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Page 16, L~uation (3.i~) The factors (~~+ _l)(l_~~)
h/2 should be

2 2 1/2replaced by ~~~~~~~

Page 21, Equation (1+.3) The term (~
2 

-1) in the denominator of the

right member should read (~ -1).

Page 22 , Equation (5.1) The factors ~] - ~2)
1/2
(~
2 

+ - i) should

be replaced by unity and in should be replaced

by zero.

Page 31 The expansions in Eq. (A.l3) are really for

e~~~/~~rR rather than for e1~~/R as stated.

Page 32 The statement in line 2 is wrong. One has
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ABSTRACT

r~ this report the problem of determining the field due to a d strlbuted
source i..~ d ; c u r :~~d. Only fields in which the disturbance is propagated in
a~ 2o:-~ar-~ce with the claccical, linear, :eaiar , homogeneous equation of wave
notior:. ore conside red . The Green ’s function is used to derive two solution

~‘orn: to the problem, and it is noted that these same forms have been discovered
by other investigators using different techniques.

One of the forms presented requires the specification of inhomogeneous
Cauchy boundary conditions 4-~ e~d 

-

~~~~~/~~~~~~~~ 
on the bounding surface while

t r e  other form requires only ~nhomogeneous Dirlchlet conditions ~~~ on the
boundary . In the method requiring Cauchy conditions, an approximate relation
b~twecn -- —~~rzd ~~/~~r- is found so that, ~n effect, Dirichiet conditions
are specified. The error introduced by making this approximation is mentioned.

Finally, the radiation pattern of an underwater acoustic radiator is
computed using each of the two methods and is compared with the measured
rs~iation pattern.
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CHAPTER I

Ir~tr oJu ct~ on

The problem of computing the values of a function ‘i’ in a closed volume

V in which ‘
~~ satisfies the scalar wave equation from values of ‘i’ and/or

over the bounding surface S of V has been studied e~tencively
l
~
2
~
3)
~

and there are apparently three different methods of solving the problem.

They are

1. the Green ’s function approach in which the solut ion ~(P) at

the point P is expressed as an integral over the surface S

of the normal derivative of the appropriate Green ’s function

multiplied by the inhomogeneous Dirichiet boundary conditions.

Alternately, the appropriate Green ’s function may be multiplied

by the inhomogeneous Neumann boundary conditions and integrated

— 
over the surface S to compute the solution !(P). The use

~Stuart Ballantine, “An Operational Proof of the Wave-Potential Theorem,
with ApplIcations to Electroma~~etic and Acoustic Systems,

” The Journal
of the Franklin Institute, Lancaster Press, Inc., LancaSter, Pennsylvania,
April 1936, vol. 221, no. 1i., pp. Ii.69~Ii.81~.

2Philip M. Morse and Herman Feshbach, Methods of Theoretical Physics,
McGraw-Hill Book Company, Inc., New York, 1953, pp. 831~-857.

3jaroslav Pachner, “On the Dependence of Directivity Patterns on the Distance
from the Emitter,” Journal of the Acoustical Society of America, Lancaster,
Pennsylvania, January 1956, vol. 28, no. 1, pp. 86-90.

~Bevin B. Baker and S. T. Copson, The Mathemat
ical Theory of Huygens’

Principle, Oxford at the C1are~don Press, London, England, 1950, pp. 23-27.

- 1 -
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of irthomo~ eneous Dirichlet boundary con d it ions  is preferred to the

neumann boundary conditions in many practical situations because

a kr.owled~ e of the function ‘i(s) on the surface S is more common

than a ncw ei~:e of the normal gradient ~~(S)/~n on the surface S.

2. the Kirchhoff-He rr.ho tz netho~ in which the solution ‘i’ (p) at

- - the point P i~ expressed as an integral over the surface S of

a function in ’iolvin .~ both the values of ‘i(s) and of

on the surface S. The obvious disadvantage here is

that one is re;uired to specify inhornogeneous Cauchy boundary

cond~tioms .

3. the mod if ~el Pachner method, so called because the basic idea

was firs: pub~~shed by J. Pachner.
5 This method requires

the specification of inhonogeneous Dirichiet conditions over

the surface S and expresses the solution ‘~(P) at the point P

in terms of a doubly infinite series.

- - It is the purpose of this paper to show that these three forms are

not three tifferent and independent solutions to the problem but that the

oecor.-i and third forms nay be derived from the first. By using the Green ’s

function for a point source in free space, one can derive the Kirchhoff-

HeC.rr.holtz formula in which specification of inhomogeneous Cauchy boundary

condit ions is necessary . By choosing the Green ’s function which vanishes

over the surface S, one can derive the modified Pachner method .

5Pachrier, op. cit., p. 86. 

—- -~- — ~~- —---- - - -.. ..— --
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To i~~.ustrate the methods derived , the radiation pattern for an under-

water acoustic radiator will be conputel from measurements made in the near-

:..eii. As the radiator to be considered is a long, thin,circular cylinder,

the prolate spheroidal coordinate system will be used . This choice is made

because a prolate spheroid can be made to fit a portion of a right circular

cylinder as closely as one desires . Cylindrical coordinates are avoided

because their use would necessitate the specification of the boundary

values 
~
j’(s) and/or C.s)/è~ over a surface of infinite extent . One would

prefer to consider a surface S which is closed in a finite region of the

space considered . One could, of course, choose the surface of the circular

cylincier contained between two planes perpendicular to the axis of the

cylinder; but then the surface of integration (the portion of the cylinder

plus the two end caps) is not a coordinate surface, and the specification

of the Green ’s function becomes exceedingly difficult. Hence, pressure

measurements over the surface of a prolate spheroid in the nearfield of the

acoustic radiator will be used to compute the pressure in the farfield.

(Fraunhoffer zone) of this radiator using both the Kirchhoff-Helxnholtz

so1ut~ on and the modified Pachner solution. These computed values will then

be compared with observed values.

i- -. ~~—.- --~~~~~~~~~~~~~~ —~~ ~~~- - -‘- - . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _
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CHAPTER II

~~~~~~
. Kirn.hcff-He tho .tz Fc:-mu .a

Snal amplitude acoustic disturbances are propagated in many media

in accordance with the classical scalar equation of wave motions, i.e.

~~~~~~~~ 
= - ~~

-
~~~~~~~~~~~~~

- . (2.1)
c

So ut ionc  of e;. (2. :)  containing Ofli~ the single harmonic angular

f r e tuemcy w cuch that ~ = ~re are of particular interest . By

rent r ict in~ the discussion to disturbances of this type , eq.. (2.1) may

be written

2 .2v ~~+~ c = . ~2.2

Equation (2.2) is the well known scalar Helmholtz equation, and +

~.s often called the Ee rr.hol:z operator .

