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I NTRODUCT I ON

The present work follows from that summarized in Ref. l.* The
objective of the prev i ous work was to demonstrate by means of anal yses of

* experimental data that a fuflctional pol ynomial input—output model for
added res istance in waves was a reasonable engineering approximation .
The results obtained indicated that this is so . It was demonstrated that

it is poss ible to identi fy a quad ratic frequency res ponse funct ion for
added resistance from experiments in both regular and irregular waves ;
and t hat , g iven the frequency domain response, it is possible to synthe—
s ize in the time domain at least the low frequency nonlinear resistance
components.

The genera l approach in the ci ted work was to accept a particular

input—output model as an hypothesis and to attempt i ts va l idation by
ana lyses of data obtained in towing tank tests in irregular waves . The
idea that a “quad rat ic frequency res ponse function” for added resistance

L ex is ts and is meaning fu l followed from the hypothes ized input—output model .
T his idea was considerabl y strengthened by ut i l i z ing the first three corn—
plete cross—bi—spectra l anal yses of experimental data to ident i fy the
non— linea r responses result ing from the interactions of input frequencies .
Emp i r i cal co l la pse of estimates was obtained for some of the prom inent
features of the quadratic frequency response function over a wide range

- r of sea severity . Ho-~iever the work also indicated that the quadratic

frequency res ponse funct ion for added resistance is quite complicated ——
r more so in fact than could be re l iably determ ined from the avai lable

exper i men tal da ta.

Thus in the cited work the identification of the complete quadratic

response function was necessarily confined to what could be i nferred from
- - 

- existing experimental measurements, and from the general (non phys i cal)

*1. Dalze ll , J.F., “A pp l icat ion of the Functional Polynomial Model to
(3 the Ship Added Resistance Problem,” Paper presented at the Eleventh

L. ~ ~~~~~~~~~~~~ ~, II~1111II~ 
Hydrodynamics , London, M~~~h 1976 
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theory. The weakest part of the argument that a meaning ful added resist-

ance quad ratic response funct i on exists was that there existed no

confirming information about the genera l nature and behavior of the complete

function . All prev i ous theoret~ica l and experimental investigations had

i nvolved the “mean added resistance operator” wh i ch is onl y the value of

the quadratic frequency response function along a very special line in the

bi-frequency plane . Accord ing to the experimental results there appeared
to be some important input frequency interaction response at comb i nations

of frequencies not resolved by experiment but possible in full scale.

It was clear that even an approximate extension of exis t ing  hyd ro—

dynamic theory for added resistance to include the general response case
would provide considerable ins i ght into the nature of resistance fluctua-

t ions in random seas , and, by providing a physical model , ei ther l end
cred i b i l i t y  to the previous work or help expose its short—com ings . This
was the genera l objective of the present work. The specific work carried

out involved an extens ion of exist ing hydrornechanic theory, computat ions
of quadratic frequency response accord i ng to this extens ion for one of
the experi mental cases of the prev i ous work, and a comparison of the

results with experi ment .

I ,

:1

1
:

2 
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a

THE INPUT-OUTPUT MODEL

A few def in i t ions and relations pertaining to the genera l i nput—

output model are needed in the present work. These will be g iven here
for convenience, thoug h they may be found in Ref . 1 , or (in generally

greater detail) in the series of references2’3’14’~ ” wh i ch form the source
material for Ref. I .

The genera l input—output model is a time domain model and is wr it ten
as:

D
~

(t) = $ g~ (t~)l1(t—t~)dt 1

+ II ~~~~~~~~~~~~~~~~~~~~~~~~ (1)

(Omission of limi ts on the integrals signifies limits of ±~ .)
In Eq. (1): Dw(t) is the resistance added by waves (the output)

11(t) is a suitabl y chosen wa~ ....~ vation (a zero mean input)

g~ (t) is a linear impulse response

g2 (t~,t2) is a second degree kernel ana l ogous to an impulse
response

*2 D a l z e l l , J.F., “A pp l i ca t ion of Cross—Bi—Spectra l  Anal ys is to Shi p
Resistance in Waves ,” S IT—DL—72— l606, AD749 1 O2, Dav idson Laboratory,
Stevens Inst i tute of Technology, May 1972.

3. Da lze l l , J.F., “Some Addit iona l Stud ies of the App l icat ion of Cross—
Bi—Spectra l Anal ysis to Shi p Resistance in Waves ,” S IT—DL— 72— l6 k l,

F AD757363, Davidson Laboratory, Stevens Institute of Techno logy,
December 1972.

4. Da l z e l l , J.F., “Cross—B iSpectral Ana l ysis: Ap plication to Shi p
Resistance in Waves ,” Journa l of Shi p Research, Vol. 18, No. 1 ,r ~~ March 1974, pp 62-72.

5. D a I z e l l , J.F., “The Appl i cabi lity of the Functional Pol ynom ial Input—
Output Model to Shi p Resistance in Waves,” SIT—DL—75-l794, Davidso n
Laboratory, Stevens Institute of Technology, January 1975 .

3

_ 
~~--- - -~~~~ ---~~~~~~~~~~~~~~ -- ---
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With respect to app lication to added resistance, the shi p is assumed to

be proceed i ng at constant forward velocity in a wave system (the input)

which is def ined as the wave elevation at a point stat ionary w i th  respect
to the mean position of the ship ; that is , Eq. (1) is an encounter domain
model . The second degree kernel is assumed to be symmetric in its argu-

ments, and both kernels are assumed smooth and absolutel y i ntegrable.

The firs t term in Eq. (1) is the ordinary l inear convolution of a

linear impulse response function g
~
(t
~
) with 11(t). The second term is a

double convolution , and the second degree kernel g2(t~,t2) mi ght be called

- 
- a quadratic impulse response. Accord i ng to basic assumptions , the two

impulse responses are related to the linear and quad ratic frequency

response functions through the Fourier transform . These two sets of

transform pa i rs may be defined as follows :
C

g1 (er ) = 

~~ 
$ ~~~~~ G1 (w)d~

G, (w) = j ~~~~ g~
(T )dr (2)

g2~~~~~,T2 ) = 

(2rr)2 J$Exp[+iu~~r~+iw2 T2 ]G2 (w~,w2 )dw~, dw

G2 (~~,w2 ) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3)

The linear frequency response function , G~ (w) , def i ned by Eq. (2)

is absolutel y convent i onal. The quad ratic frequency response funct i on,
G~ (w~,w2) is def i ned in a bi—fr eguency p lane . Because the kernel g2 (r~,’r2 )
is assumed to be symmetrica l in its arguments: -~~

g2 (r ,t )  = g
2(~r2,

r,) (4)
r.

and thus:

G2 (w~,w2) = G ( w 2 1~~ ) (5)  0

G ( w 1, w2 ) G2 (—~ 1 ,—w2 )

= G2 (— w 2 ,—w1 ) (6)

(The asterisk denotes the complex conjugate.)

~
C 14
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Fi gure 1 summarizes the results of applying Eq.s (5) and (6) in
the bi-frequency p lane for the ei ght possible coord i nate posi tions of two

frequencies whose absolute va l ues are a and b . Equation (5) results in a

line of syninetry along the line w2 w~. Equation (6) results in a l ine of
symmetry of the rea l part of G2 (u~, ,w2) def i ned by w2=-w~ (and it may be

noted that along this l ine the imag inary part of the function is zero) .
These two l in es and the W~ ,w2 

axes divide the bi—frequency plane into

octants, of which the two on either side of the positive w~ axis  may be
arbitraril y chosen for reference. The equalities shown in Fi gure 1 in

the rema i n i n g  s i x  octants are a r r i ved  at b y appl ying Eqs. (5) and/or (6) .
The assumptions of symmetry of the second degree kernel result , with

Eq. (3), in a comp lete def inition of G2 (w,,w2) if the funct i ons are def i ned

in any pair of octants includ i ng a semi—axis of either frequency. Thus

w ithout loss in generality interpretation of the quadratic frequency

response needs only to i nvolve the octants on either side of the positive

w1 axis . In these octants is positive and 1 I

The interpretation of the quadratic frequency response funct i on is
less d i rec t tha n for the l i n e a r case, but can be approached in a similar

manner . If in the linear case the system li considered to be excited by

11(t) = a coswt

the outpu t may then be written :

Re~aG1(w) Exp(iwtfl

and G1 (w) is interpreted in terms of normalized ampli tude and phase of
response .

