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large Scale Linear Pr~~~ rig

A book ii near c~~~letion which presents a ccmprehenaive approach to

large scale linear progremsing. A serie s of papers an the subject give the

background for the book:

1. “Matr ix Iterat ive Techniques In large Scale Linear Progreeming,” by
Gary J. Koehler, Andrew B. Whinaton, and Gordon P. Wright, ‘~ gement
Science, fcrtbc~~ing.

In this paper, a brief s~~~~ry is given for solving certain types of

large scale linear programs by itexative methods • The advantages of such

methods over traditional methods are expounded upon. Se-~~ clasaei of

problems wherein iterative techniques appear useful as a solution procedure

are discussed.

The primery method currently used for solving large scale linear programs

is the Revised Simplex Method where the basis inverse is stored in one of

w~y compact forms • Since the total number of iterations are fixed, savings

In time and coat can be realized by performing each iter ation efficiently.

The saj or bottleneck in solving large scale linear programs *5 been in peri-

pheral activity. Icalan observed that the reading of structural elements

and storage and retrieval of the basis inverse are the .jor s~~~ces of time

consumption in peripheral activity . With this in mind, K&1~~~ pointed out

that “the number of distinct values ii ~~~~1 1 compared with the n~~~er of

non-zero coefficients.” This prope rty, termed superap sra ity, can be exploited

to store the entire linear pr~~~am in-core s~nd to imbed *~ch of the basis

inverse in the structural elements of the problem.

MaYing eliRinated the hssvy da zid on peripheral activity, there itill

r~~~ins the problem of storing a bsais inverse efficiently, accurately,

and effectively. This mean. that spsr sity should be ~.~~tsinsd, that .rith-

.etic rounding err ors should be negligible or easily )madled, and that the

t - .• 
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reinversicsi of the ser ies of vectors rep resenting the basis inverse be

carried-ant in a minimal amount of time.

In addressing the above problem, it was noted that large scale $75~~~ 5

of equation. are rantinel.y solved by matrix iterative techniques and that

such techniques 1nh rently maintain spar sity , that ar itheetic r~~~~ing

errors pose no particular problem since the solution vector is only appr~~i-

mated to within a specified tolerance, and finally that the knowledge of a

good solution can be used to accelerate convergence • It appears that itera-

tive ci (ndirect methods for solving systems of equai~ion~ itsy o~fer dl ~‘inct

advantages to the solution of large scale linear programs if such methods

could be exploited.

• 2. “FIxed Cost M4ni lzstion Over a Leontief Substitution System, ” by Gary
- 

- J. Koehier, Andrew B. Wbinatcn, and Gordon P. Wright , R.A.I LO., May
- 

- 
l9T~i , V-2 .

It has been pointed out in the literature that Bender !. dec~~~ositicm

method appears useful as a solution strateg y. Using Bender ’s method and

the properties of a Leontief substitution system, a solution procedure is
F , specified for solving fixed coat ~iM izaticn problems aver a Leontief

substitution system. Prmllnl..1y results indicate that for some large problems,
V

this procedur e ii a viable alternative to procedures specified elsewhere .

A Leontief substituti on system is characterized by a constra int matrix

having exact ly one positive element per col~~~ M non-trivial rows • Sub-

stitute activities are identified by col~~~s ‘whose positive elements fall

in the same row, A salient featur e of Lecatief substitution system. is

that one and only one activity is optimal . for ea ch set of substit ute act i-

vities .
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Consider the problem

1dm f(z )

subject to A x - B
m O
b m O

w h e r e A i s m b y n s n dLecatief, x j s n b y j, bj 5~~~~ .j ,~~~ j f (.) j5~~
quasi-conc ave function of th. form :

n
f(x ) ~ ç(x~ )

in].

where
c x + d  x > 0  d m 0

f Ix ’ — i i  i i IH i’ i’ 0 z~~n O

The above problem is termed a fixed cost nin ini zatjcn over a Leontief

substituti on system.

3. “An Iterative Procedure for Ncnd.ts counted Discrete-Time )Iarkov Decisions,”
by Gary J. Koebler, Andrew B. Whinaton, and Gordon P • Wright , Naval
Research Logistics Quarterly, December 197i1, Vol. 21, No. le.

