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Abstract .

THE STABILITY OF PLANE COUETTE FLOW

by
Terence Coffee

Adviser: Professor Harry Rauch

The effect of small disturbances on laminar plane
Couette flow is studied. If the disturbances are infini-
fesimai. the effects are described by the Orr-Sommerfeld
equation. Chebyshev polynomials are used to reduce the
problem to linear algebra. The resulting eigenvalue
problem is solved using the generalized Rayleigh quotient,
which 1nvolvq§ substantially less computer time than
previous methods, Accurate eigenvalues are then computed
for higher values of the parameters than has been done
previously. These values further confirm the bellef that
Couette flow is stable under infinitesimal disturbances.

Using the linear results as a starting point, the
effect of finite disturbances is studied. A system of
equations is derived from the Navier-Stokes equations,
taking into acocount non-linear terms., In this 6‘80. the

flow becomes turbulent for certain values of the parameters.
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l, INTRODUCTION

This paper 1s concerned with some results about

¥
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the stability of plane Couette flow under small distur-
bances. Inm non-dimensional form, the problem consists

of two dimensional fluid flow between two infinite planes,
one at y = 1 moving at a speed of 1 to the right, and one
at y = -1 moving at a speed of 1 to the left. If u(x,y,t)
is the horizontal component of the velocity of the flow,
and v(x,y,t) is the vertical component, then u(x,y,t) =y
and v(x,y,t) = 0 18 a solution to the problem. This is

the basic laminar flow, However, in practice laminar

T

flow 18 hard to maintain, and most flows tend to become

turbulent if disturbed. Knowledge of turbulent flow is

in a very incomplete stage, with only some general ideas
of the processes involved., Here we will be concerned with
the somewhat simpler problem of transition; with the

change from laminar to turbulent flow. This is the question

B ORI e A

of stability; that is, if the flow is disturbed, will it

AL

return to laminar flow (stability) or change to turbulent

e S

flow. Stabllity of course depends on the amplitude of
the disturbance.

The first major contribution to the study of hydro-
dynamical stability can be found in the theoretical

papers of Helmholtz, around 1868, Rayleigh and Reynolds
1.
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made further contributions near the end of the nineteenth
century. In particular, dimensional anslysis led Reynolds
to the idea of what 1s now called the Reynolds number,

& pure number inversely proportional to the viscositye.
Experimental evidence led Reynolds to the conclusion that
stability breaks down when this number exceeds a critical
value.

Explaining this behavior proved difficult. The
key equationr was arrived at independently by Orr in 1907
and Sommerfeld in 1908, now called the Orr-Sommerfeld
equation. While only valid for infinitesimal perturbations,
it gave a starting point for explaining transitional
behaviore. This equation was applied to various types of
fluid flows, including plane Couette flow, one of the
simpliest cases,

The Orr-Sommerfled equation depends on two parameters;
the Reynolds number R and the wavenumber & of the pertur-
bation. The first approach to the equation was in terms
of asymtotic analysis; in particular, picking o fixed
and considering the limit as R approached infinity.

Hopf made the first attempt in 1914, which was refined

by Southwell and Chitty in 1930. For Couette flow, the
first important work was done by Wasow in 1953 and Grohne
in 1954, who developed similar asymtotic theories to show
that the flow is stable for fixed &X when R is sufficiently

large. This has recently been refined by Davey in 1972,
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who also showed that the flow 1s stable for fixed R when
& is sufficiently large.

Numerical solution of the Orr-Sommerféld equation
has been difficult, The first solutions were obtained by
Tollmien inm 1929, who also obtained a critical Reynolds
numbers Lin in 1945 improved the mathematical procedures
and laid the foundations for a general expansion of the

stabllity analysis, However, fitting the general solutions

to particular boundary solutions proved to be too mathe-
matically complexe
Numerical investigation of Couette flow had to wait

for the develovment of computers. Grohne in 1954 developed

some results for the special case & = 1, The first
extensive numerical investi:sation was carried out by
Gallagher and Mercer in 1962 for values of « R &< 1000,
which confirmed the hypothesis that Couette flow is stable
to infinitesimal perturbations. However, aso( R gets
largerﬁ the problem becomes more and more singular, making
the numerical solution more difficult.
Deardorff in 1963 exterided slightly the parameter
range covered by Gallagher and Mercer. More recently,
Davey has computed solutions for & R up to 100,000. ' 1
Using these results, Davey has detected a rattern in the ]
solutions for the range that is not covered by the asym-
totic analysis.

