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Abstract •

THE STABILITY OF PLANE COUETTE FLOW

by

• - Terence Coffee

Mvieer: Professor Harry Rauch

The effect of small disturbances on laminar plane

Couette f low is studied . If the disturbances are infini-

tesimal, the effects are described by the Or’r-Sommerf eld

equation. Chebyshev polynomials are used to reduce the

problem to linear algebra . The resulting eigenvalue

problem is solved using the generalized Rayleigh quotient ,

- 
• 

which Involves substantially less computer time than

previous methods. Accurate eigenvalues are then computed

f or higher values of the parameters than has been done

previously. These values further confirm the belief- that

Conette flow is stable under infinitesimal disturbances.

Using the linear results as a starting point, the

effect of finite disturbances iS studied. A system of

equations is derived from the Navi.r$tokes equations , - •

taking into account non -linear terms. In this case , the —

flow becomes turbulent for certain values of the parameters.
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1. INTRODUCTION

This paper is concerned-- with~ some results about

the stability of plane Couette flow under small distur-

bane-es. In noir—dimensional form, the problem consists

t of two d.tmeneional fluid flow between- two infinite planes ,

one at y 1 moving at a speed.~ of 1 to the right , and one

at y — -1 moving at a speed of 1 to the left . If n(x ,y, t)

is the horizontal component of the velocity of the flow,

and v(x y, t) is the vertical component, then- u(x,y,t) — y

- 
• and - v(x ,y, t)  = 0 is a solution to the problem. This is

the basic laminar flow. Ebwever, in practice lamina r

flow is hard. to maintain , and most flows tend to become

turbulent if disturbed. Knowledge of turbulent flow Is

~ 
j ~ lit a very incomplete stage, with only some general ideas

of the processes involved. Here we will be concerned with

the somewhat simpler problem of transition ; with the

change from laminar to turbulent flow. This is the question

of stability; that is , if the flow is disturbed , will it
return to laminar flow (stability ) or change to turbulent

flow. Stability of course depends on the amplitude of

the disturbance.

The first ma jor contribution to the study of hydro—
dynamical stability can be f ound In the theoretical
papers of Helmholtz, around 1868. Rayleigh and Reynolds

1. 
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made further contributions near the end of the nineteenth

century. In particular, dimensional analysis led Reynolds

to the idea of what is now called the Reynolds number,

a pure number Inversely proportional to the viscosity.

Experimental evidence led Reynolds to the conclusion that

stability breaks down when this number exceeds a critical

value.

fl Explaining this behavior proved difficult. The

key equation was arrived at independently by Orr in 1907

and Sommerfeld In 1908, now called the Orr—Sommerfeld

• equation . While only valid f  or infinitesimal perturbations,

it gave a starting point for explaining transitional

behavior. This equation was applied to various types of

fluid flows, including plane Couette flow, one or the

simpliest cases.

The Orr-Sommertled equation depends on two parameters;

the Reynolds number B and the wavenumber ~ of the pertur-

bation. The first approach to the equatlo” was in terms

of asyzntotic analysis; in particular, picklnge( fixed

and considering the limit as R approached infinity,

HOpf made the first attempt in 19111., which was refined

by Southwell and Chitty in 1930. For Couette flow, the

first important work was done by Wasow in 1953 and Grohne

In 19514, who developed similar asymtotio theories to show

that the flow Is stable 1’ or fixed o( when H Is sufficiently

large. This has recently been refined by Davey in 1972,

- U
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who also showed that the flow is stable for fixed R when

o~. is sufficiently large.

Numerical solution of the Orr -Soxnmerfèld equation

has been difficult. The first solutions were obtained by

Tollmien In 1929, who also obtained a critical Reynolds

numbers Lin in 19145 improved the mathematical procedures

and laid the foundations for a general expansIon of the

stability analysis. H~owever , fitting the general solutions
- * 

io particular boundary solutIons proved to be too mathe-

matically complex.

- • Numerical investigation of Couette flow had to wait

for the development of computers . Grohn e in 19514 developed

some results f or the speoia]. case o(. = 1. The first

extensive numerical inveeti~ation was carried out by

Gallagher and Meroer in 1962 for values of .~ B ~ 1000,

which confirmed the hypothesis that Couette flow is stable

to infinitesimal perturbations. However, aso( H gets

larger, the problem becomes more and. more singular, making

the numerical solution more difficult.

Doardorft In 1963 extended slightly the parameter

range covered by Gallagher and !~ercer . More recently ,

Davey has computed solutions for °( a up to 100.000.
Using these results, Davey has detected a pattern in the

solutions for the range that Is not covered by the asym —

totic analysis.

In this paper I will develop a more efficient method

- .. 5-• - ..- ~- .5-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ 
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of computing the solutions of the Orr-Sominerfeld equation ,

giving accurate solutions relatIvely easily for large
.5 values of u( R. The results verify Davey’s analysis.

The combination of numerical and asymtotic analysis

leads to the conclusion that Couette flow is stable to

infinitesimal disturbances for all values of the parameters.

However, this is not borne out in- practIce. In a series

or experiments Reichardt In 1956 was able to maintaIn

lamInar flow only for H up to about 750. The assumption

is that non—linear effects cause the transition to turbulent

flow.

Non—linear analysis is relatively recent, based

mainly on the work of ?~eksyn , Stuart, and Watson, developed

around 1960. But so far only fragmentary results have been

developed, and there are essentIally no such results for

plane Couette flow. In the second part of this paper ,

some results of a non-linear analysis are discussed. In

particular, 1f second order terms are considered, a tran-.

sitton from laminar to turbulent flow occurs. Ae in

experiments, the size of the disturbance needed to produce

turbulence depends upon the Reynolds number.
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2. DERIVATION OF TRE ORB-S OMN ERFELD EQUATION

The general equations of a two—dimensional incom—

press ible flow are the Nävler-Stokes equati-3ne

(2.1) u~ + uu~ + vu7 + ~~ 
-(u~~ + u~~)/R = 0

(2.2) v~ + uv
~ 
+ vT

7 
+ - (V~~ + v~~ )/a 0

(2.3) u~~+ y ~~= O

where u(x ,y, t )  is the fluid velocity parallel to the

x—axle , v(x ,y t)  Is the fluid velocity parallel to the

7-axis, and p(x,y,t) Is the kInematic pressure. A dez’I-

vation is given- in B’etchov and Criminale (1967’). For

plane Couette flow, the boundary conditions are

(2.4) u(x,+l,t) — ~1

v(x,±l,t) = 0

The basic laminar solution is

(2.5) u(x,y,t) =

v(x ,y,t) 0

p(x,y,t) = P(x)

We now consider small perturbations of the laminar

flow, so that

(2.6) u(x,y,t) = y + u’(x,y, t)

v(x,y t) v’(x y,t)

p(x y,t) — P(x) + p’(x,y,t )

where u’, v’, and p’ are small.

5.
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6.

Substituting into the Navier-Stokes equations , we obtain

(2.7) li lt + yu~~ + u’u’~ + y’ + v’u’7 + +

+ n~1,)/B - 0

(2.8) 
~~~~~ 

+ + U’V’~ + V’V’
7 

+ P’y
+ v’77)/B — 0

(2.9) u’~ + v’7 = 0

We can eliminate the pressure term by differentiating

(2.7) with respect to y, (2.8) with respect to z, and

subtracting the equations. This results in

(2.10) (u’~ - 

~~~~~~~~ 
+ y(u’~7 

- v’~~ ) + U’yu’x +

+v ’ +y~ U’ +v u ~ -u’ v’ -~u’v’ ..y P y~y 7~~~ 77 x x  xx X y

~~~~~~ -.Cu’777 + U’~~27 - V’m ~‘177) 1a — o
In the linear theory, we assume that the perturbations

are small enough- that we can ignore the second order

terms. So (2.10) becomes -

(2.11) Cu’
7 

— v ’
~~~ 

+ y(u.’7 — “X~X
+ u’~~7 

- v’~~~ - v’,~7
) /R 0

EquatIon (2.9) permits the introduction of a stream

function ‘j’(x,y,t) such that u’ — and v’ — —~~~~~~.

Equation (2.9) Is than- satisfied automatically and (2.11)

becomes

f (2.12) (Lj~yy + + y (  
~~~ 

+ 

~~~ ~~~~~~~~~~~~~~~~

(~~yyyy + 2 + _ _ _  — 0

We consider functIons of the form
- - 

~
‘(x , y,t) — Ø(y)exp(iO((x — ot)), that Is, periodIc

j

oiuttons i: nd t ere~~~~~~~~~~~~~~~~~~~ the Tyenumbar of the
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horizontal motion and o Is an elgenvalue to he determined.

Since we are assuming linearity, a series of solutions of

this type will not interact with each other.

