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Section I: Introduction

In this paper Eric Reissner ’s equations [a~
for axisyametrical deformations of thin shells of revo—

lution are specialized to the case of deformation of

a thin ellipsoidal shell under uniform normal pressure.

The linked pair of non—linear differential equations

which results is solved approximately by the Bubnov—

Galerkin method, producing the first complete descrip-

tion, including collapse and deep buckling, of an
ellipsoidal shell under pressure.

An ob].ate ellipsoidal shell is studied because

deformation of such a shell is likely to occur axisym—

metrically. Oblate shells under pressure have aroused

the attention of Clark and Reissner [1] , who deter-

mined the range of usefulness for such shells of a

linear approximation to Reissner’s equations, and. of
Danielson [2] , who used special buckling equations

to determine buckling pressures for a wide range of

geometries. The present paper extends these results

through a unified and refinable discussion of all states

of a single shell. The comparable numerical results
are in reasonable agreement with Danielson ’s, and a new

number is determined —— the lower critical pressure ,

1
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the minimum pressure which can sustain the shell in a
buckled shape.

Three technical novelties with possible applicabil-

ity to other problems are worth emphasis. In the Bubnov—
Galerkin method as implemented here, sine series rather
than appropriate eigenfunction series are substituted
for the dependent variables: in effect the vanishing of
some integrals is abandoned in favor of obtaining all

integrals simply. A powerful addition to the method of
continuation, due to Ranch in [6] and useful for

taking curves around corners and, through loops, is illus-.
trated here as well. And Polak ’s stable Newton—secant
algorithm for solving systems of equations [4] is
implemented here and. in Ranch et a]. [6] : tested
FORTRAN programs used. in both works are included in the
appendix.
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Section II: Establishment of Equations

We begin with the equations for axisymmetric defor-
mations of thin shells of revolution developed by Eric

Reissner in ~7] and ~8)

In these equations, (r0,t01z0) are the cylindrical.
coordinates of a generic material point X on the central

surface of an undeformed thin shell of revolution; 
~~ 

is
the angular deviation from the horizontal of the radial
tangent to the central surface at X; ~ is a parameter
upon which r0 and a0 depend, and with respect to which

all derivatives are taken; 
~~ 

+ (z0’)
2 is

the ratio of an infinitesimal length of meridian to an

inf initesimal change in J near x.
(r,O~,z) are the new coordinates of X under defor-

mation (Recall that X is a material point, capable of

motion.) , and 5~ 
is the angular deviation from the

horizontal made by the radial tangent to the deformed
central surface at X. The variables U, w , and are
defined as r - r0, a — a0, and — , respectively.

B is Young’s modulus for the material of the shell ,
the ratio of uniaxial stress to the extension it produces;

~/ is Poisson ’s ratio for this material , the ratio of
transverse contraction to the extension produced by uni...

3
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Figure 1. Cross—section of a piece of

deformed shell in the plane ã .
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axial stress ; h is the thickness of the shell ; and C

4 and D are defined to be Eh and Eh3/(l.2 L 1_3/23 ~
and are vertical and horizontal. components

of the pressure on the shell. -

Finally , consider surface tractions across infinites-

imal surfaces normal to the radial tangent to the central

surface; let these be integrated with respect to length

along a material line through X and perpendicular to the

central surf ace ; let the resultant vector be resolved

into a vertical. component V and a horizontal component B

(Rotational symmetry of shell and deformation are

assumed, and so no other component is present.); then

is defined to be r0H.

With these definitions in mind, we discard all but

the three most important terms of second order or higher

in~6 and from the equations (III) and (IV) of [8]
We also discard one linear term involving 71~ ~€ and

rQ
2pR. We assume B, h , and -s), and hence C and D , to

be constant for the shell , and we multiply through by

This leaves

(1) + 
(~~~~~ 

)
‘
~~‘ —

_ _ _ _ _ _ _ _



• - ~~~~~ 

[~~~sin~~0 - (r0V) cos~~0

- 

~3 
{~~COS tO + (r0V) sin~~0~~~~

( 2 )  ~~ 4~/ ’’  + 
(a)’ ±‘ ‘ -

[r (r ’)
2 

+ ~i (i) ’ ] ~p
- o~0C 

[t~ ~~~~�‘O ~ 2 cos~~o]

+ L ~~~ r~
2 + ~ (

~
—) ] (r

0V )

+ -~/ ~~~~~-. (r~V) ’ — (rO
2p~)’

~~~i)

Our present concern is with an ellipsoidal shell

of revolution whose central surface is given in cylin-

drical coordinates by r0
2 

+ a0
2/b2 

. a2. When
b • 1 the ellipsoid is a sphere , and we desire equations
(1) and (2) to take the form of Rauch ’s [5] (5a) and

(5b).

For simplicity we shall choose our unit of length

6
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axial stress ; h is the thickness of the shell ; and C

and D are defined to be Eh and Eh3/(l2 Ll_312] 
~

and p
~ 
are vertical and. horizontal components

of the pressure on the shell.

Finally, consider surface tractions across infinites-

imal surfaces normal to the radial tangent to the central

surface; let these be integrated with respect to length

along a material line through X and perpendicular to the

central surface; let the resultant vector be resolved

into a vertical component V and a horizontal component B

(Rotational symmetry of shell and deformation are

assumed, and so no other component is present.); then

is defined to be r H.

With these definitions in mind, we discard all but

the three most important terms of second order or higher

infl and ‘±~ from the equations (III) and (IV) of [sJ
We also discard one linear term involving i/ , ~€ and.

rO
2pH. We assume E, h, and. 1/, and hence C and D, to

be constant for the shell, end we multiply through by

rc~/o~’o. This leaves

(1) + (
~ )

‘# ‘  -
[r (r

1

)

2
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V 
so that a - 1 and then choose our unit of force so that
E • 1. Then, with the parameter ~ defined to be

(This parametrization differs from that used in L1] •),
the variables appearing in (1) and (2) are given by

(3) C ~~ • h

l2(l—~P5 12(l—~~)

z,, r(5) tan s - —

sin gr0 
Ii~~cos2~ + sin2~

— COBa0 - 

Ib2cos2c + sin2r

b coa(8) r,~ • -V (~~~08~ç + sin’~ )

(9) a0’ (b2cos2~ + sin2(’ )312

(10) 
~~~ J~r0 )2 

+ (5o
1) 2 

- 
(b~cos~~ +

b:~~~~ )3/~

(11) • .4 sine (b2cos2C + ein2~ )

• sin~~ + 
1 — b 2

7
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(12) (
~

)‘ • cos t + ~ 
1 — b 2 

sin2f cost

(13) ~2_ —

(14) (;~—) - — sin l

(15) •

(16)  (~
‘)‘ •

b2 cot~(17) ~~
— • 

~~~~~~ + sin2
~

2

b2cos2
~’ + ain2

(

r f r ’\ 2 2 20 1 0 1  b cos
~~~ Bifl r (b 2cós2 r + sin2 ç’ )
r0 r0’z0’ b2cos~(20) 

b2coe~4 + sin2~

Under uniform normal pressure , , p11 - —, sin ~
and p.1 • ,c cos • We use the approximations

P11 . ~~~~~~~ and p~~. p 
cos t and obtain

(21) r0
2p11 - 

-

8
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(22) (r0
2p11) ’ -

—~~(3b2sin2
~ cos2

~ + (1 + 2b2)sin~~ cos fl
(b2cos2~ + sin24~ )

2

(23) (r0V) ’ - _r
O oc Op~ - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ )
2

(24) (r0V) -

S b2 
_________

2(1 — b2)(b2coa2ç + ain2~ ) 
— 

2(1 — b2)

—flsin2j
— 

2 ( b 2cos2
~’ + a in2~~)

The peculiar integration constant —1/(2(1 — b2)) was
introduced so that all the variables in (3) — (24)

approach the corresponding variables in Rauch L5]
as b approaches 1.

Substitution of (3) — (24) into (1) and (2) produces

(25) [sin~ + 
l b 2 

3r ] ~~~~‘‘

+ [coe~~ + 3

2

1 

;

:

b
2 

sin2l’ cost] ,~

— I b cos~~
L 5 i (~~

co82
~ 

+ sin2
4~ )

12(1 )p2) ~ b2sin l ~1?- 

h3 [ — 
(b 2cos2

~ +

9

~

V V

~ V
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6b 2sin2f cos t b2cos~ ~~~~~— 

2(b2cos2
~ + sin2~ 

5/2 + 
(b2cos~~ + sin2 C )3#t2

,‘° b~sin
3
~ ,~~— 

2(b2cos2
~ + 5jn2~ )

5/2

(26) ~ + 
1 ..b~ sin3 

~J ~s~~i ’ ’

+ Lc08 c + 
~2 

sin ~ cost

r 2 2~
— 

b cos ~

~~ 
~~ 

(b2cos2 
~ + sin2

~~)

b2sinS ,6’
- h 

Lt
2
~
oa2; + sin2

I ) W2

b2cos~ ~32
— 

2(b2cos2
~’ + sin2 f’ )3f2

+ 
(b 2cos2

~~~+ sin2 fl 2 [_~~b28ifl2~~COS~

+ b2(3 — ~~t/)sin2 T cos3
~

’

+ (1 — + 2b2)sin4
~

If we let b - 1 in equations (25) and (26) ,

divide through by sin ~~ , and make the substitution

• ~~~‘coa~~ sin~~ + ~~~~, we obtain the equations

(5a) and (5b) of [ 5) as desired .

10
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Reissner’s formulas (10) and (12) of ~8\ allow

the determination of the horizontal and vertical

displacements u and w , once~~ , ‘5~, ±‘, ~~~
‘ , 

- 
and (r0V)

are known. In the present case the formulas are

(27) u • 

~ 
(
~ 

~f’ - r0
2
1O ain~~ — ~

)
~~ cos ~

- iJ (røV) sin~)
.( Bin~~(28) W - S L r0h r0

h + ~~~cos ~ + (r0V)sin $

— ~~~ ~j~~
’ - r

~?I1/ 
sin - cc

0sin d~~

The integral for w is normalized so that the south pole

shows no vertical displacement; this integral can be

approximated adequately by the trapezoidal rule.

11
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Section III: Algebraization of the Equations

W~ proceed to find approximations to~~ and

through the Bubnov-Galerkin method: we replace all

the dependent variables and their derivatives by

truncated series , /3 - ~~ B~ sin j~~ ,

in
— ~~ j B 4 cos

i_i U

in

. 
- ~~ ( ...j2) B -  sin j~ ,

— Z~ P s i n j r ,
~1

— iP cos J~~,
j irsi

m
9)’’ - ~~ 

(_.jG) p ~~~j~l ‘I

This leaves us two equations involving only the

parameters h,f, b and it , the independ ent variable ~
and the 2m i~tnIcnown constant s B~ and P3. We eliminate

~ by multiplying each equation by sin i~ and integrat-

ing both sides from 0 to IP • If this is done for i

from 1 to a , we are left wi~~ 2m algebraic squations

involving only the 2m w’cnowns B3 and P31 the

12

~~~~~~~~~~~~~~~~~~~~~~~ :__  ~~~~~~~~~~~~~ ~~~~~~~~
-
~~~~

—--
~~~~~ ~~~

--- -
~~~~ 

-.
~~~~~~~~

— --- - - V —— ~~~~~~~~~~~~~
V

VVV

~~~~~~~



____________________________ -- - - ---‘---~~ - V

parameters , and a number of evaluated integrals. It

is this system of 2m equations , rather than (25) and

(26) , which we attempt to solve.

We write this system as equations (44) and (45)

in terms of the integrals 8k and their combinations

which we define below.

(29) S1(i,j) — \ sin~ sin i~ sin j~ d~Jo

(30) 
~~~~~~ 

• sin3
~ sin i~. sin 31

(‘.Ii~
(31) S3

(i,j) • cos~ sin i~ ~~~ j~
‘~0

(32) S4(i ,j) • 

f
sin2~ cos~ i~ cos j~ d~

r _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _33 8~ i,j - 
sin e (b2cos2

~ + ein2
~~ )

sin iS sin 3~
(34) 86(i ,3) • f ~~~co.

2
~~~+ .in

2
~ )

312

sin ir sin j~ d~

13
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~~~ ~7~~
) - 

Jo (b2cos~~ + 
512 

sin- j~

11’
(36) S8(i,j,k) - 

(b 2cos2
~ )3f2

sin i~~sin j~~sin k~~d{

(37) S~(i,j) (b2c s2~~~+ sin
2
~ )

512

sin i sin j~ d~

(38) S10(i) - 
j

Vr~ 

p 2 2 ic d~
~ 

(b oos S + sin~~~)

2
(39) S11(i) - f s~n~~ ~~ 2 2 ~~~ ~~ d~

~~ (b cos S + sin ~ 
)

(~
I
~~
) 812(j )  - 5: ~~ + sin2’g )2 ~~~

(41) 01(i,j) — ~2 [s1(i3i) + 
1 —

2
b~ S2(i~J)]

+ 3 [s3(i1i) + 3 1 ;b 2 s4(i 1~)]

— [a~5(i,3) +

(42) C2(i ,j ) o C1(i ,j) + 2~SS1(i ,j)

14
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(43) C3(i) - — ~ b~ S10(i) + b2 (3 — ~ ,1) 511(i)

+ (1 — + 2b2) S12(i)

Equations (25) and (26) now give rise to

(44) ‘
~~~~~ C1(i,j) B3 • 

12(1 —
3
1/ 2)b2 

[ 
~ 

~~~~ S7(i)

+ 
& ~ 

— S~(i ,j ) P3 — 

[~~~S9(i ,j)

— 

~~~~~~. 

88(i ,j ,k) Pk] B3

~~~~~ 
C~(i ,3) P • hb2 

[~~
.~~s& ii3 

V

3— ] 3—1

—

~~~~~ ~8~
j
’~ ”~ 

Bk~ 
B
3] 

+ ~~C3(i)

Once the Sk and Ck are known for a particular ~~~
of values of b and iI, equations (4Sf ) express the
in terms of the B1. Thus, solving this system reduces

to finding the in variables Bi. We proceed to develop

an inexpensive way to compute the and 0k•

15
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Section IV: Evaluation of Integrals 
-

Except for 8~, the integrals S are all of the form

5’ (Kernel)(Pr oduct of an odd number of sines) X
X (Product of 0 or more cosines) d S

