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Section I: Introduction

In this paper Eric Reissner's equations [81
for axisymmetrical deformations of thin shells of revo-
lution are specialized to the case of deformation of
a thin ellipsoidal shell under uniform normal pressure.
The linked pair of non-linear differential equationst
which results is solved approximately by the Bubnov-
Galerkin method, producing the first complete descrip-
tion, including collapse and deep buckling; of an
ellipsoidal shell under pressure.

An oblate ellipsoidal shell is studied because
deformation of such a shell is likely to occur axisym-
metrically. Oblate shells under pressure have aroused
the attention of Clark and Reissner (1] s Who deter-
mined the range of usefulness for such shells of a
linear approximation to Reissner's equations, and of
Danielson [2] » Who used special buckling equations
to determine buckling pressures for a wide ranée of
geometries. The present paper extends these results
through a unified and refinable discussion of all states
of a single shell. The comparable numerical results
are in reasonable agreement with Danielson's, and a new

number is determined -- the lower critical pressure,




the minimum pressure which can sustain the shell in a

buckled shape.

Three technical novelties with possible applicabil-
ity to other problems are worth emphasis. In the Bubnov-
Galerkin method as implemented here, sine series rather
than appropriate eigenfunction series are substituted
for the dependent variables: in effect the vanishing of
some integrals is abandoned in favor of obtaining all
integrals simply. A powerful addition to the method of
continuation, due to Rauch in [6] and useful for
taking curves around corners and through loops, is illus=-
trated khere as well. And Polak's stable Newton-secant
algorithm for solving systems of equations [4] is
implemented here and in Rauch et al [6] : tested
FORTRAN programs used in both works are included in the

appendix,
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Section II: Establishment of Equations

We begin with the equations for axisymmetric defor-
mations of thin shells of revolution developed by Eric
Reissner in | 7] and fatl

In these equations, (ro,ﬂ‘o,zo) are the cylindrical
coordinates of a generic material point X on the cenﬁral
surface of an undeformed thin shell of revolution; 950 is
the angular deviation from the horizontal of the radial
tangent to the central surface at X; '5' is a parameter

upon which Ty and 2y depend, and with respect to which

all derivatives are taken; Xy = —‘[(ro')a + (zo')2 is
the ratio of an infinitesimal length of meridian to an
infinitesimal change in 5 near X.

(r,fy+2) are the new coordinates of X under defor-
mation (Recall that X is a material point, capable of
motion.) , and ¥ is the angular deviation from the
horizontal made by the radial tangent to the deformed
central surface at X. The variables u, w, and /J are
defined as r - Toy 2 = 25, and 7‘0 - f‘ s Trespectively.

E is Young's modulus for the material of the shell,
the ratio of uniaxial stress to the extension it produces;
YV is Poisson's ratio for this material, the ratio of

transverse contraction to the extension produced by uni-

- I__.—“—#ﬁ "



Figure 1. Cross-section of a piece of

deformed shell in the plane 7 f}o
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axial stress; h is the thickness of the shell; and C
and D are defined to be Eh and EhJ/(12 [1/°]).

Py and py are vertical and horizontal components
of the pressure on the shell.

Finally, consider surface tractions across infinites-
imal surfaces normal to the radial tangent to the central
surface; let these be integrated with respect to length
along a material line through X and perpendicular to the
central surface; 1let the resultant vector be resolved
into a vertical component V and a horizontal component H
(Rotational symmetry of shell and deformation are
assumed, and so no other component is present.); then fk
is defined to be ToHe

With these definitions in mind, we discard all but
the three most important terms of second order or higher
in 4 and Y from the equations (III) and (IV) of [8] .
We also discard one linear term involving 7, £ and
roapH. We assume E, h, and v/, and hence C and D, to
be constant for the shell, and we multiply through by

roﬁx " This leaves

r r .
(1) ;-8-,5"+ (;%)’go-
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Our present concern is with an ellipsoidal shell
of revolution whose central surface is given in cylin-
drical coordinates by r02 + zoz/b2 - aa. When
b = 1 the ellipsoid is a sphere, and we desire equations
(1) and (2) to take the form of Rauch's I:S] (5a) and
(5b).

For simplicity we shall choose our unit of length




axial stress; h is the thickness of the shell; and C
and D are defined to be Eh and Eh>/(12 [1-v2]).

Py and py are vertical and horizontal components
of the pressure on the shell.

Finally, consider surface tractions across infinites-
imal surfaces normal to the radial tangent to the central
surface; let these be integrated with respect to length
along a material line through X and perpendicular to the
central surface; 1let the resultant vector be resolved
into a vertical component V and a horizontal component H
(Rotational symmetry of shell and deformation are
assumed, and so no other component is present.); then fk
is defined to be roﬂ.

With these definitions in mind, we discard all but
the three most important terms of second order or higher
in 4 and Y from the equations (III) and (IV) of (8] .
We also discard one linear term involving 7, £ and
rozpu. We assume E, h, and-V; and hence C and D, to
be constant for the shell, and we multiply through by

roﬁx . This leaves




so that a = 1 and then choose our unit of force so that

E = 1. Then, with the parameter ¥ defined to be "So

(This parametrization differs from that used in [1] <)

the variables appearing in (1) and (2) are given by

(3) C = Eh = h

12(1-V°) 12(19°)
2
dz b r
(5) tan § = 2= 0
EF(')' Zq
(6) e sin
bacoszi + sinai
2
?) £, 8 -b“cos {
bacoszi + sinzi'
' b2cos i

8 - s
&) Fo (bzcoszi + 8in“¢ )
2

g b sinf
ol (b%cos®t + sin°¢ )?/<
2
(10) «g = f(2g)% + (2507 = 2

(b°cos®} + sin<I )?/€

(11) ;—g- - ;12 gin$ (bacoszt + sin‘?{)

2
= 8ini + ;-—;29— sin3{




(13) =— = cosg

(14) (;g—) s = sing

(15) j—g- sin¥

(16) (:—g-) & " eoat

(17) r_o_ - b2 cot
9 b°cos®{ + sin§
2q' : b2

coszg’ + sinz{"

'\ 2
(19) r_O rO ) - bzcoszf
sin { (bzcéaz'{ + sinzf )

~
[
@
~
"
N

oy b 20N v2cos §
=0 To b“cos“s + 8in°¢

Under uniform normal pressure 2 , pg = =/ sin¢
and Py = X cos 7‘ . We use the approximations
Py = ~,psiny and py = p cosf and obtain

-2sin’§

(21) rylpy =

®%cos®{ + sin“f§




(22)  (rpy)' =

- basinzf coszf #l) @ 2b2 sin“f coss

(b“cos®§ + 8in°§)

2 . _
(23) (rg")' = —roxopy = -/A b sin ¥ cos}

(b°cos“% + sin“{ )

()  (xgV) =

b2 1 75 |
4 { 2(1 - b°)(b%cos"§ + ginzi ) 3() = bz) !

-[sin2{
2( bcos®! + sinzs' )

The peculiar integration constant -=1/(2(1 =~ b2)) was
introduced so that all the variables in (3) - (24)

approach the corresponding variables in Rauch [5] ﬁ
as b approaches 1.

Substitution of (3) - (24) into (1) and (2) produces

2 ‘
(25) [sin? + l—;-zb— sinal']ﬁ" J

+ ‘}osf + 5;;-71)_2_ sinf cosi] B"

b2cos?
- in
l_sin § (bzcoari + ainzg ) + Vs ¢ /8

R WL L N v2sint ¥
h (v°cos®§ + ninzi)yz

9




‘ ke £ v2sin{ cos ¥ bacosf BY
2(b“cos“§f + 8in“f ) 2g yole

: (b°cos°{ + sin
g ﬁ v2sin’f 4
2(db“cos“§{ + 8in°Y )

(26) Lsin 5 + 1_;2_1£ sin3 ;] Y (K

—

2 ;
+ Lcos ; + 3 -]'—;T-E-b— sinz; cos ;’\ Y.

B 2.2

h b cos L oA
Lsin?(bzcoszi + 8in°%) s Y
- [ v2sin§ A

(bScos“¥ + 8in°§)

3 bacos§ 62 :
2(b°cos®y + sin°f )¢

5 ) . ‘ s =
e b sin
(b°cos®§ + 8in°¥ )¢ 2 § cos§

+ b3(3 - %‘/)sinzf cos’§
+ (1= % Y + 2b%)8in"*¥ cos 'i:t

If we let b = 1 in equations (25) and (26),
divide through byA sin ¥, and make the substitution
Y a % pLcosd siny + Y, we obtain the equations
(5a) and (5b) of 5] as desired.

10
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Reissner's formulas (10) and (12) of [8} allow
the determination of the horizontal and vertical
displacements u and w, once ﬂ, ¢, Y, v, ~and (V)

are known. In the present case the formulas are
(27) u = % (fg Yy - rozlosinf‘- 'chos#
- (rOV)siny‘>
osm ¢
(28) w L roh + Ycoa 95 + (roV)ain qS
- f.QVY- - 2,2V f sin p{ - « sin?] af
'(o 0 / Q
The integral for w is normalized so that the south pole

shows no vertical displacement; this integral can be

approximated adequately by the trapezoidal rule.




b oo s

Section III: Algebraization of the Equations

We proceed to find approximations to/g and Y
through the Bubnov-Galerkin method: we replace all

the dependent varisbles and their derivatives by
B
truncated series, ﬂ - > Bd sin §% ,

<
(o

Ms

ﬂ" & decosdg.

Y =

i 2 2 o
AT :]S__'l (-J)Bjsmai,
m
= Pasinjf,

Y'- % Jchosdg;

) LAl :
Y - = (J)Pjsm;jf.

This leaves us two equations involving only the
parameters h, £, b and Y, +the independent variable § ,
and the 2m unknown constants BJ and Pd' We eliminate
¥ by multiplying each equation by sin if and integrat-
ing both sides from O to W. If this is done for i

from 1 to m, we are left wiih 2m algebraic equations
involving only the 2m urkxnowns B 3 and Pd’ the




parameters, and a number of evaluated integrals. It
is this system of 2m equations, rather than (25) and
(26), which we attempt to solve.

We write this system as equations (Mi) and (#51)'
in terms of the integrals Sk and their combinations

ck which we define below.
»
S sin¥ sin if sin j§ 4%
(o)

(29) 8,(i,3)

(30) 8,(1,3)

T
j sin3§ sin if sin j3 af
0

(31) 85(3,9)

0
j cos¥ sin iY cos j§ a¥
0
0y
| (32) s,(i,3) = f 8in®§ cos} sin i§ cos J§ 4%
0
T

j 2
8.1, 3 cos“%
| (33) 85(1,3) J; sinf (b°cos®§ + sin°} )

sin i§ sin j§ af

| e

| (34) 8g(i9) = f i
o (b%cos®% + 8ins )

'! sin if sin j§ 4}

13




own

i
(35) 8,(i) = f

g
—z——gl—n-s—c-ggé—m— gin il as
o (b cos“y + 8in°Y )
i
6 8.(1,3, - £og
(36)  Sg(1,34) j = e

0 + 8in“§ )

sin iY sin j§ sin k§ 4§
i .
(37)  8g(i,d) = J (-7—:—‘&?5-1—572-

b“cos“% + 8in“s )

sin iJ sin j$ 4%

-
(38)  8,4(3) j sin % cos’ sin i 4%
(b“cos“§ + sin®g )
2
(39) 8,3 f Sif °°53 sin i§ a3
o (bcos $ + 8in°§ )
i e §
(40) 8;,(i) = j Sif b cos sin i% &}
0 (b“cos“Y + sin“g )
[ 2
B1)  0(4,3) = - 2 leci.a) Pl s2<i.a)]
1 - b°

+
<.

S;(i.é) +3 ‘—;z-" 84(103.)]

[bzss(i.a) . vsl(i.a)]

(42) Cz(i,d) cl(iod) + 21'51(103)

14




1

(3)  Cy(1) = = F b8 + b2 (3 -3Y) 5),(3)

¢ Q-3+ D) 515(4)

Equations (25) and (26) now give rise to
m 2\1.2
e EU—;;“—J"— [- 3 A Sp(i)

n y B e L
+ ;Ei - 86(103) Pj - Lz/’sg(l.a)

m 3 3
- & scawn] 5]
W5.) = C.(i,5) P nb° [S"i{s (i)
i :jé;l 2l1sd B ia A 5d)

1 & : ;
Once the S, and C, are known for a particular pair

of values of b and v, equations (45i) express the P;
in terms of the Bi‘ Thus, solving this system reduces

to finding the m variables Bi' We proceed to develop
an inexpensive way to compute the Sk and Cye

15




Section IV: Evaluation of Integrals

2 Except for 55. the integrals Sk are all of the form

j" (Kernel)(Product of an odd number of sines) ‘><

5 X (Product of O or more cosines) d§ .
Any of these may be evaluated with reasonable economy
by a two—ste§ process: (1) use Simpson's Rule to (
evaluate jh (Kernel) sin I§ d§ for a sufficiently
wide range gr values of the integer I; (2) express the
Sk in question as a simple function of the integrals

s0 evaluated through use of the formula
(46)

sin I1 sin I2 a & o 8in In cos Jl cos J2 e o o« CO8 Jt

=1 [n/2] ttri + +T v + +
s Lgaz:i:r Z'trls(Il‘Izto o o = In'Jl'JZt' . .-Jt)

In this formula [é/?] is the greatest integer in n/2;
"trig" is "sine" if n is odd, "cosine" if n is even;
the sum is taken over all 22*%=1 pogsible combinations
of plusses and minusses in the argument of trig; and
the sign of trig is the product of the signs of I 12.
w“ . In in its argument.

For example, to evaluate se(i.d.k). first evaluate

16
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0
T™1) = j\ sin I§ 4f¢ /(bacosai + sinzt )3/2 for
all integerg I from 2 - 2m to m + 1. Then Ss(i,d.k) -
- % { T(i+j+k+l) + T(i+j+k-1) = P(i+j=k+1) - T(i+j=k-1)
- T(i-j+k+1) = T(i-j+k-1) + T(i-j-k+1) + T(i-;j-k-l)} .
The economy of this process is increased when the

symmetries and anti-symmetries of the kernel functions

and of sin I{ are considered. All of the kernels and
all odd sines are symmetric about T/2; so for I odd,
Simpson's Rule need only be applied to half the interval
0 toT' . On the other hand, even sines are anti-
syﬁyetric about TP/Z, so that for I even,

[ (Kernel) sin I§ d} = O, and Simpson's Rule need
nog be invoked. PFinally, sin I} = -~ sin (=I)} so that
Simpson's Rule need only be used on integrals of the
form jqrzkxernel) sin I¥Y 4% where I is a poéitive
odd intgger.