To i n ter pre t the quadra ti c f r equency res ponse, dual ha rmonic exc i-
tation is necessary. Accord i ng ly, i t may be ass umed tha t :

‘11(t) = a
~.

coswt t + a2cosw t ( 7)

In accordance w i th  the previous d iscuss ion of s ymmetry, both frequenc ies
(w ~,w )  are considered pos i t ive and 1 I . The basic model , Eq. (1)
is  good for any zero—mean exëita tion . Accord i ng l y, Eq. (7) may be substi-
tuted d i r e c t l y in Eq. (1). After some al gebra the final result for the

-JH __ 
_ _ _ _ _ _ _ _ _ _
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response to dual harmonic excitation may be wr i tten as f o l l o w s :

D2 =Re~a1 G~ (W~)Exp(iW1.t)+a2G~ (w)Ex p (iw t)}

+ Re{a7G2(w~,w~,)Exp(i2w~t)~

+ Re{a 62 (w2,w2)Exp(i2w2t)j

+ Re{a~a2 G2 (w ~,w ) E x p [ i (w~+w2) t ]~

+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (8)

This  result shows that the res ponse of the quadrat ic system , Eq. (1),
to dua l exc i ta t ion  contains , in general , a sh i f t  in the mean and components
of s ix  d ifferent frequencies [wi, w2, 2w~, 2w2, (w~+u~), and (w~-w2)1.
The first two terms of the result are the superposition of the linea r

res ponses a t the exc it a ti on f requ en ci es . The third and fourth terms of

Eq. (8) represent a shift in the mean . These terms allow the iden tifica-

t i on of the mean added resistance operator as the value of G2 (w1 ,w ) along

the l ine w = - ~~ (or G2 (w1,—w ~)) .  The f i f t h  and s ix th  terms are the second
harmonic components (2w~,2;). S imi l ar l y, these terms allow the iden tif i-

[ cat ion  of second harmon ic res pons e w it h the va l ues of G2 (w,,w2) along the
line w2 =w1 (or G2 (w1,w~)) .

The seventh and eighth terms of Eq. (8) pertain to the bi-frequency

p lane in general. The seventh term is the response at frequency (w~+w2
);

that is , G(w~,w )  expresses the normalized response in the sum frequency

due to non-linea r interactions . Similarly, the eighth term i nvolves

response at frequency (w1 —w); that is , G2
(w1 ,—w2) is the normalized

response in the difference frequency. In terms of Figure 1 , the octant of

the bi-frequency plane above the positive W~ axis corresponds to the por—
tion of the quadrat ic frequency response function wh i ch def i nes sum-

frequency interactions , and the octant be l ow the positive u.~ ax is corres—

ponds to~the portion of the function which defines difference frequency
I  interact~ons.

i- A ’ . - .
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• Equations ( 7) and (8) together afforded a direct way to proceed
in the present investi gation . In particular , what is required for a
hydromechanica l solution for the quad ratic frequency response is to
solve •the hydromechanica l problem for dual regular wave excitation .

-

~~ 3

8

k. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ______  IA
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p
GENERAL HYDR ODY NAMI C FORMULAT I ON

The i n i t i a l  part of the theoretica l formulation is due to Sa lves en6* .

p In that reference the hyd rodynamic force on a body in the free surface is

g iven as:

= 

S~+S~ 

~dS -p J’J’ [~ 
v~- ~ v~ r~ dS (9)

In the above:

F = hyd rodynamic force
= total velocity potential

n = outward unit norma l vector

p = mass dens i ty
-
~~~ t = time

SB 
= submerged surface of the bod y

= portion of the free surface inside a far field
control surface, S

No approx i mations were made in deriving Eq. (9). The expression is taken

as being exact w i t h i n  potentia l flow theory.

If it is assumed that the potent ia l  ~ is composed of a steady s ta te
wave resistance potential , ~5,and a time dependent potent ial due to waves,

= + 
~
1. (10)

*6 Salv esen , N ., “Second—Ord er Steady-State Forces and Moments on Surface
Ships in Oblique Regular Waves,” Paper 22, Internationa l Sympos ium on
the Dynam i cs of Marine Vehicles and Structures in Waves, London, April
l97L~.

9

•
IJ
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Then Eq. (9) becomes:

- 

= 11[MS 
V~5 ~~ I v~s !

2
~1ds

-p
~~~~$$ 

~T n d S
-

~

~J’$ [
~

— v~ . + ~— v~~- (v~5 . V~T)fi

[~~T 
V
~T - I V~T I fl1dS (11)

I n the pres en t case the int eres t is in forces wh i ch are rela ted to
waves. According l y, the first i ntegral in Eq. (11) may be i gnored as
be ing  constant a nd i ndepe nden t of waves .

if it is assumed tha t the time dependent potential is linea r with

respect to waves, and i s express i ble at most in the form of s ums of con-
tr ibut ions from wave components of different frequenc i es, the second and
third integra ls make contribut ions to force wh ich are also linear w i th
waves . Under th i s assump ti on these i ntegrals  are a l so  no t of int eres t in

— the present problem .

The last integra l in Eq. (11) i nvolves products of time dependent

potentials. It is thus inherentl y a quadratic nonlinearity even under

the assumption of linear potent ia ls.  The cardinal assumption in the
presen t work , and tha t of Sa lves en6, is that the dominant contribution

— to the quadratic or second order non- linearities comes from the comb i na-

tion of linear or first order potentials in the fourth integral of Eq. (11),

and not f rom non l i near i t i es  of the potentials themselves .

The quadratic part of the added resistance or driftin g force i s
t hus taken to be:

~j’,ç [~~I V
~T - I V

~T ! F1]dS (12)

where 
~

. is the first order time dependent potential . This expression is

10

- --—

~

.- -  - - --~~~~~~~~~-- ~~~~-~~~~~ --  ~~~
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essentially the same as that taken by Salvensen6 in formulating the mean
drifting force, and his development can be followed further.

Wri t ing the t ime dependent potential as the sum of an incident
wave potent ial , 

~~~
, and a potentia l, 

~B’ 
due to the bod y d i sturba nce,

includ ing dif f ract ion ef fects:

= 

~B + (13)

A resul t attributed to J.N . Newman is used by Salvesen to put Eq. (12)

i n the f o l l o w i n g  for m :

= 

~S - ~~B](v~ + 
~ 

V~~)dS (14)

Salve s en6 made the assumpt i on that the body is a weak scatterer

so that: This assumption is considered to be questionable

for  obl i que shi p—wave head i ngs . However, the assumption is considered

quite reasonable for head seas (the case of present interest) and

Sa lvesen ’ s ca lculat ions bea r th is  out. In order to reduce the complexity
of the present analysis , the weak scattering assumption was accepted .

Accordingly Eq. (14) becomes :

-I

R = 

~‘S [~ ~ 
- 

~
] v~ dS (15)

This equation corresponds to Eq. (32) of Salvesen6.

A pp l i ca t ion  of Green ’s Theorem changes the integration in Eq. (i5)

to one over the bod y surface:

dS ( 1 6)

Now the pres ent approach to the interpretation of the quadratic
response function invo l ves the computation of response to two harmonic

waves of different frequencies . Given the assumption of linea r poten—

t ials , this i nvolves a simp le superposition of potentials , w h i c h  does not
upset the conclus ions made in the discussion of Eq. (11). According l y,

I I
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the time dependent incident and body potentials corresponding to two

i ncident waves of frequencies w. and w~ were assumed in the following

form:
- 

= Re [~B (w i)~~
p[_ iw ItJ + WB~~j~~~~~~~~j t1Il

= 
~~ [cB (w

~
) Ex p[_ iw l tJ + 4~ (w.)Exp[iw.tJ

+ 
~~~~~~~~~~~~~~~ 

+ CP~(w .)Ex piiw.t ]]  (17)

~: ~ ~I = Re [cp1 (w 1) Exp[_ iw
~
t]  + cp

1 (w.)Exp[—iw .t]~

= ~~ rq 1 (w .) Exp [_ iw.t ] + p1(w .)Exp[ iw. tJ

+ ~1 (w .) Exp [- iw. t ]  + ~~(w .)Ex ~ [ iw .tij (18)

The comp lex potential functions cp
I

(w
k)Ex

p I_ iw
kt] 

and 
~B

(w
k)~~

P[ IW
k
t] have

the conventiona l interpretation in ship motions theory, they cor respond to
th

H the incident and body potentials in the k regular wave train , the ampli-

tude of the wave train is imbedded in the cp
1 
and 

~B funct ions , and the

frequency wk is encounter frequency--not wave frequency.

Substituting Eqs . (17) and (18) into Eq. (16) and ga ther in g terms
t here resul ts:

4

R2 = Re [H~ 
(w 1,—w 1) + H~ (wy _w j )]

+ Re [H1 (w 1~ w~) Ex p[—i2 w ~t]]

+ Re [H,(w~,w. )Ex p[- i2w~t]]

+ Re [{H~ (w .,w .) + H
~

(wj ,w i)} ExP[_ it (w 1+wj ) ] j

+ Re [{H~ (w~,—w.) + H ( w J, _w
~

)} Exp[_ it (w
~

_w
~)Jj (19)

where:
-4

R2 = force due to two superimposed regular wave trains 0

12
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and :

- 

= - 

~ 
[B ~~ i~ ~~~ 

- 
~~ ~B i )1~~~I j )1d5 (20)

H1 (w.,-w.) = - 
~ S$ [P~~B wl ~

-. - 
f 

(P
B
(W.)}v(P (WJ) idS (21)

B

Now forming a new funct i on, H2 (w
~
,w. ) :

H2 (w~,w.) = H1 (w.,w.) + H1 (w.,w.) (22)

H (w.,—w.) = H1 (W .,—w.) + H ’ (w. , — w .)  (23)

This function has the same symmetries with respect to frequency arguments

as t he quad rat ic  frequency res ponse funct i on, G2 (w1,w2). Specifically ,
as in Eqs. (5) and (6) :

H2 (W.,w.) 
= H2 (w .,w.)

and, since 
~B

(..w) =

= H2 (-w ~,-w . )

= H2 (-w., -w .)

