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FOREWORD

In this report, several experiments on the analysis of shell structures

using the STAGS-FIDAG [5] computer program combination are described, STAGS

(STructural Analysis of Genmeral Shells) [1] is a general engineering analysis
computer program particularly useful for nonlinear problems and FIDAG (FInite

Differences on Arbitrary Grids) {57 is a general program for finite difference

interpolation on arbitrary grids.

The work reported here was supported by the Air Force Office of Scientific
Research under contract F44620-71-C-0109,with Lt. Col. Enrique H. Ramirez

contract manager.
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Section 1
INTRODUCTION

The large scale engineering analysis program STAGS (STructural Analysis
of Genmeral Shells)[1] solves linear and nonlinear shell problems by
a variational finite difference technique. It is a widely used program known
particularly for its very efficient operation. In response to the needs of
many users, a limited variable grid capability has been incorporated in STAGS
to treat shell problems involving rather complex boundaries. The extension of
this capability for more general variable grids in finite difference analysis

has been the main motivation for the development of FIDAG.

FIDAG is a computer program for general, two-dimensional functional inter-
polation. It is applicable to direct interpolation problems such as that of
producing interpolated elevations on topological maps, potential levels in
electrical fields and displacement and stress levels in structural bending
tests, Its primary application, however, is currently in the solution of

partial differential equations, particularly when it is advantageous to utilize

non-uniform grids.

The FIDAG program has been continuously evolving over the past five years
and, in its various forms, has been applied to the arbitrary grid finite dif-
ference analysis of boundary value problems using both direct and variationmal
approaches [6], and a hybrid finite difference-element approach [71. Although
these earlier studies produced good results, the full power of the program was
not realized since the present Hermite interpolation capability was not imple-
mented. In this report we present a number of results obtained by linking
FIDAG with STAGS for a more general finite difference analysis capability.

1.1 Program Structure

The advantagesof maximum program modularity ar well known and need not
be expounded here. When operating with a program as complex as FIDAG, it is
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by far simplest to have it operate as a separate, independent program, communi-

cating with other programs through a data base. To encourage this form of
utilization, a host program GRIP (GRid Processor) for FIDAG which utilizes a
simple, portable data base system for interprogram communication was developed

and was used for this study.

One option in GRIP is oriented toward its use in the analysis of elliptic
partial differential equations such as with the STAGS (STructural Analysis of
General Shells) program. With this option, GRIP determines an astute placement
of control points and integration points as well as performing the FIDAG
analysis. The terms control point and integration point are defined in

Section 1.2 below.

Presently, using the host program GRIP, the arbitrary grid differencing
capability of FIDAG has been introduced into STAGS as illustrated in Fig. 1.1.

STAGS

//ﬂ 4

. GRID

Finite
Difference Engineering
Analysis Results

Data

Discretiza=-
tion Grid

DATA BASE

Fig. 1.1 Operation of STAGS-FIDAG System Using Three
Independent Processors with Data Base Communication

The grid generator program GRID pictured is currently in a rather limited form

adequate for test purposes.
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There are a number of very compelling advantages to this organization
including: :

¢ individual processors can be modified with minimal side effects

on other processors,

@ other related processors such as load distribution and plotting

programs can be added with relative ease,

e efficiency in program loading is realized through smaller

"absolute" files for the programs and

o efficiency for multiple case studies is realized since redundant

processes, such as grid generation, need not be repeated.

The efficiency gain referenced in the last item above is particularly important
in typical structural analysis. The engineer generally is interested in vari-
ous static, dynamic and buckling analyses for a given structure. Once a dis-
cretization grid has been formed by GRID and processed for finite difference
analysis by GRIP, most of the above-mentioned analyses can be performed using

STAGS alone with the information in the data base.

1.2 Some Definitions

Consider a smooth, bounded surface 44 over which a continuous, differenti-
able function u(x,y) is defined. Let N an& C be two sets of points, each
covering—cl in a fairly uniform fashion. The points N  will be called the
node points and C the control points. With each control point ¢ in C,

FIDAG will associate a set N, of node points in N which are near c¢ in
some sense. Then, for each control point c¢, FIDAG produces a linear trans-
formation (coefficient matrix) T, which facilitates approximation of u,
the nodes in the neighbor set N. by polynomial interpolation.

at ¢ in terms of values of u and/or u, and uy at

In the present application with STAGS, only the node points N are comn-
structed by the grid generator GRID along with an element table analogous to

that commonly used in finite element analysis systems. The element table de-

fines a partition of Acfinto quadrilaterals (called EIA's for Elementary In-

tegration Areas in this report) having one node at each cornmer.
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The program GRIP then places a user specified number of control points

i o

and integration points at quadrature positions in each EIA for use in the

numerical integration of the enmergy functional by STAGS.

1.3 Overview

The remaining sections of this report provide results from a number of
tests using the system described heretofore. Three basic problems are treated
in order of increasing difficulty. In Section 2, rectangular plate bending and
membrane displacement are analyzed using uniform rectangular grids. Bending
of a clamped disc is treated in Section 3 using a non-rectangular grid.
Finally, the combined effects of membrane and bending on a spherical cap are
treated in Section 4 under both clamped and point support boundary conditionms.

General conclusions about the operation of the STAGS-FIDAG system in engineering

analysis are presented in Section 5.




Section 2
RECTANGULAR PLATE PROBLEMS

Initial studies with the STAGS-FIDAG processor were carried out on a
rectangular plate bending problem using a uniform rectangular grid. This was
particularly useful for "wringing out'" the system since the analytic solution
is known and a great deal of comparative results are available. Earlier

studies of this problem have appeared in [4, 5, 6,7 ] and elsewhere.

In anticipation of the combined effects of bending and membrane behavior
in the analysis of general shells, a pure membrane problem was then studied,
still retaining the uniform grid. The remainder of this section is devoted

to the results of these two studies.

2.1 Plate Bending Problem

The plate bending problem treated here is illustrated in Figure 2.1.

b” @ Free )
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2 Leo g}ij'.{e-\.)-_nsa:.o
2 2 3 3
3 i’g’vg—g-oé%‘(z-v)'_af—.o
e & dy ™" dy
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Fig. 2.1 Test Problem for Normal Displacement w
under Uniform Normal Pressure
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The parameters used for this analysis were: ]

3

. a=b=0. 8 in.

3 h = 0,01 Thickness
p=1 p.s . Normal pressure
v=20.3 Poisson's ratio
E = 30,000,000 Young's mgdulus
r=0364 12p (1 - y*)/ER3,

The placement of the control points and integration points was made using
the Gaussian quadrature placement option of GRIP. The simplest test was made
. using a 5 by 5 uniform grid with square EIA's. Using this grid, a number of

tests were made, varying the numbers of control points and integration points

_ 3 per EIA and the order. The tests are identified by the form
1 ci Ij Ok
j which means an i by i array of control points and a j by j array of integra-

E tion points were used in each EIA, and the order of finite difference approxi-
mation was k. Thus, for example, Cl1 1I2 03 means that one control point was
placed at the center, (xc, yc) say, of each EIA and integration points were
placed at points (xc -4, ¥, -q), (xc -q, yc+q), (xc+q, yis q) and (xc+q,

s +q), where q = 0.2886751346:e and e is the length of the EIA edge. Fur-
thermore, a cubic approximation was used which corresponds to FIDAG coefficient
matrices of order n, = (3+1)(3+2)/2=10. The special notation Ok+ j means
that coefficient matrices of order nk+,e, were used. For example, 03+2

implies a coefficient matrix order n3+2= 12.

In finite difference analysis,constraints on the trial function space are

ix obtained by collocation. Thus, it appears desirable to increase the suppcrt*of
k‘* each local polynomial without increasing its degree. A possible approach is to
combine polynomials on each EIA by weighted averaging. For example, in the
case C3 I3 03 there are nine, possibly distinct cubics used on each EIA.
4 The use of only one, derived from the given nine, is clearly a more constrained
system which, however, no longer retains the exact collocation property over
the entire support. Thus, the use of averaged polynomials does not necessarily
produce a trial space which is a subspace of that corresponding to the non-

averaged polynomials.

* The phrase "support of a polynomial" is interpreted as the entire set of points
and function/derivative values utilized in the definition of the polynomial.
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The test results corresponding to polynomial averaging, using the weights

generated for the numerical quadrature integration, are identified by
AiIjoOok,

where the interpretation corresponds to that for Ci Ij Ok described pre-

viously. All of these results are summarized in Tables 2.1 - 2.4,

2.2 Observations on Plate Bending Results

In Table 2.2 we note that almost all of the absolute errors (actual -
calculated) are negative. We conclude that the space of trial functions de-
fined by the finite difference process does, in all cases, contain functions
outside of the space of admissible functions which yield a lower numerical
energy value than any of the admissible functions. In other words, we find

that the model structure is more flexible than the physical structure.

