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1. I~TR0DUCTIOH

A distribution is stable (y,ct ,8) if it has the characteristic function

(1.1) 4>(u) = exp{_y
(
~fut a(1 - i8h(u,a)u/JuI)},

with O�y, Oca�2, 181�i and with h(u)a) = tan ( rrct/2) for dM1 , h(u,l)

2,~ ~ log! u . Here y is a scale parameter, a is the index, and 8 is

the syrranetry pai~crnetex’ of the stable distribution. If 8=0, then the

distribution is syiinetric, while the distribution is said to be aom’pletely

aayrrmetric if 1i3 ! 1 and cz<2. A stochastic process {X(t); tEl) is stable

with index a if for n=l,2,... and for arbitrary real nuiibers ~~~~~~~

and t1 ... ~~ I, the random variable aiX(ti)+...+anX(tn) is stable with

index a. In particu]ar , as can be seen from (1.1), a collection of indepen-

dent stable random variables with index a is a stable process.

In this paper, further use of the linear stricture is made by restricting

attention to the subclass consisting of moving averages, i.e. to stationary

processes of the fo rm X(t) = ~ a(X-t)Z(X), where ~Z(A ) }
~~ ~ is an

A
independent, stationary stable sequence) or of the form X(t) fa(X-t)dZ(X) -

F where {Z(\); -oo< A<oo} has independent, stationary stable increments. Jf

ct=2 the process is normal, and it can be represented as a moving average 1ff

its spectral distribution is absolutely continuous. Presently no simple

characterization of the class of moving averages of stable processes is

known for a<2. Of course nornal processes are extensively analyzed but,

partly because of the comon linear structure, also stable processes with

ct<2 constitute a class of probability models that is amenable to analysis.

~ I
~1
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The subject of the present study .is the asymptotic distribution of

extremes of moving averages of stable processes with cz<2. As can be seen

from e.g. Leadbetter et al. (1976), a suitable framework for dealing with

extremes of stationary processes is the theory of point process es as given

in e.g. Kallenberg (1975) used to study the process of exceedances of a

high level. Here we will go one ste~ further and adjoin a mark to each

point in the process of excecdances, the mark being the entire sample path

of the proces s, normalized and centered at (a point close to) the upcrossing.

The main results are that both when X(t) has discrete parameter (or

t ime~) and when X(t) has continuous parameter, the marked point process

converges in distribution. The limiting distribution is that of a Poisson

process (possibly with multiple points) with independent narks that are

distributed as a(-t) multiplied by a certain random variable.

One of the main differences between the normal distribution (stable

with a 2  ) and stable distributions with a<2 is that the tails of the

latter decrease much slower. This leads to a radically different behavior

of extremes. For the normal distribution the tails are of the order

while for stable distributions with a<2 the tails decrease as

x~~ . This affects extrmies of moving averages in two different ways. To

fix ideas, consider e.g. r~xi~a of a process X(t) = ~a(A-t)Z(X) with

discrete parameter. First, extremes increase much slower when cx=2 than

when ct<2 viz, as (log n)~ compared with . Secondly, when the

independent sequence {Z ( X ) } is normal, many of the Z(A)’s, OsA�n, will

be alrixst as large as the largest one, and X(t) will be large when many

rather large Z (A) ‘S are added. This entails that the lii~iting distribution 

—-.-~~~--~~~~~~~~~~
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of = max X(t) only depends on Za(A)
2 and that it~is the same as if

l�t�n
{X(t)} were an independent sequence with the same marginal distributions.

On the other hand, when a<2 the maxirn~im of Z (A) will be i~iuch larger

than the typical values, and X(t) will be large when one vary large

Z(X) is multiplied by a large a(A) . In this case the limiting distribution

of depends on max a(A) and on m m  a(X) and is in general not
_oo4<co

the sane as if X(t) were an independent sequence with the same ruarginals.

In an earlier paper (~ootz~n (1974)), the limiting distribution of

maxima of moving averages of syrrletric stable sequences with ~<2 was

obtained . but amart from that there do not seem to - be any results published

on extremes of stationary stable processes with ct<2.

The plan of this paper is as follows. Section 2 deals with convergence

in distribution of mr~arked point processes. In Section 3 rather complete

asy’~ totic results on extremes of moving averages of stable sequences are

obtained. Section 4 contains preliminaries concerning moving averages of

continuous parar~eter stable processes. In particular some conditions that

ensure sarnole path continuity are found, which nay be of independent

interest. Finally, in Section 5 results for continuous parameter processes

corresponding to those of Section 3 are established for ct~l, under some

restrictions on a(X).

. C~ .!/ E~r~~ CE II! QISTRICUTIC:: OF ;
~ RKED PCI::T PROCESSES

t’Tc are interested in the times O�t1<t 2<... of occurrence of extreme

values of a stochastic process {X(t) } and in the behavior of the sample 

—--a
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paths of {X(t) } near the t1’s, and will describe them as a marked point

process. In this section we introduce some notation and develop techniques —

needed in the remaining sections to prove convergence in distribution of marked

point processes. Unfortunately the notation is somewhat cumbersome, but

nevertheless we think it is well warranted , considering the completeness

of results it makes possible. ~
- —

Write 1~ for the space of integer-valued and locally finite Borel

measures on R~ and define a metric on N in the following way: Let

F = {f1 } be a sequence of functions in C~ = { f: R~ + f is continuous

with compact support } such that any £ E can be uniformly approximated

by ñmct ions in F. For p ,v E 14 put p (p , v) = 
~~~~~~~ 

~~~~ (
~•~ ,~), where

= min(1, I f f ~dP.ff mdV I) . Then p is a metric on N that generates

the to~o1ogy of vague convergence ( p~€iI converges vaguely to p~N if

ffd~ + ffdp for all fE
~c 

); see e.g. Bauer (1972), p. 241. A point

process in is defined to be a (3orel measurable) random variable with

values in (N, p). As Soon as we have (Borel r~asurab1e) random variables

in a metric space we may of course consider convergence in distribution,

usia~ the theory of convergence in distribution in metric spaces as given

in e.g. Billingsley (1968). For further information on convergence in -:

distribution of point processes see [6). We regard the times O�t1<t2<...

of occurrence of extremes of {X(t) I as a point process N by putting

= #{ti~B} for any Borel set B c

With each of the ti’s we associate a mark Y~ , where is the

entire sample path of {X(t)), normalized and centered to show the behavior

• close to t~ . If {X(t)} is a discrete parameter process, Y~ is a

J 

I:

—- -_ r — - ~~ -~—~— - —‘— ~~~~~~~~~~~~~~~~~~ -~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ‘ . -~ -. -~, —~~~ —~~ --
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random variable in a space = {(...x 1,x0,x1,...): X~ER, i=O,±1,...}.

We consider R~ as a metric space with the metric o(x,y) =

that generates the product topology, where o~(x,y) = uin(l/3, 1x1-y1D . If

X(t) has continuous parameter we will impose conditions that make a

random variable in D(-ci~,co) , the space of functions on (-oo ,~~) which are

right continuous arid have lefthand limits. On P(~ a ,co) we use (a slignt

modification of) the metric given by Lindvall (1973). Since there is no

risk of confusion we will use the same notation as for the metric on

Thus for x,y e D(-oo ,co) we let ~(x,y) = ~~~~ 6~(x,y) where 6~(x,y) =

min(l/3, h(c
~
x,c1y)) and h(c.x~c~y) is the quantity given on p. 113-115

of Lindvall’s paper, modified to D(-o~~co) instead of D(O,co) in the way

proposed on p. 121.

The marked point process is the vector ~ = (N ,
~
‘i ‘~ 2 ’ • ~ 

with values

in S = NxR~xR~°x... (or in S = Wx D(-o~~~)-xJ(-~~.;o~.):x ... ) which we again
consider as a metric space given a ~rc’lict metric d(x,y) = 

~~~~ 
2~~d~(x,y),

where for x = (‘~,x1,x2,...) ~nd y = (v~y1,y2,...) we put d3(x,y) = p(v,p)

and d~(x,y) = Scx1,y1)~ i~1. Q.~.r aim is to prove convergence in distribu-

tion of i~ rked point processes, and to this end we need the following simple

criterions, which we state as lemmas for easy reference.

La- i-A 2.l)~ Let = 
~~~~~~~~~~~~ 

anc’. ~ = (N~Y1,Y2 , . . .)  be random

variables in the product space (S ,ci). Suppose that N~ ‘~rl ~~~~~ • •  are

1 The results of this section are formulated in terms of a discrete parameter,
n, which tends to infinity. They of course remain valid if the parameter
tends to infinite in a continuous c~anner , and they will be used accordingly
in Section 5. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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independent for each n and that N ,Y1 ~Y2 , . . .  are independent. Then

if (and only if) N,~~L N  ~~ ~~~~~~~~~ i�l.