™ The process described above fails for Ss(i,j) =

j cos¥ sin i¥ sin j% as /(ein!’(bacosag + 8in°s 3%
sigce for this integral, formula (46) would suggest
an’gyaluation of integrals of the form

\f cos I¥d4df /(sinf§ (b2c032$ + 8in’g )) as a first
stgp. Unfortunately, some of these integrals do not
converge, 6.g. b =1, I = 1. So the integrals 85
are evaluated by Simpson's Rule directly. Time is

1?7




saved however when symmetry considerations lead to the
observations: (1) Ss(i,;j) - SS(J,i); and (2) when
i+ jis odd, ss(i,;j) = O. In computing the integrals
85’ use is made of the formula '

sin I¥ . 8in (I - DF
sin§ sin €

cosf + cos (I - 1)




Section V: Polak's Method

In this section, X is a vector whose components are
(xl,x2, B xm), Y is a vector whose components are

(yl’y2’ [ ] ° ] ym)’ etc.

Newton's method for solving a system of m equations
in the unknowns X1s Xp9 o o o Xp requires that each
equation be put in the form fi(i) = O, If the guess X
is near an unknown solution y, Taylor's Theorem,

truncated to exclude non-linear terms, gives

£, :
= &
o B (Fy=%p) + 0 o 0+ g (Fp=xg) = ©

x
Let this linear system be solved for the correction
Z =Y - X, and let z be added to the original guess X
resulting in a new vector X*. In many cases x* will
be significantly closer to the true solution ¥ than was
X. If X* is used as a new guess,and if this process
is repeatedly applied, and if the original guess was
sufficiently near the true solution, convergence to the
true solution might possibly occur. When convergence
does occur, it is usually rapid.

Polak [4] wuses a secant approximation to the

first derivatives required by Newton's method, and

he keeps Newton's method from violent instability

19




by requiring that for any new guess the residual
—\/rl(i')z + r2(3'£°)2 + e e s * fm(§°)2 be smaller than

the corresponding residual for the last guess, X -

else the new guess is not accepted. To keep the method
from coming to a halt in such a case, Polak takes
advantage of residuals that might as well be computed
in the course of computing the first derivatives :
necessary for Newton's method: for all the ri's must
be computed at (xl,xz. R T xm)

# (0,0, ¢« » o Ey s a0 ) ZLor each k,
and it is possible that such a vector might be an
improvement over the guess x.

Further details and a FORTRAN program for the

implementation of Polak's method are in the Appendix.

20




Section VI: Continuation

Our system of equations involves the parameters
b, 0, h, ) s, and m, and the variables Bi' Suppose
that for a particular assignment of values to the
parameters, a solution for the Bi is known. Then let
us take this solution as our initial guess for a new
problem in which the assignment of values to one of
the parameters, say/i, is only slightly different from
the assignment in the last problem, and otherwise the
assignments are the same. If we do so, and apply Polak's
method, our chance of finding a solution to the new
problem is good. We say we are performing a
continuation of the first type, with L varying.

There is a new and useful continuation of a second
type, in which one of the variables, say Bl' switches
roles with one of the parameters, say ,0 e Suppose
again that for a particular assignment of values to
the parameters, a solution for the Bi is known. Then
let a new problem be defined by assigning the same
values to b, h, v/, and m, varying the former solution
for Bl_slightly, and then demanding that a set of values
for /o ’ Ba, 35, s o Bm be found to satisfy the

equations.

2l




The second type of continuation has been ext:emely
useful in several situations. The graphs in Figures
2, 3, &4 have long, nearly horizontal stretches which
would have been exhorbitantly expensive to obtain by
doing & continuation of the first type with 0 varying.
Moreover, the loops and near-cusps in these graphs
would have been impossible to discover without second-
type continuation. Also, transitions from even (solid-
line) solutions, in which all the odd-numbered B, are
zero, to odd (dotted-line) solutions, in which some of
the odd-numbered Bi are not zero, were effected by
continuations of the second type, with an odd-numbered
Bi varying. (0dd and even solutions are discussed
further in Section VII.) And, in a related problem,
when it was found necessary to increase m from a point
near the bottom of the curve, second-type continuation
with a small unimportant Bi varying hardly at all, had
to be combined with first-type continuation with m
varying, because of the sensitivity of the system to
the necessarily integral jumps in m.

First type continuation was useful in an interesting
way in obtaining one of the two starting points used for
the development of the curves in Pigures 2, 3, &4.

In [5] and [6] attention is focussed on deformations

22




of thin spherical shells, and variables called Ai play
roles analogous to the roles of the Bi in the present
problem. We shall call the A; modes in the present
discussion. It was expected that in some solutions
to equations (A') and (B') of [5] , the A; would
gradually increase as i increased, reaching a maximum
of AJ for some j, then gradually decrease to a minimum
of Ak for some k, then gradually increase again to a
relative maximum at A for some n, etc., with \Ajl
considerably larger than |Ak\ which itself would be

, etce We called A.

al i
the critical mode in the solution, and remarked that

considerably larger than |A

as the ratio of radius to thickness % increased, j would
also increase, and more modes would be necessary to
establish an acceptable solution.

It was found, further, that (A') and (B') of [5]
could be solved explicitly when the number of modes
was 2. However for large ﬁ, attempts to continue,
varying the number of modes from 2 up to and past j,
met with consistent failure. It seemed that the
explicit 2-mode solutions would be useless for producing
an acceptable solution to a reasonable problem,
involving large ﬁ == that is, involving thin shells.

Before abandoning the idea, however, we decided to

23




try starting with an unphysically small ﬁ - % , for
which the eritical mode was Al, and then alternating
first-type continuations, varying ﬁ for a while,

then varying the number of modes, then varying ﬁ

again, never allowing % to get so large that it
required a critical mode whose subscript was larger
than the current number of modes. This worked, and

it produced the solution in the first column of Table 1,
which is listed in a form translated into the terms of

the present paper in the second column. A refinement

is listed in the third column.

The solution in the third column of Table 1 was
then first-type continued, varying m, then varying b,
then varying Lo then varying b again, to produce a

20-mode starting-point solution for an ellipsoidal

shell 1 unit in radius at the equator, 1 unit tall !
from pole to pole, .02 units thick, and at a

pressure of ,9E-4 units. This starting-point was

ST

continued to produce the dotted-line curves in Figures
2, 3, 4.

The solid-line curves were all continued from the
trivial solution Bi = O for all i to the problems
P =0,b=s5, 9 =3 ma20, 30, or 40.

The solid-line and dotted-line curves all have :
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common solutions at their highest points. These
solutions are listed in Table 2, and may be continued
to produce both the solid-line and the dotted-line
graphs.

Numbers are listed in the tables in the computer
version of scientific notation: in this notation
«2910E-3 stands for .2910 1072,

It should be remarked that the close agreement
between columns 2 and 3 of Table 1 is a good verification
of the consistency of the present paper with [6] and of
the correctness of the computer programs used in both

projectse.
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Table 1.

Solution to (A')
and (B') of (5]

g = 50
L= «6
Al = ,2004E=-3
A2 = ,3517E=3
A3 = ¢5194E-3
A4 = ,7283E-3
A5 = J9747E-3
AG = o1280E-2
A7 = ,1628E=2
Aa = ,2015E=2
Ag = .2377E-2
Ao = +2662E-2
Ay, = +2765E=2
Ao = +2672E-2
A15 = .2393E=-2
A14 = ,2022E-2
AIS = ,1624E=2
Residual =
«7071E=4

Translation to
terms of the
present paper
bs=1
h = ,02
£ = «2910E-3
7 = «1888E-2
B, = .3693E-2
33 = .5731E-2
B, = .7496E-2
85 = ,9716E=-2
BG = ,1138E-1
B7 = ,1562E-1
Bg = .1480E-1
39 = ,1651E-1
Byjo = +1632E-1
By; = «1653E-1
Byo = <1410E-1
313 = ,1279E-1
Byy = <B461E-2
815 = ,7036E=2
Residual =
«1407E-1
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Starting-point solution

Refinement

bal
h = .02

L = +2910E-3
B, = .1879E-2
B, = +3676E-2

33 = .5707E-2
B, = .7463E-2
B5 = ,9676E=-2
Bg = «1133E-1
By = .1357E-1
Bg = .1475E-1
39 = ,1645E-1

310 = o16235E-1
Byy = « 16A8E=1
812 = ,1404E=]1
Bys = +1274E-1
By, = «BA24E-2
Byg = .7008E-2
Residual =
«5513E=4

B——




Table 2. Highest-point solutions, b = .5, h = .02,

m = 20

/0 = J1443E-3

2 =
4 =
6 =

Odd-numbered Bi are O and are not shown.,

+«4389E-1
«2076E-1
«1543E-1
«1003E-~1
«2973E-2

=+2934E=-2

e GOOZE-Z
«4287E~2
«1957E~2

m = 30

P = +1572E-3
32 s J4552E-1
B4 =  ¢3203E-1
Bg = «1978E-1
Bg = .5293E-2
BlO = = 4477E-2
B,, = -.6866E-2
B,y = =+3890E-2
Byg = +9B4BE-3
B18 =  o5121E=2
Byg = «7345E-2
By, = 7635E-2
B,y = +6551E-2
Bog = <4777E-2
Bog = .2870E-2
830 =  (1195E-2

27

m = 40

= o3

/0 a‘ .15241'3-5

2 =

w o
o F
LI |

(0]
"

«4590E-1
«2689E=-1
«1599E-1
«5709E-2

=.1614E-2
-e 32793-2

«3955E-3
«2587E-2
+4699E=-2
«5678E=-2
«5692E-2
«5075E=-2
o4154E=2
«3172E=-2
«2275E=-2
«1528E=-2
+9451E=-3
«5105E=3
«1998E-3
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Section VII: Interpretation

An even solution to this system of equations is
one in which 4 = _Em_'_ Bi sin i§¥ is anti-symmetric
about ‘g « This statzlis characterized by a symmetric
alignment of the shell with respect to the equatorial
plane, and by the venishing of the odd-numbered Bj.
A solution which is not even is called odd. In Figures
2, 5, 4 the odd solutions are indicated by dotted lines,
the even solutions by solid omnes.

For physical reasons, any odd solution must have a
matching odd solution in which the deformed shell looks
like the original deformed shell turned upside-down.
This would be effected by a matching solution in which
the even-numbered Bi are the same as in the original
solution, but the odd-numbered Bi are minus what they
were in the original solution. Any odd solution and
its mate produce the same deflection and so are repre-
sented by the same point in Figure 2, 3, or 4.

The graph of the odd solutions may be expected
to have an even solution as one endpoint, It is of
great interest that this even solution happens to be
the highest point of the figure: strings of odd

solutions have been continued up to such points by
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continuations of the second type, and have been found
to transform themselves smoothly either into strings
of even solutions, or through a single even solution
into strings of matching odd solutions == depending
upon whether the particular Bi varying was even- or
odd-numbered. Conversely, a string of even solutions
for the problem m = 20, b = .6, Y = .3, h = .02 has
been transformed at its highest point into a string of
odd solutions by varying an odd-numbered Bi‘

Deflection, shown on the horizontal axis in
Figures 2, 3, 4, is defined in this paper as the
difference between the lengths of the polar axes of
the undeformed and the deformed shells. Since the poles
cannot pass through each other, deflection cannot be
greater than the length of the undeformed polar axis,
and so our graphs stop at this length. But mathematical
solutions with this unphysical characteristic do exist:
the graphs seem to continue to rise to the right beyond
the realistic cut-off.

We have nct attempted an energy analysis of our
solutions. But it seems plausible that under a given
pressure, & shell with a substantially larger deflection
possesses more elastic potential energy than a shell with

a smaller deflection. Under this assumption, the shell
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would be expected to follow the leftmost accessible branch
of such a curve as the one in Figure 4 when in an unstable
state. With this tentative principle in mind we offer

an interpretation of PFigure 4.

We begin at the origin of Figure 4, corresponding
to the first meridian of Figure 5. As the pressure is
raised from O to 129, the deflection increases almost‘
linearly to about 5/100 of an equatorial radius. If
the pressure passes this crisis point, which corresponds
to the near-cusp in Figure 4 and to the second meridian
of Figure 5, the leftmost available solution will be
on the left side of the breaking-wave-~like piece of
graph near the top of the figure. If now the pressure
continues to increase past 152, which corresponds to
the highest point in Pigure 4 and to the third meridian
of Figure 5, the leftmost available solution will be on
the dotted-line graph far to the right of what has been
drawn, and the shell will collapse.

On the other hand, if the pressure passes the crisis
point and then is reduced slowly, the shell might find
itself on the near-vertical solid-line below the breaking
wave. By the time the pressure had decreased past 80,
the shell's poles would be approaching each other visibly,

and would approach each other very dramatically as the
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pressure dropped from 40 to 25: the deflection would
increase from 14/100 to 48/100 in that range. If the
pressure then dropped below 25, the only available
solution would be on the part of the graph near the
origin -~ in effect, the shell would snap out from
the shape indicated by the fourth meridian in Figure S
to a shape close to the undeformed shape of the first
meridian.

If instability is a feature of the solutions on
the section of solid-line graph we have just been
discussing, then at any disturbance the shell might
leave that solid-line graph, with its symmetric north-
south indentations, and seek the lower-potential
further-left dotted-line graph with its omne-pole
indentation. Suppose that so: then as the pressure
is reduced from 40 to 25, the deflection would increase
from 8/100 to 26/100 before snapping out from the shape
shown in the fifth meridian of Figure 5.

It is remarkable that the bottom halves of the
fourth and fifth meridians of Figure 5 match so well,
and that in Figure 4 the even graph from (14,40)
rightwards is a half-speed imitation of the odd graph
from (8,40) rightwards. (A similar comment holds for
Figures 2 and 3 as well, and for graphs obtained in
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Rauch et al [6] for spherical shells.) It is remark-
able also that the snap-out pressures on the odd and
even graphs in Figure 4 agree to three places: it seems
reasonable to take either number, as listed in Table 3,
to be our approximation to the lower critical pressure,
the least pressure which can maintain a buckled shape

of the shell,

Danielson's buckling pressure for the oblate
ellipsoidal shell of our work is .137E-3 as indicated
in Pigure 10 of (2] . This corresponds well to our
crisis pressure, .l1297E-3.

Our collapse pressure and our lower critical
pressure are 118% and 19% respectively of our crisis
pressure. The first onset of substantisl non-convexity
occurs as the pressure decreases (after having passed
the crisis pressure) in the range 71% - 67% of the
crisis pressure.

The programs which performed the work of this
paper were run on an IBM 370/168 at the City University
of New York's University Computer Center. The even
m = 40 graph was obtained using 100K and S0 minutes;
the 0dd m = 40 graph required 340K and 170 minutes.

If further work shows that the most important pressures

-= the crisis pressure, the collapse pressure, and




Table 3« Important Pressures:
D=5, ha=.02 V «.3
m = 20 m = 30 n = 40
Crisis «1302E=3 «1300E=3 «1297E=-3
Collapse «1443E=3 «1572E=3 «1524E-3
Outward-snap (even) .2576E-4 « 2U85E-4 «2488E-4
Outward-snap (odd) «2470E-4 «2478E-4 «2481E-4

These pressures are given in the units of the paper.