This property is in contrast with conforming finite element analysis for
which the trial space is contained in the admissible function space. Thus,

the conforming element model structure is less flexible than the physical

structure. This property of conforming finite element analysis holds generally
whereas, unfortunately, the corresponding property of greater flexibility in

finite differences does not.

The weighted mean relative errors in Table 2.4 indicate that all of the
12 freedom formulas (03+2 means (3+1):(3+2)/2 + 2 = 12 freedoms) yield
about the same average error. The case A2 12 03, which exhibited a
similar mean error, indirectly utilizes 12 freedoms by averaging four 10 freedom

cubics. The 12 freedoms used for these cases are values for the lateral dis-

placement w and its partial derivatives Ve and wy at each of the four

corners of each square integration area (element or ETIA) used. The best re-
sult was obtained in case C1 I3 0342 in which one extended (12 freedom)
cubic is integrated over each EIA'by fifth order (3 x 3) Gaussian quadrature.
We shall see later that this behavior does not extend to arbitrary juadri-

lateral EIA's. The weights used for the mean relative error calculations in

this report were all 1.




v
]

]

.

ACTuAL
Ct 1J 03+2
¢t I3 04

C2 I2 03«2
€2 12 04

C3 I3 03e¢2
€3 I3 04

A2 12 04
A3 13 03

ACTUAL

Ct 13 03+2
C1 13 04
c2 12 03
C2 12 03+2
c2 12 04
€3 13 03
C3 13 032
€3 13 04
A2 12 03
A2 12 04
A3 13 03

ACTUAL

Cl1 I3 03+2
CiL 13 04
c2 12 03
€2 12 0342
C2 12 04
€3 13 03
€3 13 03+2
€3 I3 04
A2 12 03
A2 12 04
A3 13 03

ACTUAL

Ct I3 034+2
Ct I3 04
te 12 03
C2 12 03+2
C2 12 04
c3d I3 03
Cd 13 0342
¢y 13 04
A2 12 03
A2 12 04
A3 13 03

.
.
.
.
)
.
¢
.
*
*
"
*
*
©
*
*
*
v
*
*
>
*
"
*
«
"
»
.
"
"
*
.
.
*
*
*
.
*
*
*
»
*
“
¢
*
]
»
*
*
v
*
«
.
¢
“
.
«

SQUARE PLATE BENDING PROBLEM,

TABLE 2,1

CALCULATED VALUES (* 14%+3)

X¥,2,Y8,8
J,b1104
J,56722
3,71849
J,67785
3,55758
3J,61378
3,59384
3,955935
J,73511
J,55953
J,b8414
J,03886

X=.2;Y'.6
2,46717
2,49714
2,63356
2,56871
2,49749
2,53714
2,%211@
2,49758
2,63010
2,49880
2,51972
2,53795

Xs,2,Y3,4
1,44291
1,45995
1,54298
1,49652
1,46233
1,46752
1,47253
1,45932
1,534391
1,46222
1,47059
1,46563

X=|2'Y=.2
049121
, 49892
,52264
101031
,49943
49858
204409
49866
,51658
,ou184
yondae
148820

X8,4,Ys8,8
6,31960
6,41545
6,72609
6,63494
6,41599
6,50742
6,50276
6,42193
6,71804
b,41896
644522
6,52382

X34,4,Y3,6
4,42208
4,47767
4,74454
4,60738
4,47823
4,55@42
4,52915
4,47852
4,69331
4,48u51
4,51264
4,55658

X=.40Y8.4
2,55533
2.58452
2,76094
2,64821
2,58508
2,61264
2,60928
2,58388
2,74115
2,58773
2,60448
2,63208

Xs,4,Yn,2
, 85099
s 86U55
191317
87892
86102
85574
,86767
86W73
88193
,86269
, 85886
185894

X'OOIY'QB
6,08387
8,21695
8,61009
8,49927
8,21750
6,35407
8,33047
6,22522
8,57150
8,22065
B,24948
8,36673

X8,6,Y3,06
b,63946
9,71223
0,09515
5,8/856
5,71286
b,8¢1v4
5,78279
5,71493
5,97946
9,71551%
5,77352
D,83113

Xl,d,ya,d
3,23327
3,26775
3,91773
J,34/7185
3,26835
J,31441
J 36135
3,26786
3,422¢0
27199
Je31149
J,36436

XB.O'Y=.2
1,06225
1,071714
1,153406
1,09358
1,07207
1,47585
1,07603
1,07236
1,49559
1,07334
i,06018
1413372

5x5 GRID

Q.tt.Qi.iit’t"'iit'tit"ti0..'0ttti.ii'ttii'ﬁi'ﬁ..'i'it'.ﬁ.t‘i.t'i.".i

X'.GoY'.B
8,63127
8,82774
9,30803
9,13136
8,82829
6,90088
6,92660
8,63324
9,230141
b,83137
6,88¢24
b,95714

x'oal 13'6
b,04961
6,12838
b,52527
6,307¢6
6,129¢3
6,22038
b,209¢8
06,1325
b,4¢441
6,13181
6,18773
b,28436

X8,8)Y%,4
3,459467
3,49509
373985
3,07962
3,49568
3,94462
3, 038487
3,49613
3,64793
J,49813
J¢D4abd
3,65351