Equation (2.12 ) becomes

(2.13) 0” — 2 c 2 -Ø” + o ~~~~_ i.t~a( y  — o)(~~” 
..o(2~~) — 0

This is the well known Orr-Somrnerfeld equation. The

boundary condItions (2.4) become

(2.14) ~~(±l ) — Ø’(+l ) 0

H In this formulation,. (f(x,y.t) is a complex valued’
function. But since the orlnginal Navler-Stokes equations

contain no complex quantities, ~(~/~‘(x ,y, t )  +~~
‘ (x ,y, t ) )

is also a solution, and is real valued.

The problem has been reduced to a fourth order

ordinary differential ei~envalue equation-. The imaginary .5 -

part of c, where c = 0r + 101,. becomes the relevant result.

It 01<0, the disturbance decays with time, So th~o flow Is

stable with respect to infinitesimal disturbances. If

c17 0, the perturbations grow Indefinitely with- time.

Of course once they become of any significant size the
linear theory rio longer applies . -

- 
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3. METHOD OF SOLUTION

Various methods have been used. to solve the Orr -

Sommerfeld equation, generally some kind of finite—dIrt.-

rence approximation. Ebwever, more efficiency can be

- 1 obtained using Chebyshev polynomials.

I Other sets of orthogonal polynomials have also been

used in stability problems, usually chosen to satisfy the

boundary conditions and have some relation to the Orr-

Sommerfeld equation. The Chandrasekhar-Reid functions

are the most common, though other types have been proposed.

The advantages of the Chebyshev polynomials are discussed

in general by Fox and Parker (1972 ) and in particular by

Orazag (1971), who used them for the similar problem of
- - plane Poiseutlie flow.
- 

- 

Briefly, Chebyshev polynomials are particularly

useful for obtaining accurate solutions. The Chebyshey

polynomial approximations are of Infinite order, in the

— sense that errors decrease more rapidly than any pewex’
- 
.

— of 1/N as N approaches infinity, where N is the number of

terms used in the exransion. Hence, while other methods

may give better answers f or small N, accurate answers can

- 
be obtained much more rapidly using Chebyshev polynomials.

Another advantage is the efficiency with which the oosrfi—

8.
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9.
d ents may be determined from the differential equation.

This makes the process of changing to a system of linear

equations much less complicated.

So we wil]. represent
,Ø (

y) =~~~~a~T~(y), where

T~(y) Is the n’th. degree Chebyshev polynomial of the first

kind, defined by T~(cos ~~ ) = cos n&. Derivatives and

integrals of ~~ (y)  can be represented relatively easily

by using the relation

(3.1) enT’n+i(y)/(n+l) — ç_2T’~_1(~)/(~~1) = 2T~(y)
where

ro itn~~~Oa —~~~2 i f n = On 
Ll if n~~~Oand

I o  ifn~~~Oif

The Orr-Sommerfeld equation- can now be approximated

by a series of linear equations in’ the a~ by substituting

in the expansion for 0(y) and equating the coefficients

of T~ (y ) .  This procedure , used by Orszag, has certain

computatIonal disadvantages , in that the matrices produced~ 
.5

have coefficients of widely different orders of magnitude.

This is due to the infinite sequence needed in working
with derivatives. 

~~~

, 

N
For exampi., itØ (y)  =1 b T~(y) =~~~~~~

‘ 

a .T’ (y)
00 ~~~~~~

then Onbn — 2 ~~~ pan, where Ind icates that the

r summation is In jumps of two. However, the indefinite
-

- 
:-~T~W. Integral has a much simpler form. That is, ir -

-5-—- ~~~~~~~~~--— - - -- —-5 ----- ~~~~~~ --.5- -5-- -—— -- -5-- 5- —- - - _ _ _



-- - 
- -  —

- -5--—— -— —- - - - — ---- - - --------—-——-- - ------———~~~~~~~~
—- - -

d

LI 10.
L ‘V Af t?

fØ(y).
~~~

’
a jT(y)— ~~~ a~~T ( ~)

iIl~~~ 4~ O ~
represents ths indefinite integral of Ø(~~~~~~~~. we can find

that,, 
~~~~~ !~~~~ r fuui7 i “~‘2 - “ “

~‘~
‘ I

~~~
aflfTfl

(Y ) a
M 2. ~ 41+1 ~‘ h 1

4 m o  a c,,-~- am#~J,,,-,

where a~~1 — 0, so that

1 4m -s Cm-i — ~~~ 
.5

(3.2) ~~ — 

~ 
n —  1,2,...,N+1

(a10 is an arbitrary constant of integration)

This is quicker to compute, and also leads to a matrix

- - whose coefficients are much closer In size.

Writing (2.13) as

0 “ - 2o(2~b. ~~ock j ~_

i~(a(yØ” _
~~
2
~~~

_ ce” +~(
2cØ) — 0 

- 

-

and Integrating tour times, we obtain

(3.3) Ø~~~2o~2IJ ø + o 4Jfff

-

.5 .u.i~(R(f/yØ~~~2ffJØ -~2) ffJyfi- cf J ~~ +o~2c fJff Ø  ) -
Letting fJ,Ø (y) =~~,a

2
~T~(~) 

-

ff fd (7) =L a’nT~
(y)

and Jfff 0 (i) - ‘r a4T~.( y)

we can obtain, as above
,

4. 1  c~~~~-~i ~~~~~
(3.4) ~~~~ ~~

- .5
,

n — 1,2,...
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• £ , L 4 — ~~~~ Q,,i-~H-Ai’i~2 ~~ z~~~~2 ~~~~~~~~~~~~~~~~~~~ ~~~~~~~—(3 . 5)  ar~=~~ 27L ,vi — ~ 1L. 4)
n-2,3,... ~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(3.6) ~~~~~~~~~~~~~ n-~~~~~~(”i- ’i~- ,’-~~*/ )

n- - 3,4 ,... 
, 

~~~~ *&‘~ ~~~~~~~~~~
~~~ ~~~~~~~~~~~~~~ _—~~

----—
~~~~~~~

.5 

(3~7) a~ =,,
~~~ ~~~I ii 4 ’  IbM (i,, -2*m7 ) (ttI ~~~~~~ ~~‘) 

(,n -~~*~m ,ij.;i

n- — 4,5,...
1v~If we set yØ (y) 
M~O 

b~ T (Y )

fJy,~~(y) =Zb?
iTn(7)

— 

and JJJJy~6(y) 
AI
~~~b

L
~~T ( )

and use the relation

(3.8) YT~ (~~) — ~(d~~1T~_1(~
) + o~T~~1(y))

we can obtain

(3.9) b - I ~~~~
—

~~~~
-

~~~~~~~~~~~~
‘ ~~~~~2...

n—  0,1,2,... A g ~
3 z .~~ z 4a~ ‘4’ ~ 

Q~~~#L1~A)~ ~~~~~~~~~~~~
(3.10) b~ 

., .~:, ~~~~~~~ ~~ 
— . * .~Q.. )

n— 2.3,...
.5’- 4

.5 

4 , 4,
(3.11) b~~s ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

n — 4,5,..,

! ~~~~~~~~~

LI - - -

--5-—’  -5-- p—--- -- ~~~~~~~~~~~~~~~~~~~~~~~ — -~~~~ -- ---—-- ------— - —~~~ -. —5-—---,—-~-~~~~~~~~~——~~~~-—-~ .--— --’- ___~___.5_ . 
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12.

(Exception : If n a 4, 3 3, and m = 1 = k — h a

the above coefficient Is doubled)

Substituting all of these exransions into (3.3),
equat ing coefficients of T~ (~~)~ and multiplying by I.

we obtain the system of enuations

(3.12) ia~ - 2Io(2a~~+ I~~
4a~ +~~ rnj~.. 2e a4

0(3Rb4
~ - øø(Ba~~+ ~~~

2~~4_ 0

f la  4,5,...
- L

Because of the integration, this equation for the

cases n — 0,1,2,3 contains arbitrary constants. Hence

we replace these equations by equations representing the

boundary conditions. These conditions can~be simplified

using the relations

T~(±l) =

and~ T’~ (tl ) fl ~ (~ ].)!~~~

A)
thus 0(1) — ~~~ a~ a 0

• m

—~~~~~ (..1)~k~ . 
-

Ø~(l) _~~~~n
2a a o

F Ø’(~i) a~~~~ nZ (_ i) fl ~~a~ a 0

B3’ add ing and subtraoting equations, we obtain the slightly
— 

simpler f orm

—-5-----.. - —-5- - -- -~ -- - - -5-- -- — - - - - ‘—5--. ——--———_;—————-m -—- —-5;-- - - -
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fl~ •
(3.13)

