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FOREWORD

- in this report:, several experiments on the analysis of shell structures

using the STAGS-.FIDAG [51 computer program combination are described STAGS

(STructural Analysis of General Shells) [1] is a general engineering analysis

• ~~~. 
computer program particularly useful for nonlinear problems and FIDAG (Finite

Differences on Arbitrary Grids) [~~1 is a general program for finite difference

interpolation on arbitrary grids.

• The work reported here was supported by the Air Force Office of Scientific

Research under contract F44620-7l-C-0109,with Lt. Cal. Enrique H. Ramirez

contract manager.
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Section 1

INTRODUCTION

The large scale engineering analysis program STAGS (STructural Analysis

of General Shells) [1] solves linear and nonlinear shell problems by ~~~~.

a variational finite difference technique. It is a widely used program known

J particularly for its very efficient operation. In response to the needs of

many users, a limited variable grid capability has been incorporated in STAGS

to treat shell problems involving rather complex boundaries. The extension of

j  this capability for more general variable grids in finite difference analysis

has been the main motivation for the development of FIDAG.

FIDAG is a computer program for general, two-dimensional functional inter-

polation. It is applicable to direct interpolation problems such as that of

producing interpolated elevations on topological maps, potential levels in

electrical fields and displacement and stress levels in structural bending

tests. Its primary application, however, is currently in the solution of

H partial differential equations, particularly when it is advantageous to utilize

• non-uniform grids.

The FIDAG program has been continuously evolving over the past five years

and, in its various forms, has been applied to the arbitrary grid finite dif-

ference analysis of boundary value problems using both direct and variational

approaches [6~, and a hybrid finite difference-element approach [71 . Although

these earlier studies produced good results, the full power of the program was

not realized since the present Berinite interpolation capability was not imple-

• I mented. In this report we present a number of results obtained by linking

• FIDAG with STAGS for a more general finite difference analysis capability.

1.1 Program Structure

• The advantages of maximum program modularity ar , well known and need not

be expounded here. When operating with a program as complex as FIDAG, it is

I 
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by far simplest to have it operate as a separate, independent program, coimnuni-
• - cating with other programs through a data base. To encourage this form of

utilization, a host program GRIP (GRid Processor) for FIDAG which utilizes a
• simple, portable data base system for interprogram coimnunication was developed

and was used for this study.

• One option in GRIP is oriented toward its use in the analysis of elliptic
partial differential equations such as with the STAGS (STructural Analysis of
Ceneral Shells) program . With this option, GRIP determines an astute placement

of control points and integration points as well as performing the FIDAG
analysis. The terms control point and integration point are defined in
Section 1.2 below.

Presently, using the host program GRIP, the arbitrary grid differencing

capability of FIDAG has been introduced into STAGS as illustrated in Fig. 1.1.
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Fig. 1.1 Operation of STAGS-FIDA G System Using Th ree
• Independent Processors with Data Base Communication

• I - 
The grid generator program GRID pictured is currently in a rather limited form

3 adequate for test purposes.
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There are a number of very compelling advantages to this organization

• including:

• individual processors can be modified with minimal side effects

on other processors,

J • other related processors such as load distribution and plotting

programs can be added with relative ease,

• efficiency in program loading is realized through smaller

“absolute” files for the programs and

• efficiency for multiple case studies is realized since redundant
‘ 1  • processes, such as grid generation, need not be repeated.

The efficiency gain referenced in the last item above is particularly important
in typical structural analysis. The engineer generally is interested in van-

~ S1 ous static, dynamic and buckling analyses for a given structure. Once a dis-

crelization grid has been formed by GRID and processed for finite difference

analysis by GRIP, most of the above-ment ioned analyses can be performed using

STAGS alone with the information in the data base.

1.2 Some Definitions

Consider a smooth, bounded surface 4over which a continuous, differenti-
• able function u(x,y) is defined . Let N and C be two sets of points, each

covering 4 in a fairly uniform fashion. The points N will be called the

node points and C the control points. With each control point c in C,

FIDAG will associate a set N
~ of node points in N which are near c in

~~~~ some sense. Then, for each control point c, FIDAG produces a linear trans-

formation (coefficient matrix) T
~ 

which facilitates approximation of u,

u , U , u 2~ 
•. .  u~~ at c In terms of values of u and/or u and u atX y x X y

the nodes in the neighbor set N
~ 

by polynomial interpolation.

In the present application with STAGS, only the node points N are con-

• 
• 

structed by the grid generator GRID along with an element table analogous to

• that coamonly used in finite element analysis systems. The element table de-

fines a partition of 4into quadrilaterals (called EIA’s for Elementary In-

tegrat ion Areas in this report) having one node at each corner.

I i
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The program GRIP then places a user specif ied number of control points

and integration points at quadra ture posit ions in each EIA for use in the

numerical in tegration of the energy func tional by STAGS.

1.3 Overview

~~
• I The remaining sections of this report provide results from a number of

J tests using the system described heretofore. Three basic problems are treated

in order of increasing difficulty. In Section 2, rec tangular pla te bend ing and
membrane displacement are analyzed using uniform rectangular grids. Bending

of a clamped disc is treated in Section 3 using a non-rectangular grid.

Finally, the combined effects of membrane and bending on a spherical cap are
treated in Section 4 under both c lamped and point support boundary conditions.

General conclusions about the opera tion of the STAGS-FIDAG system in engineering

analysis are presented in Section 5.

4
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Section 2

) 

RECTANGULAR PLATE PROBLEMS

Initial studies with the STAGS-PIDAG processor were carried out on a

rectangular plate bending problem using a uniform rectangular grid. This ‘was

- 
particular ly usefu l for “wringing Out” the system since the analytic solution

4 is known and a grea t deal of compara tive results are available. Earlier

studies of this problem have appeared in (4, 5, 6, 7 1 and elsewhere.

j  In anticipation of the combined effects of bending and membrane behavior

in the analysis of general shells, a pure membrane problem was then studied ,

(I still retaining the uniform grid. The remainder of this section is devoted
• to the results of these two studies.

2.1 Plate Bending Problem

The plate bending problem treated here is illustrated in Figure 2.1.

b .—  O Free

Supported° 
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Syrmetry Line

— 
J T/ i Ø h f t / / / f f / / / 1 1 4

flound.*ry Conditt ons :
1 v . 0

2 • 0 • (2 — ~) 
~~~~2 0

3

~‘ v . 0  a2 o

Fig. 2.1 Test Problem for Normal Displacement w
under Uniform Normal Pressure
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ii I
The parameters used for this analysis were :

a = b =  0.8 in.
h = 0.01 in Thickness

• p = I p.s.i. Normal presatre
• = 0.3 Poisson’s ratio

E = 30,000,000 Young’s In?dulus

J

r 0.364 12 p Cl - ~, )/E h3 .

The placement of the control points and integration points was made using

the Gaussian quadrature placement option of GRIP. The simplest test was made

• using a 5 by 5 uniform grid with square EIA ’s. Using this grid, a number of
tests were made, varying the numbers of control points and integration points

• per EIA and the order. The tests are identified by the form

Ci Ij Ok

• j  which means an I by i array of control points and a j  by .1 array of integra-
tion points were used in each EIA , and the order of finite difference approxi-

ç mation was k. Thus , for example , Cl 12 03 means that one control point was

f placed at the center , (x , y )  say, of each EIA and integration points were

placed at points (Xc - q ,  
~c -q ) , (x _ q ,y~ +q), (x +q, y -q) and (x~ +q,

y+q), where q = O.2886751346~e and e is the length of the EIA edge. Fur-

thermore, a cubic approximation was used, which corresponds to FIDAC coefficient
matrices of order n3 = (3+ l)(3+2)/2 = l0. The special notation Ok+L means

that coefficient matrices of order n.~+ L  were used. For example, 03+2
• implies a coefficient matrix order n

3
+2=12 .

— In f inite dif fe rence analys is,constraints on the trial function space are
• obtained by collocation. Thus, it appears desirable to increase the support*of

~~ 

11 each loca3 polynomial without increasing its degree . A possible approach is to

combine polynomials on each EIA by weighted averaging. For example , in the

case C3 13 03 there are nine , possibly distinct cubics used on each EIA .

The use of only one, derived from the given nine, is clearly a more cons trained

system which, however , no longer retains the exact collocation property over

the entire support. Thus, the use of averaged polynomials does not necessarily

produce a trial space which is a subspace of that corresponding to the non-

averaged polynomials.

* The phrase “support of a polynomial” is interpreted as the entire set of points
and function/derivative values utilized in the definition of the polynomial.

6
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The test results corresponding to polynomial averaging, using the weights

genera ted for the numerical quadra ture integration , are identified by

A i I j O k ,

:J 

where the interpretation corresponds to that for Ci Ij Ok described pre-

- 
viously. All of these results are summarized in Tables 2.1-2.4.

2.2 Observations on Plate Bending Results

4 In Table 2.2 we note that almost all of the absolute errors (actual -

• ) calculated) are negative. We conclude that the space of trial functions de-
:~ fined by t~v~ f inite difference process does , in al l  cases , contain functions

outside of the space of admissible functions which yield a lower numerical

j  energy value than any of the admissible functions. In other words, we find

J 

that the. model structure is more flexible than the physical structure.

This property is in contrast with conforming finite element analysis for
which the trial space is contained in the admissible function space. Thus,

the conforming element model structure is less flexible than the physical

structure. This property of conforming finite element analysis holds generally

whereas, unfortunately, the corresponding property of greater flexibility in
finite differences does not.

The weighted mean relative errors in Table 2.4 indicate that all of the

12 freedom formulas (03+ 2 means (3+l).(3+2)/2 + 2 12 freedoms) yield

4 
about the same average error. The case A2 12 03 , which exhibited a

similar mean error , indirectly utilizes 12 freedoms by averaging four 10 freedom

cubics. The 12 freedoms used for these cases are values for the lateral dis-

placement w and its partial derivatives w,~ and w~ at each of the four

corners of each square integration area (element or EXA) used. The best re-

suit was obtained in case C 1 I 3 0 3 + 2 in which one extended (12 freedota)

cubic is integrated over each EIA by fifth order (3 x 3) Gaussian quadrature.

We shall see later that this behavior does not extend to arbitrary Luadri-

lateral EIA ’s. The weights used for the mean relative error c~ 1cu1ations in

this report were all 1.