It  can be shown6 that the solution of eq. (2.2) can be written

a:

~~ I ~~,(r~~) ~~~( rj r ~ ) 1
( G(rIr~) 

~~~° - 

~i~(~~
) ôn~~~ J dA

0 
. (2.3)

~Cor:e and Feshbach , op. cit., pp. 8014-806.

p ~~~~~~~~~~~~~~~~~~~ --~~—- ~~ : - — ~~~ --—~~~~~~ ~~~~~~~~~~~~ .- - - . - -~~~~~~~~ --
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Ex re::ion (2.3) has the value of 
~
r (r) or zero according as r lies

~ntorior or exterior to the bounding surface S ~see Fig. ( 2 . 1 ) ] .  The

..u
~
.er.

~
c r p : s denotes values taken on the surface S, and the :ub:cript o

denote: source point coordinates. n is the unit outward normal to the

~;urface S.

The necessary Green ’s function in (2.3) is simply7 that for the

point :ource in free space

G(r r ’) (2.~~)

S
~n wn :cn R r - r

- -o

Using eq. (2.~~) in (2.3), one gets for the region interior to the

— 

surface S

P r ikR ~ ,(r~) j~~~~~ 1

v )  = f) L ~r 
- 

~~~~~~~~~~~ ~~~~~ ~~~~ J d.A~ . (2.5)

Let only those source distributions be considered for which there

exists a surface a, which completely encloses the sources of the field

and such that, for all points p which lie on the surface a, ~~~~~ 
<

where Q~ is some positive number. One would like an expression for the

solution ~i(r) in the region exterior to the closed surface a . To

determine a solution in this form, consider the doubly connected surface

7Ibid., p. 810.

~ 

_ . - -.—--- ----—- .
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BOUNDARY SURFA CE S

1

~~ SOURCE
OBSERV~~~ON POINT

ORIGIN

FIG. 2.1 — SOURCE POINT, OBSERVATION POINT AN D BOU NDARY
SURFACE FOR GREEN’S FUNCTION

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  -_- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ______

7

+ 
~.uch t:.at a~~. t:.e .o:r:?s of the : l e l i  ~1e ~n the vo ume V :~~~t~e:

ext e . t .~~.l y :y 0 . Let d a ,.~ re of ra~i:: p or.: :e C e n t e r ci on

orC~ ir, . It 15 .~i1y :nown~ tnat tne cc:.t :~~t~~o: :~~ e~~. ( 2 . ~~) f r on

c t:on over b a: ~~ - ~ is zero provided ~onrterfi eld ’ :

ra~1at1cn con i i t l on  (‘Au:strahlucgsbedingung”) ‘no ds , i . e .

-
~~~ 

-
~

p ?-~- - —, C a: p —* ( 2 . 6 )
L

un fo -:~~t . i th re .r;e-:t to ~~~~~ ~~~~~~~~~~~ ~~~~ :-~-~~~~

E qun t l cn  (2 .~.) c~ n too: :e con: i ier e :  as Ci v i ol  the value of the

f :octi :n ( r )  in toe region of space exterior  to a given closed :~ r face

C. ( o in the ore ceel lng t ararr apo ) in tern: of the values of ~(r ~~) and the

r .oroa gradient b~ (~~~)/~n ; however , n ( the  outward normal to a +

1: the inward normal to the surface S. If we wish n to denote the outward

noroa to 3, we write

) = ~ v(S) 
~~~~~ 

(
~

) - ~~~~~~~~~~ ( 2 . 7)

which v ( S )  is writ ten for v(~~) for sinpl1c~ ty. Equation ( 2 . 7 )  is

the well known K~ rchhoff-Helnho 1t z equation .9

The use of eq. (2.7) for the calculation of v(~ ) is , in many cases ,

~npract~cal because it requires a knowledge of Cauchy boundary conditions

3oker and Copson, op. cit., p. 25 (see footnotes).

C.

p. 2~.
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vt ic :.  : ,oy not be known . I: oroer to specIfy only the simpler Dirlchlet

: :oo~ org condIt ions , an expres.~ioo th a t  relates ~(g )  to ~~(S)/~sr.

For Imole  n armooj o  —Ii  sturbance: ‘
~~ , a vector u can be

° = grad ~ . (2 J~)

g ’:1cu~ ar , f , is toe acoust ic  p res~ore in a medium of average

I c o_ i ty  p , partIcLe velocity . The normal component of the

par ti cle velocity is in ma~~.ituie

u = - -
~~

— 
~~~~ . ( 2 .9 )

iU~~ On

U :rtonote y, measurement of the normal component of the velocity is not

€.~~ y. oo-.-~~ver , the dtrec c~ on of tne part :c~ e motion iS i1orna~ to the

• .~ur foce  C. , then

I - -u = U = — .n

C.~b :tItoting from eq. (2.10) into eq. (2.9)

k I
— .

~[ = ..c
~
.—

iU~~ On

- ~~~~~~~~~~~~~~~~~~~~~~~~~ .
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(1

or

. _
= ~ o ,i (2 .l l)

2005 0 ll::ple expres l lon for the 2~/~ o I: obtained in terms of ~
that toe r adia t ed  wave : are locally plane waves radiated in the

• . .  _ ..- - ±0•.:rect _or. o toe outwar :  on to toe sur iace S. Mu~ :er’ n i r  onown

tout t..~ error  in eq .  (2 . 11) fc r  a spoerlcall y spreading wave is of the

c rIe r  of l/R ° where R is the ra l iu s  of curvature of the wavefront .

UsI ng  eq. ( 2 .12 ) In eq. ( 2 .  ~),  one obtains f inally

- 
-
‘ 

~~~~~~ 1kB
1(~~~~) = -

~~~ 5 ~~ - ik~~~~ — 
~(s) ~ (2.13)

• voi ch r ecoir e : o n y  the Dirichlet  boundary values •,‘(s)
It should be noticed toat the values of ui(s) sp ecif ied over toe

ge~ e~ a~ , oe co—o~ ex ab ~~~~ t~ e co~putea va~ues

~~Clau: ~~~l~ er , “Electromagnet ic  Radiation Patterns and Sources , ”
I~ E T:aro~act ion:  on Antennas  ar,d Propa -atior .,  Professional Group on
Antenna : and Propagation , July 1976 , vol. AP~L+ , no. 3, p. 229.

-- ~~~~~~~~~~~~~~~ ~~~~~~_ • ~~~ • .--- --
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CHAPTER III

Ito of Ki~’c h : . cf f - C . l l : : c,lt: Fo . . :ll

:orm of the so~ ut ion of toe He_ ~cno~ t z eq. ( 2 . 2 )  in the prolate

•s oerdllal co~ rd1nate system has :een kr.o~r. since lo~3. However, due to

c o . . i e x . oy of tol: for m , i t  I: u n f am I l I a r  to many . Therefore Appendix

Ins ~u:e: :n vo~co toe :o:’:: of tnI . so~~ t 1or. an .~everal of its

e;t Cs ore JI~ oo:sed In I c t a ll .  The r esul ts  out olned in A ppen l ix  A

Is ~ .~~u :.ecs In the reo~~ioier  of toe d I sc us si on .

The problem of notation Ic. toll coordinate system ieman:~ a word of

li . .cu :sicn . As yet no no ta t ion  nan been agreed upon by the various workers

In toe f ie ld;  for that matter , even the method of normalizing some of the

:‘ta -. s t icms is still a mctter of discussion . Flara-ner,~~~ however , li sts

ann :::cu:ses toe var:cus r .ot atior.s so toe aetai~ s of these systems wi.~:

~ Ot be ment ioned  here other than as pertains to the notation of Flarrner

is used exolosive l y.  Flammer ’ s notat ion does not include a simp le

.: m.. o .  for  the expansion c o e ff Ic i e n t  for the radial funct ion: , cut toe

obvlcu., on o ice  f o r  this s pcbol ha: been made [ see eq. ( A . 9 )  of Appendix A J

is used onr ou lnout th~ s paper .