PROOF. Since S is a product of se~arable spaces this follows as on p. 21

of [3). 0

LEU-4A 2 .2 .  Let = ~~~~~~~~~~~~~ n�l~, k�1~ he random variables in
H k d  k k d(~~d). ~u~~ose that for k�l~ ~ 

—
~~ 

ri as n-~ and that n —p 
~ as

k~°’. Supoose further that

(2.1) un Em sup P(3 1(n~~n~) >c) = 0 , Vc>O , i O ~1 
k-3oo fl-*CO

Then 5±+ n as n-~oo •

PROOF. For given c>O choose i to make 2~ < c/2 and thus

~
°
=i+l 2~~d .( n~, n )  < c/2. Then

~ ~~ 
P(dj (n~~%) >

and by (2.1) we thus have

un Em sup P(d(r1
~,fln)>c) = 0, Vc>O,

which by Theorem 4.2 of [3) proves the ~~~~~~ 0

~ 1 For i�l, d~ (n~ ,n~) 6(Y~~,Y~~) and repeating the above ar~~ ent

once more we see that (2.1) holds for i�1 if

(2.2) lim lim sup 
~~~~~~~~~~~~~ = 0, Vc>0, j�1.

k-,co n-,.co 
-
~~~

In the discrete-parameter case (2.2) is easy to check) but when the parameter 

~~~~~~~~~~~~~ -— --—~~ -~~~~~~~~~ - - -



___________________________________________________________________________— —-

8

is continuous further simplification is needed.

L~ i- 1A 2.3. Suppose that for each i�l there are random variables {
~~

}

with Urn lim sup P(Is~l >x) 0, Vx>0, and such that

(2 .3) u n  Urn sun P( sup IY111(t)-Y~~(t+c~)J>x) = 0, Vx>0, 2.>O ,
1:4°’ fl- co -~�t�9,,

and that furthermore u r n  11 sup P~( sup JY~1(t)I>u) 
= 0, V~>0. Then

~~~~ -&�-t �z —

(2.2) holds and thus (2.1), for i�1.

PRC(F. Using the time transformation A(t) = U-e 6-e C/ t I  it is seen

- i  that 6.(y,z) � sup {(y(t)-z(t+C)~+E~y(t)~} + c if 0�c�1, and the
-j-2�t�j+2

- f lerT~a follows. 0

It is also possible to give a simpler condition for

~~ 

• urn urn sun P(d0 (fl~,%)>c) = 0.
k4°’ fl4~~

L - ;
~-~A 2.4. Let O�t~1�t

’~2�... be t~e atoms (reoeated according to their

multiplicities) of N~ and similarly let O�tfl1�tr2~~•~ be the atoms of
Suppose that

(2.4) Em Em sup P ( t t ~i~tni~>C) = 0, Ve>0, i l~2,...
.~~~~~~ fl -+°’

and that in addition i~ ~~~~~ ~ as n-’°’ and that Nk 
~~ J as n~°’. Then

(2.1) no1~s for i=0.

P~)OF. As above, it is enough to prove

-
; 

- - (2.5) P Em li~i s~~ P(p.(N~,1~ )>c) = 0, Vc>0, j=l,2,...
1(~°’ fl4~~ 

-

where P~(N~~N~) � I f f ~dN~-f f ~di%~l with f~ ~ 
C~ . Suppose that the

~~~~~ _
~~ —.- —— —~ - -~
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support of is contained in [O,T]. For 15>0 there is a K with

P(I-I([O,T+l])>kJ > ‘5 and thus lin sup P(~~([0,T])>K) < 15 c~nd
~(4co

u r n  sup Urn sup P(Iç([0T])>K) >15. Furthermore take a step function
fl9~~

g(t) ~~~ a~ I(T~
<t�T±+i), with ~ T-< ...<ç1�T that approximates

unifornly, with sup ~f.(t)-g(t)~ < e/(2K) . Letting O�t1�t7�... be theo�t ~
atoms of N, we ass~ ie without loss of ~-~uera1ity that

(2.6) P(t
~
—t
~
) = 0, j=1~.. .m, i�1.

On the set {N~(t0~T))�K, N~([O;T])�K.} .we have

Iff~~~ff~&~ I < + 2i~c/(2K) .

P ~ ii~: sup Em sup {P(N~(CO~Tfl>K) + P(N~(CQ ,Tfl>KJ +P (~Jgd~~_fgdN1j>0)}
fl9-(~

: since P((J~dN~_JgdN~l>0) -~ 0 ‘
~y (2.6) and tIie hypothesis of the 1en~a.

~.owev~r , 15>0 is arbitrary~ so (2.5) follcws. 0

Finally, it should :)er~Iap3 ~c stressed that the convergence % fl

that is to be proved in the $o1lowir~g sections only says something about

the saiTiple paths near extremes: ~~ciy, ~~~ ~~~~~ ~ 
where Y

~1~ 
Y~ are

random variables in (Rc
~,15) if and only if (‘ç~~( -k ) ; . .. , Y~~~(k) ) ~~

as n-’°’, for each k�1. Similarly, since the limits

of € D(-~~,co) which we obtain are continuous , the convergence in

D(-co ,~~) is equivalent to convergence in L~(-T ,T) for each T>0.

_ _ - - ,~~~~~~- - -~~ ~~~~~~~~~
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3. EXT~E~ES L i DISCRETE TJ~ E

Let I Z(A)}~~~ be a se’~uence of independent stable (l,a,~) random

variables . It is innediatc that ~~~~~, a(X)Z(X) converges in distribution

if and only if

H
-~~~ (3.1) ~ J a(A)~~ < ~n-3 in addition, for CL1 , t3~0;

A= :_co

H
~ a(X)1o~l~ (X)~ < oo~

Noreover, if (3.1) is satisfied then , since the Z( X )~ s are independent,

~~~~~~~ a(A)L(X) converges with probability one also. The limiting distribution

is stable with index CL , scale parameter (~
°‘

~, 
Ia(X) l CL)

1
~
’CL and with

syr.r~et ry parameter (3 ~~ {a+(X) CL
~a (A) CL}/r~,, la (A)I

CL , where a~(A) =

nm& (0 ;a (X)) and a (X) = ~iax(0,-a(X)). Further~ if ct=l the distribution

is tr ns1a~u~h by an amount -8 ~~ ~~~~~ 
a(X ) logJ a(X )~ . —

~i~~n {C (X) }
~~_ c o  satis ying (3.1) a ~iovin~z averabe process

is obtained by putting X(t) = ~~~~ a(X-t).~(X). Let x>0 be fixed , take

-i sec uence {h(n)} 1 with (n~~+o ~(n)/n + ~) hut otherwise arbitrary ,

and define thc- separated exceed~tnces of xn~’~ recursively by putting

tnl = inf{t�h(n); d(t)>;~~
’CL) ar .i t~~ = ii~~ [t �t.1 ~~~

+h(n) ; X(t) >~~~’~ },

- - for i�2. The reason for using separated ~~~~~~~~ is t::at we want to

coun t several exceedances whic~ are a fixe~ distance apart’~ as one event

only. ~ t tn~ cud of the section~ a~~o cr unary exceedances will be considered.

The time-ncr..ialized point process i~. of scu~ratcd exceedances is then

defined by ~ (B) = #{t~~/n ~ 1’.} for d sets 3cR~ . Further, for a

given sequence {Tnj } l the : iar : at exceedance no i is defined as

- -
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Y~1(t) = X(t+r~~)/n~~~, t=o,±i,...

and we then have a marked point process 
~n ~ n ’~

’ni ‘‘n2’”~~
In order to find the limiting distribution of it is convenient

to consider completely asymmetric ~-roccs~es first. Let c~ = lf 1F (a)sin(cdl/2)

and put A = m~ ç a~(A). Further let have the distribution of the
-oo<~~ çco

:!~ vector (...,a(l)z~a(0)z,a(-l)~ ....) in T~ , where z is a random

- - -~~ variable with distribution fimction F ( z )  = 1 - xCLA~~z~~ , z � xA~~
Then the limiting distribution is that of

( 3 . 2 )  ( -
~ ,Y1 ,Y 2 , , . . )  where the comoonents are independent,

1! is i Poisson process with intensity ~i = 2caA
CLx~~

and w~iere tne Y1 s have the distribution given above.