7
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a * a * * * e * * * eta . * at a ** * a * * * a~ a * *a *a * at a * * * * *t * at * * * * * * * a * a * * a * * * a te * * * * ~~t

F; * TA8 L t 2.1 a
• • SQU ARE PL*TL ~~~D 1~ G PR08L~ M , SAS GRID a
* CAL CULAT~ 0 VALU~ 8 (a 10**3) 

• 
a

.a*a .aa.aaa .a*a. *e * .aaa.ea.eaa.e *a. *aaeae *aaa. *t** .**e *a *****a ***a ***$**
a a
* X~~,2,r s ,8 X ’,4,y’,8 X s ,b,y u ,8 ~~~~~~~~~~ a
a ACTUA L 3 ,bj j o4 6,31980 8,0838/ 8,68127 a

• j • Cl 14 03.2 3,55722 6,41b4 5 8,21895 8,82 174 *

(.1 Ii 04 3.71849 8,12 609 ~,b1o09 9,30803 a

* C2 12 04 3,6/785 6,63494 8,49927 9,13136 a
* C2 12 0.3.2 3,55758 6,41599 ts,2tlso 8,82829 a

J 

* C2 12 04 3,61318 6,50742 8,4540/ b ,9b088 *
a C3 13 03 5 ,59384 8,50276 8,33047 8,92680 a

* Ci 13 03.2 3,55945 6,42193 8,22522 8,64324 *

* (.3 Ii 04 4,/3511 6,71804 8,57150 9,23511 *

* *2 12 03 3,55955 6,41896 8,22065 8 ,83 1 31  a
a A2 12 04 4 ,b 8414 6,44522 8,24948 b ,88~~24 *

* *3 Ii 03 3,03868 0,52382 8,36673 6,95714 *

• a *4 * X:,2,ys ,6 X:,4,Y~ ,6 X’,o,Y,,o X . ,8 ,y : ,b *
• • A C T U A L 2,4871? 4,42208 5 ,63946 6,~~4961 *

* Cl 13 03*2 2,49714 4,47761 5,/1224 6,12838 *

* Cl 13 04 2,63356 4,74454 0,09515 0,52521 a
* C2 12 03 2 ,56871 4,62/38 5,8/ 8 56 6,JolOô a
* C2 12 03.2 2,49749 4,4/823 5,71288 0,12923 *

j  ~ C2 12 04 2,53714 4,55242 5,80 104 8 ,22638 *

* Ci Ii 03 2,52110 4,52915 5,18219 b,2o9~ 6 *

4 , • C3 14 04+2 2,49758 4,41852 5,/1403 0,13205 a

fl * (.3 ~~j  04 2,bJ0~ 0 4 ,69331 5,9/946 8,40441 *
a *2 12 03 2,49880 4,48051 5,/1551 8,13161 a
a A 2 12 04 2,51912 4,51264 5,17352 6.18773 *

* *3 13 03 2,53795 4,55658 5 ,8,3 113 0,26436 a

* *
• ~~~~~~~~~ X;,4,ys ,4 X u ,6,Y’,d X s ,d,y v ,4 a

* ACTUA L 1 ,44201 2,55533 3,2332/ 3,4590? a
a c~ Ii 03.2 1 ,45995 2.58452 3,26175 4,49509 a

* Cl ii 04 1 ,54298 2,10094 3,51773 .5./j965 a
* C2 12 03 1 ,49652 2,64821 3,44/15 3,57982 *

• C2 12 03+2 1 ,48033 2,58b08 3,26835 3.49568 a
* C2 12 04 1,46752 2.61264 3,31441 3,54462 a
a (.3 13 03 1 ,4/253 2,60928 3,30135 3 ,b3~581 a
a Ci Ii 03.2 1 ,45932 2,58388 .26786 3,49814 a

* C3 14 04 1,53391 2,70115 3,42200 3,64/93 a
a *2 12 03 1 ,46222 2.581/3 J,2/~i90 3,49813 *
a *2 12 04 1 ,4/050 2,60448 i,31149 3,54465 a
* AJ 13 03 1 ,4bb63 2,63208 3,36436 3,65351 *

• a
• X :,2,Y :,2 X~~,4,Y .,2 X e ,b,Y *,2 X e ,8,Y* ,2 a
a ACTUA L ,4912 1 ,85099 1 ,~~b225 1 ,13 144 a
a Cl 13 03.2 ,49892 .86055 1 ,271/1 1.140/5

• * Cl 13 04 ,52264 ,9141? 1 .15348 1,25591 a

• (.2 12 03 ,b1031 .8/890 1,09358 1,18376 *

* C2 12 04.2 ,49943 ,86102 1 ,0/207 1,14108 *
a (.2 12 04 ,49858 ,8b514 1 ,~~7bbb 1,20181 *

* CJ 13 03 ,50402 ,db?67 1, ¼i 7b 03  1, 14 1 5 /  *

* Ci Ii 03.2 ,49U06 .86073 1, 07238 1,14142
a (.3 13 04 ,51658 ,60193 1,o9sbo 1.18508 *

* *2 12 03 • ,b0184 ,862b9 1,01334 1 ,14224 *

• *2 12 04 ,5o342 ,85886 1 ,06018 1 ,21001
* *3 13 03 ,48820 .85694 1,133/2 1,26152 •

• 
~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ aaa *a *aa **aa.a *a *aa .**a ....**a **a ***a *a :

i~Lia~
•~~~

‘
~~~~ I~~~I ~~~~~~~ 

• 
______
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* .*et a *a * .* *ae a a ** a ta *** * *a *at * * *a * ta aa a a ta a * ** aa ** aa *a t * ** ateae **b * ***
• TA8 L~ 2,2 *

a SQ~ ARt t~LAT ~ HL~.01r.G ~R0bL~ M , 5*5 GRID a
a AB S 0LU T~. I.i.~k 0RS ( (ACTu A L CA L . C L ’ LA T LO )  * 10**J) *

• a
* Xs ,2,v~~,8 Xs ,4,VU ,8 ~~~~~~~~~~ Xs ,b,Yi ,8

-
~ • Cl 13 03+2 — ,o4558 “,09585 — ,13308 — ,14647 *

• CI 13 04 — ,20885 •,40649 — ,52622 — .828/6 a
* (.2 12 03 — ,10b21 .,31534 ,41540 — ,450o9 a
* (.2 12 03+2 — ,04594 — ,09839 ,13363 — ,14?02
* (.2 12 04 — ,10214 — .18782 — ,21020 — .28561 *

• (.3 13 03 •,k8220 ~~~~~~~ — ,24660 — ,2 4/5.S a
* ci 13 03+2 — .041/1 — .1 0233 — ,14135 — ,1519?

) 

* Ci 1-3 04 — ,22341 “,.39844 — ,46763 — .55384 a

* A2 12 03 — ,04/89 — ,09936 •,13b ?6 — ,t bo1~ a

* *2 12 04 — ,01250 — .12562 — , t bb6 l — .19897 a

* *3 13 03 — .12722 — ,20422 ,28266 — .2/58/ a
* . 

*

* ~~~~~~~~~ X~~,4,ys ,6 A I ,ó,Yz ,b X s ,b ,ys ,b a
• a Cl 13 03.2 — ,02997 •,o5559 — ,0?27 7 “ ,~~78 / 1  a

• Cl 13 04 — .106 39 — ,32246 — ,45569 — ,41506 a
a (.2 12 03 — .101 54 — .18532 — .23910 — ,25/45 *

* (.2 12 03+2 — ,~ Jo32 — ,25615 — ,~~/i40 — ,t~7942 *
a Cd 12 04 — ,00997 — ,12834 — .16158 — ,llbll *

• Ci 13 03 .~,0b393 — .10707 ,14334 — .1b~ 4/ *
a (.3 13 03+2 — .03041 — ,0 5 b 4 4  — ,o/457 — ,~a8244 *

• (.3 Ii 04 “.16293 — .27123 — ,34000 — ,3b462 a
t *2 t2 03 — ,031b3 — ,25845 — .~~‘~~ 5 — ,0622~j  * *2 12 04 — ,052s5 — ,09~ S6 — .13426 — .13812 *

* *3 Ii 03 — ,~~7~ 18 — .134b0 ,1910/ — ,234/5 *
e *

* X;,2,~~’,4 x’,4,Y~~,4 X* ,b,Y~~,4 X : ,b , yc ,4 a
* (.1 14 0442 — .01794 — ,02919 — ,~~3448 — ,03002 *

* Cl 13 04 — ,1o~ 9? — ,20561 — ,28448 — ,28k/8 a

* (.2 12 04 — ,Obd b Ø — ,~ 9288 — .11388 — .121 5b a
a C2 12 0342 — ,01832 — ,o2975 — ,~~3528 — ,03601 a

* (.2 12 04 - ,02 5 5 1  — ,0573 1 “.~~dt 14 — ,08555 *
a (.3 13 03 — ,~~i~ b2 — ,~ bi95 — ,~~ôb~ 6 — ,079b(~ *
a C3 Ii 03+2 — .~~L/ ii — ,o2855 — ,k-i 34 59 — ,4•).~

)100 *

* Ci 14 04 — .09190 — .14582 — , l 6 8 1 3  .18b&~6 *

* *2 12 03 — ,22021 — .03240 ,o3/bi ,v13926 a
* *2 12 04 — ,~ 2849 — ,04915 — ,o/822 — ,ObSbh *

* *3 13 03 — .22581 — ,o?67b — ,13109 — ,19444 a

* *
~~~~ • X:,2,Yz .2 X z ,4,Ys ,2 X :,b,’V~~,2 ~~,d,y3 ,2 *

* Cl 13 03.2 — ,o0771 ~,0295b — ,0~ 946 — .00931
* Cl 13 04 “,~~i143 — .08218 “,o9121 — ,1044? a

• (.2 Id 03 — .01910 — ,o2/91 — .03133 — ,~‘i2i2 a

* (.2 12 03.2 w ,0~ 822 •,01203 — .o~ 982 — ,~~~~ 04 *

* C2 12 04 — ,~ • - / 3 7 — ,20 4 ?b  — .~~ 13 b 0  — ,e7041 *

• * C3 13 03 — ,~~12?9 — ,~~1068 •,i~13i6 
_
.v•l b li *

* Ci Ii 05.2 — ,0~~145 — ,00974  — ,io1l~11 — ,~~~ 998 a

a Ci 13 04 •,~‘2s3F — .04294 — ,~1 332b — ,~~i422 *

* ~2 I~ 03 ,V 12bi ,01110 ,~;1109 ,~~1~~b0
a *2 14 04 — ,~~A 221 — ,~ik~78/  ~~~~~~~ — ,.~/ t 51 *

I • A 3 13 03 .22301 ,2~~/9b ,1~?1 4/ — ,l3L~ 8 *

*
a*•e**•* *.*.•,.*a**a* *a~.**.*a*h* .**a* a a a a a *a * *  * a aa * *•,*a . at * ** aa a *  act...

~~ liLlijij ift 1 k ~r :  -
~
- 