Substituting Eqs . (22) and (23) in Eq. (19) :

= ~~ [~2
(w .,-w.) + H

2
(w~~-w~)~

+ .~ Re [H2 (w j,w l )
Exp[_i2w ;t]1 ~

, 

-

+ Re [H2 (w~,w~)Exp[_i2w.t]]

+ Re ~~~~~~~~~~~~~~~~~~~~~~~~
— 

+ Re [H2 (w., -w. ) Ex p[ - i t (w . -w. )J~ (24)

C Thus the second order force induced by two regular wave train s has
been brought into essentiall y the same form as the last six terms of Eq. (8).

13 
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These last six terms i nvolve the contribut i on of the quadratic non—linearity

in the response of the genera l input— output model to dual harmonic excita-

tion.

Not ing  from Eq. (23) that H2 (w~,-w.) is purely real , a comparison

of Eqs. (24) and (8) y ields:

G2 (w 1,—w~)= —~j 
H2 (w~,—w~) (25)

where a. is the amp litude of wave component of frequency w~

Cont inuing in the same way:

~t I 1
- 

-
? 

- 
G2 (w

~
,w

~
) = —i- H ( w ~ ,w 1 ) (26)

G2 (w. ,w. )  = ~~~ H ( w ~,w~) (27) 
-

and :
G2 (w~,

_ w .) =~~~
—

~-- H~~(w ~ ,—w. )  (28)
i J

Thus the formu lation of the computation of the quad ratic frequency

response funct i on is complete. For each pair of regular waves of amp li-

tudes a. and ~~ and frequencies w~ and w~, Eqs. (20) and (21) must be
evaluated to form H1 (w .,w.), H1 (w .,w.), H1 (w .,—w.) and H1 (w.,—w.). From

r -: these results Eqs. (22), (23), (27) and (28) may be evaluated in turn to

y i e l d  the des i red est imates .

- .
~ One observation is in order before continuing. The present develop—

ment i nvolves relatively little specia lization to added resistance .

Computation of quad ratic frequency response funct i ons may be made accord-

ing to the above recipe for other forces wi thin the assumption of l inearized

• potential flow for a body wh i ch may be considered a weak scatterer. Removal
of the weak scattering assumption appears feasible at the expense of a

moderate i ncrease in complex i ty of the resultin g hyd rodyna m ic  express i ons .

Finall y, it is of interes t to compare the present result with the

correspond i ng stage in Salvesen ’s development for the mean force induced

by a sing le wave . To do this let the amp l i tude of the ~~~ wave componen t

go to zero . Since the amp l i tude is imbedded in the potentials: 
- I 

-~

14

C 

~~~~~~~ - - . - -~~~~~~~~~-• ~~~~~~~~~-



- —-
~
-

~~ ~~~~
—

~~~~~~~~- ~~~~
—

_ _ _-- 

R-1878

CPB (w
J
) = cP1 (w~) = 0 and thus only the f i rst  and third terms remain in

Eq. (19). Taking the time mean of the firs t and third terms of Eq. (19)
leaves onl y the f i rst  term:

Re[H1 (w 1,—w 1)]

- Apart from the expl ic i t  notation that the rea l part is to be taken, and
some purely notat i ona l differences, this result is exactly the same as
Salvesen ’s Eq. (34) for the mean force.

I ¶

I~ 

‘

~~~

r

~ I0
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A NALYT ICAL EVALUAT ION OF THE QUADRATI C- FREQUENCY RESPONSE FUNCTI ON FOR ADDED RES ISTANCE

Wh ile there is no fundamenta l objection to the development of a

vector quad ratic frequency response function correspond i ng to the vector

force represented by the equat ions of the last sec t ion, the objectives
of the present work i nvolved only a comparison with experimental results

for added resistance in head seas , and it was accord ing ly a worth—wh i le
s i mp l ification to consider only the longitud i nal component of force for

the head sea case.

In general , the evaluation of the functions , Eqs . (20) and (21),

was carried out in a manner similar to that emp loyed by Salvese ri6 in that -
a s t r i p method was used, and the same or very similar hyd rodynamic assump-

tions were employed . Some d ifferences do exist because the s t r ip  method
used was that of Ref . 7.”

The most i mportant difference between this method and others

(Ref. 6 for example) is in the evaluation of the diffract i on induced wave

exciting forces and moments. The method of Ref. 7 is essent ia l ly  an
extension to forward speed of the method for zero speed developed in Ref. 8.
In both , the d i f f r a c ti on indu ced for ces and moments as we l l  as the mot ion
induced forces and moments are eva l uated by the Frank9 close fit method .
Because the work of Ref. 7 has not as yet received wide circulation , a

summary of the method is included herein as Appendix A.

“7 Kim , C.H., “Calc ulation of Motions and Loads of a Shi p U ni form l y
Advanc ing in Oblique Regular Waves ,” Techn ica l Memorandum SIT_ DL-7L1_
166, March 1974.

8. Kim , C.H. and Chou, F., “Wave— Exciting Forces and Moments on an Ocean
Pla tform in Obli que Seas ,” Paper No. OTC 1180, Offshore  Technology
Conference , April 1970. Also SIT—OE—7l—Report 6, September 1971 .

9. Frank , W. , “On the O s c i l l a t i o n  of Cyl inders in or Below the Free
Surface of Deep Fluids ,” NSRDC Report 2375, October 1967.

p
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Fi gure 2 ind i cates the usual ri ght-handed coord i nate system used
in the present development . It is described in more detai l  in Append ix A.
In the present case the ship is presumed to be restrained in surge and
to be proceeding at constant velocity U in two superimposed head waves
(
~ = ,~ in Fi gure 2).

In a manner consistent with the form of the incident wave potential
assumed in Eq. (18) , the two regular waves are represented by the rea l
parts of:

-i(v0 x+w.t)

C 1 = a.e

and :
- I (V x +w .t )

C. = a.e (29)

Here the i,j subscr ipts ind icate two different waves , and
a i = wave amplitude

v0 
= w~1 Ig, the wave number

w. = + Uv0 , frequency of encounter

The incident wave potential , ~1 (w~)~ for the ~th head wave tr~~.i is

g iven by (omi t t ing  the time factor in accordance with Eq. 18):

ga . v0 (z- ix)
cP 1 (w.) = -i ~~~ e (30)J wo.

J

The g rad ient of the i ncide nt potenti al fo r the ~th wave is:

= [T( — iv ) + 
~~O.
]
~ I

(w
J
) (31)

In order to specialize the ana lysis to added resistance, only the
longitud inal component of Eq. (31) is taken . Accord ingl y, in the eva lua—
t ion of Eqs. (20) and (21) the grad ients of the incident wave potentials

may be replaced as follows :

~ ‘I~~’J~ 
-a 

~~~~ 
cp1 (w. )

j

* *vc9
1

(w .) -a iv cp1 (w .) (32)
J

1 

17
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(

with the understanding that the result will app ly on ly to the long itud i-

nal component of force.

The body potent ial for the ~~ wave train is taken as the sum of
the radiation and diffraction potentials . Because of the head i ng, only
vert ica l modes of motion are considered . Thus for the res ponse to the
.thu wave t ra in :

E~. - iv x
= ~ V (m) (W.)~~

(m)(W.) + a. cp
0 (w . )e  °~ (33)

m 3,5 I i I

where:

V (m) (W 1 ) = ve loc i t y  amp l itude of heave (m=3) and pitch (m=5)

= radiat ion potential due to heaving and p i tching
mot i ons, each per unit velocity amplitude

c0 (w 1) = the d i f f r~ct ion potentia l per unit wave amp l i tude
in the i wave train (see Appendix A)

= -iw.C (w.)

= -iw .~ (w .) (34)

and C and ~ ind i ca te the heave and pi tch d i s p lacement, respec ti vely.

The d i f f rac t ion  potent ial for the ~th wave t rain, 
~D’ (A ppendix A)

is evaluated by sa t i s fy ing the kinematica l boundary condit ion :

~~ [ai~D(wi)e 
0
i 1  = - 

~~ ~1 (w~) on S5

Subst it it i n g  Eqs. (32) , (33), and (35)  into Eqs. (20) and (21)

t here resul ts:

-

~0

19

~1.

IL



-,
~~ 

—
~~~ 

. -- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
:‘ —- --

R- l 878

~(p w.
H1(w~~w~) = ~ v0~c{~~3 5  

V m (w i) g1s cp m 
(w.) ~~ ~ dS

• 

- - iv 0, x 
~ p ( w )

+ a. J”j~ çD(w l)e -~ dS
B

• (m)

V m 

~~~ 
SJ 

~n ~ cp
1 (w .)dS

B
~P (w.)