To convert to real units, multiply by Young's modulus
for the material in question. For example, if a shell
fitting the description b = .5, h = .02 is made of

a material for which ) = .3 and E = 30,000,000 pounds
per square inch, then such a shell would collapse at

a pressure near 4572 pounds per square inch, and would
be incapable of sustaining a buckled shape at pressures

below 744 pounds per square inch,
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snap-out pressure =-- all continue to be obtainable
from the even graphs alone, then future work on the
question of deformation of ellipsoidal shells may
concentrate on developing only these much more ecomomical
graphs. Future work should also attempt to include

more of the terms of E. Reissner's differential

equations.




Appendix: FORTRAN Programs

This appendix serves primarily as a place of deposit

for the FORTRAN programs which developed the data used
in the present paper and in Rauch et al [6] « These
programs fall into two classes: major programs which
utilize a particular subprogram SECANT to solve systems
of equations; and satellite programs which compute
necessary tables of integrals, or which produce tables
of points describing deformed shells, or which translate
solutions from [6] to solutions to the same problem

as defined in this paper.

The second purpose of this appendix is to describe
and illustrate SECANT. This description is especially
non-rigorous and should be understood as a bag of tricks
rather than as scientific fact.

SECANT was modelled on Polak [4] by Rauch, imple-
mented by Marz, and modified again by the present author
in Rauch et al (6] . It is designed to be used with
a subprogram GAUSS, modelled on the IBM SSP program SIMQ
3] » which solves systems of linear equations, and with
a subprogram RESIDU which calculates the goodness of a
guessed solution to a system of equations by substituting
the guess into the system, and taking the square root
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of the sum of the squares of the differences between

the left and right sides of each equation in the system.
If this square root RESID were ever zero, the guess é
would be a genuine solution to the system. In practice,

it is usually sufficient for RESID to be less than an

agreed-upon small number.,

The subprograms SECANT, GAUSS, and RESIDU
communicate through a block of COMMON data and through
argument lists. In the programs below the author has
restricted the common data to items of REAL type and
the argument lists to items of INTEGER type. Except
for variations in the COINMMON block and in the argument
lists, and in SECANT's DIMENSION statement, SECANT
and GAUSS are immutable from application to application,
and are listed below only once. RESIDU, on the other
hand, must be redesigned for each application to
produce the differences between the two sides of each ’
equation (stored in one column of a two-column matrix
E) and to produce the residual RESID,

SECANT starts off with a central guessed solution
and trioslto improve that guess in two ways. Pirst it
takes additional guesses by modifying each coordinate
of the original guess, one at a time, by a fixed amount
EPSI1O. If any of these nev guesses produces a smaller
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residual, that new guess becomes the center for further
guessing, and we say we have a local variation improve-
ment, At the same time that it is taking these guesses,
however, SECANT is building up, through the matrix E,

a table HBAR of approximate first partial derivatives
for use in creating a better-aimed guess of a Newton-
method type. After an initial period of relying upon
local veriation alone (while the table of approximate
partials is being developed), SECANT alternates a
local=variation guess with a Newton guess, and does

not accept a local-variation improvement unless the
Newton guess of the same iteration fails to produce

an improvement.

We note that each time an improvement is adopted,
the central guess is changed and the table of approx-
imate partials for the next Newton guess will have
most of its columns thrown slightly out of alignment.
This potential difficulty, however, is usually no
difficulty at all, and indeed, once the Newton guessing
starts producing improvements, it usually continues
producing improvements rapidly until the central guess
is 80 good that the old EPSILO is too large to produce
meaningful partials anymore.

The key to efficient use of SECANT is an efficient
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subprogram RESIDU. In applications of any complexity,
machine time is spent chiefly in calculation of residu=-
als and data for partials. In the real programs which
follow the program illustrating the use of SECANT,
every non-obscuring device available to the author

to save time in RESIDU has been utilized.

It is also vital that RESIDU not be called unneces-
sarily. That is the reason why no Newton guesses are
tried until the table of approximate partials has been
filled with reasonable data, and why the Newton guess
is only tried once and not repeatedly cut down and
re-tried as Polak suggests. That is also the reason
why DTEST, which helps control the size of EPSILO, is
kept large, and why ZTEST, which tests the size of the
residual, is kept flexible, so that guesses which are
good enough shall be accepted as solutions promptly,
and the machine shall not waste its time in negligible
and expensive improvements.

The real programs which use SECANT have built into
their main programs and their RESIDU subprograms the
ability to handle continuations of both types described
in Section VI above; this feature has proved economical.

A feature that has proved wasteful has been the
ability to handle both odd and even computations (as
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defined in Section VII above). Storage requirements
for the tables necessary for odd computation are
extravagant when even computation is planned; and
features in RESIDU that save time for odd computation
can waste time for even.

We proceed to the example used in the illustrative

program. It is proposed to solve the system

x2 - PXy + Bya - 2X2

30

W - 2x2 + pwy22 = =20

PWX = 3z + zy2 - x5 = 19

WS - 2w + 727 = 96
In this system, p is a parameter whose initial value
is 2.

This system was created artificially around the

solution w =4, xX =1,y = =3, z = 2, but we start off

in the main program with an initial guess of O, 1, O,

5 « (In the main program, M is the number of equations
and variables; ZPERM is a vector that holds the guesl;
and PARAM is p.) What bappens during the run is illus-
trative of the strengths and weaknesses of the procedure.
SECANT fails to solve this initial problon; stopping

SRR NS S,
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after 172 calls to RESIDU at w = 4,30, x = 1,27,
Yy = ~l.13, 2z = 1,95, which is associated with the large
residual 33.24 . SECANT then passes control back to
the main program which does a type one continuation
on the parameter PARAM. For PARAM = 2,01, and with
w, X, ¥, and z starting at 4.30, 1.27, -1l.13, and 1.93,
SECANT succeeds in 51 calls to RESIDU in obtaining the
solution w = 3.95, x = 1,11, y = «2.98, 2z = 2,03, which
is associated with the small residual .0000890 . The
continuation now proceeds to find equally good solutions
in equally few calls to RESIDU, for as many new values
of PARAM as time permits,

When the solution PARAM = 2.01, w = 3,93, x = 1.11,
Yy = -2.98, z = 2,03 is inserted as the new starting
point in a later run, and the continuation is directed
backwards, the following solution is obtained for

PARAM = 2,00 == W s 3,96, X = 1.10, y = .2098' 2= 2.02.

residual = ,0000458 , We are surprised to find this
distinct bona fide solution in quch cloqo proximity to
the known solution w = 4; X=l,Yys =3 282 =- the
solution we had hoped to find, It may be that some
combination of continuations of first and second type
can take us from the solution we have to the one we
wished to obtain. But it must be remarked that in a

by s
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ILLUSTRATILIVE PRUGKRAM ==«  USE OF THE SUHBKQUIANE SECANT, é

MALN ROUTINE
THIS ROUTINE KReaDNS IN THE INITIAL ODATA, CALLS SECANT,
AND MAKES UDECISIONS AROUT WHETHER AND HOW TO CONTINUE
OfCE SECANT SycLEeEDS Uk FalLS IN 1TSS WORK,
COMMON ZTENMP (1U) «ZPLRM(LID) DEL TAWRESID
C E(2¢10)eFF(1L411)eDTFSTW/TEST PARAM
IF THE NDIMENSTON OF ZPFRM 1S (M)e THEN THE OIMENSIONS
OF ZTeviPe boe aMD FF ARE (M) (2eM) s ANU (MoMe+l)
RESPECTIVELY,

INPUT UATA HERe,
=Y
ZPERM(1)=0) |
ZPEkr(2) =) ?
¢PERF (3)=U : ]
ZPLERG(H)=eH
PARAM=2

COMPUTE UR REAU TN SPECIAL CONSTANTS HERE

(THIS PROYLEM REOQUTRES NO SPECIAL CONSTANTS,)

THE MAIN LUOP BEGINS HFERE t

1 21eST=,.1t=4
DTEST=,6F=04%
LELTA=1
DO 18 1=1eM

15 IF (DELTALLT AQBSIZPERM(INY) DELTASARS(ZPERM(I))
CALL SECAMT (M)

CALL KEPQHT(M)

A PARAMETER 1S VARTED AND THE PROGKAM 1S CYCLED BACK,
PARAV.=PARKAMS 01
IF (pARA'l'l.L'.‘?.l), GO TO 1
SToOP
tivh
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ILLUSTRATIVE PROGKAM == UJSE. UF THE SUBRUUTINE SECANT,

SULROUTINE SECAanT (1)
THIS KOUTTINL ATTFMRIS 10 SOLVE THE SYSTEM OF EQUATIONS,
COMMON ZTEMP(10) «ZFERM(L10) DELTAWRESID,
C E(2e1U)eFF(10411) DTESTWZ2TESTPARAM
REAL NU
DIMENSLUN OMEGA(LIO) JETEMP(10)+D(20)0EL(10) +HBAR(10,10
) dRTEST(10)

THE UIMENSIONS OF OMEGA, ETEMP, AND DEL ARE ALWAYS THE
SAME AS THAT 0F ZPERM, THE UIMENSION OF O IS TWICE
THAT UF ZPERMe ANU THAT OF HBAR IS THAL OF ZPERM
SGUARED, THE niMeENSION OF RTEST IS ALWAYS 10.

MEANINGS QOF VARIAK| ES.

ZPER™ IS THE VvFCTUR CONTAINING THE BEST GUESS SO FAR
FUK THE SOLUTLION OF THE ENUATLIOnNS, I1 IS
ASSOCIATFL WITH THE RESIDUAL RPERM,

ZTEMP 1S THE CHRRENT GUESS VECTOR. ITS RESIDUAL IS
RTENE o

DUEGA IS A VECTOR WHICH CONTAINS A BETTER GUESS THAN
Trik CHRKFNTY ZPERM,  THIS VECTOR CAN ONLY BE FOUND
Y A LUCAL VARIATIONs OMFGA IS NCT AULVIUMATTICALLY
SULSTITUTEN FOR Z2pERF, SUCH A SURSTITUTION ONLY
CCCURS IF HEWIONM®S METHOD DOES NOT ALSO pPRONUCE
IMPKOVEMFNT IN THL SAME ITERATION, THE RESILUAL
ASSOCTIATEL WITH OMEGA IS RRTEMp,

Eoart) ETeMP CONTALIN VALUES OF THE LEFT-HAND=-SIDES
OF ThE M tNUATIONS TO BE SOLVED. E(led) 1S
ASSOCIANTFU WITH ZPERMs E(2eJ) WITH 2TEMP. AND
ETeEMP WITH OMEGA.

DEL AND HBAR CONTALN FIRST DIFFERENCES FOR USE IN
NEWNTON®S METHOU .

FIRST THF PARANETERS UF THE COVMBINED LOCAL=-VARIATION
=AND=NEWHTON=METHOL aARF INITIALICZEU, SOME OF THIS
INITinLLIZAaT1I0N 1S UONE BY THE MAIN PROGKRAM ALREADY,
THE PARAMETERS SO PREPARED ARE DELTA. ZTEST
AN DTREST .

KOUNTZD
WRITE (bel9) NEI TAWKOUNT

19 FURMAT (TXe'0OFLTA IS NOW *sE10.3¢6X,4I5)

D0 21 I=1¢10

RTEST(I)=1L,VUERU

NU=1U00000

KSIUM=0N

J=0

IFLAG=Y seanny RV

N
—




ILLUSTHATIVE PROGKAM =< IISE OF THE SUUKOUTINE SECANT,

LO 20 [S)eM
MPRES!
20 D(M+l)==) :
C wt HtGIN bY ESTABRLISHING UATA FOK THE FIRST GLUFESS,
100 DO 110 [=1eM
110 ZYEMPUL)I=LPERM(T)
CALL RESIUUC1.M)
KOUNT=KOULINT +1
RPERM=pRE SN
WHIIE (E¢1%04) PPEKMKOUNT
IF (RPERMeLIGZTFST) GO TO 1400
THE ITERATION BEGINS HERE, FIRST COMES AN ATTEMPY TO
IMPROVE THEL CURKENT GUESS BY VARIATION OF A SINGLE
vVirlandlie IF THIS SUCCEERL:Se THF IMPRCVEMENY IS
ST10KrED TEMPORARILY InN OMEGA AND ITS ASSOCIATCS.
Al THE SAME Tlivbte UATA IS BEING GATHERED FOR THF
BENEFIT OF NEWTUN®S METHOD,
200 IF (J.tQ.2¢M) JU=0
Jzu+l
A00 EPSILUSAMIMLI(DELTAWNI))
400 JJd=d= ((U=1)/¥)al
0O 408 (=140
409 ZTENF(I)=/ZPERM(T)
LTEMP(JJISZPERM(JJI)+FPSILO*N(Y)
CALL RESTIONI(2eM)
KOUNT=ROUNT ¢1
RTEwP=KESIN
[F (RTEMPGELZTEST) GO TO %00
ZPERM(JUISZTEMP (JJ)
RPERNM=RIE MP
GO TC 1400
S0C DU 919 1=1eni
DELCI)=(E(2eT)=F(1e]1))/tPSTLO .
10 hJARC [ eJUISVEL(T)2U(J)
A0 IF (KTEMPGELRPERM) GO TO AY0
IFLAG=1
e2U DO 630 I=1M
ETEAP (I)SE(2e1)
A30 OMLGA(II=LTEMP(IY)
HRRTELMP=RTLMP
690 IF (ROUNT.LE.M) GO TO 12060
NOW NEWTON®S METHON TS GIVEAN A CHANCE TO TKY TO TMPROVE
THE GUESS. IF IT SUCCECH'Se 1TS SUCCESS 1S GIVEN
PRECENEICE. EVLN OVEK A LAKGER SUCCESS OF THE METHOO
UF LOCAL VARTATION, 1F IT FAILSe THE LOCAL=VARTATION
IMPRCVEMENT STORELD Tr OMEGA e« IF THERE WAS INDFED
A LCCAL=VARIATION IMPROVENENT == IS ACOPTEO., ELSE
O CHANGE TAKES PLACE IN Z2PERM, IN ANY OF THESE

OO0 0O0

s NN NaEasNeNal

48




[LLUSTRATIVE PROGKAM =« uUSt GF THE SUBROLTINE SLCANTc

700

710

120

90u
910

1010

1020

1193

1199

1200

1500

1310

13350

THREE CAadSES, Tk LIERKATICN B8EGINS AGAIN AT LINE 200,

NO 110 I=1em

GO 710 LI=Llaei
FF(IZW(I)=hBAR(I JII)

00 720 I=1"

FE(Ley+1)=F (141

CALL GAUSS(HMeKS)