Xs,8,)¥Y%,2
1,13144
1.1475
1,23591
1,16376
1.141¢8
1,20181
1,14757
1,14142
1.,165066
1,14224
1,21001
1,26152
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& | L TABLE 2,2 .
e 1 * SAGUARE FLATE BENDING PROBLEM, 5Xx5 GRID .
. ABSOLUTE ERKOKS ((ACTUAL = CALCULATLD) # 1g«vd) *
L4 R R R R R R R R R R R R R R A R R N R R R E R R R R RN E AR REEATREZEZ R R}
. *
* X8,2,Y8,8 X2,4,Y8,8 Xs,6,Y3,8 Xs,8,Y8,8 .
i > . Cy 13 03+2 -,04558 - ,09585 -,133¢8 -,14647 *
v Ct 14 04 =-,20685 -,40649 »,02622 -, 02076 .
. €2 12 03 -, 16621 -,31534 ~,41540 =,45009 *
» C2 12 03+2 -, 04594 -, 09639 -,13363 -,147¢2 . |
v C2 12 04 -,10214 -, 18782 -, 27020 -,285061 B
A c3 13 03 w 08228 -, 18316 »,24060 v, 24753 .
. €3 13 03+2 -, 04771 -,10233 -, 14135 =,15197 . 5
+ €3 13 04 -, 22347 -,39844 -, 48763 ~,55384 *
» A2 12 03 -,04789 ~-,09936 -,130/8 -, 156l .
\ A2 12 04 »,07250 -,12562 =-,16561 =,19897 .
v A3 13 03 -.12722 -,20422 -,28286 ~,27587 * :
. s & i
L] X8,2,Y8,6 X2,4,Y%,6 XB8,6,Y3,06 Xs,8,Y2,6 @
- C1 13 03+2 -, 02997 -, 05559 -, 07277 -, 87877 .
. Ci I3 0a -, 16639 -,32246 “,45569 -,47566 *
* €2 1¢ 03 -, 1154 -, 18532 -,23910 »,25/74% « :
* C2 Iz 03+2 -, 03032 -, 65619 -, 4734¢ -, 07942 « 3
{ . 2 12 04 -,26997 -,12834 =, 16158 »o170677 * g
g * 3 I3 03 v 20393 -, 10707 -,14333 -,15%47 * j
. *+ 03 13 03+2 -,23p41 -,d50644 -,07457 -, 68244 ¢ 3
E - C3 13 04 -,16293 ~,27123 -o34004¢ -,3b480 * 3
3 ¢ A2 12 03 -, 031063 -, 25843 -.27605 -, 08220 .
-f} * A2 12 04 =, 25295 =, 09¢56 ~,134¢6 ~g 138412 *
d - A3 13 03 -, 07078 =.13459 ~,1910/ =-,234/5 .
d & *
. X3,2,Y8,4 XBqd,YR,4 Xz2,6,Y3,4 Xs,8,Y%,4 * 3
‘ * C1 I3 03+2 -,01794 -,02919 -, 3448 - udbY2 * ,
« Gt 13 04 -, 10097 -,28561 ~, 28446 - 28¥/78 .
- €2 12 03 -, 95459 -, 09288 -~,11388 -,1205H .
. €2 12 03+2 -, 01832 »,02975 -, 13H88 -, 836061 . ;
* C2 12 04 - 02551 -, 45731 ~,48114 =, B8595 * ,
* €313 03 -, 030252 “,05395 -, ¥6608 -, #7960 *
* C3 [3 03+2 -, 01731 =-,12855 - 03459 - 037606 -
’ €3 13 04 -, 19199 -,14582 -, 18873 -,188tE6 .
. A2 12 03 -, 02021 -,03240 -,03/763 -, 03946 “
* A2 12 04 -,02849 -, 04915 ~,07822 -, 88558 *
v A3 I3 03 -,02361 =-,37675 -,13109 ~,19444 0 i
* *
¢ X2,2,Y3,2 X2,4,Y3,2 X8,6,Y2,2 Xx,8,Y3,2 * 1
v C1 [J 032 -, 68771 -, 00956 ~, 809406 -, 00931} .
* c1 1J 04 »,03143 -, 36218 -, 09121 -,18447 .
v t2 12 03 -,21914 -,02791 ~, 03133 -,13232 «
* C2 12 03+2 -, 0c822 -,d1da3 ~, dgv82 - Y04 .
* €2 12 04 - 737 -,¥U0475 -, 613068 -, u7037 *
* 3 13 03 -, 81779 -, 01668 -, 41378 =.21013 .
v C3d 13 03+2 -, 00’745 =-,0U974 =, 81611 -,ug998 v
* €3 13 04 - 12537 -, 030294 -,103325 -, 035422 *
] A2 12 03 - 1063 -, 31170 -, 01109 -, 01eb0R *
. ae I¢ 04 - 21221 0787 VY7 - 070657 .
* AS 14 03 0341 -, 0795 -, 7147 -, 13¢ud » F
* ¢
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@ TABLE 2,3 *
. SQUARE PLATE BENDING PROBLEM, 5X5 GRID ’
L PLRCENT KELATIVE ERROR IN THE CALCULATED VALUES -
Q“"‘.‘Q‘i‘iiﬁi*ti*‘.""0‘t.it'.'."ttitﬁ"..’.."."..’..Q".".'...
» [
] X8,29Y2,8 X2,4,Y3,8 Xs,0,Ys,8 Xz,8,Y5,8 ]
* C1 I3 03+2 =1,298 =].917 =] ,646 -1,687 &
. C1 I3 04 ~5,891 =b,432 0,510 -],220 »
* c2 12 03 «d4,733 =4,990 =5,139 5,185 *
* €2 12 03+2 -],508 =1,5256 1,053 -1,094 ®
. c2 12 04 2,909 2,972 3,342 =3,290 .
* LJ XJ 03 ’2|J‘l .2'898 .J.U5l -Z.Hbl L
* C3 13 0J3+2 1,359 =-1,619 =1,749 -1,791 .
* C3 13 04 6,304 5,305 =b,032 -b,38¢ *
¢ A2 12 03 =1,3564 '1|572 -1.092 ."129 *
* A2 12 04 =2,065 -1,988 ~2,049 2,292 '
* A3 13 03 -5'623 .5'232 -4.499 'J.l?b *
* ”
L X84,29Y3,6 X3,4,Y38,6 Xs,6,Y2,6 XB8EpYB,6 L
* C1 I3 03¢2 =le215 »],257 =] 4,290 =],302 *
« C1 13 04 “6,744 *74292 -8 ,080 -/ ,863 .
» c2 12 03 =4,1106 =4,190 ~d,240 =4,256 .
L C2 12 03+2 =1,229 »1,270 ~1,342 -1,313 .
* L2 12 04 =2,836 2,902 «2,865 =2,922 *
e« 3 13 63 -2,186 -2,421 .2,542 -2,636 .
’ C3 13 03+2 e],233 1,276 -~1,322 -1,363 #
. C3 13 04 -6,604 6,134 =-b,029 =D,86%5 *
* A2 12 03 -1,282 -1,321 ~1,349 ~1,495 ¢
. A2 12 04 2,139 w2,848 2,377 =2,283 .
¢ A3 I3 03 -2,669 -3,042 “3,599 -3,889 .
- *
* X8,2,Y%,4 XB,4,Y3,4 X8,6,Y2,4 Xs,08,Y%,4 .
. C1 13 03«2 =],244 -1,142 ~1,v00 =-1,04) .
« (11304 -7 ,002 “8,046 -8,798 -8,117 N
L 2 12 03 3,789 =3,635 =J3,522 3,485 s
* C2 12 03+2 =],270 -1,164 ~1,0B85 -1,658 %
* Ce 12 04 1,769 2,243 =24510 2,473 ®
¢ c3d 13 03 2,116 2,111 »2,1006 2,307 S
e C3 13 03e2 -1,200 -1,117 =1,870 -1,272 *
¢ (31304 v6,373 =5,706 5,837 -5,469 ¢
* A2 12 03 =]1,4¢01 w],268 1,164 =-1,129 *
* A2 Iz 0‘ 'loglb -1'925 .21419 .2.4,4 *
¢ A3 (3 03 =1,638 -3,003 “d,054 «b,621 .
* L]
’ X84,2)Y8,2 K24,4,Y3,2 XS,0yV73,2 Xs,8,Y8,2 .
. C1 13 0J4+2 =1,579 1,123 - 891 -, 823 .
. C1 13 04 6,399 =7,307 8,587 =9,234 .
¢ c2 12 03 3,889 3,280 =2 ,949 2,837 @
. L2 12 03+2 1,674 1,179 =,925 -, 802 0
L c2 12 04 =1,501 =-,558 -], 289 =b,220 *
¢ C3 13 04 =2,604 =1,960 w] o297 =-1,4206 L]
. C3 13 U3e+2 1,517 1,144 -,552 - 882 *
. C3 13 04 =D,1065 =3,036 3,130 =3,025 .
* A2 12 03 2,164 =1,375 =1,0644 -,95% @
¢ A2 12 04 -2,486 -,925 v195 “6,945 .
. A3 13 03 0012 -,934 «6,/28 -11,497 v
* »
* «

T 2 XX R R R R R R A R R R R R R R R R A R R R R R R A R R R R R R X R AR R R AR R A2l

10




itttt'.t.ti't't'.i'itt'.t..'t....‘."ﬁ...ﬁ.“"'

« TadLE 2,4 «
. SRUARE PLATE BENDING PROBLEM, 5X5 GRID *
« METHUDS SUKTED BY MEAN RELATIVE ERROR (6/0) +
R A N R R R R R R R R R XXX 2222222 A2 AR R 22
[ *
. 1 C1 I3 03e¢2 1,475 *
» 2 C2 12 03+2 {,484 .
* K A2 I2 03 1,530 »
* ] €3 13 03+2 {,541 ®
. 5 A2 12 04 2,225 *
* 6 C3 13 03 2,724 -
+ 7 €2 12 p4 3,066 *
B 8 A3 13 03 3,582 €
* 9 €2 12 03 4,708 *
. 10 C3 13 o4 0,109 *
. 11 Cy 13 04 7,229 *
* L
R R R R R R R R R R R R R R R X X R X XX X222 A2 222222 R R 2}
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The remaining results all involved more than the 12 freedoms discussed
above and all gave noticeably poorer results. In general, it does not appear

that significant improvement is achieved by averaging polynomials.

2.3 Membrane Problem

The cantilever plate illustrated in Fig. 2.3 was analyzed in order to
obtain purely membrane results. Both 3 by 5 and 5 by 9 uniform grids were

used to obtain the results given in Table 2.5. Being a lower order equation

l( £=6 in, —> |

Free %

A E = 10,000,000 ° ]!:

< =
: v = .3 Free (h=1 in,

z t=.1 ’L

‘a s <. i 1

Symmetry j

Boundary Cond.-Unit vertical displacement at free end

Fig. 2.3 Cantilever Plate

system, only quadratic (02) interpolation was used in this test. We note that
the averaged polynomial results A2 I2 02 for the 3 x 5 were better than the

non-averaged. This result appears to occur in rectangular grids when the
neighbor patterns are not symmetric about the EIA. Figure 2.4 shows the 6~ 1
point neighbor pattern used for a typical control point of this problem. :

Theoretically, the total applied force required to produce a uniform unit

displacement at the free end is given by

PL(@2 /)2 +2(1+y)) = Eht,

which yields P=8636 for this problem. Thus, we notice from Table 2.5 that
C2 12 02 converges from the flexible side and A2 I2 02 from the stiff
side. In the remainder of this report, we shall see that the cases Ci Ij 0k

are the more interesting and useful.

