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Abstract Further, the plant may have a number of input and
output variables in which case it is termed multi—

S~ Instrumental variable (IV) regression is applied variable. It is important to make the distinction
.. to the estimation of the parameters of a differ— between the identification problem and the sinil—

•nce equation model of a procesa subject to noise. lar, but inverse, problem of output estimation.
The technique preserves the simplicity of least— In estimation, the physical relationship between
squares estimation, and is shown to significantly the input and output is given (known) and either
reduce the bias on the parameter estimates caused a filtered or predictive estimate of the output

~~~~ by measurement noise. A second—order example is is desired. The problem that is generally
used to illustrate the performance of the IV referred to as “optimal” requires a statistical
estimator, and to study the selection of sample description of all noise and disturbance processes
time and initialization parameters. Demonstration introduced into the system.

• is given on the parameter t racking capability of
the dynamic form of the algorithm. The dynamic More specifically, the following identification
algorithm is important for use in adaptive problem is considered. Given the discrete—data
control. record of a sequence of inputs (u(t); t 1 ,2,...,K)

or {u(t)}K and the corresponding, disturbance—corrupted outputs (y(t)}~ of a dynamical system,
determine the parameters of a suitable linear

Introduction model to be fitted to the data record. The number
of observations, K, is larger than the number of

Today, with the aid of an on—line digital tom— parameters to be estimated.
puter, it is possible to use an empirical model
to represent a non—linear plant in a sequential To be of practical use in an adaptive control
manner. Specifically , a low—order linear model strategy, the problem as stated is too general and
is selected to represent the dynamic system. By further restrictions are needed. Some major
use of the proper estimation algorithm, the com— requirements of adaptive philosophy are: (1) that
puter is able to produce updated parameter estj — identification be performed “on—line ” and in the
mates for the empirical model at each sample presence of the system ’s normal operatin g signals
instant. With this quasi—linearization procedure and disturbances, using only the normal control

r it is now feasible for the engineer to character— inputs; (2) that the computation time for identi—
~ ize the dynamics of his process sufficiently to fication be reasonably short compared to the

be able to apply such advanced control techniques sampling time required to maintain good control;
as the self—adaptive strategy. (3) that the computation time be short compared to

the rate of variation of the process parameters ;
This paper presents one method of process identi— (4) that data storage be minimal. These require—

- 
fication — namely, the instrumental—variable ments suggest a recursive technique which is caps—

\ method. This method can be used to estimate model ble of improving its estimates as more data is
parameters from an array of linear algebraic equa— received and is able to detect parameter variation
tions involving these parameters , a set of obser— at the same time. The general approach is then a

~
, 
.
~~ vations, and a set of unobservable noise terms , quasi—linearization procedure which yields a model

The estimates are obtained by first multiplying of the plant at each samp ling instant.
— the array by a rectangular matrix of “instruments”

to yield a square invertible matrix which is then Specification of the Model
solved for the estimates.

The first step of the identification problem is
Definition of the Problem the specification of an algebraic structure

between the input and output variables. This
Stated simply, process identification is the prob— model is postulated a priori and stems from the
lam of determining a description of the relation— underlying theory governing the particular dyn amic
ship between the input and output variables of the system under investigation . Because most adaptive
process. The fact that the unknown plant has been control and optimization probleme are time—varying

~~~ selected for study may suggest non—linear behav— and/or nonlinear, convenience has replaced the
ior, time—variable parameters, or simply a linear classical frequency—domain analysis with time—
system operating in an extreme environment, domain methods. Of these , discrete—time methods

* 
are preferred when the date records are obtained

Current address: Dow—Badische Chemical Co., by .aap ling the input and output signals at regu—
Preeport, Texas. lar intervals. Since this is the manner in which
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the data are gathered by on—h as digital computers, The Structural Relationship
the most convenient model is in the form of dif—
ference equations. It would at first seem prope r to estimate the

model parameters of Equation 3 by application of
With reference to the identification scheme either ordinary least—squares (LS) or generalized
sketched in Figure 1, the following difference least—squares (GLS) . The choice would appear to

• equation can be used to represent the relationship depend upon the particular assumptions made on
between the single input and the single distur— the disturbance term. The danger implicit in this
banc.—frse output, C~1l): 

procedure has been pointed Out by Young [21.
Equation 3 does not represent the simple regres—