~~~ r- ~~~~~~~~~~~
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a T A r ~L~ 2 3

• a SQUARt PLATE ~~~0Lr~G Pt~08LEM , 5X5 GR ID *

• PLRC~~N T k L L A T 1V E ~ ~RR0~ IN TPi t~ CA LC ULA T~.0 VA LU~.S *

* *
• X.,2,Y.,8 Xs ,4,Ys ,8 Xa ,b,Y a ,b x~~,8,y s,8 *

• a Cl Ii 0,3*2 —1,298 —1 ,517 — 1,646 —1 ,b67 *

• Cl 13 04 — 5 ,891 — 8,432 .o,sao —/.220 *

* (.2 12 03 .4,733 — 4,990 — 5 ,139 —5 ,165 *

* C2 12 03.2 — 1,308 —1 ,525 .1,854 —1, 694 •
• * C2 12 04 — 2 ,909 —2 ,9 72 .4 ,34 2 .3,290 a

• (.3 14 03 —2,441 —2,898 .3,051 .2,M ’ l *
• 

* C3 13 0i’2 .1,359 —1, 6 19 .1,749 —1 ,151 a

( * C3 13 04 .6,364 —8,305 .6,032 — 6 ,380 *

* *2 Id 03 —1, 364 — 1, 57 2 .1,692 — 1 ,129 *:

f
j  

* *2 12 04 .2,265 .1,988 .2,249 — 2 ,292 *
a AJ 14 03 —3 ,623 .3,232 —3 ,499 — 4 ,1/8 *

*

* X s ,2,V ,6 X* ,4,Y:,b X~~,b,Ys ,6 Xs ,8,y.,6 *
• Cl 13 03+2 — 1, 215 .1,257 .1,290 —1 ,302

• • Cl Ii 04 .6,744 —7 ,292 ..o,060 —1 ,863 a
a C2 12 03 .4,116 — 4,190 — 4,240 —4 .256
* C2 12 0342 —1, 229 — 1 ,270 — 1 ,302 —1 ,313 *

* (.2 12 04 .2,836 —2,902 .2,865 —2,922 a
:~ * i 13 03 —2 ,186 —2 ,421 “2,542 —2,036 *

• Ci 13 03-42 — 1 ,243 — 1,276 — 1 ,322 — 1 .363 *
a Ci 13 04 —6,624 —6,134 — 0,229 —5,865 *

2 • A2 12 03 —1 ,282 —1, 321 “1,349 •1 ,3b9 *

• *2 12 04 —2 ,13 0 —2,048 —2 ,377 —2,283 *

* *4 13 03 —2,669 —4,042 .
~3,399 —3 ,680 a

a a
• X s ,2,~~’,4 ~~~~~~~~~ 

X : , 6 ,Y 2 ,4 X’,0,V ~~ ,4 *

* (.1 Ii 03.2 —1 ,244 “1,142 “1,200 — 1 ,04 1 *

• a (.1 13 04 ./ ,k’02 .8,046 — 6 ,798 — 8 ,117 a

• (.2 12 03 .3,762 — 3 ,635 —3 ,522 —3 ,485
* Cd Id 034 2 —1 , 270 — 1 ,164 .1.065 —1 ,058 *

• (.2 12 04 — 1 ,/69 — 2 ,243 — 2 ,512 — 2 ,473 a
• Ci 13 03 —2 ,116 “2 ,111 .2 ,106 — 2 ,32/ *

• • Ci 13 04 .2 —1, 200 — 1,11? —1 , 010 —1 ,272
* (.3 Ii 04 .8,313 — b ,/06 —5 ,637 — 5 ,400 a

a *2 12 03 — 1 ,42 1 — 1 , 268 — 1, 184 —1,129  *
-

• 

J 
a *2 12 04 — 1,9 / 5  —1, 923 —2 ,4 19 — 2 .4/4  *
a *4 13 03 — 1 , 838 .3,003 — 4 ,054 — 5 ,62 1 *

• ,-•• * *a X . , 2 , r i ,2 X s , 4 , Y z ,2 X:,b,Yz ,2 X ;,6,ya ,2 a
a Cl 13 03+2 — 1 ,570 — 1,123 — ,891 — ,82.3 a
• C l 13 04 —6 ,499 —7 ,30 7 .8 ,58/ — 9 ,234 *
• (.2 Id 03 .3,869 —3 ,280 .id,949 — 2 ,8s7 *

• (.2 12 03+2 .1,6/4  — 1,179 — .925 — .852
* (.2 12 04 — 1 , 52 1 — ,558 .1,280 — 0 ,220 a

• (.3 Ii 04 .2 ,604 — 1,960 — 1, 29/ -1,426 *
a (.3 13 03.2 — 1,51 7 — 1 . 14 4  — ,952 — ,882 *

* Ci 14 04 —5,165 —3 ,038 •3,130 —3.025 *
a *2 Id 03 — 2 ,1 64 — 1 ,3/5 1,04 4  — .955 a
a A 2 12 Q4 —2 ,488 w ,925 ,195 — 0 ,945 a

• *3 14 03 ,b 12 .,934 .6,128 — 1 1 ,49/ *

* a

*** ~******a** .a .a .a *aaa *aa * **  * * * ** * *  ****t*** *a*** a a*****a * a a** * a a *a * * * *

10
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~ a a .  * * * a * a a * * a * a. * a a * * * * * a * a a a * * * * * a * * * * * a * a a * *• * T * PJLk.  2,4 a
* ~~~A p ~~ PLAft 8 1)1M P R O L $ L I P ’, 5X 5 G~UD *

* “~~1~”~ 0S SUf~TL 0 BY Mk.A N R~.LA 11VI .  IPROR (2/ 0)  *
e a *aaa * a ~~~~ aa a a a a a . a a a  a **a *a a a *a *a

a *
* 1 CI 13 03.2 1 ,475 *

* 2 (.2 12 03.2 1 ,484 *

a 4 *2 12 03 1,530 *
• 

~
• 4 Ci 13 03+2 1,54 1 a

* 5 *2 12 04 2 ,225 *

* 6 Ci 13 03 2,724
* 7 C2 12 04 3,068 *

I * 8 A 3 13 03 4 ,582 *

~~~~ 

* 9 (.2 Id 03 4,/08 *

* 12 (.3 13 04 6,109 *

a 11 Cl 13 04 7,229 *

* *
.* ** a a *aaa *a *e .a*eaa *a ***** . a **a ***a *a *a *** e*a*

I

I
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The remaining results all involved more than the 12 freedoms discussed

• above and all gave noticeably poorer results. In general, it does not appear

that significant improvement is achieved by averaging polynomials.

d 2.3 Membrane Problem

• . I The cantilever plate illustrated in Fig. 2.3 was analyzed in order to

J obtain purely membrane results. Both 3 by 5 and 5 by 9 un iform grids were
used to obtain the results given in Table 2.5. Being a lower order equation

I Free

T ~ • E = 10,000,000 -
j  -~~ ~j 

= .3 Free h=l in.1 t =  .1

_ _  
___-- _ _— — _ _ _ _

Symmetry
Boundary Cond.-Unit vertical displacement at free end

Fig. 2.3 Cantilever Plate

system, only quadratic (02) interpolation was used in this test. We note that

the averaged polyn omial results A 2 I 2 0 2 for the 3 x 5 were better than the
non-averaged . This result appears to occur in rectangular grids when the

neighbor patterns are not symmetric about the EIA . Figure 2.4 shows the 6-

point neighbor pattern used for a typical control point of this problem.

Theoretically , the total app lied force requ ired to produce a uniform unit
disp laccmen t at the fr ee end is given by

P z  ( ( 2  + 2 (1+ ~))  = E h t ,

which yields P 8636 for this problem. Thus, we notice from Table 2.5 that

C2 12 02 converges from the flexible side and A2 12 02 from the stiff

• side. In the remainder of this report, we shall see that the cases Ci I) Ok

are the more interesting and useful.

12



I ~~~ ., ,- ,
~~~_~~.•,- --- —~~~ ••,— —,,--—- ‘ ~~~~~~~~~~~~~~~~~~~ -.

• 
~~~~~~ ‘ l I  ~~~~~

I

rH
TABLE 2.5

— Displacement Results along Syzmnetry Line of Cantilever Plate Problem
and Total Applied Force -

3 x 5 Grid 5 x 9 Grid

C 2  1 2 0 2  A 2  12 02  C 2  1 2 0 1  A 2  1 2 0 2
I
.

.0758 .0871 .0900 .0920
- .3065 .3159 .3227 .3211

.6488 •6357 .6396 .6384
I.: l;O 

8447 823.8-vI .
1 

6 I 

~~~~~~~~~~~~~~~~ Netghbors 

Point 

-

~~~~~~ EIA

2 ‘S

Fig. 2.4 Typical 6-Point Neighbor Pattern

1 -
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Section 3

DISC PROBlEM

• The disc problem provides an appropriate case for testing a more complex

I grid structure without the added complexity of coupled bending and membrane
:~ • effects.  In this section we provide results for disc bending tests using two

grids. The conclusions are slightly different from those for the uniform rect-

angular grid of the previous section.

3.1 Problem Definition

The specific problem used is illustrated in Fig. 3.1. The analytic solu-

I tion for the norma l d isplacement in th is problem is given by
2 2 2 2v(x,y)=c(R -x -y )

where

c = 3q (l-~~
2) / ( l 6Eh 3)

= 6.25 x 10 4

and R = 2 .

_ _

i

~~

92

~~~

0

~~~~~~~~~

- 

symmetric 2”

Fig. 3.1 Disc Problem

•1 
- •

~~ 

•

14

~~~~~~~ A—~~~ 
•



- 

~-_•--•-~~~~~ w~

Two grids, designated G and B for “good” and “bad” were used for the

numerical solution to this problem. Grid B, Fig. 3.3, is obtained from a

square grid by the expression

_ 5 11 L11,•p ,
: 11 Z 11 2

J 
where p =  (x,y) represents any point on the square grid, a is a scale

factor, and p’ (x’, y’) represents the corresponding point on the disc. The

norms are given by

~~~ max (l x i ,  I~ l) ’
1l~ Ii 2 - ~/x

2 +y 2

f 
Grid G, Fig. 3.2, v.~s obtained from B by adjusting the internal diagonal

points so that the quadrilateral adjacent to the origin is square.

