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/ Loca’ Tities for Vector Functions:
Enerqy Int egral s and Loc~.l ~row’~ ~~~~

Dóñald Gen~~- -• •--•~-

Depart ment of Statistics
university of North Carolina at Chapel Hill

Abstract. Let F: E+Rm ( EcRT1 conipact) have a local t ime ct(x,dt) , XERm 
, and

let 1(5) denote the integral of 5(s-t) against a(x ,ds)cz(x,dt)dx ; here 5 is

a “potential kernel” on , so that I (5) is an (averaged) “energy integral”

for the distribution ct(x,dt) of inass on {teE: F(t)=x}. We show that if

5 ~ L’ (dt) and ~ = sup 4~ for a sequence {5~} of Fourier transforms of

positive L -functions, then 1(5) is well approximated by certain functionals

of the increments of F. We then draw the following conclusions about the local

growth and fluctuations of F : if F is continuous , 1(5) <~ and 5 iS

radial , then (i) ap Tiii~ IF(s)-F(t) ~/Y(I Is-t i f )  = a.e. Cdt) on B , where

V(c) - (Cfl.(C)) 1/n 
, (ii)

[C s(r)rh1_1drj 1~ = o( 
s
S
~~E 

I I F(s)-F(t) f f ) as c+0.

J l s-tU �c

I
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Introduction. By and large, the study of local times has been confined to

probabilistic settings, either as in I~~rkov processes where the potential

theoretic and stochastic analysis are fused , or as in [2], [3]-, [6] t7] s~d (81,

where
t 
Preal variable~ results may be separately developed, but with an eye toward

applications, especially to sample function~~ lysis. (See the discussion in §0

of [8] and the references thereifl )~~ wo—deal--exclu~ively with non-random
~~~~~~ ~~~~~~ty aect L± W ’~~1’ a ~t. s e,~dccf

functions~ I bre specifically , w~ inten~’to further develop the observation of

S. I!. Berman that , loosely, I~the more regular the local time, the more irregular

the function ,~’-by amplifying several earlier results of ours and J. Horowitz,

such as: if a function has a local time • any ~Qapproximate local modu1us~ grows

at least linearly, and grows faster than linearly if the local tine is continuous

in its ‘~tine~ parameter.j~( See the cousitents after the corollaries.)

Let 8~ denote the Borel sets in (Euclidean k-space) , Ak( dt) be

Lekesgue measure in R~ (just dt for integration), and let ck = Xk{Bk(o ,l) } ~

Bk(t , c) being the open ball in R1~ centered at t and of radius c. Further ,

let Be8~ be bounded and F: E-4( m Bard measurable. - The occupation measure of

F is ~i(B) = A~{F~~(B)}, BE~m . If p << ~~ (i.e. An (B) = 0 -~> ii(B) =

BCSm )
~ then for each AE8~ , the measure An {tEEnA: F(t)cdx) is also dominated

by An(dx)
~ 

and we may select versions a (x,A) of the Radon-Nikodym derivatives

such that (i) a(° ,A) is ~3m~
measurable for each AEB~ and (ii) a(x , ~

) is a

finite measure on 8~ Vx. t !e call this family a(x,dt) of measures the local

time of F because it represents the “time spent” by F in the state x

during dt.

- • 
~~~~~~~~~~~~~~~~~~~ 1 L •  • . ~~~~~~~~~~~~~~~~~ •• —~~~~ - - 

~~~~~~-
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By definition, for any &8m ~~~n

~l) Am{F
~
’tB) nA} J cz(x ,A)dx

— 
- which extends to

(2) J H(t,F(t))dt = f f H(t ,~ )cz(x ,dt)dx
B Rm h

• for any non-negative, Borel measurable H on R~ x Rn . It follows that

c*(x,~~) = 0 for Am -- a. e. x , where {t€E: F(t)=x}.

Consider the measures I~ (dsdt) ct(x,ds)cx (x dt) and I (dsdt) =CI~ (dsdt)dx

on ; the latter is the measure H(ds,dt) which figures in [2] . For

0 � k(s,t) Borel measurable, we write tX (k) and 1(k) for the corresponding

integrals :

(3) 1(k) = I i (k) dx = I I I k(s ,t)a(x ,dt)~ (x,ds)dx .
‘ Rn 

X J
Rn JE JE

Let 5 be a “potential kernel” on R~ , i.e. 5 is positive and continuous on

R”/{O} and ~(0)=~ , and recall that Ac8~ is said to have “positive 5-capacity”

if there exists a non-zero, finite measure y (ds) concentrated on A such that - :

5(s-t) € L1(y(ds)-y(dt)) . Various authors (see e.g. [1], (2] , (9) , (10) , [11])

have considered the capacity of the “level sets” M,~ for Gaussian (and other)

stochastic processes , and a(x ,dt) has been the natural measure to use; typically,

one obtains probabilistic conditions for f  I (k)dP < ~ for some kernel k(s , t) =

5(s-t) . See also the “concluding remark.”

To approximate 1(k) using the increments of F , we define, for each c>0 ,

(4) T (k) 1 
m J J k(s,t)~ (F(s)-F(t))dsdtc CmC E E

- -~~~~ - • - • - -~ —.~~~~~‘-~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~
~•
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where ~ (u) = ‘B o- ~ Cu) , and consider the following question: for which func-

tions k(s ,t) does T~(k)+I (k) as c+O? To see this may fail , notice first

that I i A~~ because, with G {(s ,t)€ExE: F(s) F(t) }, we have G€8~~
I ( (f )  a 0, whereas ~ Am implies that v p a -p << Am and hence A2~ (G) =

v( {OJ) =0. Consequently, with k(s ,t) lG (s ,t), we have T~(k)~ O but 
-•

1(k) = J cs2 (x,E)dx > 0
Rn

(Other examples are easily constructed.)

Naturally we would like to have T~(5)+I($) for a wide class of potential

kernels , for example for the Riesz potentials 4) (t) = C(n ,cz) I It I I ~~~ , 0ca<n

(here 1(5) , T~ (5) stand for 1(k) , T~ (ic) , k(s ,t) 4) (s-t) ) .  Suppose 4’ is a

kernel of “positive type,” i.e. •EL1(dt) and has a positive Fourier transfor m

$. Let be the Fouri er transform of the measure c~(x,dt) , ~~~~~ Then

1(5) = J I (5)dx = J dx •(A)~ct (A)I
2dA ((9 , p. 141))x x

“ 2a j dA5 (X) J Ict
~
(X)I dx 

—

Rn Rn

= 