IF (KS.Fwel) GG TO0 1198

DO 910 1=1.M
LTEMELT)=¢PERM(T)=FF(I«M+1)
CaLL RESIUJ(Z4M)
KOUNT=ROLINT+1

RTFEMP=KESLD

IF (KTEiP«GTL2TEST) GO YO 1000
NO 920 l1=z1.M
ZPERNM(1)=cTEVP(T)
RPERM=R TE MP

6O TO 1400

1F (RTEMPGT.RPFRM) GO TO 1200
1FLAG=0

CO 1010 I=1+11
ZPERF(IN=2TLMP(T)
E(loel)=k(241)

KPERM=RTEMP

WHRITE (6+414U03) RPERM4KOUNT
nNU=0

00 L1020 =141
NUSHWUHFF (1 oM+1) %22
NU=NU*%,5

6O To 200

KSUM=KSUM+ 1

WRITE (A411%Y) KSUN

TF (KRSUMGENM) AU TO 1400
FORMAT (X4 'GAUSS BATLED OQUT®*6Xe15)
IF (J.LT2*%M) Gn TO 1300
DELTA=ZDELTAZZ

IF (CELTALLT.NTFST) GO TO 1400
WRITE (0e19) DELTAGKOUNT

IF (IFLAG«FWenN) GO [0 200
IFLAG=U

DO L1&£10 I=1eM
E(LeD)=ETEMP(T)
ZPERM(T)I=OMEGA(T)
RPERM=RRTEMP

WRITE (641402) RPERMAWKOUNT
DO 1330 I=1+9

RTEST(1L=l)=RTEST(10=1) Ay BYAM AT

RTEST(1)=RPERM

W

3
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TILLUSTHATIVE PROGRoM == USE OF THE SUBROUTINE SECANT,

IF (REEST(1)/RTEST(10),Lt4(.99)) GO TO 200

THERE ARE SEVERAL WAYS FOR Th1S SUBROUTINE TO TERMINATE,

1400
102
1403
1406

A SUCCESSFUL TERMINATION UCCURS IF RPEKM GETS SMALLER
THaN 2TeST, UNSUCCESSFUL TERMINATIOMS CCCUR WHEN DELTA
GETS TOU SMALL. OR WHEN TEN LOCAL VARIATIONS IN A ROW
PRUUUCE LSS THAN A 1 PER CENT CHANGE IN THE RESTOUAL,
OR WHEN GAUSSIAM REDLCTION FAILS TO PRCUUCE A TEST
VECTOR FOR NEWTON®S METHOU FOR THE M=Th TIME,

WHITE (0el%U4) RPEKM¢KUUMY

FORMAT (eXoeblUePehXe[H46XsLOCAL VARIATION®)

FORMAT (ARIE1UGTebXe[Seb6Ae *NEWION®)

FORMAT (0XeEll4eT7e6Xe)l5)

RE TURN

END
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[LLUSTRATIVE PRUGKAID ==  SE OF THE SUBROULTINEL SECANT,

SUKROUTINL LAUSS (FHoKS)
THIS ROUTINE SOLVES SYSTEMS OF LINEAR LGQUATIONS,
COMMON 2TEMP(I10) oZPLRM(L10) JDELTAWKRESTID
C C(201U)eFF(10LY)ei)TESTO/ZTEST oPAKAM
GAUSSIAIL REDBUCTIONMe WITH PIVUTING,
MMZ14+]
KS=0
TuLz.1E=1Y
FOKWARU SOLUTION, WORK Onw THE JeTH COLUMN,
00 6% J=1 oM ‘
Jusd+l
B1GA=0
FIND TRF ROW WHOSE J=TH COEFFICIENT IS LARGEST.
DO 33U (=Jyen
IF (AuS(RAGA)=ARSIFF(TeJd))) 2043030
20 RIGA=FFr (]eJ)
IMax=1
30 CONTINUE
IF THE RILGEST JUoTH COEFFICIENT IS TOO SMALL e
THeN GIVE Up,
[F (ABS(BIGA)=1nL) 3He35¢40
25 nS=l
RE TURN
MOVE Tht W WITH THt HNIGGEST JeTH COLFFICIENT TO THE
J=Tr PUSITION, REPLACE IT RY THE FORMER J=TH ROW,
Qu DO 45 K=1 e
SAVE=FF(JeK)
FRFJoKISFF(IMmAX G R)
4S5 FF(IMAASRI=SAVE
VIVIUE THE J=-TH koW BY ITS LEADING COEFFICIENT,
U0 50 K=1eMM
SU FFIJeK)ISFri(JeK)/BIOA
ELIMINATE THE JeTH VARTIABLE FROM THE RFEMAINING EGUATIONS
IF (JetWeti) GO TO 65
D0 60 1=duein
D0 60 K=JyJ MM
60 FFULoKISFF(loeK)aFF (I J)SFF (JoK)
65 CUNTINYLE
HRALKWARD SOLUTION, COMPUTE THE NeTH VALUE INTO FFINeMed)
DO 70 J=2eM
JJd=mMe 1=y
JJJdsd=1
00 70 I=Saedud
1I1="1"=]
T0 FRUJIoMMISFRF(JJePMICEF(JJOILIISFF (IToMM)
RETURN
END

51




ILLUSIKATIVE PROGRAFM ~«  USE OF Tht SUBKOUTINE SECANT,

SUUROUYINE BESIDUINAME o M)
C IRIS ROUTInE PREPARES A RESIUUAL AND THF ARRAY E FOR
C THL SudkLU T EME SFCART.
COMMON ZTLHMP LU e ZPERM(LG) dLELTACRESID
C E(20610)eFFI10)e13 ) DTESTeZIEST«PARAM
w=ZTEMP (L)
X=LTEMPL2)
Y=ZTewiP(s)
£=2TUEP (W)
CONAME o L) =X %42=pARAMa XY+ S52Y0%2=2% L3723
EANANE e 2 )Sw=2 3 X ¢ Z+PAKA[SWSY+ 282420
EANAME ¢ 3)=PARKAMsnE =352+ 28 Y532 X$35-19
E(HAME ¢4 ) =36 W 222X s 4T L¢% 5=96
RESIGSEA(MAME e 1) 0324 (NAMF ¢ 2) %8 24E (NAME « 3)#324F (NAME o &)
%2
RESIC=RESID®» 5
KE TURN
END

sty ¥
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ILLUSTRAYLVE PROGRAM =« uSt COF THE SUHKOUTINE SECAMT,

SUBRCGUTInE REPORT (M)
C THIS ROUTINE WRITES UP TiHE OUIPUT.
COMMCN ZTEMP(10) e ZPERM(L10) sUELTAWRESID,
C E(2¢10)eFF(10411)eUTESTOZIEST PARAM
VRITE (0e10) pPARAM
10 FURMAY (//7¢10Xe*FAKAM =°,E14.7)
DO 20 1=1eM
20 wRIVE (0e21) Te/PERM(1)
21 FOMMAT (1uUXel2¢3Xeb1l,7)
WRITE (0e2?2)
22 FORMAT (//¢1X)
RETURy
ENUL

rn RINTYT
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40

41

42

237
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C MAIN LOOR STARIS HFRE ., %

MAJUR PrUGRAFM == 0LID BOUCKLING OF an bLLIPSOLIUAL SHELL,

MAIN ROUTINE

COMMON UELTAWHBEEL BLESWGATTCHoHOeGNILI e 2ZTEST oDTEST,
CLIUO 0D eC2(4UNN) e 3(U0) eSHIU0WHU)STLU0) .
SU(U) U eBU) e QI(UY UU) eE(2040) eFF (40s41) 0
LTEMPIR0) ¢ ZPERMIGNO) JP(H40) eB(40) sRPERNMRESID

C READ IN LATA,

READ (He2?) XX¢CREMHEN

IuTnzsxX

KEAD (H¢27) X

FORMAT (EL14.7e66X)

Mz X

READ (5¢27) RHOGGMUWREEWAITCH
IEST=4 75k =04

DTEST=6E=04

NELTa= 0001

JFLAG=Y

STARI=LELTA

READ (Se2¥) (R(T)el=14M)
FURMAT (4 (I1XeFlue?))
HEELSUSIL) weg :
CALL wenlINEm) |

DU %0 I=1.M i
LPERE(L)=BC]) i
IF (10ThelTel) GO T0 41 '
TenPUR=KHU

RHO=2PERM(TIOTA)

ZPERM(IVTA)=TEMPOR

CALL StCANT(M.10TA)

IF (L0TA.LTe1) LO TO 82

TEMPORSKNHU

RHOSZPERM(TOTA)

ZPERVUIUIA)STFMPOR

IF (HPERF oGl ol oSE=02)) STOP

CALL GHAPH(MeJFLAGIQTA)

JFLAG=1

LTESTZAMAXL( o S*RPERM ¢ ¢ 7THE=0Y )

DELTA=STAKY

VO 78 (=17

IF (BHSEH(T) ) oLV el elF=30)) HB()=U

PARAMETER 1S VARIEVU ANU THE PROGRAM IS CYCLED BACK.

1F (L0Ta.LTe1) 60 TO 238
HOIOTA)=H(IOTA)4CREMEN
GO YO 2
RHOSHHU4CREALN
GO0 T0 ¢ it 3
END A WARIE T0 RN

oary AVAILABLE 10 |
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MAJOR PHYORANM =e

SunircuT Ine REAU
COMMON DELTAJRE

C Cl(ubedu)eC2(

C SO(4UeGU e )y

C 27emMP (W) o ZPF
C THIS ROUTLINE READS
(o THE LOOP LLIATY
C =40 In THE P
(o

PROMNUCES THE V
DO 200 I=1.+%0
REAU (de201) T,
FORMAT (12.E14,
00 210 I=140
DO 210 J=1.40
READ (he202)
FORMAT (12¢124E
DO 220 in=1.2&
READ (B+203) I)

C I4eddeKUoVy
219 SA(1leulenl)=vd
S8((1.Kl.Jdl)=vl
SAa(ulellenl)=V]
Sé(Jlexlell )=
S&(K1eIleJl)zyl
So(Kl4Jleltldzv]
SA(12:J2en2)=V2
SBIL2en2ed?)=Vg
S8(JUPeI2eK2)=Vi2
SA(J2eK2412)=V2
SH(R2e[2ed2)=V2
SA(K2.02412)=V2
S8(I3.uder3iz=VvVi
Sb(ldexSeJd)=Vvs
S8(J3e13.K3)=VE
S8(J2eKS13)=v5
S8(KSI3,03)=V5
SH(K3J3418)=V3
SBLIYsJd kY)Y
SHILY K4 oJW )=Vl
SH(JV e l% Rl )=V
SBIJY e deld)=v
SH(KG o LW oJUd)=VY
Sy edell )V
Cowlinut
FURMAT(%(12e(2¢
RE TUKN

eENU

200
201

210
202

To

216

216

229
203

oUL BUCKLING OF AN ELLIPSOLUAL SHELL,

INCM)
FoHEESOoATTCHORHOGNU«2TESTDTEST,
B0DeH0)eCA(UN) eSA(UUILUN) WSTIHO0),
SUENUN) e (2080)eFF(40e41) 0
RIA(U0) eP(40) eBI40D) sKRPERMRESLID

IN THE INTEGRALS.
S AKL SPECIAL TO THL CASE
ROGKAM “INTEGKALSY WHICH
ALUES BLING READ IN HERE.

C3(I)eSTLI)
TeEl4,7450X)

JeCLITou)eC2(I0J)eSH(I0u)eSY(],J)
14e7eE14eT7eE14.TsELY,T7420X)

79

10Kl oV1012¢J2eK2eV2eI130U3eKI V3,

T2ebll.7))

NODY AVERE AR Y TR
1 . }

~
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MAJOR PHOLKRAG =« OUD BCALING OF AN BLLIFSOILAL SHELL.

OCoOOO0O0n

41

108

108
110

120

wAl AT
OOPY AVAILS

i

N

SUOGHOU N LNE RESLTNUCNNN oMo 10T A)

COMMON Db LTAREF BEESQeALTCHIRHOoGNU o ZTEST JDIEST,
C CLUN0e80)eC2(40e8U)eCI(H0)vSE(H0040) eST(HO0),

C SBIY0e40sH0) sSTIUOUN) ok (2040)eFF(UUHL)

C ZTEMP(LO) o Z2PERMILD) eP(UU) e lII40) e KPERM JRESLID

THIS WROQUTINE CALCULI ATES RPERM AND E(1eJ) CR IT

CALCLULATES RTYFMp AND b(2¢J) FOR THE RENEFIT OF SFCANT,
THE vARIAHLE Kng TURNS OUT 1O BRE 1 IF I+y IS 00N

2 IF 1+ IS EVENe WHEN THE DEEPEST LOCP STARTS FROM
KK 4rl) GOES RBRY TWOS, MANY USELESS MULTIPLICATIONS BY
ZERO ARE ELIMINATEU. AND THE SPEED OF THE SUBROUTINE
IS HeystCle.

IF (1OTA.LT.1) O TO 41

TLHPOK=RI)

RHUSZTEMP(TUTA)

LTEAF(IOTA)I=TF MUK

CALL PEOMP(MeIOTA)
FACTOK=12¢(1=GN|)*32 ) sHEESQ/(AITCHe3s3)

DO 110 1=1eM

LPHE M=V )

IRANS=0.0

0no 10 y=lenl

‘t.u*P:Uo“

KKKZZe(L4d=((T+01)/2)82)

NO 105 K=KKK Moo

TEMPSTEMP*SH(ToyeK)ep (K)

TRANSZTHWANS*CL(TeJIsB(Y)
EPHEVIEPHEM=SA (T od)sP(JU)=( ,S*RHOSSY(ToJ)=TLMP)*B(J)
E(NNNG1)==TRANSGFACTORS (= SSRHOSST(I)+EPHEMN)
RESIU=0.0

DO 120 I=1en

RESIN=RESIN*E (RNl )982

KESIN=KkEeSIN&s S

IF (JUTALLTel) RETURN

TEH#PONR=RHO

KRHOSZTEHP(IOTA)

ZTEMPCIOTA)=TENMPOR

KE TURY

EN

2 b4 14
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MAaJOK PrOuKAT == DD BUCKLING OF AN bLLIPSOLUAL SHELL,

SUBROUT It PCOMP(MOINTA)
COMMUN OF LTAGREF oBEESQOWAITCHeRHOSGNULICZTESTOTEST,
C ClL40090UIeC2(40040)sC3(40)eSe(U040)eSTINO),
C SAlAUAD NI eSYINDUN) o (204D)eFF(U0s41)
C ZTEMPIUU) e ZPERMINO) sPI4N) «B(4D0) s RPERNMIRESID
THIS ROUTINE COMPUTES THE P*Se GIVEN THE B°Se FOR THE
SENEF LT OF THE ROUTINES RESINU AND GKAPH. FOR
THE MEALIANG AND 1ISE OF nKKy SEE THE COMMENT FOR
THe ROYTINE RESIVU,
DO 9 J=1.0
S BUL)=2TeErM(])
H) LU [=1e1
LO 10 Jd=1eM
1 FF(Ted)=CL(l o)
UO 9() l:l.”
20 FF(leM+1)=RHUsC3(])
DO U I=1eM
EPHEM=0.0
DO ¢7 J=1M4
7EH"‘=0 ol
KAK=2=(I+J=((T+,))/2)22)
DO 295 KSKKKeMe2
25 TEMPSTEMP+SO(T e goK)Isl(K)
21 EPHENSEPHEM® (SO (Ied)= SsTEMPISB(J)
30 FF(IeM+1)SFF (T oM+ )SATTCHYBEESQeEPHEM
CALL GAUSSIMeKS)
DU 40 I=1eM
40 PCIISFR(IoeMm+l)
KETURN
ENU
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MAJOR POLGRIE == oD BUCKLING OF AN ELLIPSOLUAL SHELL,

