'I{
(Juki - aki"a~k-1’[i/2] > l:‘;.\l.‘.w ”I\th) i Z'l:i{“((l+1)2 +t)".‘,(12 +t)}v

Further let D, = sup (Dk((£+t)2'k)—D (Qz'k)l and use (3.4) and Lemma
5 0<t<1 k
4.1 to obtain |

e T




e R

-t

-k
P(oz}cngDk(t) >x) < P( - Dy (22 ) [>x/2)+P( max  D>x/2)
0s2<2"i-1 0s2<2"N-1

. Q_~Q, o o0 VP -Kk+ = -
S k1 % M Tl ey 1M O 270 g | (20 a2y

for xxa(z-ﬂfldki]a)l/a . Hence by (4.6)

(4.9) ?( st

sum N (t)>x il (% +i 12766 ma,, (2-0)/0,2-a,-k{2+28-a}/0,_-2
Ost<il () ) e (R *Ky)2 X TRt 272 / > A

for % 5 Ca(K 2~k(1+6))1/a e x; = 2-(i-l)é/(Za)(1_2-6/(2u))x? -

Beaalanhie JANAE ot e e Sa

o 2'(k+i)5x;°‘ < constant x 27 K™% | ang “

that I %3 =% Lig
Zui°=1 2~ (k#1) (2428-0) /o (-2 nopant x 27 K(2428-0)/a, -2 oo X (£ 2, X

3

we have

4.100  P(swp |X()-X (t)]>x) < § P(sup D _.(t)>x.),
(Osts}J k ) i=1  osteN <M1 2
and it 2> (1-27% @) 1% then x, > ¢ (x DV gy

izl, and (4.8) follows from (4.9) end (4.10). O

The conditions used above imply that X(t) has continuous sample

paths, and although we do not need this result for the sequel, it is !

interesting in its own right.

THECREM 4.3. Let {Z(A\): AeR} have stationary independent increments,
which are stable with index a. Further supcose that a()\) satisfies
(4.1) and that both a' (1) and a ()) satisfy cither (4.5) or (4.6).

Then the moving average X(t) = fa(A-t)dZ(A) has continuous sample paths.

PROOF. Obviously it is no restriction to assume that Z(0)=0 and Z(1)
is stable (1,0,8), and since fa(A-t)dZ(A) = fa' (A~t)dZ(A)+/a” (A-t)aZ(A),
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1
é it is enough to show that each of the terms is continuous, i.e. we may
also assume a(A)=20.
% Let {Z'(A); XeR} and {Z''(A): AeR} be independent and have stationary
independent increments with Z'(0) = z(0) = 0 and 2'(1), Zz'(1) stable
, (1,0,1). Then fa(r-t)dz(A) has the same distribution as
] EBVerao-na ) - GBYa0-t)az(0), and thus we may further
« assune 8=1. i
The »proof proceeds by appré;igézgﬁg X(t) by Vk{t}~=-fak(x-t)d2(xz{
vhere a,(t) is defined by the requirement that a,(t)=0, [t|zk', for
k' = k' (X) to be specified later, that ak(zz'k) = a(zz'k),
% = 0,:1,...ik'2k-1, and that ak(t) is linear between these points.
Using the definition of the integral as a limit of sums and Abelian summation,
it is seen that (‘'partial integration')
Jak(x-t)dZ(A) = Jak(x)éZ(x+t)
= -Ia&(x)Z(k+t)dA
M flenr ) (692 TE
j=-k'2K " 1275 amn = a(x) = 0) |
where the integrals are defined as linits in probability of sums. However, 4
Z(A) € D(-»,») (seec e.g. Breiman (1968), p. 306), and is thus locally
Rieman integrable and hernce IFifi)Z-i Z(A+t)d\ 1is a.s. a Rieman integral 1
and is thus a.s. continuous inlzt, and it follows that also )
Vk(t) = fak(k-t)dZ(A) is continuous in t a.s.
Hence, if we prove e.g.
%
|
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(4.11) s XV, (1) B o,
O<t<1

then the desired result follows, since there is then a sequence {k‘} of

integers with P( sup |X(t)-V, ()| >0 as m) =1, i.e. X(t) is
O0st<1 “n
a.s. a uniforn (in [0,1] ) limit of continuous functions and is thus

continuous in [0,1] and hence, by stationarity, in all of R. Now, let
¥ (t) be as in Lenma 4.2 and put X(t) = aki{z((iﬂ)z-kﬂ)-Z(iz'k+t)}.