J 

— a~c~_ 1 + a2c~_2 + ... + a c + b u sion model upon which the least—squares theory isp t-p i t based, but instead contains errors in variables”

+ b2u + . , .  + b u (1) within the Xt vector and is known as a “structural
t—M-2 q t—M—q model” [3).

where M represents the process dead time in jute— The elements of the observation vector Xt consti—
ger multiples of the sample interval , T, and p tute what are called explanatory variables
end q are the number of output and input terms (independent variables) and application of LS
respectively. It is generally accepted that, for requires that these variables be known exactly
process control applications, the model need not (deterministic) or at least be uncorrelated with4 be of order higher then second (p — 2, q — 2). the disturbance term if the explanatory variables

are themselves random. That is, it must be
- ) Equation 1 can be expressed in compact vector (or assumed that

matrix) notation as follows:
E(wtxtj — 0

c~ 
= cpx~_i ; t — l,2,...,K (2)

for consistency, if not unbiaaedness. Now, the
-t where vec tor xt contains passed values of the input and

output of the process. These passed values are
— [a1a2 .,.  a b b . ..  b 3 known as “lagged” variables. The passed values

p 1 2 q of the input are lagged values of the independent
variable and cause no difficulty for open—loopT

~~t—l t—p t—M—l ut_M_q) identification. Lagged values of the output... c U
(dependent) variable, on the other hand, represent
a really troublesome obstacle — namely, that theIf ct could be measured without error and the explanatory variables are correlated vith the dla—

model fit the process exactly, then only (p + turbance term , Using the results of simple linearsets of data (observations) would be required to regression analysis in this case will result indetermine the model parameters exactly. That is estimates which are biased in finite samples to a
(p + q) observations would give (p + q) equations degree dependent on the noise—to—signal ratio. Ifwith as many unknowns. In practice, however, in addition, the disturbance term is autocorre—there exist three major sources of uncertainty, lated, then the combination of lagged variablesnamely: and autocorrelsted disturbances result in the LS

estimator being inconsistent (41. Hence, in any(1) The inability of the model to describe the application of LS theory, it must be assumed thatprocess exactly, the conditions for the validity of the results are
satisfied,

(2) The disturbances entering the process (wd in
Figure 1), and Survey of Estimation Methods

(3) The presence of measurement noise, Vn• In the last section, the problems encountered in

structural model of Equation 3 were discussed.be extended as follows: The technique of CLS requires complete specifica—
To account for these uncertainties, equation 2 can the application of classical regression to the

estimating the coefficients of a signal processing

tion of the disturbance for direct estimation ofy~ 
— Wx~~1 + V

t the model parameters. An on—line GLS method of

where filter to approximate the disturbance is presented
by Hastings—James and Sage [ 53 .

T
— (

~t—i ‘‘‘ 
7t’.p’~t—w’i 

‘“ ‘ t—i-i-q~~ There are two main estimation methods which can be
utilized with the structural model. One is the

combination of wd and w~. As the vector x of past technique is the method of maximum likelihood
input—output observations contains now the noise— estimates. This method, originally developed for

The term w~ represents more than just the simple instrumental variable (IV) approach. The other

corrupted measurements (y) rather than the true off—line computation, carries fairly strong assump—
plant output (c), Vt would be correlated even if tione about the covariance matrix of noise —

wd and w~ are not, namely, all the random variables involved are
aast~ ed to be Gaussian. Moreover, initial guesses
of the parameters must be made close to the true
values in order to guarantee convergence.
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Two recent papers [6 ,7) deal specifically with the Y~ — 

~“1”2 
YE1

comparisons of the performance and computational
expense of all the important on—line identifica-
tion iethoda. Isermann et al. (6) concluded that XE_i = [x0x1 ... x.~~1) (a (p+q)xX matrix)
identification methods using the same a priori
information of the process model results in about WE fw 1w2 ...
the same performance, if the “laws of good identi-
fication” are applied. They suggest that the key
to selection of an identification method rest on This equation is now post multiplied by a trans-

formation matr ix, Z~:such factors es the kind of input signal, the
computational expense, the overall reliability and YkZ~_l 

— 
~PK

X.~_l4_l 
+ WKZ~~l 

(5)

J 

the necessary assumptions required.