In this paper I will develop & more efficient method
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of computing the solutions of the Orr-Sommerfeld equation,

st

giving accurate solutions relatively easily for large
values of o R« The results verify Davey's analysis.

The combination of numerical and asymtotic analysis

leads to the conclusion that Couette flow is stable to
infinitesimal disturbances for all values of the parameters,
However, this is not borne out in practice. In a series
or experiments Reichardt in 1956 was able to maintain
laminar flow only for R ur to about 750. The assumption
1s that non-linear effects cause the transition to turbulent
flowe

Non-linear analysis is relatively recent, based
rainly on the work of Meksyn, Stuart, and Watson, develored
around 1960, But so far only fragmentary results have been
developed, and there are essentially no such results for
plane Couette flow. In the second part of this paper,
some results of a non-linear analysis are discussed. In
particular, if second order terms are considered, a tran-
sition from laminar to turbulent flow occurs. As in
experiments, the size of the disturbance needed to produce

turbulence depends upon the Reynolds number.
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2. DERIVATION OF THE ORR-SOMMERFELD EQUATION

The general equations of a two-dimensional incom-
pressible flow are the Navier-Stokes equations
(2.1) ug + uuy + vuy + P, -, + u§,)/n =0

(2.2) v,

(203) U’x + Vy = 0

+ uv_ + vvy + Py -(vxz + vyy)/n =0
where u(x,y,t) is the fluid velocity parallel to the
x-axis, v(x,y,t) is the fluid velocity parallel to the
y-axis, and p(x,y,t) 18 the kinematic pressure. A deri-
vation is given in Betchov and Criminale (1967). For
rlane Couette flow, the boundary conditions are
(2e4) u(x,+1,t) = +1
v(x,+1,t) = 0
The basic laminar solution is
(2.5) u(x,y,t) =y
v(x,y.,t) = 0
p(x,y,t) = P(x)
We now consider small perturbations of the laminar
flow, so that
(2.6) u(x,y,t) =y + u'(x,y,t)
v(x,y,t) = v'(x,y,t)
p(x,y,t) = P(x) + p'(x,y,t)

where u', v', and p' are small,

Se
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6.

Substituting into the Navier-Stokes equations, we obtaim
(2.7) u'e + yu'y + u'u'  + vt + v'u" + Py + p'

“(u'yy + u'”)/B =0
(2.8) v'  +yv' +u'v' + v'v" + p'y

oyt * v'yy)/R =0
(2.9) u-': + v'y =0
We cam eliminate the pressure term by differentiating
(2.7) with resyrect to y, (2.8) with respect to x, and
subtracting tha equations., This results in
(2.10) (u'y - v'x)t + ‘y(u'xy - "n) + “.y“.x"' u'u"x’

. ' u' +v'u® u® v¢ u'y? ay? vt
-l-vy-!-vyuy V\l" uxvx uvn vzv

-viv?, + u'

=(u?® e Sl

xy ~(%'yyy xxy = V'xxx = V'xyy)/R =0
In the linear theory, we assume that the perturbations
are small enough that we can ignore the second order
terms. So (2,10) becomes .

[ R & ¢ w vyt E
(2.11) (u R x)t + y(u y =V x)x +-%

- ] % (] 0 (]
(uyyy"'“xxy S vxyy)/n'o
Equation (2.9) permits the introduction of a stream

function "f(x.y.t) such that u' = fy and v* = -']Vx.
Equation (2.9) is then satisfied automatically and (2.11)

becomes

(2012) (Wyp + Prrde + ¥ ¥y + Vir)x By

“Fyvyy * 2 Taayy * xR = 0
We consider functions of the form

l'f/(x.y.t) = ¢(y)exp(1°((x - ot)), that is, periodiec
solutions in x and t, where o is the wavenumber of the
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horizontal motion and ¢ is an eigzenvalue to be determined.
Since we are assuming linearity, & series of solutions of
this type will not interact with each other.