One vou .o l i k e  to write eq. (2.13 ) in a form such that, having

: :u.;orc l toe val ues of the acoustic pressure ~i(s ) at discrete points

on the surface S, one can compute the acoustic pressure at the f i e l d  point

~~Car:or. Flammer , Spheroidal Wave Functions, Stanford University Press,
.itonfor d , California, 1957, pp. l1~-l5.

- ic -

I 

• •

~~~~~~~~~~~~~~~~~~~~~~~~~~
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o c:..: cor,s..der

— 1kBs l e  • 1 . e oR
= • -  — + ikon ~ B L B .~ B ~~~~

‘

• C.c,; if the point r is a great distance from the nearest point of

th4 su rface 3, i.e . ,  R >~ I , the f i rst term on the right of eq. (3 .1)

..e neg .~este: :copare~ w 5tn toe secorni term . On consiaerat:cn 0: F~~~.

(~~.l)  o n e  f~ ctor  ~R/~ n is easil y seen to he

__ = - cos G . (3 .2 )

One find: thus

r i.kB1 1kB
- 1k cos e

for  ~.oiozs r a great distance from the surface of integration . Now eq..

(2. :~~) can be writ ten

P i~~:si ~~~( 1 + c os 6)  ~~~~ v ( S)  dA . ~~~~

At t h i s  poi nt there are at least two paths which lead to a tractable

numerIcal approximation to eq. ~~~~~ 
Both of these methods involve deter-

mining on expression for the cosine & in terms of the f i eld point and

a general point on the surface = . As deriving this expression

involve: some detailed, though not difficult, geometric manipulation, the

first part of Appendix B is devoted to this calculation. The choice of

~~~~~~~~~ --  •~._~
j ._ 

~~~~~~~~~~~~~~~~~~ .- •. - • -,-~~~---~~~ . --~~~~~rn-~~~ ~~~~~~~~~~~~~~~~~~ 
.- ——. — .~~~~~~~

• _ _ _ _
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BOUNDARY SURFACE S

I
FIG. 3 . 1 - A  PORTION OF THE SURFACE S SHOWING THE OUTWARD

NORMAL ri, TH E FI EL D POINT r , THE SOURC E POINT r
THEIR DIFFERENCE R , AND THE ANGLE 6
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.‘o:.cocs so ~se to toe fact toot tnere are probas~.y oevera± ways of

C o : . : st In g  ( sxp  ikB)/R . ?so of these method : , the use of an i n f in i t e

5cr_ c : ,  eamuossori In terms of the spoeroldal wave functions and a conceptually

s~ mp ..,er 0~ ometr1can cancu:ation , ~~~~ be expounded separately .

F i r s t , the more sophIst icated method snaIl be considered, i . e . ,  an

I n l l n lt e  ser Ies  expansion of (exp ikR)/R shall be u sed in eq.

to COc .put e toe pressure at the f i el l  point r . With eqs . (A. 12 ) and

( : .o)  one can wr i te  immedIately

, 2 ~~~‘ ~ 2-h (~) (1)
= : :(~i’ 

S~~(c ,i~) R~~ (c ,~~) R ( c,~~5 )

1 + 
~~~~~~~ 

+ ~ 
(. ~~~~~~~ -

s (c,~ 0) cos n(~ - 
~~~~~~~~~ 

‘
~(~~~‘ ~~~~~

‘ ~ ) 
~ 

. (3.5)

Ic. ‘shicP. the surface = 

~ 
is toe surface of integration .

There are several observations that can be made to simplify eq..

( 5 . 7 ) .  First , since the pressure ~4 / ( r )  at a fa r f ie ld  point r is to be

an as~~optot ic  expansion for  ~~~ (c ,~~) can be used Lsee eq..

(;~.iC)  of Appendix A~ . Secondly , the hydrophone used in these tests was

coy ,ctructed and operated in such a way that the field was unchanged by

rotation of the hydrophone about its long axi s ( i . e . ,  the field was omni-

directional in any plane perpendicular to the line determined by ~ =

____ _________ -~~-~~~~~ -~~~~—~~~~~
- — •

~~~~~~~~—
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~~~~~o . c : .s:.t ..v , toe tnte rat:on w t n  respe c t to ç ~n eq. (3.5) can uc

cr f ~~r , ..sJ o:.~~ysIc~ lIy, and toe :‘Idll sosdy can be restrIcted to toe p1aoc

= C vltnout loss of genera l ity . ToIr i s y, oar r.g toece t0: t~~, only

:‘clttlve s::.pIItuie~ wIll be compared ama , consequenti y ,  all constant  factor:

Cu: . Ignored. These terms woull , of course , be importan t In the determi-

:.utlOn of th~ ab.~ollte Lre::ure in toe farfieJ.d from nearfleld measurements.

E. :u~ ti~ n (~.5) then become:

1
~~~~ ~~~~

‘ 2 - 5 
2 

- 

~~ (I)
“ L ~~ N (

~J S (C , T ) e B (c,~~~)

1 1
- 1)2 • (~ 

- ~~~~ (I -

I 1+~~ 2 s  
, ~ + 

0 
(l. -~~ 

)
~

.~ . 
~ ( 2 - 2

)~ 
on 

- 
2~~ 

on

S~~ (c,~~~) ~ 
(r~~,~~~) (~ + - :.) (I - d~ (3.6)

and to compute ~( r )  at the point r all that is necessary is that one

measure V (r~ ,~~~) over the surface = and apply eq. (3.6). Since

there is no dependence on , measurements need only be made along the

portion of the ellipse determined by 
~~ 

= and C

As eq. (~ .6) is obviously one that would be difficult to handle

:.uo.erlcally , one considers the other possibility, i.e., the determination

of (exp ikR)/R geometrically. The simpler of these two results will

then be used in this application .

—--rn-- — -.
~~~~~ 

_- ,-
~~
_ .-~~~~~~~~

_. ——•- , ., — r n— •  .~~~~~ .— .~~~~-, ~~~~~~~~~~~~~~~~~~~~~~~~ - ,•~~~~~~~~~~~~~~~~ -—
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In Ap~ ~n~~ix B si::.pie geo::.etry is used to f i n d  an expression fo r

(c::: iuR)/R .:ee eq . (B.15)  in toe prolate spheroidal coordinate system.

The~~ cX~. .‘e~ sioo~ will be used in eq. (3.~
,) to get an expression for ‘~( r )

t;.ot Is numerically tractable . To simpllfy toe discussion define

E = - k~ i~ = - c , 
~~~~~LI .~ 0

F = - c (I - 2
) ~~(j  - )  (~

2 
- l)~~° (~.8)

~~~~ ~~~ 
- l) ’ 

-G = anci (3.9)
( -

( -  
2~~ 

~~

, 
— 

2
)~

H 2 2 . (~.~c)
-

Wito toe definitions (3. ’) to (~~ lQ) one has

cos & = G ÷ H cos (3.11)

an a

1kB ic~ iE + iF cos cpe 
= k s— e ° (5.12)R

( scO App en d ix  B ) .

P lacIng  these values in eq.. (~~.L~)  one has

. 2 ic~ flj ~ iE + iF cos ç
- 