~~~ 
4 (A) I (e~

X 0( t 5) )dA

As will be seen in the cour se of the proof of the Theore m, 1(k) = lim T~(k) for
C

any continuous k , and hence

I(~) J •(A) him Tc (e~~
e(t

~~
) )dA

C

which, proceeding “formally ,”

— u rn J •(A)T~(e~~~~t~~~)dA — him T~($(t-s)) — him T~($)
C gfl C £

~~~~~~~~~~~~~~~~~~~~~~~ 
- —5—— ~~-_- ~.——-—-•_._ --~5S—S - ~~~~~~~~~~~~~~ 5— S~~S.SS~~~~ - -5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ — •~~~ • _ _ , S S
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M~ong other problems, however, • has no transform because ess sup 4’ =

implies 4~ ~ L1(dt) ; but this does suggest how to proceed .

1~~in resul t. Let Fe” denot e the class of functions ~ ‘ € L’(A1), 4)(0)=o3, such

that 5(t) = sup s~ (t) where 0�4,1~4,2 ... , E L1(dt) Yn, and each is the

Fourier transform of some Borel measurable 0 ~ £ € L1 Cdt). For n4, f
CO

ta ins any even function in L1(dt) which is convex, continuous, and decreasing

on (0 ,cu ) (approx imate 
~t 

by convex, continuous functions and use Polya’ s

theor em) . For n>l , F°’ also contains the usual kernels .

~frriting just a(x) for cz(x,E) and with = {(s ,t)eBxE : I Is-tI ~�6},

Theor om. Suppose a € L2 (dx) and 4, € . Then

(5) 1(4)) = lim T6 (4,) = sup T~ (4’) �
C C

~‘k reover, if I (5)<co,

(6) u n  sup TC(4,olA ) = 0
(S

Corollaries 1 and 2 about the local growth of F depend on (6) , which , in

• turn , rests on (5) . The proof of the Theorem will be split into several steps.

step i0: 1(k) = lim~~~(k) for k continuous. For any bounded , complex-valued

g on Rn ,

• f f Ig(s)~ct (x ,ds)dx = J ~g(s)~ds c
B

and hence for ~m - - a • e. y,

I g(s)a(y ,ds) lim f dx ( g(s)a(x,ds) .
C CrnC JB

~(y,s) ‘B

- • •~~~~ -5 S ~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ 5
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Using (2) and the fact that the exceptional set of y ’s has p-measure 0 , we
find that , for A~ -- a.e. t ,

• I g(s)a(F(t) ,ds) = lim ~ m J g(s)ç(F(s)-F(t) )ds
E £ C mC E

Consequent ly, for any f like g,

I (f(t)g(s)) = dx J f(t) {I g(s)cL(x ,ds) )a(x ,dt)
Rn 

B B

= f(t) J g(s)a(F(t) ,ds)dt by (2)

= him 
~~~ J £(t)g(s)~ (F(s)-F(t))dsdt ,