Equation (2.12) becomes
(2.13) @rere - 2042 1+ + < *P- 1 R(y - )@ -x2¢) =0
This is the well known Orr-Sommerfeld equatione. The
boundary conditions (2.4) become
(2.14) ¢(:1) = 95'(11) =0

In this formulation,. QU(x,y.t) is a complex valued’
function. But since the oringinal Navier-Stokes equations
contain no complex quantities, %( ?’(x.y.t) +(F;(x.y.t))
is also a solution, and is real valued.

The problem has been reduced to a fourth order
ordinary differential eigenvalue equation. The imaginary
part of ¢, where ¢ = cp + 101, becomes the relevant resulte.
Ir °1< 0, the disturbance decays with time. So the flow is
stable with resyrect to infinitesimal disturbances. If
ciy»o. the perturbations grow indefinitely with time,

Of course once they become of any significant size the

linear theory no longer applies,




3. METHOD OF SOLUTION

Various methods have been used to solve the Orr-

Sommerfeld equation, generally some kind of finite-diffe-

rence approximation. However, more efficiency can be
obtained using Chebyshev polynomials,

Other sets of orthogonal polynomials have also been
used in stability problems, usually chosen to satisfy the
boundary conditions and have some relation to the Orr-
Sommerfeld equation. The Chandrasekhar-Reld functions
are the most common, though other types have been proposed.
The advantages of the Chebyshev polynomials are discussed
in general by Fox and Parker (1972) and in particular by
Orszag (1971), who used them for the similar problem of

plane Polseullle flow.

Briefly, Chebyshev polynomials are particularly
useful for obtaining accurate solutions, The Chebyshev
polynomial approximations are of infinite order, in the
sense that errors decrease more rapidly than any power:
of 1/N as N approaches infinity, where N is the number of
terms used in the exvansion. Hence, while other methods
may give better answers for small N, accurate answers can
be obtained much more raridly using Chebyshev polynomials,

Another advantage 1s the efficiency with which the coeffi-
8.
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clents may be determined from the differential equation.
This makes the process of changing to a system of linear
equations much less complicated. v
So we will represent ¢ (y) =~§oan_rn(y), where

Tn(¥) is the n'th degree Chebyshev polynomial of the first
kind, defined by T,(cos €-) = cos mé. Derivatives and
integrals of ¢(y) can be represented relatively easlly
by using the relation

(301) T 01 (¥)/(n+1) = &, ,T* . (y)/(n-1) = 2T, (y)

where
0 it n< 0
Op = 2 ifn=20
1 Afn>»o
and
0 ifn<O0
dn={l if n20

The Orr-Sommerfeld equation can now be approximated
by a series of linear equations in the & by substituting
in the expansion for ﬁ(y) and equating the coefficients
of ‘I‘n(y). This procedure, used by Orszag, has certain
computational disadvantages, in that the matrices produced’
have coefficlents of widely different orders of magnitude.
This 1s due to the inflinite sequence needed in working
with derivatives.

N
For examrlo. 1r¢ (y) -f (y) =£ a T (y)
n meo B n
then ¢ nPn = 2 53' Pa,, where é_‘ 1ndloates that the
summation is m Jumps of two. However, the indefinite

integral has a much simpler form. That is, if




e
1 J Bis) =X s [1.(5) = éoalnrn(y)
reprosenta tho indefinite integral of ¢(y). we can find
4 that
N am [ _____ﬂ_fz_ Jm-z. -l /ﬁ‘}]
< an/'l‘n(y) 2,- m+1 v ~” -
e '; I am-t Cm- - am4t Am-|
g > M 7;" )
f{ where ‘N-O-]. = 0, 8o that
: y  An-1Cm-| —Amtl
‘ g (3.2) a ” = 2 " ns= 1.2.....""’1
;.z (a1° is an arbitrary constant of integration)
g This is quicker to compute, and also leads to a matrix
whose coefficlents are much closer in size.
4 Writing (2.13) as
i ¢nn _20(2¢n +0(4¢_
1eR(y @ ~alyfocPor +d2c F) = 0
g and 1ntegrat1ng four times, we obtain
4 (3.3) & -242ffBsa[[I B
1 -1°<B<//v¢ - 2] 8 -=¥ff[ 3B~ e[| +at2J[[[B ) = 0
\‘ Letting [/ﬁ(y) = i.,a win'y?
[[B(3) = f- a’ T, (v)
ad  [[[(P(y) -‘Z*a“ T,(¥)
1.5 we can obtain, as above 4-1
: : - PO Cm-2 +4 am—z+4
? (34) ‘1 = 2 2 M
| e ks ,
’T
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S RA2 g ki