L
~~

-
~ 

3.1. Suppose that {Z(A)}~~ are independent and stable (l,a,1),

that {a(X) }CO 
satisfies (3.1) with A = max a(A) > 0, and that

X(t) = 
~~~~~~~ 

a(X-t)Z(X). Then there are time points {r~~; n�l, i�1} with

{t~ 1
-t~~~}~~~1 tihht for each i~1 (i.e. him Urn sup P(lt.1~-r~~l >k)=0, i�l )

such that if n,11 is the marked point process of se’~arated exceedances of

~~l/a defined above, then r~ ~~~~~ ~ 
with the distribution of r~ ziven

by (3.2) .

REI-~AP.X. It would seem more natural to center the marks at the t
~1~ 

s

instead of at some rnl’s which arc not explicitly defined in terms of

X ( t ) , but unfortunately the limiting distribution then becomes much more

complicated. However, using tho entire observed structure of the sample

path near extremes it is possible to f ind the centering. For instance,

if the maxirn~x of {a(A) I is unique then we may take Tnj as the time
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point when {X(t), tE[t
~~
,t
~j
9h(n)J} first assumes its maximum. (The

validity of this claim is verified at the end of the proof of the lenma.)

PROOF. The essential. facts we will use are that X is a n~ving average

and the following simple estimates of the tails of F~~ , the stable

(l~a ,(3) distribution (see Bergströn~ (l9S3))~

(3.3) 1 - F~1(~) 2caz
_ a 

as x~~

F 1(z) = o ( j z r C L) as Z+-cD

(where f”g means £ = g(1+o(l)) ) and

(3.4) P~~(z) + (l_FCL(3(z
~) �

for some constant

Define O�~r~1<t~2< ... as the times when Z(X) > xA J n~~
a , put

N.!1(B) = #{T •/n € fl} for Borel sets BcR~ , and let Y~~(t) Z

for t=O and Y~1(t) = 0 for t~0. Further, let ~ have the distribution

obtained from (3.2) by putting a(0)=A, a(A)=0 , ~~~~ in the definition

of . The first step is to prove that for = (N!~,Y~ ,Y~2 , . . . )  we have

d(3 .5)  as n-’~°.

- 4
Obviously ~ has independent components, so according to Lemma 2.1

it is sufficient to prove that each of the components converges. Fran

(3.3) we have

P(Z(0) > xA mnh~’a) 2caA~x~~n~

which by Theorem 3.2 of Leadbetter (1976) proves that N~ L N. Furthermore,



- — 
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f or z~~~xA 1 ,

P(Y~~(0)~z) = 1 - P(Y~~(O)>z)

= 1 - P(Z(0) > fl
h/cLZ I Z(0) >

0. -0.
— 1  - ~~~~~-~~~~~~- -=  1 - x0.A~~z 0.

nz

and it follows tha t Y~ ~+ and thus that (3.5) holds.

The next step is to prove that {tnj~
tni}~~l 

is tight for i�l, i.e.

- 
- 

(3.6) Urn liii sup P (J t ~1-t~1! >k) = 0, i=l,2 
k-,co fl—KU

Now, putting A~~ = {lt ~~-r~~i>k }, we have P(Anf ) � P (A~~~_ iJ \u) +

(defining A~~ = 
~ ) ,  and by recursion (3.6) follows if we prove

(3.7) Urn urn sup 
~~~ 4-r ~a~ 

0, 1=1,2 

Let i-~ be a positive integer, put B~ = {tnd>nN} and put C~ =

{z(t)en1~~A
4(x~2c,x] for some tE(O,ni’J)}. Taking x/3 > c > 0 we have,

for n such that h(n) > 2k, that

{X(t~~)>n~
/0.x, z(t)�n~

/0.xA4 f or  
~
t-t

~~
�k, t

~~
<
~
J-k} ~ B~

c {X(tni)>n
1/0.x~ Z ( t)~~”~A~~(x-2c) for It~tni I�k~

t~~~nN-k} u B~ u

Let be the event that z(t) < _n 0.c (2k~1y~~max a (X))~~ f or some

t ~ (O ,i~), and let be the event that there are time points t’, t”

(O<t ’~t”<nj~) with ~t’-t”~ � 2k+1 and z(t’),z( t”) > fl
1 

~(2k+i~~
1
A~
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Further introduce Xk(t) = a(A-t)z (X ) and write F~ f or the event
that sup{ IX(t)-Xk(t)I 0<t�nN} exceeds n1~~ c. Then

{X(t~1)>n~~x, Z(t)�n
V0.A4(x~2g) for lt-t~~J�k~ t~~<nN-k}

{Xk(tni)>n LS’0.(x_c) , Z(t )�n1”~1~~ (x-2c) for It -t~~l�k , t~1<nN-k} u F~

c u ii F~

where the last inclusion follows from the fact that if D~ occurs~ if

Xk(tfli) = 
~A = k 

a(X)z(X+t~1) > nV~(x c) and if Z(A+tnj) �

for 1A I  � 1:, then for at least two values of 1 with ~A J � k the

su~Tnands a~ (1) z (A+t~1),  which are not larger than Az (X+tnd) ,  have to

exceed n~’0.c(2k+l) -l It follows that

(3.a) 
~~~~~~~~~~~~~~~~~~~~~~~~~

~!e proceed to estimate the nrobabilities of the events in the right -

hand side of (3 .8 ) . From (3.5)

i~i ‘ —
= P(W~(OJ~1) �i- 1) -

~~ ~~ e
j =O ~~~

•

as n-’°’ and, using Boole’s inequal!ty and (3.3),

P(C~) � nNP(Z(O)€n~~0.K
l(x~2c,xj)

.+ N o 2 o c0. A~~((x-2c)~~-x 0.)

as n-,co, and similarly

P(D~) � NP (Z (O)< _ n l
~’
ac(2k+l Y 1(max a (X) ) ~~ ) 0.

Again by Boole’s inequality and by independence and (3.3) we have

~ 
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P(E~) ~ ([nN/(2k4.1)]4.l)p({~t~;t
:
~; O� ’<t �t-k+2 ,

z(tht)>nV0.c(2k+l) 4A4})

~ 
([nN/(2k+1)]+l) (2k+l) (4k+3){P(Z(0)>nui’0.e(2k+l)4A4) }

2

— ([niTf(2k+l) ]+i) (2k+1) (4k+3) {2c0.c
_0.
(~k+l)

0.A0.n~~}
Z

+ 0

as ~~~~~ . Finally , X(t)-Xk(t) is stable with index a and scale par~~eter

{~~XI>k(a(1)I
0.1h u/0. so (3.4) gives

P(F~) � (lX(0)-X1~(0)I>n
1
~~c)

� ft4k0.c ~ I a(X)t
0.n~

I A J > k
= k0.i~c~~ ~ (a(A) t

0.

Hence, by (3.3),

u r n  sup ~~~~~~~~~~~~~~~~~ �

~~ (iN)3 e~~ 2c A~~((x-2c)
0.-x 0.) k N~~

0. 
~ 

j a(A) I”
j=0 ~ 0.

so

~~

. 
! ~irn u r n  sup P(A~,1_1{t~~<t~1-k}) � ~ 

(
~Q e~~

T’1 
+ 2caA

0.II((x
~
2
~
Y0.

~
x
~~)

and since c>0 and N are arbitrary (subject to x/3>c>0 ) we get

urn  lim sup P(A~,i_ i l~tni<Tni_k}) = 0.

Similarly, we can s~~w

-

~

.- .- -
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Urn him sup P(A~ . .<t i-k)) = 0,
k-KU fl-KU ,1 3.

the main change of the proof being that in the definition of we have

to consider ~~~~ satisfying t t ’ -t’- I � h(n) + 2k (instead of It ’ -t~ l �k )
and thus have to use h(n) /n-~-O to prove P(E~) -

~~ 0. 1 Jow (3.7) and thus
(3.6) follows.

To prove the remainder of the theorem, introduce =

(...0,a(k)z(tni) ,...a(
~~)z(t

i),O,...), put N~ = N~ , and let
= ~~~~ ,Y~2 ...). Since the function that maps ~ into is

continuous, (3.5) implies that ri~ ~~
+ n1’ 

, where has the distribution
that is obtained from (3.2) by putting a(A)=0 for I A f >k .  Furthermore
it is immediate from Lemma 2.1 that 

~~
“ -

~~
÷ 

~~
. Thus , by Lemma 2.2, r~

follows if we prove that (2.1) holds. The atoms of are

and the atoms of N~ are t~1/n,t~~/n,... and thus, since it follows
from (3.6) that P(ITni/fl~

tni/flI>E) + 0, as fl-KU Yc>0 , the hypothesis of
Lemma 2.4 is satisfied so (2.1) holds for i=O. Next, by definition

ój (Yni Y
~i

) � IYni (i) Y~~(j ) I  = ~X(~+t~j) j )Z(rni) I n ~~
0. 

�

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ if j�k. Hence