Instrumental Variable Estimator This transformation, or instrumental variable,
• matrix is chosen which satisfies

The difficulties encountered in obtaining an
unbiased, minimum variance estimator are attri— E(wK4_ll — 0 (6)buted to the correlation arising between V t and
xt_l of the structural model of Equation 3. The
instrumental variable (IV) approach to parameter 

E[XE_l2~_l) nonsingularestimation was first introduced in the early
4 1940’s in an area of economics now known as— ) econometrics [8). The method was specifically The elements of 1T are therefore chosen to be

designed to deal with the errors—in—variables uncorrelated withEthe disturbance WE, and at the
problem, i.e., the errors associated with the same time, highly correlated with the regressors
explanatory variables in regression calculations in Xi,~..j . Solving Equation 5, the IV estimate is
(3,9]. The IV method is intended as a compromise given by
between the range of techniques from largely
deterministic procedures to sophisticated static— 

= Y~4 ~ 

T —l
tical methods based on the results of optimal — XE_iZx_l l (7)

The first use of the IV approach in the field of matrix, LS estimation res~lts, thus becoming a

estimation theory. TIf the observation matrix XE_I, Is used as the IV

process identification is generally attributed to special case of the IV approach. Therefore, by
Joseph et al. [10]. They suggested an IV proce— proper choice of an IV matrix, it is possible to
dure utilizing the input variable ut as the instru— eliminate the bias due to the combination of noise

~ ments for identifying the parameters of a process and lagged variable regressors while preserving
described by a difference equation model, Andeen the simplicity of least—squares estimation.
and Shipley [11) reported an essentially similar
technique of the Joseph et al. method with an Unfortunately , the universal law of the conserva—
added prefilter to improve the accuracy of estima— tion of “advantage” is valid in this instance,
tion in the presence of noise. Levadi [123 The law states that to gain an advantage in one
presented a purely analog IV method for identify— atea requires a proportional disadvantage be
ing a linear dynamic process described by a dif— established in another area. In this instance,
ferential equation model. Wong and Polak (13] the elimination of asymptotic bias, i.e. consis—
showed that there exist optimal instrumental tency, is accompanied by a certain loss of
variables and they approximated the optimal van — efficiency in the statistical sense. IV estima-
ables with the calculated, undisturbed output of tore lack efficiency because they make use of only
an auxiliary model. In turn, the parameter esti— a limited anount of a priori information. But the
mates were used to update the auxiliary model, lack of a priori disturbance statistics was the
Young [14) presented a hybrid development of major reason for selecting the IV approach. So
Levadi’e purely analog approach and introduced a efficiency has not really been lost - the problem
time delay and a low pass filter before updating requirement is simply more demanding. And as
the auxiliary model to ensure that the model might be expected, the greater the correlation
parameters were not correlated with Vt at the same between the instrumental variable, Zt, and the
instant and to smooth the estimates. In addition, noise—free signals, ct, the smaller the estimation
Young presented the dynamic form of the IV algo— variance. Finally, a small bias will remain due
nitha and discussed its relationship to the Ealman to finite sample lengths.
filter equations. Rowe [13] extended the estima-
tor to the inultivariable case and included a Since a major advantage of the IV method is the
spectral factorization technique for identifying preservation of the simple least—squares structure,
part of the correlated disturbance. the recursive or sequential form of Equation 7 is

desirable. The recursive relations are
The instrumental variable technique is best die—

~—l Icussed in terms of the regression equations.
Application of Equation 3 to the K sets of obser— ~t+l ~~~~~~~~~~~~~~~~~~~~~~ 

z~P~_1 (8)

vations results in the following matrix equation:
— l T

— + W~ (4) Pt * P
~_ i_P

t ix t t l+z
~

Pt_ ixt ] z
~

P
~_ i

wherewhere
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p r~ ~T —1 When the structure of the stochastic parameter
t—i t—i 1 variation model is not known, a simplified form

• may be given by:
• A diagram for the sequential IV estimator is shown

in Figure 2. Wong and Polak [13] and Rowe [15] = 
~~~~~~~ 

+ 
~~

_l (10)
have pointed out, in regard to the selection of
Z t ,  that the direct GLS estimator represents the The dynamic IV algorithm is correspondingly elm—
optimal IV estimator. Referring to Figure 2, this plified to
implies the use of c~+i 

as the instrumental vari-
able which in turn implies the precognitive solu— T —l 1
tion to the problem by requiring complete a priori 

~~~ 
= 
~~
+(y

~+i
_ç x )[l+ztP~,t1

x
~

) z
~
P
~/~_l 

(11)
information on the noise statistics. Utilization t

of the output of an auxiliary model, as indicated, 
~ — ~ + 1) 12represents a close approximation to ct÷l. A by— t / t—i t—l

product of this procedure is, of course, filtered
estimates of the system output. 