z 2>
(3.5) ’%1'24% L/-m (m — 2 +ﬂ-)

n-zs.a..;; . /,1”*/“ Gm-p + B +4+7
(3.6) a7 = G ezzlﬁ-/ Fon (-2 +L) (m~4+4 +4)

n=3, 4.-;. o ,Lbhhym@v g +2-+4+m Cm- ?42444-!-/

‘ %
il n"/ré'. ;:: E &t [bm (m—240m ) (m-4+m+{) (m—/-f—mfj'f __

ns= uo5;000 é'f"
W
If we set yP(y) 2 Nt (y)

//yﬁ(y) -;%:b.zgn(y)
and ////yﬁ(y) ='::£: b‘l'; T (¥)

and use the relation

(3:8) ¥2,(3) = (a7, 5(y) + 0,7, (5))
we can obtain
5 24, Am-2+44
bn -,Zfz CTﬂ) 2té - gﬁ_
}‘-'/ P 8

b« O o 1 2.0..

3 zéz ;; ‘;A*A-lam-l*ﬂ—-/-ﬂ-!-} Cm-4+2+4,c/'
(3.10) v%, é/ VN E gm (m-2+4A)

(3.9)

n= 2 3..00 p ‘
A éa‘éa’ < A,M+ +2M ~/04¥m +(+l-lﬁa,CM-/o~/-m+@ -hf‘f
(3.11) b -f ) e 61 &1 K1 33m(0-27m ) (- 4 fom 1-8) (m=b#om 344 A )

nw= aoSoooo
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(Exception: if n=4, =3, andm=1l=%k=h=1,

the above coefficient 18 doubled)

Substituting all of these exransions into (3.3),
equating coefficients of Tn(y). and multiplying by 4,
we obtain the system of enuations

(3.12) 1a, - 21422 + 14 %% + o« B2 - 2 RA3,

TRy «WMMW' s ‘“r“f‘ ,, R =3

Sy T

- Imp*, - o Be? + ox2ma* = 0

n= u;s....

Because of the integration, this equation for the

cases n= 0,1,2,3 contains arbitrary constants. Hence

we replace these equations by equations representing the
H g - boundary conditions. These conditions can be simplified
’ using the relations
H | T, ($1) = (£1)°
| and  T' (+1) = n?(31)0"1
i W
i thus QPQ)=f5 a =0
. mz=0

N
&
#(-1) =Z (-1)% =0

ﬁ'(l) -ﬂ% nzan = 0

R IR A

N
2 n-l
& (-1) -ﬂﬁ; n“(-1)"""a = 0

By adding and subtracting equations, we obtain the slightly

simpler form
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m<; 2

&,
Z; nzan = 0
m=0

22' nzan =0
m=l

Using these four equations plus equation (3.12)
for m= 4,5,...N, we obtain a system of N+1 equations
in M1 unknowns. In matrix form this can be written as
XA - cYA = 0, where X 18 a comrlex valued matrix, Y is
a real valued matrix, and A = (ao,ai....an) is the vector
to be determined. So the oringinal differential equation

18 reduced to the above algebrailc eigenvalue problem,




k., SOLVING THE MATRIX EQUATION: THE LR ALGORITHM

There are a number of standard methods for solving
an algebraic eigenvalue problem. Wilkinson (1965) contains
a fairly complete descriptionQ However, the present
problem presents several difficulties.

First, the usual form for an algebraic eigenvalue
problem 18 XA - cA = 0.  An equation of the form XA - ¢YA = 0
is normally rewritten as Y1XA - cA = 0. Unfortunately,
in our problem Y is not invertible. The first four rows
of Y consist solely of zeros, since the eilgenvalue ¢ does
not enter into the boundary conditions.