12
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TABLE 2.5

Displacement: Results along Symmetry Line of Cantilever Plate Problem
and Total Applied Force .

i i

3 x 5 Grid 5 x 9 Grid
C2 1202 A2 12 02 C2 1201 A2 1202
.0758 .0871 .0900 .0920
.3065 .3159 .3227 L3211
.6488 .6357 .6396 .6384
1.0 1.0 1.0 1.0
8350 92008 8447 8738
° 4 )
/' Neighbors
Control Point
6 1 e e 3
(B
0 . s

Fig. 2.4 Typical 6-Point Neighbor Pattern

e




Fig. 3.1 Disc Problem

Section 3
4 DISC PROBLEM
The disc problem provides an appropriate case for testing a more complex
f grid structure without the added complexity of coupled bending and membrane
E: . effects. In this section we provide results for disc bending tests using two
? , { grids. The conclusions are slightly different from those for the uniform rect-
A 3 angular grid of the previous section.
;’ 5 3.1 Problem Definition
fg : The specific problem used is illustrated in Fig. 3.1. The analytic solu-
tion for the normal displacement in this problem is given by
i - 2 2.2
u wx,y) =c (R -xz-y ¥
‘3 i
i ; where
2 3
c = 3q{l-y )/ QA6ERT)
, = 6.25x10"
|
i and R =2,
4 | y
k|| ,,,
|
P | c,
4 h=.1
4 _9‘ g .3 @
! E=10.92x10
: X f.g‘, q =40 psi
2 B|
& %
{ B S (e
- B} symmetric 2"
E % :
?,ﬁ¥<
] ‘Q‘

¥ o
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Two grids, designated G and B for "good" and "bad" were used for the
numerical solution to this problem. Grid B, Fig. 3.3, is obtained from a
square grid by the expression : @

o' = JRA, e, i
l‘Rl‘z t

where p = (x,y) represents any point on the square grid, s is a scale
~
factor, and p’ = (x’,y’) represents the corresponding point on the disc. The

norms are given by

gl = max C{x |, [y [), -
lpll, = Vx2+5% . |

Grid G, Fig. 3.2, was obtained from B by adjusting the internal diagonal

points so that the quadrilateral adjacent to the origin is square.

Bending results were obtained for this problem using varying numbers of
control points and integration points in each EIA as described in Section 2.1.
These results appear in Tables 3.1 - 3.8, using the notation introduced in

Section 2.1 to identify the cases.

3.2 Observations on Disc Problem

From the negative signs of the errors in Tables 3.2 and 3.6 we note that
the finite difference model is more flexible than the physical model. This is
consistent with the results for the rectangular plate discussed in Section 2.2.

Of course, we should be pleased if one modus operandi for this analysis

system could be shown to perform well for any grid. Unfortunately, we have not
found a theoretical basis for establishing one and so we must look to experi-
ence, If we let the mean relative error be our guide, we obtain suggestive re-

sults by comparing Tables 2.4, 3.4, and 3.8.

The best overall performance was obtained from C2 I2 03+2. For a
reasonably good grid, C1 I3 03+2 also performed very well but suffered

15
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(1:4)_—__-‘“‘-—-

e |

P

1,2) s |
(191 s b
Fig. 3.2 Grid G for the Disc Problem :

3

RSN 1

3

3

Fig. 3.3 Crid B for the Disc Problem. learly
triangular EIA's along the diagonal.
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* TABLE J.‘ *
* CLAMPED DISC BENDING PROBLEM, 5X5 GRID 6 ®
¢ CALCULATED VALUES (+ 10¢e2) @

A A R I I I I

-
*

* Xs j,Ys 4 X 2,Ys 4 Xs J,¥a 4 Xs 4,Ys 4 *
¢  ACTUAL 19141 19141 ,19141 07368 *
L] Ct IJ 032 21512 »211006 019926 2006647 .
* C2 12 03+2 021334 020415 2200615 007402 .
. c2 12 03 s 20557 020111 0200632 20069206 @
¢ €3 13 03 20227 019713 019613 87184 "
] A2 12 03 026712 026230 023385 008323 *
. .
. Xs §,ys 3 Xs 2,Ys 3 Xs 3,Ys 3 Xs 4,Yys 3 "
* ACTUAL 56259 0006250 e4041 4 019141} L
* Ct I3 03+2 s0V445 099954 042652 - 919926 @
* 2 12 03+2 0109624 6U201 042186 020371 *
*+ C2 i2 03 , 99652 , 60097 42078 020639 ®
* c3 13 03 « 08986 058693 042165 01906061 P
* A2 12 03 073925 ,75013 ,51013 023419 .
* ®
* Xz 1,Ys 2 Xs 2,Ys 2 Xs 3,Ys 2 Xs 4,ys 2 .
* ACTUAL 87891 076562 056250 19141 @
» Ci I3 03+2 092977 81026 » 99954 021106 ¢
L C2 12 03+2 092506606 80301 000229 020368 *
* c2 12 03 92214 80646 099960 20114 .
* 3 13 03 09174} 078927 008826 019752 1]
* A2 12 03 1,12564 098072 077992 020456 .
] L ]
. Xz §,Ys 1 Xs 2,Ys | X=s 3,Ys | Xs 4,Ya | o
. ACTUAL 1,00000 87891 096250 0191414 .
* €1 13 03+2 1,05346 092977 e 0445 21912 *
L] C2 12 0J3+2 1,84642 092683 11 1) 0121157 *
« (2 12 03 1,v4275 ,93094 \ 59810 020494 .
® c3 13 03 1,02752 91628 9014 0210259 o
* A2 12 03 1,26945 «e11967 2776306 e27198 &
* Y
A X R R R R Y R R R R R R A R R R X X R R R A X R A R XX R A A R R R R R Z 2 Z2XZZ2ZFZZXEZEZ KXY X
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L ]
L]

]
]
.
L J
*
&
*
@
»
*
*
L]
*
L]
]
*
&
L ]
[ ]
L ]
[ ]
&
*
]
*
L ]
*
L ]
»

C1
c2
e
c3
A2

C1
2
ce
c3
A2

Cl
ce
c2
cs
A2

13
12
12
I3
12

13
Ie
12
13
12

13
ie
12
13
12

ABSOLUTE ERRORS ((ACTUAL = CALCULATED) » 1ie«e2)

03+2
03+2
03
03
03

03+2
03+2
03
sk}
03

03+2
04+2
03
03
03

03+2
03+2
043
03
03

Xs "Y. 4
-, 02371
©-,02193
-, 01416
-,01066
- 87571

Xs 1,Ys 3
-,04195
-,03374
e,03402
-, 02736
»,17675

Xs J,¥Ys 2
-, 85086
-,04675
- 04123
-, 03850
~,24673

Xxs {,Ys |
-, 25346
-, 04612
- 04275
-,02752
~,20945

e N SN NI TS L. T TR T L T TR T e T

Xs 2,Ys 4
-, 01965
- 01274
'.009/0
..0”572
'.07089

Xs 2,ys 3
-, 03704
-, 23951
-,03847
-,02443
=18763

X2 2,Y3 2
-, 04464
-, 03739
- 04044
-, 02365
-,22110

X3 2,Ys |
=, 05086
-,04792
- 05243
..U"’J7

75924

18

Xs 3,Y= 4
-, 00785
-,01474
-,01491
-,00472
-,04244

Xs J,Y¥s 3
=-,02238
-,41772
-,010664
-, 01751
=-,11199

Xxs 3,Y¥s 2
-.03704
-, 03979
- 03710
-,21742

Xz J,vy=s |
-,04195
- 83846
=-,83560
-,027064
-,21386

Xs 4,Ys 4
,06721

- 00434
000442
,00184

», 00955

Xs 4,Ys J
-, 00785
- #1230
-,11498
-, 00520
-,04278

Xs 4,yz 2
-,61965
-,01247
- 00973
-, 00611
-,07315

Xs 4,ys |
-,02371
-, 02616
-, 01393
'.01118
-, 08057

(A A R R A R R R R R A R R R A R A R A A R R A R R R A R R X R R R R R RS A R R X RN R R SRR X222 X

'Q..Qt...".ii.tt.i't.t.Oiitiit'itti0"00.".'0'."0ii.ttt'tiit'it‘.t..ﬁ

TABLE 3,2
CLAMPED DISC BENDING PROBLEM, 5X5 GRID G

L]
*

]

(A AR AR A R R R R R R R R R R R R A R R R R A A A R R A A A R R R R R R R R R R R A R R AR R R X2

L]

L
*
v
]
[ ]
L
]
*
*
*
]
L]
]
*
*
]
*
L]
.
*
L]
*
]
L]
*
L]
*
*
*
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TABLE 3,3
CLAMFED DISC BENDING PROBLEM)

L]
]
L ]

*

cL 13
€2 12
2 12
c3 13
AR 12

€1 13
c2 12
€2 12
€3 13
A2 12

c1 13
€2 12
€2 12
€3 13
A2 12

oX% GRID 6

PERCENT NELATIVE ERKOR IN THE CALLULATED VALUES

LA AR A L R R R R R A R A R R R R R R A R R e R R R R A ]