E C C mC E

which will = Urn T~(f(t)g(s)) if we can show -

•

sup ‘ -~ iJ f(t)g(s)ç(F(s)_F(t))dsl 6 L1(dt) ~on E .
C c C  B

Let Qa (x) be the Hardy-Littlewood maximal function for a (x) :

= sup 
~ J a(y)dy, xeRn

C C
m

C B~(x,r)

If f and g are bounded by k ,

sup 1 
~ iJ £(t) g(s)ç(F(s)_F(t) )ds l dt � k J sup in J ~~~

( F(t))ds dt
B C CmC B B C cmc E

k 
‘E 

Q
~(O)  = k Q~(x)a(x)dx ,

which is finite because a € L2 (dx) implies Q,~ e L2(dx) .

Taking f=gEl , we find that T
~(l) -‘ f a2 

. Consider the probability

- - 
measures

• 
• -

•• T ( l )
- - -~~ W (B) T 1 ~ W(B) — ~~~~~ 

, Be8~~C I C R ) 

-‘—S- g A _~ -• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ -~ - i.. 5 .5-St .Ss-J _L-S_ -_
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iX1.t iX 2’t
Choosing f(t) = e g(t) = e , A1,X 2 € Rn , we have,

i(X1,X
2
)~~(s t) i(A 1, A2) ° (s ,t)J’ J e W(dsdt ) = him J J e W~(dsdt)

• In other words, the measures W~ converge weakly to W; since these measures are

supported on ~~~!, which is compact, we obtain

Let 4’~ (t) + 5(t) with as described above .

Step 20: 1(4,) ~ Urn T~ (4)). This is easy :

1(4’) = Urn I (4’s) (by the mxiotone convergence theorem)
n

= him lint Tc(4)n) (by

� him T~(4’) , since 4~ � 4’ Yn
C

Next , we introduce the following finite measures on

A.(B) a J J 4’.(s-t )lB(F(s)-F(t) )dsdt , j= ] ,2 , . . .

a f 
~~: 

s~s-t) 1B F s) - F ( t ~~dsdt ,

and recall that

= p*~p(B) J Ill lB(F(s)-F(t))dsdt .

Each of these is absolutely continuous with respect to 
Am • Let

= 
~~~ 

(y) , ip (y) = -
~~~~~~~~ 

(y) , 8(y) - (y)

and let , ~,, and 8 be the corresponding Fourier transforms. For example,

then,

— --5-—— —
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(6) 
~~~~ 

= J ~~~~ ip.(x)dx = J J ~~~~~~~~~~~~~~~~~~~~~~~~~~~
El!

- ~ (y) = 
iJ ~~ ~

X 
~ (x)dx I2 

~ o
Rn

Step 30 1(4,) > (2w)~~ J iP (y)dy To start, 4,
3

(A) � 0 VA and j �l, thi s
Rm

follows from (6) because the ‘s are positive definite. By the dominated con-
vergence theorem, for any ,

= 

~ 
4’(s-t) e~~~

0F
~~~ e-iAoF (:t)cIsdt = him i~.(A)  ~ 0

B E  3 3

Next, since a e L2 (dx), the Parseval relation yields

J iJ ~~~~ a(x)dx I
2 cIA

S That is , ~ € L1(dA) . It follows that 8 has a bounded (and continuous) version,

- 
- 

and recalling that each is bounded, we have, for any BEBin

JB ~~ 
(x)dx = (B) 

~ I I 4’~I L v (B) � I I 4’~I L 1 1 8 1 1 Am(B)

Thus, each has a bounded version and a non-negative Fourier transform.