n- a~ 0

~~~Using these four equations plus equation (3.12 )

for n— a L1. ,5, . . .N , we obtain a system of N+l equations
in N+l unknowns . In- matrix form this can be written as
XA - cIA a o , where X is a complex valued matrix, Y Is
a real valued matrix, and A a (aO,aI....aN) is the vector
to be determined. So the oringinal differential equation
is reduced to the above algebraio elgenvalue problem.

— — - - -
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4~~ SOLVING THE MATRIX EQUiTION: THE LR ALGORITHM 
-

There are a number of standard methods for solving

an algebraic eigenvalue problem. WilkInson (1965) contaths

a fairly complete description. HOwever, the present

problem presents several difficulties.

First , the usual- form f or an algebraic eigenvalue
problem Is XA - - cA = 0; - An equation of the form IA - alA — 0

is normally rewritten as ~~
l]~A~ - CA — 0. Unfortunately,

in- our problem I is not invertible. The first f our rows
of I consist solely of ;eros , since the elgenvalue o does

not enter into the boundary conditions.

A method has been devised by Gary and Eelgaeon (1970)

to get around this difficulty. A sequence of elementary

co1umn~ transformations is used to put the first four rows

of X into lower triangular form. This Is accomplished-

by adding a multiple of the first column to the succeeding

columns so that x12, x138... all become zero. We continue

the process for the second, third , and fourth columns,

permuting the columns if necessary to put the lar~est

element in the appropriate column. Since the elements in- 
-

these rows are known , this is easy to program efficiently.

The same column transformations are performed on I.

The first four rows of I remain zero, so if we drop the

14.
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first tour rows and columns of both X and I, the new

system has the same elgenvalues as the oringinal system.

For convenience, this will still be denoted IA — cIA = 0,

but I is now generally non—singular.

To change this into the form Y~~XA - cA = 0, programs

from Forsythe and Moler (1967) were adapted. The matrix

I is first scaled , so the norms of the rows are approximately

the same size. Then, using partial pivoting to reduce

round off error, I is decomposed into the form I = LTT ,

where L is a lower triangular matrix and U is an upper

triangular matrix. Instead of actually interchanging the H

rows , a vector is introduced to keep track of which elements

have been used as pivots, saving computer time. Then for

- 

- 

each column of X, the equation- 1Z1 = X1 can be easily

solved , where Is the l’th column of Y~~X. To insure

accuracy, iterative improvement is used. That is, we

form a residual R1 = — YZ~ and solve the system
YZ’j R1. Then Z + V Is a more accurate solution.

Since most of the arithmetic in this procedure is in the

oringthal decomposition, this is Inexpensive. Again, for

convenience, this new system can be denoted IA - cA = 0.

A second difficulty is that X i~ a general complex

matrix. The most common elgenvalue rroblem is for a real

symmetric matrix, and many of the standard procedures

do not a~p1y to complex matrices . Wildinson- discusses

only one method for a general complex matrix, the LR

— --- 5--—-.- 1i~à~~~5- - — -_-- — --5— .5— 5-- --— -.--~~~~ - 5- -- — 
—~~--~

-- .-- p 
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16.

algorithm, which is relatively complicated’. To implement

this, programs from Wilkinson and Rein-sch (1971) were

translated from Algol and adapted to this particular

problem.

To reduce round off errors, the matrix Is first

balanced. Since errors in eigenvalue procedures depend

on the size of the norm of the watrix, diagonal similarity

transformations are used to reduce the norm of X .  Air

Iterative process replaces X by D 1XD, until the norm of

the l ’th row and column of I are of the same order of

magnitude.

Next the matrix Is tranformed to upper Hessenberg

form, that is, = 0 if i? 3 + 1. While no finite

sequence of similarity transformations can reduce a matrix

to upper triangular form, eler’~ntary matrices can introduce

zeros in all places below the subdiagonal of the main

diagonal.

Finally , the LR algorithm Is applied to the upper

Hessenberg matrix. Again , a sequence of similarity trans-

formations is used to reduce - the elements under the n~ain

diagonal. Since only the elements in the subdiagonal

are non-zero, the procedure converges much more rapidly

than for a general matrix. AS soon as the term x21 becomes

negligible, x~~ i~ an elwenvalue for tn~ matrix. The first

row and column can then be deleted and the rrocedure

repeated.

- — ———~~~~~~ - —— ~~- —
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17.

There are some drawback.~ to the above procedure.

The process is long , being relatively expensive in computer

time. Because of the efficiency of the approximation by

Chebyshev polynomials , it does compare favorable with

other methods , but it does compute a lot of information

of no immediate value. In particular, In stability theory

we are concerned with the elgenvalue having the largest 
-

imaginary part, since this will represent the solution

closest to hein~ unstable. But the LR algorithm computes

all the eigenvalues. Since In some cases we wi].l go up

to W = 80, this would be 76 elgenvalues computed that we
— 

have no interest in.

So in the next chapter we devise an alternate method

of solving the elgenvalue problem , one apparently not

previously used In stability problems. 

- —----5—— —--S-- ~ — - 5  , - ----—- —----—— -
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5. SOLVING THE ?~.ATRIX EQUATION: THE RAY LEIGH QUOTIENT

- The second method of solution is based on a series

.5 of papers by Ostrowski (1958—59). These papers considered~

some properties of the Rayleigh quotient.

As oringinally defined, we assume that X is a real
— 

symmetric matrix, U Is a row vector, and u
T Is its transpose.

Then R (U ) = ( UXUT)/ (UUT) Is called the Rayleigh quotient

oorrespondInc~ to U.

The elgenvalues of X can be characterized by the

extremal properties of this quotient . If 01 Is the

largest eigenvalue of X ,  then o~ = max R(U), where this

maximum Is taken over all possible vectors U. If U1 is

the elgenveotor corresponding to °i’ then the next largest

-
~ eigenvalue 0

2 = mar R(U) , taken over all vectors U that

-

~ are orthogonal to U~. The other elgenvalues are similarly

characterized. 
-

-
; 

~~~
- In practice, what is more imrortant than the extremal

- - 
properties is the fact that the quotient is stationary.

That is, 01 — R (U1) differs from R(U1 + E W ) only by

terms of the second order in ~~~. SO if we have a vector

that is close to the correct elgenvector, the Rayleigh

- 
- 

quotient will be quite close to the corresponding

elgenva lue.

- 

18.
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This makes possible an iterative procedure for

determining any specific elgenvalue c. We start with

an approximation CO that is reasonably close to c. Theft

we choose an arbitrary vector U0. The only requirement

is that U
0 
cannot be orthogonal to the eigenvector U.

Then the equations

(5 • 1) (X - okI) UTk+l

(5.2) 0k+]. = (Uk+lXUTk+l)/ (U~~1U
T
k+l)

are used to get better approximations for o and U.

Ostrowski shows that the convergence is cubic, that is ,

(c
~~i 

— c)/ (ck — approaches a constant.

If X Is not symmetric , we Instead consider the

generalized Rayleiph quotient R(U,V) = ( VXUT)/ (VUT).

In this case, if  o is an eigerivalue, U is the corresponding

right hand eigenvector (XUT = CUT), and V Is the corre—

sponding left hand eigenvector (VI = cV),then R(U,V) = c. —

The extremal properties of the Rayleigh quotient no longer

hold. Eowever, Ostrowski shows that the quotient is still

stationary, If the matrix X has only linear elementary

divisors. This will be true if the elgenvalues are distinct ,

which is the case in fluid mechanics. Moreover, the

- I convergence Is still cubic.

The iterative process is now defined by the equations

(5.3) (X - °kI) ~T — uTk
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V~~1(X - °k~~ 

-

~~

(5.4) O~~1 = ~~~~~~~~~~~~~~~~~~~~~~~

Our problem is of the more general form ItT - oYU — 0.