Any of these may be evaluated with reasonable economy

by a two_steR process: (1) use Simpson’s Rule to
Cu

evaluate (Kernel) sin I~ d~ for a sufficiently
Jo

wide range of values of the integer I; (2) express the

in question as a simple function of the integrals

so evaluated through use of the formula

(46)

sin Il sin 12 • • S~fl In 008 ~l 
c~s . . . COB

- 
~~~~~~~~~~~ 

~~ttrig(I1±i2t. . .t I~2J1tJ2’t. . • ± L ~)

In this formula ~i/2~ is the greatest integer in n/2;

“trig” is “sine” if n is odd, “cosine” if n is even;

the sum is taken over all possible combinations

of pluases and minusses in the argument of trig; and

the sign of trig is the product of the signs of I i, , 121
. . . I~ in its argument.

For example, to evaluate 
~~ 

i, 3 ,k),  first •valuat•

16
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T(I) - 3 sin I~ df~ /(b
2coe2f + ~~~

2ç )3/2 for
0

all integers I from 2 — 2m to 3m + 1. Then S8(i,j,k) —

— T(i+j÷k÷1) + T(i+j+k—1) — T(i+j—k+1) — T(i÷j —k—1)

— T(i—j +k+l) — T(i—j+k—1) + T(i—j—k+1) + T(i_J_k_l)3.
The economy of this process is increased when the

symmetries and anti—symmetries of the kernel functions

and of sin I~ are considered. All of the kernels and

all odd sines are symmetri c about Ii’/2; so for I odd,

Simpson’s Rule need only be applied to half the interval

o toll’ . On the other hand, even sines are anti-

symmetric about 11/2 , so that for I even,

(Kernel) sin I~ d~ 0, and Simpson’s Rule need
~J O
not be invoked. Finally, sin I~ — — sin (—I )~ so that

Simpson’s Rule need. only be used on integrals of the
ri?!t -

form (Kernel) sin I~ d’j where I is a positive‘JO
odd integer.

The process described above fails for S
5
(i,j) •

cos2~ sin ic sin j~ dç /(B1UT (b
2cos2~ + sin2~ )),

since for this integral, formula (1i6) would suggest

an evaluation of integrals of the form
(~ij~ cos I~~ d.~~ /(sin~ (b

ccos~~ + sin~~ )) as a first
‘JO
step. Un.tortunately, some of these integrals do not

converge , e.g. b - 1, I - 1. So the integrals 85
are evaluated, by Simpson’s Rule directly. Time is

17
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saved however when symmetry considerations lead to the
observations ; (1) S5(i,j) — 55(j , i); and (2) when
i + j  is odd , 55(i, j)  - 0. In computing the integrals

use is made of the formula

sin ir 
— ~~ — 1)~~ cos ç + cos (I —

sinç sin ~

ii
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V Section V: Polak’s Method

In this section , i is a vector whose components are
(x11x2, . . . x’), ~ is a vector whose components are
(y1,y2, . . . y~), etc.

Newton’s method for solving a system of in equations

in the unknowns x1, x2, . x~ requires that each

equation be put in the form f~ (~E) - 0. If the guess ~
is near an unknown solution ~~, Taylor ’s Theorem,

truncated to exclude non—linear terms, gives

+ 
_
~~

( (y~ —x1) + . . . + (y
~—x~

) ~ 0

Let this linear system be solved for the correction~
- - 5E, and let ~~

‘ be added to the original guess i~
resulting in a new vector i” . In many cases i’ will

be significantly closer to the true solution ~ than was

~ . If ~~ * is used as a new guess,and if this process

is repeatedly applied, and if the original guess was

sufficiently near the true solution, convergence to the

true solution might possibly occur. When convergence

does occur, it is usually rapid.

Polak [4) uses a secant approximation to the

first derivatives -required by Newton’s method , and

he keeps Newton’s method from violent instability

19
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- . 
by requiring that for any now guess the residual

+ f (~~” )
2 
+ • . • + f~ (~ *)~ be smaller than

- - the corresponding residual for the last guess , ——
else the new guess is not accepted. To keep the method

from coming to a halt in such a case, Polak takes
V advantage of residuals that might as well be computed

• in the course of computing the first derivatives

- 
necessary for Newton’s method: for all the t~,’s must
be computed at (x11x2, . . . Xk, . . . x.~)

- 

+ (O , O, . . . € , . . .O )  Zor each k ,

and it is possible that such a vector might be an

improvement over the guess

Further details and a FORTRAN program for the

implementation of Polak’s method are in the Appendix.

U
ii
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Section VI: Continuation

Our system of equations involves the parameters

b,p, h, ~J , and in , and the variables B~. Suppose

that for a particular assignment of values to the

parameters, a solution for the B
~ 
is known. Then let

us take this solution as our initial guess for a new

problem in which the assignment of values to one of

the parameters, say/a , is only slightly different from

the assignment in the last problem, and otherwise the

assignments are the same. If we do so, and apply Polak’s

method, our chance of finding a solution to the new

problem is good. We say we are perf orming a

continuation of the first type, with f varying.

There is a new and useful continuation of a second

type, in which one of the variables, say B1, switches

roles with one of the parameters, say / ~ . Suppose

again that for a particular assignment of values to

the parameters, a solution for the B~ is known. Then

let a new problem be defined by assigning the same

values to b , h , ii , and in, varying the former solution

for B1 slightly, and then demanding that a set ol’ values
for ,p , B2, B3, . • B~ 

be found to satisfy the

equations .

21
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The second type of continuation has been extremely

useful in several situations. The graphs in Figures

2, 3, L4 have long, nearly horizontal stretches which

would have been exhorbitantly expensive to obtain by

doing a continuation of the first type with ,.O varying.

Moreover, the loops and near—cusps in these graphs

would have been impossible to discover without second—

type continuation. Also , transitions from even (solid—

line) solutions, in which all the odd—numbered B~ are

zero, to odd (dotted—line) solutions, in which some of
the odd—numbered B

~ 
are not zero, were effected by

continuations of the second type, with an odd-numbered

B~ varying. (Odd and even solutions are discussed

further in Section VII.) And , in a related problem ,

when it was found necessary to increase in from a point

near the bottom of the curve, second—type continuation

with a small unimportant B~ varying hardly at all , had

to be combined with first—type continuation with in

varying, because of the sensitivity of the system to

the necessarily integral jumps in in.

First type continuation was useful in an interesting

way in obtaining one of the two starting points used for

the development of the curves in Figures 2, 3, k.
In [5] end [6] attention is focussed on deformations

22
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of thin spherical shells , and variables called A~ play

roles analogous to the roles of the B~ in the present
problem. We shall callthe A1 modes in the present

discussion. It was expected that in some solutions

to equations (A’) and (B’) of [s] , the A~ would

gradually increase as i increased, reaching a maximum

of A~ for some j, then gradually decrease to a minimum

of A~ for some k, then gradually increase again to a

relative maximum at An for some n, etc., with tA J I
considerably larger than IAkt which itself would be

considerably larger than ~~~ , etc. We called

the critical mode in the solution, and remarked that

as the ratio of radius to thickness ~ increased, j would

also increas e, and more modes would be necessary to

establish an acceptable solution.

It was found , further , that (A ’) and (B’) of [s]
could be solved explicitly when the number of modes

was 2. However for large ~~ , attempts to continue,
varying the number of modes from 2 up to and past j ,

met with consistent failure. It seemed that the

explicit 2—mode solutions would be useless for producing
an acceptable solution to a reasonable problem ,

involving large ~ — that is, involving thin shells.

Before abandoning the idea, however, we decided to

23
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try starting with an unphysically small - , for

which the critical mode was A1, and then alternating

first—type continuations, varying ~ for a while ,

then varying the number of modes , then varying ~ 
-

again , never allowing ~ to get so large that it

required a critical mode whose subscript was larger

than the current number of modes. This worked, and

it produced the solution in the first column of Table 1,

which is listed in a form translated into the terms of

the present paper in the second column. A refinement

is listed in the third column.

The solution in the third column of Table 1 was

then first-type continued, varying m, then varying b,

then varying ~P,  then varying b again, to produce a

20—mode starting—point solution for an ellipsoidal

shell 1 unit in radius at the equator, 1 unit tall

from pole to pole, .02 units thick, and at a

pressure of .9E-4 units . This starting—point was

continued to produce the dotted—line curves in Figures

2, 3, 4.

The solid-line curves were all continued from the

trivial solution B~ . 0 for all i to the problems

- 0, b • .5 , - .3, a • 20, 30, or 40.

Th. solid—line end dotted—line curves all have
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common solutions at their highest points. These

solutions are listed in Table 2, and may be continued

to produce both the solid—line and the dotted—line

graphs.

Numbers are listed in the tables in the computer

version of scientific notation: in this notation

.2910E—3 stands for .2910 X 1O~~.

It should be remarked that the close agreement

between columns 2 and 3 of Table 1 is a good verification

of the consistency of the present paper with L63 and of

the correctness of the computer programs used in both

projects.

25
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Table 1. Starting—point solution

Solution to (A’) Translation to Refinement

and (B’) of [5] terms of the

present paper

b — i  b — i

~~-5O h - .02 h - .02
* • .6 

p 
- .291OE—3 a .29lOE—3

A1 • .2004E—3 B1 - .1888E—2 B1 - .l879E—2
A2 - .35l7E—3 - .3693E—2 B2 - .3676E—2

£
3 

a .5194E— 3 B3 - .5731E—2 B3 - .5707E-2
£4 - .7283E—3 B4 - .7496E—2 B4 • .7463E—2

- .9747E—3 B5 - .9716E—2 - B
5 - .9676E—2

A6 - .1280E—2 B6 - .l138E—l B6 - .li33E—3.

A7 • .1628E—2 37 - .1362E—l B
7 - .l357E—1

A8 .2Ol5L 2 
~8 

- .1480E—l B8 .l475E—1

£9 - .2377E—2 B9 - .1651~—1 B9 - .1645E—1

Aio a .2662E—2 - .]632E..l B10 - .1625~~..1

a .2765E—2 B11 • .1655E—1 B11 - .l648E—3.

- .2672E—2 B~~ - .l4lOE—l B~~ - .lLIO4E—l

£13 - .2393E—2 B13 - .1279S—l B13 - •127*E— 1

£14 - .2022E—2 • .8461E—2 B14 . .8424E—2

- .1624E—2 
~l5 

- .7036E—2 B15 - .7008E—2

Residual - Residual • Residual

.7071E—4 .14071—1 .5513E—4
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Table 2. Highest—point solutions, b - .5, h - .02, a

m •20 m a 3 O  m 4 0

- .1LI43E—3 
p 

— .1572E—3 ,
.0 • .1524E—3

B2 - .4389E—l B2 - .4552E—l B2 - .‘I590E—l

B4 .2076E—1 B4 - .3203E—l B4 - .2689E—].

B6 - .l543E-l B6 - .l978E— ]. B6 a .1599E—l

B8 .lOO3E—l B8 a .5293E—2 B8 - .5709E—2

B10 • .2973E—2 B10 - — .LI477E—2 B10 - —.l6l4E—2

B12 a —.2934E—2 B12 - — .6866E—2 B12 - —.4335E—2

B14 - —.5904E—2 B14 - — .3890E—2 B14 - —.3279E—2

B16 a — .6002E—2 B16 a .9848E—3 B16 - —.3955E—3

B18 • —.LI.287E--2 B18 - .5121E—2 B18 a .25871—2

B20 - —.19571—2 B20 - .7345E—2 - B20 a .4699E—2

B22 a .7635Z—2 B22 - .5678~—2
B24 .6551E—2 B24 .5692E—2

B26 - .47771—2 B26 - .5075E—2

B28 • .2870E—2 B28 a .4154E—2

B30 - .ll95E—2 B30 a .3172E—2

B32 • .2275E-2

B~~ a .l528E—2

B~~~- .94511-3

B38 a .51051—3

B40 - .19981—3

Odd—numbered B~ are 0 and are not shown.

27
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Section VII: Interpretation

An even solution to this system of equations is
m

one in which /3 - ~~ B. sin i~ is anti—Lymmetrio
—S i—i 1

about • This state is characterized by a symmetric

alignment of the shell with respect to the equatorial

plane, and. by the vanishing of the odd—numbered B1. 
-

A solution which is not even is called odd. In Figures

2, 3, 4. the odd solutions are indicated by dotted lines,
the even solutions by solid ones.

For physical reasons, any odd solution must have a

matching odd solution in which the deformed shell looks

like the original deformed shell turned upside—down.

This would be effected by a matching solution in which

the even—numbered B1 are the same as in the original

solution, but the odd—numbered B
~ 
are minus what they

were in the original solution. Any odd solution and

its mate produce the same deflection and so are repre-
sented by the same point in Figure 2, 3, or 4.

The graph of the odd solutions may be expected

to have an even solution as one endpoint. it is of

great interest that this even solution happens to be

the highest point of the figure : strings of odd

solutions have been continued up to such points by

31
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continuations of the second type, and have been found

to transform themselves smoothly either into strings

of even solutions, or through a single even solution

into strings of matching odd solutions — depending -

upon whether the particular B
~ 
varying was even- or

odd—numbered. Conversely, a string of even solutions

for the problem in - 20, b - .6, -vI - .3, h - .02 has

been transformed at its highest point into a string of

odd solutions by varying an odd-numbered B1.

Deflection, shown on the horizontal axis in

Figures 2, 3, ~1 , is defined in this paper as the

difference between the lengths of the polar axes of

the undeformed and the deformed shells. Since the poles

cannot pass through each other, deflection cannot be

greater than the length of the undeformed polar axis,

and so our graphs stop at this length. But mathematical

solutions with this unphysical characteristic do exist:

the graphs seem to continue to rise to the right beyond

the realistic cut—off.

We have not attempted an energy analysis of our

solutions. But it seems plausible that under a given

pressure, a shill with a substantially larger deflection

possesses more elastic potential energy than a shell with
a smaller deflection. Under this assumption, the shill

32
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would be expected to follow the leftmost accessible branch

of such a curve as the one in Figure 11 when in an unstable

state. With this tentative principle in mind we offer

an interpretation of Figure 4-.

We begin at the origin of Figure 4, corresponding

to the first meridian of Figure 5. As the pressure is V

raised from 0 to 129, the deflection increases almost

linearly to about 5/100 of an equatorial radius. If

the pressure passes this crisis point, which corresponds

to the near—cusp in Figure 4 and to the second meridian

of Figure 5, the leftmost available solution will be

on the left side of the breaking—wave—like piece of

graph near the top of the figure. If now the pressure

continues to increase past 152, which corresponds to

the highest point in Figure 4 and to the third meridian

of Figure 5, the leftmost available solution will be on

the dotted—line graph far to the right of what has been

drawn, and the shell will collapse.

On the other hand, it the pressure passes the crisis

point and then is reduced slowly, the shell might find.

itself on the near—vertical solid—line below the breaking

wave. By the time the pressure had decreased past 80,

the shell’s poles would be approaching each other visibly,

and would approach each other very dramatically as the

33
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pressure dropped from 40 to 25: the deflection would

increase from 14/100 to 48/100 in that range. If the

pressure then dropped below 25, the only available

solution would be on the part of the graph near the

origin -— in effect, the shell would snap out from
the shape indicated by the fourth meridian in Figure 5

to a shape close to the undetormed shape of the first

meridian.

If instability is a feature of the solutions on

the section of solid—line graph we have just been

discussing, then at any disturbance the shell might

leave that solid—line graph, with its symmetric north—

south indentations, and seek the lower—potential

further—left dotted—line graph with its one—pole

indentation. Suppose that so: then as the pressure

is reduced from 40 to 25, the deflection would increase

from 8/100 to 26/100 before snapping out from the shape

shown in the fifth meridian of Figure 5.
it is remarkable that the bottom halves of the

fourth and fifth meridians of Figure 5 match so well,

and that in Figure 4 the even graph from (14,40)

rightwards is a half—speed imitation of the odd graph

from (8,40) rightwarda• (A similar comment holds for

Figures 2 and 3 as well, and for graphs obtained in

35

V ~~~~~~~~~~~~~~~~~~ - - A



~ ‘1~~- - - - — -

Rauch et al [6] for spherical shells.) It is remark-

able also that the snap—out pressures on the odd and

even graphs in Figure 4- agree to three places: it seems

reasonable to take either number, as listed in Table 3,
to be our approximation to the lower critical pressure,

the least pressure which can maintain a buckled shape

— 
of the shell.

Danielson’s buckling pressure for the oblate

ellipsoidal shell of our work is .137E—3 as indicated

in Figure 10 of [2] . This corresponds well to our
cri sis pressure , .1297E—3.

Our collapse pressure and our lower critical

pressure are 118% and 19% respectively of our crisis

pressure. The first onset of substantial non—convexity

occurs as the pressure decreases (after ha~iing passed

the crisis pressure) in the range 71% — 67% of the

crisis pressure.

The programs which performed the work of this

paper were run on an IBM 370/168 at the City University

of New York’s University Computer Center. The even

a - 40 graph was obtained using lOOK and 50 minutes;

the odd a - 40 graph required 340K aM 170 minute..

It further work shows that the most important pres sures—— the crisis pressure, the collapse pressure, and

36

~~~~~~~~



____________ 
V V~ 

V ______

Table 3. Important Pressures: -

b - .5, h - .02, -v” — .3

m a 2 O  m - 3 0  m -4O

Crisis .1302E—3 •l300E—3 .1297E—3

Collapse .1443E—3 .1572E— 3 .1524E—3

Outward—snap (even) .2576E-4 .2485E-4 .2488E-4

Outward-snap (odd) .2470E—4 .24-78E—4 .2481E-k

These pressures are given in the units of the paper.

To convert to real units, multiply by Young’s modulus

for the material in question. For example, if a shell

fitting the description b - .5, h - .02 is made of

a material for which ~) - .3 and. E - 30,000,000 pounds

per square inch, then such a shell would collapse at

a pressure near 4572 pounds per square inch, and would

be incapable of sustaining a buckled shape at pressures

below 744 pounds per square inch.
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snap—out pressure — all continue to be obtainable
from the even graphs alone, then future work on the

question of deformation of ellipsoidal shells may
concentrate on developing only these much more economical
graphs. Future work should also attempt to include

more of the terms of E. Reissner’s differential

equations. 
V
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Appendix: FORTRAN Programs

This appendix serves primarily as a place of deposit

for the FORTRAN programs which developed the data used

in the present paper and in Rauch et al [6~ . These

programs fall into two classes: major programs which

utilize a particular subprogram SECANT to solve systems

of equations; and satellite programs which compute

necessary tables of integrals, or which produce tables

of points describing deformed shells, or which translate

solutions from [6] to solutions to the same problem

as defined in this paper.