This paper utilizes the linear progra ing procedure given by )&.~m,e for
finding gain optimal policies and the pro cedure given by Denardo for find-
lug bias optimal policies which, by repeated application , gives policies

optimal for all sufficiently 11 interest rates • The problem to be add-

ressed is the efficient solution of the corresponding l~~ear programs,

Consider the foUoiring linear program and its dual:

Primal: Max c’x Dual : Mm b’ ,,
subject to: subject to:

A x - b  . A ’w m C
m a O  b !O
b~~~O

where A’ ii the transpose of A, A is ~ by ii, b and ~ are m by 1, and z and c

—-
~

-
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1
are a by 1. Let J be a set of column identifications of A and A~ a su~-

tri m of A consisting of the co1~ans of A listed in J.

Consid er a primal basis J. Let

such that R~ is nousingular and

(1) x~~~yi~~lies that ~~~~~~~~~~~~~

(2) p(R~~Q~) c 1,

where p( .) is the spectral radius • If there exists a~ N Rn~t Q for Cac~2

primal reasible basis J then iterative methods may be used to solve the

dual l1~eer program.

Mathematical Pr~~~amaing

1. “A Perturbation Theory Approach to Non-Linear Pragramaing, ” by James
Thurber and Andrew Whinston -

The majority of problems which occur in mathematical physics are stated

in the form of differenti al equations with some prescribed boundary and/cr

initial, conditions. Generally, it is impossible to obtain closed form

analytical solutions to such problems. A long standing method for obtain-

ing apprcaimat e solutions is perturbation theory. Gae or acre parameters

enter the problem and for some fixed values of the parameters (uauau y

taken to be zero) the problem ii exactly solvable srm]ytic*41.7. The aqua-

tions and their solutions are expanded in terms of thes, parameters and one

thereby obtains apprcximate solutions of the ari,gi~~1 problem.

We apply this method to non-linear mathematical paogra ing, in order

to obtain a sequence of appxorimate solutio ns which cou~arges to solutions

of the cr4gi~na1 problem. As a corollary to this a~~~csch, me are abl. to

derive sufficient and/cr oessary condition s for local apti solutions

- —
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in a very genera]. setting. In particular, when the nOrmal first order con-

diticas fail due to the presence of cusps, we derive a new set of sufficient

conditions •

The perturbation series approach leads to a new algce itheic developeent

which is discussed in this paper and will be further amplified in a sequel.

2. ‘~Quasi-Concave I4inl~ Lzation Subject to Ltn~ar Constraints “ by Antal
Mejthsy and Andrew Whinstcn, Discrete Mathematics 9 (l971~ 35 .59.

A finite ..lgcrithe is presented for solving the quasi-concave niniR4 ?~~.. 
- -

tion problem subject to linear constraints • The concept of an extreme

point is gener alized to that of an extre me facet of a polyhedron. Then a

search routine is developed for the detection of an extr eme facet of the

feasible region relative to the polyhedron defined by the Current set of

cuts. After identifying an extreme facet , we cut it off by a cut developed

for this ~~~pose. We call this cut the facet cut. The method is both con-

patible with other cutting procedures and ii finite .

Zccn~~~c Theory

1. ~Re source Allocation In a Non-Convex Rcon~~~,” by Ja mes C. Moore , Andrew
B. Whinstcua, and Joseph S. Vu, The Review of Econc~ 4c Studie s, Vol. 39 (3),
Jul y 1972.