The method of Gary arid Kelgason could be used to reduce

this to the standard form Y~~ XU - o U =  0. Hbwever , the

iteration can still be defined If the equation is left 1n

its orlnginal form. The equations become

(5.5) (X - OkY )UTk+l

v~~1(X — 

~~~~ 
=

( 5.6) °k+1 — (Vk+lXU k+l)/(Vk+lYU~~ .l)

To actually carry out the procedure , we need a

starting value c~. This can be obtained by using the LR

algorithm for a smaller value of N, by using an elgenvalue

computed for nearby values of ~&. and H, or from the

asymtotic analysis. In practice, the asymtottc results

are close enough for the procedure to converge.

The matrix x - o~Y is then decomposed into the

product of a lower triangular matrix times a~ upper tri-

angular matrix. The same decomposition can be used In

obtaining both U and V. since the equation (5.5) becomes

(5.?) ( Lower)(Upper)UT
~~1 — UTk

(Upper )T (Lower) TVT~~1 —

— ~~~~~~~~~~ - ~~~~~~~~~ _~ 4~•__



where (Upper)T is lower triangular and (Lower )T is upper

triangular. Since most of the computer time in solving

a system of equations is required for the decomposition,

this procedure results In a noticeable time savings.

To help insure that U0 and. V0 are of the proper f orm,

they are defined implicitly by making (Lower Y~1J~0 and

((Upper)T)~~V
T
0 both equal to the ved or whose components

are all ones. The vectors then depend on the matrix, and

the values computed for U1 and V1 are unlikely to be

orthogonal to U and V.

For the first several iterations, only the equations

(5.5) are used. This allows the elgerivectors to converge

relatively closely to the proper values. Again, this

involves only the oringinal lower upper decomposition,

so the procedure is efficient. Then the full iteration

can be used until the eigenva].ue converges. Generally.

the eigenvalue will be accurate to four decimal places

after only three or four additional iterations.

The two methods were compared , and they do lead to

the same numerical answers. I~owever, the generalized

Rayleigh quotient is much more efficient, particularly for

large N. For example, if N — 70, the generalized Rayleigh

quotient was more than five times as fast as the LR

4 1 -  algorithm.

~~r -
~~ -~~~~

~ 
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6. NUM~~ ICAL B~~ ULTS

All existing evidence tends to show that plane

Couette flow is stable under infinitesimal disturbance..

However , because the eigenvalue c is a function of two

parameters, the wave number 0< and the Reynolds number R,

it is not easy to systematically cover the enttre .( ,R

plane. Moreover , as the product of o( and H becomes

larger, the Orr-Sommerfeld. equation~ becomes more aM more

singular, and hence harder to solve numerically. AM

any Instability would be expected to occur for large values

ot R.

The most recent results on plane Couette flow are

due to Davey ( 1973), who used a combtn~tion of asymptotic

and numerical methods. Based on the analysis of Wasow

and Grohn e, Davey studied asymptotically the most familiar
case, where . 54 f f  is much larger than Q( 

, and R is much
larger than 1. Using Airy functions, he arrives at an-

.5 estimate for the eigenvalue c = 0r + ic1 having the largest

Imaginary part , given by
“3( 6.1) 0r — 4.1287/(°~ H)

• —~(/R — l.0625/(~~R) ’1~
-4’,He estimates the error as being of order H .

This indicates that for a given fixed °~~, as H

22.
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approaches Infinity, the real part of the elgenvalue

approaches one and the imaginary part approaches zero.

However, the imaginary part is always negatIve, indicating

that the flow is stable.

Table 1 shows the relative error In the approximation

for ~~~( — 1 and different values of H. As H gets larger,

the asymptotic~ results get closer and closer to the actual

values.

TABLE 1

COMPARISON OF ASYNPTOTIC AND COM PUTED VALUES FOE °( = 1

R Asymptotic Results Computed Results error

500 .4800 — .1358i .5092 — .151151 12.214%

1000 .5871 — .10731 .6053 — .11922. 3.52%

5000 .7586 - .06231 .76146 — .o666t .96%

10000 .80811 — .014921 .8122 — .05211 .59%
50000 .8879 — .02881 .8892 — .02981 .18%

100000 .9110 — .02291 .9119 — .02361 .12%

200000 .92914 — .01821 - .9299 — .01861 .07%

For the larger values of H, the Orr-Sommerfeld

equation is more difficult to solve. But using Chebyshev
polynomials, this simply means that N~ the degree of the

largest Chebyshev polynomial used, must be inoreaaed.

Thus, if H • 500, N = 140 gives sufficient accuracy, while,

I~~ - -

~

—

~
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if H — 200000 , we must choose N — 80. If larger value. of

a or more than four place accuracy is required . the value

of N then munt be chosen larger. A larger value of N

does requIre more computer time , but the process Is ~til3.

quite efficient.
- The asymptotic results can be improved by noting

that the answers given are always numerically s~ml1er

than the actual answers. Using Davey’s error ectimate.

we can create a new approximation
4’(6.2) o — 1 — 4.1287/((R)”+ ar _

~~
,
,
,

01 — — °(/R - 1.0625/(°(R) — a
As H aptroacbes infinity, R~~~approaohes zero , so

this doesn’t effect the asymptotic theory. However, it

does give substantially better numerical results f or

smaller values of H, as can be seen in Table 2 , where the

relative error Is recomputed using this new approximation.

Using these modified results , the generalized Rayleigh

quotient normally converges rap~.dly to an answer.

Davey also studied the less familiar case when

is large and O~ is much larger then 
~~~~~ 

Again

using Airy functions, he arrives at an estimate

(6 .3)  0r • 1 — 2.02 149/(u (
1/3• — °Va — l.1691/(°( a)

— where the error is of order .( • This indicates that for

a given fixed H , as oç approaches Infinity-, the flow

remains stable. 
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TABLE 2

COMPARISON OP THE MODIFIED ASYMPTOTIC AND C0I~PUTED VALLJ~~F0R o~~= l  -

R Asymptotic Resultad Computed Results Error

500 .21.959 — .15171 
- 

.5092 — .15451 21.80%

1000 .5971 — .11731 .6053 — .11922. 1.36%
5000 .7620 — .06571 - .76146 — .o666i .36%
10000 .8105 — .05161 .8122 — .05211 .22%

50000 .8886 — .02951 .8892 — .02981 .08%

100000 .9115 — .023142. .9119 — .02361

200000 .9296 — •01814I .9299 — .01861 .011%

The asymptotic theory is only valid when either

or H is large. However, if both parameters are small,

the Orr—Sommerfeld equation is relatively easy to solve.

Gallagher and Mercer (1961) examined numerically the

eigenvalues for ~~R~~1000. For these small values, the

flow is stable.

The other case that is not covered by the asymptotic

theory is when cC. and are of the same order of magnitude.

This means that the terms of the Orr—Sornmerfeld equation
are of the same order of magnitude , and no asymptotic
simplification is possible . —

____ ~~~~~~~~~~~~~~~~~~~~~~~ —
~~~~~~~~
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To eXplore these values, Davey introduces new

variables
— ‘I(6.4) ~~~~~~~~~~~~ 

a

Then the second part of (6.i) becomes

(6 . 5)  T = X + 1.o625i’~+ o(x 41 )

Where X is small ( that is , cC is much smaller than j i) 
—

and H is large. The second p-art of ( 6.3) becomes
-¼ -

~~~~~(6 .6)  !— x + l . 1 6 9 1X + 0(X )

where X is large (tha t is, O~ i~ much larger - than j ~ )

and. R is large. This suggests that for large values of

H, when ‘K is not too small ,
— ‘/

,.
(6. ?)  Y = X + P ( X ) X ‘

where P (x) is a slowly varying function of X whose value

remains close to 1.0625 and 1.1691. If this is tru e,
then for large enough R, Y is just a function of X. If

Y is always positive, Oj will be negative, and the flow

will be stable to infinitesimal disturbances for all

values of o( and H .

Davey claims that this 3.a the case for R.~ 2O0.

While not giving the e~~ct numerical data, he states he

has computed the elgenvalues for values of o~ H up to

100000, and the values for Y depended solely on X. The

resulting curve is given in Figure 1, whIoh also shows
the curves predIcted by the asymptotic equations (6.5)

and (6. 7)  for comparIson.

1r~~~~~~

- 
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Fig. 1.--Graph of Y versus X

• 

_ _ _

1.75 Y~~X * 6 O~ 2 .~ X ~

- - 1.50 - 

—

1.25 
1 1

.2 .14 .6 .8 1.0 1.2 1.4 1.6 1.8- 2.0

To check this result , e2genvalues were computed f or

values of o( H up to 250000. The results for R = 200,

H = 1000 , H = 3000, and R = 5000 are given in the following

tables. The results show a high degree of consistency.

For the larger values of o( R the results do not match
exactly. However , In this case a small error in can
lead to a fairly large error In Y. And the general

- - 

- 
principle that Y depends on X seems to be well established.
Any variance in the values of Y appears to be quite email

compared to the size of Y.
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TABLE 3

vALuE.~ OF X, °~~, C, AND FOR H~~ 200 A N D N — 5 O

X elgenvalue

.2. 1.41 .14297 — .20321 2.8711.

.2 2.83 .5711.8 — .17891. 2.530

~3 
4,21j. .61480 — •1667i. 2.357

.4, 5.66 .6932 — .15941. 2.2521.

.5 7.07’ .7211.2 — .15551 2.199

.6 8.119 .71471 — .151401 2.178

.7 
- 

9.90 .76149 — .1511.31 2.182

TABLE 21.

VALUES OF X , cc , o, AND FOR H. 1000 and N — 6 0

X eigenvalue

.1 3.16 .7l4214 — .0909i 2.8711

.2 6.32 .8098 — .080P1. 2.530

.3 9.49 .82125 — .07451 2.356

.11. 12.65 .8627 — .07131 2.254

.5 15.81 .8766 — .06951 2.198

.6 18.97 .8869 — .06891 2.178

.7 22.14 .8948 — .0690i 2.182

- -~~ -~—~~~~ - — — -‘  - -p - - ~~~~~~~~ - - --~~~
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TABLE 5

VALUEs oF X,~~~~, ô , AND Y F O a R = 3 0 o O A N D N = 7 0

— X eigenvalue

.1 5.148 .85214 — .05251 2.873

.2 10.95 .8902 — .04621 2.529

.3 16.143 .9091 — .014301 2.354

.11. 21.91 .9208 — .04122. 2.258

.5 27.39 .9288 — .04012. 2.1914

• .6 32.86 .93115 — .03971 2.173

.7 38.311 .9390 — .04001 2.191

H TABLE 6

VALUES CF X, O(, , c, AND Y FOR R = 5000 AND N 80

X - elgenvalue y

J .1 
- 

7.07 .8857 — .01107i 2.875

.2 114.114 .91119 — .03581 2.529

.3 21.21 .9296 - .03331 2.356

.11. 28.28 .9386 — .03191 2.259

.5 35.36 .94118 — .03101 2.189

.6 142.143 .9491 — .03062. 2.167

149.50 .9527 — .03101 2.189 

~— - -~~~-—. ~~~~~~ - - - ~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~ -- 
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- To check th is, some additional values were run for
- 

N = 90. For this case, if R = 3000 and X = .14, then

Y • 2.2514, which exactly matches the value for R 200 and

X = .11. If  H = 3000 and X = .7. then Y = 2.181, which is

much closer to the proper value. And if H = 5000 and j
X = .11., then Y = 2.258, which is slightly closer to the

expected value. So it N is chosen large enough, the

values of Y do appear to agree.