~~~~ 
+ G ÷ H cos 9 ) J e  ° 

~~~~~~~~~~ 
dAd. (~~.l~)

~~~~~~~~~~. ~~~~~~~~~~~~~~~~~~~~~~~ _ _  _ _ _  _ _  _ _ _ _ _ _ _ _
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As :ocnt lsned  earlier the discussIon I: re st r I c t ed  to relatIve valle:

• t:. :..uusurcci and co:..p oe: q .antitics; therefore, con s:ano  factors can cc

..~~res .  A s o , hecasse the nearf eld data do not depend on one can

• , 125::.. toe :n tegrott or .  wsto  respect to to get

~(r) ~~ ! e~~ (1~G) J (~~~~) + IHJ , (F)~ ~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~ 

d~ (3.1:,)

In which J2(F) and J (F) are the ordinary Bessel functions of the first

nlnd o:’ criers 0 and I , respectively.

In spite of toe algecralc complexity of the terms of eq. (5.1.,) ,

oef lned  ly eq s .  (~~. ‘~) to ( 5 . 1 0 ),  It is not d i f f i c u l t  to see that eq.

so far  :imp er anon toe corresanoding eq. (3.o). The difficu~ty of ccmput sng

spoe roidal wave fur.ctioos cannot ‘ce overemphasized. Even with moderr. high

speed computers many procedural operations and numerical computations

int -dlled in using these func t ions  remain unresolved.  Simple expressions

and simply evaluated expressions for these f u n c t i o n s  are as yet unknown .

The lIm I t ed  tables of expansion coeff ic ients  of Stra t ton
13 et al . required ,

a f t e r  ~.s years of p rogramming,  ten hours of comput:mg t ime on the Whsr~.wsma

c~•:..poter at. the ~assachusetts institute of Technology . Consequent ly,  in the

;± :.a loier  of th i s  application of the Kirchhoff-He lmholt z formula , eq.  (5 .l~.)

12:: W. McI~~chIao , Bessel  Fu n c t i on s  fo r  Engineers,  Oxford at the Universi ty
Press, London , England, 1~~l, no.  51, p. 179.

~~J. A. Strallon, P. M . Morse, L. J. Chu, J. D. C. Little, and F. J. Co:’hat~ ,
Gphcr- llal Wave Functions, John Wiley and Sons, Inc., New York, 1956 .

- — -• -— 
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(~~~~~~~~~
‘ a :t ~~a~ Ion to  whi sk . ç r ( r ,~~~ ) I :

( . .
~ 

c ’c :’ , . l oss  In . o..~~ ths r maw ) for dIscrete values of wIll ,

s ~ .o s , :eq.Irs : . .  ~.‘l eva lua tI on  of the iotegra wIth respect to

ceo o slo ’ ~~~~~~~~ ~~~ . .srlca. ~:airatare for:,: Ia I: used to

w _ ’,n r ~ spe:t to 
~ 

. The tr.Iroeeo polno formula is

more or ~~~ar: ItrarIly. This num~er pro--ides a reasona.~ly good

0’ 
~~~ ~~) cm the sur face  of in t egr a t i o n .  The GaussIan fcr: .ula 1

~

u .s. •e:au~e I~ has • een proven cc give the  best  app rox l . .a o lon  to  the 

nuoser  of  a.. soiscac . ThIs quadrature for..u.a require s 

I’ ~~~ oncelsan i at p o i n t s  spacel in accordance with the zeros of

be ~~~~~s..553 p:lyn:c.Ials whose order is the nuncer cf acscissae to be

nsi..cred (in this case 13).

F5r ~nc p r ob l em  considered here (the determination of the farf ield

rasiat ion ;a tern f r o m  r .earfieli  measurements)  the ir.oegrand is determined

in part  l y toe experimentally measured values of the pressure

• in the n e a r f i e l d .  Now , if ome cons ide r s  the variation of ~~~~~~~~~~~~~~~~ with

, :ne -m ill f ind  in general chat ~i ( i~~ ,~~~ ) varies not only in amplitude

also In phase , i.e., the value of v (~10,~ 5 ) at a po in t  (r ~~,~~~) wi l l

a s so c I a t e d  with  it an amplitude p . and a phase angle ~~ , whe reas

at one poInt (~ 2,~~~) the amplitude will be p
2 

and the phase angle will

This coro c~nat1oo of amp~ stude and phase angse su~gest a co:..p~ex

O. sa:., ..~rn .50 N . ,  Davoas , 1~hrman ann I~ venson , Ar~hur , ‘Tacle o~ ~.he
of  the Legendre Polynomials of Order 1-16 and the Weight CoeffIcient:

1’ Gu:.:’ :tecoanlcal Q~uadrature Formula , ’ Bulletin of the AmerIcan

~ aohe :.atical So c Ie ty,  vol .  28, no . Ic , October 1942, pp. 739-7~3.

~~~~~~• ~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—-— •_ - . -~~~~ ~~~~~~~~ -. -. ---~~~~~~• ,  ~~~~~~~~~• - •  • ... ~~~~~. ,.,- -- -—~~~
.- ~~~~~~~~~~~~~~~~~~ •-~~~—. ~~-
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of th5 q~ u:.o.ty ~
(- ,

~~~
) a.~ pe~~ . It  Is In thIs sense

~~~~~~~~~~~~~~~~ 
a :.• . : .~~~~~ j .  u:.oIty . Os-cloud y, ~~~~~~~ w r I t t e n  as

is ~:t~.ulIy a cs...m~~ x reprs.~sotat~ sn of a real quantity. Because

r a o’llao l’.’c detcrc,I:.aolcr, of ~(r) , only relative values

of p (to wIthin a :ollc.ip llcatl’ze cons t ant ) and of ~ (to wi th in  an

a. .loi ’.’e 5:. sta~ t) noel he moascres .

‘me valses of p ano ~ are mcassred at. the p o i n t s  r~ = 3.C

~~~~~~ ± C. L,7.,, ± C.~~,3, ± I .7~~.i, ± 0.92 1, and ± C.907 or. the curve

1. ll25 ans 
~ 

= C . Thess measored values are then used in eq.

(3.1-.) with the integra l  nsmeri cal ly  evaluated by Gaussian Numer ica l

Quadrature  to det erm ine  the computed radia t ion pat tern shown in Fig. (3.2).

mcas~ ren :ar:se .n pattern 0: ~~~~~~ ( 3 . 2 )  is one pattern for  toss

hydrophone measured a great distance (~ C feet) from the hydrophone.

The agreement  ceoween computed and measured values in Fig. (3 .2 )

is seen to l~ qu i te good.  Other tests  of t h i s  method indicate that when

the mort al deriwative of the pressure is given by lb t imes the pressure

I:. eq. (2.l2 )~ , radiation patterns computed f rom eq.. ~~~~~ 
are in

excel l ent  • ~ -eem ent  wi th  osser vel  radiation patterns. 

-rn~~~~~~~~~ -- --—- • .• • - - . -. .- -, , ——, -- -,-
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our :’ace  of i nt e g rat son  S. E5’sat~ o~ ~~~~~ is wal ls  on~ y woer . r :es

witoin the surface S. As before, only the regi on exterior to the surface

S is considered. It can ‘cc showc. that

= ~ f L 9(r ) 3(r~r~ ) dA (~~.2)
4 ,

in ‘mo _so r is m om 0003:100’ to the sor f ace  S and r. is the unit outwars

to the s:r f ao o S.
1 .‘:ith SOs s~~( :r ~~)/~ n of Appendix A :see eq.. (A.i5 )~, one can

write imsc.ecoiately

1 -20 - 
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— 
.
~~ ,~~~~~~~~~., . L L, ~T (77 S.:c ( : , , )  

( i )— , ::.= l  m~ .. ‘~:c:. ~~~

J~ 
C~ •.(c ,~~0) coo :::.(~~-p ): (r ,~ ‘~~r~ 

IA 
~~~~~