Bending results were obtained for this problem using varying numbers of

control points and integration points in each EIA as described in Section 2.1.

These results appear in Tables 3.1 - 3.8, us ing the notation introduced in
Section 2.1 to identify the cases.

3.2 Observations on Disc Problem

From the negative signs of the errors in Tables 3.2 and 3.6 we note that

the finite difference model is more flexible than the physical model. This is

consistent with the results for the rectangular plate discussed in Section 2.2.

Of course, we should be pleased if one modus operandi for this analysis

system could be shown to perform well for any grid. Unfortunately, we have not

found a theoretical basis for establishing one and so we must look to experi-

ence. If we let the mean relative error be our guide, we obtain suggestive re-

sui ts by comparing Tables 2.4, 3.4, and 3.8.

The best overall performance was obtained from C2 12 03+2. For a
• • reasonably good grid, C I I 3 0 3+ 2 also performed very well but suffered

15 
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• 
(1,5) —._

.~~~~~~~

• (1,4)~~~~~~~~~~~

~-

• (1,3)

I 
_ _ _ _ _I (1,2)

(1,ly_ 
—

~~~~~~~~~

• Fig. 3.2 Grid C for the Disc Problem

LI
I

-__ _
Fig. 3.3 Grid B for the ~:isc rroblem. ::e’rly

triingular EIA ’s along the dLigonal.

‘
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*.** .**aa****aaa* **a aa * a aaa * * a * a a * *aaea * e*a **a * ** ae* ** ** **eaae aa*•**aee
* TAU L~ 3,1
* CLAMPL O DISC 8ENDIP~ PROBLEM, 5*5 GKIO G

• f • CALCUL .ATLD VALUES (a i0**2) a

i u .
• • * X S 1.Y ’ 4 X i 2,Yi 4 Xi 3 ,Yi 4 X i  4 ,ys 4 *

• 
* ACTUA L ,19141 .19141 .19141 ,W?368 *

* Cl 13 03+2 .21512 ,21108 ,19926 ,o8647 *
• 

* (.2 12 03+2 ,21434 ,2d41b ,216615 ,07402 a
* C2 12 03 ,20551 .20111 ,2db32 ,0892b a

• a CJ 23 03 .20227 ,l9~ I3 .19813 ,0/184 a
* A2 12 03 ,2b712 ,26250 .23385 ,08J23 *

* *I X s l,Y . 3 xi 2 ,Yu 3 xi J,ys ~ ~. 4,v i 3 *

~~~~ * ACTUAL ,56250 ,56250 ,40414 .19141 *

* Ci 13 03.2 ,b0445 ,59954 ,42652 • ,19926 a
* (.2 12 03+2 ,b9624 ,b02i~j ,4218b ,2~ 37l *

* C2 12 03 ,b9652 ,80097 ,42078 ,20839 *
a C3 13 03 .58988 ,58b93 .42165 .19881 *

* A2 22 03 ,/4925 .75013 ,51013 ,234 19 *

* *• 
/ * Xa 1,Y. 2 X i  2,Ys 2 X i 3 ,Y ’  2 x i  4 ,Yi 2 *

a ACIUA I, .87891 ,76562 ,56250 ,19141 *

:/ * Cl Ii 03.2 ,92977 .81026 ,59954 .21106 *

• Cd 12 03+2 ,9258b ,8o301 ,60229 ,2k~3b8 a
a C2 12 03 ,92~ 14 ,80806 ,~ 99b0 .20114 *

i
i * Ci Ii 03 •~~1741 ,78927 ,b8~ 2b .19/52 *

2 * A ? 12 03 1 ,12584 .98872 ,l7992 ,28456 *

* *
X i  j g~~ $ I Xi 2,Yi 1 Xi J,Y. 1 ~~‘ 4,,’. 1 a

• ACTUA L 1,00~ ki0 .87891 ,56250 .19141 a
•1 * Cl I.) 03+2 1 ,05346 ,92977 ,80445 .21512 a

* C2 12 03+2 1,04612 .92883 ,bk1~ 5b .21157 *

* C2 12 03 1,~~4 275 ,93094 ,598 10 ,20494 *
a (.3 13 03 i ,~~2? b2 .91828 .59014 .20259 *

* A2 12 03 1,28945 ,11 967 ,?763b .27198 *

* *
*a*aea*•*ae**e*a*•*a* ***e,.aa**a*******.a**a*****.***aaa***e ****•*a* *e*

L

I

- 
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a * * * e * * * a a a* e a a* * * *a ,a * e .e * * a a* * * *a * a . * * * . a * * * *a * * * e * * a * a * e a * * e * * .a * e * .
• TA8U .5,2 *
* C LAM PLO DISC bENDING PRObLEM , 5*5 GRID G *

• A~ S0LUT~ E~ RURS ((ACTUAL — CA LCULA TED ) * l0~ a2) a

•
* Xi 1.Ys 4 Xi 2,yu 4 Xi .j,ya 4 Xc 4,yi 4
* Cl Ii 03.2 -.02371 — ,01965 — ,00785 .00721
* C? 12 03.2 •,@2193 — ,012F4 — ,01474 •,0k1034 *

• (.2 12 03 — .01416 “,Ok$9/b - .01491 .00442 *

* Ci Ii 03 — ,010b6 •,00b72 — ,004/2 .00184 a
• a *2 12 03 — ,o7571 ~,o7o 89 •,04244 — .00955 *

• a a
d * X i l,Y~ 3 Xi 2 Y s  3 Xi 3,Y . .5 X i 4~~y s j  *

• * Cl 13 0.3+2 — ,04195 — ,0J7~ 4 — ,02238 -,00785 *
• I * (.2 12 03+2 — ,04374 — ,03951 — .61772 — ,i~12J0 a
• I * (.2 12 03 •,04402 — ,03847 •,01 b64 — ,iti1498

‘
J 

a C3 13 03 — ,02138 ..,02443 - .0175 1 — .005 20 *
a *2 12 03 -.17675 — ,18763 — .111 99 — ,04218 a
* a

4 a Xi Isv ’ 2 Xi 2,Ys 2 X i  3 ,y z  2 xi 4~ ys 2 *
a Cl 15 03.2 — ,05086 •,04464 — .03/04 •.o1965 *

:1 * (.2 12 03.2 — ,04675 -,03739 — ,039/9 — .01247 *ri * C2 I? 03 — .04123 -,04044 — ,04/10 — .009/3 *

* Ci 13 03 — ,03850 — ,02365 — ,025?b — ,00811 a
* *2 12 03 -,24873 -.22110 — .21742 -.07315 a
a . *
* Xi 1.Y’  I Xc 2,i’ 1 X~ 3,Y a 1 Xi 4~~y i  I *
• (.1 13 03.2 -,05348 •,0b086 — ,04195 — .02371 *

* C2 12 03.2 •,04612 — .04792 — ,03808 •,0201b *
a (.2 12 03 — ,042/5 — .05203 — ,03560 — .01453 a
* Ci Ii 03 - ,02752 — ,03737 — .02784 — .01118 a
* *2 12 03 — ,28945 ,75924 — .21388 — ,08057

* *• •.a*•. ** . a a a a a a a a a a a a* . ea a a . . a  a•a* a*.* a.aa..e.e*a*. aaea .aae*e*.** a••**.

II
, 

~~
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************* E **** .,*aa *a **a *a ***aaa ***a *a ***a *aaa ***aa **aa *****aa *** .*a
• T A8 LL .5,3 a
• CLt~”-~.L) DISC bE~ D I~~ PR08~..Er, SXS GRIU G a
* P C ~~~T ~~LA T1 VE H~~0W IN TIll. CA LCULATED VA LUI .S a

• *a**aae*a aaa* .a***a .aaaa* .***aa*a.*a**eaa*aa**a*aa .a.aaea**aaaaa* .a•*a*
* *
• Xi 1.Y~ 4 Xi 2,Y’ 4 Xi J,yc 4 Xi 4,y. 4 *
~ Cl 13 04.2 — 12 ,35? — 10,266 —4,101 9,789 a
* C2 32 03+2 — 1 1 , 45 / —6 ,858 ~1,701 — ,457 a