~~~~~~~~~~~~ 
C ~~~~~~~~~~~~~~~~~~~~~~~~

—r <nN-j-k } u {t~1�nN-j -k } u F~

c {t .�n.~-j-k} u E u F ,fl2. 11 fl

and as in the proof of (3.7) we obtain

lim u r n  sup 
~~~~~~~~~~~~~~~~ 

= 0, Vc>0, j�l
k-KU fl4~~
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i.e. that (2.2) holds for i�l. Since this implies that also (2.1) holds

for i�i, it completes the proof that n,1 L.- 
~~
.

Finally, let T
~i 

be the first time when {X(t) ; tc Ct~~ ~tni+h(n)])

assumes its maximum and suppose tha t for 10 satisfying a(10) = A we

have mm (a(10)-a(X)) = 2~ > 0. To verify the claim of the remark we

show that it is then possible to replace {Tni} by 
~~~~~ 

in the

staterlent of the leinv.a. To do this, it is sufficient to prove

(3.9) P(T~1-X 0�t~1) -‘- 0. as fl -KU•

Let be defined from Xk(t) = 
~A~-k+t 

a(A-t)z(X) in the sane way

as is defined from X(t). Now 
~
r
~~

-A o�r1u} ~ {ç~ xt~~~~ r~~
-A O=T~i

} U

{Tni~
•X o~

tni} and for k � we have {T.
~i~

r
~i,) ~~~~~~~ 

c D~ U U

F~ ~ t~1>n~-i--X0-h(n)} where is defined in the same way as

except that ~t’-t~ 
� 2k+l is replaced by lt’ -t’l � h(n)+2k. Furthermore

{T’
~m~

Xo~
Tn~
} c U {tni>fliJ~~

XO~
h(fl)} and thus (3.9) follows as in the

proof of (3.8). 0

The general result follows rather easily fran Lemma 3.1. Recall the

notation A r~ax a~(A), put a = max a (A) and set p ’ = c
1 1 0.

U” = c0.a
0.(l-~)x~

0. 
- Further let Z ’ and z~ be independent with distribution

functions F1(z) = lx CtA a(l+~y
lz a 

, z � x 1A(l+~)
V0. 

~
F7(z) = l-x”a~~(l- p~~

1z~~ , z � x 1a(l-~3) respectively and let

(...a(1Y~, a(0)Z’, a(-l)?’~...) ‘~ith probability ~~~~~~ and

= (..._a(1)z:, -a(0)Z , -a(-l)Z~,...~ otherwise. Then the limiting

distribution is that of the uarked point process

S -~~~
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(3.10) (N ,Y1~Y2 1. . . )  ~-zhere the corinonents are indc~endent,
N is a Poisson process uith intensity ~i = 

~i
’+p” and

where the Y~’s have the distribution given above.

T!-~ORB 4 3.2. Let {a(A)} satisfy (3.1) arid let {Z(X)}~~ be an independent,

stable (l,cx,~) sequence. Suppose that the moving average sequence {X(t)}
- I is given by X(t) = ~~ a(A-t)Z(A). Then there exist {t~~~} with

{tni-tni};i tight for each i�1, such that r~ ~~~~~ n, where is the

marhed point process of separated excced-arices of nl/’0.x by {X(t); t�0}

and where the distribution of n is given by (3.10) . —

1
~~ )F. It is innediate from (1.1) that if X and Y are independent and

stable (l ,a , l) with a�l, then (~~~~~ 0.X - (~~~
1~~r is stah1~

(1,a ,~ ). If c~ = 1 a constant has to he added to

tkus representation , but since this introduces only trivial complications

we assume ct el for the remainder of the proof. Let {z’(X) } and {Z”(X) }~~ -

be independent stable (l,a~l) se:ucnces and put X’(t) =

and X (t) = ~a(X_t)(~ .~)
l/0.

Z~(X). Then the stochastic process

has the same distribution as {X(t)}~~~ arid since we
-

~ - are interested only in distributional properties , we ~‘.ay thes consider

X (t)-X” (t) instead of X(t) .

Let U�r~~<-r~2< ... be the times ~-f~-~~ ~z (t) ; t�0} exceeds

~
_ _ i~: O�r:1<Tj2<... ha tIa tL~~; Y.~~ {Z”(~); t�O}

exceeds nu/0.a (~j~.)4~’ax. Using {r ~~} and {t~~~}, define marked point

processes of separated exceedances of the level n~
’0.x, n~ = (N~,Y~1,Y~29...)

from {X’ (t)} and = ~~~~~~~~~~~~ from {X~(t)}. Further let

Ti’ and Ti be independent and with the distributions obtained from (3.2)

by replacing a(1) with ~~~~~~~~~~ and with a(1) (~~~) hJ0. respectively.

-S -- - --S—--S - ---— ’- S-— —-- -—- -—- -—- - - - -~S — --. - -5-- --- - —5SS- -S——--- - - -
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From Leruna 3.1 we have r~ n ’ and n~ ~~~~~ r~
’, and s ince and

are independent, (r~ ,r~) ~~-‘~ (ri ’ ,n~) (using the product metric on SxS ).

Let = Nt +N” , let O�ti~ �’rn2 �... be the atoms of N~ , and if

for some k put Y~~ = Y~~ , otherwise put = Y~~ for the k that

satisfies r
11~ = ~~ . Then the function that maps (r~~~~) into fl~ is

continuous except on the set where and have common atoms. Since

this set has (ri ’ ,ri”) probability zero it follows that fl~ r~, where the

distribution of r~ is given by (3.10) . Finally, using the independence of

{X~(t) } and {X~(t) ) and similar (but easier) arguments as in the proof of

Lemma 3.1, it follows that P(d(%~rl~) >c) + 0 as n-~~, for all c>0 , and

the theorom is proven. 0

Theorem 3.2 gives a rather complete description of the asymptotic

behaviour of extremes of linear stable processes, but it is somewhat

complicated, and we will spend the rest of this section on some (simpler)

corollaries to it.

The point process N~ gives the separated exceedances of , but

also ordinary oxceedances are interesting. For Borel sets BcR+ put

E~(B) = #Jt/nEB- X(t)>xn1~
’°’}, let ‘V~(z) 

= #{X 1 za(X)>x} and

v (z) = {A~ -za(A)>x}, and let the point process E have the following

distribution: atoms occur according to a Poisson process with intensity

= ii ’~ if ’ , the iiuiltiplicities of different atoms are independent and with

the distribution of v, where v = ~~(Z’) with probability U~ /(U~ +U z )

and ‘v = v~ (z’) otherwise. C ii’ , U” and the distributions of Z’ and

z’ are given on p. 27.)
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~~~ LLARY 3.3. Supt~ose that {X(t)}~~~ satisfies the assumptions of

Theorem 3.2. Then hT , B 3 where is the point process of exceedances

of and where the distribution of B is given above.