The second purpose of this appendix is to describe

and illustrate SECANT. This description is especially

non—rigorous and should be understood as a bag of tricks

rather than as scientific fact.

SECANT was modelled on Polak [41 by Ranch, imple-

mented by Man , and modified again by the present author

in Rauch et al t.63 . It is designed to be used with

V 
a subprogram GAUSS, modelled on the IBM SSP program SIMQ

~33 , which solves systems of ~~~~ equations, and with

a subprogram RESIDU which calculates the goodness of a

guessed solution to a system of equations by substituting

the guess into the system, and taking the square root
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of the sum of the squares of the differences between

the left and right sides of each equation in the system.

If this square root RESID were ever zero, the guess

would be a genuine solution to the system. In practice,

it is usually sufficient for RESID to be less than an

agreed—upon small number.

The subprograms SECANT, GAUSS, and RESIDU

communicate through a block of COMMON data and. through

argument lists. In the programs below the author has

restricted the common data to items of REAL type and

the argument lists to items of INTEGER type . Except

for variations in the COVJ~ON block and in the argument

lists, and in SECANT’s DIMENSION statement, SECANT

and GAUSS are immutable from application to application ,
end are listed below only once. RESIDU, on the other
hand, must be redesigned for each application to

produce the differences between the two sides of each

equation (stored in one column of a two—column matrix

E) and to produce the residual RESID.

SECANT starts off with a central guessed solution
and tries to improve that gu.ss in two ways. First it

takes additional guesses by modifying each coordinate
of the original guess, one at a time, by a fixed amount
EPSILO. If any of these n w  guesses produce s a smaller
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residual, that new guess becomes the center for further

guessing , and we say we have a local variation improve—

inant. At the same time that it is taking these guesses,

however, SECANT is building up, throug h the matrix E,

a table HBAR of approximate first partial derivatives

for use in creating a better—aimed guess of a Newton—

method type. After an initial period of relying upon

local variation alone (while the table of approximate

partials is being developed), SECANT alternates a
local—variation guess with a Newton guess, and does

not accept a local—variation improvement unless the

Newton guess of the same iteration iaila to produce

an improvement.

We note that each time an improvement is adopted.,

the central guess is changed and the tab le of approx-

imate partials for the next Newton guess will have

most of its columns thrown slightly out of alignment.

This potential difficulty, however, is usually no
difficulty at all, and indeed, once the Newton guessing

starts producing improvements, it usuall y continues

producing improvement, rapidly until the central guess
is so good that the old EPSILO is too large to produce

meaningful partials anymor e.

The key to efficient use of SECANT i. an efficient
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subprogram RESIDU. In applications of any complexity,

machine time is spent chiefly in calculation of residu-

als and data for partials. In the real programs which

follow the program illustrating the use of SECANT,

every non—obscuring device available to the author

to save time in RESIDU has been utilized.

It is also vital that RESIDU not be called unneces-

sarily. That is the reason why no Newton guesses are

tried until the table of approximate partials has been

filled with reasonable dat a, and. why the Newton guess

is only tried once and not repeatedly cut down and.

re—tried as Polak suggests. That is also the reason

why DTEST, which helps control the size of EPSILO, is

kept large, and why ZTEST, which tests the size of the

residual , is kept flexible, so that guesses which are
good enough shall be accepted as solutions promptly,

and the machine shall not waste its time in negligible

and expensive improvements .

The real programs which use SECANT have built into

their main programs and their RESIDU subprograms the

ability to handle continuations of both types described

in Section VI above; this feature has proved economical.

A feature that has proved wasteful has been the
ability to handl. both odd and even computati ons (as

42
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defined in Section VII above). Storage requirements

for the tables necessary for odd computation are

extravagant when even computation is planned; and

features in RESIDU that save time for odd computation

can waste time for even.

We proceed to the example used in the illustrative

program. it is proposed to solve the system

x2 — pxy+3y2 — 2xz - 30

w— 2xz+pwy z2 - —20

pwx—3 z + zy2 — x 5 -19

3w2 — 2xw+7z3 -96

In this system, p is a parameter whose initial value

is 2.

This system was created artificially around the

solution w - k , x - 1, y - —3, z ~~2 , but we start off

in the main program with an initial guess of 0, 1, 0,

.5 . (In the main program , M is the number of equations

and variables , ZPERN is a vector that holds the guess ,
and PARAM is p.) What happens during the run is illus-
trative of the strengths and weaknesses of the procedure.

SECANT fails to solve this initial problem, stopping

43
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after 172 calls to RESIDU at w - 4.30, x - 1.27, 
-

y - .‘.1.13, z - 1.93, which is associated with the large

residual 33.24 . SECANT then passes control back to

the main program which does a type one continuation

on the parameter PARAN. For PARAM - 2.01, and with
w , x, y, and a starting at 4.30, 1.27, —1.13, and 1.93,
SECANT succeeds in 51 calls to RESIDU in obtaining the

solution w — 3.93, x - 1.11 , y — —2.98, a - 2.03, which

is associated with the small residual .0000890 • The
continuation now proceeds to find equally good solutions

in equally few calls to RESIDU , for as many new values

of PARAM as tine permits.
When the solution PABAM — 2.01, w — 3.93, x - 1.11,

y — —2.98, a • 2.03 is inserted as the new starting
point in a later run , and the continuation is directed
backwards , the following solution i. obtained for

PARAN - 2.00 — w • 3.96, x - 1.10 , y - —2.98, a - 2.02,
residual • .0000458 • We are surprised to find this
distinct bona fide solution in such close proximity to

theknownsolutionw 4,x .1,y —5, z 2  — — t he

solution we bad hoped to find. It may be that some

combination of continuations of first M second type

can tak. us from the solution we have to the one we
wished to obtain. But it must be remarked that in a

44
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less artificial situation we might have no idea that

another solution was nearby.

- 

45

-1 



r~~~~~~~u U ~~~~ -
_
~~~~~~~~~~~~~~~~~~~~

_

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 
-V —-—---V---—,-- 

—

~~~

-- - 

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ ~~~~~~~
----—

~
-— - V -- - --

ILLU~~T i ( M T 1 v F .  Pt-~u(~I~A M —— USL OF THE. SOrIHO U )LNL SE CANt .

C iIA1N Ht l I L ~’it.
C TH IS 4OUT 1h ~E ~~.L~flS iN THE. i N i T I A L  D A TA, CA LLS SECANT ,
C A~~i) M A~~1S D E C I S I O N S  A H O U T  W HETHIH AN D HOW TO CONTiNUE
C UCJCE. SL1~tr IT sucLI:Lns ow ful L S iN ITS WO N~~.CUII.ION LT L (1 u) ,Z PL t~ j ( 1 f l) , I ) E t I A, H L S I C,

C 1(2 ,tU ) ,FF I1C ,11) ,f lT FS I , ITF .ST , I~A r t A M
C i i- THE r)i~~LNSION OF ZI~F~~ri is (f ~), THEN THE. DIMENSIONS
C UI- j fL i i j 1 . 1, ~~~~ i(I FF AW L UI). (2 .11), ANO (11.11+1)
C p

~f L S I C I L V E L y.
C

— C IhJPOT DATA H1~~t..
= 44

~~~~~~ (1) :U

~ A N A Il 2
C CWI PUTE DR PEAt ) Ti ’~ SPEC IAL  C O N S T A N T S  HEWL
C (IHI S PN O~IL~~1 ~4L ()UTHES NO SPECIAL CONSTANTS.)
C THE ~1AI t~ LOOP 13Lr ,INS FWR E

1
UTESr:.6F—fl’4
LLL IA :t

H DC) is
15 IF (t)~~L TA .L1 .F~1~S (ZPEKM (I))) OEL TA ~ AE~S( ZPE RM U))

CALL S~~t.M”T(M)
C ALL l ( [ P0 4 ( T ( M )

C A PANu M F 1 E H  iS ~ A W TE.D AN1~ THE PPOGHAM iS CYCLED BACK .
PA NA~~=pAkAII+ .fl1
iF ( P A A~~. L T . ( ~~ .1) )  GO TO 1
STO P

I

~~~ 4~~
•
~~ 

.
~ ~~. IV ~~~¶ -
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JLL USTNs~ 1 L V ~ I1Nffl,I( A~~
l — — IJSF . OF THE SUI3NUC r INE SECANT •

S O U H O C  t ir~E. SL CA N T ( I i)
C THIS kOU1fl~L ‘\TTF~’~~1S T O SOLVI THE SYS1F~~ Of L(~LJAT IONS.

COl~M(~’~ ~ Tt~1 p ( 1 O ) , ?FLI 1( 1 u) , I ) E L T A , R ~~SI,VJ,
C L (d.1u) .FF (1o,11), [)risT,zTEsT,PARArT

H EA L NO
D I N E ~~S i U N  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

) ,
~~T E S 1 ( i O )

t T HE. uj -~Li-~S 1U;~-S oc n~~~&A ,  E U  ~- P ,  AND DEL A PF A L W A Y S  THE
C S;\ i~~L A:~ LH~~T 0i ZPEP~-1 . THE DIMENSION OF U IS TWICE
C 1Hi~r UI- LPL~~’, A~~u T~iA T  OF HHAR IS T H A I  OF ~ PLRM
C S(~U A ~~Eu. IRE r,IMLNSION OF RIEST IS A L W A Y S  10.
C
C ~ E A N Ii-~GS O~ V i~r~I~~Hi ~ S.
C Z P L N M  IS 11sF. V F C T O I~ C O N TA I N I N G  THE BEST GUESS SO FAR
U FU~ IRE S O L U T i O N  OF T H E. [‘~U A T L O \ ~S. IT  Is
C A -S S O C I f t T F  u W I ri-s THE HES IDUAL HPLRP-’~.
C ZT Er~P IS THE CIIRRE.N1 GtJ E.SVS VEC IOW . ITS RE SIDUAL IS
C
C O i LGA IS ‘~ 

vr~~TO R W HICH CONTAINS  A BE TT E R GuESS THAN
C VE IL C’ IRN F NT / F E H f l .  THiS VECTOR CAN ONLY HE FOUND
C A LOCAL ~ A~~1A Tj o N .  OMF~~A IS NOT A U T O M A T ICA L L Y
C Skih SE IT U T E H  FOR ~~ F sil~. SUCH U SUNSTITUTION ONLY
C O C C U ~C S IF i EW I O N ’ ~ i~1THO() 1)OES NOT ALS O PROO UCE
C I~ gE’ I~ov E r~FI” T IN T II~V SA~~L IT IRA T ION . THE RESIDUAL
C ~ SSOC T A E E U  W I T H  Os~LbA IS RRTEMP .

C L ~M F. EtMP CCJ”ITI5 1~ V,ILUF S OF TIlE LEF T— P-fnNO— SIV E S
C (H- 11-IF 1 1- 0 0A T IO N S  TO BE SOLV ED. L ( 1 . J)  IS
C AS SOC IAT Fu wI IH ?PLR~~, L (2.J) W ITH 7TLMP, AND
C E.11r P ~ITH OMEGA .
C ULL ,OVU H~U~k C O N T A I N  F I R S T  DIFFERLl~CLS FOR USE IN
I NIW1ON ’ S  11100.
L.
C
C FIRSI 15W PANAf1 ET I~MS OF THE C0~~HIEJF D L O C A L — V A R I AT I O N
C — A N ’ J — t ’ i E w  IO N— MET HOt )  itHF IN1T IA L I /EU . SOFIE OF TH IS
C 1~~ITIuL1/Ar1r ~s - - IS (JO~-JL NY IDE MAIN PROGRA M A L R EA DY .
C THE pi~i ‘-I E T F U ~ SO HNEPARE.fl A PE DELTA.  ZT EST
C A~ iD OT I S !

~ 0(JN T:l!
p~R IT [. (h , 19)  ITEI TA ,pcOUNT

iq FUH~1AT (7X, ’ITPLIA IS NOW ‘,E1 0.3.6X.15)
00 21 1:1.10

21 HTF ST ( 1 =1 .UEAU
NO: 1 u (10000
I’SIJ~~~O
j:ii -~~~ ~- - - - — -- - ,‘

II- LAG :U ~~~~~ ~! -.

‘4.7 
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— ILLCSTR A I I V L  PNOhHg~ —- (‘SE (iF THt. SUt)MOLIINt. S ECANT .

DO 2u I:i,M
I)(I)~~3

~~~O ( ) ( ~ ,+~~) — ~ -
C wI HLGIIv HV LSTI II%LISHING DA T A  FOR THE FIRST GUFSS.

100 00 1]’1 1~~1,1
110 / T [ 1 ’ W ( L ) : L P E R R ( 1)

CALL NES1Dl J I1,I’~)
!~O U ,4 T = 4 cOI .II~T+ i

W H I T E  (~~,1’~U4) PPFRM .~(oUN J
IF (Re- ~ER~~.LI .i1EST ) ;o TO i~~uo

C THE . 1TI I4AT IO (~I U(r,1 r¼i 5 H IRE . FI R ST CONE S A N ATT EMP T TO
C D ,PPOVE THE CU 4HENI GUESS BY V A R I A T I O N  OF A SINGLE
C VA ,~ IAr4Lj . IF T r-’IS SsJCCILL:S, THE IMPHCV LMENI IS
C S 1OHEO 1LMPORAnII. Y IN OM EGA AND ITS A SSOCIAT ES.
C MI IHE Su’lL T I’~F.. U A T A  IS t4EHvb GATHE REL) fOR THF
C t3(NEFIT QP NEWTON’S METHOD.

200 II- (J.EU .2’M) ~J O

~ U() F.PS lLiJ:AI ’ P11 (flh1 1 A .NI5 )
‘400 J,~J=J— (LI—1)/”)*~l

1’0 ‘+0’~ 1:1,5-1
‘40 5 ~ t s I- ( I) : ,~PtU~~( T )

- 
- 

/1E~ f~~~~):?DLR~~IJ J)+1PSILO *fl(J )
CALL RF ST O I i (2.~~)
KC UN T :i~.OU fvT+ 1
R1Ls dp~~~ESIr)
IF ( I4TEMP.GL.7IEST ) r,o T(~ 500
Z Pu~~~~~~n=2 T e : M p ( h J )
UI’EHE’ P U lIP
GO TO 1’4OU

‘~OC I)IJ 530 1:1.~i
DEL( I)= R : ’,n — r( I .l) ) , I psJ LO

‘10 h $MH I I ..JUF JEL ( T )* ( .i( J)

~ 0O IF (RIEIIf’.C,E.RPEHM) GO TO ~ 9O
IFLA G= i

e2U 1)0 630 1 1.11

€~3(i OP~tG A( I )=lTf: ie l ~
I (S4JI M P ê4TLMP

o90 IF IMOU ~~f.Lt .14 60 TO 1200
C NOW NEW TON ’S METS-SOP IS GIV EN A CHAN CE TO THY 10 IMPROVE
C THE 6UE~~s. I F IT SUCCEEDS. iTS SUCCESS is GiVEN

‘ 
C P~ ECFOLNcf . EVL~’ ovrw ~ i~~i~iin~ su c~~ ss or THE ML ThOO
C OF LOCAi V A R T A r I O N , if IT FA ILS. THE LOCAL —VAR IATION

- 
- 

C i -~F’HcvE.MI :Nr STOWE D IFI OME (,A —— IF THERE WAS 1NDFEO
C A L O CAL —V AR IAT IO N IIIPROVE ;n:NT —— Is ACOPTLO. ILSE
C I-JO CHAN GE lAKE s PLACE ZN £PERM . IN ANY OF THESE

48 ~~~
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C TH RIL Li~sLS, Iti t. 1 I LK A IIOr ~ t-~L6iNS AGAIN AT LINE. 200,
7 0 ( 5  IT t )  / j I  1:1 ~~~~

( :5)  7A~ k1 = i , N
71(J FF (I,(I)~~hs~A N (I .1I )

Dl) 7?0 I~~i , 1
720 EF ( 1  .,~~1 ):f (1.1

CALL (.A(,SS(c5,KS)
I F  ~~~~~~~~~ 5 ~o 10 119R

~I0 l, Ut) 910 1~~1,i1
.10 ~ T!- Ns-- I )

~~~PEf ~M( 7 ) FF( I,M +1
C A L L  S J U J ( ~~ ,s ~1)

~c0uNT:S~O(r,T +1

IF  (HrF . P.Gr.zflsT) GE) TO 1000
IsO 9~~(i 1:1.51

‘~20 iPEI (1)~~~ TL~~P (I)
PPE.RH=i- EL 1-IN
GO I s)  1’IOU

1000 iF (RTI,iP.r.r.RPIHM ) GO TO 1200
if L A G U
GO 1U1 (i 1:2 ,il
/.)f (5 51 ) :~~ EL’iP S T

1f l1U E ( 1 , I ) : I ..(~~ , I )
I E . R ~ :P EL.IP
Wr (Ilt (b,1’403) RI-’EkM ,KOIJIVT

LIO IO~~U i~~1 ,r i
1020 ~U~~’JU+FF (1,II +1 **2

— NU:NU*~~.~
oO 10 2f’o

1i91-~ KS(J i~~~SU5’+j
-~‘-1E L  (6.11~”~) s<SUd
IF (~cSo’s .LO .