o ~~~.: ::a:: ca ot e~~ ’i_ ’ n = . Eq .ation 
~~~~~ 

is simllar

In :  e:-:act ~esl lt  of Pa :hne : can :..e de r ived  oy •ssiog

wn l lh  vanishes c-ce:- ‘h ~ surfa ce  of the sphere and by

to .., m~ ‘00: o: 00e r at I n t O  . e  t o e  . pne r e . His resu~ c. sos_c

al...o cc . :_ ‘ceo fr .om sc . (.
~.3 )  :y s :nsi i s : Ic .g ooe l Im i t I n g  case as the

f c c :  so  p r o l at e  .~shoro.lla_ ccorii:.a~e system goes O S

li:..ioin :: pr ::s :c  y ie ld s  th e  o j000r isa l  c : : : t i oa t e  syste:.: , and

~pn e : I oa~ wav e f sn c  ions  on toe

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ e q .  (
~~

. ~i c :r t a :n s  :a:ns.er ’ s resu.~t as a spec:a_ case .

q u a o i o n  
~~~~~ 

is a sisr.ificanoly better method tf  c o m p u t I n g  v(:)

Ic. many ca_ es  :.ecas:e the d I f fi c u l t y  associa ted with  approx ima tIng  Caschy

_olary conditicos with D ir i sh l et  bound ary  c on d I t i on s  is avoIded .  ::o

• ::c.wlei~ e of  the ::e-~-sa nr. hosniary condit ion s  o ther  than f In i t e n e ss  is

is. t oe  npplicat ion of eq .  ( 1 .3)  and , of coorse , f i n i t e n e ss  is no

~ s s e t t I a_  r e s t r ic t i o n  Ic. many physical prollem:.



Cd. .

In  onI. :  sh o t:.’ 00. : .o..~~, : a ion paste::. of oh: h y . . ’ s n ~ ..: Co:. lc’: ;”~~:

: .: c ..m : t .~~- ::i ’,.’:ll be o:o: : _ o e l .t . c . . o : o 1 l o:• Cnas~5,: ; .~~ -.. ’ . ?o .: , c.p i f y

tb. . o~m ; . a o l c n o  :oe: .t loc.e I sa. ’ I ie:’ w i l l  - e c a  .s.  . dpec i f loa l ly ,

000. ~it ~,t 5. . lIt : po i..t a at cm. I ts.  ,(:) w i l l  ::e comp~ t eo is a l lcat

Sm .. s . ;ans_  c _ sS .:lr ut :o. .  at . o...~y :e~~o.ol’;e p ressu res  wI~~_ se

am:  cocpu ’c~ ., t0. .. .,  sos~~taot  factors cam -c igno .’cl. WIth the

of toed :  tn :ee o.:...s ro’aticso o , eo . (~~.5) coo . cc ‘moi tter .

~~~~~~ 

P~~~ (c ,~~ )

0 ,-
\ ( -  t~f~~~ ..~~

- -
/ 

~~~~~~~~~~ 
0 ,, ..~~._ , . , ,)  ‘s —’ — I ¼~~~_ ‘~- —

S LI 0 .~ LI LI

of 010: th: :-teen m o i n t  Oauss ian  ::uc.erica_ Qsasrature formula

mc so .~~~;e to: Imtngr l l  is •;. (5.1) then y ie l ds  a nu . . .erical ly  t ractal ll

of on :  o’ u . ’se s of toe wave :‘ur.cs:ons s.ee:ec on toss a :.a_y:os

00. ., ~t : I :r::. tO’: Is: slas of Apo enci :.:  A.  The ,Ieto: ’- simation of ohs

so - o’ :n:tlons was not. over y d i f fi d l lt  . ssas .~e on ly the series on

n 000 a’..: I.. e .  (5.1 ,,.

(
~ ~~) ,~~~~~ a I o L ~~~~~ 

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

a~e 

— • •-.- -~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~ - —_ —-— --~~ ~~~--• 



-~~m _’ ,~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-~~~

--.--
~~
.. ~~~~~~~~~~~~~~~ 

- 
~~~~~ 

‘ —. c~~— - 1_t-o’soT”

I
/ 0 0  \~~~~~~~~~~~~~~ LI

/ \
3 ~~~~~~~~ \ ~/ ~~~~~~ .3 08 ~~~~~ 50°

I \ ~ ~~~ o’~~.
~~~~~~0 ~~~• IsO 

~~~~~~~~~ ~~~~~~~~~~~ 
/ 

/ 

~~ 

300

/~~ 
/ ‘~~~~N ~ / N ‘~~~~~~~ ~~~~~~~~~~~~~~

I 70° ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 00

o CCh9U TED
— MEA SuRED

FG.  5. I — 

~.:EASURED AND COMPUTED RADIATION PATTERNS
METHOD OF PACHNER

-~~~~~~~~-~~~ --~~~ - - - . ~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ ..--— ~~~~~~~~~~~~~~~ .-~~ •• 

--— 
~~~~~~-—~~ ~~~~~~~

.. -4



CEAI’C’I:E /l

- -  . ‘ .  ,‘  ,— ‘  I . — s _ . .. — ‘.: .: _ .~~~., o:.s ca: . ce too t • otr, one

u u. . tn . t .O . I f I e b  . 0 .05 of l ’t cO: . : :  fIve V.:. ’~ 00 .. ag:ee:,.e:,t w It h

ho - . .~u .’t c_ ~~~.- c a b :  : o . I . e~ s.  o.~;s. Boto m et hods  have

o . . ’ o ~ ... ’.- ~so: a..: c m .  00 :.t s .  ,O:  o:::n::.o.f-se .:oocm~tz  ~C r:s~~~a can e 

_ c : . a ’mal’ t out  or.: L I ; 5  0: 

, :o : .s , . ~~t tn /c f c . o.. ..~~~ al. o : : . i; ’eo. Sno t  one specIfy Catchy 000:0:a:’y

co:.:It ll :. . .  eVOc.  I f  o:.l y : y ’ . ,:~~:oo :.aS. IC:. a..: in ohs exa . . : , .e .  1k~ a~~cnc: - nas

to us:; . - .’ on I . :: :‘c.- :...,Cs. I . .  case:, In wnish ret/oslo:, Cu. , sny  - a ’