This paper studies s~~~ of the questions of zesour os allocation without

~~~~~~~~ assueptioes on the production sets • Thus, we admit as possible

the occin’renos Cf increasing returns aid indivisibilitiss in characterizing

the available production technology. Undoubtedly admitting such possibil ities

adds to the realia of the models to be studi ed.

Tb. principal subject to be studied in this paper is the relationship

between Pareto aVt4~~Aity and c~~~.titive equilibria. Assuaing the proper

c.~..~uzity conditions, it is ,ell-knm,n that the.. two basic oonos$s in

•4~cnomlC theory are related . Recently, in a succession of papers , the con-

-.
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nection between a Pareto optimal solution and an associated competit ive

equilibriua without convexity has been discussed. By construction , it was

• shown that , despite the absence of convexity a competitive equilibri~u was
a possibility.

However , no general ~onditions were stated to characterize the problem

of existence of a competitive solution to a given resource allocation prob-

len; a gap in the theory which was noted by ICoornans in a sumeury paper on

t this topic. The principal intent of th is paper is to help fill this gap.

Specifically, we develop what we hope is a useful cbara~terS iation of zie cea -

sary and sufficient conditions for a Pareto optimal allocation to be attaina-

ble as a competitive equilibriua (in the case where the aggregate production

set is not necessarily convex).

2. “A New Theory of Pr icing and Decisio@~Mak1i~g for Public Inves~~~nt,” b~Edna Loebmen and Andrew Whinston, The Bell Journal of Economics and I~-
~~ ~~• age nt Science, Vol. 2, No. 2, Autuma 1971.

This paper presents a theory for price-setting in public utilities , of

which pub lic goods will be considered a special case . Both public goods

and utilitie s are cases of jo int supplies and costs, where a good is to be

supplied to and paid for by several users , and a~~ increase in the quantity

of the good is equal ly available to all users • The ricing system proposed
r ~ will be based on the ides of each user ’s paying the social incremental

coats due to his d”manda. To a certain extent, Coase proposed a ~i~~~1ap

idea, but it was not worked out except in special cases • The concept has

been difficult to apply due to problems in defining incremental cost when

there are jo int costs • A meaningful definitio n of social incre mental cost
¶ will be given her. • Where the classical assuapticuis bold, cuw theory redu ces

to rgi-~~l-oost pricing; however, in the case of decreasing costs, results

different from r(t~~~-oost pricing are obtained. Since Users may have 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ 
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_ _ _ _quite different demand s, incremental-cost charges will not be uniform. How-
ever , the incremental-cost system does possess certain equity properties.
Purthermcse, this system or charges will cover the complete co~ts of supply-
ing a public service. Finally, the concept of incremental cost Implies
that , at the optimum investment, the marginal unit should be charged mar-
ginal cost , which is the condition necessary for welfare maximization.

3. “Stochastic Control in Ikban Economics, ” by Ja mes Thurber and Andrew
Whinston.

The paper present s a plitnning model in the context of ~n urban econcmF’
setting. In effect , we will study an econcu~y which has both space and time
d(~~nsions in terms of the state and control variables • We consider a radi-

ally symeetric region in which individual consumers will, over time, p~~chase
land space and consumption goods and travel to a central business district

(C.B .C. ) Two sets of controls will be considered; fira~; price function on

transportation and land cost will be used a;J ways of equilibrating the mar-

ket for these services. Secondly, a control in the form of an allocation

of land between living space and roads is introduced. This control functi on

• affects the cosion level of utilit7 for society .

We proceed by first extending a model of Solow to the time dependent

case • The resulting model baa the essential ingredients outlined above.

Using that model, we derive the structure of the control process in terms of
-

~ 

) the control function rent, transportation costs, and rce.d building. The ~~. 
-

original Solow model and our time dependent generalizations assume that a
typical ccns~ will make his choices, represented by time function of

conm~~ticn living space and locatio n, in a c~~~letel~y rational way. How-

ever, we introduce inertia terms to reflect the fact that individuals have t .
a certain reluctance to change their behavior. In the second part of the

~ 
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paper , we alter the assumption of rationality by assi~ 4ng only that the re

is a tendency towards rational ity. In other words, we argue that from

the point of view of a pl~anirdng agency, the assumption of total rationality

is uureasonable and that account of thi s should be taken in the determina-

tion of the controls • (~ the other hand , we assume the central authority 
—

will select the controls to ~exisi~e total utility of society. Thus we

have a dual approach; individuals possessing only a tendency to maximize

utility subject to the controls of the planni ng group but the p~~~nnl ng

• . group using this informa tion choosing the ~ontr ols to w~.ximize t-~YtL1 -

utility.

Accounting Informa tion Systems

1 • “A Structur ing of An Event s-Accounting Informa tion System,” by Arthur Z .
Liebex’man and Andrew B. Whinston , forthcoming, Accounting Review.

Information systems have traditionally been designed so that each depart-

ment or section of a company generates and maintains its own data files.

some drawbacks of thts method are obvious: dat a is at times replicated

through several depar tments, it may be difficult to accumulate o’~~~~ dats

accur ately from the depart ments, and it would be difficult for other people

in management to access quickly some particular data from a~~ individual

depar tment . There are other inconveniences of allowing (or , in fact, or

requiring) each department to maintain its own data files, incluM ng the

need for individualized pr~~~ams to process the data that may enter the

system in varied formats.

The concept of the c~~~ain data base brings together all of this data

into one central set at films, a set which e1~~in&tea the duplication of

data and allows for quick and easy access to a~~- item. This data base,

along with the routines for processing the data, comprises an information

—— —
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system, and the success , or value, of the infor mation system is a function

of bow easily and economically management can get the information it needs .

The desired information might not be just raw data as originally stored in

the dat a base; it may involve computations and condition al processing of the

data.

Thu writi ng proposes a ‘~total ” information system based on the “events ”

approach to accounting (Sorter , 1969). The suggested system is more than

jus t an accounting information system helping the accountant to collect and

report his figures; the proposed system would provide &‘ ~ 
‘ ‘ ‘