- • 
* (.2 I? 03 —1 ,398 —5,088 .1,790 8,003 a

• • Ci 13 03 —5,874 .2,988 —2 ,466 2.501 *
• *2 12 03 —49,554 —4/,036 —22,1/2 —1 2,957 a
• *

~~~~~~~~~ 

* X i 1,y; 3 xi ~,y. i X: 3,y; 3 Xc 4~ ys 
~ a

* CI Ii 03+2 ./,458 —8,585 —5,538 —4,101 a
* C2 12 03+2 —5,998 —7,024 —4,385 —8,426 *
• C? 12 03 —6,048 .6.839 —4,117 —7,826 •
* Ci Ii 03 .4,884 —~ .3~ 3 

.~4,JJj —2,71 7 a
a A 2 12 0.3 — 3 1 ,4 22 —3 3 ,356 —27,711 •22,ibo a
a *
* Xi 1,Ys 2 Xi 2,Y’ 2 X i J ,Y ’  2 Xi 4,r’ 2 *
a CI 1.3 03.2 —5,78/ — 5 ,8.3 1 — 8,585 — 10 ,286 a

;~ * C2 12 03.2 —t , ,3 19 .4 ,864 ./ ,o74 — 8,515 *
* C2 12 03 —4 ,69 1 —5 ,282 .8,598 -5 ,083 *
* Ci 13 03 4,380 .3,089 4 ,580 3 ,192
• A2 12 03 .26,072 —28,8/9 .38,652 —38,236 *

* *) * X i 1 ,v ’ 1 X~ 2 ,1’. 1 Xi 3 ,Y i 1 X 4,Y 1
) * Cl Ii 03.2 —5,348 —5.787 ./,458 —1 2 ,387 *

J 
a C2 12 03.2 —4,o12 —5,452 —b ,lbb — 10 .532 a
• C2 12 03 .4,2/5 —5,920 —8,329 — /,089 a
* (.4 13 03 —2,752 —4.252 — 4,914 —5,841 *

• a *2 12 03  —28,945 88,385 .38,020 —42,093 *
a a
*a ***a a * *.*a * *aa *.*a *e * * * *e * * *t * *a *a *.*aa * **  e*a***aa*aa***a*a*aaa*** ** •

a* a. ** a **a ** *** aa *a * *a *a a**a **a** *a *** a *aa
a TA 8L l .  3 ,4 *
a C LA MPL D DISC bE~~~1~ b P~ CRLF~~, SX S ~HID G *

* ME TP ~’0DS S0~ T LD 14Y Mt AN R l . LAT 1~~ l.1~RUR (0/ 0 )  f

* a * * a * a * * a * * * * * a a a a * * a a a * a * a a a * a a a * *a * * a a a * * * a• *a 1 (.3 15 03 4,996 *

* 2 C2 12 03 5,498 *

• 4 (.2 I? 03+2 ~,714 *

* 4 Cl IS 03+2 8,278 *

• S A2 12 03 44,723 *

* *
a**b •*aa**•• **** a **aa *a *~~a a***a * ea~~a~~~~* **a .*aa

19 
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***a*e***aaa**a*.** *e**aa*a..a*e***a*aa**aa* ** *aa *aaaa * a . .a a a a . a . aa *  aa*
• T ABL E .5,6 a
* CLAM PLU DiSC BEM~1N (~ P~ 08 Ll.P’, SXS GI~I0 6 *
a CA LCULATLU VA LUES (a  10~~*2 )  *

*a** a a * *a *a . *a *a a a . *a a e *a a * * * *a a a * * *a a a . * *a e * *a *a e . * *a . a .a a * * *a a a . *a . a *
• *
* X i l.Y u 4 X~ 2 ,Y. 4 X i ,3,Ya 4 Xi 4,y. 4 a
• AC TUAL ,19141 .19141 ,19141 .19141 a

• 
- I * C~ 13 03.2 ,228/b ,22875 ,21732 .20/92

7 a C2 12 03 ,20871 ,20048 ,19994 .19921 *
• 

* (.2 12 03+2 ,21405 .20425 ,20829 .19883 *
* Ci 13 03 •20b45 .20144 ,20’261 .20281 *
a *2 12 03 ,25946 ,26263 ,22 8 /3 .21216 *
* • *
a Xc 1,Y’ 3 Xi 2,Y~ 3 xi i,v . 3 X~ 4,r c 3 a
* ACTUA L ,50250 ,50250 ,bb2bO .19141 *
* Cl Ii 03+2 .60 164 .8822 1 ,b5 / 7J ,2 1 /32  a

• * C2 12 03 ,eo882 ,59936 ,5964 7 ,19943 *

~ (.2 12 03+2 ,61798 ,81243 .80826 ,2o/14 *
a (.3 Ii 03 ,blb 3t , 1058 ,80582 ,2o218 a
* *2 Id 03 ,/432d ,b8J03 .0/1 06 ,22336 *

* *
* X i 1,Y : 2 X i  2,Ya 2 X~ J,Y; 2 ~~ 4 , y i  2 *
* ACT UA L ,8/891 .87891 ,b6250 .19141 *

• I * Cl 1-3 03+2 1,03387 1,03991 .86221 .228/5 *
* (.2 Id 03 ,93519 ,943 18 ,~~9?08 .1995/ a
a (.2 12 03+2 • 94 184 ,989 29 ,81204 ,~doi94 a

I! * Ci 13 03 ,9/ 307 ,98106 .8 1195 ,202/ b *3 a Ad 12 03 1 ,05857 1 ,08215 ,88J00 .28451 *j  a
* x : 1,~~’ 1 x~ 2,Y: 1 X i .j,ya 1 Xi 4 , ’ii I *

~ A C 1U~ L l ,~~~~00 ,8 /89j  ,58250 ,1914 1 *

* Cl Ii 03*2 1 ,17421 1 ,t~3i81 .86104 • .2 2 6 76  *
a (.2 12 03 1 ,~~7442 ,92/28 .8k~O18 .2~ b99 *
* (.2 12 03+2 1 ,09174 ,94/51 ,t’ 1889 ,21480 a
* (.3 13 03 1,10~’15 ,9/354 .81423 .2~ i5o
* *2 12 03 1 ,2 8 5 7 6  1 ,04881 ,7485b ,~~b/J0a a
a a.. * a a a a * * * * * * a*  a. * * *a  * * * * a*  * a * * a * * * * * a * * * * * * * * a * * a * * * * * a * * * * a * * a * a * a *

20 

~~~~~~~~~~~~~~~ ____



- - - •—~.~~ --- • •-• ‘.-~-r ~~~~~~~~~ —- ~~~~~~~~~~~~ -~-—...,----~--.,—- ----------..r~---•’—•’- ~~~~~~~~~~~~~~~~~

-1
I 

• TA8L l. 3,6 *
I * CLAP . , P Ec i  DiSC b~ ND1N , PRO8LIM, S X S  GRID 6 *

• AB SOLUTE . E.kf(Li f~5 ((ACTUAl.. • CA LCULA 1F~0) a 1~1~ *2) *
* . * a a a a* * * a * * * * * a *  * a a a * * * a * a a * a . * . a a a a a * * *  * *  a a a a* e * * . a* *  ***a ***a **a *a **

* *
* x i  1,v i  4 X i  2,Ys 4 X i 3 ,ya 4 Xi 4~~~ i 4 *- 
• Cl 14 03.2 — ,03735 — ,03/34 — .~ 2b 91 •,01b51 *
• Cd 12 04 — ,011J~ .,Ø~ 9Ø7 — ,~iki 8bJ — ,o0780 *
• C2 12 03+2 — ,022b4 — .01284 — ,01488 — ,~~0/42 *r * C3 IS 03 -,01404 — .o1 003 — .01 146 •,0l120 a
* *2 Id 03 — ,0bU0b — .0/122 — ,03/32 — .020/5
a *

• X i  1EV ’ .5 Xi 2,Yi 3 Xi 3,yi .5 xi 4,y; 3 *

b * Cl Ii 03•2 — ,09854 — ,09911 — .09523 — .02591 *
a (.2 12 03 — ,04832 .,03886 — ,0339/  •,00/92  a
a C2 12 03+2 — ,0b546 — ,04993 .,o457b — .01573 *

• * C3 13 03 — ,ob2bl — ,04808 — ,o4.,32 — ,~~1~ /7 a

* *2 12 03 — ,lbOlO — .12053 — ,lObbb — ,0J195 *

* *
£ a Xc 1,V ’ 2 x~ 2,Y’ 2 Xc •5,~’c 2 X: 4,ya 2 *

~ ci ii 03+2 — .15496 — ,16t00 — ,09971 *

* (.2 12 03 •,05628 — ,k842/ ,o3455 — ,~ 0blb *

* (.2 Id 03+2 — ,08b93 — .0903 8 — ,~)4954 -,0125-i *
a Ci 13 Di — ,o941b — ,10215 — ,~i494b — .01134 *
* *2 12 03 ,1196 8 ,16324 — ,12o50 — ,ol3lO a

* *

* Xi 1,Y~ 1 xi 2,Yz I X; ,Ya I X i  4~ y. 1 *

* Cl 1.5 03.2 — .17 421 — ,15498 — ,U9854 — ,~~37J5 •

J * Cd 12 03 — ,c-~? 4 4 2  — ,o4 83 7  —~~143b8 — .01558 *
• C2 12 03+2 — ,o9114 •,0b8b~ — ,~ib439 — ,~ ‘?345 *

* (.3 Ii 03 — ,loO l5 — .09483 •, 31/ — ,~~12o9 a

• * A d Id 03 — ,285/b — ,16790 - ,18806 ,~~bbb 9 •

* *
- ***a***** *a *********** * * ** *  * * a aa * ** * * *a * * * ** ** *  ~•**a***** *********aa****
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a a a a aa a . * *t * a a . . * . *a a . *a *a e a . . aa a * *a * * * * *a a a **a a * *a *a a * * **e a a a .. a *a a * *e
a TA B L E  3 ,7 a
a CLAM P E D DISC bE~~0 ING PROBLEM, SX S bRID 8
* P~~R C E . I~1 N E L A T I V E  EMRW- IN THE. C A L C U LA T E . O  V A L U E S  *
*•*•a*a* **aa ** a****a a *a **a~~a*~~**** *a i’* a* a *  ** *  *a **  * a* * *  aa  a * a a*  a *aa **aa**

‘S * a

* Xc i,Y$ 4 Xi 2,~~’ 4 Xi 3,ys 4 X g 4,Yi 4 a

* Cl Ii 03+2 — 19,513 — 19 ,508 — 13 ,538 —8.625 *

• (.2 12 03 — 9,038 —4,/39 —4,458 .4,0/5 a
• a (.2 12 0.3.2 — 1 1 ,828 — 6 ,710 .1,717 .3,876 *

. (.3 ~3 03 — 1 ,335 .5,240 .5,96 7 —5 ,851
* A? I? 03 — - 3 5 ,552 —3 7 ,208 .~39 ,49? — 10 ,84 1 *

* a
a Xc ~~,y s  3 X~ 2,1” 3 X i 3 ,1’i 3 Xi 4 ,y a 3 *

* (.1 Ii 03.2 — 17 ,518 —1 7 ,726 — 16 ,940 — 13 ,536 a

* C2 12 03 —8,235 —8,553 —b ,o39 —4,138 *
• 

* Cd 12 03.2 —9,883 -8,876 .8,135 -8,218 a
• a Ci 13 03 — 9,388 .8,548 — 7 ,701 —5 ,82? a

a *2 12 04 —32,124 —2 1,428 —1 9 ,300 •lo ,092 *
* a
* X i j , ( s  2 Xc 2 ,Y :  2 X c  . 3 , Vs  2 X i  4 ,Y~ 2 *

• Cl Ii 03.2 —1 1 ,841 — 1 8 ,318 — 1/ ,726 — 1 9 ,508 a
• 

• 

* C2 12 03 —8,403 ./,31 2 —8 ,146 — 4 .283 *

* Cd 12 03+2 —7,843 — 10 ,283 — 6,80? — r~,54 b *
• * C3 13 03 — 10 ,/13 — 11 ,822 .6,791 —5,924 a

* A2 12 03 —20,441 —20.849 —21, 422 —38,190 a

*
* Xc 1,Y . 1 X~~~ 2,y~ 1 X i 5~ ys 1 xc 4,Y~ ~ *

J * Cl 13 03.2 —1 / ,421 — 1 1,631 —1 / .518 — 19 ,533 •

• C2 12 03 - — 7 ,442 —5,503 —1 ,166 —6 .140 a
IL a C2 12 03+2 —9 ,174 —/ ,80 5 — 9 ,869 — 12 ,281 *

* Ci Ii 03 —1 0 ,ol S — 10 ,767 — 9,198 — 8.318 •

* Ad 12 03 —28 ,5/6 —1 9,103 — 33 ,0/7 — 44 ,423 •
• a a

* a a a * a a * a * * a * * * a * a a a a * a a a * a * * a * a a * * * a * * a * a * * a a * * a * a a a * *a  * * a * a a a . * * * * * *

a * a * a * * a * ** a a a * a * a * a a * * * * a *a  a * * * a * * * * * * * * a * * * * *