DI :Isnlet  bc snda:-y c ond i t i ons  vIa eq.  (2.12 ) ma.: not val id ;

- ~~~~~~~~~~~~~~~ .._~ _ i~~~ ..5i~~

1kc ,. ,~ thol of Pashner require s on_ ;.- the se ci f i c a t i on  of ir i sh/oo 

mom’ ‘:alu: . .t  wi l l  in 0 as:: case: :ai.c e sore quest ions than it answers .

1k: p;~~~~ 1s .:. of ccmpuo~ ng the necessary wave f u n c t i o n s  is a d i f f i c u l t  one .

To: ro : iss ty  of ccn- .-erge nce of the series , in general , and the depe ndence of

t n i .  00.. v : - - e:550 o ; t:~~ ‘~al_ es  of ~ ann are snk .oow n.

:~ c or.s 1_ s_ o n , toe u. c~oo: ’ : osr ose is aocomsl i she d .  There are not

a_ I :a l lr  ~If fe :’ent  .colstioms to the prob lem of de tern in i r .g  the values

a: a : .. n . t i oc .  wo::n _ st:oi f~e: the He Icloolt: eq.uation exterior to a given

‘.‘a/oos on t nl :  : . r fa c e , but there are merely several forms of

0..: .: .01cm . look of the f or m s  of the solution have their  good and their

1k: ocr : : t o be used :.; any particular si tuation is

— _ r-, -

~~~~~~ 

I

L,.

~ 

.  —_. —... ‘ - - --~~-- ‘--~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -‘~~~- 
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‘S :.S . l .s: y wont. 15 100w :.. I :. tO.: ev en t  C a . t h y  oso lary co :. . i lt ~~or.s are 

‘.., tb :  K ir c r .h o f f- H e b ch o l t : :  ap~a’caco I:; proha:.ly sect;  if O. :‘lchlet coo-

lltlo: ..: arc :00w::, oh’: method of Pacos’sr Is preferre ~;whereas , if N eum an: .

so.; . it i on s  are spec if i ed , one could f Il l  a:.other form of the so lu t ion  using

t:. . :..‘:tho is of  Chapter IV ry choosIng the Green ’ s func t ion  whose nor: .al

g.-a i l c nt  van i shes  ove r tfle soondary surface . 
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APPENDIX A

1’

To: p r o . a c s  .ph ’:’:’ol lab  coordinate system 1) 
IS relate/I to the rectangular

too: /I :;at .c ;y . dc :o via the system of equations

o = (I~~~~
2) ( ~ 2 1)~~~ cos 

~ (A.l.a)

= (I  - ~0) (~~~ 2’ 

- I) sir: ~ ( A. 1 . b )

= 
C: 

(A. 1.c)

l~~~~~<~~ O~~~9~~~2~t

in which  I Is the separation of foci  in the coordinate system. (see Note )

The Hel:cho~ tz equation , eq. ( 2 . 2 ) ,  is Separable in this coordinate

system , giving the two ordir.ary d i f fe ren t ia l  equations

- 
2 ) a S ( c ,~~)~ + L Xmn 

- c2
~

2 
- ~ S ( c ,~~) = C

(A.2)

I ~~2 - I )  
I 

R ( C ,~~)] - A - c~~~ + R~~ (c ,~~) = 0 
(A .3)

~~Flammer, ~~~~~~ . c i t .,  p.6

N ote :  All square roots wIll be taken as non-negative .

-. 26 - 
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the :.; aol are separation parameters and c = ~ou wIth I

wa’.: ~um. . er .  Tr.e ;uan tit i e s  S ( c ,~~) are the prolate spheroidal angle

I . : ..:tlo:;c , a:si the E ( c ,~~) are the prolate spheroidal radial func t ions .

N~ clce that coo.  ( A . 2 )  and (A .3 )  are , wi th a change of sign , identical. They

a: - : wr i t te n  separately only to emphasize the d i f fe rence  in the range of the

two va: ’Iai les ~ and . It should also be noted that eqs . ( A . 2 )  and

(A .3) are of the form

- r 2~~.1 . .. 2 au o 2 ~o— + X - z  - ——--
~~

-
~~ 

u = (A.1
~)L~Z5

to o’ wc~~ kncw~ Cturn-Liosvll ie equation . Al l  of the theory of

to. : Ctsr . . -LIcu : . .~~le equa t ion  is thus applicable to eqs. (A.2) and (A.3);

a:; , 1:0 p ar t i c u ar , the orthogor .a l i ty  of the solutions u in eq. (A. 1)

:e o: t mt cr e s t  ~ater in the deveaoprsent.

3mncro :.:a~. Ar.g_e Funct ions

Equat ion ( A . 2) ,  a second order o rd ina ry  d i f f e r en t i a l  equation , has two

li :.sarly l :;lepcndent solutions; however , one of these solutions, the angle

fu . .ct ion  of the second kind (c ,i~ ) , is not f inite for  ~ = ±1

As these  value s are in the region of interest in this particular problem ,

t :.e c /n ot i o ns  of the second kind will not be included ir. the formulation

of toe gem/o ral solution and wi l l  not be considered hereafter.  The other

solut ion  to eq. (A.2), the angle funct ion  of the f i r s t  kind S~~~~(c ,1~)

ca.. thus be denoted by S (c ,T~) without amb iguity .

The solution to eq. (A.2) is determined by noticing that for C = 0,

th is differential equation is the one satIsfied by the associated Legendre

L 

I 
_ _ _ _ _ _ _ _ _ _

. . ‘ - ~~~-~~~~~~~~~ ~~~~~~~ • - ~~~~~~~~~~~~
‘ “
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f~~.; ;t Io :.s of the f i rst  hI:;u of In tegra l  or : c r  and degree . ThI s  ssggests: for

oh: O:. ,~~ e otsnc t i on  of ‘the f i r s t  b ins  an in f in I t e  series of the forr : .

S . n (c ,~~~) = 

~~~~~ 

d~ ” ( c )  Pm (T ~) ( A .5)

Is. ‘so. I on tn :  p r ime  0-icr the summat ion  sI gn In d ic a t e s  summat ion  over only

;a . . . e s  of r wocn n -n  is eves. are: over only o d d  v o o e s  of r when

::-:.. so ccc. toe e:•:pansion c o e f fl c o en t s  I ( c )  are ‘ceterrc ine/ :  cy ssrcsto-

o..t o.. no eq .  (
~

-
~.p )  onto eq. (.-.~. 2 ) .  Planter goves a recu:-s~ om re~ at0on

f o r  to’: .1 ( c )  a:o l also f I nd s  a:, expansIon  for  the elger .valucs A,,~~( c ) .

s’5~’ts. .O0 . sJ, ooweve:’, toe necessary expans~ on coeff icients  have : oem

17m u .  atatcI cy Stratton , ~orse , Chu. , Little and Corbat6. The limitation of

to. les to values of c ~ I is responsible for the choice of pa :-a:osters

( spc ci fi c a l ly  frequency and. length of radiator ) used in the example consin eren

I:. th I s  thcs~ s. With the tables of Stratton et al . and tables of associated

/oges. ire fumct io r.s, one can easily compute the angle functions of the f irst

sill o~ror . eq. ( A . 5 ) .

0rt.ko c, .ub ~ ty of the Funct ions  S ,,r (C~~~)

From the gene ral theory of Sturm-Liouvilie differential equation s

it fo l lows that the functions S ( c ,~~) are orthogonal in the interval

(-1 , 1) . Therefore ,

~~~~~~ 

S~~~(C~~~) 5mn ’ (c ,~~) d~ = ~~~ N~~ (A . 6)

° I ’ :i . ,  p . 17.