M ) c~U TO 14(10
1199 S- UH r~A I  I /X , L,1Uj~~S HA ILE r ) 001’ .~~~~~‘ IS)- j 1~~0u If- LJ.LI .~?* M) Go TO 1300

UELTA :1)LLTA/2
j~: ( L~E L I A . LT . r )T FST )  GO TO 1’+U0
w H I l E .  (o , 19 )  ()E.t V T A e 5(0Ut~lT

1 V S O O  iF ( IF [ . A G .f .~S . f l )  GO (0  200
LAG:I

DO L~~10 1 t,II
E( 1 .( ) : 1T I i~s P ( T )

I!10 zs- ’F :H1 11( I) : , )MEGAI T )
RPF ~~~:RH1 EM)’
W s 1 1 1  ( 6 , 14 0 2)  s4PEKII,KOUNT
1)0 153(i 1:1,9 

• V~~~~ ~~~~~~~~~~~~

15.30 R 1 E S T ( 1 L_ I ) = N T L S T U O _ L )  
~~~~RTEST (1 ):NPL 5M ‘ -~~~ : •

- 
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ILLU-SIH/sTIVt . Pth)GRAM -— tiSk OF THE SUI ROUTINL SECANT.

IF (H1t ~~1 I1 )/ R TFSTU0 ) .Lt,( .99)) GO TO 200
C THERE A W L SE V F H A L  5~A V S F OR I l-u S SU~’KoUTTN[ TO 1FI4MI NA TE .
C i~ SUCCL SSF ’ JL TEs ~M I W A t i O N  OCCUR S IF RP E Iffi GETS SMALLER
C TIHi N ZTISI . UN SUCCLS SFIJL TkK M IN AT IO I ’1S OCCUR W I4LN DEL IA
C GETS TO O SMALL. OW WH EN TIN LOCAL VA RIATIONS IN A HOW
C N~ uDUCE LESS T~~A N A 1 I’ER CENT CHANGE JN TH E R(STOUAL ,
C ON WHFi~ r,AU S S I A ~i REUIiCI1OW FAILS TO NRCL)UCL A rESI
C VECIOP FOR Nlj.’ToN’S METHOD FOR THE M—TH TIME.
14 0’) W .(jTE Io,140’4 ) RNLkM,~~~U5JT
l’+02 FORl IAT (.-X ,Lj’4 .7.F.X ,I5,6%, ’LQCAL V A R iATION’ )
14(5 3 FOH.’S A I  ( s-, ’. ,L14.7.6X ,  I5 .6)~. ‘NEWlON’ )
140’e F O H A A T  (bX.L14,7 .~.X , IT h )  -

HF. I U R N
E N D

I

- ~~ r

•r .~ r T!~ 
‘

‘~
-
~ )~4 a- ’-’ 

~~~

- - - 
~~

- - —, 
-

7
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ILLtJS1I (A l I ~# E PRu(,,(AI —— liSt. OF THE. S UI4MOtJ T INL SECA NT ,

SUNR O U1 Ii~L (~M IJSS (l--I, l~S)c rHIs I~OLIT INE SO LV 1~S Sy51LI.,S OS- L I N EA R I C1UA TION S .
Coi’~I’.OM / I LP-1N( iU) .?PLH l I( 1U) ,UELTA ,KLSI I),

C 1 . ( 2 . l t t ) , F F S l s I . 1 1 ) , I J T F S T . / T E S 1 . P A R A M
C GAU SS-IA)~ HkIlU C IIOpj , W ITH PIVOTIN G.

1” lI = ,1 + 3
RS:U
1UL . I . E — I  S

C F O l iWAt ~U S’)L IJT ION. wORIc O~j THE J— I H  COL U MN- ,
(JO 6~ i:i.M
Jj:~J +j

C F1 NU THF ROw W HOSr J— TH COEFFICIENT IS LARGE ST .
DO .3u f:J.I~
IF IA )1 .S(k &C ,M )— A~~S 1FF( I.J )5 ) 20 .~3 0 . 5 0

20 PIGA :F1( I .J )
IS IM * 1

30 CONTINUE
C IF THE (‘ I’ ,GLST J—T H COEFFIC IENT IS TOO SP .ALL .
C T)St.r\ GIVI Ui’,

IF (A14S (i~I6A )— l~~L
) 35,35.40

~~~ 
p
~S:1
HE TIJi4 N

C MOVE Il-it. sft )-~ W ill-s THE SUGG Sr J~ TH CO IFFI C IENT TO THE
C ,j—Tr-’ POSiTIO N . REPLACE. IT flY THE FOR MER ~I—1H ROW .

‘4 U S~’ 0 ‘+5 
p~ ] •

SA VE.~~F F ( . J .i ( )
FFhJ,i4 ):~~F (Irc AX .Ic)

45 FF(IMA~~.E~I=SAVI
C olVIOL THE J- TH k~~W by ITS L EA DING COEFFICiENT .

taO SO s~~1 .MM
5u F F S J , K  ) FplJ,)( )/HIGA

C ILUIIIuSATE. PIE J—T$4 V A RIABLE FR OM TIlE REMAiNING EQUATIONS
IF (,J,tt~,,1) 60 TO 65
00 ~ 0 1~~~ J.~s
00 60 K JJ.MM

60 FF 1 L .~~~~FF l1 ,K~~ fF I I.J *FF (J .K)
65 CONTINUE

C HALKWA1 -45J SOLUTIO N , COMPu TE THE N—IH VALUE INTO FFIN.M+1)
00 10 J 2.M
J.J M4 1~~ 1 -

1
~
JJJ:J-1
(50 70 I~~~.J,J.JI l~~1~— i

70 FS-- (JJ.rM )=FF(J ,J ,MM).FF (J,J.I1).FF l II.PIN )
RETU RN
EM)

- 
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i t  LU S h~h1 lvi PROhRM~ — — USE 01 Il-iL SU S SRO LT 1N E SICAN1

SUt$HO UEII ~tL RLS1I)U (N1th1 ,1’i)
C I ~s1 S NOC I J  i~~E S’RF P ARES A HF 53 DUA L AW LS I HF A RR AY £ S-OR
C THE. SU,4HUIII jF% I. SF CANT.

CO-IMO)~ ~~11~1P( IU) .?P(R l1( 1O) , 1~ELT~~,RF.SI0.
C t (2 , 3U ) ,~~F4IO,11) ,0TEST ,/IEST ,PAHAM

W : j  T€~~P (1)
)~:LTE.l P 12)
Y iTt. P (~ I
d i  1U~~l~ (‘4 )

[ ( NA ,L) : t 2 — pA i T I ~ - 1 sX . Y + 3 s Y * t 2 — 2 SX * 7 — 3 U

F. (C4~WFT •
I ( I -j AML .4) :~~*t .* *7 .2 *X *W 4 7 * 1* * 3~~9~

RES L:HFS1U** • S
HE TOW N
END

: 1 
~~- 

-
~~

‘11 ~~‘~~~~

14

~ • 
- - 
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—

~~~~ 
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ILLUSTHAUII E PICOGRAM —- USE . CF THE. SUFSHO U TLNL SLCAPJT .

SOURC UT IWL Ht l’0I~I (M)
C T~iIS HOUT I ’JI WR1Tt.S SIP 

~~~ 00 (PUT.
COTIiICPv ZT IM ) ’ ( 1 f J ) ,7 P( RM ( j f l ) . 5JELTA , HLSj D ,

C L(2.1u ) .FF (1s,.1i),LSrI ST ,7T~~s~~,p~~f (Api
W H ITE lo. 1fl ) I’ARAM

is) FORs- ~A T (/ / .10 x . ’ F-AMA M ‘,E1’e.7 )
00 20 1:1,4

20 ~HiIl: 1o •~~2 ) T,,f’I )4s’IIU
21 FOu~iIAT (j X.j?,3x,L14,7)

(p R I T E  (o,€ ’)
22 F0I~r1AT S// ,1X )

RET UR i~
ENti
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ri~ ju,~ Pr~ObN~~ —— CUt ’ UuiC j~Lj Igt, OF AN  LLLIP SOIUA L SHILL.

C (lA IN ROUTI N E.
CUM;IO N UE LTA .0 IL ,bLLSu~.A IT C H ,f f lO .GNS g ,ZTF SI , I ) I LST ,

C Cl (’0•4O)•C 2(’4U”40).U.i(l4(U.SF~(10,’4tl ),S74I4U)e
C SsS (4O,’l t’.’+u) .q9(’4u ,4U) .~~(2,4~~).FF (‘40,41),
C ~~1(rP ’4 0 ) , j P f 1 4 I, ) , p (4 o , , t 3 ( 4 o ) . Rp L I 4 , , l ~(s Io

C READ i~ IJAIA .
REitO (5.27) ~~~,CKLIiIN

- 
IuTA:~~X
HEA LS (5 .2 7 )  X

27 F0W~i A T  (L i 4 ,1, 6 i X )

REA D (5.2/) 14H0,GNU,p((,ALTCH
f lLSl:.751—U’4

:)LL TA : • t)O~j1
.JFLAG=u
ST A WI :Ls L LTA
HEAD (5.28) (f’IT),i:1.I—!)

- - 2t~ f UrC ”iAl ( ‘ 4 ( t X . F L ’ 4 . 7 ) )
• I BF (SU:PLI .-*2

C A LL •4 E.AliINIa ~’)
C MAII~I LOOP STAR IS l’rI*

2 05) 40 I:1,M
‘40 LF4 KP(L) :~~~I

IF IIOTH .LT.1) 60 10 ‘41
Tts,l~UW :t~IIu

ZPLMr( LUIA ) :1E5 .PO H
41 CALL SI .CAW T (I’i ,IOTA )

IF l L r)IA .LT.1) GO IC) 42
T L MI’O M = WHO
RHO:~ pLu-(r4 1 701 A )
ZPkHt~ IU) M) TF,~POP

‘42 IF (4PEUP .t) . ,~,l-.—U 2)) STOP
CALl.. GS4APH (,1,.JFLAG .IQTA)

~T EsI=ArA * 1. ( ,“*Wl ’E14r,. 75(—U4 )
OILT A :SIt’k1
uO 7.3 1:1.1

75 IF (M1 154l - (fl ),L ,,l,1F_ 30 )) )411):U
C A I’ARA ~ CTE R IS VA R IED AND THE PROGRAM IS CYCLED 8ACK .

iF (I OTM ,LT ,1) (30 TO 23~237 (4(1oIA ) H4101A )+CPLM(N
G(1 T0 2 -

23)4 HHO HHU+CREMF.N
GO T0~~
END 

~ py ~~~ 
~i;r 1~ ~~~~~~~~~

~~ L ’ --
- - ~~~~~~ ~ S
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MM~JOI( i’W( Jb.(Mr,  -- ~UL) I-SUCWL1NG OF AN ILL IPSOILiAL SHELL.

SU IIRoU I I~-L HE A U I NI lvi)
f0M11(JJ’ t)[LTA,HEF.HL (.S(j,AIICH.14140,GWUJ./IF.ST,UT(ST,

C C1 (qll.4,I) .C7 (SiO. ’3O).C3 (qtl) ,S .,14U ,U fl) ,S7 (40),
C Stl ( -4 s J . 4 U . ’4 U) .5 9 1’4 U . 4 I ) ) . E .(2 .L8 O ) . F F ( ’-40 ,4 1).
C t l e 8 P 1 e U ) . iP S - RM (’40),P(40),H(’4O),HPLRM ,H(S1t)

c THIS R00lI’~L HEAD S ZN T~~c IN IEGHAL S.
C T IlE. LuOP LIMITS AWL SPE CIAL TO THE CASE
C rs=’e O IN THE PPOGWAr “Ir~T€.GHALS” W H ICH
C PKD1~UC E~ THE VALU E S BE IN G HEAD IN HERE.

DO 200 I 1 , ’40

~ O0 REA L ) (d.2U1) T ,C3(I) ,S7 (I)
201 FJHlv ,AT (12.El’4 ,7.E14.7.50X)

00 210 i 1.’+O
00 210 J=i.’+O

210 HEAD ( .202)  T,.J .C1( I.J),L2(I.J) .S6(I.u).S9 (I.J)
202 FORMAl 112.12.E14.7.Ei4.7.F14.7.E1’+.7.20X)

00 220 N 1.2b70
HEAD (-~ .2u3 Ii .J1,W1 ,vl .12,J2.K2 .V2 .13 .J3 .K3 .V3 .

C I’4.J4.K’4.V’4
215 SA (l t .jL , I,l):vi

S&% ( 11 ,4< 1 .Ji )ZV1
S ‘~ Lii • I .i , P’ 1 ) =~~l I
S8(J1 ,$L.I1 ) :~i 3
S~~(K1 .Il..il):V1
5c30(I .JA,I1):V ~

2 16
Si.~( 1.’,u~2,J 2 ) :~I2
S8(J2. 12 ,Ke’):V2
SA(J2.4<2. 1#~) V 2
S k ( ’ ~?, 12.J2) V2
SA ( K 2 .j 2 , i 2 ) V2

217 58 ( I3 ,J3 ,s31=V3
SblIS.’(5,J3)V 5

3. 13. uc 4 ) =v3
I

S1~(P(3,I-3 .,J4):V3
S1,(K 3.J3, i3 =v:~

21b S6II4.J4 ,Ic’4):~,4Sl~( L ’ 4 . 4 < 4 .J ’4) :V4
S I J’4 . (‘4 • P4 ) VSe

S~~( J’4,PC -B.1’l) V4

SiJ ($.’+ .J’+.I4) :V 1
72(1 COWILI-JUE.
203

RI TURN
INU

P~~~!f lI~~~~ I !~~ ~ - - rr~ i p
~
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(1A~~OR I’t4 tJ~~I ( A -  — •  001) I”JCS~L ING (.0 A (~. LII i l -SOLUA L SHILL.

SU~,l4(JU $ L i i E . HLS1 lfls(NNN.~1 .1OTA)
CO M’l’)iv •) ILTA. ”IF.1L1c(l.AIICH.NHO ,C .N(l .Z1CS) .IflFST .

C C1(’e(.l4II).C ?(’4U.’4(l).C3(’40),S((q0.4(J),57(40),
- C S 6 ( 4 O , 4 I S ,’ lU ) . .~9 I ’ 4 0 , 4 0 ) . t ( ? . ’ 4 O ) , F F l ’ 4 U . ’ 4 1 ) .

C LI , p ( 4 U ) . / Pt q r ~(4 f l ) , p ( 4 U ) , ( 5 ( 4 U ) , k I~EHr , KL S 1O
C TIllS HOUTli-~F. CALCUt AT IS HPERM ANO E(1.J) CR IT V

C CA L C U L A T ES  HTr r ~p AND L ( 2 .J )  FOR THE RE~~EFIT  OF S ECANT.
C THE V4 .4IAHL [ a u ~~ T U H .~S Qui T T~ BE 1 IF I+~J IS 000.
C 2 IF 1+J A S  EVEr - i . W HE N THE DEEPE ST LOCP STARTS FROM
C 4<~ )< Au’ U f ,UES RY TWO S, M A N Y USELESS ~IUL 1IPL ZCA r ION S BY
C ZERo ARE E LiMIN A TE D . ANt ) TUE SPEED OF THE SUbROUTINE
C IS lU~tjr4LCLs ,

IF (10Iu .LT.1) ~;t) 10 ‘ei
TL~,P0H:HiiO
NHI3 /TE ;IP (TUTA)
zr t i~~ IU I4)~~TFr4u(if4

‘41 CA LL PCOMP(M,IUTA )
F AC I L S I c = 12* ( i — r , N( I* * 2 )s 1 4 I ES Q/ (A I T C HS * 3 )
00 110 I 1.M

I u(1i~1S: (1.51
‘ID t0’~ J 1  .s- )
1 I. 4 P U  • 5)

DO L OS Ic:KKIc.M,?
10~ 1E~ i-’: tt~~I’+S4 ( I .j,I( )*P (K)

T14 ANS: I A ’ -sS. Ct I I .J ) *I~(J )
ioa F I l :tPlW 9—S~. ( T , i ) . p ( J )— ( . 5 * N H O s S 9 ( T ,~J )— T L M p) . B(J )
110 ( (NI  ,I) :—TS IAN S ,FACTORS(— .5*R HO*S7 (j)+(PHEM)

HIS IU:U • (1
00 12u t:t,rI

120 HEsi~~~uE SiI)+E- ( I~iJ N ,I).s2
WE si U:I4L ~ I’) * S
IF (Lul A .LT .I) RETU RN
1’ E isP 0 ‘4 RHO
k~~O:if€. SiPI I0T P, )
ZTEPt P lIUTA ) :TEI’~pOR

E As~

~~~~~~~~ 
c-~
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(lUJOs4 i~riO~~RA ,1 ~IUL) ujUC )~L iN G OF AN LLL IP SOLDA L SHELL.