* T A b L E  3,8 *
a ( . LA MP ED DISC BENDINL, PROB LEM , SX S GR W 8

• a ME iHO DS SORTED B’~ ME. A t~ N L LA T I V E  1~~ROR (010) •
- • a** .aaa*a****a***** •aa***a*a-~ ~***a*a****a*a***a

4* *

* 1 C2 12 0.5 6,/98
• a 2 (.2 12 03.2 8,920

• .3 Ci 13 0.3 9,978 *
a 4 (.1 13 03+2 1/ ,808 *

• 5 42 12 03 24,363 *

* 
a

a * * *a a * * a a a  *, . aa a e *a *a *a * ** **  a ****a **a *** * a *a a *

22
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greatly (Table 3.8) for the poor grid . Probably the ideal form would be
C2 13 03+2 , however , due to complexities in the imp lementation it has not
yet been developed. Very briefly ,  the complexity involved is the suitable

) 

correlation of the 2 x 2 array of control points with the 3 x 3 array of in-
tegration points on each EIA for numerical integration. This is a development
to be made to STAGS.
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Section 4

SPHE R ICAL CAP PROBLEM

J 

The most difficult test of this series involves a shallow spherical cap

requiring consideration of both bending and membrane effects. In this section

we analyze both an axisymmetric cap problem and one that is not. In the first

• case we use a converged solution obtained by the shell of revolution program

• BOSOR[2] as the “actual” solution for purposes of error calculation. in the

second case, we have no “actual” solution and simply present a number of re-

suits from the STAGS—FIDAG system, a new version of STAGS and a finite element

program REXBAT[8] .

4.1 Problem Definition

The basic problem is treated as a quarter cap with symmetry conditions

along the cuts as illustrated in Figure 4.1.

The grid for this problem was obtained by simply projecting the grid used
for the disc up to the cap, using spherical coordinates ~ and ~ . The ~ ,

coordinates of any vector defining a point on the sphere ar e the ang les between

the vector and the x-axis and y-axis as illustrated in Figure 4.1.

We recognize that this grid is not ideal for either problem. Indeed,

since problem I is axisymmetric , one needs only a one-dimensional grid.

4 Siv~i1ar1y , for problem 2 one needs to have grid points concentra~ed aroun d the
point supports in order to obtain an accurate representation there. For

problem 1 we did use the idealized grid with the BOSOR program to obtain an

accurate solution. The two-dimensional grid then provided a means for con-

• veniently testing the behavior of the STAGS-PIDAG program on a combined bending-

membrane problem.

• Similarly , for problem 2 we were able to conveniently create a test en-

vironment for the program which, even though it was not ideal for the problem,

24
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symmetry

s)1~netrY /
2

/

/

/

Problent

/ 1. Clamr-ed ~h)~-/  iou~ida r’~.
2. C1~ mped a: points I ~~d 2 only .

/ f3
a

_ _-—__

h

E 10,000,000 Young’ s mod’~.tluc
.3 Poisson ’s ratio

• q I psi ‘ ;ii forrn :ior::~ 1 pre3sure
h .05 in. T1 ickness

~~~ 4.1 Spherical Cap Problem
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• 
• prov ided resul ts indicative of the program operation. Figure 4.2 shows the

• 
• 

appearance of the grid on the cap looking down at the pole. The quadrilaterals

used in the STAGS-FIDAG analysis have corner points (i, i+l , i+n+l , i+n) ,
where n is the number of points in the radial direction and i (j -l)n+k

for any j ,  k = 1, 2, ... , n -1. The diagonal lines in Figure 4.2 on each Elk

were introduced by REXBAT for calculating force distribution as d iscussed
- below.

4.2 Comparative Finite Element Analysis

4 A conforming quadrilateral element [3] was-used by the REXBAT finite

• ) 
element analysis program for this problem. Al though this element is rather ex-

• 
pensive to use , it provides very accurate results which are particularly useful

for the evaluation of the STAGS-FIDAG system . At the present t ime , the REXBAT
- 

implementation of this quadrilateral element does not have a consistent force

• distribution capability and consequently , monotonic convergence from the “stiff”

side cannot be - expected to strictly hold. The force distribution is obtained

in REXBAT by dividing each quadrilateral into two triangles as shown in
Figure 4.2, and using a consistent triangular element distribution.

4,3 Numerical Results

The results of the STACS-FIDAC and REXBAT tests appear in Tables 4.1 -4.11.
In the tables , the point (x , y) = (1, 1) corresponds to the pole, node 1 in

- Figure 4.2. In gene ~l, a point (x,y )  in a table corresponds to node

- 

- 1 + (x+n.y - 1 - n) ( n - I) / 4

\ 

in the correspond ing grid having a radial nodes. The grid in Figure 4.2 has
n 9 .

• As long as the number n - 1 of radial EIA ’s is a multiple of 4 , the gr id
has non-diagonal points which coincide with those of the 5x5 grid and , conse-

• quently, those entries in the tables correspond. Recall , however , that the
grid generator adjusts the diagonal nodes corresponding to x=y, x= 2 , ... ,

• ‘ for the gr id improvement and so the diagonal entries in the tables ~~
correspond for different grids.

• — - —~~~~~~~~~~~ --——
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Fig. 4.2 9 x 9 Cap Grid Projection in Cartesian Coordinates
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TA8LL 4,1 
• 

a
* C LA M P L O  SPP-I E I-UCAL CAP PROBLEM, 5X5 GRII) *
* CA LCULAT E D VALU ES (

~ t 0* *6 )  - a
• 

•
•

a *
- * X i 1, Ys 4 X i 2 , f’  4 X i 3 ,y’  4 X i 4,yi 4 *

a AC TU A L ,7858d ,76b80 ,7b 5b0 ,41480 a
• Cl 13 ui+2 ,8b240 ,8,3.3bO ,78821 ,2/4lO io *

• * C2 12 0.3+2 ,85222 ,79738 ,80061 .29921 *
- 

* RLX bAT U ,/6148 .78/lb ,77714 ,i0i80 *
* *

• xi  1,yi 3 X; 2,yz .3 Xi 3,!~ 3 Xi 4,Ya 3 *

J 

* ACTUAL 2,14900 2,149o0 1 ,89/00 ,/Ob~ 0 *
* 

• Cl 13 03.2 2 ,25600 2 ,23~ 70 1,62/10 .78580 *
* C2 12 03.2 2 ,24820 2 ,25680 1,59890 .8o328 *
* k~ XBAT (J 2,18990 2,20180 1,61620 ,7/714 *

* *
* X i 1,Yi 2 Xs 2 ,Y’  2 Xi 3.Y ’  2 X i ~~~~~ 2 *

* ACTUAL 4,25500 2,87900 2,14900 ,/b8do *

4 * Cl 14 03+2 3,34700 2,948 10 2,23/60  - 
.83510 *

* C2 12 03+2 3.39860 2,96760 2,25950 ,80413 a
* RE X BAT Q 4,34220 2,94420 2,20180 .78/15

/ X ’  1,Y ~ 1 Xi 2,Y’ 1 Xi 3,Ya I Xi 4 ,Y i  1 :
* ACTUA L .3,66500 3 ,25500 2,14900 ./6880 *
• Cl 14 03+2 3,73210 3 ,33100 2,25/80 ,bbb/0 *

• 1’ • (.2 12 03.2 3,Olô oo 4,40120 2,25/50 ,83248 *
a ~LX8AT Q 3,78460 3,34220 2,18990 ,/6148 a

I * *

L •**aa***a**a*.*a4****ea****a*.***a*.**a**a**a*a***** •***a**a*****a***a*

•1

S

•-~
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*aaaa*a*eaaai **ee ***ae**aa*a***eaa **aa**aea****a***a*e***aa **aaa *a**000
* TABL E 4,2 *

* CLA M ~ L() SPfrILkICAL CAP PROBLEM , SXS (,I~I() *
a EL~~Lt~.T H ILAIIV E IRRON IN TP~t. CA LCULA TE D VALUES *

* a * a * * a a * a * a * * a * * * * * * * * * * * * a * * a * * * * * * * * * a a a * * * a a * * * * a * * * *0*  * * * * a a a a * * * *-

*

-~ a X~ 1,Y~ 4 Xi 2,Y’ 4 Xi J,Y. 4 Xi 4~ ys 4 *
* Cl 13 0342 — 1 1 ,308 .8,880 .2,065 12.961
* C2 12 03+2 —1 1 ,285 .4,124 •4,b46 4,952 *

* REXB A T 0 ,bb4 .,l lb  — 1,481 .3,494 *
a • *
• Xi 1,Ys 3 Xi 2,Ys 3 Xi J v Y ~ .5 X i  4~ Yi .3 *
* Cl 13 03+2 .4,9/9 — 4,128 — 1 ,885 —2 ,b86 *
* C2 12 03+2 —4,616 —5,016 — .119 —4,892 *
* REXBA T 0 .1,903 .2,457 — 1,202 — 1,481 a

• a *
0 X i 1 ,Y i 2 X i  2,Yi 2 X i 3~~y s 2 X i 4,ya 2 -  a
* Cl 13 03+2 .2,519 —2,400 .4,123 —9 ,049 a
* C2 12 03+2 .4,356 —4,077 .5,142 b ,~ 05 *
a kEX~ AT U .2,6/9 —2,265 .2,457 — ,1/6 *

F * *a X * t ,Y ’ 1 Xi 2,Y’ 1 Xi 3,y: I X i 4,Y’ 1 *

~ ci 13 03+2 —1 ,886 — 2 ,51 9 .5,054 — 11 .739
• C2 U 03.2 .4,393 — 4 ,492 — 8,049 —8,107 *
a RLXbA T Q .3,320 .2,679 —1 ,905 ,864 *
a *
• * a * * * * * a * a * * * * * * * a a * aa  * a * * a * * * * * * * * * * * a a * * a a * * * * * a * * * a a * * a * * * * * * * * * * a.

********t*a* ***•*****a**************•*****•***.
* TA BLE 4,3 *
a CLAMP ED SPHERICAL CAP PROBLEM, 8X5 GRiD *

* METHODS SORTED BY MEAN RELAT IV E ERROR (07~~) •
e *aa *a **a *aaa *****a .a •****ae***** *a************

* *
* 1 REXBAT 0 2,551 *

• 
* 2 Cl 13 03+2 3,657 *

j * .3 C2 12 05+2 4,481 *
-

