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Abstract

Perlbrmance bounds of a class of sai~~1e-besed classification procedures
using the k-neareat.-nei~~bor rule (k-flNR) are considered in this paper. By
using k-ZIl~R for decision, we shov that the lover bounds of the pr bability
of correct decision are very close to that obtained with the Bayes linear
diecrind.nant analyils based on the sssus~tion of two multivariate Gaussian
densities with different mean vectors but equal covariance matrices. This
surprisingly good result suggests that the nonparametric method is very
effective at smell easple size situation which is of much practical
significance. ~~ using the k-NNR fbr density estimates , an i~ per bound
of the prob ability of correct decision provides an cptixrd.s tic estimate
of the perfbrmance whi ch again indicates the effe ctiveness of the ‘ ~nonparametric tethniq~~. ..-<
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I. Introduction

This paper is concerned with the performance bounde of a class of ea~~le—based

classification procedures using the k-nearest -neighbor rule in deeisi ,n or density

estimate. In particular we show that the lover bounds of’ the probability of

correct decision are very close to that obtained by linear discriminent analysis

based on the ase~m~tion of two multivariate Gaussian densities with different

mean vectors but equal covariance matrices. This surprisingly good result makes

the nonparanmtric methods very- attractive at small sai~~1e size which is the case

in many applications such as pattern recognition , operational research, quality

control and related con~uter science areas .

II. The k—Nearest—Neighbor Classification Rule

Consider two hypotheses H1 and H2 . Let k be the total number of nearest —

neighbors considered. The conditional error of the k-nearest -neighbor rule

(k-HNR) for given X is given by Eq. 6-70 of Fukimaga (i1,

(k—i)
2

rk
(X ) r*(X) ~ C ) r~(X) 3 El —

j~o

k
+ 1]. — r°(X) 3 Y k 

~ r*(X)
i 13. — r4(X)]

k_i 
(1)

where the first end the second ternia are the conditional errors for XsH1 and

XeH2 respectively, and r (X) is the Bayes conditional error ,

r°(X) mm . (P(B1/x), P(H2/X)J

It can be shown that Eq. (1) is a concave function of r°(X) . For exarp le,

l e t k — 3 ,

rk(X) r°(X)(]. — r°(X) ) ii + 1
~r’(X) - 13r*(X)2}

I.
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which is always greater thau r (X) and is r3onotonically increasing with r (X)

for 0 c r (X) c 
~~
. rk (X) is also symmetric with respect to r~(X) . The concave

property holds in general for any k. Figure 1 is a t~’pical plot of rk (X) versus
r (X) for k a 3,

/ ‘  
R~ . 1

/ 4(x)-~r’~€
’x)

H 0 -
~~ r~~~)

Taking expectation on both aides of Eq. (i) we obtain the average or unconditional

error , k-i

rk 
a E[rk (X) J ~ C ) 1E(r’(X))]3~~ [1 — E(r *(X)) l k_j

k
+ 

~ 
( 

~ 
) (E(r’(X )) J~

1 (1. — E(r*(X)) f ~
’3 (2)

k4l

• Here the Bayes error E[r~(X) J is unknown, however. By assuming multivariate

Gaussian densities for the measur ement,

p( X1E1) n (u1, E), p(x/H2) a n(ia2, E)
an estimate of the Bayes error is given by (see e.g. (2])

G( ~), Where G(y) — _L. e~~

and (L~ - !2)’s
~ (c -

ii the estimated Mahalanolis distance between the two populations . Here !,~ and

- are t~e sw~ le means based on sai~ 1e sizes n3. and n~ respectively and

- s — ( I  (x~ — !~)(x~ — !
]
)‘ + 

~ 
(x1 — )(x~ — !2)’J/(n — 2)

I ‘—~~~~ ‘ ~~~~~~~ -— —--~ ~~~~~~~~~~~~~~~~~~ ~-~- ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~- --•—&- -



is the sa~~le estimate of the co~~~n covariance matrix. 
~~~
, n n1 + n2 is the

total ntml er of training (labelled) sas~lee . Let be the sample estimate of

the average error , - ‘
* * 1  * 2rk -a rk + rk

where k-i

X
k ! ( ) G(- ~)i4~1 (j — G( ~.)]k_i

10

) G( ~)J [1 — G(— ~)J k_3+1

Table 1 is a tabulation of D, rk ,  rk ,  and rk. As indicated by Eq. (2) , 
k 

an

~~per bound of the error probability using k-NNR. P — 1 - as plotted in

Pig. 2 is the lower bound of the probability - of correct decision.

Table 1

D 0 l~~ 2 ~~~~ 6 8
_ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _  _ _ _ _ _ _  _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _j

rk 0.25 0.255 0.163 0.022 1.3x10~~ 3.35x10’5

A 2  _8~~~ -.2
rk 0.25 0.065 0.005 5.~ zl0 2.25xl0 6.5x10

A

— - 

0.5 0.3~ o.i68 0.022 l.3~].o~ 3.35x10 5

A proper choice o f k  depends on. the sample sise n end the dinensionpof the

vector measurement . For the Gaussian essm~tion of densities, the relationship

as given by Fukiziaga end Hostetler (31 is tabulated in Tabl e 2.

Table 2

p ‘ 4 8 F 16

0.62u1~
’5 0.le2ri~’~’

It is interesting to note that the above results is consistent with the computer

simulation result reported by Goldstein [~e J ,  which shows thet for p a 2 , kopt ~

PrePOrtiGnal to with -~i 
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Pb~ comparison. purpose we shall nov consider the per formance of linear

discrtndnent f~mction.

III. The Linear mscrialnant Malysis

With aultivariste Gaussian au~mpticn. as described in the previous section ,
D * eatima~es

the sample estimate of the error prob ability a(- ~) is on.e of several er or/wbi~~
have been c ramm ed ([2) , [~fl . o(- in tact provides only a lover boun d of the

error probability as can be seen below.

— 
• McT.achlan (2) has given the following expectation of sample error estimate,

E(G(_~~) J a  G(- -~) + 3 i+ 32 
( I’)

where £2 is the trus )I~hA1 anobia distance when both mean vectors and cowariance

matrix are b~ovn e~~.ctly aid B and B are given by

_ _ _  
1 1 A 2

B~~ a 
~~~~~~~~ 