According to [4 , p. 66) , then , c L~(dA) and the inversion fonnula holds for

A~~-* a.e. y:
S 

- 

(7) *~~(y) = (2irY m J e ’~~~
’ 4,~ (A)cI A .

S . Rn 
-

-

We now assume B and are bounded and continuous; in particular , (7) holds

Vy. The continuity of gives

~~~~~ 

__________________________________________________________________________—— -_ —
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I( S~) = him T~(4 ) .)
C

= u r n  1 
~C C~ E 1 

~r3~ (0 ,c) ~

= i ~~(0)

= (2~) -rn J iI~~(A)dA .
Rn

Consequently,

1(4)) = lii~ 1(4) .)
3 3

-~ = him (2~) -m J ~,. (A)dX
Rn

3 
-

� (2ir )~~’ J lint (X)dA (by Fatou ’ s lenma, since � 0 )

Rt
~ 

3
= (2~) -rn J ~(X)dX

Rn

Step 4:~ 1(4,) � sup ’1~ Q~j .  Assume I(4 ,)<oo. From 30 
~ ~ L1(dA) and we have

already seen that ~�0. As above , then , we can and do assume

~~(y) = (2ir)~~ J e~~A °~ ~(A)dX Vy
pm

In particular , ~i(y) � ~p(0) Vy, so that

sup T
~
(4)) = SUp ~~~~~~ J i~i (y)dy

C C C~,C BJ0,C)

=~~(o)

= (2~)~~ J ~~X) dX � 1(4 )

Rn

Combining 20 and 40 we have (5). As for (6), we’ll assume, for notationa~.

-

S 
- ease, that n 1  and Ec[0 ,1]; the proof for arbitrary n and bounded B is

5-—- -5 ~~~~-_-  -~~~~~~
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essentially the same. Writing Ak instead of Al/k ,

Ak C Bk j =O 
(D~xD~) . fl~ = B ~ [~-~ ~~~~ j =0, . . ., k-2

In what follows, ~~~~~~~~ ~j , k etc. refer to the quantities I, ~~ , etc. but defined

relative to instead of B. Now,

sup T6(4,~l~~) � sup T~(4 ,o 13, )
C 

= ~~ 
k~2 

T~~~(4,)
C j 0
k-2

sup T~’ ~(4,)
j=0 C
1 _ 2

= ~~ by (5) .
j —0

And 13~k(4) ) = if 4,(s_t)I3~k(dsdt)

= ( I 4)(s-t)I(dsdt)

3 3

because, for any Er CE, c~(x , dtnE’) in the local time of F restricted to E’.

Ikirther~~re 4)(0)=co and I(-~)<oo together imply a(x,(t})=0 Vt€E, for 
Am 

- -

a.e. y, which , in turn , implies that I (dsdt) has no atoms. As a result,

H j~ 2 j ~~

I3’ 1
~c4))

J J ~d I + J  J ~d I + J  J s ai + J J 4)dI ,

H
from which it follows that

k-2 . f t
~ 13~k~q~ � 2 J J 4,dIj =0

-5 -5— 5 - - - - ~~~~~~~-
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by- re-arra nging some terms in the sul’ination just above. Finally, putting

D = {(t ,t): TeE},

fl~~ sup TC(4,elA ) � 2 Thu J J 4,(s-t)I (dsdt)
k c k k B1,

S = 2 JJ 4,(s-t) I (dsdt ) (since L~ nB,~ and I (4))<co )

= 0 ,

because 1(D) = 

~

‘ 

~ cx2 (x ,{t})dx = 0. QED

Remark. As the proof shows, u n  him T
~ (4)~) = 1(4,) = lint lint T~ (4)~) .  Suppose

fl C C fl
we can select 4,n’~ 

which converge uniformly to 4) away from t=0, as, for
ex~miple, when n=l and ~j is convex, etc. as described before. Then, in fact,
TC (4,n) + I(4)~) as e+0 uniforml y in n if I(4,)<oo. Briefly, here ’s why: write

IT~(~n) 1(4,~) I ~~ 
IT~ (4)n) T

~(4)) I ~ IT~(4)) -1(4,) I + I I (4))-I( $~) I;

given C>0, the first righthand term is � r ( l+f a 2
) Vc>0 and large n , using (6)

and the uniform convergence of the 4)~’s; the second term is ~ ~ for all small
c by (5) and of course, the last term vanishes as L- ’~~.

Applications. Throughout this section and the next we assume c~(x ,dt) exists and

- 

- 

ci. ~ L
2(d~). Let ~: (O ,c’) -~ (O ,c~) be decreasing ; ~ (0~ ) =co , and suppo~e (i)

• t + ~( J J t ~I ) ,  t€ R ” , belongs to 1~° and (ii) V(t) (~~~(t))
l
~
’m is increasing

for t>0, with V(0~~ 0. (For example, r (t) = t~~ , O<y<n .)

Corol1ar’~ 1. Suppose I~ O )  < tor p — a.e. x€R m . Then

— -  — .5- ~~~~~~~~~~ ~~~~~~~~~~~~~~~~ -—-—~~~~~ - -~~~~~~~~~~~~ .- ~~~~~~~~~ — ---5 ~~ -~~~~~~~---— - - 5 ~~~~~~~~~ _~ - - •
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(8) ap n~ 
tIF(s)-F(t~ = — a.e. on E.

s~t

Proof. We must show that for ~~ 
— a • e. t eE:.

(9) lint [Xn{Bn(t,C)}]~
1An{sEEnBn(t,C): I I F ( s ) - F ( t ) I I �kV( I I s - t I I ) }  < 1

Vk>0. Denote the ratio in (9) by Tt(k,C) and define 
~r = {xeB~(0,r): I~ (C) �r }

arid Er = F
~
•
~
’(Hr)~ r=l,2,... Obviously, 