~~3trat ton et al., op. cit .

I ~~

— --— 
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I . .  vol  :n to: Is ‘:asll y cetermis .en by using the normal iza t ion  factor

0 5 . ’ to: a . .sociat ec  ~ e0en,ire fs:,.ct ion to be

~~~~~
‘ (:. + 2m)~ d” ’”(c) j 2

= 2 )  . (A .7 )
s. 

~~~~~~~~~~ (2r + 2 a , + l ) r !

fob.:’:-: h a l  Em :ab Fu.:ctlor.s

A.. i:, the Ca ..c of the any ..e f.onctions , ‘there are two solutions to 

:~ ff re , .t oa~ ‘ oqsatlo:.  ::at~~.:f I c . i sy the o-a i lal  f unc t i ons;  and one of these

:3. ,~t Ic: . .  Is sIng-ala:- or. th e c o o r d I n a t e  sur face  ~ = I. . Since , howeve r ,

..i.:g-o .a.’ity doe:s not oscar  in ‘the region of interest for this part icular

:5cc . :ooo , c oOn r& ssa :‘unct: or’.s toe raaia func t ion s  of the f i rs t  kion

- . . ( 2 )
‘~:on ( c ,~~, a:;o toe raosa . f unct :o :, of toe secona ~c1na Rmn (c ,~~)]

wi/I e I:’..sl’s_ ’cd in the gene ral soi.atior. . It is expedient to consider the

:-s.o1a1 f u n c t i o n  of the th i rd  kind given by

(c ,~~ ) = (c ,~~) 
+ IR~~~ (c ,~~) . (A .3 )

Flamme r expands the function ~~~~~~~~ in terms of the expan sion

co e f f ic i en t s  d””(c )  whereas Stratton et al. introduces a new expansion

c o e f f i c i e nt  which in the notation of Flammer would be a~~ ( c )  and which Ca.; ,

00’ c our se , be written in terms of 1 ” ( c ) .  Thus

(c ,~~ ) = [~—j~j 
~~ 

a~~ ( c )  h~
’
~ ( c e )  ( A. 9)
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wn :o n ( c ~~) os toe spoerica~ Har .h.c l. f u n c t ion of the f~~rot k Ind .

0::’.. e - S O n s I O n  c oe f f I cI e n t s  a
r ( c )  are chosen so that

~ 
i [c~~-~~(n ~~~ )~~] 

. (A.lo)
c~ —~

E.:;anoion ( A . 9 )  is an asymptot ic  series being valId only when the

sigmiflca:,t values of R~~~(c,~~) lie is. the range 0 < r < c~

/ocau .~’e of the va/os o:’ c~~ (c~ = o . l )  used in the examples worked out

he::, another cxpansio:; s,ust cc devised for  the imaginary part of (c ,~~).

T hi s  is necessary oecau.ce the sIgnifIcant terms in the expans ion  of

do not occur in the ramga 0 < r < c~ . Flam:ser lJ derive s the

cc so son

= 
~

_ 

~~~ ~(c ,~~) log 
~~~~~ 

+ g (c ,~~) (A .l l )

all. give s detaIls for conput ir.g the Q~~~~ and ~~~ .

(c ,~~) ~s ca~ c u a tea _r .  tn~s case cy rep~ ac ing the spherlca_ Earu~e_

fu~ ctIom In eq. (A .9 )  by ‘the spherIcal Bessel funct ion . The radial fun c tior .

of the thIr d kInd (c ,~~) i s ther. co~~ uted from eq. (A .~~).

Green ’ s FunctIon in Prolate Spheroidal Coordinates

r. Chapter II the simple Green ’s functIon ( exp ikR)/R in prolate

.:sk:roidal coordinates IS required. Flammer
21 writes this as

‘°Flammer, op. c i t .,  p.  35.
- . , 5-I :  ~~:., p. 35, eq.

2i
~_~~~~, p.  ~~~ , eq.  (~~~. i. .7 ) .

2 / I . , so .

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
——- --



~1-~-

-~ 
~~
‘ 2 - n

= ~~~ / ~~~~~~~~~~~~~~~~~ .
~ 

(c ,- )  .~ (c ,r~~; sos

f ~~~~ (c ,~~) (c,~~~)

( c ,~~~) ~~~(~~~~ ) (c ,~~) ~ >

oh all t e r m s  such  ~~~~, )~~ ~~~~~~~~~ e t c . ]  are exact ly as def imed

The :u. scr Ip t 0 a ol:; is sos;: to denote  values taker, the source

0 ~. - -‘....~~o t~ -~ ~ to t”o  ~~~~~~ s ..e’fa’ c =- 0 S

Is .co..../Is:- :J . tO’: c’..~’ r  te .’, :, of c:: . (A .l2 ) w i l l  be used.

CO~~I-te ~ / , OSWC ’: eS , toe Green ’ s f u n c t i o n  woica is (exp i~~~)/R

a -e s.era o~ tgo Img  wa-.-e saso moat the sun sat:sf:es the prescrioed.

.os :.Jarg condi t i ons is of interest . For the problem considered herein the

Gr een ’ s f an c t i cn which  s-an/Ills over the surface of integration will be

chn en so ‘that only i rloomogeneou s Dir ichle t  boundary conditions need be

- . , . - - - 22spec:: lea :or toe pr oc~ en .  ..r.e gets , toes.;

C + a general outgoing wave
R

CO CO

- . .  ç~ 2-s .
G(~~~~~) = 

~~

— 

~~~~ ~ 
~~~

° s ( c ,’n) S (c ,~~ )cos [ — ( ~~-G0 ) ]

(1) —

[~~~~
(e ,~~~) R~~~(c,~~) - ~~~~~~~~~ ~~~~~~~~~

fo r

22
~~~ d ., p. .. ‘

, eq. (5.2.11)-notice that cos [rn(9-90
) ] Is miss ing  from

eq. (5.2.11). 

- .~~~~~ ,.--‘---‘~~~~~~~~~~~-. - .—-‘- ~~~~---.- -“ . .- -— ~~~~~~~~~~~~~ ‘- .- --
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v / I  recal l  that the  use of th i s  funct ion  G(r ~ r~~) Iso the text
-

~~~~~~~

ObvIou sly, ~~ (r ~ r~~)/~ n Is ~G(r~~~
° )/~~ and

0. ., , , e el :  :/000r. t o be d iffe ren t i a ted  are those contained In the braces.

- Icr , theref ore ,

(1)
- ( I )  ( I )  R (c ,~~~) ( 3 )  ( 3 )

~ (c 1~~~) R ( c ,~~) - R~~ (c,~0) R (c,~~)

R~~ (c,~~ )

( 1)  ( 2)
easil y evaluated using toe Wro::.~ :Ian for  R ~~~~~ and R (c ,~~)

(~ ) (I)
(I) . (c ,~~) ( 2 )  ~~~ (c ,~~)

~ (c 2~~) : — 
~~ (c ,~~) “‘° .