SUL-~i (O UT1u ~’L PLfl ,’P (M .IOTA )
COIl~1Ui~ )ILTM ,HE.F.BL1SO.A IICH ,HHO ,GNLI. ZT (ST .DTEST.

C C l (’ .0.4Ui ,C? (t4 (J ,’+0),C3 (40) .S~~(4O ,4O).S7 (4O),
C Sd (’eU.4u),’40)..c’~(’4fl.’40),E.(2.’e0),FF(4Q,’41).
C lI (’~ 1) .ZPE~f f i ( ’4 n ) ,p (4 o ) , H (4 o ) , Hp E R M . RESIO

C THIS RO UTIN E . COHPUTES THE P.S. GIVEN THE B’S. FOR THE.
C HINES- L I  OF T I-IF I UTINES RE SIOU AND GRAPH. FOR
C THE ~ILA Il~~W t AND I~S(- OF ~~K , SEE THE COMME N T FOR
C IHt. ~(I’J T1 ’~L RESWU .

oo S
S )~(I) :ZILP- I’(I)

DO Lu 1:1.1
LiD II) J I .M

l i i  FF (I.J) C4 (l.J,
00 20 I:1.~l

20 S - F ( 1 .~l+1) HH0*C~~( I)
00 .~U I i.M

DO ~1 i:i.M
-1

110 25 W P’KI4,M,2
25 T E M P : T i 1 P + S L ) ( l . J . R ) . H ( K I
2 1 EPI(CP’:EI’HIM+(Sb( I.J)— ,!~aTF)’.P).B(J)
30 FF(I ,M+1): FP (T ,M+ II+4TTCH*HEESQ .E.PHEM

CA LL t I5 LJ S~~M.VS)
Do ‘40 I:1,’f

40 P (I ):FI- (I,i +11
RETURN
ENLJ

t~~~~~~S~r I’f 1~i ~~~?-‘~~~~ - -
~ •\-

~~~ - -~, ~
- - - - , - • - -
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Mi5 -J0i4 Pi~uIi,R, i i  —— uil )l ) ii &ICIcL INI., OF AN LLLIPSOI (.JAL SH ILL .

SUt ,ROUF Ii~E (iR,iF’ I-l(M,JFLAG, Z U I A )
COM,IC I’J LiIL TA.RF .F.RLLSq .I5-IICH ,RI4o. (~N Ij ,ZTE$T ,UTUST,

C CU 4 fl .’-i U ) .C9 (54(l.4fl).C3(4 (,).S6 (u,O .4O),S7 (’IU) .
C s$ I ’e0 .40 . ’eu ) .s9(’+O.40).E 2 .LiO ,FF 4O.k1).
C 1 l I ~~U).Z EIfl~(40) .p IseO .u(4o ),HpERM.ItESID
1)IMENSION X P O S ( S 2 ) .Y P 0 S (~~2)

C RE PO RT IRE SOLUTION AN D SOME OF THE PARAME TERS.
W R I l i  (‘jill ) r4 L f ,A L TC H,c,NU ,IOTA

11 FO RM AT (// .lX . ’HEE = •.E14 .7.’. M ITCH : ‘.114.7.’.
GNU :’.

C Il’4.7.’. IOTA ’,I3)
williE ( b . L 4)  RPFHM

14 F O W I 9 A T  ( IX . ’HFSTUUAL ‘.E14.7)

~~~Q 1’~ j : 3  ,M
l Tr  :1P( I I~~~øtHP4 ( ~)

i~s H ( I ):/I~t.k I’ ( I I
CALL PCUlv’P (H.T (ITA )
W H I T E  I~~.1~~) (R(I) ,1 1.M)

1~ Ful- sMA T ( M- ( 1X.E i ’e .7 ) )
C CA LCU L I4TL ihi NEW pO SITiONS OS- F iFTY— THR EE POINTS ON THE
C ELLIP SOID . IF JFLAG=0. WHICH iS SO THE FIRST TI1~i T H iS
C Ro U TINE. IS CA LLED , REPOR T THir~. ZN AN Y CASE REPORT
C RHO. PULa4 .4 DE FLECT ION . ArID E~ UA TORI AL CONT RAC TIO N .

IFLAG:uJ
FA CT OR :AIICH ..5,U2 .Qs(1.0.GNIJS.2))
WATIO:1 /HE!SO—1
S - ’ l./AI ICR
1:2
P I . 4. l415’~~
C~~:PI/ (b 2* L)
L L 5 2sL

1(iU sI ~0s):s1
DO Ion J:1.LL
X I~~Ja i~
C0~ COS (*I)
SZ :SIN (A I)
fl(WOfr= I~LES~3*CO.rO.S 1*51
S(JKT%J:S.)(43 (ULN(Jr’u)
X:SI/S(JRTIJ
Y:—O1E .S(dsCO/SOH 10
HOALPH :Sl+RATIOSSI**3
H2:SI ‘SI/DENOM
14E1A 0.U
PS1:0.0 -

R~~lP:O.O
00 10 l 1.M 

.. ‘

Cb=C0SUs~~I) ~, .
~~~ ,-- —~~r-

SN SZN( 11A1 ~~n•-i ~~ ~
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MA1JUI ( PN(J~~l~A .’i -_ nOD h~s~~j<Lj I~j  OF AN ELLI PSOIDAL SULL I .

141 IA :IIE Iit+ i4 I l l  ‘SN
PS1~~P’~~+P ( I ).SN
PSLI5 :PSIP ,I .P( A )*CS

it) CO NTI NUE
PHI:X I— HE IA
SP SI N(P441 )
C P:CUS (PI4I)
N L L H O ~~~ — .5*RHO*SItS I/DF. N OM
1 S P / ( , O A L P H s A I T C H ) . ( ~~*A h I CH +P S Is CP iPZEI - i OV * SP—H OALP V -

C H2*C.hlU*IIHO*SP —BEEso.SI/ ( SQI4TU*53)
ILs IP: IEIIP*DJ.
W 0i~: Ii 0 s~ + T U. (1 P

II— (
~J. L , I.(J / I ) s i  ) GO 14; m o

J/L ) :X+F I ROALPH.PSIP-.R25fl1sU *SP—GND * pS I*C p— ( NU*IcZ
LHOVeSP )

YPOS I ~J/L) Y +WflA~ T L M P / 2
100 coNtI ’~’JFIF (IFLA (;.Eo . t)  C-O TO 108

LtF L I . C = f,FL - y POS(52 )
CON1 His : t  .— X P I ) S ( 2 b )
W R I T E  (o.L04) K~l0 .OE.FLLC ,C 0NTHA

104 FOU O4A T I 1X , ’NI- O :‘ ,t .14 . 7. ’ DEFL ECTION ‘ .F8,5 .  CONT
KACT 1O I4 ‘

C •Ft .~~)
II— (.JFLA(- .NE .t) ) RE IU RI J
W H I l E  (,,lr)7) YPOS (52 )

107 FO RMAT (/ . i~~. ’OrF OR~~ID SHAPE : NO RTH POLE AT •
sF8.4)

108 IF ( LFLAb .E~~.t )  W RITE ~~ .109)
109 FUHI -IA I (Ix. ’DFT AI L NEAR SOUTH POLE ’)

VU U’) 1:1.17

~i1J W )~ITE Ib.IJ1 ) )(POS (I ).YPOS(I) .XPOS (17+I) .YPOS (17 .I).XP
US (34+1).

c YPO S (54+ I)
iii FO RMA l I1 X ,5 (Fl3.4.2X.F~~.le .leX))

W H I TE Ui .200)
200 FOR M AT (/ / . 2 f l~~)

O X FJ/ (270’4*L)
IFLA G DLAG +i
IF (IFLAG,LT . 2) GO 10 1000
RE IUH N
ENI)

~~~ ~~~~~ 

- U ~~~
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M s~JOR PR i) ( , . l s e l ’  —— FVL I4 bU CKL 1NG OF AN LLL IPSOIL )AI . SHELL.

C M A I N  u ftuti T PIE
C0~sM0ri l~LLT A. l4 1~ ,HIE cO ,AllL p ,RI $O .(,NU .~~TCST .OTi ST.

C C1 (~~(I.~~u) .C2 (2 (i ,2l)),C3 (20) .S6 (?0.?OI.S1I2O ) .
C S8 (20.?U.c~!O).V)(2O .2 (i).E (2 .2O).FF (2O.21).
C L I L~ Pt 2O) .ZPU.RM (20 .P(2u).H 2o) .NpERr.RE SIL ,

C HEAL IN t i A T A .
1-1(40 (~~.2i) ~x.ruE f-I[N
10 I A: 4*

READ I~~.2?) X
27 FOR MAT (Ei4 .7.~~~~)

HEe~i) t,.21)  RHO .uNU .I$LE.A1TCI ,
,~ 115 I:, 751—U4
1,115
OIL T4 . uOUi
F LA r, =

S1AHI QL L 1A
P140 (

~~.2~~
) (R(T) .l :i ,M )

28 FORII A T (4 (IK .F14.7))
1 i4ICSQ:~~I1*$2

CALL Ut I4U1N I~~)
C M A I N  LOOP ST AR TS •lf RE.

2 1)0 40 I~~I ,M
40 ~~PLHi’ i ( I) P , (I )

V IF (LOIA .LT .l) (10 10 ‘I I,
1 L t’sPUI4 :HIi(J
RHO:/P& (M I TC )IA )
ZPEIrl IOTA ) TFMPOH

‘41 CALL SE.CA’~T(M,InTA )
iF (1014 ,11.1) 60 TO ‘42
TEMI-’UI :KIlU
kIlO I-’t i- (M ( IO TA)
?P~ WI’ I iOTA ) TFvlpOR

‘42 IF IHPEW ri ,431. (.5L—O2)) STOP
CALL GHAPH (M.JFL*G. IOTA)
JFL~ G=1
ZIEST AM A % 1 I , 5sp 4 ~(Kf l5 .75E..U 14 )
r)(LTA: ,jTAecT
00 73 1 1.’i

7.~ IF (4,ISIIC(I)),LT ,(,1 (—30)) 14(I) O
C A PARM ’ 1- LT F.H TS VAR IED AND IRE PROGRAM IS CYCLED I3ACK.

IF IICIM ,L1.1) GO) TO 23$
237 1l (IO14I :RI1OTA).CPL IIEN

(~O 10 2
238 RHO :RHU ,CHEMEN •, -

~O TO 2 ,- - • ‘-  5-~ 
. - 

~-‘~~~ 
¶ -

~ 
V V

END t

~ F
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MAOLJ N Pi~~ J U R ,~ u~i — — EVEN HUCP~L ING OF AN ILLIPSUIUML SHELL,

SUURUUI 114L t4 LA U TN (M)
CU O”IUII IIF LTA , REE ,UL1SO .A1 ICH .HIi0 .GN II.ZTF ST.OTF ST .

C Cl ( ?I).2u,),C~~i?0.2fl) ,C3 ?fl) ,S6I20 .2fl ) .S7I2O ) .
C S~~I2 I ) . ? U . 2 5) ) . S) ( 2 0 , 2 f l ) . t ( 2 . 2 0 ) . F F (2 ( ) .2 1 ) .
C 71E~~PI2u).Lptj r’I2o),p(~~o),R(2u ).KpU-:Rr,uCSID

C flit S )‘OUTI ,’ I HLM flS IN THE I O ’J1EGRALS • OMIT TING
C ALL T H’)SE W H T C i I  HMV ( ANY 000 SUR SCRIPT S ,
C T HE LOtil’ L I s~I T T S A R E . SPE CIA L TO THE CASE M :4U
C I~ Tt-sE I~HflGl AM “INTEGRALS” WHICH PRODUCES THE
C VALUES ~LINi i-’rAt) IN lu RE .

Wi 20 0  j t , ’40
rOEAD (-L’ .203) ,j,X.XX
iF ( (J/2 1 ’2 ,LT .j ) 60 10 200

C3 (J)~~(
Sli~J ) : A X

2 0 0  cuNrINuU.
201 FOR,’lfir (12.EI~~.7.E14.7 ,5DX)

DO 21u L :I.3i1
00 ~ 1ui J~~1,4t)
HEA l; 1,~.~~iJ2 ) i1.J~i .X,*X,X*X ,XXXX
IF I I I1 /2 I* ~~.iT .LI.OH.(J~ / 2 ) S2 .LT .~J.J ) 60 10 210
11 :11/ 4
U J J J/2
CI( I I.JJ) :X
C 2( I I .~iJ )~~~ .4
S 64  I L . J~~) X X X
S9( I I ,J J ) :X X X X

?1O CUFJTIi’JUt.
202 FORI~I~T ( 12,1?.p 14.7.E1’4.7.EI4 ,7,E14.7,20X1

00 22(1 N l.2si7U
REA l ) I’;.2113) T1 .~J1 .~~i ,v1.1 2.J2 ,K2 ,V2 .13..J5.K3.V3.

C I4.Lj’e.)~’e.V1I
IF III1 /2 )S2.lf ,I1 ,OH ,I,Ji/2)*?,LT ,,J1.OH.IK1/2)*2,LT ,l(1

I GO TO 21 6
11 :11/2
Jt:J1./2

SMI 11 .ol .M1 )~~l1
S8 111.lA. Jt ):V 1
Sl3 (J1 ,I1 ,t~1):V1
S8(J1.H1.II) 411
S8IK1,Ii.J1):Vi
Sd (s1 ,~~1.1t):V1

216 IF HI2/2).2.LT.l2 .OR ,LJ2/2 .2.LT.J ~ ,OR , K2/2 s7.LT ,I 2
I (10 T0 217

12:12/2
J2 .J2/2

61
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MA1JUII PIIUGNAM —— EVE N Hu LK L Il~6 OF AN ELLIPSOI DAL SHILL.