~~~~ “~~~~ data ~-~~t

information (even that not normally provi4ed by the fiscal accow~. ant or not

direct ly applicable to the accounting function ) which might be helptu.l to all

levels of manage ment in the deciaion-~~kiTig processes -- thus the term

‘~total” information system.

Events accounting is an approach in which recording of the data corres-

ponds to the occur rence of economic events affecting a firm. The concept

of events accounti ng is still in its develo~~~nta1 stage; its me~uting and

structure is defined in the writ ings of only a few individuals • Here, in

the process of structuring an “Events-Accounting Inf ~~rnation System,~ sup-

- 

• 

port is given to the meaning of events accounting.

• • “System” refers to the interrelations among 1) the computer (hardware);

2) its programs (software); 3) the concepts upon which the desigu of the

hardware and software are based; and 14) managers (the users to whom the corn-

puter is but a tool in their deciaion~~~king process). “~~ruct~u~ ” refers

to both the conceptual and the physical methods of representing and storing

the data to be used in the system. 
-

— ‘- --S 
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Pattern Recognition

1. “Application of Pattern Recognition to Some Problems In Economics,” by
Jean-Marie B u n , King-Sun Pu, and Andrew B. Whinston, Techniques of Opti-
mization , Ed. A. V. Balalu ishnan.