4 
+ S~ ~~ 

cP1 (w.)dS} (36)
B

~~~ v0.p{~ 5
V~~~ (W~)~~!~~~

m) (W 1 ) ~~~~~ dS

— a. 
~~ ~D

(w l )e 
i 

~~‘ —J-— dS

-: (m)

m=3 5 
V m) (W~) ~‘S 

~n CP” (w )dS

~ cp (w .)  
*- I -_i_ cP1 (w .)ds} (

~~)

In the radiat ion problem the kinematical  boundary conditions for
heaving and pitch ing are given by

_____ = -n(x + -
~~—) on SB (38)

where n is the z—component of the unit norma l on the hull surface (in
fact, it is on a section surface in the stri pwise calculation ) pointing
into the water.

j

20 
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From the above we have the rela ti onsh i p between and

• ~~~~~~ = -(x + JL)~
(3) (~~) (39)

The partial of the incident wave potential is eva l uated as:

~~p (w.)
= nv p1 (w .) (40)

J

where in the s lender body approx imation the x—componen t of the unit norma l
is zero.

Furt her, from Eq. (38) :

w. I 
= w.n(m j 

+ iUm (m) (4 1 )i~~n I

4 where

~~~~~ n~~~=—ri x, ~~~~~~ m~~~=n (42)

accord ing to the variant of Stokes ’ theorem,6 we have:

II w . 
~n 

‘ w
1

(w .)dS = r; (W~~(m) + ~Uffl
(m) )CP 1 (W.)dS (43)

It may be seen that substit ution of Eq. (40) throug h (43) in
Eqs. (36) and (37) results in a factor of n in each term . Accord i ngly
the double inte gral over S

B 
in the equations may be replaced by a stri p—

• wise integration :

ndS - j
~ 

dx 1f dy (41+)
L C(x)

where C(x) = a transverse sect ion contour
y = a transverse coord inate
L = hu ll length

Further transforma tions of the terms in Eqs . (3 6) and (37) are
effected as follows : The sectiona l heave added mass m ” (w .) and damp ing
coefficient N(w.) are obtained from the following rela tion ,

21 
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pw. 
~~ ~~~~~~~~~ = w.m”(w.) + iN(w.) (45)

C(x)

The sectiona l heave d i f f rac t ion  force per unit wave amplitude (See

A ppendix A) is g iven by:

ipW . r W0~~~)d y = f~~(w .) (1+6) 
I
;

‘ C (x) I

The sectional restoring force per unit heave displacement is given
by:

I
pg J’ dy = pgB (47)

C(x) 
I t

where B = beam of the section in the load waterp lane.

-
. By taking the average sect ion draft  I at x in the integral of the

exponential , an approx imate expression can be derived :

- - \ z - v T
0. 0.

e ~ ~y = e .1 dy (48)
C(x) C(x )

— wetted sect ional  areawher e 1= wetted sect ion beam

Upon substitution of Eqs. (30) , (34) , (38) through (40) , and (43) through

(48) into Eqs . (36) and (37) there resulted expressions wh ich could be
eva luated w i th  the a id of ex is t ing sh i p motion programs .7

22
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H H1 w
~~
w
~ 

=

C(w.) -iv0 x -v0 T

- 

• 
- 

~ 
a 1 a~vo wo {_~

_
~L S e e ~ [w

~
m”(w

~
)+ iN(w ~) ]dx

-i v x  -v0 T

- — a. 5 (xi- --~—)e -~ e ~ [w.m ”(w.)+ iN(u.)]dx~

- . 
- i (v

0
+v~ )x -v

+ a.a.v 5 e -~ e ~ 
~H 
(~~)dx

~ W .+W.
+ - ~- a .a .v 1 i +

- - 
2 1 j 0 .  L

-
~~~~ J _

C(w.) 1V
0

X -v0 T

L~ a. 5 e e ~ pgB dx

Ij (W .) -1V
0

X -v0 T
-- + a.

’ 5 xe e ~ pg B dx}

wo w0 - i(v +v )x -(v +v )
~

+ ~ a
~

a
~ g 5 e e ~ pgB dx (49)

23
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= 

-iv x -v I
C(w.) o. o.

~ 
a

i
a
~
v
o w0{ a.

’ 
~ 

e e -~ [w
~
mI
~
(W
~
)+ iN (w~)]dx- j j  i L 

—

H 
- 5 (x + T W ) e~~~ 

e

_V
0

J
T 

m”(w ,)+ i N(w ~~]dxJ

w - i (v  -v )x -v
+ a.a .v 

~~~ 
$ e -~ e ~

j I L

i r 
______+ — a.a.v 1 + I2 ‘ J ° . L W0 J

J —

C(w.) i v x  -v0 1

{~~ a ’ J e  ~ e ~~pgB dx
i L

i v x  - v i

+ 
a $xe ~ e ~ pgB dxj
i I

w w - i ( v  -v _ (v  i-v

+ a 1 a j 
°

~ 
o~ j’ e ~ 

o~)x 
e ~ pg B dx (50)

For present purposes the expressions (Eqs. 149 and 50) for H1 (w.,w.)

and H1 (w.,—w.) may be used in place of Eqs. (20) and (21) in the expres-

s i ons for H2 (w.,w.), etc., Eqs. (22) and (23), with the understand i ng that

the result relates onl y to the quadratic frequency response function for

the longitudinal component of force. Equations (49) and (50) contain the

product of the regular wave amplitudes (a.a.) as a factor. Thus the

functions H2 (w.,w.), Eqs. (22) and (23), have the same factor, and when
the quad ratic frequency response funct i on is evaluated by Eqs. (25)

through (28) the factor cancels —— meaning that Eqs. (49) and (50) may

be evaluated for unit wave amplitudes .

The d i mension of the quadra ti c freque ncy res ponse f un cti on i s
(force/leng th2). I n the reduction of experimental data (Ref. 1—5) length

was non—d i mensiona lized with model length , L, forces were non—d imens i on— —

al i zed w it h model d i s p lacement , A, resis tance was considered to be a

-j

24
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positive force, and frequency was non—d i mensional ized with /~iij7t

Thus the last details in generating theoret i ca l estimates comparable to

those in Refs . 1— 5 are to change the si gn of the results of Eqs. (25)
through (28) and mult ip ly by L2 /A, and compensate for the frequency non-

dimensiona l izing constant.

As may be noted from Eqs. (22) and (23) , the answer sought for
bi-frequency ~~~~ i nvolves-the eva l uation of Eqs. (1+9) and (50) as
written , and with the i j subscri pts interchanged . In addit ion, it was
required to develop the theoret ica l estimates over a region in the w1,w2
p lane, Fi g u r e  1 . Th is means that results from the basic shi p motions
computation for each frequency must be used over and over again. Accord-

ing l y the actua l computation was divided into two steps . Before commenc—

ing the f i rs t step the requi red ex tent and f in eness of coverage of the
b i-frequency plane are decided upon, and a value of 8w and K are chosen. -
These parameters define the discrete points in the p lane at which esti—

mates of the quadratic frequency response wil l  be generated ; that is ,

estimates are thus specified to be made for all comb i nat i ons of:

= O,8w,••.•K8w

w -KôW,~~”,-6w,O,8w” - K8w

Given a forward sh i p speed, U, the wave numbers corresponding to each of

the (K+l) encounter frequencies may be solved for.

In the first step of the computation the shi p motions problem i s

solved for each of the (K+l) discrete encounter frequencies . Essentiall y,

the sec ti onal added mass , damp i ng, res toring force and exc it ing force are
developed for each str ip and these are integrated to result in estimates

of pitc h and heave amplitudes . All of these results are stored so that

the res u lt of the f i rs t computa ti ona l step is a “l ibrary ” of sec t ional
added mass , damping , etc., for all the specified encounter frequencies .

Res u lts fo r “zero” frequency are approxima ted by those for a very low
frequency.

In the second step of the computation Eqs. (1+9) and (50) are

-: systematically eva l uated for each combination of the discrete frequencies

25
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by “looking up” the previous ly computed data f rom the f i rst  computational
step, and the estimation of the quad ratic frequency response continues in
accordance with Eqs. (22), (23) and (25) through (28). -

~ :~
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I

COMPAR ISON OF ANALYT ICAL AND EXPERIMENTAL ESTIMAT ES
- 

OF THE MEAN ADDED RES ISTANCE OPERATOR

As prev iously noted, the mean added resistance operator is the

va lue of the quad rat ic frequency response function along the l ine w2 =-w~,
and it is this special section of the funct i on for wh i ch there is a great

dea l of confirming i nformat i on. Thus the initial comparisons with experi—

ment of the present analyt ica l method were of the mean operator . The model

- 
-~ used in the exper iments of Ref . 1-5 was of the Series 60 0.60 CB parent ,

and this model was also one of thos e used in experime nts repor ted by
Strom—Tejsen, et a1 10” .

Fi gure 3 shows results from the present analysis plotted on what

is effect ive ly Fi gure 8a of Ref . 10 . The work in Ref . 10 on the Series 60,
0.60 block model had i nvolved two speeds (Froude numbers 0.266 and 0.283).

The evaluation of the present ana lyt ica l method was carr ied out at the
mean of the two speed s, Fn 

= 0.274, and the resu lts were non-dimensiona l ized
in accordance with the conventions employed in Ref . 10. The pres ent results
a re  c lear ly closer to experiment for this case than are the results of the
analyt i ca l method s of Ref. 10. In addit ion, at h igh encounter frequencies
the present method ind i cates the l eveling out trend often observed in

exper i mental added resis tance opera tors .

The exper imental work in Ref s. 1-5 had also i nvolved two speeds,

Fn = 0.15 and 0.20. The lower of the two speeds was selected and the

quadratic frequency response function was eva luated . For this case Fi g-
ure 4 ind icates the comparison w i th  experiment of the mean added resis tance
operator from the. present analyt i ca l method. Except for the addition of

the ana lyt ica l result , Fi gure 1+ is also Figure 1~ of Ref . I or Fi g u r e  2 of
Ref . 5. In this fi gure the 

~e is a non—d i mensiona l encounter frequency:

~e 
= w //2ff~7t

0 where we is encounter frequency in radians/second .