S6 ( I?. . ):o2
Si~~ ( I2 . 1 -~c . J ? l :~ie
S8I~1) •
S8IJ2,~U� . V~) :41 2
Sb I ‘(2, 12.J2 ): V2
S d ( P ~2 . , J ~~. 1?):4!2

2 17 IF (4 I~~/ 2 )*2 ,L.1 .13.OR.(13/7)*2.L1.03.UN. (i’(3/2)*2.LT.K3
1 6 0 10 218 V

13 :13/2

It

Si~i ( J3 .J~~,I-(3)=v3
s~~I I3.~4 - ~,U3):v.~Sd(J~S , 1 ! i .K3) :V 3
S~~(i3.ic3,A3):V3
Sl~U (K3,I3.Ji) V3
S*i(l .J~~.Ii):V~

2il~ IF (II4/2)*2.LT ,I’e .OR.1J44/2)*2,L1.J4.OR.1K4/2,*2.LT.144
)b 0 10 220

J’4:J4/2

Su (1 4.J’e.ic4 ) :41’4
58 114.,(’4 .J4):41’4
.Sb (J ’4 . j’+ ,K’4 ) :V14
5 6 4 J 4 .v C ’4 .14 ) V4
S,,(I (’4 .i’e .J4):V4
S8(t (4,,J ’4 . 1’4) V4

220 CONTINIJU.
203 FOHIIATI ’e(12 .I9 ,12 ,I14.7))

HE.lUr(N
E N D

—
~~ s

~~~~~~~~~~ 
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MA,JOH Pt~ujUe4Au1 —— iVIN E 4UC KL ING OF AN ELLIPSO IDA L SHILL.

SUbROUTINE HESIDU (NNN.M ,101A )
COMMON l)ELTA ,I31E ,1411s0.AITCH.NHO.GNU.ZTEST.DTFSI.

C C 1 (2 0 .2U),C2 (~~0.20I.r.3 (?P),S6(2O.2fl),S7 (20) .
C St ,120 .2u.40).S9 (2U .2fl),F12 .20).FF (20.23) ,
C ZT Ei~I~ (?O) .ZPFrE I’ (2 0) .P4 2O) .8(2 f l ) .RPEHP,kES 10

C THIS ROUIINE CA LCU LATE S RPEHP~ ANO 1I1.J) 014 I T
C CALCU(.AIF .S HTF~~ AND E (2.~J) FOR iRE l~(1~E F I T  OF SECANT .

IF (LOTM .LT.1) (0 10 41
TIMPOR :RHO
RlIU:/ f l P t1~ I T O T A )
2 IE.MP ( IO TA ) TFM pOR

4ej CALL l-’C .OMP(M.IOTA)
FAC TOR :L2 .I 1— G~~( j**2 ) *i4EESU /IA ITCH* *3 )
(JO 111) l:i.M

• C)
IRA ~ 5: (1 • 0
00 108 J=1.h
T EMP:0 • (I
00 1O~ K:1.I’i

1 Q~ TEMP:TLMP+Sks ( T ..j .K) .P(Pu )

T 1- IA NS=II4ANS+L1 I i . J) ~~B ( J )
iO~ lPIlIr:EPIIEM—S611.U).P (J)— (.5*RHO*s9U.J)—TEMP) .LUIJ)
ito f (I’l ,j) — TKAN S .fAC TOR ,(— .5*kHO*S74i)+Epl (~ Pc)

HES1O:0,r)
00 120 1:1.M

120 HE S1l.):HLSIfl+E.(NNN ,I) ,*2
H1s10=REsIns..~
IF (1014 .11.1) RETURN
TEMPOR:f-(HU
k140 111,’IP I TO lA )
LTLMP ( £OTA):TFMPOR
hf T URN
I NI)

o - ; V ? ‘r ~ ~ ‘-~~ i, ~ 
-
~ 

- - - - - --~ 
;-- 

- ‘ I -~~~~ r ~r . - - :  -
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MA~~ON PR0t, i~~~~~ li —- EVEN HUC~~LIN~ OF AN ELLIPSOIDAL SHELL.

SUri I400TINL HClt,~p (M.IOTA )
CO ul,MON UIL IA .hL p . .HLLSO • Il ITCH .1-1110 .GNIJ .21 EST .OTIST ,

C Ci ?,1.20),CPI2I),20).C3 ?u).56(20.?0).S7I20).
C se (20,20.2ln.s~~I 2U.20 .II2,2u .FF (2U.21),
C /TE~~PI2U).LPEpM(2 fl).P(20).R(20).RPE.R~~.PESIO

c THIS Rour 1~~f CO MPUTES THE P’S.  GIVE N TiW. ~‘S. FOR THE
C tiLN~~FL T  OF T I-IF ROUTINES kI.SIOtI AND GRAPh .

DO 5 F:i.M
5 13 (j):LT1- .,’ii-’ (L)

1)0 11) 1=1. t-~
00 it) ,j=1,rl

1U FF(I,.J zC2(1.J)
00 20 j :j , I-1

20 FFI1,M+1):RHfl.C~~IT )
riO 60 J:1,~ i
EpI411b1:c, • ()

Lw 27 J= 1 .~
rEl~P:o. 1’
00 25 K:] .i -1

25 1E l~P:TEi~P+S&I(I.j.iK)sH(ic )
27 FPHE~ :E~~~~~ + (’~6( i,J)- .~,*TI1 ?~P)s8(J)
30 FFII,& +L):Ff4T,ij +1)+411C14.bE (SQtLPHEM

CALL ( ;AIJ sS ( M.Rs )
LIt) 40 I 1.M

Le~ P (1 ) :FFI1 ,f -u+ 1)

(NI)

~~~~~~ ~-~--~r ~~fi ~

_ - - - — --~~~ ----_ - —- -~~ --.--~~—------ _ - 
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MA~JOR PROGRAM -— EVE N thJCKLLNG OF AN ELLIPSUIVAL Sr4LLL .

SUBRVU T INU . (RA PIIIM ,,JFLA G ,1OTM )
CUM 0’~ON I)iL T 4.i5U F: .€~LEsU. AJ ICI-4,k140 .bNlI,211S1.DTEST,

C CII?fl ,20).C2 (20 .20) .c3 (20),S6I2Q .20),S7 (20),
C S13 (/O .20.21)).q9 (2(g,20),V- (2 ,20),FF (20,21),
C /TEMI- (20),Z1-’ERM I2O ,.p (20),H (20) ,RpERr ,R(SI [J

I) INENSION X PO S ( c 2 ) , y p o S ( 52)
C REPO R T THE SOLUTIO N AN ~ SOME OF THE PARAMETERS.

WR i T E (b.I1 ) RLE .AZ TCH.&itjlj, JOJA
11 FORMAT I// .1X . kL1 : ‘.~~14.7,’, 411CR = ‘.114 ,7,’. V

GNU =
C L14 .I .~~. IOTA :5 ,1 3)

W RI T E (6..14) UPrKM
14 FO RMAT (IA. ’HFSTL )UAL :‘.(j4,7)

(JO 15 J:],9
2TEi~iP (1) :~~I’EHM I T )

15 14( I ):/PERh(1)
CALL. PCOI-’P (M.TOTA )
W H i T E  1 6,16) (14(I),f:j,M )

16 F O R M A T  (4(iX ,~~14.7))
C CALCUL AT E Tf ft. i~~ w POSITION S OF FIFTY—TH REE POiNTS ON THE
C ELLIPSO iD . IF ~JrLAL ~~U , WHi CH IS SO THE FIR ST TIME THIS
C RoU 1iI ~L IS C~~LLEfl . REI’ORT Tht.r- . IN ANY CASE RE PoRT
C RHO. POLAR IJIFLECTION , AND FUU A TORI A L CONTRACTION ,

IFLAG :U
FA CTOR AIT CH S*3 / (12 .0*(1.U .b141Js .2))
RAT I0 1/HI FSu~~1
F 1  ./AIT CH
C:?
P1:3. 141593
DX:PI / I ‘~2~ L)
LL:52*L

100 0 WOA:O
00 104) J I,LL

- - 
(I:,JeuX
C0:COS( -* I )
sI:SIN (XI)

NOM Ht.1514*COSCO+S I *SI
SQR1IJ:S ’ikT I DI NQ,~)
X :SL/SI~K1O
V — bEF StisCO/SIJRTO
MOALPI-I SI+RATJU .SI.*3 -

H2:SI.SI/t)ENOM

~LT A 0 , 0 V

P51:0.0
PSIP:O.0
Lit) 10 I:1.M
CS=C IJ S 1 I sX I )
Sre=sLNu *xt

I U ?  

65

_ _ _ _  - - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ -~~~~~~~~~ - —-~~~~~~~~



~~~ 

~~~~~~~ 

____

MA~JOH PF’uiI~ i~~ —— FVL I’i h (JCK$ IN(, (iF AN ELL IPSO1 L )AL SHILL,

bi. I~i:t~1 I ,~+ ’4I I )*SN
PSJ:I~s1+b-’ ( I ) *S j

1~SLP:PSLP+~~*1$P L )*cs
1 0 C CIJIIMJL

PI-l1 :XI—t ~iT 4
SP:~~IwI PoI
CP COS (i’HI )

• 5sl-(l-1fl.c1*S1/I)~ NO1~

C R2.tNU*kHO*SP)—l31ESO .SI/(S (.~RTO**6 )
TEMP: l E ~~P * f l X
W O A: ~OA+TL .~’I’
iF I~J.~~I .(~J/L)*i 1 60 TO 100
)tPOS(J/L)~~~+F* (WOALPI-I*pSIp—N2*RHQ*SP-GM.J*PSI*Cp—C,NU*RZ

t. 1-c U V* SF )
YPOS I i/L ) :y+W OA_ TE (~i p/2

10 0 CU I’41 JI~IJEiF  ( 1 F L A G . F t ~. 1)  GO TO 108
L’EFLFC ~4’ L. — y PC’ S (52 )
CONTW JI:i , — XPO S (2 6)
WRI TE It,.1O’+ ) .4fl,1’IELFC.CQNTRA

104 FORMA T (IA, ’N1-40 :‘.114,?,I DEFLECTION =..F~~•5,’ CONT
MACT ION ‘

C ,I-c.5)
iF (.JFL. AG .l’tL .0) KEII’PN
WRIT E I-b,1 fl1 ) YPOS(52)

10 1 FO R M A l  I/.TX. ’OFFORM LO SHAPE MIRTH POLE AT ‘

,FS.4)
100 IF (IFLAI’ .EO.Il WR ITF (6,109)
109 FURIIAT Iix , ’L ,LTAi L NEAR SOUTH POLE’)

00 LLU 1:1.1?
110 W R I T E  I.,.i1i) xPOS I 1) ,YPOS ( I) ,XPC)SI 17+1) ,YPOS ( 17+1) .XP

US ( 34+1).
C YP OS (3 ’4+1 )

I l l  FOR M A T I~~~,3 (FA ,4,2X,F8. ’4 ,14X ))
W R IT E ( b .4 0 0 )

200 FOHiIAT I/ / ,2U~~
)

IFLAG :1F1A
~~
+1

IF IIFLAG.LT .2) GO TO 1000
RETUMrI J
I ND
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NA.J OF( l’RUt,*’(,~M -— ~UL~ bUCK LING OF It SPHERICAL SHELL.

C MA IN 1400 1 INE
CUl9,’~(iN i-(IIOS,A0h$.t,NU .R0O1 ~~~~ Tfl,11LST ,RF I KM,RI_ S1I),

C ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C ~T(~ I.’(~,5),Z PL4N (35) ,A g35),h (35)

C REA D 1s~ I)AI4
REAIJ ( b .2 F)  X.CR EMLN
IOTA :X
HEAD 15 .2/) x
M:X
REAl’) I~~,27) PI-IOS ,GNU ,AOH
liE LI A • 1)001
KOIIN 1:4)
START :DE. L TA
OT EST = .bU-04
ZTEST :./SE— 04
NEAIJ (

~~.2t$ ) (1tIT )•1 :1 .M )

RCUI : (2. / (AOl4 *AUl 4*1- (OO T)) * (1.+GNU/ (2 . *A O H* RO O T ) )
[ LA OH = 1. . t , N U / ( 2 ,*A OI4, NOoi

27 FURI~I)T U-17.10..3X )
?~ ~ OHMA I I4(1*,Ei4.7,5~~~)

C RI AU IN I - AL LL
DL) 30 I:] .~~5
DO lu ,J:1.35
1)0 10 K 1.3s

10 TAI3LE (I.J.K) :0.fl
RL.WII’~I4) e~
(JO 20 L :j,10850
READ (8,21) I.~i,R .VA LUf
IF (I.GT .~~~,OR .j.GT.3~ ,O H,K ,GT,35) GO TO 20
TAb LE U .J.k ):VAILJ E
TA BLE-I  1.K,J) Vu~.UE
TA HL II.e ,I ,K )=VA I UL
TAL 4 LL (-J .K.  I ) :VA ~ LIE
(A b LE I hi • 1.J ) : V AL
TA b L L (K.J . I )=VA I UE

20 Co NTIN U E
END FILE L;

21 FOR MItT (12.12 . I?.(1’e,7)
C THE M~~Iw LOOP S T A RT S  HERE, SIT UP ZP~~RM AM) CALL SECA NT

1 1)0 ‘sO L: 3 ,Pl
‘so ZPEHP III)=A (I)

IF I I O T A ,LT .1)  c,O To 50
IFMP:RIIOS

- HOS=lPLl- r j ( I O T A I
ZPLH1 ’~

( IOTA I=1(Mp
50 CALL S EC I INT ( I i , IOTA )

I F  ( IOIA .LT. 1I ~O T O 60

r r~ r - 

- 

6? 
V
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—— OUt) BIICKLIM, (iF A SPHERICAL. SHELL ,

1L~1P:NrlOS
R H O~~:2PEc iI ( I O T A )
2PF RM I IO TA ):TI si p

F,f) CA L L  OUT PUT (M .Jt)1A)
C RI SL ( SIC Ar~i 1’ s PARAM ET E RS

K0Ui~~1:U
IF I4PLN M.GT .I.?5I—03)) SlOP
2TFSF IA A1 (.SaRI’ERr-i,.25E—04)
(~LL TA :Sl URT

C A r’AHA KCT LR IS VA RI E t )  AND 11-IF PROG RAM IS CYCLED BACK.
IF 4 1 O T A ,LT.1) o0 10 200
A (IOTA):AI IOTA),CItI?’~E.N

~o ro i
200 ~ hUS:I1pitiS+ ,0O~

00 TI) ~
(.i’4L’

I

~~~~~ 
~~ 

- - 
~ 

- 
‘- 
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-_ ~~~~~~~~~~~~~ _

~~~~~~~~~~~~~~~~~~~~

_ -V_



__________ - -

MA ~JOR PNI LI4AI~ — - flUID tiUCt~L1NG OF A SPHERICAL SHELL.

SULi~~OL IINL. COMFB ( M . I O T A )
COil,ION RIIOS ,AOH.GNU,R (IOT ,UIL IA .ZTES T .HPIRM ,t (ES 1O.

C k C O E . L 1 M f l H , f l l F S T , TA H L E ( 3~1 , 35 , 3 5 ) , f ( 2 , 3 5 ) . F F ( ~S 5 .3 6 ) .
C ~ r l ~(35) .?PIRP I(3~ ) .A (3b ) . I -~(3 b)

C COMPu TE THE H’S, Till LOO P L I M I T S  ARE SET LIP
C 10 AV IJI I)  UNWVC I.SSAH Y l’IULTIPLICATIOI-IS BY ZERO.

H AT lO A0 ),SBUOT/ (2*I:Lno,4 )
00 2 L L , h

~-‘ Al j): / IEi M I’II )
01) 2 4.4 1) 4 1,I1
TNI ? * N + 1
T .M lsIi :2*N *IN+1)
T:U
00 101) L=1,ii
i A I  (tPS (L—~~)
114 1 . + • ‘~~* (  —1 ) s s IA
TC:~1A~~0( IA . IH )
IO:MA l101M ,L+N )
1)0 11)0 ‘:IC.Ifl,?

101) 1 I • TAR L E( L. K.N) .T N 1*A I L) ,A I K)/ T Ig N 1
24)0 B (jJ ):RATl O /IN *IN+1 )~~3 — (jNUJ )s IT~~2~~A I N ) )

RET URN
I N  Li

-
~~~~~~~ ~

- - ‘ r ~
- - a 

-

~~~~~~
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M4lJUI( ~~~~~~~~~~ —— HUt) I$UCK L 1N uF ~ SPHL 1-4 IC_A L SHELL.

SU4-MUI JT INE I4LSlr,U INNfi ,P~. 1O1A)
C0 M(lOl~ RI4 0S,~~Op4 .GNU,kOO ’I’ ,0FI_ !A,~~TL ST. F lpEI- (~i .RESID.