~ = . (A .l~~)5; .“., O~ c(~ -1)

Thing cc . (A.l. ) one gets f or ~~(r~ r ° )/~n [or ~G ( r j ~~~)/~~~~] on the

s.,.rface

~~~~~~~~~~~~~~~~~~ 

~o=
~ s 

= - 

~~ c(~~ l) 
2-ö 

S ( c ,~~)

(3)
R (c,~~)

Smm (c ,iio
) cos [so(ç-ç )] 

~~~~~~ 
. ~~~~~~~R~~ (c,~~ )

Thus, eq. (A.l3 ) represents the Green ’s function which satisfies homogeneous

Diricklet boundary conditions on the surface, and eq. (A.15) is the normal

derIvative of this function.
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::,: p/I: . : (c~ = C ; a m e) .  Th I s  equatIon can be solved

= (a° - z~~~ (3.1)

= 
2 1  

(3 .2)
(a - z

It is well  ~:.own that  d:.:/io- is the slope of the tangent to the ellipse .

Is nl. .o t:.se fro m elecoentarl : a../Iyt .c  geometry that if is the slope

a lis.e ~~:;. O. ;~~l , toen -I/o is the slope of the perpendicular  to thIs

/ Ine . E’:.’.ce , the slope of the normal to the e l l ipse is goven  by

± 
~~ (a

4 
- ~2 ) l 

= tar,

In wh I ch  c~ is the am~ le the normal :.;akes vIto  the z axis .
0

Consider  for the moment the quadrant in which both x as.c

are p os I t ive . In th is quadrant the slope of the mcr :.a to toe e_ l :.pse

~ S pos i t ive  ever~r~ihere and one can write

- 33 -
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= 

r 2 (b
2 a 2

) 
“

~~~ 5
’ 

(3.3)

2 2~:’
= . (B.’~)

- E 2  2

e.’:t ’e..s . on for  the co: c~ is c.bv~ cuoly valid for  all x , z

0:’. moe e l/I/Ic ;  Ioowev.er , ‘the e :’:p:-ee’:Ior.  for  the sin is valid only

in the s~~ er hal:’ p lane (x > s) and :..ust be replaced by its negative

lO to.: ’  /Ive: ee~lf p lane (X < i )

the p lan e co n ta sn ing  the normal to the surface of a pr o la te

tne :.,m~ or ax:: of toe e~~ :ps oIo ’ maces an ang~.e p v it o  toe

:-: , : :0 /one . Fe fer r i n g  ‘to Fig.  (3.1) one sees that the ang le between

F is the angle S ; ‘the angle between so and z Is %; the

bet ween R and. z is ~ ; f~nal1y, the angle between the plane of

F and.~~~ and the plane of m and. z is . One can , therefo re ,

toe cos:ne o: t~ e ang...e S ros’. toe we~~, cnow:’. re~ ato.on :or spner:ca

coo e = cos cos ~ + sin a0 sin a cos . (3 .7)

:t re::ain: merely to observe that in the prolate spher oidal coordinate syste:.

toe semi-na ,~o: axis of the ellipse a and the semi -minor axis b are given sy

a = (3 .6)

and 

= ~ . ( B . 7 )

I.. . ‘—.‘.. .—., .—‘ —,— —.‘—‘---.-.—-—.--..-—— ...— . — —— .‘ ————‘---‘, .—- ‘—-- ‘——--.—-—-—-“-S.’.——*,—-- , - ‘ ..—— ‘ . ~——‘ —,-—. ~~~~~ — ‘  _ _,_ -



c~, 0,

( 1 , 0, 0)

FIG. B.I - THE SPHERICAL TRIANGLE USED TO DETERMINE COS e

.a

_ _ _ _ _ _ _ _ _  - “ - - - ‘~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~



— ‘~~~~~~“~~~~‘ ‘~~~~~~~ “ ‘~~ ‘ “ ‘.-.- ~~~~~~~~~~~~~~~~~~~~~ - 

~~~~‘“ T’~ 
-

~

eXt .’:,.. 0O~~ One

• ( ~~~~ f~ ,, ‘~‘,f
:~~~~~— -

~~ i ~~
-‘- , .1- 5— ‘— 0 - ‘5Cc = i- , sos p

— ~. ,. — ,~ ~‘ ,. ~‘ ‘ .. 0(; ,- , , _ ) (~~~~~_ - ‘ , 1”Os

toe ss....cr~~o’ts n c’::.cte va~ u’~: of th~ cosree coordin ates , ann the 

_~~C e 5  d e:.o:e V~~~ ..e.. am tll f/ o a t  point . E n t i c e  tout the
- 

- c~ ~ ~~ t - ~~~ s~~ a e~ t o ~ea0 0
‘::~r l i e r .  Th..s , toe an /a ‘sets: :’::; tb: normal  at th~ pc_ nt

tO t:.e h:~’o_,~te e lll oso ij u l  ~~ :fas e = ~ and. toe li ne jo in ing  a farfle ld
C S

f .  ‘
~~~ 

, ., ‘ ,~~
.,, ... .- . - ‘ “  S O

~s ~~~~~~~~~ C’~~~’ - 5-5 e,’ •

ao cete -:,. one ~ one coo wrote  s:mp_y

R T~ 
- x )° (y - y ) 2 ( z  - z ) 2 J ~ (3 .9 )

:cc . (A . l )  to get F in prolate spheroidal coordinates. As in the

on of cosine S , the discu ss i on w/Il  be res t r ic ted  to f ie .c

r rn lso ~.ie on toe pLane ç = . Consequen~~ y, one gets :or

0, 5. ~~:.. (G .~~)

= ~~ (1 - r~~) (
~~~~ 

-

y = (3.1:)

Z ~~ T’~ ~
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5)~~

f .  .... \ . 5— .
= 

~
, — - ‘

, ~, ;_ - ... ) ccc p
5- -. - C .~ ., CS

= (I - ~~~~ (~~~ - 1) sIn  p ( 3 . 1 1 )

-. a

:. . amlpu_ at io : ; , one gets

1,
1 

[(1s) (
0 1 )  (l- : j  (~ °- l)  ~2 ~2 

-

L C C 5 C

- 2 (l~~~
2

) ~~~
2

l )  
C 

( l -g~~) (~~~-l )  sos p (3.12 )
L - C OJ

or. ._5:..Itlmg toe discu:s~on to va .ues of ~ >~ ~~. .~ne san y r _ m e

2(1~ r 2 )~ :(l-s~~) (~~~l)~d.; sos p -

0 1 - .
5- 

- . ( ..:~)

toe well known b in omia l  theo rem to approximate ‘the square room on

the r /Int of eq .  (3.ljj , one f inds

- 2 2 , ~~4’ ,., -.~~- - (. -r , 
~~~ 

:(~~~~) ~~~~~~~
- -

~~~~~~~ 
cos + e(~~ ) .

WIt~. moo value of F f rom eq.  ( B ./ I ) ,  (exp icR )/F is easily found  to be

e 
-ic (r~~~ + (l~~

2
)l [(l-~~~) (~:-l):~ 

COS 9~) . (3. 17)
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