~lO . Strom— Tejsen, J., Yeh, H.Y.H., and Moran, D. D., “Added Resistance in
Waves,” SNAME Vol . 81, pp 109, 1973.
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The added resistance operator is non—dimensiona l ized by L2/A as noted in
the previous section . Two kind s of experimental data are inc l uded in the

f igure . The regular wave envelope ind icates the magnitude and scatter of

the results of regular wave experiments reported in Ref. 2. The lines

broken by various symbols are the results of cross-bi—spectra l ana l yses

of data obtained in three irregular seas. If the ship is assumed to be

500 feet in l ength, “Sea St~te A” corresponds to a s ign i f icant  wave hei ght

of 9 feet, “Sea State B” corresponds to a significant hei ght of 18 feet,

and “Sea State C” corresponds to a significant hei ght of 33 feet.

In Fi gure 1+ the agreement with experiment of the analyt i ca l esti-

mates of the mean added resistance operator appears to be somewhat better

than that s hown in Fi gure 3. In this case most of the analyt ica l result
is within the regular wave envelope.

Fi gures 3 and 1+ c learly demonstrate the va l i d i t y  of the present -

analyt i ca l method relative to experimental data obtained both at Davidson

Laboratory and elsewhere. While it was not the purpose of the present

work to refine estimating methods for the mean added resistance operator,

the present method , which i nvolves a differen t approach to computation of

exc it ing forces , appears to have promise in this direction . For the

part i cular ship form and speeds shown, the differences between the present

method and t he mean experimental result appear to be of the same order as

the scatter in the experiments (which are noted for their difficulty) .

I - .
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COMPARISON OF ANALYT ICAL AND EXPER IMENTAL ESTIMATES
- OF THE QUADRATIC FREQUENCY RESPONSE FUNCT ION

I n order to compare the analytica l estimates of the comp lete quad-

ratic frequency response function with those from experiment it is

advantageous to i ntroduce the frequency transformation of Ref. 1 . This

transformation maps the w~,w2 plane (Fi g.l) into a sua~ and d i fference
frequency plane in accordance with:

= difference frequency

= ~~ +w = sum frequency ( 5 1)

The Q~,Q plane is shown mapped into the w1 ,w2 plane in Fi gure 5. The
and axes are coi ncident with the lines of symmetry noted in the

discussion of Fi gu re 1. In accordance with the discussion of Fi gure 1

the fundamental symmetry of the quadratic frequency response function

al lows comp lete definition if the function is known in a quadrant of the

plane def ined by the lines of symmetry. The quad rant of the c2, ,Q plane
(Fi g.5) in which both sum and difference frequenc i es are positive corres-

ponds to the quadrant selected earlier in interpretin g the response to

dual harmonic excitation . This quad rant will be used in the comparsions .
Also in accordance w i t h  the earlier discussion of dua l harmonic excita-

tion, the sum frequency, Q corr esponds,and is numericall y equal to,the

output frequency. Any comb i nation of input frequencies w~ and w2 which

are on the l ine C~2 = constant w i l l  generate a component at that frequency.
For examp le, the mean added resistance operator involves output frequency

of zero and is located on the axis .

For compar ison purposes the frequency transformation i nvo l ves no

changes to the magnitude of the analytical estimates of the quadratic

freq uency res ponse f unc t ion, merel y a somewhat more conven i ent way of

looking at the function . The anal ytica l results for the Series 60

0 
060 block model at Froude Number of 0.15 were non-d i mens i onalized in

accordance with the experimental convention noted in a prev i ous section .
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The discre te set of frequencies at wh i ch the function was evaluated were

chosen so that results would be available for the exact non—d i mensional

frequencies used in the experimenta ’ identification process . The non—

dime nsional frequencies are denoted in Ref . I by o~ and i ns tead of
and w

2. Since the a ’s differ from the w’s on ly by a scale factor
and a2 may be substi tuted for w1 and w2 in Eq. ( 5 1)  and in fact in all

prev i ous equa ti ons . For present purposes, however, u~ and w2 
w i ll be taken

to denote non-d i mensional frequency.

Before proceeding wi th detailed comparisons an overv i ew of the
magnitude of the ana l yt i ca l result is instructive . F igure 6 is an iso—

metric plot of the modulus of the analyt i call y determ i ned quadratic

frequency response function . The “v i ew” is toward the orig in of the bi —

frequency p lane from a pos it ion above the w1 axis , Fi gure 5. (The differ-

ence frequency axis (c�, ) is to the lef t , the sum frequency axis is to the -

¶ ri ght, and the modulus of the function is “vertical” .) The lines defining

the function contours are in the nature of section lines which are parallel

to the and axes . Each intersection corresponds to an analyticall y

computed poin t, and the connecting line segments are strai ght . There were

actually about twice as many points computed as are shown. It is a con—

sequence of the point spacing chosen for plotting that the function appears

to be i rregular near maxima . Inspect ion of the intermediate numerica l
results ind i cated that the computation def i nes a smooth surface. In the

¶ 
fi gure the plotted domain of the bi— frequency p lane appears triangular .

This is the result of computing the funct i on to a max i mum absolute input

frequency of 2.62. The righ t—to— l eft section at the front of the p lot is

shown in bolder lines with vertica l lines defining the position of com-

puted poin ts. This section represents the modulus of the function along

the line w1 = 2.62.

Qual itativel y Fig ure 6 shows that the modulus of the analyt i ca l

quadratic frequency response function resembles that expected ; that is ,

there are two prom inent humps, one assoc iated with difference frequency

interac tions , one associated with sum frequency interactions , and in

add ition the two humps are not symmetrical . At bi—frequenc i es distant

from those of the main humps the modulus of the funct i on is higher than

33 L
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was expected (though it must be admitted that the expectation was not

based on f i rm experimental est imates).  Clearl y, the maximum input fre-

quency should have been extended beyond w1 = 2.62 for purposes of better

defining the bi—frequency doma in of significance . This additiona l com-

putation was not carried Out because no exper i mental results were

ava ilable for the correspond i ng bi—frequencies .

The experimental estimates as presented in Ref . I are not quite

equivalent to the analytica l estimates by reason of a difference in phase
reference point . The phases in the analyt i cal estimates are with refer-

ence to wave at LCG. The phases in the experimental results are with

respect to a wave one mode l length forwa rd of LCG which had been time

shifted to aid in the cross—bi—spectral ana l ysis process. Within the

objectives of Ref. 1 it was conven i ent to retain this peculiar phase

reference. For present purposes it was conven ient to correct the experi—
mental results to the same phase reference as had been assumed for the

analy t ica l cas e. The net phase difference between the time shifted wave

and wave at LCG was calculated accord i ng to the outline in Ref. 2. This

net di f ference is equivalent to a linea r filter with unity modulus acting

upon the input to the system, and the experimental quadratic frequency

response funct i on estimates were corrected according to the rules in

Refs . 1 and 5 for cascaded linear and quadratic systems .

The qualitative ind i cations mentioned in connection with Fi gure 6

suggested that an initial comparison between the magnitude of anal ytical

and experimental estimates mi ght best becarried out ind i rectl y. The

experimental estimates were made from the ratio of two cross-bi-spectra l

estimates in accordance with:

.‘ 
~
h4

~~2 
_ _ _G2 (u~ ,w2 ) = G2( 2 ‘ 
2
2 ~

= ~~~~~~~~~~~~~ (52)

whe re the cap denotes an estimate and :

C~(Q1,Q ) is the cross—bi— spectrum of
2 wave , wave and resis tance

C (ci1, c22 ) is the cross—bi-spectrum of
wave, wave and (wave)2.
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Sinc e:

c~(c~1,Q2 ) =

where

S~~ (w) is the scalar spectrum of wave,

2 . . .the wav e,wave,(wave) cross~ bi— spe ctrum is just another way of es t imat in g
the product of scalar wave spectra. When C.~(Q~,Q )  is small the excita-

tion of the system at that bi—frequency is smal l , and the estimates implied

by Eq. (52) may be expected to be serious l y corrupted by noise . I n Refs.

1 and 5 estimates resulting from Eq. (52) where c~(cl.~,Q2 ) was less tha n

10% of i; s peak were discarded . Figure 7 is an isometric p lot of one of
the experimental wave,wave, (wave)

2 cross—bi—spectra . This cross-bi-

spectrum (and those for the other exper i mental sea states) is very small

in much of the bi-frequency p la ne.

These considerations suggested that a first comparison of anal ysis

and experiment should be made by computing the wave,wave,resistance cross—

bi—spectrum which should have been observed by experiment , given the

ana l ytica l results for the quad ratic frequency response function and the

experimental wave spectrum or the experim ental results for ~~~~~~~~~ The
computation for the modulus of the wave,wave,resistance cross-b i—spectrum

for experimental Sea State B for instance , amounts to multi plying the

function shown Iii Fi gure 6 by that shown in Fi gure 7, or:

I c~~(~~~ 2 ) = 
I G2~(~~~~ , 

~~2~~~~1) c~(ü~,~~ ) (53)

in which the subscri pts “1” denote analytica l estimates . This procedure

has the effect of weig hting the anal yt i ca l estimates so that quadratic

response which shou ld not have been exci ted in the experiments does not

enter in the comparisons .