— ~
, _

~
, rj .~~Tp ~—l Tp 13

t t/t—l t/t~l~t~ ~ ~1~
_~x~j Z~ t/t—l

• Parameter Tracking
where P is the a priori update of P at time

A decided advantage of the recursive relations of t, baae~ on observations up to and including ~~~~~
Equations 8 and 9 over their nonrecursive counter— The only difference between this dynamic algorithm
parts is that it is no longer necessary to store and the static scheme of Equations 8 and 9 is the
and perform calculations on large quantities of addition of Equation 12. The 0 matrix simply adds
data. The data is reduced at each sample instant the necessary lower bound to P so that the alga—
and is accumulated with past reduced data in the rithm can track parameter variations.
considerably compact weighting—matrix, 

~K’ 
Hence

the 
~K 

matrix represents a concise history of the Although this is the same result obtained by expo-
observations. The weighting—matrix is therefore nential weighting the data, the dynamic approach
the key to parameter tracking, has more inherent flexibility and is more easily

• implemented . Since D is a matrix it is possible
Relations like Equations 8 and 9 represent finite— to limit individual elements to different degrees.
time averaging operations in which all data is For example, if certain parameters are known to be
weighted equally over the observation interval of time—invariant, then the corresponding elements of

~~ K samples. An important assumption implicit in 0 would be zero. Further , the model approach
this operation is that the unknown parameters are allows any a priori information that is available
constant over the observation set (2]. It then to be used in the estimation algorithm. Young
follows that in order to detect parameter van s— (14 ] illustrates this last point by including in

estimation procedure so that new observations are from the process.
~ tion, it is necessary to shorten the memory of the the estimation additional measured data obtained

given more weight than outdated observations.
Computational Results

One approach to parameter tracking is obtained by
weighting the data exponentially into the past to The results presented here are based on the second—
gradually remove information as it becomes obso— order plant described in Table I. The system was
lets. Examination of Equation 9 for the finite— forced with discrete white noise, i.e., a pseudo—
time averaging case will show that 

~K 
is strictly random—binary—sequence (PRBS), with a clock

a decreasing function of time. After a large interval equal to the sample interval I. For
number of samples (large K) have been collected, details on this type of input signal see Eveleigh
P1( may diminish to the extent that new data no [20] or Davies (21). The PRBS starter sequence
longer influences the estimates, That is, due to was not varied between runs so that the input

- • the averaging process , individual samples have would be reproducible.
less effect on the estimates as the number of

• samples, K, increases. The physical effect of TABLE I

4 exponential weighting the data is to set a lower Second Order Plant
bound on so that new data continues to influ-
ence the estimates via Equation 8 (16]. The Second—Order Linear Process

It is important to point out that this approach d2 dhas the disadvantage that the effects of noise 2 —i + 3 + c * u(t)
will also be detected and used to modify the esti— dt

• mates. It will therefore be necessary to assume
that the parameter variations are larger than the results in the following difference equation
residual fluctuations due to noise , parameters:

An alternative to exponential weighting the data a1 * 0.97441 b1 * 0.15482• for parameter tracking is to describe the pars—
H metric variation by a suitable stochastic model. — —O 22313 b — 0 09390Lee (17) points out that the resulting algorithm a2 2
~~ is not optimal and its only justification is that