SULROUTTNE GRAPH(MeJFLAG.IVUTA)
COMMON UELTAWREF sHEESQeATTCH RO eGNUZTESTJUTEDT,
C Cl(40e8U)eC2(U04N)eCA(UN)eSAEILHOeU0)eST(40),
C SAIU0e30e3U) sSYIHOHO)eE(2e040)sFF(40041) 0
C ZTEMF(LU)eZPERNM(Y40) 4P (4U)BI40) RPERMIRESID
DIMENSTUN XPOS(52)YPOS(S2)
REPORT [THE SOLUTION AND SOME OF THE PARAMETERS.,
WRITE (well) ReF +ALTCHGGNLGIOTA
11 FORMAT (/701X e*REE = *4E14¢70°%¢ AITCH = *osbE14:70¢°%,
GNU = *, '
C Elhele% 10TA =%,13)
WHITE (be23d) RPFKM
14 FOKMAT (I Xe°RFESTOUAL =9',E14,7)
DO 1% (=) eM
ZTEMPLL)I=¢PeRrRM(T])
1% B(lL)=/PERM(]T)
CALL PCUMP(MeTOTA)
WRITE (641Kh) (R(l)elz1eM)
164 FORMAT (4(1XeElue?))
CALCULATE Tht NEW pOSITIONS OF FIFTY-THREE FPOINTS ON THE
ELLIPSOIN, LF JFLAG=0, WHICH 1S SO THE FIRST TIME THIS
ROUTINE TS CALLEND, REPORT THEM, IN ANY CASE REPORT
RHOe PULAR DEFLECTYONe AND ECGUATORIAL CONTKRACTION,
IFLAG=Y
FACTOR=SATICH®#45/(12,0%(1,0=GNl)ss2))
RATIC=1/BLEESQ=1
F=1,/7A1TCH
Ls2
PI=4,141593%
CX=PI/(52%L)
LL=5ZsL

1000 A40A=0D

PO 100 JU=1,.LL

XI=JeQY

CO=L0S(x1)

SI=SIN(AI)

DENOM=HEESQ*COsr0¢STsS]

SORTUSSEIRT (LEMOM)

X=S1/SQRTO

YS=yLESWECN/SARTD

ROALPH=S]1+RATIOsSIe» 3

R2=S1+¢S1/7UENOM

REVTA=0.0

PS1s0.0

P31IP=0.0

DO 10 I=1eM

CS=COStlexl) g @r e TR
SN=SIN(Leal) ?ﬁ?? !UFﬂ,u.v }
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MAJOR PROLKAM ==  aUD BUCKLING OF AN bLLIPSOIUAL SHELL.,

10

100

104

107

108
109

J10

111

200

HLTAsHE TA+ (1) egN

PSI=HS1+P(1)eSN

PSIP=PSIVelsP(1)»CS

CONT IWUE

PHI=X]=He Ta

SP=SInN(PHIL)

CP=CUS(Pril)

RZLROV==,5sRHO*SI*S]/DENOM

TEMP=SP/ (ROALPHSAITCH) o (X3ATTCH4PSI*CP+RZEKOVsSP=RCALP

HsGNUSPS]IP= ‘

C R2YGNU*KHO*SP)=BEESQ*SI/ (SQRTU*%3)

TeMP=TENMP*DX

WOASWOA+TEMP

IF (JeGTo(UZLY%1 ) GO TO 100

XPOS(JZL)=X+F ¢ (ROALPHOPSIP=R2%RHU*SP=GALi*PSI*CP=-GNU&K2

EROVeSP)

YPOS(J/Z/L)=Y+WNATLEMP/2

CONTINUFE

IF (IFLAG.F4¢1) GO TO 108

LeFLEC = HLFE = YPOS(52)

CONTIRA=1,=XPOS(26)

WRITE (0el04%) KHOWDEFLEC,CONTRA

FORMAT (1Xe°RHU S°eb14%.7¢° DEFLECTION =°4F8.5¢°* CONT
RACTION =°
(o Fre9)
IF (JFLAGNE.0) RETURN
WRITE (0e107) YP0OS (52)
FOKMAT (/e1X¢°OFFCRMED SHAPES ANORTH POLE AT ¢
oF8.4)
IF (1FLAG.EQ,1) WRITE (64109)
FURMAT (1Xe°DFETAIL NEAR SOUTH POLLE®)
00 119 4=1e17
WRITE (0e111) XPOS(I)eYPOS(I)eXPOSI17+41)YPOS(17¢1)XP
US(3L+]l)o
C YPOS(3u+])
FOKMAT (1Xe3(FB 4e2XeFAsUolX))
WRITE (6e200)
FORMAT (//¢20X%)
DX=F1/(2704x%L)
IFLAG=IFLAG+]
IF (IFLAG.LT.2) GO TO 1000
RE TURN
END
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MAJOR PROLRAAM =« FVEN SUCKLING OF AW ELLIPSUOLUAL SHELL.

MaLliN ROUTIMNE
COMMON LLLTAHEY sBEESQeATTCHoRHOeUNUZTESTWUTEST,
C CLEZ20020)0C2(200e20)eC3(20)eS6(20020)487(20),
C SB(20e02Ue20)e89(20¢20)eE(2¢20)eFF(20421)
C LTEVMP(2U) o ZPERMI20) «P(20) «B(20) e RPERM RESIU
REAL IN UATA,
KEAU (9¢27) XXoCREMEM
JIUTA=«X
REAU (9¢27) X
27 FORMAT (ElU.7.66K)
M=x
HEAU (He2/7) RHO«ONUIHEE«ALTCH
LIEST=,75k=04
UITEST=e0bE=N%
ULL'“=.UUU‘
JFLAG=(
STARI=OLLIA
REAU (S¢28) (R(T)el=1eM)
28 FORMAT (4(1XeFl4e7))
1 BLESO=HEEL»v2
CALL RLADINIM)
MAIN LUOP STARTS HFRE,
2 DU 40 [=1eM
40 ZPERM(I)I=n(])
IF ([O0TA.LTe1) GO ro 43}
TEMPUR=SRKO
KHO=ZPEM(ITOTA)
ZPERM(LUTA)=TEMPOR
41 CALL SECANT(M.INTA)
IF (I0TA.LT.1) GO TO 42
TEMPUR=KIHU
RHOSLZPeERMITIUTA)
ZPERV(IUTA)=TFMPOR
42 1F (RPERH.GY.(.5£°U?)) ST10P
CALL GRAPH(MeJUFLAGeIOTA)
JFLAG=]
ZIEST=AMAXL1(,5S*RPER[1e ¢ 7TSE=04)
NDELTASSTAKTY
DO 73 131 eM
T3 IF (AdSIRIT) ) LTelelE=30)) KH(I)=ZO
A PARAMETER TS VARIED AND THE PROGKAM IS CYCLED ®RACK,

IF (1CTA.LT 1) 60 TO 238
237 BLIOVA)=SROLUTA)«CREMEN

60 TU 2
238 RHUOSRHUSCREMEN

GO 10 ¢

END
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MAJOR PHOGKAM ==  EVEN BUCKLING OF AN ELLIPSOLUAL SHELL.

SUUROGUITINL REAUDTN(M)
COMMUMN NFLTAGREE sBEESOJATTCHIKRHOWGNU«2TESTLUTEST,
C ClU20020)0C2120e2N)eC3(2N)sSE6(20e21)48S7(20),
C SHB(20420420)489(20620) 0t (2e20)eFF(20¢21)
C ZVEMP(20) o ZPERMIZ20) oP(20) ¢B(20) «RPERMRESID
THIS ROUTIME READS IN THE INTEGKALS o OMITIING
ALL THOSE WHICH HAVE ANY ODD SUBSCRIPIS,
THE LOOUP LIMITR ARE SPECIAL TO THE CASE M=4y
IN THE PROOGRAM “INTEGROLS" WHICH PROOULCES THF
VALULS HEING KFAD IN HERE o '
O 200 I1=1.40
READ (820))  JeXeXX
IF ((J/72)%2.LT,4) GO TQ 200
J=J/2
Ci(u)r=x
S/(J)=x&X
200 CUNTINUE
201 FORMAT (T12¢b14,7¢E14,7,50X)
DO 210 i=1l+%0
DO 210 J=18%0
REAL (se21)2) TloedJeXeXX o XXX o XXXX
IF ((JI/2)%2L. T, [1e0Ra(JU/72)82,LTaJJ) GO TO 210
1I=117¢
Jd=dJ/2
Cl(IledJd)=X
C2(lIsdur=xXL
S6(Iledu)=XXX
SH(ITedJ)I=XXXX
10 CONTINULL
202 FORMAT (I12¢12er1%e¢7eE10eT7eE14,7¢E149,7:20X%)
D0 220 N=1le247U
READ (35e203) TleJdloeK1loV31el2eJ2eK2¢V2eTI30USeK3,V3,
C IedH4endoVU
IF ((F1/2)62,L1,11e0Re(J1/2)82,LT,J1.0Ke(K1/2)%2,LT.K1
) GO T0 216
il1s11/2
JlsJdilze
Kl1=K1/2
SH(11e4leK1)=V)
S8(11ekaedli=vl
SA(J1ellenlI=V]
SHIJ1K1eI2)=V1
SB(K1+s11eJ1)=V1
So(nledlell)zvy
216 IF (UI2/72)%2,LT,12:0R¢(J2/72)%2,LT.J2,0R.(K2/2)%2,LT,K2
) GO YO 217
12=1272
J2=Jav/e
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MAJUR PRULRAM e=

K2=n2/¢

S8(J2.u2.K2)=V2
SB(IZehcodl )=y
SHtJ2412eK2)=VL
SBLU2.K2412)=V2
SH(K2s12eJ2)=V¢
SA(n24deel?)=V2

EVEN BUCKLING OF AN ELLIPSOIUAL SHtLL.

IF ((13/72)%2,0L.7,130Re(J3/2)82 ,LToU3 . UR.(K3/2)%2,LT,.K3

13=13/2
NEENKY P
Kd=K3/¢
SBII3eJ3.K3)=Vv3
SE(ISexS54U3)=VS
S8(JIelSeK3)=Vv3
So(udekS.13)=Vs
SH(KSe[SeJd)I=VS
SE(KLeJSeis)I=V)

) GO 70 218

IF ((TI4/72)32,L T, JUGO0R(JU/2)32,LTJU.0Re(KU/2)%2 LT .KY

Jue=14/2

JeszJus2

K84=K4 /2
Sutlyeddenld)zvy
SHBIIU K4 JU)=VY
SBl(JU s JUeKH)=VY
S8 (J4 k4ol )=VYy
S8(K4%eluul)=VvH
S8IK4 UG [W) VY
CONTINUL

FORMAT(4(12¢12eT2eb14,7))

RETURN
eNbD

) 6O TO 220
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MAJOR PROURAN == FVEN BUCKLING OF AN ELLIPSOLIUAL SHELL.

SULRCOUTINE RESTDUICNNNMeIOTA)
COMMON VDELTAGBEE +BEESQeAITCHORHOGNUZTESTDTEST
C Cl(20¢20)e¢C2(20¢20)¢C3(20)eSK(20¢20)48S7(20),
C S6(20020¢20)e839(20e¢2N) 0k (2¢20)eFF(2042))
C 2TLHP(PU) «ZPERMI20)4P(20)¢B(20) RPERNMRESID
THIS KOUTINE CALCULATES RPERM AND EBE(1eJ) OK IT
CALCULLATES RTFMP AND E(2¢J) FOR THE BENEFIT OF SECANT,
IF (I0TAa.LT.2) GO TO 41
TEMPOR=RKNO
RHOSZTEMP(TOTA)
ZTEMP(IUTA)I=TFMPOR
41 CaLL PCOMP(MeTIO0TA)
FACTOR=128(1=GNU**2)$sBEESQ/(AITCHs#3)
DU 1ly I=1eM
EPHEM=0.0
TRANS=U.0
00 108 J=1l.M
TEMP=0,0
DO 1095 K=1«M
105 TEMPSTEMP+SHB(TeJeK)IeP(K)
TRANS=TRANS+LI1(TeJ)?R(J)
108 EPHEMZEPHEM=SE(TeJ)eP(J)=( SERHOPSY (I J)=TEMP)IsB(J)
110 TLUNNL ) ==TRANSHFACTORS (= 58RHOSST (]I ) ¢EPHEM)
RESID=0.0
00 120 I=1eM
120 RESIVN=RESID+E(NNNe])se2
RESIDO=RESIN®s &
1IF (I0TALLT.1) RETURN
TEMPOK=RHU
KHOSZTEMP(TOTA)
ZTEMP(IOTAI=TEMPOR
ke TURN
END
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MAJOR PROGKRAM == EVEN HUCKLING OF AN ELLIPSOIUAL SHELL.

SURROUTINE PCOMP(MsIOTA)
COMMON DELTAHEE +BEELSQeAITCHoRHOIGNI ¢ 2TEST«DTEST,
C ClI20¢20)C2(20020)0C3(20)9S6(20020)4S7(20),
C SB(20e¢20420)¢8S9(20¢20) b (2020)FF(20421)
C ZTEMP(20U) oZPERM(20) 4P (20)8(20) «RPERNMRESID
THIS KOUTMlivk COMPUTES THE P*Se GIVEM THF H*Se FOR THE
BENEFIT OF THE ROUTINFS KESIDU AND GRAPH.
DO 9 [=1eM
S BOL)ISZTRMP (L)
NU 1U I=1eM
DO 10 J=1eM
10 FF(LsJ)=C2(Ied)
DO 20 I=1eM
20 FF(TeM+1)=RHOSC3(T)
DO 30 1=1eim
EPHLP”:O.“
LU 27 J=1.M
TEMP=0,U
DO 2% K=1e4
25 TEMPSTENMP+SH(TeyeK)®5(R)
27 FPHENZEPHEM*(SE6 (1 ed) e HETEMP)SB(J)
JO FFUIGM+L)ISFF(T«M+1)+AITCHSBEESR*EPHEM
CALL GAUSS(MKS)
LO 40 I=)1eM
40 PUI)=FF(Jel1+1)
RETURN
END
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MAJOR PROGKAM == EVEN BUCKLING OF AN ELLIPSUIUAL SHeLL.