For a given fixed value of H, the minimum value

of ~~~ occurs between X = .6 and X = .7. As H gets larger,

will approach zero , but it will always be negative.

The belief that Couette flow is stable under infin1tesi~~l

disturbances is furthe: confirmed .

JL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



7. THE NON-LINEAR ANALYSIS

- 

- The linear case predicts stability for all values of

c-’~.~ and H. However , as has been ment ioned , Reichardt (1956) 
-

was able to maintain laminar flow only f or values of H

to about 750.

This could be due to various causes. First, the

apparatus could only approximate an infinite channel. Also,

the flow in an experiment is three dimensional, and vortices

perpendicular to the direction of the flow could affect the

results. Finally , the perturbations are of course finite,

and there is no exact way of measuring their amplitude or

wave number. In this section of the paper I will try to

take into account this last effect, by assuming a non-

linear solution.

The main approach to this type of problem was deve—

loped by J. T. Stuart and J. Watson In a series of papers

In the early 1960’s. We will use here in general the notation

of Reynolds and Potter (1967), who modified somewhat the

approach of Stuart and Watson.

- : We will again consider the Wavier—Stokes equations

(7.1) u~ + uu~ + V12~~ + — + u~~ )/R 0 [
(7.2) 

~t 
+ uv~ + + Py - (

~~~j~~ 
+ v~7)/a = 0

(7.3) ux + v y = 0

• 31.
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with the boundary conditions

(7.14) u(x , +1, t)  = +1

v(x , ~l, t) • 0
Then we attempt to solve this in terms of the basic linear

stream function ~‘(x ,y, t )  = 0(y) exp (icc(x - et)) and

its harmonics, under the assumption that the linear solution

Is a reasonable approximation to the actual solution.

In the general case, the amplitude of the distur—

banoe becomes important , so we will try to isolate this

term. The linear solution can be rewritten as

( 7. 5)  (/ ‘(x ,y,t) 0 (y) exp (iv~ (x — ort)) exp(o~c1t)

In thi s case , the magnitude of the disturbance is determined

by 0 (y) and exp(o’ o2.t )  • which are independent. The Ozr—

- I Sommerfeld equation determines çt (~) only up to an arbitrarT-
multiple, so it can be normalized in any convenient fashion.

This determines the relative size of the disturbance for

different Values of y, but the absolute size of the distur—

bance is immaterial. The term exp(oS c~t) determines how

the disturbance behaves with respect to time, that is,

whether it will die out or increase to the stage where the

linear theory no longer applies. As far as we are concerned,

this is the important part of the solution.

To tn to isolate a similar function in the general case,

we introduce a change of variables

(7.6) -&. = u (x + w t
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Here 4- represents the periodic part of the solution, a~

as usual represents the wavenumber, and W represents the

frequency of the solution, In the linear case,

= ~~~<.X  0( Or t and W= _o(cr. In the non-linear case,

the frequency W will depend on the size of the disturbance.
So (41 Is viewed as a function of a yet to be defined

amplitude function A, which depends only on the time t.

By analogy , the function A(t )  will show how the disturbance

changes for any fixed y with respect to time. In the linear

case, A(t) = exp(o~c1t).

• With this change of variables, the Navier-3tokes

equattons become , with u and v considered as functions of

A

• 7) ~~ ÷ ~ ~ tiJ ~~ +

H

(7 • 8) ~~~~ (w + ~~~~

(7.9)

As before, we eliminate the pressure term by differentiating-

(7.7) with respect to y and multir-lying (7.8) by

o~ and differentiating it with respect to O-, and sub—

tracting the equations. This results in

-

~ 

~~~- - -  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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(7. to) 
~ 

+ C ~~~~ 

- 

~~~~~ °<

_
~1rO~~~w_ p1/ 7 d4 ~~~~r-

~ & 427 ~~~ j  
0< 

~~~~~~~ L

Again we -introduce a stream function ~‘(A ,y ,&)

defined by

(7.11) ~~~( £/ -
~~~~

Also, for convenience we introduce the notation

(7.12 ) ~J0 (A ,7,e)~ 7~~
-
~

’ 

~~~~ ~~~~~~~~~~~~~~~~~

Substituting and multiplying by Qc , equation (7.10) becomes

-~~~ 
(7.13) 

~~~~~~~ ÷(“ ~‘ ~- -/~~~~
‘
~~~~ ~~~

H - ~~
[ ~~~-f + o

2
~ ~~~~~~~~~~~~~~~

• The continuity equation (7.3) becomes

- 
-

~ (7.114) ~~~~ — ____

t
~

1
~

Q)7 
-

so It is automatically satisfied.

The boundary conditions (7.14) become

(7.15) 1, ~
-)

~~ c~

/

- - ~ - --—~~ - --—~~-—--
~~~- — - -5—  - - - S  - ~~~~~~~~~ --- - — - -~~~~~~~~~
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We can now expand the stream function as a Fourier

series

(7.16) ~~~~~ :7 f ~k
t ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~

(
~
)

where ~ Is the complex conjugate of • So while

the ‘t”~(A ,y)  are Comd ex valued , ~~(A ,y, ~~~~~ is real valued.

To reduce somewhat the mathematical complexity of the problem,

we will terminate the expansion at k = 3. Since the linear

-. case has been chosen as satisfying the Orr-Sominerfeld
I

equation, hopefully this will already be reasonably accurate.

Note that h/’°~(A ,y) can be chosen real valued , since any
ima~inary part will cancel out.

So we have
7%- 

s
~~~~• ~~~~

(7.17) ‘ ( 4 )~~~~ 2.~~~~~~

’

~~~~~~~ 2 1 ’/
”)

-~~ 
,~~~

* + c~~~~~ -~~
”
~~ 
i

We Introduce the notation

(7.18) ~~~~~~~~~~~~ L4~ ~‘J ~~(S2
( 4f r )

This allows us to write -

‘

~~~~~~ ~‘-~(i) —
~~~ ‘ ‘ ~~~~

-

(7.19) t(4y,~
) ~ —

1z~

We substitute (7.17) and (7.19) into (7.13 ) and equate

the coefficients of the constant , -e- , , and .~..
terms. We will 2.Fcnore all terms of order greater than three.

a— ~‘— - — 
- •  _s_ 

—— — 

~~~~~~~~
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The last of these four equations will not be required

in our procedure, so we will just give the first three

equations (1) c ”)
~~~~~~~~ 

;r ’~ it’) ~ ~
, 

2~/~z~- ?
(7.20) ~~ bt  

~~~ 7’
~ D . ,~~ ~~ ~~~~~~~~~ 

“
~ —a- L~~~— ~

-~~~~~~~~
‘ R

(7.21) ~~ 
~14 ]~~~~ “~ 

2 ~ -
~~~~~~~~~~

- I

2 ~ ____ 
1’~) — 

~ 
ü’ ‘°— ~

- 
~ ~“ ___

~~
. 

‘o 

~; ~ ~ -

(7.22) ~~~ 
(1)

- 
- 

~~ 1~- 
~
‘ 

(s-) 
+ ~~ 

—
~~~~ ~ 1/) 4;.

4)~ ? ~~~~~~~~~~~ 

*~L
r L~~

’
~- ~~~~~~ z~

D7
The boundary conditions (7.15) become

1’)
(7.23) i—~~ 1A,-~1~ -~~~ 

-
~~~~ 

‘
~~

‘

The fact that the equations are non-linear and coupled
makes the solution difficult. However, assuming that the

amplitude is small, we can seek a solution as a power series

in A. We require that the solution for infinitesimal

amplitude reduce to the Orr-Sommerteld wave, and the solution

for zero amplitude to the basic laminar solution . This
-

, - 

suggests seeking a solution in the form

- -—- —--- -——--- ----—-- --~ --~ --—— ~— — - — -~~~~~ _~~~~ -.. —~- ~ --- - ~~- - —---—-—-- 
~~~~ — _ r —  -

~~~
— - - “ - -

~~~~
- — -

~~~~
-‘ —— — -— -
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/)1 ( G ’ Al)

(7.24) A � 
/ (y)

We will show that this satisfies the above conditions.

Again, we will truncate the expansion at n = 3, and k
will only have the va lues 0,1,2, and 3.

We also expand as a power series

~ a 
(D) A .7L ~~~ ~7~

1
~A ,L ,,,

(7 .2 5)  
~~~~~~

For infinitesimal A, the amplitude behaves exponentially,
as in the linear theory.