~~~~~~~~~~~~~ a a
a ***a .a *a *aaaa *a ** * * * **  * a a a* a * a * *  a aa * a * * a * * * *a *

I

F •

• 29
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*a * * * * * *0*  * * a * * * a a a * a * * * a a a aa .a * *e  * * • * * a * a aa**a * *a a*** a * sa a a ***  *a *0*  ~~~~~~~~~~~~~~~~~

* TABLE 4,4 
• 

a
a CL A M PE D SPHERICAL CAP PROBLE M , 9X9 GR ID
* CALCULAT ED VALUES (a  lO aa b) *• *a•*****a*•**a a. ***a*a *** .*aaaaa a***aa * .•*a** •a***aa***• ** **a ******~~ ***

~ 
(.~_•_j * *

a Xi I ,Y i 4 X i 2,Y’ 4 Xi 3~~y * 4 X i 4~~~s 4
• • * ACTU A L ,7b5 80 ,?bbUO ,765 80 .83300 *

F * Cl Ii 03+2 ,b22o0 ,82910 ,82410 ,54570 a
* C2 12 03.2 ,80640 ,79820 ,/9490 .83470 *
• REXL$A T 0 ,7/863 ,78052 ,/8J43 .53096 *

-~ I a 
*

* Xi 1,Y’ 3 X ’ 2 ,Y~ 3 X i  3,Y. .3 xi 4 ,y z  3 a
* ACTUAL 2 ,149 00 2,14900 1 ,88700 ,/bbbO a

I I * Cl 13 03+2 2,25930 2,2/880 1 ,97890 ,82520 *

- * C? 12 03.2 2,24280 2,23690 1 ,930/0 ,/9920 a
a KEX BA T 0 2,1/ 650 2,18080 1 ,89820 ,/8343 a

• * a
a Xi  1,Y. 2 Xi 2,Yi 2 Xi 3 , Yi  2 X~ 4 ,Y i  2
* ACTUA L 3,25500 3,08600 2,l4YoO ,/bbb0 a

• ~ Cl 13 03*2 3,39/50 3 ,2 1560 2 ,28220 .833 10 *
* (.2 12 03+2 4,37420 3,19840 2,250o0 ,?9b90 a

* REXB A I 0 3,28840 3,11040 2,i8~ d0 .78052 *
• *

I * X i 1~~Y s I X i 2,Yi I Xi J ,Y ’ 1 xi 41yi 1 *
a ACTUAL 3,66300 3,25500 2,14900 ,/6b8 0 *
• (.1 13 03+2 3,19810 3,39940 2,26580 ,82980 *
* C2 12 03+2 3,19960 .3,38940 2,24590 .80010 *
a REX BAT 0 3,69910 3,28840 2,17850 ,/1863 *

I a a
a * *e* ** ** * *  *** . .* *.* ** * *e  * * * a * * ** ** ** * *  • a * * * *

~~~~~~~~~~~~~~~~~

l 

_
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a .e *a . . *a ae a a *a * *a *a e *a o * * * * *e .e * *a . a*a a * *. a* *a *** *a *a *a *a * *a * *a *a a ****
a TA BLE 4,5 *

F * CLAM PED SP HER ICAL CAP PROMLEM, 9X9 (,R1D
* PER CENT RE LA TIV E IRROR IN THE CAL CULAT ED VALUES a

* •

a X i 1 ,Y ’ 4 x i 2,Yi 4 X i .3,Yi 4 X i 4 ,yi 4 *

* Cl 13 03*2 —7,439 ~8,266 —7,613 —2,383 *
- * C2 12 03.2 — 5 ,302 —3 ,9/0 — 3 ,800 — ,319 a

• KEA BAT 9 —1 ,6/5 — 1, 922 .2,302 .483
* a

* Xi l,Y’ 3 x~ ~,y i  3 X i  .3,yi 3 x i 4~ y; 3 a
* Cl Ii 03.2 —5 ,133 *6,031 .4,b/~ —/ ,Ibi *

~ I * C2 12 03.2 —4,351 —4,090 —2 ,834 .4.361 a

~~~~ * REXBA T 0 — 1,280 ~1,480 
w ,594 —2 ,J~ 2 a

* a

* X i 1,Y’ 2 X~ 2,Y’ 2 Xi 3,yi 2 X i 4 .y i 2 *

* Cl 13 03+2 —4 ,578 .4.200 •b ,198 —8,/88 a
a (.2 12 0342 ‘3,682 .3,642 .4,700 — 3.931 *

• * R E X B A T  9 —1, 026 — ,79i —1, 480 — 1 ,922 *
a a
* Xi 1,Y~ 1 X~ 2,Y a I x: j , y a  1 X i  4 ,y s  1 *

• * (1 Ii 03+2 .3,688 .4,446 — 5.435 .b ,35/ *

* C? 12 03+2 —3 ,729 —4,129 .4,’~09 —5 .202 a

* PEXBAT U — 1,002 .1,026 — 1 ,260 —1 ,0/5 a
I * *

•aa**eaae *.*a**aaa*a*a**e*a***a*********** ****a**a****a***.*e**a**a.a*a

:~~~~~ !
• •a***a*a*****a**aa**a********** * * e  a * a * * * .  * e * * **
• a TA bLE 4,6 a

* C LA P PEt .  S Pr IERI CA L CAP PRCE2LE M, 9X9 (,R1U •
a M~ THOD5 SORt ED BY M EAN R E L A T i V E  L f r k O R  (07~~) *
• * * * ** * * ** * ** * * ** a * ** * * * * * ** * * ** * * ** * * ** * *  * ** * a

* *
• I RIXBAT U 1 ,148 a

* 2 (.2 12 (.13+2 4,950 a
- a 3 Cl IS 0.3+2 4,898 *

• *

•4

~~ 

**a *aae **a **a ****a *** * * *  * e * *• *  a * .* ** * * *  * * *  * * ** *

- -  

31

~~~~ .~ LL ~ - 
•



— -Y • • •

~

—,—-

~

— 

~~~
• •  • • • •  • • • • - — .

~~~
-•—-,--——--— - 

~
- • • —• 

~r ~—--.--- ~~ •
• 

~~~~~~~~~ 
- ----_— • —•-—.-——--• ‘- ~.~~~~~-----—

a a *a . a * . a *a a a a *a *v a * *a a * * * *a a .a a * * *. a *a a * *a a * *a * *a *a *a * *e *a *a *a . *e . a * *a
TA BLE 4,7 *

* CLAMPED SPhERiCAL CAP PROBLEM , IJX I3 GkIO *

* CALCULATED VALUES (~ lOa*b )
* * * ** * ** * ** * * ** * * ** * *  a a*  **  * ** *a * *  **  * **  **  * * * * * ** • * * * *  * * **  * *a * * . a a* *a a* *a

* a
a X i l ,Y i 4 X i 2 ,Yi 4 Xi 3.Ys 4 Xi 4 ,yi 4 *

* ACTUAL ,10580 •7b580 ,/6b80 ,61240 a
• Cl 14 03.2 ,81280 ,82130 ,82b30 ,03900 a
a RLXBAT 0 ,7b14b ,18240 •/8365 ,b1211 a

• a a

L a X i l ,Y ’ 3 X P  2,Y’ .3 Xi S,yv .3 X: 4 ,yi 3 a
• a ACTUAL 2,14900 2,14900 1,98300 ,/b580 *

* Cl 13 03+2 2 ,25b 50 2,28310 2,09640 .82880 a
• REX8AT 9 2,1/320 2,17520 1,98860 ,/8J65 *

* 
• 

*
* X i 1 ,Y s 2 x ’ 2,Ys 2 Xi 3,Y. 2 X~ 4,Y. 2 *
a A CTUAL 3,25500 3,14700 2 ,14900 .16580 •

• Cl 13 03+2 3,40b9ô 3,40100 2,28340 ,82270 *
a RE X BA T 0 3,2/480 5 ,1 6010 2,1152o ,78250 *
a *
• Xi 1,Y~ 1 X : 2,Y’ 1 Xi 3,Yi 1 X i 4,yz ~ a
a ACTUAL 3,06300 4,25500 2,14900 ./0580 *

* Cl Ii 03+2 5,82~ 20 J,4o680 2,25850 .81610 *j  a REX8AT U 5,08050 J,2?48o 2,17320 ,/8146 *
a

• 
_
, . *******.*.*****************.**..***********a*****a*ea******a***a*******

a**aa***a*** ..a*a****a**a*a******** .*a**a***.*a*a**a****a**a*********** I
a TAb LE 4,8 *
• CLA~ PLU SP$1LP.~IC AL LAP PkOBLI~’~, 14X13 OIUD *

* PERCENT RELA1IV ~ £RRUR iN THE CA LC IJLAT E D VALUES • I
a
a X’ l,yi 4 xi 2,Y’ 4 X i — i , Y *  4 X’ ~~~~~ 4 *
• Cl 1.3 03*2 .6,157 —7,247 .8,161 — 4,344 a
• RLXBA T Q — 2.045 —2 , 155 — 2 ,431 — ,060 *
a

* X i  l,V~ .3 X~ 2,Y~ .3 X i 3 ,Y~ 3 Xi 4,yz 3 *

• Cl 14 03.2 .b ,0o2 —6,240 —5,119 —b ,22/ a .