“it works”. It is intere.ting to note that this for a sample interval T 1. The tine constants

~~~ approach results in a prediction—correction and gain are
algori thm which is a special fo rm of the Kalman
filter equation. [18,19). — 2 1 k — 1
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Measurement noise was simulated as discrete white lent results (less than 0.005 after 250 samples)
• noise, v(t), generated by a pseudo—random number are still obtained within the band of I — 0.25 to

generator routine. The routine generated uni— I — 4.0.
foruily distributed real numbers which were then
transformed into a normally distributed random A study was made to determine how the optimum
number sequence with a given mean and a standard sample—interval band depended upon the ratio of
deviation. The noise—to—signal ratio, 6, is the two time constants of the plant. The results
defined as: presented in Figure 4 had a time constant ratio of

= 0.5. The cases were obtained with t 1 main—

— 
r.m.s. value of the noise, v1~L tam ed at 2.0 and varied to give the selected

J 

n,m.s. value of the signal, c(t) 
(14) ratios. The following results are reported for

the sample interval range for which c is less than
The criterion used to evaluate estimation perfor— 0,005 after 250 samples.
mance is the “estimation error fraction”, def ined
as Ratio Range of T

lip — 

~ Ii 0.25 0.2 to 1.5
£ — 115) 0.50 0.25 to 4.0

I i ~ — 

~ iI 0.75 0.25 to 4.0
1.00 0.30 to 3.5

A
where cp is the true system parameter vector and p

• 

‘ 

and p are the estimates at time t and 0. Noticet The conclusion is that the sample time selection
• that ~ t is possible in this case to define ~ 

is not sensitive to the time constant ratio. This

• because the true system parameters, given in Table result is significant because it will facilitate

• I, are known. The scalar r represents the normal— the estimation of a process whose time constants

ized vector norm of the estimation error in the are changing.

parameter apace. The initial parameter guesses,
- • 4~o’ are taken as zero. Algorithm Initialization

~~~~~

, 
Comparison with Least Squares The recursive IV algorithm must be initialized by

specification of the initial weighting matrix, P0,
• Figure 3 shows the estimation error fraction for and the initial parameter estimate, c~~, In his

the LS estimator and the IV estimator for a noise— chapter on identification using LS estimation,

to—signal ratio of 0.0655. As predicted, the IV Lee [17] suggests a mathematical trick: that the

estimator outperforms the LS estimator. The computation process be initiated with P0 set to ml

~ improvement is greater the larger the signal to where I is the identity matrix and a is large, so

noise ratio, and the two methods are equivalent 
that it does not matter what value is used for 

~~
for 6 — 0, i.e., the noise—free system, because the algorithm’s “memory” Is so short that

it ignores the initial parameter estimate. Hence,

?fulticollinearity and Selection of Sample ~~~ 
any value may be used and zero is as good as any
other. On the other hand, this suggests that if a

One of the basic assumptions underlying the appli— reasonably good guess can be wade of then this

cation of LS or IV estimation to the difference confidence should be reflected in P0 by lowering

equation model is that the observation matrix ~ 
the value of a. The effect of noise on the selec—

(see Equation 4), which is of order ((p + q) ~ 
tion of a was studied fcr IV estimation. The

has rank (p + q). This would not be the case ii results are shown in Figure 5. These results show

some or all of the explanatory veniables are per— that the value of a has a pronounced effect on TV

fectly correlated, a condition known as multi— estimations. In fact, if a is chosen to be too

collinearity (22]. As the degree of correlation high for a given 6, the IV method may not converge

between the explanatory variables increases, the at all, However, we found that if a is chosen

moment matrix , (X1TJ, becomes ill—conditioned and properly , the results of IV estimation are much
improved over the LS method when measurement noise4 - approaches singularity. is present.

between successive values of the output increases, Parameter TrackingAs the sample rate is increased, correlation

since they become close to each other in time. -

rows of matrix X, since they are formed by delayed studied to determine the parameter tracking

values of the output (see Equation 3). The over— ability of a nonstationary system . The second—

• all result is a deterioration in estimation per— order example of the previous sections was initi—

fonmance u the sample rate is increased. On the ated and the gain, k, was instantaneously doubled
• other hand , a decrease in sample rate results in after 500 samples. The algorithm was therefor e

This causes correlation between the p “output” The dynamic IV algorithm of Equations 11—13 was

deterioration in estimator performance due to the required to follow two separate step changes in

loss of dynamic information, These results were two of the parameters of the model. The first

confirmed experimentally, as shown in Figure 4 step exercises the initial “locking” of the elgo-

which illustrates the effect of sample rate ofi the rithm and the second step, initiated at the 500th

number of samples to convergence for a given esti— sample, requires the algorithm to track en abrupt

metion error fraction. Fortunately, the optimum change in two of the plant parameters. The tnt—

sample rate Is not a single value but a range tial estimate of the parameter vecto r V was tsken
which appears as a band on the tim. spectrum from to be zero.

roughly I — 0.5 to 1 = 1.25. In addition, excel— The two difference equation parameters affected by
- - the process gain are parameters b1 and b2 which

S

a - m~~:~~,. W . L :.



are directly proportional to k. The matrix D of method will not be efficient in this instance

culties and has not corrected the autocorrelation

~ _ [°o~J 
of the disturbance.

