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ABSTRACT

The moda l method deve l oped by the authors 1 
applica ble to the

dynamic  ana l ysis of supported noncircular cylindrica l shells is extended

in the present work to deal with (but not restricted to) the free vibra-

tion prob l em of unsupported noncircu lar cylinders . The required modif ica—

tion inc l udes the enforcement of the edge conditions at the free ends of

a f i n i te c y l i n d r i c a l  shel l w h i c h  are unsa t i s f i e d  by the moda l functions

owing to the presence of the variable curvature terms . Such conditions

are posed as addi tiona l constraints by way of the well—known formalism

of Lagrange multipl iers . In addition , it was found that the inc l usion

of the l owest modes , commonl y approx i mated by the Ray l e i gh—Love modes ,

is essen ti al to the comple teness of the ei gen-function representation.

The validity of the proposed procedure of analysis ic illus trated

by its appl ication to the solution of the free vibration problem of ova l

cylindrical shells with free ends .
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Introd uction

In an earlier ar tic le ’, the present authors presented an

ana l ysis of the natura l vibration of noncircular cylincrica l shells.

In add i tion to the discussion on the contrast (as well as the similarity)

of dynamic charac teristics between circular and noncircular cylindrica l

shel ls, emphasis was placed on the deve l opment of a moda l method suitable

for appl ication to problems in dynamics of noncircular , f i ni te, cy l indr ica l

shells hav ing various types of simple and clamped supports .

The most profound difficulties in analysis involving cylindrica l

shells w ith variable rad i us of curvature stem from the fact tha t the depend-

ency of deformation (and ve l oc i ty) of the shell element upon the two in-

p lane  coord i na tes is , in  ge ne r a l ,  not separable ,  as is the case of cy lind-

rica ) shells of constant rad i us . Such complexity, compounded with the

inherent difficulties accompany ing the rigorous enforcement of the boundary

cond i tions corresponding to various types of end conditions of a finite

cy l i nder , nevertheless , can be hand l ed by the afor emen ti oned modal approach ,

as s hown i n Ref . 1 . Such a procedure invo l ves expanding the middle surface

d isplacement parameters in series form on a functiona l basis constituted

by the moda l functions derived from the exact solution of the correspond-

ing free vibra tion prob l em of a circular cyl i ndrica l shell. The validity

of this procedure is justified by the fact that, wi thin the framework of

Donnel-type shell theory for the class of problems considered in Ref. 1 ,

the boundary conditions pr escribed for the ova l shell are identically sat-

i s f i ed, inasmuch as the moda l functions sat~isf y the required cond i tions of

the circular cyl inder. The same conc l usion is also valid for most cases

when Sanders ’ shell theory is  emp l oyed . Even the exceptions may be over-

looked , s i nce the error ind uced proves to be neg li g ibl y sma ll. Thus , this

L 
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procedure permits the concentration of effort to cope with the prob l em

of circumferen tial modal coupling .

This method of analysis, developed as a variation of the modal

method , must still be modified further to be used in the dynamic ana l ys is

of ova l cylindrica l shells with free ends. In the present work, as a

seque l to Ref . 1 , such modifications , together with the characteristic

behavior of the free-free ova l cy lindrica l shell resulting from the applica-

tion of the modified method , is discussed in detail. Primaril y,  the mod-

ification involves the pos i ng of the unsatisfied boundary conditions as an

add itiona l restraint on the variationa l prob l em within the framework of

the modal expansion .

The Energy Functiona l

In Ref .  1 , a var iationa l equation of motion based on Hami l ton ’s

pr i nc i p le  was ob ta ined  i n the form of

8 F = 0  (I)

in which

6F = I I [Eu + v(v  +w/r)]~~u + (1/2) (l-~ ) (v + u ) (8v + 6u )
,X ,S ~X , S

+ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 2k(l-v)Cw - (3k /4)v /r+ (k / 1+) u  / r ) E8w - (3k /4)8v /r
,xs S ,X S , S ,x5 S ,X

+ (k5/k)8u~~
/r) + kE Vw ,xx +w

,ss 
- k5

(v/r) 5][5w 55 
— k5(~v/r),5]