A method has been devised by Gary and Helgason (1970)
to get around this difficulty. A sequence of elementary

: ; column transformations is used to put the first four rows

| : of X into lower triangular form. This is accomplished

by adding a multiple of the first column to the succeeding

S N e TR e B
B ML 55 v Rl
(% ey
& o

columns so that X492, Xygeeee all become zero. We continue
the process for the second, third, and fourth columns,
permuting the columns if necessary to put the largest

element in the appropriate column. Since the elements in

these rows are known, this is easy to program efficiently.
The same column transformations are performed on Y.
The first four rows of Y remain zero, so 1f we drop the

14,
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first four rows and columns of both X and Y, the new
system has the same eigenvalues as the oringinal system,
For convenience, this will still be denoted XA - c¢YA = O,
but Y is now generally non-singular,

To change this into the form Y1lxa - ca = O, programs
from Forsythe and Moler (1967) were adapted. The matrix
Y is f;rst scaled, so the norms ofithe rows are approximately
the same size. Then, using partial pivoting to reduce
round off errér. Y is decomposed into the form ¥ = L7,
where L is a lower triangular matrix and U is an upper
triangular matrix. Instead of actually interchanging the
rows, & vector is introduced to keep track of which elements
have been used as pivots, saving computer time. Then for
each column X1 of X, the equation*YZ1 = x1 can be easily
solved, where 2, 1s the 1'th column of Y"1X. To insure
accuracy, iterative improvement 1s usede That 1is, we
form a residual R1 = Xi - rzi and solve the system
YZ'y = Ry. Then Z + 2' is a more accurate solution.

Since most of the arithmetic in this procedure is in the
oringinal decomposition, this is inexrensive, Again, for
convenience, this new system can be denoted XA - cA = 0.

A second difficulty is that X iz a general complex
matrix. The most common eigenvalue problem is for a real
symmetric matrix, end many of the standard procedures
do not apply to complex matrices. Wlldinson discusses

only one method for a general complex matrix, the LR

B i NP I S e e ot ot
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16,
algorithm, which is relatively complicated. To implement
this, programs from Wilkinson and Reinsch (1971) were
translated from Algol and adapted to this particular
problem.

To reduce round off errors, the matrix is first
balanced. Since errors in eigenvalue procedures depend
on the size of the norm of the matrix, diagonal similarity
transformations are used to reduce the norm of X. Am
iterative process replaces X by D"1XD, until the morm of
the 1'th row and column of X are of the same order of
magnitude.

Next the matrix is tranformed to upper Hessenberg
form, that is, xij =01f 12 J + 1. While no finite
sequence of similarity transformations can reduce a matrix
to upper triangular form, elerentary matrices can introduce
zeros in all places below the sﬁbdiagonal of the main
diagonal,

Finally, the LR algorithm is applied to the upper
Hessenberg matrix. Again, a sequence of simllarity trans-
formations is used to reduce.the elements under the main
diagonal. Since only the elements in the subdiagonal
are non-zero, the procedure converges much more rapidly
than for a general matrix, As soon as the term 121 becomes
negligible, X4 is an eigenvalue for the matrix. The first
row and column can then be deleted and the rrocedure

repeated.




T e

vt SRR - vt s i B S ST il 2

9835 Tl k8 L S B TR O S s ol L s ik

17

There are some drawbacks to the above procedure,
The process is long, being relatively exrensive in computer
time. Because of the efficliency of the approximation by
Chebyshev polynomials, it does compare favorable with
other methods, but it does compute a lot of information
of no immediate value. Im particular, in stability theory
we are concerned with the eigenvalue having the largest
imaginary rart, since this will represent the solution
closest to bheing unstable. But the LR algorithm computes
all the eigenvalues. 8Since in some cases we will go up
to N = 80, this would be 76 eigenvalues computed that we
have no interest in.

So in the next chapter we devise an alternate method

of solving the eigenvalue problem, one apparently not

previously used in stability rroblems.




5. SOLVING THE FATRIX EQUATIONs THE RAYLEIGH QUOTIENT

The second method of solution is based on & series
of papers by Ostrowski (1958-59). These papers considered’
some properties of the Rayleigh quotient.

As oringinally defined, we assume that X is a real
symmetric matrix, U is a row vector, and UT is its transrose.
Then R(U) = (UXUT)/(UUT) 1s called the Bayleigh quotient
correspondine to U.