Seis
We have [127[<k

(4.12) P( sup |X(t)-V?(t)|>x) < P( sup |X(t)-%, (t) |>x/3)
O<t<1 g Ost<1 e
+ P( sup IXk(t)-Xé(t)|>x/3)+P( sup |X}.(t)-Vy (t) [>x/3).
0<t<1 ~ ; 0st<1 &

Thus, if O<a<l, Lemmas 4.1 and 4.2 give that

k-1

(4.13) P( sup [X(t)-V, (e)[>x) < { T A%+ B + g AR 13%
) (Ost..ﬂl (t)-V; (2} [>x) uig_m % mgw e :

Choosing e.g. k'(Xx) = k it follows from (4.5) and the dominated convergence
theoren that the righthand side of (4.13) tends to zero as ke, and thus
(4.11) holds for O0O<o<l.

It is no loss of generality to assume &8<a in (4.6), and then it can

be seen that, regardless of the value of k', ar(A) satisfies (4.6) with

<

X not depending on k and with the same & as a(l), and thus if 1<a<2
it follows from Lerma 4.2 that the first and the third terms of (4.12) are

bounded by K&Z-ka/“Sax-a for large k. Furthemore, by (3.4) the second

tern is bounded by X I 181%™, and since [lay;|® <= by

|i2k|>k'
(4.6), k' can be chosen large enouph to make |a,:|* > 0 as
|i2k|>k' ki
k+o, and it follows that (4.11) holds also for 1<a<2. a
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5. EXTREMES If! CONTIHUQUS TIHE

Let {X(t); teR} be a moving average, and in anzlogy with Section 3
1/a e ;
2 try = 1nf{tth’i_1+h(T),

} for i22. For a given sequence {TTi}z=1 put Yo.(t) =

define recursively tyy = inf{t=h(T); X(t)>xT

X(t)>xT/®

X(t+TTi)/T1/a , let NT(B) = #{tTike-B} for Borel sets BcR' and consider
the marked point process N = (NT°YT1’YT2”") of separated exceedances
of le/a . FRurthermore, put A = sup a+(A); let p and Z be as defined

AeR
on p. 17, and let Yi have the distribution of the random variable

{Za(-t); teR} in D(-»,»). If 2Z(\) is completely asymmetric the limiting

distribution will be that of

(5.1 (N,Yl,Yz,...} where the components are independent,
N 1is a Poisson process with intensity u, and where
the Yi’s have the distribution given above.

LETA 5.1. Suppose that {Z(A); AeR} has stationary independent increments, 1
with 2(0)=0 and Z(1) stable (1,a,1). Further suppose that a(i) ‘
satisfies (4.1), that both a'(A) and a (A) satisfy either (4.5) or
(4.6), and that A>0. Then there exists {TTi} such that {tTi'TTi; T21}
is tight for cach i20 and such that the marked point process ny of

1/a by X(t) = fa(A-t)dZ(\) converges in

separatced exceodnnces of  xT

distribution to n, where the distribution of n is given by (5.1).

PROOF. Vithout loss of generality we assime that a(0)=A. First suppose
that 0<a<l. Recall the definitions of X (t) and a4 from Lemma 4.2

-keok v r:n-K . H-K &
and put X (1) = X (27[2"]) so that X (127 = X (12 and X (v)
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g' is constant for t e [iz'k,(m)z‘k]. We have
i - 1/a, 1/a
i (5.2) P( sup [X(£)-X (8)|>T%%) = P sup [X(t)-X (8] [>T "x/2)+
4 0<t<T Q<t<T
= 1/a
P sup |X (£)-% (t) [>T/ %/2
OsteT K K )
] T o o) e-‘l Q40
< A\a lz_m Akj. L"’l)l X 27+ /
k, I Amyr
i=-

by Lemma (4.2) applied to both a' (A) and a (1) and by Lerma (4.1).