- x( u~ u~ v6v +wôw) l  dx ds 
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In this expression , the m i d d l e  surface  d i s p lacement parameters u,v, and w,

the coordina tes x and s, and the rad i us of curvature r = r(s) are

all dimensionless quantities normalized with respect to the shell thftk—

ness h and an average rad i us r
0 

in the fol l owing manner (see Fi g. I):

(u, v, w) = (u
’s
, v*, w”)/h

(x , s , r) (x ’
~, s~ , r* )/r (2)

where u~ ,,.., x
”,.,., etc . de note the corresponding ph ys i ca l parame ters

of the s h e l l ; r0 is defined to be (L /2rr)1 where L0 denotes the cir—

cu~nferentia l length of the cross-sectiona l contour . In addition , ~ is

Poisson ’s ra t io , k is a tracing parameter which is equa l to I for Sanders ’ 
-

sh ell theory and equa l to zero for Donne l I ‘s theory. The constant k and

the parameter X are defined as

k = (l/12)(h/r )2 , x = pw2 r0
2
(l-v2)/E (3)

in w hich ~o denotes the natura l frequency of the ova l shel l , and p and

E are the mass dens i ty and modu l us of elasticity , respectiv el y. The

de velopment of the preceding variat iona l equation and the required modal

functions were discussed in Ref. I and wi l l not be repeated here .

It is worth noting that the variationa l functiona l w ill be ma~ n—

ta m ed in the present form , wh ich offers the optima l degree of operationa l

synrn etry . However , the usua l in tegra t ions by par ts , leading to the ex-

plic it determination of the eq uations of motion and the natura l boundary

conditions is needed to facilitate the discussion of the latter. To this

end , the quant i t ies 8u , ~v , 6w , and 
~~ 

are regarded as the chosen

virtua l d i s p lacements . It follows tha t, if the ends of the ova l cylinder

are free from traction (which is the primary concern of the present work),
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the following quant i t ies are required to vanish at both ends of the shell ;

I .e.,

u + v(v +w/r) = 0
‘S

v
~~

+u
5 

- (3kk
~
/k)(I/r)(4w

,~ 5
_ 3 k

5 
v
~~

/ r + k
5
u
5
/r) = 0

w +v (w - k  v/r ) = 0,xx ,s S ,S

(I3)

w + v (w - k  v/r) + ( l/ 2 ) ( l -v ) (4w  - 3 k  v / r+ k  u / r) =0,xxx ,S 5 ,xs ,XS 5 ,X S ,s ,s

The assoc iated equations of motion , which represent a form of the wel l-

known Sanders ’ equa t ions , are not shown here.

Equa t ior~ (4), i n essence , state tha t the axial resultant force ,

the in-plane shea r , the ben d i n g  moment , and the effective transverse

shear i ng force , respect i vel y, must vanish at the boundary . Alternative

boundary ~~ndit ions for the various types of end supports (simple and

clam ped ) were discussed in Ref . 1

Modal Ex pans i on a nd K i n emat i c Const ra i n ts

S imi l a r  to the cases of the suppor ted cy l i n d e r s  ana l yzed i n

Ref. I, the d i s p la cement parameters u, v, and w are ass umed to be

N
U = 

i~ l 
o .x.U (x)cos(ns)

N
V = 

i~~l ~~~~~~~~~~~~~

N
w = 

i~~l 
o~.z.W (x)cos(ns) (5)

L. ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~—- —~~~~~~~~~~~~—.-.-— - -—-.--—
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where the subscripted indic es i and n are related by

1
( 1)12 if n is odd

(n/2)+1 if n is even ‘ (6)

and a’. is equa l to 1 //2 if n = 0 and is otherwise equa l to 1

I t should  be no ted tha t it has been assumed tha t  u , v, and w are

s inusoidal in time with circular frequency w ; i .e., u = E a’1
x i ti (x)

cos (ns)sin(wt),..., etc. The time factor sin (wt) is deleted , and its

presence is r e f l ected by the introd uction of the parameter X
F 

defined by Eq.(3), wh ich appears in Eq .(l). In Eqs .(5) the deformations

(as well as the corresponding ve l ocities) are assumed to be symmetric

w i t h respect to the ori g in of the coord inate s ; i .e.,  s = 0 . For the

sake of b rev i ty in identification , let the term “symmet r i c  modes ” be

used in the ensuing discus s ion to describe the modes of deformation asso-

ciated with the expansion g iven in Eqs .(5). S imilarly, the term “anti-

symmetric m~des” is used for modes of deformation g iven by s imilar expan-

s i o ns by replacing the functions sin(ns) by — cos (ns), and by replacing

cos (ns) by s in (ns) in Eqs .(5). Such a distinction , of course , is trivial

for the c i rcu lar  cy l inders .  Paral le l  to these d es i gnations , modes tha t

are symmetr ic or ant isym-n~tr ic w i t h  respect to the mid-span of the shell

w ill be ca l led  “long itudina lly symmetr ic ” or “long itud inal ly  ant isym metr ic ”,

respective l y.