((6 
- A I (ç. + ç - )  +~~~ (A -4(2p + ] ) }  ~~~~~

B2 a 
g (—~4 

( [MA2 
— )s(2p + 1)) l6~p ~~ ((p — 1 )  + ~~~~~~ 3

~ I*+ 
~~2

+ (A5 
— 4(3p + 7)d~ + i6(2p2 

+ 8p + 5)a - — + ~~)}(~~~~~~+ ~~~~ )(;~
.)

— 192(12p2 + ].2p + 1)} 2 )(n — 2)

where g(1) _L_ e 72/2 Both B1 and B2 approach 0 as U1, U2 
. B1 obviously

is not geod for smell. A. A sample calculation for n1 ~ a 5 snd p • 2 gives

B3, — 0.030, B2 a - 0.00118 at A a 2 , end B1 
a — 0.000675 and B2 a 0 at 4 a

Since B1 and are negative or otherwise negligibly smell , E ~o(- ~4)  i. thus

smaller than its trus mime. 3. — G(— ~~ ) is also plotted in Figure 2. The close

pro~~~ t7 of the two curves clearly indicates that the k~NNR can provide a

performance very close to th. Bayes dedsion rule under Gaussian uiumpticn..
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IV. Classification Based on the k-Nearest-Neighbor Density ~~timates

Let k1 and k2 be the numbers of nearest neighbors from populations H1 and H2
respectively; k a + k2. Let dk be the distance between X and its kth nearest-

neighbor , neaniess being ~~asured by any convenient metric d(X, T) . Let s~(x) be

the region about X containing its k-Nil ,

S~ (X) (T: dj (X , Y ) < d k}, i 1 ,2

• where the index refers to the hypothesis considered. Also let v~(X) be the

volume of thi s region,

v1(X) f dY
s~(x)

The k-Nil estimate of the prob abilit y density is
ki

_ l
p~(x) njvi(x)

We can now define new test statistics as
I L — i  n k - i n

a L 1 _ 2 1
1 nfl1 i~1 ~~~ 

X1) ‘ 2 — 

~~2 ~~~ 
v2( X~)

and the decision rule is to accept hypothesis H1 if t1 > t2, otherwise accept

hypothesis 1i2~ Also define the coverage u1(X) as

u~(x) f ~~ (Y)dY ; p~ (Y) a p(Y/H~~)

• It has been shown (3] that

_____ 

p~(X) c~(x) 
-:

u~(XJ 
+ 21

where
_________ 

2 2 A -1 a2
~~(x)

c~(x) = 2(p + 21w r /P (P )t~([ 
IA iI VP ~ ~

where A~ is the transformation matrix for

a CT — x) ’A1(Y — X) .

__-.__.~~~~~~.
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Now the mean and variance of t~ can be determined as:

Ett1] ~k~~ 1 
Pi(X) + 

~k ~ ) L.2/P C~(X)p1~~”~(x)}

k ~ 
(6)

a E(t~ - ( ~ 
- 

) 2 n(1 + n  - k) p~(X)
i (k—i ) (k—2 )

It is noted that the mean and variance are functions of X because the expectation

• was taken with respect to u instead of X. Assuming that t1 is univariate Gaussian

distributed, the probability of correct descision, for given X, is given by’

Prob. Ct
1 ~ t2fH1,x)

(y—E1)2 
_______I — 2 —

e dy’I 1 e1 ~~~~~~~ 2
1 2

= I (‘ —~~~~ e
_z2

~2 dz I _L_ e~~
2/2 

~~ (~ )

2 1 t 2 ¶
°~ 1

Although the awra~~ probab.Llity of correct decision me~ be obtained by taking
- the expect ation of Eq. (7) with respect to X, the resulting expression is

- 3 difficult to evaluate. If , however, we essu~ both p1(x) and p2(X) are muitivariate

• Gau ssian with sample estimates of means and co~~~n covariance matrix as described

in previous section, then an upper bound of the prob ability of corre ct decision

may be obta ined by evaluating Eq. (7) at X = L~. By neglecting the second term

fOr in Eq. (6) ,  a sample plot of the probabi lity bound of corre ct decision

versus the estimated Mahela nobis distance is shown in Fig. 3.
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