* f~Exb AT 0 —1,120 — 1 ,219 — ,282 —2,351 *

*

• I a X; l,Y~ 2 Xi 2 ,Yi 2 X i 3 , Yi  2 X i  4 p y i  2
* (.1 13 03.2 .4,667 —4,894 .o,254 —/ ,430 *

7 • NEXB AT U — ,608 — ,41b — 1 ,219 — 2,155 *
a *
a X: i,ya 1 XI 2,yi 1 XI 3 ,Ys I Xi 4py * 1

~~~~~ * CI 13 03.2 .4,292 — 4 ,864 .b ,09b —6 ,568 a
a RExt4AT U — ,478 — .008 — 1,120 —2 ,045
• a
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ * **  * * * ** ** *

• * * * ** * * ** ** * ** ** *  * • * * • * ** .* * *a • .* a* ** ** * * .e • • *
a TABLt 4.9 *

~~~~~ 

a CLAMPEU SPHERICAL CAP PROBLEM , 13X 1J ORb *
• METHODS SCRTEi) BY MEAN RELATIVE ERROR (07E) *
• *aaa * **  * * ** ** *  **  * a... * * ** *.* ** * * * * *  * * *  * * * * *
a a

• * I REXB AT U ,882 a
• 2 Cl 1-3 03+2 5 , 134 *
* a

**  .a* a  .*a .a a e.a*a* . . e.a e a . a.  e* * * * *  * * a * a  a* * ** a * *

_ _ _ _ _  
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• 
• a TA BLE 4,10 a

• a SPHERICAL CAP, 4 POINT SUPPORT, 9X9 GRIP
* CA LCULAT ED VALUE S C. 10**b) a
*a*a*aa.** .aa*eaaaa***aa*a**a***a**aa*a***a*aaa.aa**ae**aa.t .****a*aa*a

~~~~~~~ 1~ * a

* X i l,Y i  4 X ’  2 ,Yi  4 Xi 3 ,Y s  4 X i 4,Y . 4 *
• Cl 13 0342 ,40750 ,62 120 .81900 ,84920 *

a (.2 12 03+2 ,48770 .65820 .85610 .89940 *

* H EXB A I U ,39844 ,5b120 ,/2520 ,~ b1d3 *

* a
• 

* X i 1 ,Y s .3 X i 2,Ys .3 Xi 3~~yi 3 Xi 4,~~. .3
* Cl IS 0542 ,81480 .94090 ,94970 .81670 a

a C2 12 03*2 ,90490 ,9699Q3 ,91980 ,85/80 a

) 

a RE X HAT U ,7/b0l  ,83533 ,8439b ,12520 a

* a

* 
• Xi f~~Yi 2 X i 2,Ya 2 • X & 3,yi 2 Xa 4~~y i  2 a

* Cl 13 03+2 1,06630 1,07090 ,93910 ,62340 a

a C2 12 03+2 1,11570 1,10200 ,91650 .66010 *

* RLXBAT U ,97b38 ,96099 ,84533 .55120 a

4 * a

x; l,Yi 1 X~ 2,Y~ 1 Xz 3~ ys 1 Xi 4~~y i ~ *

* Cl Ii 03+2 1 .14410 1,08550 ,8/220 ,40460 a

* (.2 12 0.3.2 1,17790 1, 12090 ,90880 .49150 *

* REXbAT 0 1,04580 ,Y/b38 ,1750I ,i9844 *
* 

• • 

a

.a * * * * * a a * a * * * * * a * * * a * * *. a a a a * * * * * * a a * * a * * * * * a * * a * a * * * * * * * • * * * a a * a a a * * a *

* TAt3LE 4,11
• * SPHERICAL CAP , 4 POINT SUPPORT , 13X 1J GRID *

* CALCU LATED VALUES C’ 10*’5) *
* * *  * * * *.* *  b .* ** * *.* a  .a * * * * t a  .* *  * * * *a * * ** * a a, * * . * * * e *  **  * * * ** * a * a * * * * *a * •
• a

• ~~ 1,Y. 4 X’ 2,Y’ 4 X i J,yi 4 Xi 4,ys 4 *
• Cl 13 03+2 ,b~ 9bo ,o7370 ,8/460 .91460 •

• RtX b AT 0 •44870 ,00452 ,?8298 ,b22o1 *
a 

*
• I 

a Xi 1,Yi .3 X i 2,Yi 3 Xi j,Ya 3 ~~ 4,~~z 3 *
• Ci 13 04-.? .94120 t,ollSe 1 ,03184 ,8/300 *
• KIXUAT U ,8470F ,90704 ,922?6 .78298 *
a a
• X’ 1,Ya 2 xi  2 ,Y’  2 X i  3,Ys 2 xi 4,yi 2 a
• Cl 14 05+2 1 ,10640 1, 16020 i,01o20 ,b/1 .1o a
a RE XB AT U 1,05580 1,04800 ,901b4 ,60452 *
a a
• - X i 1,Ya I x~ 2 ,Ys I Xi .i,Y s 1 Xs 4 ,y i  1 *
• Cl 14 03+2 1,22930 1,18570 ,93940 ,5~ 7ioa REXBA T 0 1,11040 1,05580 ,84?07 ,~ 4b/o *
a a
* * * a * * * a a * a a a * **  * a a a a * * * * a * a a * * a a * a a * * * * a a * a a * * * * * * a **  * * * * * * * * * * * * * * * a a

~~~~~~~~~~ ~~~~~~~ ~•~• ~



Based on experience with the pla te and disc problems, methods Cl 13 03+2

and C 2 I 2 0 3 +?  were used in this series of tests for the bending. We

recognize that the general quartic integration (I 3) is beneficial and that

) 

more than one control point per EIA (C 2) is also beneficial. It appears that

the ideal combination for accuracy would be C2 13 03+2 which has not yet
• . been implemented.

4.3.1 Clamped Cap Problem

4 The results for the clamped cap, problem 1, appear in Tables 4.1-4.9

) along with “actual” results which were obtained from BOSOR as discussed earlier.

Notice in Tables 4.2, 4.5 and 4.8 that the REXBAT solutions do not converge

from the “stiff” side, i.e., the coarse grids produce a solution which is

greater than the actual at most points, as was anticipated from the discussion

in Section 4.2. From these tables we also notice that the STACS-FIDAG model is

predominantly more flexib1e , which is consistent with the results of the plate j
and disc studies. We shall observe a reversal of this trend in the results for

problem 2 below. We notice in Tables 4.6 and 4.9 that both STAGS-FIDAG results

and the REXBAT results have essentially converged with the 9 x 9 gr id to mean
errors of 57. and 17., respectively . Also , we observe from the similarity of the

results for the two STAGS-FIDAG forms that both are reasonably good and neither

is clearly superior. This is suggestive of a probable benefit from utilizing

the best of both forms via C 2 12 03+2 as mentioned earlier.

• - 
One surprising observation is the occasiona i. appearance of a slight in-

crease in mean relative error in the STAGS-FIDAC results when the grid is re-
fined. For example , compare the results for Cl 03 03+2 in Tables 4.3,

4.6 and 4.9. All we can conclude from these results is that convergence is

not monotonic.
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4.3.2 Point Support Prob lem

Our results for this problem are less detailed than previous results) since the true solution is not known. En Tables 4.10 and 4.11 we note that

all of the solutions increase as the grid is refined. This is traditional be-
• havior for finite elements but is unusual for finite differences. It is the

only case in this study for which the finite difference solutions converge from

the stiff side.

Since a thorough convergence study was beyond the budgetary scope of this

effort, further analysis was conducted with STAGS as reported in Section 4.4.

-/ In addition , crude projections based on REXBAT results from the 5 x 5, the
• 

• 
9 x 9 and the 13 x 13 grid were made. These appear in Figure 4.3. Both studies

— suggest that the 13 x 13 STAGS-FIDAG result is close to being correct.

4.4 STAGS Analysis

~ The grid described in Section 4.2 cannot be used in STAGS without FIDAG.

The approach used for a spherical cap or disc with STAGS involves a “geographic”

coordinate system of longitudes and latitudes. Since the longitudes coalesce

at the pole, it is necessary to perturb the problem by introducing a small

hole at the pole and applying suitable boundary conditions there. The best

results obtained to date have been with free edge conditions around the hole.

- The cap considered in this report corresponds to a maximum latitude of

4

~~ 

about 14.5°. For the STAGS study, the polar opening used was 1° latitude.

The errors in the STAGS C ’ solution for the clamped cap are given in

• 
Table 4.12 along one longitude. The STAGS C’ results for the four-point

support cap along a longitude of a support are interpolated to the latitudes

correspond ing to the results of Table 4.11 and presen ted with those results
in Table 4.13.
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TABLE 4.12

• Errors in the STAGS C ’ Results

for the Clamped Cap at Var ious Latitudes (x 106)

No. Radial ______________ Latitude (Degrees) ___________________) Points 1. 1 4.375 7.75 11.125

Absolute
- 5 - .067 I .024 .007 - .0048

9 -.186 -.055 -.027 -.0129
17 _ .l924~~ 0.054 

— 
0.022 0.0102

7. Relative
5 -1.84 .78 .08 -.71
9 -5.12 -1.80 -.31 -1.90
17 -5.28 —1.76 -.25 —1.50

• TABLE 4.13
• /

Comparison of Calculated Results

Along Suppor t ed Longitude of 4-Point Support Cap (x lO~)

STAGS Grid Spec . - Radial x Circumferential

______________ Latitude (Degrees) ____________________

Case 0 3.5883 7.1808 
1 

10.807

STACS-FIDAG 
1.229 1.166 .9403 .5084

STAGS C ’ 
1.243 1.142 .9221 .5077

STAGS C’ 
1.118 1.024 .8543 .4332

_ _ _ _  — -

1 3x  13 — 
1.116 1.056 

— 
.8470 .4487

RE
~~~~ected 1.2 1.1 

— 

.9 
- - 

.5
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- , • Sec tion 5
• 

• 

CONCLUSIONS

J 5.1 Cost Factors

• The efficiency of the STAGS program is one of its outstanding features and

is well known to its many users. Thus, discussion here is directed to the ~.m-

• pact to STAGS of incorporating the arbitrary grid finite difference capabili-

ties of FIDAG.

As noted in Section 1, the FIDAG analysis of the grid is carried out

separately from the STAGS analysis , and thus can be pro - rated over studies in-

volving a variety of boundary conditions . From STAGS point of view, instead of

generating finite difference coefficients internally , it simply reads them from

the data base. Consequently, for typical engineering analysis, particularly in

nonlinear stud ies, the cost difference between treating n uniformly placed

nodes and n arbitrarily placed nodes is very minor. However, since the ar-

bitrary placement generally allows adequate coverage of a structure with sub-

• stantially fewer nodes, the use of arbitrary grids will generally result in a

considerably lower analysis cost.

For a genera l grid on a shell , FIDAG is required to produce two coefflci ent

- 
matrices per control L,oint: a low order one for membrane and a higher order

one for bending. The results of this study ind icate that the FIDAG cost per

4 
control point using 8 x 8 membrane and 12 x 12 bending matrices is about 0.08

seconds on the CDC 6600. WIth 6 x 6 membrane and 10 x 10 bending matrices

the cost is about .05 seconds per control point.

5.2 Results

~~~ The sequence of tests presented in this report constitute a preliminary

evaluation of the STACS-FIDAG system . Bending and membrane problems have been
- treated separately ~-ind in combination via shell analysis . Th~ results have

38
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• provided a basis for establishing suitable value ranges for the parameters in-
volved, namely : (1) the number of control points per element, (2) the order

of the numerical integrat ion to be used (number of integration points per

• element) and (3) the order of finite difference approximation to be used.) Further refinement of these ranges will be accomplished through broader
- problem experience.

1 
In general applications , one will usually obtain conservative results with

the system, i.e., predicted displacements will tend to be larger than the

theoretically exact ones.
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