In the present work , as in Ref. 1 , the nond im ens i ona l rad i us of

curvature is chosen to be

r = 1/ (1 + ~ cos 2s) (7)

where ~ is the eccentricity parameter , the magnitude of which lies

be tween zero and unity. Moreover, the quantities U
n~ 

Vn~ 
and W

n

~ 

--- -~~~~~~~
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introd uced in the forma t of Eqs. (5) (for any va l ue of n), represent

the exact solution to the free vibration prob l em of a circular cylindrica l

s h e l l  posed by the variatio na l problem of Eq.(l) for r = I . These ~~e—

determined modal functions, by definition , satisf y the boundary cond iti ons

prescribed by Eqs. (1+) for r = 1 . The existence of such a set of exact

solutions , of cours e , is well known . (See, for examp l e, Ref . 2) . Detailed

discussions on the computationa l aspects of such a prob l em may be found in

the works of Vronnay and Smith 3 , and of Warburton4, as well as in Ref . 1.

Upon substitution of Eqs .(5) (or their “antisymmetric ” counterparts )

into Eq.(l), it follows tha t , if the undeterm i ned pa rameters x~ , ‘
~~~~~

‘ and

z. are permitted to vary independently, a se t of 3N algebraic equations

can be obta i ned , the details of which may be found in Ref . 1 . The presence

of r(s) as a function of the coord i nate s g iven in Eq .(7) results in

the coup i i r-tg of these al gebraic equations . Nevertheless , it k also clear

that the “symmetric ’~ and “ant isymmetric ” modes are not related , owing to -

the double symmetry possessed by r(s) as given in Eq .(7). Within each of

these two groups , the odd modes and the even modes are uncoup l ed as well.

The circular cylinder problem can be treated as a degenerate case of this

formulation . In such a case , coupling exists only among x~ , and z .

for a g iven va l ue of the subscript n, the circumferential mode number .

As regards the boundary conditions , when Eqs.(5) (or their anti—

symmetric counterparts) are substituted iflt Eqs .(4), the presence of r

as a function of s prevents the resulting algebraic form of the boundary

cond iti ons from be i ng identically satisfied .

In  th i s connec t ion it may be advantageous to first discuss the

simpler case corresponding to k = 0; i. e ., the “Donnell” version of the

equations invo l ved , since mos t of the terms containing the varia ol e rad i us

of curvature vanish upon setting k5 
= 0. I n  so do i r~g, Eqs.(1+) red uce to

-.-- - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — --- -~~--~-—- -.-——~- -- — — —-- - . - - -
~ 
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u + v(v + w/r )=0
‘ S

V + U  = 0
,x ,s

w +V W  = 0,xx ,ss

w + (2-’~)w 0 (8),xxx ,xss

fo r x = x , say, where x is the a x i a l  coord i nate of a f ree  end .e e

Obviousl y, t he third and fourth condit ions of Eqs.(8) are ident ical ly

s a t i s f ied by the def lect ion w in terms of W (x), since each of the

functions W
n 

satisfied such conditions . The second condition in Eqs.(8)

is satisfied if x. and are related by

flU
n
(Xe) x~ 

— V~ ’(x0)y. 
= 0 (9)

for a l l  val ues of i . I n Eq .(9) a primed superscri pt denotes differentia-

tion with respect to x . Finally, when the modal expansions are substituted

into the first of Eqs.(8), it follows that x., 
~~~~~ 

a nd z . must be re-

lated by

E[x.U ’(x ) + ~y~ h1t!~ (~~)]cos ns +E VZ iW n (x )f cos ns + (~/2)cos (n+2)s

+ (U2)cos (n-2)s) = 0 (10)