The computation defined by Eq. (53) was carried out for each of the

three exper imental sea-states . These “anal yticall y” estimated cross-bi-

spectra are shown along with the corresponding experimental cross-bi—spe ctra

in Figures 8 throug h 10 in isometric v ews havin g the same conventions as

Fi gure 6. At the top of each fi gure is the anal yt i ca l prediction .
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— The triangular bi—frequency domain corres ponds to that of F i gure 6.
At the bottom of each figure is the modul us of the experimental cross—

bi-spectrum . Both parts of each figure are drawn to the same scale .

- On the whole, i n Fi gures 8 through 10, the major peaks wh i ch l i e
nea r the axes correlate fa i r l y well . The larges t such peaks are loca ted
at approx imatel y the same sum or difference frequenc i es in both ana l yti-

cal and exper i mental resul ts . The difference in magnitude is about 30%

for Sea States A and B and for the peak located in the axis in Sea

State C. The peaks along the sum frequency axis for Sea State C (Fi g-
4 ure 10) are diffe rent by about a fac tor of 2. These margins of difference

are roughl y the same as that shown for the mean resistance operator in

Fi gure ~~~

A close comparison of the experimen tal results in Fi gures 8

throug h 10 d i scloses a range of humps ly ing along the line 
~ 2 = 1 . The

magnitude decreases as the sea sever it y inc reases . Th is characteristic

is not present in the anal yti cal l y derived cross—bi—spectra . There is

in addition a significant hump along the 1ine~~2 ~ 3.2 in Fi gure 8 for

Sea State A . This last corresponds to the contributions of a noise fre-

quency wh i ch, as ind i cated in Ref . I , has li tt le to do wi th added
resistance .

Overa ll, Fi gures 8 through 10 ind i cated a fair correlation between

anal ysis and experiment , and that a more deta i led compar i son of real and
imag i nary parts of the quadratic frequency response functions would be

worth—while.

The deta i ls of both rea l and im ag inary parts of the anal yt i ca l

quadratic frequency response function are shown in comparison with the

exper imental results from Refs . 1 and 5 in Figures 11 through 16. In fi g-

u res 11 and 12 the real and im ag in ary par ts of the ana lyt i ca l result are

compared with experimental resu1ts derived from model Sea State A, Fi gu res
13 and lL f conta in the cor res pondi ng compar i son w it h res u lts from model
Sea State B, and Figures 15 and 16 i nvolve the comparison with results

from Sea State C.
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These figures are essentiall y p lo tted tables . The magnitude of

the func tion i nvolved is ind i cated by a number plotted in the bi-frequency

- - plane. The analyt i ca l resu l ts are shown in the quad rant bounded by the
- ‘ positive c1

~ 
and Q2 axes . In order to show the experimenta l results in

the same fi gure the octant bounded by the +w2 and ‘
~‘~2 axes has been d is-

placed i n the negat iv e Q~ direc t ion. The experimental results shown in

this octant are p lotted accord i ng to the basic symetry property of the

quadrat ic frequency res ponse. If analys is  and experiment were in exact
agreement the experimental results would be an exact reflection about the

ax i s of the anal yt i ca l results in the — octant . A sim i lar pro—

S - . cedure was adopted to show the experimental difference frequency inter-

act i ons. In this case the octant bounded by the and -w2 axes is

d i sp laced in the negative Q2 direction and the experimental values are

p lotted so that exact ana l yt i ca l /experimental agreement would require the

experimental results to be an exact ref l ection about the axis of the

anal yt i ca l results in the — octant . (In th is  case s t r i c t  comp l i —

ance with the synii’~etry properties of the function would require that

the sign of the imag inary part of the experimental result be changed .

In order t hat comparison be made easier this has not been done.)

There are several other conventi ons in Fi gures 1 1 through 16.
All magnitudes are rounded to the nearest integer . Analyt i ca l results

were obtained for all positions in the Q2 
— c~ quadrant up to = 2.62.

However, when a numerica l result was between —2 .5 and +2.5 it was omitted

from the plot —— blank spaces in the a..a l yt i ca l result may be taken to

mean that the result was small. There are two possible meanin gs to

blank space in the experimental portion of the fi gures . The first is

the same as for the analyt ica l case . The second is responsible for the

concentration of experimental results in limited portions of the octants .

It is that all exper im ent al estim ates wh i ch resu l ted from a

wave,wave, (wave) 2 c ross-b i — spect ra l est imate less than 10% of i ts  peak
va lue were d iscarded as being of dubious statistica l merit. (Actuall y

there were indications in the previous work 1 ’5 that this truncation l eve l

is optimistic for the sample size i nvolved -- 25% of peak cou ld we l l  have
been a better cho i ce.) The contours shc~’in in the fi gu res are for the

zero level .
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The results may be convenientl y discussed accord i ng to band s of

output frequency, Q2 . The first band of frequency to be considered is

that above Q2 3. In this band the magnitude of the ana l ytical result

generall y decreases from its peak along the axis to a minor hump

centered at approximatel y 
~~ 

= 44, Q~ = 1. Experimental results in this

band ar e show n on ly for Sea States A and B, Figures 11 throug h 14, and

the ana l yses of Ref . 1 ind i cated that much of the content of this band

was related to towing system induced lon gitud i na l vibration of the model.

Thus agreement between ana l ysis and experiment in the region above = 3

was not expected . Desp ite this , there is a surpr i sing resemb l ence in

the position of the zero level contours . The rea l part of the functions

are negative at = 3, make a transition to positive ha l fway between

3 ard 4 and then tend to return to negative after = 4. The

- 1 correspondence in zero contou r position in the imag inary parts , Fi gures

12 and 14, is as good , a sma ll pos i t i ve  area appears centered on
= 3.25 and this is surrounded by negatives . Agreement in magnitudes

of rea l ari d imag inary parts in this band is best in Fi gures 13 and 14

for Sea State B where the influence of vibration on exper i ments .-ias

¶ not so large. The corres pond i ng comparison in Fi gures 11 and 12 for

Sea State A shows large differences in magnitude .

The fact that apparentl y un—correlated noise appeared to infl uence

the cross—bi—spectral estimates of response could not be explained in

Ref . 1. The similarity in the behavior of the analytica l and experi-

mental results g ives rise to the specula tion that the prob l em vibration

of Refs . 1 and 5 mi ght have been induced at least partially by the

quadratic component of the wave exciting force and not by mechanical

-
‘ 

imperfect i ons in rail and equi pment as was supposed .

The next band of output frequency which may be considered is that

betsieen = 2 and 3. This is the band where the experimental estimates

were considered mos t s i gn i f i can t .  The level of agreement between the

modu li of analytical and experimental results has previous l y been noted

in connection with Fi gures 8-10 . The position of zero contours in the

imag inary part of all experimental estimates correlates quite well with

the anal yt ica l (Figs. 12,l I-+ and 16). However in the rea l parts of the
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experimental estimates (Fi gs. ll,13 ,l5) the zero contour is consistentl y

midway between the limits of the band while the anal ytica l result is

almost all negat ive. Here there is a clea r i nconsistency between

experiment and analysis . The fair agreement in moduli suggests that

the phase reference correction to the exper i mental data somehow does not
- 

- 
ref l ect the actual conditions of experiment , or that the radical “hook”

in the ana l ytical zero contour in the region c22 = 2, ~~ = 1 should not
be present. Neither supposition can be proven at present .

The experimental results from Sea States A and B (Figs .ll— l4 )

which are shown for Q2 less than 2 in the upper octant correlate badly

with the analyt i cal result . Only in the case of the imaginar y part - -

derived from Sea State C (Fi g.16) is there reasonabl y good correlation.

The experimental estimates in this reg i on were derived from

wave,wave,resistance cross—bi—spectra l estimates of rela tively low
magnitude , and it appears that the anal ytical result bears out the sup—

pos tion made in Ref . 1 that the experimental results in thi s reg ion tend

to suffer from samp ling variab i l ity .

The first band of output frequency to be discussed in the l ower

octant is that from = 0 to 0.5 . For practical purposes the correla—

tion of rea l parts in this band has been shown in Fi gure 4. The corre-

lation of imag inary parts in this band may be regarded as fair , considering

that the imag inary part of the function is relati vely low and tha t the

experimental results are sparse in some cases .

The last band of output frequency in the lower octant to be dis-

cussed is that between c~2 = 0.5 and 1 .5. This is an interesting band in

that response ori ginating in quadratic interactions is comb i ned with

linear response at frequencies important to shi p -flot ions . The analytica l

results show a significant interaction res ponse in the neighborhood of

= I , 
~ 

= 2. The experimental results from Sea State B (Figs .l3, l4)

come clos est to suggesting the same interaction , those from Sea State C

(Fi gs.15, l6) are too sparse for comparison , but those from Sea State A

agree ra the r bad l y. The va l id ~ ty of some of these experimental results

was questioned in Ref. 1 since they also were derived from rela tivel y

low val ues of wave,wave, resistance cross-bi-spectra.
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I n the rema in der of the 
~ 2 

= 0.5 to 1 .5 band a si gni f icant  res ponse
in the reg ion near = 3 could not be questioned in Ref . I. There i s
clearl y no correlation with the analyt i ca l result in this case. The very

significant interaction result near = 1+ which was obtained by reduction

of data from Sea State A (F’igs .ll ,12) was questioned on samp ling vari-

ability grounds in Ref . 1 , and it is clea r from the ana l yt i ca l result that

this interaction cannot be substantiated .