C l4L l JE ,1L~~f ,h.flTFST ,TAHL.E( 35 .3~,,i5) .FI2 ,35) .FFI35 .3b ) ,
C L I [~~~~~~~).iPE q~~I i~~),4I :i5) .B (3~r,)

C C0i~ PtJ T L THE RESIDUAL A Nt ) THE VECTOR E FOR
C THE (1St. (iF IRE S(J~~R OUT I s~JE SE C A N T . TH( LOOP
C LIMITS A RE SF1 liP SO THAT UI~~ ECESSAHY
C -~u L E I P L I C A I i 0i~ S Hy ZERO M AY tIE AVOi DED .

iF (I O TM .LT.t) (;O TO 1
TI M P ~ H US
RROS:i IEMF- ( iOTA )

~ fLi lI’I jOlA):TFMP
1 C A L L  COMI’ bI f ~l,T O T A )

I- ,JUl(:~e .I-(t’i)T*EL AOH*A(jIl
I)U 2Lj fl rl:I.~1
I 4\~ j :? * ~ + 1
I NN1:2 * j* C
T 0
DO IOU L=1.M
I A :lsti-IS I 1.—N )
1(1=1 .~~~+ .~~‘s* (—1 ) ..IA
IC:AA~~I4 ( I4.I~4 )
IO:M INO (R .(.+tJ
Do 1CO r4 . : IC.I4 ’ .?

lO t ) 1 : 1  + 1A I ILE(L. t~,N ) .r I , 1sA I L) .p (K .) / T N N3
20 1) L I N N N .~~I= I (N* (N . 1) — 1 + ~~ su) / FQuH—KHO S )

C
HESI L:tl • Ii
1)0 3’30 j=I,M

~i0U RES =RFSP)+F U~N1’~.,I)*s?
HESI(’ :I4 L~i i4 ) * s  •
IF I iO I A .LT.I) RETURN
Ic. i~~~~: HR OS
HHO S:i T I .riP 0 I O T A )
ZT EMP (  j o in  ) T E4Ip
RI . I UR r~(N I. )

~ Vt _  - - I - - — s
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MA~J0H PROGICAi I  —— CDI.) BUCKLING OF A SPHERiCAL SHELL.

SUI~ROt jT ir~L OUTP U T 111 .1 (114)
C0t1i1 4i ’~ NIIk) S ,ADH,6M0.ROt) I ,[il:LTA • il lS I ,K FEH M ,H LS ID,

C HCu~~,h 1Ao p s ,r rrs1 ,TAB1E(3!~,3,.35),i (2.35),FF (35.36),
C ~ IErP (~~5).~~P (RM(i~~).A (35) .t4 (35)
1)0 IC) I - 1 . 1
A C T  ):1PLloh( I)

10 Z T E ~1 P( t ) LP~.H M ( 1 )
C A LL C0IF’ t - i (h . IO’ rA)
W R L T t .  C~~.j t )  RH(1S’AOf-i ,~-,iJtJ

11 F0i~wA T (1X, ’HI-lOs ‘,E14.7. ’ 4014 :‘,FR.3,’ GNLJ- ’.F

~ I4LTE (b,~~i) IA ( 1 ) . I : 1 , M )
23 FO ll alAl (‘.1LX.11l$.7.!,X))

CA LL JEFLI C OP ’ )

I. i~i Li

~~1~~- _~1 P ’~~~’~ ~~ ~~~~
‘ ‘‘ - 

~~. ~ 
-

1 ‘I -
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rnJI)l( •~H U( - ’ <A ~i —— nDt~ lt( ,LK L 1N ~ OF A SI’II~. R I CA L  SIll LI .

SUI4ROUIINL ‘J I:FLFC (MI
CO i’i -iO~ c t l U S , A O R , L ,NU,1400 1 , i ) EL T .4 , /T [ S T  , I T 1 4 M . H IS 1 O,

C Rt.UE.IL.A()1 - (,flTFST.IAHIF(3! ,,55 ,35) ,F (2 .35),FF (35.36) .
C ~Tt. :~.lJ (~~~ I,? t’Ewr( !S5) .A (3b ),8 (35)

C C Ot ~P(jl’I. POL AR OFI- lt. CTION.
W~~?—RHUS .HCUt*AOI1* ( .i~*r,NU*A (2)+ (1~~GNU ))
[I t) A U  L 2,M,2

in (:W~~2.IA(L)~~NCOF*AU 1*U (L )*I1+C,NU )_ It~~C,PU)*kHOS.RCOI*AO
H* A ( L ) / 2 ) V

Dl) 2 0  h 1,M
20 ~~~4— N *  (I-~+j~ ) s A I t ~,j )** ? / (~~.*~~+ 1.)

1:0
110 30 ,c~z1.’i

h O  30 i-~~1~~ 1

IUOP:(k—i+KMDUS)/2
U — K* N* I ’ H  INN ( K  eN I
1)0 2’~ ~i~~1 .~~ lOP

2~
) ~~~~~~~~~~~~~~~~~~~~~~~~~~ ),l’H INNIK.2 *J—2* NP’. I t \ U S— i )

ULI 2! ~J:i .K I tip
2/ U:U—N*4’s.J.2*tCMT [1US-3 )sPKINN (N, 2 *J— 2 *K t’ INUS-l )

DC) 2*- L :3  ,KI (.jI’
1)0 2~- J 1 . 1-a TOP

2*- U :U_ (4*i_1a
~~K l I r iII S_ i)s (4+ *~)_2.NM1NUS_ 1)*

C 1 - ) r j - J ( 2 * . j_ 2 . K f rj N U S_ 1,2 *~J_ 2 * NMiNUS_ 1)
30 T :T+ U.~- ( K ) . , t I r ~ )

1:1)
1)0 ‘uu K:~~.M
(JO 14U ~-‘ 1. ”

NTt P C ~j.~~+1l(~,jIaJ~~S ) / 2
— P H I M~i I$ , “H

D(j 50 A j .t~4 T ~~P
3~ Ij IJ—I 4*L—2* NMIN( JS— 1 )*PNIIaNIK .2 .1—NMINUS .1 )
14~~) T T + U s 1 I K ) * A I N ) e K * (K + 1 ) * f ~

W :w ~~GNlJ$AO ~I*I4 C(,f *1
‘1
(JO ~ 4J K~~~.M
1;O 5J h~:1.M

INN 1 1—1. M* l)  +P1( INIMI ( 1,  l’1 1) +PNI1~s N( K+1. N+1) pI( LPJN (
K j 1 , N — 1)

P(PAI41 y=laJ — I 11/2).,
l~JTOP :( 4(+ h) PttP4 TY)/~
Do ~~~~ I 1.NIOP

‘IM U : 1 ) + K . I K + 1 )* 4 1 4 . I— 2 * N PA 4 I Y~~1)* I~~PHINN(K .1,2* I~~N P A R T Y _ 1

~~~~~~~~~ ;~~~~~~~4 ’  ~~ 
- 
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I 4 A J O H  I Joa4 t~e~I —- (IOU HUCKL IN G OF A SPHER ICAL SIIL LL .

C +P )( tNN0K + 1 .2s1— N ~ A~~r Y—i ) )/ I2 .K+1)
~~~t) i:r—U .A1hi .A(1 l).K*N* (pç+1 ),I11+~~)/( (2shi*1.O)*12*N+l,O))

W W +U14C)S*AOH*RCr)E* I
1:0
DO bU N = 3, r~

60 T:I+2.*l’i*IN+1.).A (N),H(N)/(2..N+1.)
W + 14 CCI * A OH * T

w 6 : w2 / 2
- 

W R I T E  (6,/i)) ‘4.u2. -~.S
71) FOkriøT (1A . ’LI T STA N C t. (1ETII~FE’ N POLES : ‘ ,F~~.5.

C / ,T X , ’E O J n L .  P O L AI~ (JEFLECTION ‘.F~~.5.
C / ,1x , ’s~:p~ POC_ AR DEFLECT ION = ‘,f~~.5I
W H I I L  (h~~3O )

8i)~~~0Hrt ’i l l 3 b ( 3 M ~~,’***~~,/))
R E T  U$~aJ
I u~ 0

;~~)~~~f ~~~~~~~ “I ~~ 
‘
~~~
‘i 

~~ r~ ;~- r
73
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t~Ia ~~JDh )
~R* l0t -c /a l — — (‘HiD HUCKLINL , OF A SPHERICAL S 1- ) tVL L .

b OLT ( Oi l  I’U1141\’(x,N)
C 1N ~~L~ I~t4~,UI lLI OF 1LG L NU~~1 FUI4CT IONS K ANti N.

F R  j r-JN:0 .1)
IF (l¼ ,~~E • l’( ) HF fiØ-( t\i

P~~Ir4.~:r ./(2.$N4l • I
Rt. (URN
I N I)

-. ~
- — C- -. -
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Fa1 ~1JOI< P U i ) - h~~ I — —  ~ N IHIL*-( L j i ~ G OF A SI’IILR I CAL Sill_ IL

C IIA IN ROUT ( I~I~
Coili u l’) RHUf • A O l ’  • ~~ U , IW()T .UI.LTfi ,/T(ST , RPEHIt • HIS ID.

C E (~~.3r).FF(. 1,~~1).7TL~1 (3l)),1P€HM(30),4I50) .H(3n).
C I A H L~~I30.3O. 3 (J).0IlST,HCOE.ELAOH

C REA D IN U A IA
HEAl) (

~~.2/ ~ x.CRIMLN
IUIA :X 

- 

-

REA L) (
~~~~~.2 ! )  x

PLA Il  I~-,? i) RI4OS ,C~NlI, AflH -

DEL
J t L S T .’-~ ) E — t l’+
STAHT l)LL1I~

HIA’J (‘ .2b)  (A 0 T ) , 1 : 1 . l~I)
RC )DT :( 3. 3,*(,1’J(~.*?)* * .~~
HCOE I?. / (A ( Ii I*A iJH* l- tQOT)) * I1. +GNU /I2. *A O H *ROO T ) )
ELAOH= 1.+br~lU/- 2 ..AOH.R0 0T)

27 FoRMAT H L / .Ii.~,5X )
2)’ FOrI MA T  ~~~~~~~~~~~~~~~~~ ~

- 
-

~

C HEAD iN ) r O 4 L E V

ii [Jo i& t 1:1 .r~
00 10 j : j .M
uo to 1.11

10 TA 1 - IL E CI ,J ,R )= O .o

0(1 24 ) L t e 1 0 t~50 —

H E M ’)  ( M ,~~~~ 1) 1,~i. K ,V A LUF~ - -

IF ( 1 . ; T . 2 *M. flI4 ,~I .E ~T . 2.M . O U. K . G T. 2 * M)  GO To  20 - V
- - 

-

jF ((I/ d ’,*2.L i.f.OK .(J/2)*2.LT .J.Ok ,IK/2) *2,L1,t () 1,0 1
0 2 0

1M~) LE( t / � .J / 2 . K/ 2 ) VA L’J I
i 1 E L L I j / ~~.K/2,J,i )-VA L (IE
1Ali) E 4,J/2,I/2.K/~~) VAL&IE
iAhiL1 (J/2.K/~~.I/2 ) VALLIE
TABLE (R/2,I/2.,J/2) VALt)E
TA 1-3LEI )l/2 ,J/2 ,I/2) :VALL-E - -

20 CO IuT1N IJE 
- -

V

END F 1 L t~ ~
21 F OR M A T  (12.12.12.E14.7)

C THF MAIN l ufiP STA i~TS HF.:RC. SET UP ZP (PC M Mt,O CALL. SECANT.
I 1)0 -.0 1 l.M

14,1 Zt-’ER)-, (I) A ( I )
IF i I O l A ,L T , t )  (1) II) ‘57
T I1’P IJPlOS
HHOS~ / PlRMI L OT A ) ~ -

?PEI4M( IOTA
-.7 CALL SLCAN T (M. IOIA ).

75

- -



_ _ _ _ _ _  
--~~~~~~~~~~~~~~ --— - --- --- - - —---- - -- - 

. ~~~~

-

iMAJ Op~ pHfl( l4 A~ , —— IV EN ) IUC KL IF- G OF A SPHERiCAL Su-i L.U.

i , I 101 ,1 .11.1) 1.0 10) ‘49
It. ~‘ P P~ I-i U S
HH0S jP~ P’~’ (  I O T A )
~PLN~” I l’)TA )=TF F-P

‘49 CA L L  OUTPUT (~~,I0T~\ )
C t~t L — S l _ T  St 1 1 41’, 1  ‘S PItuAF~L1L,~S

I)- (141 t.Rh .G1 . C • 2 5 E 1) 3)  ) s l ( :) P
/1ESE \M AA1 (.S*RFlfrM, .251~~D4)
LI~ L [A ~~s TAR T

C A PA L r’ETLR I’~ VA UTLL ) AN ti T~~L PI (OGHAM IS CYCLED HAC K.
IF 1I C T 1 l . L T . 1) r ,C 10 51
A l  I O TA ) A ( I )TA )+ C R EM E N
1,0 ‘(1) 1

51 RHuS RhUS+ CREt ~L r a
(30 10 1
END
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MAJOR PH01,I~Al1 —— F VIM h (JCKLIN~, OF A SPl-iEH1CAL SHILL.

SUbNGUIII\It. C (Jr~Pt—~ (M ,IOTU
C OM,1Cr-~ L( IIOS.4Oh.bN(J ,P DUT .01 IrA ,iliS T.R P€KM.RE SID ,

C EI2. 3 0) .Fr (31 ,11) .?lt. r ’P(ou ) ,/p FHM 3O .A 30),HI3n ) .
C TjU~LE(~~(i,3U,3U).OTLST, l4COL,1I4OH

C COMPUrI 1HL i’S. 1141 LOOP L1~- IT S  AR E SET
C UP 10 A V U I O  IJ NNELFSSARY IILILTIPLICAT IONS BY ZER O .

RAT 1O :MU1-S400T/ (2* ELAOH)
110 2 (:1.41

2 A (I ) / T I O PC L )
L 0  2 0 0  i~ :A , t1
N N: N + N
TNT :2 * N u -I + ~
1~JFl 1:2*NIJ* tNil ..’l P
1 (1
liD 1(u ) L:) ,1
IA :1A1 4S (L— (\ ’l
IC MA X U I  IA. i )
10=1111 - 1)4 P’ • L +N I
1)0 100 K:LC .ID

t o r i  1 : 1  + IAF4LE(L. .K ,N). TN1 .A0I) ,4 (K )/TNN 1
200 b ( I - ~) : R A 1 I J / ( N N * 0 N N + i ) ~~1— 1 , i a U) s T / 2 — A I N )

H I  [UR~
END

ii
~~~~~

— ~~.-~ll -.
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MAJU~ L-’Rt~~l,PaiJ~ — —  f VI IJ I4 ULKL 1110, OF II SPf’LH It~AL SI ll_LI .

SUa,N1.U1 l i t -  HI S I IU  ( f.)NN,f’i . I O T A )
(.U ’ i L ~~’ ~~~~~~~~~~~~~~~~~~~~~ ,t)IL T A . Z 1 f S 1  ,l-(PIl~M,Hl S IC) .

C ~ ( - ~.i u)  •~~F ( 6 i ) , ’.) I , t 1F:-~P ( 3 u ) , ~~P E R 1 l ( 3 0 )  • A ( 3 U )  •tU ~i f l )
C 1 (0-4 1 1 ( ~)( i  • 5 1 . 3 0 )  .1) I 1ST , RCOL .LLAOH

A L  (1OT’4 .1 1.U r,U Jo t,o
C C 0 F ~PUTI- T O E IQ-SUJIj / I L ANI) TF E V E CTOR I FOR
C THI U’-,L (,b Tilt. l’Ro&R.t t’ SECANT • ( 14( LOOP
C LI F -I T S ~l’L ~~ I UP TO AVO iD UNNECESSARY
C ~ULT I P L I C A i I D ) 4 S  O~~ / LP(I.

N HOS: 1 It. t-P ( I lilA
I l E A P t  101 i i )  :1F i-up

51) CALL CO u ’IPHCM ,IC ’TA )
1.UU~(:’4 ~ r~~

) ( l  T * F L A~~H*A0H
DO 21 ) 1) t’u 1.ii
; - ~~~~:~~)+ N )  -

1 ~)
LU lilt) L~~1 • t ~i

1 k — -- ) )

IC~~ It X U (  j A , j )
lU~~i~ INu fl.1 +{~~~)

Li L l a U  K:AC,1[)
T O O  1 : 1  + tM ’lLF.C L ,K.)J)* T i-a1 *AC L )sL * lK )/TN f~1
- ‘OtJ  L(~~

(
~~- ,t- _ L = ( ( : ~J N* ( NN+ 1)— k + ( 3 N U ) / Fo u u~~Rho S)

C
P1510:0.0
u() .~‘J’) (:1,-I

~~~Q)) RISIU’ :RLS 1F’+F ( N N N . I ) * s 2
101 SJJ 4tSI fl**.~,
Il- (1OI., .LT .i) RETUR N

I—CitOs:2 TL ’; - (IOTA)
/ I L R F - ( I I J T A ) TFM P
Rt. TURN
INu 

~r~’a( ~~~~~~~~~~~~

I ~~~~
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A J UR i( ii,N Al-~ —— F VL’4 IIOCKL I N(i OF A ~iPI1LH ICAL SHELL.