SUBROUTINE GRAPHI(MWJFLAGIOTA)
CUMMON ODELTABEF BEESQeAITCHoRHOGONUZTEST«DTEST,
C Cl(20420)¢C2(20¢20)¢C3(20)eS6(20¢20),4,ST7(20),
C SA3(20¢20e20)e89(20e20)eF(2e¢20)FF(20421)
C ZTEMF(20)eZPERMIZ20) P (20)¢B(20) «RPERMRESID
DIMENSION APOS(82)+YPOS(52)
REPOKT THE SOLUTIONM ANU SOME OF THE PARAMETERS.
WHITE (oell) RBEEAITCHJGRUSIOTA
11 FORMAT (/7 e1Xe®RLE = 94 14e7¢% ATTCH = *eEl4eT0%,
GNU = ¢, :
C ElW,7e¢%s TOTA =90,13)
WRITE (Aeldld) RPFKM
14 FORMAT (1R¢*KHFSTOUAL ='4E14.7)
DO LY =]
ZTEAP (L) =ZPERMC(T)
15 BI)=Z2PERM(L)
CALL PCOMP(MsT0TA)
WRITE (6¢18) (B(I)eIz=1eM)
16 FORMAT (4{1XeF1lU4eT))
CALCULATE THt. nNEW POSITIONS OF FIFTY=-THREE POINTS Oin THE
ELLIPSO1D, IF JUFLAG=0,s WHICH IS SO THE FIKST TIME THIS
ROUTINE IS CALLEN. REPORT THEM, IN ANY CASE REPORT
RHOes POLAR DEFLECTTONe AND EQUATORIAL CONTRACTION,.
IFLAG=0
FACTOR=AITCHe¢3/,(12,08(1,0=GNUss2))
RATIO=1/KEFSWU=1
F=1./A1TCH
L=2
PI=3,141593
DX=P1/(92sL)
LLsS2sL

100U WOA=D0

DO 100 J=1.lL

Ki=sJeoux

CO=COS(x])

SI=SIN(X]I)
DENOM=REESA*CO*CO0+SIesS]
SOKTUSSukT(DENO)
X=S1/7SuURTU
V==utFSUsCO/SURTD
ROALFH=SI+RATIU®S]es3
KR2=SIsSI/0UENOM
RLETAZN,0

PSI=0,9

PS1IP=0)0

Ly 10 I=1eM
CS=CUStI=XxT])
SN=SIN(LeX[)
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MAJOR PRUGRAM ==  FVEN HUCKLING OF AN ELLIPSOIUAL SHtLL.

bETAzHE In+i( L) esN
PSISPSI+P(T) eS8
PSIP=PRSIP+2%]lsp (L) (S
10 CUNTINUE
PHI=XT=GBETA
SP=>[wPnl)
CP=COS(PHIL)
RZERCUS = 94KHNSKI LIS T /DF NOM
TEMPSSP/Z(KOALPHeALICH) s (X*ALTCH+PSI*CP+RZEROV*SP=-ROALP
HxGNL*PSIP-
C R2¢GNUSKHU*SP )=BEESO*S]I/(SQARTU*%3)
TEMP=TEMPENX
WOASWOA+TEME
1IF (UeGlo(u/Zl)*t ) GO TO 100
XPOS(J/L)=SX+F» (ROALPH*PSIP=R2*RHO*SP=-GNU*PSI*CP=-GNU=*R2Z
tRUV*SF)
YPOUS(J/ZL)=Y+WOA=TEMP/2
100 CONTJINULE
1F (l1FLAGeFUWel) GO TO 108
UEFLEC = HFEL « YPOS(52)
CONTRA=1,=XPOS(26)
WHITE (6el04) KHOWOEFLFCoCONTRA
104 FORMAT (1A¢°HRHO ='4E1%e7e¢® DFEFLECTION =*4F8,5¢* CONT

KACTION =°¢
C OFUQ‘J,
IF (UFLAGeME ) RETUIKN
WRITE (6.107) YPOS(52)
107 FORMAT (/e1Xe'OFFORMLD SHAPE NORTH POLE AT ¢
'FBQ“)

108 IF (IFLAG.EQ.))Y WRITF (64109)
109 FUORMAT (1Xe'LETAIL NLAR SOUTH POLE')
DO 11v 1=1,.17
110 WRITE (melll) xPOS(1)eYPOS(I)oeXPOS(1T7+1)YPOS(1741)oXP
US(34+1)
C YPOS(34+1)
111 FOKMAT (IXe3(FR,4e2XeFBolholX))
WRITE (64200)
200 FORMAT (//+420X)
NDx=PI/(2704%L)
IFLAG=1FLAG+]
IF (IFLAG.LT,2) GO TO 1000
RETUKN
END
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MAJOR FROLKAM == LD BUCKLING UF A SPHERICAL SHELL,

MALN KOU)INE

CUMMON KUS o AOH o GNUSROOT o DELTAGZTESToRFERMORELSTID

C KLOEsLLANHPIFSToTARLE(A96390235) eE (2085) oFF(35¢36) 0
C CTEMP(3D) eZPLERMI3S) 4A(2S) e H(35)

READ IN DATA

REAU (He2?) XeCREMEN
I0TA=X

READ (Se2/) X

M= X

READ (3¢27) RHOSGNUsAOH
UVELTA=.0001

KOUNT=0

STARI=NEL TA

DTEST=.6E=04%

ZTEST=.25E=04

READ (5e28) (A(T)el=1eM)
ROO':‘5.-5..6’\'U“2,“.5
KCOL = (2. /7 (AQH®AUHSROOT)I) o (1,+GNU/(2.*A0H*ROOT))
ELAOH=)1 o +6MU/ (2 ,#A0IISRO0T )

27 FURMAT (E17.1Deg3X)

2H

C RL

lu

20
2l

1
4V

S0

oo libike § VLU U LIGIT

FORMAT (L(1XeFl4eTeSX))
AU 1IN TalLE

DO 10 I=1.39

DO 10 J=1.3H

DO 10 K =1.3%
TABLE([eJeK)=04n

REWIND 4

00 20 L=1410850

REAU (8e¢21) JoeJeKeVALUF
IF (I1.6T,35.0Ree6Toe35,0ReKo6T435) GO TO 20
TABLE (I eJdeK)=VALUE
TABLE (L eKed)=Nag UF
TABLE(JeToeK)=Va UL
TABLE(Jek e T)=VA UE
TABLE(Kel oed)=VALUF
TABLEL(KedeI)=vA UL

COMT INUE

END FILE &

FORMAT (I12¢12e¢12¢E14,7)

THE MAINW LOOP STAKTS HERE, SET UP ZPtRM AND CALL SECANT

V0 40 [=3eM
ZPERM(II=ALL)

IF (l0TA.LT.1) GO TO SO
TEMP=SRHOS
KHOS=ZPEKM(IOTA)
ZPERM(IUTAISTEMpP

CALL SECANT(M.IOTA)

“IF (IOTALLT.1) GO TO 60
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MAJUK PRULKAFM == QUD BIUCKLING OF A SPHERICAL SHELL,

TLMP=RAUS
RHOS=2FERM(IOTA)
2PFRM(LOTA)ISTEF mp

60 CALL OUTPUT (MI0TA)

Re=St T SECANT*S PARAMLTERS
KOUNT=0
TF (KPERM(GT.(.29E=03)) STOP
21EST=aMAXL o S8RPERM e e 25E=04)
CELTA=STAKRY

A PARAMETER IS VARIEU AND THE PROGKAM IS CYCLED BACK.,

IF (10TA,LT.1) RO 10 200
ACIOTA)=A(LOTA) «CREMEN
<0 T0O 1

200 KhUS=HMUS+,003
L TO 1
tinu




(o
C

SORY AV

Lx,

MA

C
|

100
200

JUR PRULKAM =« OUU BUCALING OF A SPHERICAL SHELL,

SULRGULT [N COMFY (MeIOTA)

COMMUN KRHUS e AOHGNUsROOT o DELTAGZTEST RPERMIRESID,
C KCOUF oELANHDTFST eTABLE(39¢35¢35)e0E(2e35)eFF(35:36)
C TEME(RYD) o 2PERMIBS) A 3YH) 0t3(3Y)

OMPUTE THE HeSs, THE LOOP LIMITS AREL SET UP
O AVUID UNMNFCESSARY ULTIPLICATIONS HY 2ERO.

RATIO=AUNCROOT/ (2%ELAON)

DO 2 L=Let

ALL)=Z2TEMPL(])

DO 20U N=1leM '

TN1=2sn+]

TaM1=28Ns (N+1)

T=U

D0 100 L=1eM

l1a=T1ARS(L=N)

IRzZ1leStens(=1)ex]A

IC=MAX0O(IACIR)

JO=MLIND(MeLLeN)

N0 100 K=ICsINe2

T =1 ¢ TARLE(LKoeiN)ETNL2A(L)SA(K)/TNNI

BINW)=HATI0/ (NS (N+1)=1=GNU)S(T/2=A(N))

K. TURN

END
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MAJOK PrROORMT == U0 BUCKLING UF A SPHLRICAL SHELL,

SURKUUTINE ReSINU (NNPMoeMelOTA)
COMMOIN RHOS o AOH ¢ GNUJKOOT qDFLTAGZTEST¢RPERMIRESID,
C RUCOEELAOH«NTFST o TABLE(35e35¢39)0F (2¢35)¢FF(35436) 0
C Z2ZIC4P(A3) o ZPERM(S5)4A(35) H(39)
COMPUTE THt RESIODUAL AMD ThHE VECTOR E FOK
THE USE OF THE SURKOUTINE SECAMT, THE LOOP
LIMITS AKE SET 1P SO THAT UNNFCESSARY
MULTIPLICATLONS By ZERKO MAY HE AVOILED.
IF (TOTALLTS1) C TO 1
TEAP=RRKUS
KHOS=2TemM (10TA)
ZTEMP(IOTA)ISTEMP
1 CALL COMPB(FI«TOTA)
FOUK=Q s KO T L LAOH®AON
N0 20N N=f M
TNisS2enN+]
TRN1I=23N=2(N+]1)
T=0
DO 1ul L=1le#
IA=1ARS(L.=N)
[B=leHteS9 (=) )"IA
IC=MAXg(IAIH)
ID=MINO(Mel.+N)
bu 100 K=1CelNe?

100 T = 7 + TABLE(L KeN)STIN1®A(L)SR(K)/TNN]
200 E(WNNNeM)I=((N$(N+1)=1+GNU)/FOUR=RKHOS)

(o Ch(lN)=2xH (N)+2sT
HESIU:".”
NU 300 (=1M

300 RESIO=RESIN+E(ANNol)ws?

REST(z=RESLINes Y

IF (10TA,LTeL) RETURN
TeriP=RROS
RHOS=/ZTEMP(LIOTA)
ZTEMP(IOTA)=TEMP
RETURN

ENU
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10

11

21

SUBROUTINL OUTPUT (MaIOTA)

COMMUN RHUSsAOHOGMUsRONDT 4DELTA«ZTESTWRFERMIRESID,
RCUF ob LADH D TFEST o TABLE (35035035) ¢F(2¢35) FF(35¢36)

2ZTEMP (A9) ¢ ZPERM(SS) e A(SS) 0t3(35)
N0 10 [=1ev
ACT)=Z2PERMC])
ZTEMP (L) =LPeRM(T)
CALL COMPHB(MeTOTA)
WHETe (0ell) RHOSeAQH eIy

FORMAT (1Xe°RHOS =°4E1lUe7e* AOH ='FB8.30°

6.3)
WRITE (be2l) (A(I)el=1eM)
FORMAT (G (LlXxeFlueTeS5X))
Catl UEFLEC (M)
K TUKN
ENU

n

0OUL HUCKLLING OF A SPHEkICAL SHELL.

GNU =% F




MA

C C

10

20

2n

el

2¢

3u
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JOR PRUGKAM = LD BOCKLING OF A SPHERICAL SHiLL.,

SUBRQUTIINE DEFLFC (M)

COMMON HHUS o ADKR ¢ bNUGRODT ¢ DELTAZTEST JRFEFRMeKESTD,
C RLOE oELAOHDTFSToIABLF(35135¢25) 0F (2¢35) sFF (35436
C  LTENPEAY) ¢ 2Z2PFERMI55) sA(3YH) sB(35)

OMPUTE PULAR DFFLECTION,

W=2=KHUS*RCUr. *a0NH*( ,8sGNUSA(2)+(1<GNU))

O 1y L=2eMe2

KSW=24 (A (L) =RCOF*AVHS3(L)*(1+GNU) = (1=GNU)*KHOS*RCOE*AD

HxA(L)/2)

DY 20 n=1eM

WoWeNs (N4l )sA(NI*®22/(2.9N+1,)

T=0

U0 30 n=1eMn

KMINUSS(h=Y)=((K=1)/2)%2

VO 30 W=1e

NMIWUS=(M=1)=((N=1)/2) 82

NTOP=(h=1+NM1NUS)/E

KTOP= (h=1+KMINUS) /2

US=KaNSPRLINN(KN)

NO 29 Jdz=1le«Nl0P

LSU=K e (48 J=2NpMTINUIS=]1 )aPRINN(K ¢28J=2sNNMINUS=1)

DYV 21 J=1enr 0P

USU=N3 (48J=2¢KMTNUS=1)sPRINN(N2%J=2¢KMINUS=1)

00 26 [=1KTOHP

DU 26 J=1.0TOP

USU= (4812 3KMIHIS=1)s(4*J=2sNM[NLS=1)*

o PRINN (22 ] =2 ¢kMINUS=1e20J=2¢NMINUS=1)

T=T+UsH(K)eA(N)

W=+ (1+6GNU) *A0OHSRCOL T

=0

DO By K=]1eM

LU 8y NZ1e™

NMIWUSS (M=) )=e((N=1)/2) %2

NTOPs(N=1+hMINUS) /2

US=PRINN(K4N)

LO 38 [=1.NTOP

USU=(48[«2¢NMTN)S=1)sPRINN(Ke2¢]=NMINUS=])

TESTHUSHIK)ISA(N)aKT(K+] )N

WZweONUSAOHERCGF o T

1=0

00 S50 K=1eM

L0 59 N=1eM

US=PRINN(K=1oeNeLI4PRINN(K=1 eN=1)+PRIMNN(K+1oN+1)=pPRINN(

K+leN=1)

NPARTY=SN=(N/2)86D

NTOP=(N+NPAKRTY) 2

D0 %6 I=1eNIOP

USUSKe (K41 )2 (4o 1=2¢NPARTY=]1)8(=PRINN(K=1e2%]=NPARTY=]1)
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FAJOR PROLRAM == o0UD BUCKLING OF A SPHERICAL ShtlLL,

C *ERINNIK+) 4 2¢l=NPARTY=1))/(20Kk+])
SO T=T=UsA(R)SA(N)sKENE(K+L) S (N+1)/((26K+1,0)8(28N+1,0))
WoW+HHOSSANHERCOE® T
T=u
D0 80 N=1eM
60 T=T+2, 4N (N1, )wAI(N)SHBIN)/(2.8N+1,)
WEW+RCOEXAOHXT

We=2ey
widz=w2/se
WRITE (64 70) Newlews
- 70 FUKMBT (LAe*DTISTANCE BETWFEN POLES = *4FEe50
] c /e1Xe*TOTAL POLAR DEFLECTION = *4FR.Se
C /91 Xe*SEMT PULAR DEFLECTION = *4Fb&e5)

WRITE (bo8iN)

B0 FORMAT (lo(oHX 088808 ,/))
RETURN
£

GOPY AVAIIARIE TN DA AnEQ
I 1 F i ! y
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MAJOR PRUOGKAM =« nDO HUCKLINL OF A SPHERICAL ShellL.