From (4.5) it follows that 21—-:» i > 0 when X~ and hence
I/ax
(5.3) lim lim sup P( sup |X(t)- k, (O[T x) = 0.
k>0 Trco 0<T<
: MNow, let ({r‘ ‘(f;l,Yl‘z s++.) be the marked point process of h(T)-
E‘ 1/

separated upcrossings of xI by the discrete process {xk(lz )}

i=-e ?

! where Y“ (t) .\ (*2 +r ), t=0,+1,... , with Tl,;i the time of the

! i’th oxceedance of le/“/A by the sequence {Z(izhk)-z((i—l)z'k) }cia=G -
According to Lamma 3.1 z;l,lf converges in distribution, to ck say, as

, Tso, Furthermore, if n‘.f: is the marked point process of upcrossings of
k xTl/ot

by the continuous-time process {A},(t); teR}, with the marks centered

?; ‘ at the r}i:i’s, then the function f: NxR xR x... + NxD( - ,00) xD(~®,0)x, .,

K kd

1
that maps ¢y into ”T is continuous and hence ng = £ (ck) =n , say.

It is easily seen that the distribution of nk is obtained from (5.1) by

kzF-1 -k -k
replacing a(d) with a () = ) W I[iZ <A<(i*1)277). Thus
i=-k2

k K k k
' (“l 9*1:Y2) .
has the distribution given by (5.1) then

) has independent components, and if n = (N'Yl’YZ’“')

1 has the same distribution as
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N and Ylic_c_l+Yi , since sup |a(A)-a;(\)| + 0 by (4.5). By Lema 2.1
eR

b}
it follows that n- 4, n as noo,
The appropriate centering for the i’th umark, Tri of ny is the
time of the i’th jump larger than Tl/ %/A in the nrocess {z(t); t=0}.

To show this we first prove 1
.. y K s o
(5.4) %—’u;} P(ITTi-TTi|>Z ) = 0.

To do this, 1et € ¢ (0, x/(20)) and write Z(t) = 2 (t)+2()+2 (t)+2 (1),

where Zl(t) is the sum of jumps by Z(t) in [0,t] of size larger

than Tl/ %(x/A+e), where Z2 (t) is the sum of jums of size belonging

l/("()c//\-s, x/A+e], and where Zs(t) is the sum of jumps of size

1/

to T

belonging to T/ (e/n, x/A-e], (n>0). Further, for 2=1,2,3, let

£* be the point process which has its atoms at the times of jumps of

2%(t). We recall that, putting Z = 2279-2(G-027Y), <&, is equal
K

to 2" times the location of the i’th exceedance of T1/ Ox/A by the

w© T IR N S ; P L
sequence {Zj}j=1 - Put Iy = 27(527)-2 ((5-1)27") so that Z3 Loal 5 5

let N be a positive number and denote the event that El([o,ﬁ«!]) <i by
AT , the event that 52([0,1“11}) >0 by BT , the event that

-1 - k.
B*(27%(-1,51) > 1, for some j e [1, 2"NT], by C, and the event that

ES(Z'k(j-l,j ) > 1, for some j e [1, Zk”bﬂ‘], by Dy . If lTTi'T]T(il » 4=

and A.’; n B.’iﬁ occurs, then at least one of the following three events

1/a =

w i
must happen: either Z., > T/ "x/A and E (2 "(j—l,j}) = (), for some

5 € [1, 25T, or Z s ™/%/a and E}(27%(5-1,j2) > 0, for some

J e ll, ZkNT], or else Cp occurs. lMoreover, if B.’f n C.f n D.’l‘. occurs,

then the first two events both imply that E; = {|Z§'|>T1/ %, some
j e [1, 2°NT]} happens. Thus we have proved