~~~~~~~ , ~~ = {x: I~~(~ ) <co} H,

and
+ p(H) = ~(Rm) = A~ (E)

Restricting F to Er

J J J c(I Is-t i I)a(x ,ds)~ (x ,dt)dx � c~ r~~~ <~~ ,

R n Er Er -

arid therefore we may even assume I (r ) <oo in proving (8) . Now,

Tt (k,C) � i
n A~{seEnB~(t,c): I1F(s)-F(t)Ii�kV(c)}c~c

= ~ (c) 
~ 

X
~~

sEEnBn(t,C): IIF(s)-F(t)iI�kV(C)}c~(V(c))

m J ~( I I s - t I I )  ~kv(C)(F(s)-F(t))ds (since c +).
c~(V(c)) I3nB~(t ,c)

Hence, for any 5>0 and k=l,2,... ,

c k T
~ -;

(10) J ~r~ (k ,c)dt � 

~ 

TkV(C)(rclA ) Vt 
� ~ .

Recalling that V(0~)=0, (10) leads to

c k’
~TIIu f Tt (k ,C)dt � lint I1~i ~ 
Tc(~

.l
A ) 

j - S

B 6 C fl 6
I .

~~

= 0  by (6) .

-- ~~~——-5-~~~~— - S-rn - S S S - -~~~~~~~~~~~~~~~~~~~~~~~~~~ -•~~~~~~~~_- 5-5~~~ _ -- Sat - ~~---~~
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Finally, Fatcu’s lema shows that him tt (k ,C) 0 for A — a.e . teE , Vic, and
C n

hei~ e lint rt (k,c) = 0 Vk, for An — a.e. td3. QED

Ue actually found that 
-

(11) lint I Tt (k ,C)dt = 0 Vk .
C~~~E

If him Tt (k ,c) exista , (11) then Lr~1ies him r~ (k ,c) 0 Vk , a.e. on E , i.e.