FUNCT (O PRINN(KoN)
C INNEK PrOUNCT OF LEGENUKE FUNCTIONS K AND N
FRINN=O 4D
IF (N NEJK) KF TiyRN
PRINWN=Ce/(2e8N4+1)
Re. TURN
END
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FIALIN ROUT Ine
COMMUN HKHUS s AOH ¢ GMUGROOT o IELTA ¢ ZTEST «RPERIF RESTID,
C E(2ed8N)eFFLANe31)eZTLEMP(20)42PERMIAN) ¢A(30)eRE3N)
C IABLECS0+s30e¢30)DTESTRCOECELAOH
READ IN UATA
REAU (9He27) XoeCREMLN
I0TA=X
KEAD (HSe27) x
M=x
KEAD (H927) RHOS«GMNUGAOH
DELTA=,UyL]
DIEST=,A0t =04
STAKT=DELTA
ZTEST=,25L =04
HEAD (Se28) (A(T)el=1ei)
HOOT=(3e=d, ¥ NLix*2)s% 5
RCOL = (2¢ /7 (AOH®AUHSROOT)) * (1.*GNU/(2.%A0H*RQUT))
ELAOH=1.+6NU/Z(2,#A0HSROOT)
27 FURMAOT (t17e610eh3X)
28 FORMAT (4 (1XeFLlUeTohXx))
READ IN TAlSLE
11 DU 11U (=1
00 10 y=1eM
U0 10 n =1eM
10 TABLE(TI sJeK)=0,0
REWINY &
CO 20 L=1+108650
READ (He21l) JTedeKeVa| UE
IF (16T e2¢¥MeNR,JeGTo28M0ReKoGTo2%M) GO TO 20
IF ((1/72)%2L T eTe0R(J/2)82:LTeJeOR(K/2)%2,LTK) GO T
0 20
TABLE (1/2e¢0/72eK/72)=VALVE
TABLE(J/ceK/20d72)=VALLIE
TANLE(JZ20 /720K /7)) =VALUL
TABLE (J/Z72eK /201 /72)=VALLE
TABLE(K/Z201/2eJ/2)=VALILLE
TARBLE(WR /20072 ¢1/72)=VALLE
20 CONTINWUE
END FILE »
21 FURMAT (J12e124124E14,7)
THE MAIN LUOP STARTS HERE, SET UP ZPERM AND CALL SECANT,
1 D0 0 1=1eM
4y ZPEKM(TID)=ACL)
[F tTOVTALTA1) GU TN 47
TEMPZRHUS
HHUS=ZPERMOLOTA)Y
ZPERMIOTAISTEMP
47 CALL SECANTIM.INTA) .
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Ir ¢LlQTn.LTel) GC TO 49
TEMP=KRKUS
KHOS=Z2reRrM(LOTA)
LPERN(TOTAI=TFMP
49 CAaLL QUTRUT (Mea10TA)
C RE=SET SECLANT®S PARAMETLRS
IF (RPERMeGT ol az9E=003)) STOP
JTEST=AMAX1( S*RFENRM g ¢ 25E=04)
Ut LTA=START
C A PARAMETER 1S VARTED ANU THt PKOGRAM IS CYCLED BACK.
IF (IQTAh.LTel) GC TO 51
ACIOTA)=ACIOTA)+CREMEN
LU 10 1
51 RHUSZRRHUS+CRENEN
60 Tu 1
b N

Aanny AV AN o -
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MAJOK PROGRAM =«  FVEN BUCKLING OF A SPHERICAL SHELL.

SULRQUIINE COMPR (M IOTa) i

COMAICH KHOSeANhosGNUsRQUT«NDELTAGZIESToRPERKMoRESTI,

C E(2e30)eFF(30431)eZTEMPI30) «Z2PERM(30)A(30)eB(30)

C TABLE(30430030G)0TESTWRCOEJELAQH ]
C COMPUTE JIHE 3°S., THL LOOP LIMITS ARE SET j

] C UP TO AvUulD UNNECFSSARY MULTIPLICATIONS BY ZERU,
{ RAT10=AUHSROOT/ (2*ELAOH)
b LO 2 (=140

2 A(TI)=/ZTEMPCL)
DO 200 N=1l.M
NIN=N+N
TNI=2&Ni+ L
TUMI=S28NN® (NIN+1)
1=0
DU 1L L=) e
TAZJANS(L=N)
IC=MAXU([AL)
TusMINO (ML +)
NO 100 K=(CeID
100 T = T 4 TAKLE(LKeN)sTM1I®A(L)SA(K)/TNN]
200 BOMIZRATIUZ(NN® (NNe1)el=GhU)E(T/Z2=A(N))
Ke TURN
END
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MAJOUK PROLIGN == FVvel BUCKL LNG OF o SPhHERICAL SHELL .

SUnhRCUTINE KRESLIHIU (INN oMo LOTA)
COMMOMN KHUS A0 «GNUSROOT sUFLTAGZTEST «RPERMWRESID,
C E(2630)0FF(ENaRI)02TENP(30) «Z2PERM(30)A(3U) eRR(S0) }
C TARLF (S0e30e30) DIESTRCOEELLAOH |
IF (19TAaLTa1) 0 T %0
COMPUTE Tht RESTYULUAL AMD THE VECTOR bk FOR
THE USE GF THeE PRaGRAM SECANT . THE LQQP
LIMITS ant SFI UP TU avO0l UNNECESSARY
VULTIFLICATIONS iy ZERO0O,
TEmP=RIIOS
RHOS=Z (P (LUTA)
ZIEMPLIVCTINYSTFMP
S0 CALL COMPBIMIICTA)
FOURZG s QUTSELAOHXAOH
LU 200 =Y
WwN=N+M
TN1=ZsNiu+l
TN L=2¢1iive (l+]1)
1=0
LU 100 L=l
AT ANS (L =)
IC=MAX0( A1)
TUSMINU (M oL +14)
LY 1Y K=1CelD
100 T = 1 ¢+ TABLE(LKeN)®«T1*A(L)S(K)/ZTNNT
200 EC(MNN o = (NS (N4 1) =1 +6NL) /FOUR=RHOS)
(o FALN)=2¥H (N)+2eT
RESIN=040
U0 800 [=14#
Z0H RESID=RESIN4E (NNNol) xx2
RESTU=SRESIN*» Y
1k (JOTaLYVe1) RETURN
TEMP=wRUS
RHOS=ZTEMIP(CLUT A
ZTEMP(IVOTA)STEMP
Re. TURN
Ewu

(g M & WU ol o)

A S il e
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MAJUR PRUGRAK =«  FVEN BUCALING OF A SPHERICAL SHELL.

SULKROUT ENE QUTPUT (MeIOIA)
COMION KNUSoAOHGMUGRNDOT sDELTAGZTEST o RFERKMoeRESTD o
C L(2¢30)sFF(3Nne31)e2TFPMP(S0)2ZPFRM(30)A(30)eB(30)
C TaBLE(SUe3Ue30)eDTESTWRCUECELAOH
DU 10U =1
Al(I)=¢PErM(L)
10 ZTEMP L= EPERD(])
CALL CUMPR(MTUTA)
WRITE (6411) RHOSeAUHsLNU
11 FORMAT (1Xe°RHOS ='el14e70° AOH =° F8.3," GNU:. S0 6F
6.3)

WRITE (6421) (A(I)el=1eM)
21 FORMAT (4(I1XeF14eaTe5HX))

CALL VDEFLEC (™)

KE Tuky

E L
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MadJuit PKQuUKAN == ¢ VEN BUCKLING OF A SPHERICAL SHELL.

SULRQUIINE OEFLFC (M)

COMMON KHUS s a0R e NUsHROOT yUELLTAGZTEST «RFERMWRESTIND
C E(2e30)ebF(S0031)0ZTEMP(B0)e2ZPERM(30) 4A(30)eB(30),
C TAUBLE(SU+30¢20) ¢ UTEST+RCOL oLLAQH

INTEGER SoSTLP

(5 COMPUTE POLAR UFFIECTION,

S=¥

SIEP=2

W=2=RHOS*RCOL *4ANHY ( (ASGHNURA(2/2)+(1=-GNL))

UU 1U L=2eSs2

10 WSV=ge{a(L/2)=RCOF*AOHXB(L/2)2(1+6GNY)=(1-6GNU) *RHOS*RCO
ExAQk

¢ *h(lL /2)/2)
LU 20 4=STERSoSIEP
20 WZp=hNas (U4l ) 2A(M/2)¥%2/(22N+]1.)
=0
DU 30 K=SIEP«SeLRIEP
KMINUSS(K=1)=((K=1)/2)3%2
0 30 L=STFP«SeTEPR
FRMINUS=(1=1)=((N=1)/2)%2
MTORP= (HN=1+NMINUS) /2
ATOR=(n=1+XK"M]1iIN'g)/2
USs=K¥N&«PRLINN(KN)
DO 28 Ju=1+HTOP
AR US=Kx (43 =24NVMINUS=1)2PRTINN (Koe2*J=2¢NMINUS=1)
DO 27 Jd=1ef0p
21 UsU=Ne(42J=22KMTNUS=1)*PRINN(N2*J=28KM]INUS=1)
(1) 26 [=1«XKTOP
DO 26 J=1NTOP
26 USU=(44[«2*KMTNIIS=1)*(4sxJ=2¢NMINUS=1)»
C PRINN(Z*[=2#MINUS=]1e2%J=2NMINUS=1)
S0 T=1+Uu*B(K/2)eA(n/2)
WA+ (L+GMU) A ADHeRCUE T
T=0
00 4y K=SSTEPR«SWSTEPR
DO 40 NESTEP«SWQTEP
NMINUSSIN=L)=((N=])/2)%2
NTOP=(N=3+NMLNUS)/Z2
PR INW(K oN)
DO 38 I=1enTOP
38 UsU=(4x]l«2¢NMINS=1)sPRINN(KR 25 IeNMINUS=]1)
40O T=THU*S(R/Z2) A (N/2)sKE(K+1l) s
W=W=GNUSAUHERCOF*T
T=0
DO S0 R=STEP«SGSTEP
DU 90 N=STEP«SoSTEP
US=PRINW(K=1eN+1)+PRINN(K=1oN=1)+PRINN(K+1eN+1)=PRINN(
K+leN=1)

80
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MAJUR PROLGRAM =«  FVEN BUCKLING OF A SPHERICAL SHELL.

MPAKTYSN=(N/2) %)
NTOP=(N+MPARTY) 22
Y 43 131 NTOP
CY] U:U*Kt(hfl)‘(“‘I-?‘MPAN?V-llO(-PRINN(K-I.Z’IONPARTY-I)
C *PRINNI(K+] ¢ 20 i=NEFARTY=1))/(28K+]1)
SU TST=UsA(K/2) A (N/2)sK¥NS (K+1)6(N+1)/((23K+1.0)%(DPaN+1,
0))
WSH+RHOSTAOHERCOHES ]
T=0
DO 60 MSSTERP «SoSTEP
60 T=T+2.,2e(N+1,)sA(N/2)2BIN/2)/(2.%N+1,)
WEW+RCOESAOHT
We=2=W
W3=w2/)
WRITE (be/N) WeWleWs

7 FORMAT (1Xe*OTSTANCE BETWFEN POLES = *4FB8.50
C /7e1Xe*TOTAL POLAR UDEFLECTION = *¢F8.5¢
C /elXe*SEMT POLAR DEFLECTION = *+F8.5)

WRITE (6.080)

80 FURMAT (lo(3dX'4%%°,/))
KRE TUKN
NV

8l
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MAdUR PHOLHANM == FVEN BUCKLING OF A SPMEKICAL SHELL .

FUNCTFON PRITN (K oN)
C COMPUTE TuneR PRONUCT OF LEGENDRE POLYNOMIALS K AND N,
PRINN=U L0
1F (NeNEJK) NETIHRN
PRINN=CZe/ (26 %P+ o)
Ke TURDN

END
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SaTeliellt PHRUGKAM o=  INTHOLRALS FOR ELLAPSOLD PROBLEM,

MALN ROYTINE
DraensStol ClL(UNel0)eC2(U0s4U)eC3(H40)eSH(40040)
C ST(Y0U) SA(UN QUL a0 oS (H0e4D0)eTYIA21)0T2(321) 0
C TH30A210)eTH(3219)e55(40040) e SINE(40)
btESeS
FEESGK=HEL ¢PCE
bNU=.3
mM=40
=36+
MMM ZO)i)+Me
STEP 1A2 COMPUTE INTEGRALS OF SIN (lsxi).
NO 1 [=) MM
1 T1(I)=0.0
LU 2 1I=1eMM2
I=zunN+I(
Jz=200=}1{
T1(I¥=2.0/1)
2 T1(J)==T1(T)
STEP 182 COnPOTE InTEGKALS OF KERNEL » SIN (IsX])
FOR A WIUE RAMGE NF VALUES OF 1o USING SIMPSON®S RULE,
THE VARIAGSLE JJJ BFLOW 1S & WHEN J 1S ODU,
2 WHEMN J 1S tVeN,
Pl=3.1415v3
DA=PL/1000
PO 9 I=1lMMM
T2(l)=n
T3(1)=u
5 Te(I)=n
DU &6 [SleMMe2
JS(=1)*%((TI+5)/2)
12(20u+l)=y
T3(2ul¢l )=y
6 T4(200+1)=y
DO 10 J=1e4Yy
JUJS2428(J=2%(J/s2))
XisdJdsnNx
Sv=Sintxl)
CS=CusS(x])
DENOM=[«ELESASCSsage+SMes?
HENQM2ZUENQies v
VENUMZZDENOMee] S
DEMOVM Y= nOASsDFNOIA
NO 10 1I=201eMMVe2
1=11-200
SIi=SIntisxl])
T2(11)ST2(T11L ey gJesST/Z0ENOM S
TI3(II)STA(II)eUUJeSI/ZOENOMY
10 TOUII)I=TU(IT)4dyJ*STI/DENGNM2
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SATELLITE PRUBRAM o= fNTEORALS FOR ELLIPSCIU PKOKLEM,