{eri'Tl”I(‘ibz-‘(} eApuBpuCruDpuky,
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5 - P =Q i i
Let u; =co Lxare)™@ | iy = co  {(x/h-e) T-(x/Are) T} ond
-1 Nt® ) =a - -, n==1 2 2’ 3 a Pois
uy =c o {(e/m) - (/A-e) 7). Thea, for. 2=L.2,3, E” -is 2 Poisson .,

process wich intensity ”2/T (see e.g. Breiman (19€8)) and thus

-1 -Nuy (i)
P(A) = F(EL([0,TN])<1) = Tz g _(iu,_}l_

j=0 7
and
=Ny
P(3p) = P(EX(LO,Mi)21) = 1e 2,
Furthermore,
k] 1 -k
P(Cp) s 2 VTP (E™([0,277])>1)
-k o1 - =k
g -2 "u,T Z A
= z“m[l-e el 5t e ]_
> 0,

as T», and similarly P(DT) = 0. Furtler, by differentiating the Lévy
representation of the characteristic function of Zi (c.f. the proof
of Lemma 4.1) it is seen that E((Z‘{)Z) < K2~k(€/n)2-our2/a-1 , for some

constant K, and then Chebychev's inequality gives

p? o ZkNI'P(lzi"PTl/ae)

\-f:)
T, i - "
s 2NIE(| 25| 91 /o2
2 :‘,Je-anz—a
as T»», Hence
i & 3 j )

A k ‘k 1"1 1]].11 (Nul) -N’uz 2
lim sup P(|Tp:-Tm. |>2 < ) + 1- % o 2-0
T_mup ( Ti Tll ) jZO g e + KNe 'n .

and inserting the values of Wy and Uy and letting first pse, tlen
e*J, anu tuen ke, his proves (5.4).
Now we are in a position to show that {tl‘i'TTi: T21} is tight, or

equivalently to prove
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(5.5) lim lim sup P(|t.;-7:|>y) = 0.
y*o  Tao t'I‘1 Ti

Let {éi} be the h(T)-separated upcrossings of Tl/ %(x-Ag) by Yk(t)
and let {Erki} be the n(T)-separated upcrossings of Tl/ 0‘(x+As) by i’k(t).

Further, let I;‘. be the location of the i’th exceedance of Tl/ 0‘(x/A-e)

k 1/0

and ?Ti the location of the i’th exceedance of T /" (x/A+e) by the

discrete process {Z(jZ'k)-Z[(j-l)fk) };’:l , write Fp for the event that

sup  |X(t) -X1,(t)| > Tl/ %pe and, changing the notation slightly, let
0<t<NT = k

~ 1 ~
Ap = {t.¥i<NT-y}. On the event A% n F§ we have g.;i Sty <ty

~} ~ k
thus  {|tp;-tp; >y} © {tfr‘i-rTi>y} o Tty AL uEL . Let Gy be

and

1
the event that z5 Tl/a(x/A-e, x/A+e] for some j e (1, 2'NT]. If
~k ~ - Sa Sl ~k Syt
A? n Gz; n {lr.llfi-r:.ilsy} occurs, then Ilir‘i = Tp; T Ty aad thus

A A B L R ,
Uepy-tpi 1oy} © Lepy-tpy-2 74 v {ogy-tyoy-2 73 v {gy -ty [>2 7 v Ap v By

A s : o)
c {Ey3-Tp32y-2 “ (o tre>7-2 b v Urggmtgg 1527 v Ap v By
U GT .

: jop _hwy Oy)’ p iy
Here P(Ap) - zj=0 e o T R P(lTTi'TTi|>2 ) >0 as To», and

P(GT) < Zklﬂ'P(zleTl/a(x/A-t-:,x/A+e]) ~ 2 Ncu{(x/A-e)-a-(x/A-vs)-u}. Hence

Loleoh ~k =~k -k Kk k -k
lin 1im sup P(|tp;-77;[>y) < lim lim sup{P(tfri-rTiW'Z gk P(I'fi‘..%f)"z )}
+ ] e T —1—+ lim lim sup P(Fp)
j=0 J: y©  Tow

+ 2 te {(x/A-€) " (x/Ate) s

and the first term is zero by Lemma 4.1, the third term tends to zero as
k»o by (5.3) and the remaining two terms tend to zero as first e+0 and

then Mo, and thus (5.5) follows.