C3+2
03+2
03
03
03

03+2
Q3+2
03
03
03

03+2
03«2

Xs 1,Ys 4
'12.357
11,457

»/ 4,398
5,674
~39,554

Xs §,Ys 3
w/,458
5,998
=b,048
=4 ,864

=3],422

Xs {,Ys 2
5,787
-5,319
=g, 699
=-4,389

.28'972

Xs 1l,¥Y¥s |
=5,3406
=4,012
=4,275
=2,792

26,945

XE 2,Ye 4
-10,266
.qubb
5,068
-2,988
37,0636

Xz 2,Ys J
=6,585
'7.”24
6,839
-4,343

33,3956

Xs 2,Ys 2
=5,831
-4,884
=5 ' 282
-3,089

-28,879

xe 2,Ys |
-51787
.50452
5,920
-40252
86,385

Xs 3,Ys 4
.4|1u1

v/ 4,701
/4,799
=2,466
=22,172

Xz 3,Y=s 3
«5,538
=4,38%5
.4.117
~d,333

.27|71l

Xs J,Ys 2
=b,585
=/ ,474
=6,596
-4.589
-38,652

Xz 3,Ya |
=/ 4,458
-6,766
-0,329
~4,914

=3b6,020

Xas d4,Ys 4
9,789

-, d57
6,003
2,501
-12,957

X= 4,Y3 3

-4,101
-6,426
-7,826
2,717
»22,3%0

Xe 4,13 2
10,266
=b0,515
-5,083
'4.192
38,216

Xz 4,vs |
-12,387
=1¥,532

=/, K09
=5,841
-a2,093

]
*
L]

[}

i v it

*
*
]
*
«
4
]
]
*
*
*
L]
*
]
*
*
-
*
L]
*
]
]
*
*
*
*
*
*

*
L
»
-
L ]
L
L]
*
*
]
-
«
*
L]
*
*
*
»
*
*
*
*
*
w
L
-
L ]
*
]

(AR R 2 R A R R A R R R A A AR A R AR R X X R 2222 AR AR AR AR R R R R 2

(AR AR R R AR AR AR AR A2 22 RARR AR AR AR A A2 2 2R

“ TABLE J,4 .
¢ CLAMPED DISC BENDING PRCBLEM, 5X5 GRID 6 L]

* METHODS SORTED BY MEAN RELATIVE ERROR (/@)
R R R R R R R R R R T L]

] L ]
. 1 Cs I3 03 3,996 .
. 2 €2 12 03 5,498 .
. 3 C2 12 03+2 5,714 ”
. 4 C1 13 03+2 6,278 .
’ 5 A2 12 03 44,723 .
L ] *
(2 2 R R R A A R 2 R R R R A R R R X A R R R R R XX AR AR R RZREEZEREZNZ R R}




(A A A AR AR R R R Y Y R R R R X R R R R R R R A R A R RS R AL

. TABLE 3,5 « ;
. CLAMPED DISC UWENDING PROBLEM, 5X5 GRID © . ;
* CALCULATED VALUES (* 1uev2) * ;

(A A R A2 A R A R R R R R A R R R R AR R A A R A R A R R R R R X R A R R R R A A AR R R 2R R R AR R R AR AR R R R

-
?

Xs {,Ys 4 Xs 2,vYs 4 Xs J,Ys 4 Xz 4,Ys 4

Xz J,Yas | Xs 2,Y= 1 Xs 3,Yas | Xz d,ys |

| ] *
* ACTUAL 019141 019144 «19141 019144 * f
« C1 I3 03+2 ,22876 022875 21732 210792 B
* €2 12 03 20871 020048 019994 019921 *
¢ (2 12 03+2 ,21495 220425 ,20629 , 19883 *
* €3 13 03 220545 220144 g20287 120201 .
o A2 12 03 025946 026263 022873 121216 .
* . *
- Xs 1,ys 3 Xs 2,Ys 3 Xs 3,Ys 3 xs 4,Yys 3 #
* ACTUAL 90250 096250 190250 19141 v
L Cl I3 03+2 60144 00221 01095773 021732 *
b C2 12 03 ouBa82 099936 099647 019933 ”
* C2 12 03+2 , 61798 161243 T L,0uB26 W 20/14 "
¢« €3 13 a3 ,01531 ,61058 , 08582 120218 "
. A2 12 04 /4320 068303 07106 022336 % 1
] * 7
- Xs 1,Y=s 2 Xs 2,Ys 2 Xs J,¥s 2 Xz 4,Ys 2 *
. ACTUAL 87891 287891 106250 19141} *
L Cl1 1J 03+2 1,63387 1,83991 06221 e 22875 -
*+  C2 12 03 093519 W94318 WD97¢8 019957 *
* C2 12 03¢2 94784 1906929 :012904 020354 *
. C3 13 03 297307 s 98106 n01195 126275 &
® A2 12 03 1,40857 1,06215 108300 « 20451 «
& *
L ] *
B # ACTUAL 1,06000 87891 120250 119144 )
k. « C1 13 0342 1,1742) 1,03387 .66104 - ,22876 . 1
i * €2 12 03 1,07442 92728 Eb18 2 2¢0699 w
; * L2 12 03+2 1,09174 294751 01689 021480 *
. 3 13 03 1,1v015 97354 001423 2ud0 *
" A2 12 043 1,268576 1,04681 ,74856 0297360 . ;
L ] 1
L] -

(A2 AR R A2 R R R AR R R X R A2 R R A R A R R R R A R X R R R A R R R R R R A R R R R R A RS R R R X 2




2R  E R R R E E R R R R R R R R R R R R R R R R R A AR R R R R R RSS2 Z 2222222 R R R R2 ]

@ TABLE 3,6 v
. CLAMPED C1SC BENDING PROBLEM, 5X5 GRID B »
. ABSOLUTE ERKURS ((ACTUAL = CALCULATED) » 1dee?d) *

A A R R R A A R R R R A R R R R R R R A R A R A R R R E R R R R R R R R AR SRR 2 X
*

Xs {,Yys 4 Xs 2,Ys 4 Xz 3J,Ys 4 Xs 4,Ys 4

. W
. Ct IJ 03«2 =, 83735 -, 083734 =-,¥2h91 -, 010651 *
. Ce 12 03 ~, 01732 =, 00907 -, 00853 -,007882 *
. C2 12 03+2 =-,02264 ~,01284 -,01488 -,00/742 *
. €3 13 03 -, 01494 -,11003 -,01146 -,01120 ¥
v A2 12 03 -, o8¢5 -,087122 =-,063732 -,428/5 W
L ®
. Xs 1,Y= Xs 2,Ys 3 X 3,Ys J Xz 4,Ys 3 .
* Ci 13 03+2 -,09854 -,09971 -,09523 -,02591 *
* L2 12 04 -, k4642 -,0308¢€ -,8339/7 -,00792 «
* €2 12 03+2 -, 05548 -, 04993 -, 04576 -,01573 *
* €3 13 03 -, 052061 -,04808 -, 04332 -, 01877 *
. A2 12 03 -, 16079 ~,120053 =-,16850 =e,d3195 *
- -
v Xs 1,¥s 2 Xa 2,vs 2 X& 3,Ys 2 Xz 4,Y=s 2 +
» Cl 13 03+2 »,15496 -~,16160 -, 89971 -, 03734 +
* t2 12 03 ., 0b628 -, 26427 =-,03458 -, duBib "
* L2 12 03+2 -, u0893 -,15038 -, 14954 -, 01283 *
. €3 13 03 -,n9416 -,10215 -,84945 -, 01134 *
- A2 12 03 -,17966 -,18324 =-,12u50 -,07310 .
. »
. Xs J,¥Ys | Xs 2,Ys | Xz 3,Y2 1 Xs 4,ys | .
* Ci I3 03+2 =,17421 -,10496 -, 09854 -, 37395 “
* C2 12 04 -,07442 -, 04837 -,04308 -, 01558 ¥
. €2 12 034+2 -, 09174 -, 00860 =-,00439 -, 12345 +
* L3 13 03 =, 160ld -,094063 -,30901/73 =,¢1209 ®
» A2 12 03 -,28576 =,16798 -, 186¢6 -, 0589 *
* @
L «

22 R R R R R R R R 2 s R 2 e R R X R R A R R A X R R AR R R ARG AR AR AR E AR RS R RN
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2 R R R R R R R X A R R R R R R R R R AR A AR R R R AR A

TABLE 3,7

]
*

L ]