Finally we repreèent

(7.26) &~ ~~~d4 ~~~~~~~~ ~
To simplify the equations somewhat, we Introduce

the notation

(7.27) ~ (z~— ~~~~~~ ~~

This allows us to write

k(7 .28)  M~~t

We substitute these expansions into the equations

(7.20), (7.21), and (7.22), and equate the coefficients

of’ the powers of A. We will go only up to the A’ terms.
Equation (7.20) becomes the four equations

(7.29) 
‘

~~~~~ ~~“~~ “) ~ C
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-

(
~ .° )  2 ~~~~ ~~~~~~ — 

~~~

(7.31) ~ q ~ Z Q ~ ~~ ~~~~~ 

(I) ’)

~ Ø(/ ;/)~~ i;~~~ ~~‘~~~~~~~~~ ‘> . t !,~2 / od;2)
~ ô

(7.32 ) ~ Q~~~~~
’ 

0/ 3~~~~~Q~~~~~
0/~~+ 2 Q

(2? ~~,~ ; i )_ ~ ~ ~~ (/;2)

(/ ;2) ~~(/;~~~ D .P” ~ fI;2)
÷ ~~~~~~~~~~~~~~ ti

~~~ 

~ u;~~~~ ~~~ 
(1~~/~~ ~

Equation (7.21) becomes the three equations

(7.33 ) q Ic) ~~~~~~~ ~ ~ (I ;,)

~ Øf I ; / ) ~~ ?ID;o) 
— *(~ ~ 7 ~~ (i;i) ~ C

(7.314) 2 ~~~ I/) 
?~~ ‘‘~ + 

~ 4g fD) 
~~~~~~~

+ ~~~~~~ ~~~ ÷~~ ~ ~~~~~~~~~~~~ ~~~~~;~~~~
(
~ 1)

~~ 
(I;

~~
)
z~~~

(o7M ~~o(~J ~~fi;2L c~

(7.3 5) 1q’~~~”3~-,’-2 Q~~~~~~~~~
-2-

~~~~~~~
’

~~~~~~

1

+ 
~~~~~~~~~~~~~~ 2

~~~ ~~~~~~~~~ +~ 
~~(‘)~~ (1/2) ; ~~~~~ 

(I;,) 
-

4 2;~ 
~~~~~~~/;~~ 7~~~~ f#~,) ( f 2 )~~~ 

t~~~)~~ Ii;i)

-,.~; ~~~~~~~~ 4’ 
�“;‘)~~~~‘~~

2b ~~~~~~~~~~

-~~~~~~~ ø(1; W;o)
~~~~~~

t/;1) 1
~~~~~~~~~~~~~~~~

”
~
- t(D~~7~

/
~~

1

Equation (7.22) becomes two equations, but only the first

—‘—---•—-- -‘--• p -- ~~~~~~~~~~~~~~~~~~~~ -
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(7.36) ~~~~~~~~~~~~~~ 2
fc)

~~
f
~

;
~~~~~ ., ~~~~~~~~~~~~~~~~

b ~ ~~~~~~ ~~ — ;  ~~ 
(1,2 ~~ ~ 

10,02* E ~~~ 

— 

~~~~~

will be needed.

The boundary conditions (7.23) become

(7.37) ~~“~i
’
~~/): b~~4 ( ±  /)~~~~~~~O

D ç~fD,D)(j j ) :  i -

~ 
1T 1,2,3

i~) ,~ /4/)  
~~~~We do not have boundary conditions forçY , )‘ , Y’ and

~ This depend s on the normalization. What will be

most convenient is to set the bulk average velocity 
- 

-

equal to zero , that is, j1 u(x,y ,t)dy 0. This is true

for the laminar case. Then

WM , I, ~~~~ ~ r~~1 , ~~~~
) O

• 

- 

(
~) ( ~, 1) - ~~ (4, -1)

This can most easily - be satisfied by choosing

L ~~~j O ”i) / .L
(7~38) 

/ 
(
~~~~~“~

‘ fl= 0,1,2,3

We will now try to solve out set of’ equations.
Equation (7.29) with its boundary conditions can be

-: written as -

7-
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(7.39) ~~~~~~~~~~~~~ —

~~~~~~~~~~~ -~ -

This has the solution
2~

(7J1O) ~~~~~~~“ -

Nbte that if the amplitude of the disturbance A — 0,

we get ~P( A ,y, &-) - 2ø~y) - o(y2/2 - 0(/2 and
u(x,y, t )  = y and v(x ,y, t) — 0. This is the basic laminar
solution, as desired .

Equat ion (7.30) becomes

(7.41) ~ a ~ ~ 
ee~’i)  

— 

~~
- L~ 

P ~

= I:s (~~ ):~

So the solution Is

(7.42) 0 ~ ‘~ (y ) 
~~~~ 0 —

Equation (7.33) becomes

_ _ _ _ _  

0

0 ~~~~ /i i) b ~~~ (/i/) t-i i): 
~~ 

)This is t’he Orr-Sommerfèld, equation with ~ — (-b”+ ia~)/.(,
that te -

—

- ~~ --- —~~~~~~
—-- --- ~~~~~~~~~~~~~~~~~ -~~~~ ~- - ——‘ •— - —~~~~~ - -



- - - ~~~~~~—~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

If we assume an Infinitesimal disturbance, and

ignore all but the terms th~tt are linear in A, then- 
—

dA/dt = a”~A =o( o’1A or A exp(’~ c1t). Also,
o( y2/ii. - 0(/11. and 4141) =Ø~’~~exp(o( o-1t). b~

’
~

will later be shown to be zero, so if we assume that ~~
Is a constant (that Is , the frequency of the wave doesn’t

change), then ~ = b~~ = 
~ °(crs This gives us

V”i4;,~
) ~~~~~~~~ 

~ ~~~~ ~//)/) ~~ ~~~~~~ ~~ 
- 2d (~~1e~ t)

So our formalism Is an extension of what has been done

in the linear case.

(y) must be normalized In some fashion. We

will use the standard normalization

(7.45) ~ (/;i) (~
) /

This will implicitly determine the’ function A(t),- which

is the other part of’ the solution relating to the size
of the disturbance.

Continuing our discussion of the separate equations,

equation (7.31) becomes -

�. (O~1)~~~~Q
(#)
~~~ Øf~~

2) 
~~~~~~~~~~~~~ 

i/i)

(7.11.6)~~~ 1) ‘r

•~ 
7j,j

~~ ~
1i’~’~~~.~ ) ~~ (/ ,‘/)_ ~~~~~~~~~~ ~ 

~

0 
( 0/2) (~ /) ~ 

~ (O, ~
) (~~ I) 

-

ThIs 18 art inhomogeneous differential equation . If

known, this can be solved for

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Similarly, Equation (7.36)  becomes

(?.4?){(P~~~~~.~i°(k (~~ 
_ 4 ”

)(~~~~~~2gØ~~/~~

~ ~~~~~~~~~~~~~~ ~

~~ ~ (± ,) > ~ 
f2~2) (~ /) ó

This is also an inhomogeneous differential equation.

The solution of the last three equations (7.32),.

(7.314), and (7.35) requires some ~a~ow1edge ‘t the constants
(I) (a.) Li) f.~)a , a , b • and b • For example, (7.314) becomes

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(~ 
_
~~~

) + a ( ’)
) (~~~~~~) 1Ø

(12)

~~ 
(

(/) .~~/l)) (
~; & )~) c ~~(//1)

The difficulty is that there is not enough information

to specify the values of a~’~and b~~. So we must make

som e additional assumption to guarantee a unique answer.

This would not be a problem is a I~
ø) 
= e~ ~ — 0. In

this case the operator acting on Ø”~ would be the Oz”r—
Sommerfeld operator. So the ad joint homogeneous equation

would have a solution, and (7.48) could not be solved

unless its right side was o~’thogonal to this solution.
(,) i)

This consistency condition would determine a and b

This can be done in the related case of plane

Polseutlie flow, where this method has been previously

applied. Here there is a stability curve for the lir~ear 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — A ~
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case in theO~ —R plane, where cj = 0, On this curve,

the constants are determined by the orthogonality condition.

Near the neutral curve the same method is used based on

continuity. In this case a~~ turns out to be zero, and

dA/dt = a ~~~~~ A + .... So the sign of a”~ determines

whether or not the flow is stable and the disturbance

dies out ( a
1
~ < 0) or unstable and the disturbance

grows C a ~ 0).

In the case of Couette flow the Imaginary part of

the elgenvalue is never equal to zero. So we wI1]~ apply

an alternate method , also suggested by Reynolds and Potter.

Instead of insisting that the linear flow be at the

transition point, we will insist that the non—linear flow

be at the transItion point, that is, dA/dt = o; So ACt)

will be a constant, and the disturbance will neither

grow nor decay. The solution will be steady state with

frequency W

To solve this problem , we expand

(7,49) W ~ ~~~o)~~ v ’/
~~ A~ ~~~~~~~

While i” is a real number, we will view it as complex

as a mathematical convenience. The physical problem

will only have solutions for certain values of A.

Our procedure is the same up to the equations

(7.20), (7.21), and (7.22). We now set dA/dt equal to

zero and substitute in the expansion for ‘~‘ • This creates

minor changes in the set of equations (7.29) thru (7.36).

—  --5-— --5 - - --5---, —~~~~~~ --- —~ — -- — —-5-— 
—-5- -- 

— -~~‘Ii
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Equation (7.29) remains the same, so the solution

for ~~~~~~~ In (7.140) also remains unchanged.

The first term of equation (7.30) disappears,

but the solution for ~~
‘
~è~

’
~given by (7.142) Is still the

same.

For equation (7.3)) the term a’°~z”~ drops out,

and instead of the form given by (7.43) we obtain the
similar form

-

- 

~~~~~~~~~~~ ~~~~~~~~~~~ 0
ç~ b q$ (/ ; i) ~~~ 1)

This is still the Orr-Sommerfeld equation, b ~ now

w ”~= —o~o, where a Is the eigenvalue of the Orr-Somwerfeld
- - equation.