The eigenvalues of X can be characterized by the
extremal properties of this quotient, If c¢_. is the

1
largest elgenvalue of X, then ¢, = max R(U), where this

maximum is taken over all possible vectors U, If Ul is

the elgenvector corresponding to Cqe then the next largest

eigenvalue 02 = max R(U), taken over all vectors U that

are orthogonal to Ul' The other eigenvalues are similarly

§_ characterized. ' :
f : In practice, what is more imrortant than the extremal
properties 1s the fact that the guotient is stationary.
Bl That 1s, of = R(U;) differs from R(Uy + £ W) only by

terms of the second order in £. So if we have a vector
that is close to the correct eigenvector, the Rayleigh
quotient will be quite close to the corresponding

e R L

eigenvalue.

18,
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This makes possible an iterative procedure for
determining any specific'elgenvalue c. We start with
an approximation ¢, that is reasonably close to c. Then

we choose an arbitrary vector Uo. The only requirement

‘is that Uo cannot be orthogonal to the eigenvector U.

Then the equations

(501) (X = exI) UT, 4 = UT,
(5:2) Opyy = Uiy X0T0 )/ (V10 pep)

are used to get better aprroximations for ¢ and U,
Ostrowskil shows that the convergence is cubic, that is,
(Cye1 - c)/(ck - c)3 approaches a constant,

If X is not symmetric, we instead consider the
generalized Rayleigh quotient R(U,V) = (VXUT)/(VUT).
In this case, 1f ¢ 1s an eigenvalue, U 18 the corresponding
right hand eigenvector (XUT = cUT). and V is the corre-
sponding left hand eigenvector (VX = cV),then R(U,V) = ce
The extremal properties of the Rayleigh quotient no longer
hold. However, Ostrowskl shows that the quotient is still
stationary, if the matrix X has only linear elementary
divisors. This will be true if the eigenvalues are distinct,

which is the case in fluid mechanics. Moreover, the

convergence is still cubic,

The iterative process is now defined by the equations

(5¢3) (X = e1) 0T = 0T,

k+1

ol

i
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(5u8) Opyy = (Vg XUT3)/ (V07 1)

Our problem is of the more general form XU - cYU = O,
The method of Gary and Helgason could be used to reduce
this to the standard form Y XU - cU = 0. However, the
iteration can still be defined if the equation is left in

its oringinal.rorm. The equations become

(5¢5) (X = o, )UT, ., = UTy

(506) Cpqy = (V, ,XUT, .)/(V, ,YUT, )
b k+l k+1" k+l k+17" k+l

To actually carry out the procedure, we need a
starting value Coe This can be obtained by using the LR
algorithm for a smaller value of N, by using an eigenvalue
computed for nearby values of A and R, or from the
asymtotic analysis. In practice, the asymtotic results
are close enough for the procedure to converge.

The matrix X - c¢,Y is then decomposed into the
product of a lower trliangular matrix times an upper tri-
angular matrix. The same decomposition can be used in

obtaining both U and V, since the equation (5.5) becomes

(5.7) (Lower)(Upper)uTy ; = 0T,

(UPper)T(Lower)TVTk*l = vmk
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where (Upper)T is lower triangular and (Lower)T is upper
triangular, Since most of the computer time in solving
a system of equations is required for the decomposition,
this procedure results in a noticeable time savings.

To help insure that Uo and Vo
they are defined implicitly by making (Lower)'lvTo and
((Upper)T)'lvTo both equal to the vector whose components
are all ones. The vectors then derend on the matrix, and
the values computed for U1 and V1 a:e unlikely to be
orthogonal to U and V,

For the first several iterations, only the equations
(5.5) are used. This allows the eigenvectors to converge
relatively closely to the proper values., Again, this
involves only the oringinal lower upper decomposition,
so the procedure is efficient. Then the full iteration
can be used until the eigenvalue converges., Cenerally,
the elgenvalue will be accurate to four decimal places
after only three or four additional iterations.

The two methods were compared, and they do lead to
the same numerical answers., However, the generalized
Rayleigh quotient is much more efficient, particularly for
large N. For example, 1f N = 70, the generalized Rayleigh

quotient was more than five times as fast as the LR

algorithm,

are of the proper form,

po
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6. NUMERICAL RESULTS

All existing evidence tends to show that plane
Couette flow is stable under infinitesimal disturbances.
However, because the eigenvalue ¢ .18 a function of two
parameters, the wave number « and the Reynolds number R,
it 18 not eaéy to systematically cover the entire « ,R
plane. Moreover, as the product of o« and R becomes
larger, the Orr-Sommerfeld equatiom becomes more and more
singular, and hence harder to solve numerically. And
any instability would be expected to ocour for large values
of R.