»

c1 13
ce 2
c2 12
€3 13
A2 12

cl1 13
ce 12
ce 12
c3 13
AR 12

cy 13
ce 12
€2 12
€3 13
A2 12

c1 13
€2 12
€2 12
c3 13
A2 12

»
»
L
]
»
.
®
»
w
w
-
L
»
L ]
L
]
*
L
»
-
¢
*
*
*
*
*
]
»
*

CLAMPED DISC BENDING PRUBLEM,

9X5 GRID ©

PERCENT KELATIVE ERROR IN THE CALCULATED VALUES

X2 R A A R R R s 22 A s T R E A XS AR R AR RS AR RN AR R AR AR A2}

03+¢2
03
03¢2
03
03

Xz {,Ys 4
=19,513
Pg.”sa
-11,628
.’.335
=35,552

Xxs {,Ys 3
~17,518
4,235
-9.863
=9,3838
32,124

Xs {,Ys 2
-17,631
-6,403
7,843
-198,743
=20,441

Xs leYs |}
-1/,421
-/ 4442
«9,174
=lu,0}d
28,576

X 2,Ys 4
-19,508
“4,739
6,710
=5,240
-57’298

X3 2,Ys 3
=17,726
0,553
=8,876
-8,948
'21.428

Xs 2,Ys 2
-18,318
w7,312
=10,283
-11,622
=20,849

Xs 2,Ye |
'1,0631
-5,503
=7,805
.x0'7°7
-19,103

X8 3,Ys 4
=13,530
=4,450
-7’7,7
"5,987
“19,497

Xs 3,Ys J
-16,939
'6.”39
.8.135
~7,701
=19,300

Xz 3,Ys 2
-1/7,726
-6,148
8,807
-6.791
»21.422

xs 3,Yys |}
17,518
-/',66
-9'069
-9,196
=33,077

Xs 4,Ys 4
-8,625
4,075
3,876
-5,851

-10,841

Xs 4,Ys J
=13,536
-4'148
-8,218
5,627
10,692

Xs 4,Ys 2
=19,b¢8
-4,203
-0,5406
-D,924
-J8,19B

Xz 4,Yys |
=19,513
8,140
=12,251
0,316
=34,423

2222222222 2 A R R R R s 2 2 X R R R R A R A A R R R R AR AR RS AR A A2

' 222222222 2222222 22222222222 A2 R RRA R R R R R A

*
»

TasLE
CLAMPED DISC BENDING PROBLEM,
* METHODS SGRTED BY MEAN

3,8

RELATIVE

+

9X5 GRIV B8 »
LRROR (4/70) +

' 22 2 22 2 2 X222222222 232322 32 AR AR AR AR A R A AR A A

”

w
]
L
L ]
]
L 4
*

OB LR

c2
ce
€3
cl
A2

12 03
12 03+2
13 03
13 03+2
12 03

22

6,798
8,920
9,978

17,608

24,363

R A R X2 X222 22222 2R R SR R A A A 2 A J

*

*
| ]
-«
L ]
*
*
]

»
*

»

L ]
*
*
]
»
W
»
*
*
]
L]
*
]
*
*
4
]
]
*
[ 4
*
L]
*
-
-
4
4
]
*
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greatly (Table 3.8) for the poor grid. Probably the ideal form would be
C2 I3 03+2, however, due to complexities in the implementation it has not
yet been developed. Very briefly, the complexity involved is the suitable

correlation of the 2 x 2 array of control points with the 3 x 3 array of in-

tegration points on each EIA for numerical integration. This is a development

to be made to STAGS.
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Section &
SPHERICAL CAP PROBLEM

The most difficult test of this series involves a shallow spherical cap
requiring consideration of both bending and membrane effects. In this section
we analyze both an axisymmetric cap problem and one that is not. In the first
case we use a converged solution obtained by the shell of revolution program 5
BOSOR['27] as the "actual" solution for purposes of error calculation. In the
second case, we have no "actual" solution and simply present a number of re-
sults from the STAGS-FIDAG system, a new version of STAGS and a finite element
program REXBAT[8].

4,1 Problem Definition

The basic problem is treated as a quarter cap with symmetry conditions

along the cuts as illustrated in Figure 4.1,

The grid for this problem was obtained by simply projecting the grid used
for the disc up to the cap, using spherical coordinates o and B. The o,B
coordinates of any vector defining a point on the sphere are the angles between

the vector and the x-axis and y-axis as illustrated in Figure 4.1.

We recognize that this grid is not ideal for either problem. Indeed,
since problem 1 is axisymmetric, one needs only a one-dimensional grid.
Similarly, for problem 2 one needs to have grid points concentraied around the
point supports in order to obtain an accurate representation there. For
problem 1 we did use the idealized grid with the BOSOR program to obtain an
accurate solution. The two-dimensional grid then provided a means for con-
veniently testing the behavior of the STAGS-FIDAG program on a combined bending-

membrane problem.

Similarly, for problem 2 we were able to conveniently create a test en-~

vironment for the program which, even though it was not ideal for the problem,
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provided results indicative of the program operation. Figure 4.2 shows the
appearance of the grid on the cap looking down at the pole. The quadrilaterals
used in the STAGS-FIDAG analysis have corner points (i, i+1, i+n+1,i+n),
where n 1is the number of points in the radial direction and i=(j-1)n+k
for any j, k=1,2,...,n-1. The diagonal lines in Figure 4.2 on each EIA
were introduced by REXBAT for calculating force distribution as discussed

below.

4.2 Comparative Finite Element Analysis

A conforming quadrilateral element [3] was'used by the REXBAT finite
element analysis program for this problem. Although this element is rather ex-
pensive to use,'}t provides very accurate results which are particularly useful
for the evaluation of the STAGS-FIDAG system. At the present time, the REXBAT
implementation of this quadrilateral element does not have a consistent force
distribution capability and consequently, monotonic convergence from the "stiff"
side cannot be-expected to strictly hold. The force distribution is obtained
in REXBAT by dividing each quadrilateral into two triangles as shown in

Figure 4.2, and using a consistent triangular element distribution.

4.3 Numerical Results

The results of the STAGS-FIDAG and REXBAT tests appear in Tables 4.1 -4.11.
In the tables, the point (x,y)=(1,1) corresponds to the pole, node 1 in

Figure 4.2. 1In gene:al, a point (x,y) in a table corresponds to node
1+ (x+n:y -1-n)(n-1)/4

in the corresponding grid having n radial nodes. The grid in Figure 4.2 has

n=9,

As long as the number n-1 of radial EIA's is a multiple of 4, the grid
has non-diagonal points which coincide with those of the 5x5 grid and, conse-
quently, those entries in the tables correspond. Recall, however, that the
grid generator adjusts the diagonal nodes corresponding to x=y, x=2, ...,
for the grid improvement and so the diagonal entries in the tables do not

correspond for different grids.
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ACTUAL

CL I3 03+2
€2 12 0J3+2
REXBAT Q

ACTUAL

C1 13 03+2
C2 12 03«2
REXBAT @Q

ACTUAL

C1 13 03«2
C2 12 03«2
REXBAT @

ACTUAL

Cl I3 03+2
L2 12 032
KREXBAT Q

TABLE 4,1
CLAMPLD SPHERICAL CAP PROBLEM,

CALCULATED VALUES (¢ 10%46)

tttﬁ't...".t’#tiiiitiititti"i'ltti"it.tt'.‘tii.'itt't..'ﬁ.'ttti"‘..

Xs 1,Y= 4
76564
85240
L89222
, /6148

Xs {,Y= 3
2,14940
2,25600
2,24820
2,16999

Xs 1'Y. 2
$,25500
J,33700
3,39660
3,34220

Xz {,Y=s |
3,66300
3.74219
3,81600
3.76468

Xs 2,Ys 4
76580
. 83389
179738
o /6715

Xe 2,Ys 3
2,149¢0
2,237709
2,2568¢0
2,2018p

Xs 2,Ys 2
2,879u0
2,94810
2,96760
2,94420

Xs 2,Ys |
J,2550¢
3,33700
J,4¥120
3,3422¢0
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Xs 3,Ys 4
076580
,78621
, 80061
177714

X8 3,Y=s 3
1,597¢0
1,62718
1,59890
1,61620

Xz 3,ys 2
2,149¢0
2,23760
2,25950
2,20180

Xs 3,Ys |
2,14900
2,25700
2,2575¢
2,18999

5X5 GRID

Xxs 4'Yl 4
031480
027400
029921
930380

Xs 4,Ys 3
0706589
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76148
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* TABLE 4,2 *
B CLAMPED SPHERICAL CAP PROBLEM, 5X5 GRIp .
* FERCENT KELATIVE ERROR IN THE CALLULATED VALUES .