For equat ion (7.3 1), the a”~ and as” terms drop
out, arid (7.46) sImplifies slightly to become

+4 ~~~~~~~~~~~~ ~, ‘~yô~~ 9 ~ ~~ ~~~~~ ~~d2
,)~~

1”1
~
)

~~(o;~
) (t,)~ 

(l
~

) i~~,):d

Similarly, the a terms drops out of (7.36), and

(7.47) becomes

~ 
;~ ~Øt/;/)~ ~) Ø (/;/) _ .~ ~~~~~~~~~~~~~ p’;’)

-5-- - - —---—~~~~~~~~~ - - - - 5 -  -5 — —— ~~~~~~~~ -
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H ~~1~~2) ( ~~ i) :  ~~~~(~,2) (± /)  O

The left side of this equation Is the Orr—Sommerfeld

operator , but wi th oç replaced by 2°c .

Equation (7.3 14) was the f irst  of the equations that

presented difficulties. But now with the a~~~term removed,

(7.148) can be rewritten as
(4’) ~ ?

( 7.53) ~~~~~~~ ) ( ~~~~ ~~~~~~ 
) (~ 

°~ ~~~~~

;~ ~/ “ 1~ (b
1—~~

) ~~~~~~~

• 
~~(~~~

) (
~ 

i)~ b~~~ ”~~(±  “~~~

The left side of this equation is just the Orr—Sommerfeld

operator acting on V-1 “ • We know that the corresponding

homogeneous equation has a non-trivial solution
-

- 
So the ad joint homogeneous system, which has the form

~~ O

has a non—trivial solution . We will call this solution v (y ) .

• The inhomo~ eneous system will have a solution only

if the consistency condition

(7,~~ ) ~ ~~~~~~~ ((~~-~~
) ~~(/;I)~

7
)J V(y )~~~~O

is satisfied. This is unlikely to be tru e unless W
1’d

~~ = 0.
..cf/J ,)Then v-’ ‘ can be any multiple of’ ¶e’ • For convenience 

~~~~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~ - - ~~~~--- -- - -5
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we will choose the solution

H ( 7.5 6)  0

This leaves two more out of our orin~tnal set of

eight equations to consider. Equation (7.32) now reduces to

(7.57 ) t~~
to; ~ ~~ 

~ o 1) (1 /) -

so the solution is simply

(7.58)

The last equation (7.35) can be written

(7. 59)1( ?- °<~) ~~~~~~~~ ~~~
)
)  ~~~~~~~~~~~~~

~ ,çf/ ,1) —

•T~~C 1~
)i )~~ ‘~“~~ +.2 ~~~~ 

/ 
)
(~~~_~~ )c c~

l L
~
J 

• ( • )  3~~fp~)
~~~~~~~~~~~~~~~~~~~~~~ 

Ø
(a f D~~~~Ø

ll?) 2 ~
~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~ ;1~~ ~ 
~~(i,i)

~~(i;~~
) (i i) :

The left side is still the Orr—Sommerfeld operator, so

we have a consistency condition

(7.60) W~~~/, [(~ — .~~
.) ~f/; / ) (y )J rt’~~) 4:

~~~~~~~.TT T
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• ) f, • í) ~~~~~~~~(~~~~~~~~~~ (// / +2~~ 
/ 

~~~

- “~ ‘~D (~ ~~
- 

~~~ 
(2) ~~ 

I 
~~~ / ~~~ 

~ ~,/)7 ~~

This determines the value for ~~~~ which is what

we are actually after. Additional values can be gotten

using the same procedures , but will turn out to be

zero , and to obtain would require much more numerical

work, -

So we have the relation

(7.61) = ~~~~~~~ ~~~~ ~
Since W and A are both real, this means

(7.62) w:  R~~l (w y’) 
* Real (w~~~~) 4 ~

~~~~~~~~ (w (°’) + J~ ag (~~1~)) 4

This determines the size of the amplitude A , which is

given by

(7.63) /~~~~~~ ~VI,~iay (~(Ja~) -

Since c
~ 

Is always negative , Imag(~/~ ) must be

negative for A to be defined . If Imag(w~~) is positive,

there Is no steady state solution. The flow is either

stable with respect to any second order disturbance, or

else any such disturbance leads to turbulence,

If A is dofined , it gives the transition level

below which the disturbance is damped out (infinitesimal
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case) and above which it grows (Instability).

Some idea of the physical significance of A can

be seen by considering the center line fluctuations.

We know that

- 
. ~, ( ‘) ..& ~,f/) -*#

(7.614) v(A ,y,~~~) - — “ ‘ 
~~~~

— 
~ 

~~~~~~~ +2. ~‘ ~~ 
~~~~~~~~~ 

~ c~”1 1°’~-t ~~

Since A is small, as a first approximation we can ignore any

power of A larger than the first. Then (7.614) becomes

• (7.65) v(A,y,~~ ) —~~ A

or

(7.66 ) v(A,y, &-) 24 ~~ea)(~~
u11)))~2 Gm14W’~

) )

Since we choose a normaliiat2on ~~
“
~~(O) — 1, we get

(7.67) v(A,O,~~ ) * 4 ~~
So A is, approximately half the amplitude of the vertical

center line disturbance. 

- - --- ~~~~~- -  - - - 5  - -  --  -~~~~~~~~~~~- — l
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8. METHOD OF SOLUTION

As in the linear case, we approximate the various
funct ions by a sum~ of Chebyshev polynomials. The linear

là)

eigenva].ue o- = -w bK and the linear elgenfunction ~P

are computed using the generalized Rayleigh quotient

iteration.

To find the adjoint eigenfunction v, we use the
same inverse iteration, except the eigenvalue is now kept

fixed. Equation (7.54 ) is Integrated four times to obtain

(8.1) ~~~ ~~~ ~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-: Letting v(y) L0 anT~(y) and substituting into
(8.1) we get the system of equations

(8.2) ~~~~~~~~~~~~~~~~~~~~~~~~ + ~~~

~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~

- — 14,5,...

The only difrerence between this system and the system
f  or the Orr—Somrnerfeld equation (3.12) is that the term

~2t’ç fla
3
~ Is missing. After making this change, v (y )

can be computed using the same procedure as for

49.
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50.

To solve the other equations, we need subroutines

for taking Integrals and derivatives and f  or multiplying.

The formula for Integrals has already been worked out.

If we let

f~~ am Tni (7)
~ ~~~

then- we can find that

~~~ 

,

~~(8.3) a1~~~ ~
— —

~~~~~~~ —~
---—-—-- — n~~~l,2,...,N+l‘

~~~~~~‘fl H

where ~~~ is an arbitrary constant of integration. This

is jtist r.latlon (3.2)
To do derivatives , we introduce the notation’

d
0 £ A ~~ ~y )J ~ ~~~ 

Q~, 7~ (~ )

Then by relation (3.1)

Pf Tmfy) J :O~ ~~~~~~~~~~~~~~~~
~ ~~~

- - B~r equating coefficients, we arrive at

~~~‘n C/ ~1 + aL, ~dm-i

or iteratively

,,4
(8.4) Cm  wm £:m4,

where ak .Oifk?N .

Multiplication can be done using the relation

(8.5) y ) Ts (y ) f 7 ~ s(7H 7T”-$I (y) J

j  
_______ _______________~~~— —S— ~~~ ~~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~ -a:. ~~~~~~~~~~~~~~~~~~~~~~ ~
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51. f tp
If ~ (y) 

g 9nTn~~~ 
and ?’ ~~ ~~~ 

b,~T~(y), then

- ~~ a~~4 
7-;~/~)7;1~~)

_~~~~~~~~~~
2 [71+ J (y) i~77~iI / ’7) ]

_
‘,-°,

Truncating this sum, it can be written as

• ( 8.6) d~ ~: ~~~~L 
~ + 2~L

Now we can solve equation (7.52 ) f  or • The

left side is just the Orr—Sommerfeld operator with ~
replaced by 2c1(. The equation is integrated four times,

and the matrix corresponding to the left side can be

computed using the same subroutine as f or the Orr-Sommerfeld

• equation.