(12) ap Urn = Ar~~~a.e. on B

We don’t know, however, whether (12) is true assuming only 
~~~~ 

< ~ p — a • e.

The (limiting) case ~ = constant should correspond to assuming only that

u(x ,dt) is a continuous measure Yx, and it does : in [6] for n’rn=l, then in [7]

for arbitrary n ,m, we showed that (12) holds with V(t ) = • ?~bre general1y~
in f- ct su5pose a(”,dt) 1~aS ~~. k-d’nens:o-ia~l ‘rta~gizta1 rh~ttibut iori” dominated

by Xk 0<k<n ,- with ‘the r inini~~ _3~z~dir1enSional ~arginal’ distribution con14~p-

ous ; th~’.t. is, suppose

ct(x, BxA) = J g(x,s,A )A~(ds). BESk ~~~~ -k

where g(x ,s , ~‘) is a continuous measure on Bn+ic V ~€ Rn , seE. (The case k ’O

corresnonds to a(x ,dt) continuous.) Then (12) holds with V(c) = ~(n-k) fm

(See [7, Lemia 3].)

For our second application , assume B is compact , F is continuous , r is

as above , and let w (c) be the modulus of F on E:

w(e) sup IIF(s) -F (t ) II ,  c>0.
s , teE —

II s - t lL � c
Also, define

_ _ _ _ _ _ _ _ _  - • - • - — - -~~~ ---- • 5 - —~~~~~~~~5 - -•S-•- ~~~~~~ - 5 - • ••-~~~~~~~~~~~ -~ - - -5- 
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L(c) = [jc ~(r) r2 ’ 1
dr ]

c(II~iI) F~ implies L(c) <~~~Vc.

• Corollary 2. Suppose p{x: I~~(rj
<co} > 0. Then

• imm~~~9 = c o .
C+0 ~

Proof. Choose A c {x: 1~ (r ) <co} such that 
~~ 

, p (A) 0 , and

I
‘A

Let B’ = F 1 (A) . Restricting F to E ’ , (6) holds with B replaced by E ’ ,

i.e.

(13) him him in J J 1B ( 6)~~~ 
c(I Is-t i l )~~ (F(s)-F(t))dsdt = 0.

6 E C C  B’ B2 n ‘

&it the L.H.S. of (13) is

1 
rt J I 1B (t ~~~~ ~(IIs-t IJ)l~0 ~](w(II~~t II))~~

t
6 t c~c~ B’ ‘B’ n ‘

= 

6 c C ~ent IB~(O ,6) 
An{E’nE’ -s}c (I isII)1(o,~](w(I Is ID)ds

by making the change of variables s-t+s and then reversing the order of inte-

gration. Notice that A~{E’ nE ’ -s} + An~’~’~ 
as s+O and that An (E’ ) p (A) > 0.

As a result ,

0 —  “•~~~~~~~ C J C (lI s li )1 r0 ~,(w(i Is 1i))c~ 
.

6 C Br (O~6) L~~~~J

thanging to polar coordinates,

- — •~ _________________ 
—

~~~~~
. 

~~~~~~
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0 — lint T~i;i• c m{~( (6 2 o ( C )) }] ~ w(e)  inf{t>O: w(t)>s} ,

• since w(0~)=0 , which com~1etes the proof .

(r4ote: Here . the “limiting case~ ~ E constant should be compared to Theoroms B,

B’ of E3].)

Concludin~J~rnark. Suppose F has a different iable , global modulus VJ (i.e.

w�W ) for which ~(t) t Ui(t)) m~
hllt (t)t~~’~ 34k. as above, i.e. ~(l I I I ) EF

CO
5 and

t (~) decreases on (0 ,co) . flien it follows from Corollary 2 that I~ ( ? ) for

p — a.e. x. But this, together with the special role of cz (x,dt) among the

measures concentrated on the IL’s, leads ~~e- to ~.ieve that , iu~ er “suita ~1e

conditions ,” one actu~lly has Cap ~M~ 0 p— a.e. , i .e.

J JI—
~ 

I4)~
for every non-trivial probability measure carried by I~~

Generalizing a result of Kahane, Adler [1) proves that if F: [0,1]
f l  

+ ~f’ it.
Lipsthitz ~ (i.e. w(E)  � const. ) and n-Bm � 0, then 

~~~~~~~ 
� n-&n for

for Am — a.e. x, where “dint” stands for Harisdorff dimension. Suppose that

Am << p ,  i.e. ct (x)>0 Am — a.e. Li .rjew- of the cemark~ a~ir~, A~~ r~s res.ilt

ni~h; t~~r. follow by choosing ~(c) = const . ~ (giving ~ (L) —

~ ~~~

- C~-~~) ) and the fact that ‘Jim ~~ is the supremum of the numbers 6

for which has positive capacity for J t~

S ~~~~~~~
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