for the symmetric modes . A similar condition is arrived at by emp l oy ing

the antisymmetric modes , and the result is identica l to Eq.(lO) with the

cos ine functions rep laced by the corresponding sine functions . This

cond ition can be satisfied provided

x .U ’ (x)+ v[y.nV (x)+ Zi Wn
(X
e
)+ (

~
/2)[Zi+ l Wn+2 (Xe)+Z i_ l Wn..2(Xe)]l= 

0

(11 )

for I > 2. Individua l care mus t be adminis tered for the irregul ar terms 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -

~~~~~~~~~~~~-
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when i < 2 ; they can be derived from E q . ( lO ) .  For insta nce , the col lect ion

of coef f ic ien ts  of cos (s) in Eq . ( lO)  y ields the fol lowing constraint condi—

tion for i = I of the odd , symm etr i c group :

x 1 Uç (x ) +v [ y 1 V 1 (x ) + z 1W 1 ( x )  + (
~
/2)[z

1
W

1
(x
e
)+z

2
W
3
(x
e))l 

= 0

The constant a’. has been deleted from Eqs. (lO) and (11), bu t i t mus t be

res tored to severa l  terms wh enever needed .

Hence , the variationa l problem posed by Eq.(1 ) must be solved with

the kinema t ic  cons t r a i n t  cond i t i ons  represented by Eqs.(9) and (11), for a l l

v a l u es of index i . Suppose tha t the moda l expansions are truncated to retain

the first N terms in each of the three series expansions; the unconstrained

sys tem of equations consists of 3N equations for the 3N undeterm i ned para-

meters. (The mode V
0 

in  the symme tr i c  case and U
0 

and W
0 

in the anti—

symmetric case may be retained to preserve forma l symmetry bu t they are no t

coupled with the other modes). Equations (9) and (11) can then be utilized

(for instance , wi th use of Lagrange m u l t i p l iers) to reduce the system of equa-

tions to one tha t consists of N equations for the N undetermined para—

meters z.. While such red uction is a we l come relief computationwise, the

same reason ing  i n d i c a t e s  that  the use of Sa nders ’ equa t ions in  the ana l y s i s

- 
(and , perhap s , other shell theories as well) would l ead to over restraint,

s ince , upon retaining terms in Eqs.(4) that were dropped under k ,  the bend—

ing moment and the effective shearing force cond i tions produce two additiona l

sets of kinematic constraints. This sit I~3 tion thus dictates the limitation

of the present method of ana l ysis. Never theless, based on the numerica l

ver ification in Ref . I tha t a similar degree of violation of the edge cond i-

t ions when Sand ers ’ eq ua t ions are used i s on ly  a minor  one , it is be l ieved

that  the use of Sanders ’ equa tions in the present prob l em is also vali d as

long as the firs t two conditions of Eqs.(k) are enforced in the preceding 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .
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manner. (Terms proportiona l to k in the second of Eqs.( Li) are neg l i gible .)

~1~

The Moda l Functions

The modal functions U ,  V ,  and W , as mentioned in the fore-

go ing sections , are the exact normal mode functions for the free vibration

of the circular cylindrica l shell. It can be shown that these functions ,

w i th subscr i pts deleted , mus t satisfy the follow i ng differential equations

(k~=

- l/2(l-v)n
2U + XU + l I 2 ( l +~ )nV ’ + vW’ = 0

l/2(l+v)nU’+(n
2 - X)v - l/2(l-v)V” + nW =

vU ’ ÷ ml) ÷ k(W~~ - 2n2W” + n4W) + (1 - X)w = 0 (12)

and the fol lowing boundary conditions :

U’ -f v(nV + W ) = O  , V’ - n U = O  , W” - v n2W = 0

- (2-v)n~W
’ = 0 , for x = +L/(2r ) (13)

where L denotes the length of the shell.

To sol ve the above boundary va l ue prob l em, the mode functions

U, V, and W are assumed to have the exponential form

8
(U, V, w) = Re 

k~ l (ak , b
k~ 

ck) exp(Bk
x)  ( 1L )

The procedure to determine the amp litud e ratios a
k/ck~ and b

k/ck
and the ax ia l  wave numbers Bk has been extens ive ly discussed 2 . In

particular, a compu ta t iona l procedure proposed by Vronn ay and Smi th3 is

jud ged most convenient and is adopted in the present work. The natura l

frequencies and the associated charac teristics can thus be determ i ned

— A
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numerically.

It is interesti ng to note tha t the issue of the lowest modes

of free vibration is somewha t obscure in the literature . The so—called

Ray l e i gh and Love modes , labe led as inextensiona l, are generally regarded