The right side can be integrated explicitly once to

obtain

4 (8.7) ~~~~ 
(~~~

r/ ;/ ) t  ~ ci;i) o~~
/;/ J

Using our subrout ines , the corresponding vector can be

found and integrated three tImes. The first four coeffi—

- 

- 

cients are set to zero, since these equations determine

the boundary conditions. The result is a system of

Inhomogeneou s linear equations , which can be solved to

obtain

Equation (7.51) can be explicitly integrated twice,

and rewritten as -

- - -5
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52,

(8.8) P .~a (-; ~~~~~~~~~~~~~~~~~~ ~~ *4’ D

The vector corresponding to the right side can be determined
1J ’. -~)

and then integrated twice. This gives us f~’ 
/ except

for the first four coefficients, which are determined

from the boundary conditions,

Equation (7.60) can now be solved for The

definite Integrals can be evaluated using (3.1) and the

formula

(8.9) T~.(tl) (± 1)” 
-

These allow us to compute J -r- /
(~~~ 

-

~~~~~~~ 

- 
~~~~~~~ 

- _ _ _ _ _ _

).-, L- 0 A7( A? 717 ~~, ~ L ~~~-‘-, 
-J

i~ E~ 
( , ,

,,,)rnI) 

~t (i-i-~y~ ?J

4: ~~~ -è~J
2. Oo +J: ~~~~

Combining this with our previous subroutines, L4”~ and A

can be explicitly calculated. -

-5-5 ~~~~~~~ —~~ - — - -5— 
~~~~~~~~ 

-
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9. NUMERICAL RESULTS

The above set of equations was solved for a variety

of values of o( and H. The results are summarized in

Figure 2, where an o represents values of the parameters

where a steady state solution exists, and an x values for

which there is no such solution.

Fig. 2.——Looation of steady state solutions

1000 -x - o o x

- x o  0 0 O X

- T O  0 o X

R 500 - x o-- ~~o o x

- x o o  0 0- o x

- ~~~~~~~~~~

I

5 10 15 20

The size of the disturbances associated with the

steady state solutions varies widely. Table 7 shows the

H 53.

~
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~
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34.

amplitude A of the steady state solutions for different

values of o( arid R.

- TABLE ?

VALUES OF H, cC , AND A

B A H A

100 3 1.57x10~~ 500 13 le.60x10’6

100 4. 2.LIJI.xlO ”2 500 14 2,61x10’6

100 6~ 7.02x10 3
700 9 1.?6x10~~100 7 4.33xi0 ’
700 12 6.ioxio 6

100 8 3.2Ox10~~
700 16 1.18x10

200 5 7.59x10 3
800 10 Ll.83xi0 5

200 6 2.85xi0 3
- 

_
~~~~ 

800 12 5.91x10 6
200 9 3.51x10 -

- ‘  800 15 8140 0
200 10 2.19x10~~ 800 17 7.02x10 7
200 11 ~4.12x10~~
- - 

1000 15 5.65xi0~~500 9 9.83x10 ’5
1000 18 2.I1.5x10 7

• 
— 

__ _ _ _ _ _ _

As in experiments, the smaller the Reynolds number

H, the larger the corresponding amplitude. The smallest

value computed was R — 5 and c( - 2. The method predicted

- a steady state solution, but with an amplitude of 6.05.

Since our formalism assumed small disturbances, this does

not reflect a realistic solution.

It was not feasible to determine whether there exists

—

~ 
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a largest value of H for which there is a steady state

solution, because of the computational expense. To obtain

accurate eigenfunctions proved more difficult than to obtain

accurate eigenvalues, particularly it both d~. and H were

relatively large.

But steady state solutions are possible at least up

to H = 1000. This would imply that small disturbances

will die out. However, in practice, laminar flow can be

maintained only up to about H 750. Since in an actual

apparatus there are always some perturbations, this could

be due to the fact that these perturbations can no longer

be reduced be-low the transition level. Other effects not

covered by our formalism could also be at work. However,

just constderin~ second order effects, this method does

correctly predict transition to turbulence for a large

enough perturbation, which the linear theory does not.

Some insiohts into the results can be obtained by

considering the shape of the disturbances. Using a second

- 

- order approximation

(9.1) q’ (A ,y, &)  2 ~ 1D1 (,
~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~ �48

or

- (9.2) ~~(A ,y, i~ )

~~~~~~~~~~~~ ~~~~~~~ 
~~(o;2) ~~

~e4 (~~~~;a)) ~~~~~

- - ___ ~_ _ __ _ _•_ _ _r_________ ___a________ ___ ~____ •__ _• - ~~~~~~~~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~j S  ~
___

~~ _ s  ~~ _ __ _— - —
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_L. dY’

( 0 ‘ Is a real valued function.) Then since u - ,~
‘

a n d v —~~~~~

(9.3) u(A ,y,~~~) y + ~‘A EP (fte4 / ~~‘)  C~~~~~5

- Dt’Imay ~ “~‘~
) ,,,,,~ y .~z. ~ LA 

~
[ z �

÷ i) (ReaI ~‘~~‘) ~~~ 
- j) (Jma~i 0 s;~i

(9.14) v(A ,y,~~~) - —)‘4[’(Rea/ 
~~//;n)jj~~~~.,1~~ ,~p ‘ “5’~-.:7

- ~~ ~j ~’~~i ~ ~~~~ 5)n i~’J

If we ignore the A2 terms, we have the Orr-Sommerfeld

linear solution.

Choosing & — 0, this simplifies to

I &I) ,) fl
(9.5) u(A,y,O) y+ ~ A 1) ( /i’ea ’~~ /

+ t ~ ~ 
1) ~~fs;.i 

~ 
,) (iQe~ / 0 ‘~~~

(9.6) v(A , y , O )  - I 5 ø~~”~---~’1?7ftT’/ 0 ’

Using the definition T~(eos t 
) — cos nI’, these

vectors can be computed. This is done most easily by

choosing values of between 0 and iT . Then y — ooe I

and T~(y) ooa nI.

The resulting solutions are graphed for the case

ft — 200 and 0L~ — 5. Figure 3 gives u and v for the linear

case, and Figure 14 gives the non.~linear solutions.

For the linear case , the disturbance is concentrated

nea r the boundar y y — 1. There is of course a symmetric

_ ---—~-—- , - -~~~~~~~~~~~~~~-— - -- -- - - ----5
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Fig. 3.——The linear solution for H = 200 and ‘~~ = 5
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Pig. ~i.-..-The non—linear solution for H — 200 and ~ — 5
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7

F :  _ _

—/ , () 

-~~~~~~~~~~-~~~~---- —-~~-----5-



_____ ____________ -

59.

- 
- 

solution concentre Med near the boundary y = —1, corresponding

to an eigenvalue with negative real part. For larger H,

the disturbance is even closer to the boundary, but retains

the same shape.

In our case, we are mult~.plying by an amplitude

factor A. As we have seen, this is related to the amount

of change in the fluid velocities with resDect to x and. t.

The size of A is immaterial if the disturbance is small

enough for the linear theory to hold .

The actual magnitude of the fluid velocities depends

on çtYY~ as well as on A . We have used the normalization

4
~ 

/~)= 1, but the size of this eigenfunctlon still varies

greatly. If ~K is fixed and B increases, the size of this

function increases slowly. But if H is kept fixed and o~
increases, rapidly becomes larger. For instance,

if H = 200 and A is kept fixed , the maximum value of u

for o( = 12 is almost a thousand times as large as the

maximum value of w for o~ = 5. So for large c( , A must

be chosen quite small if the linear theory is to apply.

The shape of the non-linear solution is completely

different from the linear solution. However, this same

besic shape is ap-°ln retained for different values of 0<

and ft. In fact , in most cases, the magnitudes are also

quite similar . As we have seen , for a given fixed R,

A dec~reases rapidly as c7<. increases. However, this does

not decrease the d i f ference  between the non—linea r solution

and the laminar solution , since the eigenfunctions are

- ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ - - -
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60.
getting large rapidly.

The value of A is now important, since the given

second order solution only exists f or the appropriate
amplitude. When we multiply by A, as we have been doing,

the linear solution becomes closer and closer to the

laminar solution as ft increases. But the second order

solutions remain distinct from the laminar case.

The transition from the linear to the second order

solution cannot be obtained by our method. However, we

know that for small disturbances the linear theory holds.

Somewhere well before the transition amplitude non-linear

effects would begin to occur. For these intermediate

disturbances the shape- would begin to change from the linear

to the non—linear form. By the time the transition ampli—

tude is reached, the non—linear eft~ects have drastically

changed the shape and the size of the solution. So our

theory shows a large difference between the linear and

non-linear solution, which explains how the transition

to turbulence can occur,

I

-5 _ _
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