PROOF. ic only sketch the proof. Let have the sane ator~s as

but with the multiplicity of the atom at t1~ equal to #{te [t~1 1t~~+k];

X(t)>xnV0.}. According to the theorem r~ ~~~~~ ii and with probability one

ri is of the form (v,y1,y29...) where v is a locally finite measure

and where y~ E P~ is of the form y1(t) = z
~a(-t) , ~~~~~~~~ . However ,

for vectors of this form, the function that maps 
~~i 

into E~ is continuous

exce,’~t if z~a(-t) = x for some i�l. As the set of such vectors has ~
probability zero, it follows that B;~ converges in ~-i.istribution to some

point process, say hi” . It is easily seen that I~’ ~~ B as k-~~, and the

proof can be finished, using similar methods as in the proof of Lennia 3.1,

oy JT’roxraatlnR 
~n 

~~ E~ . 0

(
~~~~~dY h~ . ~h~~osa that {X(t)}~~ satisfies the hyeothesis of Theorem

3. ~ ~ d ~;~ -c thc Borel set ~ c h~s boundary with Lehesgue measure zero

H 
(I~BI~~). T;~~,

-+ ~ U e U ~‘ Pr( 
~~ 

\)
~~k)

: 1  i=l

as n-~~, where th~ v1
9s are independent and with the same distributions

-is v. Similarly, if ~~~~~~~~~~ are disjoint and have boundaries with

Lcbesj~ue measure zero, then ~~~~~~~~~~~~~~~~~~~ 
tends to the product

of the corresponding probabilities.

- — -5-— - - - - -  ~~~-- - — - -  - —  -5- -- - - 55- - - -
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Also the joint limiting distribution of heights and locations of the

exceedances czui be obtained from Theorem 3.2 , but since the limiting

distributions are com~1icated we only give the si~~lest result.

tT2~LLc.T~ 3. E .  Sur,~ose t’~~ {X(t) }~ satisfies the hypothesis of Theorem

3.2 and let = i iax ~(t) . Thea

+

as n~~.

P:~ -3.~ Ob-~i~~s~y PE-~/n~~~�x) = ~(~jIO i~-)=3), and the latter probability

converc~es to ~~~~~~~~~~~~~~~~~~~~~ by Corollary 3.4. 0

In Th~cre:~ ~.2 it is ass~ .-’-ac ~1~at t~~~ i e~iendenc variables have a

3t1~ie distribution. :-iowever~ ~s ~~s ~ot~a in t.he proof of Lei~a 3.1. the

essential ~~o’-urty o~ the stable distribuzioa is that the tails decrease

~olynomal1y. Taut; r~s~.1ts similar to ti~O3C a~ove AiOk for rioving averages

as soon as t~~ tuL s ~ : the ‘~1s~r it ~ t i c a o~: the ix~~ en-’~ent variables

5-cr’35a ~s a i~re o’ier~, of i~ e e -  1t var13~les jelo~’~
to the -Io~ iL’~ c-f aor~.~ai attr~ct~o~ s-~ blc Ie~r ~;ith c; onent a<2.

;. 
~~~~~~~~~~~~~~~~~~~~~~~~~~

Consi~er a stochastic :~rocess {z(A) ’ X~~-} th~~ has stationary

in~~ enden~ i~icrer~o~ts ~-iiLi 2(~)=~ ~~ :(i) stable ~~~~~~ In the

se-~ae1 !.re Jil ~ss~r~e that a�l. ~
‘- c- as’~J ~iay of obtaini~rt an i.:terral

fa(A)dZ(X) is to first ‘!efine it ~~ s :e~ f~t~ctions of the form

a(A) = 
~~ l 

aji~~i c.)(A) with -
~~~ < b1 < c1 s b2 < ... < c~ < by putting
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f a(A)d Z (X) = 
~~l 

a~ (Z (c~)- Z (b~)) .  Then, ~is is easily s~en from (1.1) !a(A)dZ(X~
is stable with index c~, scale parameter {fia(Afl~dA }~~ , and symmetry

parameter ~~~~~~~~~~~~~~~~~~~~~~~~~~ i~ext, if a(A) is (Lebcsgue)

rneasurahlé:~nd satisfies

— 
(4.1) f J a ( A) (~ dX < (O<a<l or 1<c~<2) ,

we can find a sequence {a~(X)}~~1 of step functions w1t11 fIa(X)_a~(X)I
adA+O

as n—’~. Then, for I~ = fa~()~)cZ(X)~ the scale parameter of 1n~’m 
is

{f Ia~(X) -a,(A) l~dA} 1”~ which finds to zero as min(m ,n)-~co. Hence

is a Cauchy sequence in the sense of convergence in probability and there is

a random variable I with I~ ~÷ I. The integral is then defined (uniquely

a.s.) by fa(A)dZ (X) = I.

The object of study is moving averages, i.e. processes of the form

X(t) = fa(X-t )dZ (A) with a(X) satisfying (4.1) . ~-Te always assume that a

separable version has been chosen. Car approach is to approximate a(X)

by step functions aJA) = 

~aiI(i2 ”<X �(i+ l)2 ’
~) and thus to approximate

~(t) by Xk (t) = ~a~{Z((i+l) 2
_k

+t) _ Z(i2~~+t)}. The necessary estimates are

given by the followinc’. two lemmas .

~~~~~~~~~~~ Sup~ose X(t ) = ~a~~Z((i+l)2
4+t)-Z(i2~~+t)), where fla 1l a 

<~~~

and where {:(A); Xd~} has statiom~ry independent increments with :(O)=0

and :(1) stable (l,ct,fl, and put X~ = sun IX ( (~+t)2~~) _ X( R ~2
_k

) l .  If
0�t�1

O<c*<1 then , for some constant k~ 

- 5 - ~~~~~~~~~-~~~~~~~~~~~ . - - - 5-- -- - -- 5 - - -~~~~~~~~~~ - . - 5 5 . - -  — - —
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(4.2) P( max X~>x) � iç~ A~Nx~
O�~�2

kN_l
— where A1 max ~a ,, . If l<~<2 thea

O�j~2~ 
12’+j

(4 .3) P( ~~ X
~
>x) � ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

for x > ~~(2~~~ta1I~)
l
~
’a 

, where is a constant.

PROOF. ~1e h ave
-1

(4 .4) X ((~+t)2 ) - X ( ~2~~)

-~a~{Z ( (i+1+Z) 2~~) -Z((i+~)2
1
~) }

Suppose O<c~<1. The~ {:(A)} ;ias nondecreasing sample paths and hence for

O�t�l ,

co

.(i.~+t) 2~~) ~:~I:22 1\) I = ~~ (a 
~ . -a kj =-co j 1 ~2 t+j-1 i2 t+j

-

~ 2” 
~~~~) 

_ Z ( i+(j+ 2~)2 
~ ) } I

� 2 ~ A1 ~
i -co j =1

°‘ 2 5;
� 2 ~ A1 ~i c o  j=l

= 2 ~

It follows that

flax 2 ~
1

= 2 ~ (A1+A1_ 1){:(i+1)-:(i)}.

1
- 5  -- —
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The sequence (Z(i+l)
~Z(~

)}
~~~co is ii-1dc~enJc-nt and stable (l~cz,l) and

thus, by (3.4),

max X2,>x) � 2~k ~
U�2~�2 -1

< 2 2°~ ~ A~x~~a. 1

~!ence

P( ~ax X2,>x) ~ i-JP( max X~>x)
Q~2ecN2~-l

~ 2 o 2\ ~

and (4.2) holds with K = 2 ° 2\

Next supi ose that 1<a<2. Put Y(t) = X(t2~~)-h( O) and set b~ = a1-a~~1.

It follows from (4.4) that {Y(t); O�t�l} has stationary independent

incr~ ients with Y(O)=O a~-I Y(l) stable ~j1th index a, scale parameter

y = (2~~flb 1l
c
~)