as approx imations, inasmuch as they sa t i s f y neither the equations of motion

nor the boundary conditions . As a conseq uence , the modes with frequencies

hi gher tha n tha t of the “inextensiona l modes” are recognized as the f i rst

modes .

Howeve r , if the strain—displaceme nt equations of the Sanders ’

shell theory are integrated for zero strains and zero edge forces , two, and

onl y two, sets of exact solutions do exist , both occurring when the c rcu~—

ferential wave number n is equa l to I . They are

Ul = 0  , vl = C l , W l = c 2

and

U1 = C
3 

, V~ = C4x , W
1 
= C

5
x (1 5)

in which C ’ s are constants . These expressions , being precisely the

Ray l e i gh and Love modes, respective ly, for circular cy l indrica l shel ls,ac t u—

all y represent ri g id body tran slation and rotation . Although these modes are

trivial solutions for n = 1, they are exact, nonetheless . This observa-

tion , together with the experimenta l evidence obta i ned by Sewall and

Naumann5, ind i cates that the “Ray lei gh-Love” modes do exist , although they

mi ght be different from their ori g ina l approximate vers ion given by Eqs.(l5)

and they mi ght not be inextensiona l in nature . In fact, the attempt herein
• .

to determine these modes numerically is successful .

The character is t ic  wa ve numbers 6 k determined from the secular

equations for the amplitude ratios ak/ck and bk/ck for a g iven va l ue of

may be categorized in the following fashion . The four roots for Bk2
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can be arranged in numerica l order according to their absolute va l ues .

As X increases from zero, 8~~, 81, 8 ,
~: form two comp l ex conjugate

pairs (hereby named zone 1). As X increases further , 8 1
2 

and

are rea l and posi t ive , whi le  83 and 8
4 

remai n complex conjugates

of each other (zone 2). As X continues to increase, 81
2 becomes real

and negative whi le ~ 
2 is rea l and posit ive ; and ~ 

2 
and 8 

2 
are

complex conj ugates (zone 3) .  When the ana lys is  is based on Donnell’ s shell

theory, the afore-mentioned secular equation is quite simple and suc h zona l

behavior can be established without much d i f f icu l ty . For the shell model

selected for numerical stud y in the present work , Raylei gh modes (long itudin-

all y symmetric) are found in zone 2, while Love modes (longitud i nally

antisymetric) l ie in zones 2 and 3 . In any case, they are not ri g id body

motions , and they are exact. As X increases beyond these modes, the modes

commonly labe l ed as m = 1 ,2, .. .(m be i ng the nom i na l axial wave number)

are found in zone 3.

While Eqs.(15) are not exact for modes other than n = I , they can

be used to determine the approximate ei genva l ues of the Ray lei gh-Love modes

to provide some reference for the numerica l computation . Substitution of

the mode shape functions g iven in Eqs.(15) into Eqs .(5) in place of those of

the nth mode and the subsequent introduction of the resulting expressions

into Eq. (l) with r = 1 yields the approximations :

XR ~ kn6/(n2 + 1)

XL ~ kn6[l + 2L1(l-v)/(nL/r )2]/[n2 + I + 12/(nL/r )2J ( 16)

in which the subscripts “R” and “L” of XR and 
~
‘L identify “Raylei gh”

and ‘tove ”, respectively.

- -- --------- —~- - --•—- - - - -~~~~ --—, --•—~ ------ - ---——-- —- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Discuss ion of Results

The geometric and phys i ca l parameters of a famil y of cyl i nd,rica l

shells selected for numerIca l study in the present work are as follows:

L/r = 5.33 , re/h = 375 , v = 0.37. These va l ues were chosen accord i ng to

( 

the data of models fabricated for a concurrent experimenta l study.

Similar to the procedure adopted in Ref . 1 , the first phase of

computation was carried out to determ i ne the norma l modes of vibration of a

circular cy l indrica l shell. To this end , modes wit h circumferential wave -

number 0 < n < 29 were obta i ned for the first four axial wave numbers . Here,

the symbo l rn is chosen to denote such a number and rn has the assi gned

val ues to 1 to 4. In addition , a second nomi na l axial wave number m is

defined to me m = in — 2. Thus , rn = I and 2 represent the first l ong itudi-

nall y symmetric (Raylei gh) modes and the first l ong itud i nall y antisymmetric

(Love) modes , respectively ; while r n =  3 and 1+, respectively, commonly

recognized as m = 1 and 2, and the second lowest long itudinally symmetric