|
|
§
%
g
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boau il o

To complete the proof that N i» n it is enough to show that the

conditions of Lemmas 2.3 and 2.4 are satisfied. However, the atoms of NT
1-

are tTl/T, tTZ/T, ... and the atoms of 'l are "< /T t /‘,

T

and (t.ri—t}l'fi)/T 2,0 follows from (5.4) and the facts that {tTi"TTi; T>1}

and {tTl T%l T>1} are tl"ht so the hypothesis of Lemma 2.4 is satisfied.

k
Further, let = Tr=To. . Then, by (5.4), 1lin lim sup P(|s |>x) 0 for
eT i1 be e o 1t
x>0. Since Y ;(8) =X, (t+‘r YT we have { sup ,Y ;1 (B)- Y (t+e,r)]>x}
Ti/a -Ast<t l/a
£ X(trry. )-X, (b1 ) [>T "%} e § sup [X(0) -X (8) [>T and
-25222’ ) Bty <ty | g
from (5.3) it then follows that

TN e
SESESUS—— .

IA

lim 1im sup P( sup IY 1 (©)- Y“ (t+a,.,,)|>x) lin lin sup P(A)

ka0 Too -9<t ks koo  Toow

i1 -y (i)’
e

| s o |
i j=0

and since N is arbitrary it follows that (2.3) holds. Further,
, lir 1lim sup P[ sup IY (’L) I>u) = 0 follows easily from Lemma 4.2, and thus
, o Tho - <<

the hypothesis of Ler.ma 2.3 is satisfied. This concludes the proof of the
5 lemma for the case O<a<l.

i If instead 1<a<2 we have to use the second parts of Lemma 4.1

and 4.2 instead of the first ones to nrove (5.3), but apart from that, the

lerma fcllows in precisely the same way as cbove also in this case. 0

Since the restriction that 7(A\) is completely asymmetric can be

removed in precisely the same way as Theorem 3.2 is obtained from Lemma el

we omit the details of this proof and only state the result.
L

Recall the notation A = sup a(\), put a = sup a (A), let
s -ty a)\e.ﬂ - AeR
u' = caA (spglx ot = c,@ (1-B)x ™ , let 7' and 7" have the distributions
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given on p. 27 and let Yi(t) =Z'a(-t), teR, with probability wu'/(u'+y’’)
and Yi(t) = -7"a(-t), teR, otherwise. Then the limiting distribution of

N is that of the marked point process

(5.6) (N,YI,Y736..) where the components are independent,
N 1is a Poisson process with intensity u = oA
and the Yi’s have the distribution given above.

THECREM 5.2. Let a()) satisfy (4.1) and let both a'(A) and a (A)
satisfy either (4.5) or else (4.6). Further let {7()\); AeR} have
stationary independent increments with 7(0)=0 and 7(1) stable

(1,0,8) and let X(t) = fa(A-t}dZ(}). Then there exist {tqy: i=1,2,...,T21}

: < i 2 s d
with {tTi'TTi; T=1} tight for each i21 such that Np —n as T», where

Ny is the marked point process of separated exceedances of Tl/“x by
{X(t): t20} and wiere the distribution of n is given by (5.6).

Similarly as for the discrete time case, various corollaries concerning
the behavior of extremes can be deduced f£rom Theorem 5.2. Here we only give

the very simplest result, concerning lp = sup X(t).
0<t<T

COROLLARY 5.3. Suppose that X(t) satisfies the hypothesis of Theorem

5.2. Then

Vo) > exple, (A%(148)+e% (1-8))x %)

P(i/T

as Toe,
Yo have not treated the case o=1 above. However, using methods rather
similar to those for 1<a<2, conditions for the result of Theorem 5.2 to hold

can be obtained also for ao=l.




38

4 Finally we note that it is easy to see that all of the limit theorems
of this paper are mixing in the sense of fuyi (the first result in this
| direction is proved in {11]). Hence they can be extended to cases where the

level is random, and possibly depending on the process X(t).
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