R R R R e R R N R R R R R R R R A R R R R R R A RS R R R R R R R R AR ]

* @
. X {,Ys 4 Xs 2,Ys 4 Xs 3,Ys 4 Xs 4,vYs 4 ®
* Ct1 13 03«2 -11,308 8,680 =2,0065 12,961 .
d C2 12 03+2 =11,285 4,124 =4,546 4,952 .
* REXBATY Q e D04 =176 =],481 3,494 "
- *
. Xe {,Ys J Xs 2,Ys 3 Xs J,Y=z J Xs 4,Ys § *
. C1 I3 03+2 =4,979 4,128 -1,885 -2,586 “
. C2 12 03+2 =4,646 b, 816 119 =4,892 L
. REXBAT @ =1,903 =2,457 =],202 -1,461 .
] ]
* Xs {,Ys 2 X3 2,Ys 2 Xs 3,Ys 2 Xs 4,ys 2 *
* C1 I3 03+2 2,519 -2,400 »4,123 =9.,649 *
- C2 12 03+2 =4,356 3,077 5,142 =5,065 *
- KEXBAT Q 2,679 2,265 =2,457 =176 O
* "
- Xz 1,Ys | Xs 2,Ys | Xz 3,Y= | Xs 4,Ys |} *
* C1 1J 03+2 -1,886 -2,519 5,054 11,739 .
» €2 12 03+2 4,193 4,492 -5,049 -8,707 .
» REXBAT @ 3,320 =2,679 =-1,903 D04 .
* s
tiiti"tii.ttttittt!.t‘iﬁtii'ﬁttﬁttttlﬁtitif"*tﬁtttthitt'ttttittttiit'

A2 R A R R A A R R R R A R AR R A A2 AR 22X 22}

N TABLE 4,3 N
* CLAMPED SPHERICAL CAP PROBLEM, 5X5 GRID

¢ METHOCS SORTED BY MEAN RELATIVE ERRQR (@7¢) «

A A R E X R R AR AR AR AR E R A AR AR SRR AR 22

A Z R R R R R R A R R R A 2 R X AR R R A AR AR R R EREE XA RXZ )

" .
L] i REXBAT Q 2,551 @
* e Ct I3 03+2 3,657 s
t K] C2 12 03+2 4,481 b
. *
" Y
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ACTUAL

C1 I3 03+2
C2 12 03+2
REXBAT G

ACTUAL

C1 I3 03+2
C2 12 03+2
REXBAT @
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Cl1 I3 042
C2 12 0J3+2
REXBAT @
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C1 13 03+2
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KEXBAT @

TABLE 4,4

CLAMPED SPHERICAL CAP PROBLEM, 9X9 GRID

CALCULATED VALUES (» 1ge#0)

Xs J,Ys 4
076588
82200
80540
778063

xXs §,Ys 3§
2,149¢@
2,29949
2,24250
2,17650

Xxs {,Ys 2
3,25500
3,39750
3,37420
3,28640

Xz {,Ys |
3,66300
3,79810
3,79960
3,6997¢

Xs 2,Ys 4
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3,36940
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Xxe 3,Y= 4
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79490
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Xs 3,¥= §
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v . TABLE 4,5 B

| . CLAMPED SPHEKICAL CAP PROBLEM, 9X9 GRID .
B | . PERCENT KELATIVE ERROR IN THE CALCULATED VALUES N
i}; 2 R R R a2 s s 2 X 22 s AR A R R AR AR R R R R R R R R AR R0 RN
B - ’ A e '
| . Xs {,Ys 4 Xs 2,Ys 4 Xxs 3,¥ys 4 Xz 4,Ys 4 . 3
> ¢ €1 13 0362 =7,4339 =B,266 =7,613 -2,383 * |
g | ¢ (2 12 03e2 =5,302 3,970 3,800 -,319 % |
E . REXBAT @Q -1,675 ~1,922 2,302 383 ’ i
¢ ¢ *
L X8 {,ys 3 Xz 2,Ys 3 Xs 3,ys J X8 4,Ys 3 .
* Cl IJ 03‘2 .b.‘JJ -6.031 -4.b/U ./.,b, L]
« (2 12 03¢2 -4,351 -4,09@ 2,034 .d,361 * ,
* REXBAT @ -1,280 ~1,480 994 =-2,3¢2 * :
1 @
L xXs §,ys 2 Xs 2,vs 2 Xs 3,Yys 2 Xs 4,y 2 @
*» L1 13 04e2 4,378 4,200 0,198 -85,788 .
* (2 12 04¢2 3,602 «3,642 4,700 -3,931 *
*  KEXBAT @ .1,026 -, 791 ~1,48¢ -1,922 a ;
y # 'Y 3
vy . XE l,¥s 1 Xz 2,Ys 1 X3 3,Ys 1 Xs 4,Ys | ¢« &
] ¢ L1 I3 03e2 ~3,688 4,436 5,435 8,397 . 1
b e« L2 12 03+2 3,729 4,129 -d,509 -b,202 “
:j *+ FEXBAT @ -1,002 -1,026 -1,28¢ “1,6/5 B
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* TABLE 4,6 * .
» CLAMPED SPHERICAL CAP PROBLEM, 9X9 GRID . 5
*» METHOUS SCKTED BY MEAN RELATIVE ELRKUR (d7¢) « 1

222 R R R R X A R R R X A AT RS RS R SR A AR AR R R AR EE 2 2

* #
v | KEXBAT @ 1,148 .
. e (2 12 03e+2 3,950 N
. 3 C1 13 03+2 4,098 .
* Y 4
(A2 A R R RN ERRRERRERARZEZ 22 2R RA AR AARRE AARE B 2 2 J
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L] TABLE 4,7 *
. CLAMPED SPhERICAL CAP PROBLEM, §3Xi3 GKID *
. CALCULATED VALUES (+ 10*+0) )
R R R R s R 2 R R R R A X R X X R R R R X R R R R E R R R RN AR A2 AR XX RZRZRACEZREREEAZ 2 X
. &
. Xs 1,Ys 4 xs 2,Ys 4 Xs 3J,Ys 4 Xs 4,Ys 4

* ACTUAL » 70589 76580 0 7658¢ 101249

L C1 13 032 81289 182130 82830 003910

. REXBAT Q 07081406 78230 78365 001277

]

. Xs {,Ys 3 XE 2,Ys 3 Xs Jy¥s 3 Xz 4,Ys 3

» ACTUAL 2,149¥9 2,149¢p0 1,9835v0 76580

* Cl 13 032 2,25659 2,2831¢0 2,1k964p 82889

» REXBAT Q 2,17320 2,1752¢ 1,988060 2 /8365

p v

il Xs 1,Ys 2 Xs 2,Ys 2 Xz 3,Ys 2 Xs 4,vs 2

] ACTUAL 3,255v4 3,147¢¢ €,14990 /6580

¢ Ct 13 03+¢2 J,40699 J,Je1¢0 2,28340 82270

* KREXBAT Q@ 3,2/7480 3,10010 2,1/7520 e 78230

»

* Xs 1,Yz |} Xs 2,Ys § Xs J,Ys | Xs 4,ys |

* ACTUAL J. 06300 3, 25500 2,149¢0 70580

* C1 13 03+2 3,82020 J,4ub8B0 2,258%0 81610

» REXBAT @ J, 08050 Je2748¢p 2,17320 /86146

L J

* ¢ % % ¢ % & % & & ¢ % W BSOS

¥ TABLE 4,8 «
* CLAMPED SPHERICAL CAP PKOBLEM, 13X13 GRID -
* PERCENT RELATIVFE ERROK IN Tht CALCULATED YALUES .
tﬁtttittttftt'lttittititIt‘ﬁﬁtti*tt'iiittﬁttiﬁtiﬁttaiiitt'itiiﬂt'ﬁtfﬁt"
L ] w
L Xe 1,Ys 4 Xz 2,Yz 4 X 3,Ys 4 Xs 4,Ys 4 '
- ¢« C1 13 03e2 ~6,137 =7.247 8,161 -4,344 «
L « RKEbxBAY @ 2,045 2,155 2,331 -, 060 -
v *
v Xs 1,Ys 3 X® 2,Ys J Xz 3,Ys 3 Xs 4,vys 3 *
. Cy 13 032 =5,002 6,240 =5,719 =-38,227 .
. REXLAT @ =1,126 =1,219 -,282 -2,331 *
* L ]
L X3 {,Ys 2 Xs 2,Ys 2 Xs 3,vs 2 Xas 4,ys 2 '
‘ . C1 I3 QJ3¢2 «4,667 »4,894 w0 ,254 =/,438 .
. ¢ KEXBAT @ -, 608 ~p416 1,219 2,155 *
* "
. X= 1,Ys |} Xs 2,Ys |§ Xs 3J,Ys | Xe 4d,y=s | *
L Ci 13 03+2 4,292 »4d,664 5,095 0,568 -
. REXBAT @ -, 478 -, 608 »],1206 2,045 .
] : .;
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¢ TABLE 4,9 »
¢ CLAMPEU SPHERICAL CAP PROBLEM, 13X13 GRID #
* METHCODS SURTED BY MEAN RELATIVE ERRUK (€7¢) «

LA A A R R Y R R A R R R R A R R R RS R R X

.‘ .
’ 1 REXBAT Q 882 ’
. 2 C1 I3 U3+2 V.14 .
* -
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C1 13 03¢2
C2 12 03+2
REXBAY Q@

Cl 1J 03«2
C2 12 03«2
REXBAT @Q

C1 I3 03+2
€2 12 03+2
REXBAT @

C1 I3 03+2
C2 12 03+2
REXBAT @

SPHERICAL CAP,

CALCULATED VALUES (e 1@eed)