and long itud i nall y antisymmetr ic modes. It should be noted that the alter-

nating ali gnment of symmetry and antisymmetry of modes has not been assumed .

The question of circumferential symmetry, of course , does not arise for the

case of circular cylinders .

As mentioned in the preced i ng section , the Ray lei gh modes lie in

zone 2 (81
2, 82

2 
> 0), and the Love modes were found in both zone 2 and 3

(S 1
2 
< 0, 62

2 
> 0). Correspond i ng results are illustrated in Fi g. 2, which

displays the va l ues of 81
2 

and 82
2 versus the circumferential wave

number n. The other two complex conjugate roots 8
3
2 and B~

2 
are not

shown , but they are very much greater than 81
2 

and 
~2 

in magnitude.

Thus , 8, and 82 characterize the l ong wave form of the shel! deformation ,

which comb i nes with the short wave form characterized by 83 
and 84 .

L _ _ _ _ _  _ _ _
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Although an extreme ly high degree of accuracy is required for the ei gen—

value X in order to accuratel y determine the mode shape , the trial and

error proced ure3 for the solution of the frequency equation can accomplish

this end with relative ease. In all cases computed , the ei genvalue X is

determ i ned up to 13 si gnificant fi gures . With such accuracy easil y atta i nable,

the closeness of the first two eigenva l ues , due to the narrowness of zone

2, does not cause insurmountable diffi culties . The approximate va l ues of

and X
L~ 

give n by Eqs.(16), provide valuable guidance to the determina-

tion of more accurate va l ues of X . For example , when n = 9, Eqs.(l6) y ield -

XR ~ 3 .814058...xlO
3, and XL ~ 3.8654...xl0 3 . The correspond ing roots for

n = 9 and r n =  1 ,2 are found to be 3.8283...xl0 3 and 3.81121+ ...xlO 3,

respective l y. On the other hand , since the latter two va l ues of X , close

as they are , y ield entirel y different mode shapes , the Ray lei gh-Love approx—

imate frequencies , i.e., XR and XL~ 
can not be relied upon to provide

serviceable mode functions . Since the roots of X determined are so close

to one another, plots such as tha t partiall y shown in Fi g. 2 are quite val-

uable in the process of identif ying .

Fi gures 3a and 3b show the mode shapes of rn = 1 and rn = 2,

respectively, for some selected va l ues of n , based upon solutions of Eqs.(l2)

to (14). They demonstrate that the deformation of the former is longitud i-

nall y symmetric and tha t of the latter antisymetric. Such a property has

not been assumed a prior i in the ana l ysis. Moreover , these mode functions turn

out to be quite different from the Ray lei gh-Love approx imation . An exam—

ination of the numerica l amplitudes of the functions U and V ,  although

smaller than tha t of the correspond i ng ~~ suggests that the deforrnations

of the first two families are not truly inextensional.

Upon the determination of 30 moda l functions for each r n =  1 ,2,3,4

(15 eve n and 15 odd; i.e., N = 1 5) ,  they are substituted into the variationa l

~

-.
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functiona l ~F, and the required numerica l integrations with respect to

x are performed . Lagrange multi p l iers are introduced to incorporate the

2N constraint conditions (Eqs.(9) and (1 1)) into F, and are subsequelit ly

eliminated . After all these stra i ght—forward steps are comp leted , the system

of equations is finally expressible in the form

Pz — XQz = 0 (17)

of which the dimensiona l ity is red uced to N. The ei genva l ues and the cor—

respond i ng ei genvectors are determined from Eq.(l7) Results are shown in

Fi gs. 4 to 6.

In F i gs .11and 5 the nondimens i ona l natura l frequency Q corre-

sponding to the first four axial wave numbers ~~~~= 1 ,2,3,4 are shown versus

the nomina l circumferential wave number n. The resulting variation of

deflection along the circumference of a vibrati ng ova l cy lindrica l shell can

be substantiall y different from the simp le , sinusoidal pattern of an equiv-

alent circular cy l indrica l shell. Thus, n cannot be determ i ned by the

count of nodes along the circumference . Rather, the determination of ~ is

made possible by performing the calculations for a series of va l ues of the

eccentricity parameter ~ with a small increment of ~ (chosen to be 0.1).

The eva l uation of the mode shape can then be traced by means of a plot of