The most recent results on plane Couette flow are
due to Davey (1973), who used a combination of asymptotic
and numerical methods. Based on the analysis of Wasow
and Grohne, Davey studied asymptoticelly the most familiar
case, where VR is much larger than & , and B{ﬂ_ﬁ- is much
larger than 1, Using Airy functions, he arrives at am
estimate for the eilgenvalue ¢ = cp + 101 having the largest
imaginary part, given by
(6e1) o, = 1 ~ 4,1287/( r) "

¢, = =%X/R - 1.0625/(xR)”?
He estimates the error as being of order R.a./’

This indicates that for a given fixed X, as R

22,
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approaches infinity, the real part of the eigenvalue

approaches one and the imaginary part approaches zero.
However, the imaginary part is always negative, indicating
that the flow is stable.

Table I shows the relative error in the approximation
for A = 1 and different values of R. As R gets larger,

the asymptotic results get closer and closer to the actual

g values, .

TABLE 1 i
COMPARISON OF ASYNPTOTIC AND CONPUTED VALUES FOR X = 1

é R Asymptotic Results [Computed Results Error

1 500 4800 - .13581 5092 - 15454 12.24%
; 1000 5871 = ,10731 +6053 = 411923 3.52%
; 5000 7586 = .06231 7646 - 406661 .96%
: 10000 8084 - ,04921 8122 - .05211 .59%
3 50000 | 48879 - 02881 .8892 - 402981 .18%
;% 100000 | .9110 - 02291 9119 - .02361 .12%
| 200000 | .929% - 01821 | 49299 - .01861 07%
i

2

For the larger values of R, the Orr-Sommerfeld

equation is more difficult to solve. But using Chebyshev
polynomials, this simply means that N, the degree of the
largest Chebyshev polynomial used, must be increased.

Thus, if R = 500, N = 40 gives sufficient accuracy, while,
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Af R = 200000, we must choose N = 80, If larger values of
R or more than four place accuracy is required, the value
of N then must be chosen larger. A larger value of N
does require more comvuter time, but the process is still
quite efficient.

The asymptotic results can be improved by noting
that the answers given are always numerically smaller
than the actual answers. Using Daiey's error estimate,
we can create a new approximation :
(6:2) o, = 1 - 4,1287/(% e n "’

o, = ~%/R - 1.0625/(x R)” - B

As R aprroaches infinity, R-%

...‘/,

aprroaches zero, 80
this doesn't effect the asymptotic theory. However, it
does give substantially better numerical results for
smaller values of R, a8 can be seen in Table 2, where the
felative error is recomputed using this new approximation.
Using these modifled results, the generalized Rayleigh
quotient normally converges rapidly to an answer,

Davey also studied the less familiar case when
3&—5 is large and & 1s much larger then {R. Again
using Airy functions, he arrives at an estimate
(6.3) o = 1 - 2,0249/(« R)*

oy = = %/B - 1.1691/(=R) *
where the error is of order °('f6 This indicates that for

a given fixed R, as K approaches infinity, the flow

remains stable.
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TABLE 2

COMPARISON OF THE MODIFiED ASYMPTOTIC AND CONPUTED VALUES
FOR £ =1

R Asymptotic Result&{COmputed Results Error

500 4959 - .15170 |  .5092 - .15451 } 4.80%

1000 e5971 = 411731 | L6053 - .11921 1.36%

5000 7620 - 06571 7646 = .06661 .36%

10000 .8105 - .0516% «8122 - ,05211 22%

100000 | .9115 - 02341 | L9119 - .02361 105%

: 200000 09296 = 01841 +9299 - ,01861 ~OL%
% The asymptotic theory is only valid when either

A or R 1s large. However, if both parameters are small,

g the Orr-Sommerfeld equation is relatively easy to solve.

Gallagher and Mercer (1961) examined numerically the
elgenvalues for X R<£ 1000, For these small values, the
flow is stable. : .
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