—

I
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SUMMARY

The genera l objective of the present work was to make an extension

to existing hydrod ynamic theory for shi p resistance added by wav es, to
inc l ude time dependent fluctuations so that the quadratic frequency

4 response function for added resistance could be computed . It was clea r

that work of this nature might provide considerable insig ht into the

nature of resistance fluctuations in random seas, and , by providing a

4 phys i ca l model , clarify previous l y obtained experimental estimates of the

function .

Given the definition and interpretation of the quadratic frequency

res ponse function wh ich i s afford ed by the functional polynomial input —

output model , as we l l  as an ex is t ing  generalized expression for hydro-
dynamic force on a body in potential flow , the genera l formulation of

the hyd rodynamic problem was found to be straig htforward within the

constraints of one cardina l assumption . This assumption is that the

dom i nant contribution to second order non—linea r force response is due to

the products of f i r s t  order potent ia ls  which a r i se  f rom the Bernoul l i
Equation —— and not from nonlinearities in the potentials themselves .

The resulting genera l formulation is not limited to added resistance ,

and may have app l i ca t ion  in other problems .

The evaluation of the quadratic frequency res ponse function for

added resistance was carried out accord i ng to a strip method in which

the sectional wave diffraction induced forces as well as forces induced
• by body motion were eva l uated by close fit methods . Because the mean

added resistance operator , which is generally the onl y result from other

analytica l methods , i s a spec i al part of the quadratic res ponse function

it was possible to compare the resul ts  of the present method w i t h  some

other analyt i ca l results and with results from the usual added resistance

experiment. The present ana ly t i ca l method appears val id on this basis ,

and in fact appears to have promise as an improvement in the anal ytica l

computation of mean added resistance .
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In the previous experimental work three sets of estimates of the

t quadra ti c frequ ency response functi on for added res i stance had been made

for each of two model speeds of a Series 60 0.60 block model by means

of cross—bi-spectral ana l ysis of data obtained in irregular waves .

Because the wave sever it y had been var i ed ove r a good part of the range

of pract ica l interes t, an approximate equiva lence of the main features

of the quadratic frequency response functions derived from data obtained

in d i f ferent sea states was taken to mean that the concept of a quadrat ic
frequency response function was viable. There were necessaril y statis-

tical complications entering i nto the data reduction process so that

those experimental estimates which were considered to be at l east tenta-

tivel y valid did not cover the entire bi-frequency domain of interes t,

and were not themselves all of the same rel i ability .

The present anal y t i ca l methods were u t i l i zed  to compute the com-
p let e function for one of the conditions of the experiments , and these

res u lts were compared w i th  experiment in several ways . In the quantita-

tive sense, the correlation between anal yt i ca l and experimental frequency

response functions may be considered fair , at least for the predominan t

features . In th is  context it should be remarked that t he correlation

between experimental and ana l yt i ca l results for the mean added resistance

operator can a lso only be considered fa i r . Better quantitative correla-

tion for the rest of the quadratic frequency response funct i on can hard l y

be expected . Over a l l , there is at least a reasonable resemblence between

experiment and ana l ys is  w i t h  respect to the contours of zero l evel in

rea l and imag i nary parts of the function ; that is , with res pect to phase .

Analysis and experiment do not agree well in the band of the bi-frequency

plane in which the interaction res ponse is at frequencies coinciding with

the range important for shi p motions . Both sets of results impl y a sig-

nificant interaction response, but disagree about what comb i nation of

input frequencies are of mos t importance .

The most important concern in the present work was qualitative .

The fundamental questions were: a) wha t is the nature and general

behavior of the quadratic frequency response funct i on outside the range

of experimental data , and b) could the predom i nant features of the func-

tion as shown by experiment be confirmed?
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There appears to be good qualitative agreement between anal ys i s
and experiment w i t h  respect to the mos t prom i nent features of the function .

These prominent features i nvolve a hump containing the peak va l ues of the

mean added resistance operator, and a hump of typically larger ma gnitude

associated with sum-frequency and second harmonic response. Apar t from

these main features , the analytica l results imp l y the existence of

secondary humps in many of those reg ions of the bi—frequency plane which

could not be covered by experiment. Most of the experimental estimates
--  

I 

wh i ch were p rev iou sl y considered of marginal reliability were also not

conf i rmed by the analytical results . Since it was these marg inal exper i-

mental estimates which gave rise to the speculation that the quad ratic

frequency response function was inord i natel y comp licated , the present work

-j  ind i cates tha t the function is merel y a moderatel y complicated funct i on

- 4 of two frequencies .

Because the present results are thoug ht to be the first of their

kind , firm conclusions seem premature . It is apparent that confirmation

of the actua l l evel of accuracy of the anal yt i ca l method must await

experimental data containing fewer caveats. However the work demonstrates

that it is feasible to make an at least approx i matel y correct hydrod ynamic

estimate of the response function —— which in turn allows interpretation

or prediction of non—linea r fluctuations of resistance in a random seaway.
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R ECOMMENDAT IONS

I t appears that reasonable qualitative agreement has been achieved

between experimental and anal yt i ca l estimates of quadratic frequency

response for added resistanCe. The natural next step mi ght be to ref i ne

the computationa l methods so as to achieve better detailed agreement.

I n the present case however the only experimental estimates which were

availabl e may have been obtained in the hardes t possible way -- that is

by analysis of irregular wave experiments . Th is was a natural approach

in demonstrating the applicability of the input—output model , but the

‘1 results obtained substantiate the earlier fears that substantial uncer—

tant i es related to samp l e size exist. It is according ly recommended
that the most fruitful next step in the development would be to develop

dual frequency experimental techniques (without statistica l comp lications)

wh i ch wou ld produce results directly comparable to analysis.

‘I The anal yt i ca l methods utilized herein appear to have some promise

in the sense of improv i ng theoret i ca l estimates of mean added resistance

operators . Trial application of the method to a wider range of ship

forms i s recommended .

z
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APPENDIX A

D I F F R A CT I O N  FORC ES A ND MOM ENTS
ON A UN IFORMLY TOWED RESTRAINED SHIP IN OBLIQUE WAVES

1. A Br ief  Descri pt ion of the Me thod for Zero Speed 8

The prob lem i s to fo ’rmulate the wave—exc iting forces and moments on

a f ixed s hi p in obl i que regular waves.

Set the ri ght—handed fixed coordinate system X ,Y ,Z on the ocean ’s
- 

- 
surface. Precise ly, the X—Y p lane rests on the calm water surface (see

Fi gure 2). An incident wave which progresses across the X—axis obli quely

at ang le ~ with the X-axis is

i (v Xcos~. + v Ysinp-w3t)h = a e (A—I)

where

a = wave amp litude

w = circular wave frequency

v = wave number (= w~/g)

The ve l oc i ty potential which generates the wave h is expressed in the

form

i (v Xcos~ —w t )

~1 (X ,Y ,Z ; v ,j.&;t) = cp
1 (Y

,Z;v ,~ )e ° ° (A—2)

where
\ ‘ Z  iv Ys in p

= - ~~~~~
. e e (A-3)

The diffraction potential is regarded as the direct response to the

incident wave potential. In view of thi s fact , we assume the diffractio n

potential 
~D 

to be similar in form to , as fo l l ows :

i (v Xcos~ —w t )
° ° (A-4)

w here
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= J” Q(T~~)G(Y ,Z ;~f l ,C ;\ )dC (A-5)
c(x)

In the above , the Green function G is the two—d imensional pul sat—

ing source potential of unit intensity at the point (T1,C) in the l ower

ha lf of the Y-Z p lane.9 C(x) ind icates that the integral is to be taken

a long a hu l l - sec t ion  contour below the ca lm water surface. The unknown

source i n t e n s i t i e s  Q wh i ch are discretel y distributed along the con—

* tou r C(x) are determ i ned by satisf y ing the condi tion of non—penetration

of the water particles across the contour. This kinematical boundar y con-

dition is -

= - 
~
— on C(x) (A -6)

The diffraction potential satisfies

I . the continuity condition

2. the linearized free surface condition

3. the radiation condition
— 1~ • the deep water condition

2. Extension of the Previous Method to the Non—Zero Speed Case

In dea l ing  w i t h  t he d i f f r a c t i o n  of waves due to a un i form ly moving
shi p, it is required to introduce the movin g coordinate system x ,y,z

which coincides with the fixed system X ,Y ,Z at time t=0 and moves

along the X—axis at speed U (see Fi gure 2). The transformation of the

coordinate system is then g iven by

X = x + U t

Y = y
z = z (A— 7 )

whereas the frequency of encounter w is

W = W - U V COSp. (A-8)
with

w = the wave frequency

= the wave number w~/g
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The incident wave and its correspondin g velocity potential in the

• f i xed coordinate sys tem, Eqs.(A—l , A 2 , t\~.3), are transformed by sub—

— stituting Eqs.(A_7)and Q\-8). Thus,

xcos lj + v ysin ~.i.-wt)h = a e  (A-9)

i (v xcos~ —wt)

~1 (x ,y, z;v 0,~~;t) = q 1 (y,
z;v

0
,~ )e 

° (A—la )

with
v z  iv ys in~

e e (A-lI)
0

It mi ght seem that the diffraction potential wh i ch i s regarded as

the response to the incident wave potential ( A—I O) should assume an ex-
pression similar to that g iven in(A- .L+). However , then the convective

term U ~~— would vanish. The time derivative of the diffractionat
potent ia l  w i t h respec to the fixed frame is now rep laced by the sum of

local and convective terms ~~~ — U w ith respect to the moving frame .