1
~~ and syia~etry pa:-ameter 8 = 

~~~~~~~~~~~~~~~~ . In

analoqy ~ith the proof of Theorem 3.2~ ‘.e represent Y(t) as Y~(t)-Y (t),

wherc Y~(O) = Y (3)=O and the processes {Y~(t)} and {Y (t)} are

independent end have stationary independent increT oilts with Y~(l) stable

and Y (l) stable [i((l-8)/2)’~~2ct~lJ. Further,

Y~(t) = Y~(t)+4 (t) where 4(t) is the s’n of j~mips of Y~(t) of size

� 1 in ~~~~ and Y (t) = Y~,(t)+?~(t) where Y~(t) is the sum of

j umps of Y (t) of size � 1 in ~fl~t]. Let ~(u~x) = (e~~~-l-iux)lxj ’~~
Using the L6vy representation of the c;.3ractcristic function of Y~(t) as

exp{ta.c~y~(l÷8)f~~(u,x)dx} it fol1o’~’s (see L~vy (1954) , ;~reinan

(1968)) that {Y~ ( t )}  and {4(t)} are indciendent and that Y~(t) has

the characteristic function ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Similarly {Y~(t) } and {Y~(t) } are indopenhent and Y~(t) has the
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-: characteristic function expftac~’y(1-8)(f~ ip(u,x)dx+iuf~ x~dx) }.

Hence

= sup JY(t)I � su~ IY~(t) J + sup I ’4 (t ) I+ su~ IY~(t)I+ sup 1Y (t) I
O�t~l O�tcl O~ct�l O�t�i O~t�l

= sup IY~(t)l +Y~(1)+ sup J Y~ ( t) I + Y~(l)
O�t�l O~t�1

� 2 sup )Y~(t)I+Y~(1)+2 
sup

o�t�1 - 1 1

The process {Y~(t); 0�t�l} has norients of all orders (Feller (1971),

p. S70) and , if and v(~ are the mean and varicnce in the distribution

with characteristic function e a.c (f~~(u,x)dx-iuf~x~~dx)}, then

E(4(t)) = tY(l÷8) h/am~ and v(Y~(t)) = ~y
2(1~B) 21”v~ . Fbr x > l 6yj m ~ 1

F olmogorov’ s inequality gives

P(2 su~’ ~
Y :)I >x/4) ~ P(2 sup ~~~~~~~~~~~~~~~ >x/4-Y(l+$)

1”
~I%))O~t�l O�t�l

� p( sup
o�t�1

� y222~~l5
2x~

2

T~i’iJ a~1y, for > 16yIrn~t

P(2 sun fY~(t)I >x/4) � y222v162x 2

O�t�1

By (3.4) we have P(4(1)>x/4) � l+~)4~x~~ and P(Y (l)>x/4) �

Thus , for x > l6n •y

P(X0>x) � P(2 sup IY~(t)I>x/4)÷P(Y~(l)>x/4)’~(2 sup IY~(t)I >x/4)+P(Y (1)>x/4)
O�tsl O�t�l

� ~2~~~ (x+ y2~~x
2)

I 
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• if K~ = 2~ rnax(4.l62v~,k~4~)7 so since 
.
~
,a. = 2-k ~ Ib~ I~ and b1 = a1_1-a1

we have

P( max Xfx) � 2kNP (X0>x)
O�9~�1J2 -l

� ~~~~~~~~~~~~~~~~~
2-a.

- 

- 

= Ka.2
_

~~ Ib±~~
\1(X

_

~+(2 b~~~)
a X

_Z
)

2-a.
�

which proves (4.3). 0

In order to apply Lemma 4.1 to X(t) = fa(X-t)dZ(A) some conditions

are needed. Let = sup a(A), bki = inf a(A) and put
X2~

’€ (i,i+l] X21~€(i,i+l]
a1~ = a(i2~~). One possibility is to re4uirc

(4.5) a (X) is uniformly continuous; ~~~~~~ and
O<a<1.

The second part of this condition is of course ec?uivalent to

for all k�l. J~nother possibility is to require

(4.6) a(A) is uniformly continuous, ~~~co Iaj j J~ < ~~ , there

exist ~S>O and ;~ such that 2”
~flakl_ak..l [l,2](~�K~

and 1<a.<2.

Obviously, this condition implies that ~~~~~ < for all k�1. The

latter part of the condition perhaps needs some motivation. Suppose that

a(X) is continuously differentiable, except possibly at the points

-1
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{i2 ~~~~ , and put 
~k1 = sup ta ’(X)l . Then Iak1-akl [~,/2]I �

X2 E ( 1 1, 1~

fki2
1
~ 

and hence 
~~~~~~~~~~~~~~ 

< 2 ’ f
~~2~~ . Thus the latter

part of (4.6) holds with ~ = a-I if e.g. 
~
fki2~ 

converges as k.w, and

to require that this holds is rather close to requiring I Ia ’ (A) J~dx < co~

LEd-IA 4.2. Suppose that X(t) = fa(A-t)dZ(A), where a(A) is non-negative

:an
~ 
satisfies (4.1) and {z (A) ; X~~t} is as in Le:~ia 4.1. Furthermore put

= ~a1,~C~((i÷l)2
”+t) - Z(i2 k+t)} (the sum converges, by (4.5) or

Lv ( - ! .6) ) .  If a(A) satisfies (4.5) then , for sor~e constant

(4.7) P( sup I X( t ) -X 1 (t) ( >x) � ~ A~~1~c~~Ost�N ‘ j - c o

where ~ 1 j  = max I~~ ~
. -b k If a(A) satisfies (4.6) then-s 

~~~~ h;i2 ‘+j k,i2 +j

~~~~ s~v (~)-X . (~ ) j >x) ~

hr ~ large c~o~i~~ tc i~~d’~~ ~ > C~~x
a. where is a constant.

fOE. ¶~U~~ K ) e  C~~<j an~ let ~~(~) 
= ~

~~(t) = .1t2((1+1)2 ’+t)-~(i2~~+t)}. Since Z(X) has nondecreasing

saiple paths, Dk(t) = X~(t)-~~(t) � IX( t ) -XK ( t ) I .  Using the same methods

~s in the first part of Lema 4.1 it is easily seen that P( sup D,~(t)>x) �

- O�t�N
::~ r ~~~~ 

a arid thus (4.7) follows with =

Now consider 14<2. In this case let ‘~. (t) = Xk(t)-X1 1 (t) and put

= ak~
-ak1(~/)J 

fsis~ h~~(t) 
= 

~ ~: ~
{: ((j +i) [ k+t) -Zj2 1

~+t) }.

Further let D~ sup I~~(
+t)21-nk~~

2
~~~f and use (3.4) and Lemma

O�tsl
4.1 to obtain

-~~~~~~~ ~~5 -
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P(sup D1 (t)>x) � max ID~(t2~~)I>x /2) +~( max D~>x/2)
O�ts2 hi-i O�L’c2’~N-i

� 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

for x>C (2
~~~Idk.J~)

1t
~ . Hence by (4,6)

(1. ~) ?(su’ P~(t)>x) ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 

for x> ~~( z  2 -k( 1+ô) ) i/a. 
. Let ~~ z-(i-1)ä/(2a.)(l2~~

/(2a.))x ~
= 

~~~~~ 
2
~~~~

’)
~ X1~ 

� constant x z -k6
~

.a. 
-

• 
~T 1 z i) (2+ 25-a.)/a. constant x 2 -~ç 2+2 -~ ) / c t -2 Since X~~t) ~~ X(t)

we have

(4 .10) ~( sup IX( t ) -X k (t ) I > x) ~ ~ P( Supi=l O�t�N

and if > ( l 2 -6/(2a) ) -lCcL~~
-a then x~ > C ( K 2 (k+i) (i+6) ) l/a 

, for

i�1, and (4.8) follows fro~ (4.9) and (4.10) . 0

The conditions used above imply that X(t) has continuous sample

paths, and although we do not need this result for the sequel, it is

interesting in its own right.

TIIEOREI-I 4.3. Let {Z(A): AdU have stationary independent increments,

which are stable with index a. Further supnose that a(A) satisfies
+ - . .

(4.1) arid that both a (A) and a (A) satisfy c~thcr (4.5) or (4.6).

Then the moving average X(t) = fa(X-t)dZ(X) has continuous sample paths.

Pr~OOF. Obviously it is no restriction to assume that Z(0)=O and Z(l)

is stable (l ,a,~), and since fa(X-t)dZ(X) = fa~(X-t)dZ(A)+fa (A-t)dZ(X),

- - -- ---5 
_ _
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it is enough to show that each of the terms is continuous, i.e. we may

also assume a(A)�0.

Let {z’(A): AER} and {Z”(A): Ad~} be independent and have stationary

independent increments with z’(O) = z (O) = 0 and z’(l), z’ (l) stable

(i)a.;1). Then fa(A-t)dZ (A) has the sane distribution as

(
i+~3)

i/a.f~~~~~~ 1 () - (~j- ”~fa(A-t)dZ~’(X)~ and thus we may fur ther

assume 8=1.

The proof proceeds by a~proximating X (t) by V1;(t3--=~ .fak (A -t) dZ (A),

where ak(t) is defined by the requirement that ak(t)0, ItI~k’, for

k~ (k) to be specified later , that a1,(9.2 1
~) = a(2~2~~)

= (,±1,.. .±k~2
k
~l, and that ak(t) is linear between these points.

Using the definition of the integral as a limit of su’ns and Abelian suiTmation,

it iS seen that (“partial integration”)

Jai (A -t)dZ(A) = Ja~ (X)~.Z(A+t)

= Jal((A)z(x+ t)dA

= 
k’2~-1 {a((i+l)2~~~-a(i2~~)} j

(i+1)2 
Z(X+t ) dA , (here

i=-k’2 i2~ a(k’) = a(-k’) = 0)
whcre the integrals are defined as limits in probability of sums. hiowever2

Z( X ) ~ ~ (_oO ,oo) (see e.g. Breiman (1968), p. 306), and is thus locally

Rieman integrable and hence 1(i1)2
Th 

Z (A+t)-JA is a.s. a Ilieman integral
i2

and is thus i.s. continuous in t, and it -follows that also

V,(t) = fa~,.(A-t)dZ(A) is continuous in t a.s.