DU 12 11=271eM¥Me?2
12(L)=12(T1) % x*s0bbhhAbT
T2(LL)=T13(TL)* ¥ ebEhALOET
TC(LL)=TLLIL)*CX*eb0R666T
I=1lI=20V
12 CONTIMNUE
DO 18 LI=1+1M
I=20U0=11
Jd=2nN)+ il
12(1)==T2(J)
Ta3(I)==145(J)
18 14([)==Ty(U) b
STEP 28: CurpUTE Tub INTEGKALS SS(I4J) DIRECTLY,
USTRNG SIMPO(ON®S RLI L. THE VARTAPLE KKK HEELOW
IS 4 WHEN K OIS OD0Le 2 WHEN K IS EVEN,
N0 40 [=1eM
DY 44U u=1eM
40 SH(1led)=0e0
DO B0 K=1 4499
XI=ne&ix
K hZ2+424(K=(K/2)%2)
SN=SIN(X1)
cS=LCsixs])
CSSL=CS*( S
DENONM=RBEESQA®CSSN+SN*SN
[0 6U J=1 oM
6N SINE(J)=SIN(JIxXT)
RATIN=V 0 -
00 HU [=1eM
KATLC=RATLIO*CS+COS((1=1)%xX])
VO 80 Jd=T1eMe2
B0 SO(Led)=SO(Led)+KKRECSSOeRATIO*SINE (J) ZDENOM
L0 JU =) eM
WU 91 J=[eMe2
SO(Je1)=SO(Le))xUX*,6666667
SH(TeJd)=89(J0e])
90 CONTIWNUL
91 FURMAT (4Xe2(12¢3Y)eF1467)
STEP 288 CuMfPUlE Tut INTEGKALS S1-S4, S6=S12.
ANU THEIW) COMIINATIONS C1.C24¢ AND C34s AS CESCRIGED
IN THE SECTION ON ¢VALUATIUN OF INTEGRALS.
NU 110 TJTl=1lwM
00 110 J=1leM

I=I1+2Uv 1
SI==(T1(I+J41)=T1(L40=1)=T1(I=Jd+1)+12(T=U=1))/4 ]
S (T1(L+J+3) =3 TI([+J+ 1) +59T1(T4+J=1)=Tl(1+U=3) &

c =T1(L=J+3)43«T1(T=U+1)=8xT1(I=J=1)+T1(1-J=-3))/8
SAZUTI(I4J+1 )+ 11 (T+U=1)+T1(I=J+1)+T1(I=U=1))/4

84




COPY AVAILAT:

SalftLelit PRUGRAM <= LNTEOKALS FOR ELLLIPSOLD PROBLEM,

SUS=(T1(1424041)4T1(T4240=1)4T1(142=-U41)4T1(142=9=1) 3

C =28(TLOL40s I+ TUCL4U=])+TL(1=Jd*1)+T1(1=U=1)) |
C FTL(T=240¢ V4T 1 (T=24J=1)+T1([-2=U+1)+T11(1=2=-0=1))/ ;
16
CL(LLsd)==Ja924(S14(1=httSA)/REESQES2) i
C +U(S3438(1=HLFESA)/BEESQeSH) j
C ~(REFSA*SH(T1leu) + GNUSS1)

310 C20I1ed)=ClUITeY) ¢+ 2%GhNUSsS]
DY 120 LI=1M
1=11+290
SLUS=(TH(L+2+1)+TH([42=1)=28(TYH(]1+1)+TU(]1~-1))
C +TH([=2+41)+TU()=2-1))/8 i
S11S=(TYH(1+2+42) 435 (TU(J+241)+TU(]+2=1))+TU(I+2-3)
& =28 (TH(L+42)23%(TU(1+1)+T4(I=1))+T4(1=3))
C +TU(T=245)+433(T4(1=241)4T4(Ll=2=1))+T4(I=-2=-3))/732
S12=(TUH(T*4+1)+TH([+4=1)=4s(TY(]+2+41)+T4(I+2-1))
(o +E0(TH(I+1)4TU{TI~1) )=l (TL(]=24]1)4TU(I=-2~-1))
c +T4(1=4+1)+T74(1=4=-1))/32
120 C3(I1)== 00Ut FSNsS10+BFESGC#(3=,536NU)*S11+(1=,H%GNU+2*
BEESQ)eS12
NO 149 11=1+M
I=s1I+200
U0 130 J=1en
RO 12H A=l
129 SHUTLedol)IZ=(T2(1+J4K+1)412(T4U+R=1)=T2(]+J=K+1)=T2(1]+
J=Ke=1)
o “T2(L=J+K+1)eT2(1=J+K=1)+T2(T=J=K+1)+T2(J=U=~K=1
))/8
SO(ITed)z==(T2(16J*+1)=T2(14d=1)=T2(I=u+1)+T2(1=U=1))/4
SY(LLed)I=(TI(T+43)=38T3(1+J+1)+I3*TS(I+U=1)=T3(1+4J=3)

(o cT3(T=j¢3)+43eTA3([=J+1)=30T3(1=J=1)+T4(]=U=3))
/16
130 STULIIN=S=(1A([4241)+4T2(142-1)=20(T3(1+1)+73(I-1))
C +T3(1=241)+T48(1=-2-1))/8

DO 200 L1=1+i4

200 WHITE (06208) I ,C3(I)eST(])

201 FORMAT (12+E14,7E14,7,50X)
DO 210 l=141
(0 210 Jd=1lem

210 ALt (0e202) 14JoCl(Ted)eC2(Ted)eSAIIWJ)eSO(IeV)

202 FORMAT (1204214970 1UeT7eF14,7eF148,7:20X)
WHITE (842038) ((((loJeKoeSB(IodeK))eI=1ed)edZ1eK)oK=1eM

)

208 FURMATIY(L2e]l2e120E14,7)) j
Srop .
EnND
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SAaTELLIIE PRULBKAN o= INTLORALS FOR SPHEKE PROBLEM.

MALN w®Oul LN
(MTeGER HEEST g PAKL o PPARN ¢ STEP ¢SSeSSH«SSM
UOUHLE PRECLISTION UsVea(220)
LOWEST=14
HIEST=61
STEP=)
MA=Z2&xHIEST
Mup=i11a+1
SSz=4sHTEST
SSP=SS+1
SSM=SS=-1
A(MA) =]
LU 60 I=pMAPSS
J=1=I"A
A(Jd)=n
AC1)=(22]=S3SP)*A(I=1)/(1=MA)
AlIMA) =)
RAPPAZD
DU 200 Lz=LNOWEST HIESTSTEP
DO 200 M=STEI Wl ST
LU 200 W=STEP ¢ (STEE
PARLZL=(L/Z2)+2
LA=Z(L+4PARL) /2
TE COL+F+N) oGT L ((L+M4N)/2)%2) GO TU 200
IF (LeGTo(M+1h)) 60 10 200
PARNZN=(N/2)v2
NAZ(N=PARINV) /2
V=0
0O 156 I=lA
LAZ44 [=1=2sPNRL
IR=2*[=1=FARL
IC=M=1
TO=SCIR+IC+N) /240N
IE=r+1
IF=(IR+IC+N)/2+4mA
u=0
1F (HALEG0) GO TO 150
0O 140 J=14liA
JASU J= b4 kPR
JUz2» J=Z+P AR
JC=(IR+LC+UB) /24MA
JUS(Ih+lE+Jdus) /724mA
USU+JA* 2% (A (JC=TB)* 0 (JC=1C)I*¥A(JC=JB)/((2%JC=SSM)*xA(JC)
IO
Ald=13)oa(guU=1E)*2A(JD=JB) /7 ((2%J1)=SSM)*A (YD) ))
VEV+HIAX (N*2%2(A(T0=IR)*A(TO=TC)*A(I0=N)/((2*ID-SSM)*A(]
U))=-
ANIF=1B8)*A(IF=IL)*A(IF=N)/((2%IF=SSM)*A(IF)))+U)

L T T Y




SATELLITE PROUGRAM <= [NTLGKALS FOR SPHERE FRUBLEM.

Vs (il+1)3V/ (2aM4+]1)
KAPPAZKAFPA+]
PRITE (Cel99) LeMeNoV
199 FORWMAT (J2eéelel2eF14,7)
200 COMTINUE
WRITE (642M1) KAPPA
201 FORMAT (20Xelhe KECOKNDS WRITYEN®)
STep
NV

COPY AVALARLE 10 00 TS T

e vl S e i e it
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SATELLIME PROGRAM <= MEKIULAN FOR SPHEKE PhUBLEM,.

MATI ROULT LNE
UIenS I XPUSE100) s YPOS(100) ¢A(50) JHS(HU)
[NTEGUR SeSTEP
HEAL NU
OP (N X )2 (P =1 eX)=X¥P (AN oX))/((L1=X%*X)#%,5)
DDOP(NegA) =N ((=1=N+lisxex )P (NoeX)+XE®P (N=1¢X))/(X¥X=1)
REAU (5410) AOH NURIHOS e X o X X
ST
STERP=Xx
KEAD (9+910) (A(T)+I=STEP«SeSTEP)
REaD (954¢10) (RS(1)eI=STEP«S+STEP)
10 FOKMAT (E17410463%)
ROQOTS(3=-3¢NUSE2) ¥%, 6
RCUE=(2 e/ (A0HY4DXRVOT ) ) * (L4NU/ (2% AUHSRCCT) )
F=xCUt #AGH
Fi=8 141593
L=§
Ox=PI/(100*L)
LL=l0usL=-1
wOA=0
PO 130 I=lsLL
X1=Ienx
Y=CUuS(XI{)
tse TA=N
PSIS=y
PSISF=uU
LO 90 N=STFP WS WSTEP
TEMP=NRP(NeY)
BETA=HETA+A(N) «TEMP
PSISzPSIS+AS5 (M) « TEMP
9 PSISP=PSISP+3S(N)*VDPINY)
A=SIN(X1)
Y==Y
SKI=x
CX[==Y
TEMP==HBETAYCXT=¢1=MU) /2¥RHOS*F*xSXI+F«PSIS*CXI-NU*F%PS]
SP*SXx1
= +(L=WU) /2% RHOR*F2RFTA*CXT=NURHOS*F ¢RETASSX I +#»2x(CXI
C =S b TARX2 95X [=FoPSISHBETASCXI*#2/SXI+NUXFxPSISPxBE
TasCxlI
C +NUSRHOS*F *RETA* % 2« SXI*C X% %2 +F*PSIS*BETA®SX]
TEMP=NX®TEMP
WUASWUA+TL NP
IF (l.6T,tI/ZL04L) GO TO 100
XPOSCU/ZL)ISX+F % ((INU~1)/72#RHOS*SXI+PSISP»SX1=NUsPSTS*CXI
+RHOS*BETA

> ASXT%e2%Cx])
YPOS(IZL)I=SY+WOA=TEMP/2
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AD=-AD32 752

UNCLASSIFIED

2o 2

A\DAD327S

CITY UNIV OF NEW YORK GRADUATE SCHOOL AND UNIV CENTER F/6 13/13

DEEP BUCKLING OF A THIN OBLATE SPHEROIDAL SHELL UNDER UNIFORM N==ETC(U)

1976 N H JACOBS AF=AFOSR=2063=71
AFOSR=TR=76-1209 NL

END

DATE
FILMED
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SAaTELLITE PRUGRAM o=

100

105

1000

CONTINLE

YRPOS(1UU)I=1+40A
ADJUST=S(I=YPOS(100)) /2

NO 1y I=1.10nN
YRPOS(IDI=YPOS(T)+ADJUST
DEFLEC=2¢(1=-YPOS(100))
QIST=2eYpUS(100)

WRITE (nel0U0) NISTLEFLEC

SToP
END

COPY AVAILABLE TO D06 DOES MOT '
PERHIT FULLY (FETIE RO CTIOK

- 89

FURMAT (1X¢*UTST =*¢€14070/¢1X0*DEFLEC 20E16,7) ~ 5

S asin s s Dt S RER——

MLRIVIAN FOR SPHEKE PROULLEM,




SATELLITE PRUGRAM «= MERIUVIAN FOR SPHERE PROBLLM,

FUNCTIUN P(N¢X) ;
C THE NelH LEGLNUKE POLYNOMIAL EVALUATED AT X, |

F=1 {
IF (Piebuel) P=X |
IF (N LT.2) RETURMN
S=1
1=sX
UO 10 I=2.N

=S

S=7T .

10 T=((22[=1)sx»S=(1l=1)%K)/])

=T |
RETURN
ENY)

R

COPY AVAILASIE 10 102 7770 7T g0
PEHM" FUll\ LLLlha.r. 'h'..u-uub.;




ki S o St i e b : d e L S e T B s O e

SATLLLUTE PKUGRAP o= . FROM SPHLRE TO tLLIPSOLL,

MALH RUUTINE
A SULUTIuUN FOR RETAe LXPRESSED IM TEKMS OF
LEGEADRE FUNCTINNSe IS TRANSLATED INTO
A SOLUTLIOUN FOR RETA. EXPRESSED IN TERNMS OF SINES,
INTEGER SSeSTEP,SNEW
ReAL NULAOH
DIMENSLION 2(20),A(20)
NP (NeX)ISNS (P (N oX)aXsP(NeX))/((1=oX8X)038,5)
DO 1 I=1.20
i1 201)30,0 ¢ :
REAU (9¢2) KHNSTeNUGAOHSS+STEPSNEW : . J E
2 FORMAT (8E1D,7.212) :
READ (9¢3) (A(L1)e1SSTEP«SSeSTEP)
3 FORMAY (EL15.7)
SATSt34(1=Nlises ) )2x 4
LAUHSI+RUZ ((28L0)H) *SQT)
KHUCRT=2+LAOH/ (SUT*AO0HSAON)
RHOSRM)STSRHOCK T
XSSWEW
BLE=]
AITCH=SHEF /ZAOM
VHIIE (Fe21) YoPHOINUYJKEE ¢ALITCH
NDX=8,)81i593/7100
10 L) 20 M=]1¢99
x=Meia
X1=CO0S(a)
LU 20 NSSTEP oSS STEP
Y=UriNeX))
DU 20 [=)eSHLW
SINESSIN(L%X)
20 Z(1)S2(L)*A(N)IsYSSINE
DU 350 I=1+SKHEW
A(I)S2(L)42%UX/3.,141593
WRITE (YecH) AC(])
28 FORMAT (ELls,T)
30 CONT INUE
STov
‘ ENC

sl NN el

Sk ds ol o

,,,,,,

 OPY AWNLARLE T0 0 TS LA
PERHIIT F LI.' Ll \.lu:.n.. lu& uuh _




SATELLITE PRUGWAM o= FROM SPHEKE TO tLLIFSOLL,

FUNC I EON P(NeX) |
C  THE weil LEGENURF POLYNONIAL FVALUATEL AT X. 3
p=s)
IF (ReEWel) P=X 4
Ir (NoLTo2) RETIRN ¥
s=1
P=X
LUV LU Is2M
R=S
s=p
10 PS((2¢1=1)¢x3S=¢(I=1)sRK)/1
KETURN
ENU

PRRIRTR

s e
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