Summary

• whete d was varied in the study to demonstrate its

Equation 12 was chosen to be the diagonal matrix because it has dealt only with one of the dii f i-

• effect on tracking. With d — 0 the dynamic alga— A sequential technique for estimating the param—

J 
rithm reduces to the static form of Equation 8 and eters of a difference equation model of a process

9. subject to noise has been presented for the open—
• loop configuration. The technique requires no

Figures 6 and 7 show the excellent tracking per— assumptions to be made on the noise statistics

forazance of the IV method for random measurement and preserves much of the simplicity of least—

noise with a standard deviation, os,, equal to squares estimation while dealing effectively with
-

• 
• 0.0125 which corresponds to a noise—to-signal measurement noise.

ratio of 0.0655 for the first 500 samples. The
parameter d is indicative of the algorit1~m ’s 

The method was applied to a deterministic second-

memory as is demonstrated in both figures. In order example to illustrate its performance in

practice, d would be selected experimentally on comparison to LS estimation and to study the

the basis of desired speed of response and the selection of various parameters to be used in its

‘ 
opposing smoothneas. As the level of measurement implementation. Demonstration was given on the

t 

f shorter memory of the dyn~~~c estimator, g~sults 
important for use in an adaptive control strategy.

noise is increased, the IV estimates become pro- parameter tracking capability of the dynamic form
• portionately more erratic. This is due to the of the IV estimatcr. The dynamic algorithm is

were similar for the case in which all four model
• parameters were tracked with 0 = dl, as the ratio Acknowledgenent

• of the time constants, which affects all four
parameters, was changed after 500 samples. This work was sponsored by the Air Force Office of

Scientific Research, Air Force Systems Command ,

Plant Disturbances USAF under contract 14—2580.

To this p~iut, consideration has been limited to a 
Notation

deterministic system disturbed only by measurement

considersi to be zero and attention has been b model input parametersnoise. More specifically, wd in Figure 1 has been 
a model output parameters

focuaej ~n the w~ term which represents measure— 
c true syst em output

meat noise. It will be of interest in this 5cc— d element of lower bound matrix

tion to drop the measurement noise term and D (nxn) lower bound matrix

examine the single effect of plant disturbances. E expected value operator

~~ thin instance, the second—order example is no 
I identity matrix

longer deterministic for it is now considered to K total number of observations

be stochastic. k gain
M dead time

For the case where the plant disturbances are N auxiliary model update delay

of the assumptions of the LS estimator in the ~ 
number of output parameters

probability limit and that estimator is therefore P (n,01) weighting matrix

white noise, the estimation problem fulfills all n system order (p + q)

• the optimal estimator. Although the LS estimator q number of input parameters

is not biased in this case, as less of the output ~~~_1 
(1,ai) random disturbance vector

a autocorrelation factor
yt is explained by the explanatory variable u~, 11 sample interval

\ 

then the variances of the estimates increase and
the estimator performance decreases. This point t time index

is especially important for closed—loop estImation. u control variable

The results for the IV estimator in this case ste v white noise

not significantly different. w combined or theoretical disturbance term
(lxK) vector of diaturbances

Figure 8 illustrates the effect of autocorrelated x~ (nxl) vector of passed inputs and outputs;

plant disturbances for IV estimation. The auto— exogenous variable

correlation factor, 
~~ 

is a measure of the XX (axE) observation matrix

correlation from one sample to the next according disturbance—corrupted output; endogenous

to the expression variable
(lxK) vector of outputs

w
~ 

= 
~
slwt_l + v~ (16) (nxK) instrumental—variable matrix

(nxl) instrumental variable vector

• • The combination of autocorrelated plant distur— n initial diagonal element of P0
bances and lagged values of the input and output 6 noise—to—signal ratio; Eronecker delta
cause the LS estimator to become inconsistent 14), function
On the other hand, Figure 8 is evidence that the eetimat~ on error fraction
IV estimator is capable of maintaining consistent ( auxiliary model output

standard deviationestimates because it can .ffsctivsly correct the
problem associated with the correlated errors con— i time constant
ta m ed in the lagged varieb les. However , the IV V (lxn ) vector of model parameters
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Figure 1. Identification Scheme
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Figure 2. Instrumental Variable Estimator
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