Hence, if we prove e.g.

‘I

--
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(4.11) sup IX(t)-Vk(t)I ~~
0�t�1

then the desired result follows, since there is then a sequence {1ç1} of

integers with P( sup IX(t)-V~ (t)I + 0 as n-~) = 1, i.e. X(t) is
o�t�i

a.s. a uniform (in [0,1) ) lim it of continuous functions and is thus

continuous in [0,1] and hence , by stationarity~ in all of R. Now, let

xk(t) be as in Lemma 4.2 and put X~(t) = 
~

We have i2~j <k

(4.12) P( sup Ix(t) -V~,(t)I>x) � P( sup IX(t) -X 1 (t ) I > x/ 3)
0�t�l 0~t�l

+ P( sup IXk(t)-X~
(t)l>x/3)+P( sup IX~

(t)-Vk(t)I>x/3).
0�t�l 0�t�l

Thus , if O<a<l, Lemmas 4.1 and 4.2 give tha t

k’ -l
• (4.13) ~ ( sup f X(t)-V1~(t) ( >x) � ~~-C ~ A~j+ ~ B~~

+ 
~ 

A
~~

13
~
x
~~0�t�l i=-co ~il �k~ 

1 i=-k’+l

Choosing e.g. k’ (k) k it follows from (4 .5) and the dominated convergence

theorem that the righthand side of (4.13) te~ids to zero as k-’°o, and thus

(4.11) holds for 0<a.<l.

It is no loss of generality to assume ô�ct in (4.6), and then it can

4 be seen that1 regardless of the value of k’, a~(A) satisfies (4.6) with

K not depending on k and with the same t5 as a(A), and thus if l<a<2

it follows from Lemma 4.2 that the first and the third terms of (4.12) are

bounded by i~ 2-k6/a3a~
-a. for large k. Furthermore, by (3.4) the second

t~rm is bounded by K~ ~ 1 ak~ t~ 3~x~~ and since flak~
j
~ 

< by

(4.6), k’ can be chosen large enough to make 
~ 

Iak~l + 0 as
1i2 pk’

~~~ and it follows that (4.11) holds also for l<ct<2. 0
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5. EXTRE 1-~ES I1~ CC~TIiRI0US TIHE

Let {X(t); teR} be a moving average, and in analogy with Section 3

def ine recursively t.r1 = inf{t�h(T); X(t)>xT~~~}, t.~ =

X(t)>xT1~~} for i�2. For a given sequence {TTi}~~l 
put YTi(t) =

X(t+TTi)/T1/
~ , let N~(B) = #{ t T.k ~ B} for Borel sets BcR~ and consider —

the marked point process ri.~ = 
~~~~~~~~~~~~~ 

of separated exceedances

of xT~~’ . Furthermore, put A sup a~(X) let 31 and Z be as defined
A~Ron p. 17, and let Y~ have the distribution of the random variable

{Za(-t); tER} in )(-~x ,cx). If Z(A) is completely asymmetric the limiting

distribution will be that of

• (5.1) (N,Y1 , Y22,..) where the components are independent ,

~! is a Poisson process with intensity ~.i , and where
the Y~’s have the distribution given above.

• LE~iiA 5.1. Suppose that {Z(X); XCFS} has stationary independent increments ,

with Z(0)=0 arid Z(1) stable (l,a,l). Further suppose that a(A)

satisfies (4.1), that both a~ (A) and a (A) satisfy either (4. 5) or

(4.6) , and that A>0. Then there exists {TTi} such that {tT~-TT1; T�1}

is tight for each i�0 and such that the marked point process 
~T 

of

s~poratc~ exc ’od~~ccs of by X(t) = fa (~-t) dZ(X ) converges in

distribution to r~, where the distribution of n is given by (5.1).

PROOF. ~-:ithout loss of generality we assume that a(0)=A. First suppose

• that 0<c*<1. Recall the definitions of X (t) and a1.~ from Lc~ma 4.2

and put ~k (t ) = X1< (2 1~[2 kt]) so that Xk(i2 )  = X~(i2~~) and

: 1
I 

- 5  5 -~~~~~~~~~-- --~~~~~~--~~~~~~~~~~~~~~~~ - -
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is constant for t € i2 1
~,(i+l)2~~) .  ~e have

(5.2) P( sup IX(t)-Xk(t)I>T~~ x) 
� r( sup X(t)~Xic(t)I>T

1’ax/2)+
0�t�T

~~ IXk(t) X k(t)f >T X/2)
0<t�T

� 2K~ ~ A~1(T+l)T x~~2~+i=_ oo /

+ - ~L0
by Lemma (4.2) applied to both a (A) and a (A) and by Lemma (4.1).

From (4 .5) it follows that ~~~~~~~~ A~ + 0 when k-’~ and hence

(5.3) lLn Urn sup sup IX(t)~~((t)I >T~
ICZx) = 0.

k-*.’~ T-~co 0�t�T

Now, let 4 = ~~~~~~~~~~~~~ be the marked point process of h(T)-

sepai~ ted upcrossing; ~f by the discrete process {Xk (i2 1
~) 

}~
where Y~1(t) Xk(t2~~+41

), t=0,±l,... , i ith 
4~ 

the time of the

i’th cxceedance of xT~~ /A by the sequence {Z(i2 )-Z((i-l)2~~~} 0
According to L-mmaa 3.1 

4 converces in distribution, to say, as

T-~ . Furthermore, if is the marked point process of upcrossings of

• 
I xT1

~
’ by the continuous-time process ~C1~(t); t€ R} , with the marks centered

at the ~~~~~~~ then the function f: NXR°°xR°°x... + NxD(-co ,oo) xD(-oo ,oo) x ...

that maps 4 into is continuous and hence 4 4~ f(~~) = , say.

It is easily seen that the distribution of ~k is obtained from (5.].) by
k

replacing a(A) with ak(X) = 

~~ 2i~ 
a\11(i2 <A �(i l) 2 ) .  Thus

= ~~~~~~~~~~ has independent components, and if r~ = (N ,Y1 ,Y2,...)

has the distribution given by (5.1) then i•l~ has the same distribution as

- -
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N and Y~ 4-p. y. , since sup f a(A)-ak(A) + 0 by (4.5). By Lemma 2.1
k AeR

it follows that n’ —~ ~ as n-’~.

The appropriate centering for the i’th mark, tTj , of is the

tine of the i’th jump larger than T x/A in the process {z(t); t�0}.