Economic theory, as it stands today, displays a rather appalling contrast

between the level of sophistication att ained by mi~~o economi c theory on the

one hand and “public economics” on the other hand . As a matter of fact , the

very term “public economics ” is vague enough to warrant some fur ther speci-

fication . Mioro economic the ory has given us a very gener al mathemat ical

model of the production and consumption of private good3 . ~ ‘
~~~ g~’thi ~~

such that their consumption (or the consumption of their services) by one

individual excludes the consumption of the same goods by another indi~. i dual.

Generally speaking , they are divisible (or , at least , their services are ) and
they are privately app ropriated -- at least in most western countries.

A moment ’s reflection will remind us of the existence of a very differ-

ent kind of commodity , viz , “public goods . ” These are usually indivisible

cama odities , joint ly consumed by a lar ge number of individual s who may or may

not pay an equal price for the ir services, depending upon the nature of the

good and its particular financing. The provision of public goods is not an

individual decision but rather a collective one • The elaborate models of

production and consumption of private goods are no longer applicable or , to

put it another way, the decision rules of utility maximization for the ind~t-

vidual consumer end profit maximization for the individual producer are of

no help since what we need is a collective decision rule • The study of such

collective decision rules is actually tvo-f old: on the one hand, one may

ask how such a rule happens to be - or ought to be - chosen . In other words ,

what rule can we use to decide upon a rule? Thi s problem, which has the

flavor of an infinite regress, Is known in the literature as the “constitu-

~ 
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F
tional choice problem.” On the other hand, although the concepts to be out-

lined below have been quite useful in its solution, we shall concentrate here

on a logically poste rior problem, viz • the choice of a collective decision

rule by some outside “advisor ” on the basis of various rationality require-

ments. This is the classical problem of “individua l, preference aggregation ”

in Economics. The basic aim of thi s study is to show how one can use a sin-

gle under].ying structure, viz • that of a preference pattern , and it~ var ious

mathematical representation s to tack le the problem of social choice . The

use of classical methods of pattern recognition leads ~ a ‘~~~ p~~~tt~ i

general concept of collective decision rule and (2) actual prooe~ ~es for col-

lective decision-making . Our study will proceed as follows. First c~ all ,

in order to motivate o~u discussion , we shall briefly review the aggregatit n

problem for consumer preferences and then translate its formulation in ter.~s

of pattern recognition which will give us a very clear understanding of the

so-called “voting paradox. ‘~ Then we will relate some classical methods of

pattern recog*ilt ion with the notion of a collective decision rule . And

f(nRl ly, we will present two possible aggregati on algorithms for binary pre-

ference patterns .

2. “Discriminant Punctions and Majority Vot ing , ” by J. M. BUn and Andrew B.
Whinston , Management Science, forthcoming.

This paper is based on the notion of discriminatory power of a pattern

classifier acting over a featur e space • Discriminant functions are normally

used to trace out regions of the feature space correspondi ng to specific

pattern classes. Indeterminate cases occur whenever a pattern lies on a

class boundary. The number of occurrence s of such indeterminacies measures

the relative discriminatory power of a family of discriminant functions . In

this paper , these concepts are applied to majority voting decisions : it iS

first shown how regular major ity voting leads to dis~~ 1mi nan t functions with

— — &-- .,_.:_ _a____S__ L - ‘ ---~~~~ -- - - _-_ a~~~~~~~~-~~~~~~ --, --~ ,L _, ~~~~~~~~~~~~~~~ ~~~~ - -  
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insufficient discr1~1n~tory power whenever intransitive social orde ring

occur • A new ( improved) family of d.tscriminant functions is proposed to

resolve such cases.

3. “Social Choice and Formal Language Theory, ” by Mar y Louise Piccoli and
Andrew Whinston, Journal of Cybernetics , fortbc~~ing.

The aggregation of individual preference orderings into group orderi ngs

or decisions has been extensive ly studied by economists and political sci-

entists. The formal theory attempts to explain and justify group choice

mechanis ms such as voting rules and judicial processes. An aim of a demo--

cratic process, for example, is to develop procedures that a..~ Liw individual

preferences to be reflected in the final result • The formal devel -‘~~~nt ‘ 
-

has employed mathematical techniques to either describe the process or to

deny the possible existence of processes satisfying given criteria (axic”i~s)

of fairness • The attention has ranged f~’om models that study fairly abstract

binary choice problems to more realistic and complex phen~~~na such as ~rote-

trading, strategic voting, end nonbinary choice described by choice tunc tiosia.

Formal language and automata theory are specifically designed to model

processes end restrictions imposed ~~i those processes and so seem especial ly

useful in generalizing present theorie s of social choice. In this paper,

f ormal language and automata theory are used. The processes themselves,

the interdependencies which characterize economics, are modeled. No asstup-

tions of functional forms or mathematical dependence are necessary , in con-I

trast to the mathematical models tradition.fl y used in economics.

We begin by introducing the language and automata concepts necessary and

show their ability to model a simple social choice process desoribed by

~Irquherson and the c~~~on motion voting procedur e • The general social

choice process will be completely factored into its ccmpcnent subprooesses

- -~~ - ~~- -~~~ ~~~~~~~~~~~~~~~~~~ - - __________



•_~_~
__

~r ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- — -

IT
modeled by formal language and automata theory. It will also be shown that

the axi~~~tic approach to social choice ii a special case of our system.

Thus, applications of formal language and auto mata theory will be shown to 4
generalize both the structural and axiomatic views of social choice , inclu- I
ding the choice function approach.
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