Xs j,Ys 4
240758
048770
39844

Xs {,Ys 3
87480
,90390
077501

Xz 1,Ys 2
1,08630
1,11570

097538

Xs 1,Ys |
1,14410
1,17799
1,03380

Xs 2,Y2 4
002720
65829
090120

Xs 2,Ys 3
094690
096990
083533

xs 2,Ys 2
1,0709¢
1,19200

0961099

Xs 2,Ys |
1,08550
1,12090

097538

Xz 3,Ys 4
« 81909
05610
072520

Xz 3,Ys 3
94970
,97980
,84396

Xz 3,Ys 2
293910
097630
983533

Xz 3,ys |
187229
90880
W /75081

9X9 GRID
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TABLE
4 POINT SUPPOKRT,

Xe 4,Ys 4
084920
089940
76183

Xs 4,Ys 3
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. 72520

Xa 4,Yys 2
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266010
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Xs 4,ys |
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39844

.ii"ﬁiii'*i'.iiiﬁtttit"tiiiiiii‘ti'i‘O'Q.‘*QOiﬁit’tttit‘itdtttﬁti‘i‘

]
]
*

22 Y R R Y X A R R R TR R X R R R R R R R R R R R R R R R X R XRRRZAZEEEZZAZREEREZZR A 22

-

L ]
L4
L]
*
*
L
.
[ ]
]
L
]
L 4
v
*
]
]
*
*
*
L
»

(AR R A R R R R R A R e A R R E R R R R R R A R R R R A R R R A R R R R R R A R R A R R R R R RS X

* TABLE 4,11 @
L SPHERICAL CAP, 4 POINT SUPPORT, 139X13 GRID d
. CALCULATED VALUES (% Jp*s#d) «
R N R R R s R R T I T T T T I,
» w
b Xs 1,Ys 4 xs 2,Ys 4 Xe J,Y¥s 4 Xs 4,Ys 4 L]
. C1 13 03+2 2509060 267370 287460 Y1460 b
¥ ¢ REXBAT Q@ 44870 200452 278298 182201 «
s S - *
] Xs {,yYs 3 Xs 2,Ys 3 Xs 3,Ys 3J Xs 4,Ys 3 "
* Cl IJ Q3«2 094120 1,01150 1,635184 ' 87300 *
* KEXBAT @ 84707 50704 092276 278298 #
* ¢
* Xs j,ys 2 Xs 2,Ys 2 X8 Jo¥n 2 xa 4,Ys 2 L)
* REXHAT @ 1,05580 1,04800 908704 ,bb452 kY
* *
* Xe 1,Y= | Xs 2,Ys | X 3,Ys | Xz 4,ve | ]
*  C3 I3 03+2 1,22930 1,16570 ,93940 \ 90730 x
’ REXBAT Q 1,11640 1,0558¢0 84707 e 4d8/7¢ ’
* @
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Based on experience with the plate and disc problems, methods C1 I3 03+2
and C2 I2 03+ were used in this series of tests for the bending. We
recognize that the general quartic integration (I3) 1is beneficial and that
more than one control point per EIA (C2) is also beneficial. It appears that
the ideal combination for accuracy would be C2 I3 03+2 which has not yet

been implemented.

4.3.1 Clamped Cap Problem
The results for the clamped cap, problem 1, appear in Tables 4.1 -4.9

along with "actual" results which were obtained from BOSOR as discussed earlier.

Notice in Tables 4.2, 4.5 and 4.8 that the REXBAT solutions do not converge

from the "stiff" side, i.e., the coarse grids produce a solution which is

greater than the actual at most points, as was anticipated from the discussion
in Section 4.2, From these tables we also notice that the STAGS-FIDAG model is
predominantly more flexible, which is consistent with the results of the plate
and disc studies. We shall observe a reversal of this trend in the results for
problem 2 below. We notice in Tables 4.6 and 4.9 that both STAGS-FIDAG results
and the REXBAT results have essentially converged with the 9 x 9 grid to mean
errors of 5% and 1%, respectively. Also, we observe from the similarity of the
results for the two STAGS-FIDAG forms that both are reasonably good and neither
is clearly superior. This is suggestive of a probable benefit from utilizing

the best of both forms via C2 I2 03+2 as mentioned earlier.

One surprising observation is the occasional appearance of a slight in-
crease in mean relative error in the STAGS-FIDAG results when the grid is re-
fined., For example, compare the results for C1 03 03+2 in Tables 4.3,
4,6 and 4.9, All we can conclude from these results is that convergence is

not monotonic.
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4.3.2 Point Support Problem

Our results for this problem are less detailed than previous results
since the true solution is not known. In Tables 4.10 and 4.11 we note that
all of the solutions increase as the grid is refined. This is traditional be-
havior for finite elements but is unusual for finite differences. It is the

only case in this study for which the finite difference solutions converge from
the stiff side.

Since a thorough convergence study was beyond the budgetary scope of this
effort, further analysis was conducted with STAGS as reported in Section 4.4.
In addition, crude projections based on REXBAT results from the 5 x 5, the
9 x 9 and the 13 x 13 grid were made. These appear in Figure 4.3. Both studies
suggest that the 13 x 13 STAGS-FIDAG result is close to being correct.

4.4 STAGS Analysis

The grid described in Section 4.2 cannot be used in STAGS without FIDAG.
The approach used for a spherical cap or disc with STAGS involves a '"'geographic"
coordinate system of longitudes and latitudes. Since the longitudes coalesce
at the pole, it is necessary to perturb the problem by introducing a small
hole at the pole and applying suitable boundary conditions there. The best

results obtained to date have been with free edge conditions around the hole.

The cap considered in this report corresponds to a maximum latitude of
about 14.5°, For the STAGS study, the polar opening used was 1° 1atitude.
The errors in the STAGS C’ solution for the clamped cap are given in
Table 4.12 along one longitude. The STAGS C’ results for the four-point
support cap along a longitude of a support are interpolated to the latitudes

corresponding to the results of Table 4.11 and presented with those results
in Table 4.13.
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TABLE 4.12
Errors in the STAGS C’ Results

Cap at Various Latitudes (x 106)

!No. Radial

|

Latitude (Degrees)
Points i 4.375 775 11,125
Absolute
i 5 -.067 .024 .007 -.0048
[e -.186 -.055 -.027 -.0129
A aly -.192 0.054 0.022 0.0102
f % Relative
5 -1.84 .78 .08 ~.71
9 -5.12 -1.80 -.31 -1.90
17 -5.28 -1.76 -.25 -1.50
TABLE 4.13
Comparison of Calculated Results
3
Along Supported Longitude of 4-Point Support Cap (x 107)
STAGS Grid Spec. - Radial x Circumferential
Latitude (Degrees)
Case g 3.5883 7.1808 10.807
STAGS-FIDAG
13 x 13 1.229 1.166 . 9403 .5084
STAGS C’
13 x 25 1.243 1.142 .9221 .5077
STAGS C’
13 x 13 1.118 1.024 .8543 .4332
REXBAT
13 x 13 1.116 1.056 .8470 L4487
REXBAT
Projected A 1.1 .9 a9

i el st a2
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Section 5
CONCLUSIONS

5.1 Cost Factors

The efficiency of the STAGS program is one of its outstanding features and
is well known to its many users., Thus, discussion here is directed to the im-
pact to STAGS of incorporating the arbitrary grid finite difference capabili-
ties of FIDAG. :

As noted in Section 1, the FIDAG analysis of the grid is carried out
separately from the STAGS analysis, and thus can be pro - rated over studies in-
volving a variety of boundary conditions. From STAGS point of view, instead of
generating finite difference coefficients internally, it simply reads them from
the data base. Consequently, for typical engineering analysis, particularly in
nonlinear studies, the cost difference between treating n uniformly placed
nodes and n arbitrarily placed nodes is very minor. However, since the ar-
bitrary placement generally allows adequate coverage of a structure with sub-
stantially fewer nodes, the use of arbitrary grids will generally result in a

considerably lower analysis cost.

For a general grid on a shell, FIDAG is required to produce two coefficient
matrices per control point: a low order one for membrane and a higher order
one for bending. The results of this study indicate that the FIDAG cost per
control point using 8 x 8 membrane and 12 x 12 bending matrices is about 0.08
seconds on the CDC 6600. With 6 x 6 membrane and 10 x 10 bending matrices

the cost is about .05 seconds per control point.

5.2 Results

The sequence of tests presented in this report constitute a preliminary
evaluation of the STAGS-FIDAG system. Bending and membrane problems have been

treated separately and in combination via shell analysis. The results have
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! provided a basis for establishing suitable value ranges for the parameters in-

volved, namely: (1) the number of control points per element, (2) the order
of the numerical integration to be used (number of integration points per
element) and (3) the order of finite difference approximation to be used.

Further refinement of these ranges will be accomplished through broader

T

problem experience. v ;

In general applications, one will usually obtain conservative results with

the system, i.e., predicted displacements will tend to be larger than the

theoretically exact ones.

\
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