For instance , the linearized free surface condition is

~~ 
- U ) + g 

~~~ ~0~~
,y,z; v,~~;t) 

= 0 on z O  (A-l2)

In view of the above remarks , we assume that

i (v xcos~ —wt)
v ,~~;t) p0

(x ,y,z; v ,p)e ° (A—13)

w here
cp~(y,z;v ,~.~) on C(x) , ( A- 14 )

= S Q(~~,~ )G(y,z;~~,~~;v)dC , (A l14a)
C(x)

v = u i 2/g ,
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and cp~ varies as the form of the hull section varies along the hull length .

The above assumption paves the way for the str i pwise ca lculat ion to be
carried out in a rational manner.

The kinematical boundary condition for the potential is

~cp*(y,z;v ,~) ~~1 (y, z~v ,~)= - 
8n 

° on C(x) (A—l 5 )

The procedure for satisf y ing the kinematical boundary condition follow s .

Fi rs t , define the odd and even function of p1 in Eq. (A—??)

~ (o) ~~ e~
0
Z 

sin(v
0

ys i n~)

~(e) ! e
V
o
Z 
cos(v ysin ~) (A-l6)

The norma l derivatives of ~~°) and ~(e) are given by

l~~~ i

~ ~n 
= — w e  ~ [sin ~sin (v ysi n~)sin +cos(v ysin~)cos~ 3

1 ~~~~~ V Z

; an
1 

= w e  ~ [sin ~cos(v ysin ~.I,)sin~-s in(v ysinp)coso’] (A-l7)

-

- 
I where ~ is the slope of the contou r C(x) at a point (y,z).

On substituting (A—114) and (A-17) in (A—l5) , we have for the sway—

exciting forc e

j=l 
Q~

2)
I1~~

+ 
j= l  ~~~ 

= _ w e 0Z iLs i n~cos(v y .s i n~) s i n ~ .

— s in (\ y. sin~)cos~ .~

j=l ~~~~~~~~~~~~~~ ~j~~l 
~~~~~~~ 

I c ~
2) 

= 0 (A-l8)
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and for the heave—exciting force

j =l 
~~~~~~~ + =

j=1 
Q~

3) J~~~ + 
j=l ~~~~~~~ 

I~~~ = w e 0
Z

i
[sin ~sin (v y.sin ~)sin~ .

+cos (v 0y.s in~ ) cosy .J  (A—l 9)

[m] [m] . . .where I .. and J.. are the “i nfluence coefficients ” given in the
IJ  IJ

Appendix of Reference 9. For roll , the formula is the s ame as for sway,
except that the mode number is 4 instead of 2 .

If N sources are taken (i .e., 1 l ,2,... N), we obtain a [2N]~[2NJ

• system of equations with 2N unknowns , g iving the real and imag inary parts -

of the unknown complex source i n tens i t i es  Q

Solutions of (A—18) and (A—l9) y ield the diffraction po tentials

and p” 
e for a stri p sect ion contour C(x)

The diffraction—induced hydrod ynamic pressure at a point on the hull

surface , for instance , for the even function whi ch contributes to the

heaving fo rce , is

-, iV  xcosp
. (e)

L I W P  ÷ pU 
~—J p0 (x ,y,z;’~,~ )e (A—20)

where the time factor e
_
~~

t 
is omitted.

The integration of the vertical components of the above pressure first

along the contour C(x) and second along the hull length between —L
1 

and

yields the diffraction—induced heave —excit ing force in the form

UV COS~L ~2 iV  XCos I~I, •, 
( ).i_ = ~l + 

0
w 

-
~~~ 

e dx 
~~~~~~~~ 

e (x y z • v ~~)dy

4 
£ -2 i v  xcos~

+ .
~
— 

~~

‘ 
e dx f- ~ ip~~~~~ (x ,y, z ;v ,~ )d y (A—2 l )

-L 1 C~ x)
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The relation

f ~~ i pwp~~~(x ,y, z;v ,~ )dy = 5 ipw~~~~p~~~(x ,y , z ;v ,~ )dy (A-22)
C x )  c(x )

has been used in the foregoing derivation .

In carry ing out the integra l along the contou r C(x) in Eq. (A—21), we

make use of the relation (,~*~_ l L +) for cp~ (y,z;v ,~ ) and des i gnate the integra l

by f~ (x)

f~ (x) = 5 i p (e)(y z;_ v~~)dy (A-23)
- -

- 
C(x)

Now the integration of (A—2l) by parts with respect to x y ields

— 1  0 £ . .F 2 i v xcos~~ - i~v £ cosp
—

~~~ 5 e f~ (x)dx - ~ — f~(-L 1 )e ~ 1 
(A-214)

whe re

f~ (-L 1 ) is Eq.(A-23) for x = _2
~ -

The diffract ion -induced sway- and rol l— exciting forces and moments
are evaluated in similar fashion :

F°h 
£
2 i_ v xcosp 

D ~ D 
— iv £

1
cos~...1]_. = 5 e f

s
dx - --- f

5
(-L 1 )e 

° (A.25)
a

5 e
0 

f~ (x)dx - ~~ f~ (_ ~ l )e
0 l  

(A- 26)

where

f~ (x) = -
~~ 

ipu~~~°~dz (A-27)
c’x )

f
~ (x) 

= 5 ~~~~~~~~~~~ (ydy + zdz) (A-28)
C (x)
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A similar procedure is also app l i ed  to ca lcu la te  the p i tch— and yaw—

• exciting moments. For examp le , the p itch —exc iting moment is

F
~ h u~ cos~ 

22 i _ v  xcos~
— = -~,,l + °

~ 
) 5 e xdx 5 i puxp~e/ dy

C(x)

i _ v  xcos~U o d - -‘ - (e)
- 

~~ 
$ e xdx 

~~
— 

~ 
i pwp~ dy (A-29)

C(x)

On substitut ing f~ (x) of Eq.(A-23) into the above equation and integratin g

by parts in t he second integral , we have

D 2 . 2
F , 2 i v  xcos~ 2 iv xcos~.&

-L
1 

x d f~ (x)dx + ~~~~~ e f~ (x) dx

- iV  2
1cos~

— 
T~~~~ ~H~~

2l~~ 
° (A — 3 o)

The yaw-exc i t ing  moment is obtained as

FXh 
= S x e °~~~~~ f~ (x) dx - ~~ 5 e 0 f~ (x) dx

- i _ v  £ cos~+ - --J- f~ (—2 1 )e 
° 1 (A- 3 l)

a
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PRINCIPAL NOTAT ION

a. amp litude of wave component of frequency w.

B beam of a section in the l oad waterplane

C(x) a transverse section contour

D
~
(t) resistance added by waves

hyd rodynami c force

F Froude Numbern

f~ (w~) sectional heave diffraction force per unit
wave amp litude

linear frequency response function

G2 (w1 ,w2) quadrat c frequency response function

g1 (t) linea r impulse response

g2 (t 1,t 2 ) second degree kernel analogous to an impulse response

H1 (w
~~

w
~
)
~ 

H
1 

(
~~~
.,—W. ) functions def i ned by Eqs. (20) and (21)

H2(w.,~~.), 
I-12 (w.,-w.) funct i ons defined by Eqs . (22) and (23)

L hull length

m”(w.) sectional heave added mass

N(w.) sectional damp ing coefficient

n outward unit norma l vector

n the z—component of the unit norma l on the hul l surface

R quadratic part of the added resistance
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force due to two superimpos ed regular wave trains

SB 
s ubmerged surfac e of the body

SF 
port i on of the free surface inside a far field
cont rol surfac e, S~,

I average section draft

t time

U shi p speed

$ V
(m)

(W 1) velocity amplitude of heave (m=3) and pitch (m 5)

X,Y,Z fixed coord i nates

x,y,z mov i ng coord i nates

model d i sp lacement

C heave amp litude

wave elevation of the 1
th 

wave train

ii(t) wave elevat ion

- th
wave number corres pond ing to i wave train

p mass density

total velocity potentia l

body potent ial

inc ident wave potential

wave res istance potential , stead y s ta te

time dependent potentia l due to waves

65

LII



________________________________________________________________

1878

CPB (Wk)Ex
p[_ iw

kt] bod y potential , encounter frequency wk

cp
0(w.) the diffraction potential per uni t wave amplitude

in the i wave train

~~~~~~~~~~~~~~~~~~~ incident wave potential , encounter frequency, Wk

p
(m) (w~) radiation potential due to heav i ng and pitching

motions~, each per unit velocit y amplitude

• pitch amplitude

d ifference frequency

sum frequency

frequency

wave frequency corres pond i ng to 1 th wave train
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