To show this we first prove

(5.4) liiii ltTi tTiJ>2 ) = 0.
T-,u

To do this, let c E (o , x/(2A)) and write Z(t) = Z1(t)+Z 2 (t)+Z 3(t)+Z 4 (t) ,

II where Z1(t) is the sum of jumps by Z(t) in [0,t] of size larger

than T1’~ (x/A4t), i;here Z2(t) is the sum of jurn~s of size belonging

to T”1~~x/A-e, x/A+cJ, and where 23(t) is the sum of jumps of size

belonging to T1~~(c/n, x/A-c), (n>0). Further, for 9~l,2,3, let

be the point process which has its atoms at the times of jumps of

Z~(t). We recall that, putting Z~ = Z(j2~~)-Z((j-l)2~~), 4~ 
is equal

to 2 1( times the location of the i’th exceedance of T11’~x/A by the

sequence . Put = ~~~~~~~~~~~~~~~~ so that = 
~~~~~ 

Z
J~
’

let N be a positive number and denote the event that E1([0,TN]) < i by

A1. the event that ~3
’
~ ([0, ‘fl !J) > 0 by B1. , the event that

E2(2~~(j-1,j]) > 1, for some j ~ [1, 2~’NT], by Cr , and the event that

E3(2 k (j~ l,j ) > 1 , for some j E [l~ 2k~~] by P~ . If I T 1.~-4~ t >

and A~ n occurs , then at least one of the following three events

must happen: either Z~ > T~~ x/A and L~(2~~(j-1 ,j~) = 0, for soi~ie

j [1, 2~
’iI~J, or Z~ � T1’~x/A and El (2 k(j ..l ,j,) > a , for some

j  e [1, ZkNT) , or else C~. occurs. ~~reover, if n C~ n D.~. occurs,

then the first two events both imply that = { Z~ >T
1”
~c, some

E [l~ 21
~ r)} happens. Thus we have proved

c A1. U i1~. u CT U U 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .—~---~~~~~~~~ ~~~.- - .-“
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Let = c~a~~(x/A+cYa = ~~~~~~~~~~~~~~~~~~~~ ~‘nd

u~~= ~~~~~~~~~~~~~~~~~~~~~ T~~ i fo~ 2•~l ,2,3~ is -
~ Poisson

~~oc..~ss ~:ich in-::ensity uilT (see e.g. Breirnari (19f 8)) and thus

i-i. NU1 ~~~~~~~~~~~P(A~) = £(B 1( [O,Ti~J])<i) = e .~~

j 0
and

2P(B1.) P(E ([0,T~G)�l) = l-e

Furthermore,

P(Cr ) � 2kNFp(Ei(EO :2
_k
])>l) 

-k -l
= 2kNF (l_ e  

311T -k -1 2 ji1T 

1

+ 0,

as T-~u , and similarly P(D7.) -~~ 0. Further, by differentiating the Levy

representation of the characteristic function of Z~ (c.f. the proof

of L~iria 4.1) it is seen that E((4)
2
) s K2 (c/n)2 r2”~~ , for some

constant K, and then Chebychev~ s inequality gives

2~~.)  � 2kWFP( Iz~~>Tl~~c)

� 2~~~E ( J z ~, j 2)f 21~a~
_ 2

-a 2-a
� - ~~c n ,

as T-a . Hence

J~ -k i-i 
~~~ 

(Np1)3 
2u rn sup P(ITTi

_T.
~iJ>2 ~ 

~ j~0 
e j !  + l-e + i c ~~n

2
~~

and inserting the values of and and letting first n-~~, then

an~ t.~ n ~~~~ 1 his proves (5.4).
Now we are in a position to show t1r~t ~~ri -TTi : Th l} is tight , or H

equivalently to prove

- J 
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(5.5) un him sup P(It
~i

-rTi~
>y) = 0.

y-0D T-’~
Let {

~~~
} be the h(T)-separated upcrossings of T1

~~(x -Ac) by ~~(t)

and let {
~~~

} be the h(T)-separated upcrossings of T’~~(x+Ac) by ~k
(t).

Further , let be the locat ion of the i’th exceedance of T~
’C
~(x/A~c)

and the location of the i’th exceedance of Tl~a (X/A+C) by the

discrete pro cess {7(j2 ) -7 ( (j - l) 2~~)}~~1 , write FT for the event that

sup I X(t)-X1,(t)J > T1
~~Ac and , changing the notation slightly, let —

O�t�NT -s
A~. = { t1.1<I’Tr-y}. On the event A~ n F~ we have ~ 

� t~ and

thus { ItTi~
tTi I~

y} c {4. -TTI >y} u {~~~-t~.>y} u A1. u FT . Let G~1. be 
- 

-

the event that z~ c T1
~~(x/A-c , x/A+c] for some i E [1, 2~ Tr]. If

ri n 
~~~~~~~ 

T~r~ 
~rj 

~~~ Z’~ thus

{ftTj-TTil >y} C {~~~-4~
>y-2 1’

~
} ° {t~~ -~~ 1>y_2~~ } u {I T 1~

_4
~ I > 2~~

} u AT U FT

U {Z j ~
>r2 ’

~
} U (ITTj T

~i
I>2
~~
} u A1. u FT

U C r .

-~ (!‘T ))
Here P(A

~L
.) + e ~ ______ . P( I t Tj -4~I >2 ~5 + 0 as T-’co, and

P(G.r) � 2~~rTp(z1ET
h/a(X/A_C ,::/A+CJ) — 2 NCcl{(X/A_c)

a
~(X/A+E)

a}. Hence

Un litn sup P( I t ~~-’r~~ f >y) � un F {P(~~~~~~>y2~~) + 
~~~~~~~~~~~~~

: ~ i—i -i ~ (~
—
~i, )~+ e - 
. + lim him sup P(FT)j=0 y-’~ T-~oo

+ 2

and the first term is zero by Lcr.r~a 4.1, the third term tends to zero as

k-+oo by (5.3) ai~ the rema in ing two terms tend to zero as first e+O and

then fl-~~, and thus (S.S) follows.

H

H~~~i
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To complete the proof that r~ -
~~

-
~ n it is enough to show that tne

conditions of Lemmas 2.3 and 2.4 are satisfied . However , the atoms of
are tTl/T, tT2/T, ... and the atoms of are t~1/T, 42/T,
and (tT.-4.)/T ~~.÷ 1) follows from (5.4) and the facts that {tTj--rT~, 

T�h}

and {4._4.: T�l} are tiL~it. 
so the hypothesis of Lem~ia 2.4 is satisfied.

Further, let 4 = TT~
-’r
~I 

, Then, by (5.4), him Un sup P( 14 1> x) = 0 for

x>0. Since Y~~(t) ~ç~~t+4~)/T’~~ ~u have 4~ s’m I YTi ( t) _Y
~i(t + 4) J >x} =

{ sup JX (t+r .)~X~(t+TT.)J >T
hI/aX} c { sup X(t)-~~(t) I >T””x} u A1. and1 1 -2~�t�Fff+ ~. - -

from (5.3) it then follows that

Urn him sup sup IY
~j
(t)-Y

~~
(t÷

~~J I>x )  � him Un sup P(P ~ )r k-*oo T-*~o - 9..st�2. 1 - k-~o’ T-*co

‘~~~ 
~~

‘l ~
‘
~])—~~~~e

~nd since ~ is arbitrary it follows that (2.3) holds. Further,

ii;’ him sup P( sup I Y,~~( t )~ >u) = 0 follows easily from Leim~ia 4.2, and thus
i~~~ T-’~ -~<t<~ 

-

the hypothesis of Leimia 2.3 is satisfied. This concludes the proof of tle

1eL~ a for the case 0<ct<l.
— I If instead l<a <2 ‘tic h.:we to ~se the ~econ-i parts of Ler~ria 4.1

and 4.2 instead of the first ones to nrove (5.3), but apart from that , the
1e~~a follows in precisely the same way ~s above also in this case. 0

Since the restriction that :~(X) is cor~ 1ete1y asyrmetric can be

removed in precisely ~he sar~ ~~y as Theoren 3.2 is obtained from Le~~ia 3.1,
we o~iit th~ details of this proof and only state the result.

Recall the notation A = sup a(X), pu-i a = sup a (A) , let
A€ R

c A U (l+~)x~~ j j ’ = c a a (1~i~)x~~ , let ~‘ and have the distributions

__
_ _
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given on p. 27 and let Y~(t) = 2 ~a(-t). ~~~ with probability p ’/ (p ’+ p - )

and Y~(t) = -: -~(-t), tER, otherwise. Then the li:iitip.~ distribution of

is that of the marked ~oinc process

(5.6) (N,Y1.Y2> ...) where the components are independent ,
N is a Poisson process with intensity p =

and t~-’e Y1’s have the distribution given above.

i’~~oru~-i 5.2. Let a(A) satisfy (4.1) and let both a~(A) and a (A)

satisfy either (4. 5) or else (4.6). Further let {~ (A) ; XE F }  h~we

stationary independent increments with ~ (0)=0 and (1) stable

(l~c~~) and let X(t) = fa (A-t)- J7 (X) . Then there exist {TT~ : il ,2,. ..5 T�l}

with {t T.~
-TT

~~ ; ml) tight for each i�l such that n T r~ as T-+~, where

r~, is the marked ~oi2t process of separated cxceedaaces of by

~X(t)~ t�0} and where the distribution of n is given by (5.6).

Similarly as for the discrete tir e case, various corollaries concerning

the behavior of extremes can he deduced ira.i Theorem 5.2. i~ere we only give

the very simplest result , concerning = sup X(t).
0�t~T

COROLLARY 5.3. Sunpose that X(t) satisfies the hypothesis of Theorem

5.2. Then

as T-~o.

~~ have not treated tne case ce4 above. ~o’-iover , using methods r~tther

similar to those for 1<cL<2, conditions for the result of Theorem 5.2 to hold

can be obtained also for cz=1.



-
~~~~~~~~~~~

---
~~~ 

~~~~~~~~~~~~~~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Finally we note tha c i~ is c’sy ~ see that all of the limit theorems

of this paper aro mixing in the sense of ~~~~ (th~ f~ ’s~ result in this

direction is pro~red in [ii]). Nence they c~’~ b~ extended to cases where the

level is random, and possiDly depending o:~ the: orocess X(t) .
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