SUL’ROIaIIN L OUTPu T (M .IOIA)
C0 i,ION Lo) ,us ,At ,(;Nu,Roor ,lJFL IA, zTEsT.N p tro l~.RLsIO.

C Fl2 .~3n), t 3fl .31) .ZTFi~P(.40) .ZPFRPU3O) .A (30 ).B(30).
C IMHLI ( ,3U .30) ,OTIST ,RCOE .ELAOH

00 10 ~~ l.)i
A l l  )~~~PLHPi ( 1)

10 21€ u’lf’ ( I ~~P~~ 14f 1 ( t~CALL CU 1W R ( i ~I . T O T A )
I~l(j 1E ~ ‘,1l) HHOS ,AOLI .t ,NIj

ii FORMAT ( 1 X , ’lO-lO S ‘,i1’4.7. A OH ‘,F~~.3. ’ 0~N(, :’,F
6.3)

WR IT E (6,21) I ,i(I ) .( 1 ,M )
21 FORSI A T (4 (1X. 11’e.7 .5X))

CALL. UCFLIC ~ 4 )
Hi I Uk~J
I iji)

~~~~ 
~~~~~~~~~~~~ 
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______________ — -V —V ~V — -— --— —-V - —V —

MAJUI PUOurij ~ -- IVLII tsI i C r ’~LIN(, OF ~ SPHERICAL SHELL.

SU~- i o0U l i l t-  IJEl- L~~C ( F~
LO1iM’)\ kI’US ‘ .~~O~-i • ~t~1j ‘ ROOT .DLL IA • 2 IFS I , kPLl~M • RES I I)

C ‘ J t~~~ ,
4 j  ,~~ F 13n, ~1 ) ,L)Lr—-P (~5U ) ,ZF~ERM (3fl) .A(30),14 (30),

C TALl L l(~~0 .3u,3u) .(JTEST,RCOL ,ELAOII
1”JtI~~E I0 S,SELr-

C CO l OUFE POLAR 1,FL- I EC lION .

SliP:?

DO iii L �.S.2
iii ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1 — G I \ i U ) *N H O S , R C O

E SACH
C S/ i l l  / 2 ) 1 2 )

1)0 -~~I • j .
~~~

-
~ r~:u’ • ~~ .zI EP

/1) ,I~~.— l~: . ( J + t . ) l - A ( \ l / 2 ) * * 2 / ( 2 . s l \ a + ] . )
-r = ui
U0 30 )c : s t t:l~.s .S I Ep

00 30 r = s T V i - ’ ,s ,c T FP

N T OP: ( i - I— i  + l - ’~~i I OUc ) /2

U — K  $i’~ *P)/ I i’L’J C K,  N)
DO 2~ j : j  •)iIOl’

.‘ .4 U ) J_ K* (4 .J_ .~*la I?f T NUS_ 1) * lJ I~T f J N ( K ,2 s J _ 2 s N T l I N US_ 1)
flu 2 7  ,j:j,)~~rUp

2 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I~~

) 
~~ I 1.!(TOP

DO 2~, ,J:~~,~Jfljp
2i ~ ( J : U — C 4 * 1~~2*hiF.1T N , , S — i ) . C ~~*J~~2 * P J M I H U S— 1) s

C l’HINiJ(2S1— 2 .I(I5J14uS—1.2*J—2*Nt~INUs—i )
30 1: i+U* I) ( ,~/ 2 ) , A ( r ~I/2 )

w :w S (  I+ ’ ; r u) *A o }4 . pc o E . T
1:11
Dli ‘S i) l<:SI EP,S,SIUL’

~
j () ~4Ø a~:S1EP,S ,cTEP
N~~I liDS: ( N — k )  — II hi—I ) / 2 1 *2
N TOP: I ~— 3 

+Ni jN(Jç ) / 2

0:— P H

1)0 3ij J :1,hJJ~~p
3~( (J I— (~~*L— ~~* l N lIS—i ).PH1M~,(K.2sI Np iINUS 1)
44 ( )  T:I+U.’~ (l~/?) sA(~~/7)s K.(K+1) *r-J

P N — ~ NU*A OH * 10 C’) F * I
1:0
1)0 ~ tJ K :SIFP,S.STEP
Ut) ~tJ N:SIEP,S.sTEP
U PU T F -viJ(t 5 I.N+1 )+PRINN (K 1 ,N .1)+pHINN(K + 1 .N +1)~~pN INN(

K+ 1 sN—i )
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(‘IA .JI.YR PHuL1 l0M~t —- EVLW (3UC ~~L INb OF A SPHER ICAL SHI LL.

NI’AK TY:N~~(N/ 2 ) s ;
V 

N IOt’ :(l~J 4 N P A L 0 I Y ) / 2
1)0 14~~~ 1 1  .Nl~)P

4t’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C + I3RA\IN (K +1 .de1—NPAI uY—l ))/(p .K+i)

50 T :T — U *A -( < / 2 ) * A ( ~i l/ 2 )s K* N* ( K +1).(N+1) ,( (2 * K+1.(J )S(?S N+ 1.
0 ) )

W :W +HHOS*Al ) H* P COE* I
T 0  V

1)0 bI) FI SIEP,S.STIP
6u ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

W:w+ltCOt. *AOd*T

P3: & 2 /)
(4)41 11. lb. Ff l )  tJ. ’-12.W 6

7&j FO RMAT (1X , ’ L ) T ST A NC E I3E T P F€N POLES : ‘.F-8.5.
C /.1~~.’ T O T A L  POLA R DEFL ECTION = • ,F$.5.
C / . t x . ’Sc r’~ POLAR DEFLECTION = ‘ s F8 .5 )
WN ITF . ( t-i .~ilI )

F i O  FUH~~A r  ( 1D( )dX , ’s*s’ ,/ ) )

I. ~IU

~
- ‘r T13 --~ -n 

r-  81
— ‘r r~,thM4~ ~;-~ - 
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~

(qlO JL)g( P h t) i , N I IM — —  I Vl_ I1 1 (j(.K(. 1 NI, 01 A Spl,LR ILAL SItE LI •

1- UNL II U.~ )‘~~ I f-i N ~ , N
C (.C~’PUIL I -~f ILl ~ P R O PI 0 I u~ - LL&LNPRL POLYN0t~1ALS K ANI) N .

J \j~v~~ ii • 1)

IF  ( l~.l’- 1.,~. )  I~F T u F N
PP4 j l~Jl J : 2 ./ (2 .*t ’ I+ 1  I)
t i E  I U R N
L~~u

82
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SAIl _ ILL It. HL~U(iRitl~ — — 11111 (‘PALS POlO LLL LP SO IU PRObL EM .

C l -A Ii~i IOIJ O T INk.
t~I1t..’~S ( UIJ  C 1 ( ’ 4 u . ” O ) . C 2 t 4 O . 4 0 ) , C 3 ( 4 0 ) ,~~6 ( ’4 0 .4 f l ) .

C Sl (40), (4fl ,&s 1) .’401.S’4(’50.40).111321).121321) ,
C 1 31i21 ) ,l’+ (32 1) .S5(4fl ,44O ) .SLNE(’S U)
HI) .5

(,NU:.3
‘:4 0

C SlIP 1A CO)~HUIL INTI’ltALS OF SIN (1*X1).
DO I i :t . r lM ii

1 I1(I ):0.I)
1.0 2 lI 1.Mi1.2
1:2u0+IL
J:200—LL
1tlI):2. fl hIL

2 I 1 ( J ) :— T I ( I )
C Si EP 1H C’)I PII IF ~ i-i IF (3RALS OF KERN E L * SIN (1 *X  I)
C FOR A 4j~~ I0AFj (,L OF VAL u ES OF 1, LJSINb SIrPSON’S RULE.
C T i-il- VA PTA u SL F JJJ IiVLOii IS 4. WHEN J IS 0)011,
C 2 W i t h ’ ,  J I~- I- V t - N .

P 1:3 • 14 15 ~ 3
O~~~P L / i ’ i iJ U
1) 1) 5 1 1,ñtl M

15(1):U
5 P4(I):’)

1)0 6 i1 .I’1 M ,2

1 (20 0+1 ) J
13(20 0+1 ):J

6 T 4 (2 0 J 0 + L I :J
laO iO J 3 . 4~~9
JJJ:2+2*(J—2 .(J/2 ))

I Si~=SI’~a C x 1 )
CS=CUSC - C I )
UINO~’:i,I.ESf)*CS*a2+SI’)**2
ItE r- ,IO’~~:LJUNOr1.,2
L)ENUf~-3:DI.NOM**1 .5
DEMO” 4:ufl,~O.ii.I)FI~’Oi1
00 tO II 2’~1,Mf~M.2
1 :11—200
SI SI)~!(IsAI I
T2 (It) l2 (Tl),J jJ*SI/LJLNor~3
T~~( II ) 13( II ).JJ.J*SI/OENOII4

10 P41 11) T4 (J1 )+JJJ*SI/DENOP2
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SAR LI L i t  l l-4U” NA’~ — — II’JT I O R A L S  FOR LIII P5010 PIOO)4 1 LII

I,u l~ lI:2’1l, --~~M.2
1 2 ( 1 1 ) : )  ‘ ( I A )  *IJ t * •
I ~ 

( E L ) : )  ‘,( I L )  *~~~~ y * • b - ~~i,67
141 II): 144 )11 ) *IJ •

1 1—200
1. CO~J I INIi L

1).) id 11:1,10
1 :200—IL

~1 2 f l0~~1I
1 211 )=— l? (.J 1
T3(I)z— 13 (J )

l~i I4 ( 1 ) : — T 4 C J )
c siii-’ 2A :  2u~~t’u lL I~ u F  I I u I L G I - A L S  55( 1, .) ) D I R E C T L Y ,
C I’S1i~-h ~‘1~~e~~ uh. ’S Po~ 1. rU E VA I0 I~~PLE KKI( t~EL0~
c Is q ~~~~ ~ ‘~ I S • 2 .oLN K IS EVL~~.

00 40 I=1,~1
Ut.) 40 ,j : 1,M

44 0 S5(I,.J):U.fl
(JO N ) )

X 1= u~sox
K v c k : 2 + 2 * () ~ — ( I c / ? ) 4 2 )
S”i:S I (J I Xi )
CS:CC-~~(~~I)
CS S -~ = C S~~L -

LIE l~t 0 “~~ 14 EL -~~ ~ *C S S ()4 S N * SN
I t)  bU u=I, ,~

6)1 Sl OE (J):SIN(J*XT I
k A T Z ’) :) )  • —

(~ I) M D  1:1 •~

DO ~ .) .)= i .~~ .2
81) S~~(1.J)=S~~(I,J)+ RK~~*CSSOsRA1IO *SINE (J)/ (JiNOM

DO -~‘J J : J , M
~~~~.

, 9 1)  j : [ ,l~~,~~
S~~CJ •1 :S~~(L,J)*bX* .h66bb67
S5 ( I .J ) :s b ( - J . I)

9(1 C(J NT INUL
91 FUt O i’ - A I  ( A x , 2 C I ? , 3 ~~) .F 1 4. 7 )

C ~,TE P 20: COi-~P’Ift i s-uI IN1FONALS S1—S44. S6—S12.
C ANO 101.1-0 LoI~’3Ir~JA I IONS CI ,C2 ,  AND C5 • AS CESCRIULO
C IN THE SECTION ON 1-VALU A T1IJN OF INTl_ORALS.

1)0 110 J1:I.M
r)rj  1II J 0:1,11
j :J !+2 Uu
51:—I r 1(1 s-J+ I —Ti ( 14 J— 1 ) — i l l  I —J+ 1 ) + 11 (1—. )— 1 1 ) /4
52:(T i ( I + J + 3 ) — 3 * 1 I ( I S J + 1 ) + 3 5 1 1 ( 1 +J — 1 ) — 1 I ( 1 + J — 3)

C — T 1 C i — .J+~~)+3 .TI (T— J+1 )—3 *TlU— J—l ,TIII—J—3)),8
S~~: (T I ( I +J+1 + l 1 U + J — 1 ) +T 1( I~~.J+1)+T 1( I~~J~~1I) / 4 .

- —--- ---rnL- _ -  -~~~~~



ru’- ~~~~~~~~~~~~~~~~~~~ .: —~~~~~ -;~~~~-~~ - 

~~~~~~~~~ _-~~~~~ _ :  
—-V - .---- - 

~~~~
- - —

S.. l i i i  III. PI4UI~I(AI ’4 — — Il ~~ Ii ( ,RAIS FO$( ELI IRS I)LIJ I~ROH L.E M .

S4 : — I I 1 ( I + ’+ ~J +1 +1I( T+?4 . J — I ) + T 1 (A +?— .J+ 1 )4 T 1 (1 + ? — J— i )
C — ;‘.(T1I1+ ~I + t ) + l U l .J — 3 ) + T t (1— .J+ 1 ) + T 1 ( I — J — 1 ) )
C + 1 1 (I— ’+ J + i ) + 1 1 (f — 2 + J— i )+ T i (I — 2— .J+ 1 ) + 1 1 (1 — 2 — ,1 ) ) /

C L ( 11.J I:— -i*’~~* ( S 1 +( 1 — h L) S(fl/ HEE~~(DS2)
C +0*1 5~~ +3S I 1—bLFTS’fl/DILS (~.S4.)
C — ( 1 4 E V S (~~ S5( I l,o)  + c ,NU*St)

110 C 2 ( L L . . .~) :C1(I I,J)  + 2s~~~usS 1
DI) 12~) I1 :t ,i~
):j I’.-~ )U
SLU:— (T’4(i+~ +1)+14.(I42—1 )—2s(T4 (1+i )+14 (1— 1))

C •T~4-( I— 2-+1 )+T4.( 1—2—1 )) /~
S 1 1 : — I T 4 ( ! + 2 + ’ ) + 3 * ( 1 4 ( J + 2 + t ) + T 4 4 ( I + 2 — 1 ) ) + T ’ + ( I + 2 — 3 )

C _ ‘).(I~4 C t + * ) 4 3 * ( I 4 4 ( I + j ) + T 4 4 ( I _ ] ) ) + T 4 4 C 1 _ 3 ) )
C
S12:(T4U+’)+1)+T’4(I+’s— 1)—4 * (14(I+2+l )+T4CI+2—I l )

C
C +14 (1.4+1 )+14(1_ 14_ I))/32

120 C3( I1  ) :— .5* Ul- FS(~*S1(J4l-~) 15(.,.(3..5.GNU)5Sj 1+( 1— .5*GN1li~2t
u3IESG~) *512

(10 ti’) jj=I .1
= ii + 20 U

1)0 13&) 0:1 .1—I

1)0 1 5  ~:1 .il
125 SrS(I t,.J,K ):— (T211+J+K+1)+I?lI.J+K—1)—T2 (1+0—K+ 1)_ 12 (J+

0— K—i )
C -T 2 (I—J+K+1)— T2CI—J+K 1)+T2 (t—J—K+1)+12 (I—0—K 1

1 /4 3

Sb (lI,.J): (T~~C14J41) T~~(j+J i )—i2 (i—J+1)+T2 (I—J1))/4
S~’ (It , 0):(T3(T+d+3 )—3 *T3 (1+J+ 1)+3 *T31I+J—1 )— T3 (I4.J— 3 )

C —T3CT— .,+3)+3.13(Z—J-.a)—3.I,4(1—J—i ) +T.4(j— ,J—3))

13o 571111 :—C I .~( I+~~41) +13 (I+2 1 )—2 * (T3(I+ 1)+ T3 (I—1 ))
C

1)0 200 L:1,~1200 W H I l E  ( ,2fl 1) i .C3( I ,S7 ( 1)
201 FOR MA T II2.(14 .7.E14. .7.~~0X )

00 2111 1 I,el
(‘I) 210 J=I.~, 

-

21 0 4k1 11 (t.202) l.iJ .C1) I.J).C2(I.J).Sf.(1.J).S911.J)
202 F D H A A T  (12.12,El’4.7,1t’s.7,I1’4.7,F.14.7.20X)

wH ITE 1 8.105) (I ((I,J .K.Se ,(I,J ,K) ).1 i.J), 1,K).K 1,M

203 FOHM4TI-4 U2 ,17 ,Td .(ile .7)I
S loP
I 1411
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