the frequency versus ~ exemplified by Fi g. 6. The des i gnation of a number

for of a mod e n is aided by the continuous variation of such a plot .

It turns out , in the free-free case , tha t the va l ues of n coincide with

the index of the largest component (in absolute va lue) in the associated

ei genvector z ; such is not always the case for the s upported shells studied

in Ref. 1 .

Fi gure 5 magnifies the reg i on of low frequency and small n in

which the contrast between the spectra of the circular and nonc i rcular 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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cy l inders is most noticeabl e.

It is si gnificant to note that, for any mode of deformat ion of

an ova l shell represents by a point in Fi gs.  4 or 5, a second pattern always

exists . More precisely, for the same circumferential wave number n, a

hi gher frequency can always be found depending upon the status of symmetry

about the princ i pal axes . Similar characteristics were observed by Culberson

. 6and Boyd in their i nvestigation from the odd modes of a freel y supported -

ova l shell , and by the present authors from both the odd and even modes of

the sevefl other supported cases . However , unlike what was observed from most

of the supported cases , a pattern seems to emerge from the present results

in that a l ower frequency is associated with the mode shape antisyninetric with

respect to the major axis. In terms of the two sets of modal expansions

(Eqs.(5 ) and their antisymme tric cojnterparts) and the si gn ~f ~ which fixes

the ori g in of the circumferential coord i nate s , the l ower mode possesses

the following specification :

(a) Odd modes: The modal expansion (lower mode) is symmetric

if the eccentricity parameter ~ is chosen to be negative ; and it is anti-

symmetric if ~ is positive .

(b) Even modes: The modal expans i on (lower mode) is antisymetric

regardless of the si gn of ~~~.

A visua l version of these rules is g iveru in Fi g. 7. In Fi gs. 4 to 6, only

the lo~’:er frequencies are shown .

Anothe r interesting feature of the free-free shell is tha t the

depend~ncy of the natura l frequency upon the eccentricity parameter is not

- as strong as in the supported cases. This weaker dependency is the direct

res ult of a weaker coupling among the circumferential modes , wh ich is re—

flected by the sharper domination by one component in any ei genvector . For

this reason , onl y curves corresponding to the extreme va l ues of the

~ 

- - - -~~
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eccentricity parameter = 0 and 1 are shown in Fi gs. 4 and 5, although

computations were performed for all i ntermediate va l ues with an increment

of ~ equa l to 0.1 . Among the four groups , the Ray lei gh modes ( = “i)
exh ib i t  the strongest dependency upon ~ and the Love modes ( = 2) disp lay

the weakest dependence . The vari ation of the natura l frequency of the

Raylei gh modes ( = I) versus the eccentricity parameter are shown in Fi g .6.
Similar curves for other va l ues of , while not being shown here, exhibit

both increasing and decreasing variations of the freq uency as ~~ increases,

b ut show much less variatio n with ~~~.

In conclusion, ~t is observed that the ri gorous enforcement of

boundary conditions in the dynamic ana l ysis of cy lindrica l shells of finite

length is essential . Moreover , the present method of analysis succeeded in

transforming a two-dimensional (spatial) problem into a one-dimens ional one.

It seems reasonable to predict that the convenient features of the present

method are equally applicable to prob l ems involving forced dynamic response

of noncircular cy lindrica l shells. Finally, a remark of caution regard i ng

the completeness of the modal functions in the functional basis mus t be

made . For any g iven va l ue of in , g r a n t i n g  trunca t ion , the complete set of

modal functions mus t be included in the modal expansion . A missing link

would severely damage the accuracy of the nei ghbor i ng modes as a result of

coupl ing .

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - .-- -—
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FIG. 1 COORDINATES AND SIGN CONVENTION.
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OF A FREE—FREE CIRCULAR CYLINDRICAL SHELL FOR r n =  2
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